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Vapor-liquid steady meniscus at a superheated wall:
asymptotics in an intermediate zone near the contact line
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Abstract The study concerns steady configurations of
a perfectly wetting liquid in contact with its pure va-

por and a superheated substrate/wall maintained at a

constant temperature. Despite the perfect wetting, the
system is characterized by a finite apparent contact an-

gle formed at a microscale, within a steady microstruc-

ture of the contact line, the finiteness owing itself to
an actually dynamic situation caused by the evapora-

tion process. The angle is assumed to be small here,

which is the case for sufficiently small superheats. When

macroscopically treating a steady meniscus, one typi-
cally implies that the wall is met at the contact angle

given by the microstructure. This remains somewhat

an intuitive, heuristic approach unless a more rigorous
asymptotic matching is carried out between the menis-

cus and the microstructure, which is accomplished in

the present paper by studying an intermediate zone
connecting these two regions. The analysis, based upon

a standard one-sided planar model of an evaporating

liquid layer in the lubrication approximation, confirms

the validity of the mentioned approach. A possible un-
certainty in the definition of the contact angle is shown

to be small given that the macroscopic curvature (i.e.

that of the meniscus and of the wall) is small on the
scale of the contact line microstructure.
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1 Introduction

Understanding of the processes occurring at a pure-

vapor/liquid contact line on a (super)heated solid sur-
face is of significant importance for modeling heat and

mass transfer in evaporating systems. Examples of such

systems include evaporating steady menisci at heated
walls [1–3] and in particular those in grooved heat pipes

[4, 5]. In the perfectly wetting case, the mentioned stud-

ies are concerned with, the contact line possesses quite

a specific structure with well defined microscales (thus
we refer to it as the microstructure) and whose note-

worthy element is an adsorbed microfilm ([1] and sub-

sequent studies) extending over the adjacent spots of
the (smooth) solid surface unoccupied by macroscopic

portions of the liquid (see figure 1). The microfilm is in

thermodynamic equilibrium with the vapor at the tem-
perature of the solid T ∗

w = T ∗

0 + ∆T ∗, which is higher

(superheat ∆T ∗ > 0) than the saturation tempera-

ture T ∗

0 = T ∗

sat(p
∗

0) corresponding to the vapor pressure

p∗0. This equilibrium is a result of the Kelvin effect as
caused by the disjoining pressure. The disjoining pres-

sure isotherm as a function of the film thickness ξ∗ is

here taken in the form Π∗(ξ∗) = A∗/ξ∗3 with A∗ > 0
typical for non-polar liquids. Then, for small enough

∆T ∗, the microfilm thickness is

ξ∗f =

(

A∗ T ∗

0

L∗ ρ∗l ∆T ∗

)1/3

, (1)

where L∗ is the latent heat of evaporation, ρ∗ is the

density. Hereafter the subscripts ‘v’ and ‘l’ refer to the

vapor and the liquid, respectively.

The steady microstructure admits a film configura-
tion asymptotically reaching a constant slope at infin-

ity [4]. Within the macroscopic problem (of a steady

meniscus), this slope is considered to correspond to the
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Fig. 1 Configuration sketch

apparent contact angle θ. For this approach to be valid,
any uncertainty in the definition of the contact angle in-

troduced due to a finite (but small on the microscale)

macroscopic curvature must be small.

The present analysis, limited to a planar geome-
try, is concerned with building an asymptotic expan-

sion describing the film behavior in an intermediate

zone between the microstructure and the meniscus. In
particular, this construction could prove that the con-

tact angle uncertainty remains small, thus justifying the

mentioned approach for the meniscus. The intermedi-

ate zone extent is on the one hand much greater than
the microscale (the microstructure), but on the other

hand it is still much smaller than the macroscopic radii

of curvature such as those of the meniscus and of the
wall. The wall curvature, taken into consideration here

(albeit in the framework of a planar geometry, neglect-

ing the second curvature), is assumed to vary smoothly
on the length scale given by the corresponding radius

of curvature, so that it remains constant to leading or-

der on the scales of both the microstructure and the

intermediate zone.

The remainder of the paper is organized as follows.
In Section 2, the contact line microstructure formula-

tion with a constant slope at infinity is reminded to-

gether with the corresponding scales and asymptotics.
In Section 3, a formulation with a constant curvature at

infinity is rather considered. It also incorporates a con-

stant wall curvature. The interrelation between these

two formulations is discussed as appearing in the limit
of small curvatures (at infinity and of the wall): small on

the microstructure scale, which corresponds to a real-

istic macroscopic configuration. This opens the way for

the intermediate zone treatment in Section 4. Finally,
the study is wrapped up in Section 5.

2 Contact line microstructure

Hereafter, we shall use the notation

f∗ = [f ] f ,

where f (without asterisk) is the dimensionless version

of a dimensional quantity f∗ (with asterisk), [f ] being

the scale.

The nondimensionalization is carried on using the
scales of the microstructure (the microscales):

[ξ] = ξ∗f , [x] =
ξ∗2f√
3 a∗

, a∗ =

(

A∗

γ∗

)1/2

, (2)

where x is the coordinate along the film, a∗ is a molec-

ular scale, γ∗ is the vapor-liquid surface tension. The

ratio of the scales across and along the film

ǫ =
[ξ]

[x]
=

√
3 a∗

ξ∗f

must be small (ǫ ≪ 1) both for the macroscopic ap-

proach to be valid (requiring a∗ ≪ ξ∗f ) and for the lubri-

cation approximation to be applicable when describing
the film dynamics. The curvature scale resulting from

(2) is

[κ] =
[ξ]

[x]2
=

ǫ

[x]
=

3 a∗2

ξ∗3f

. (3)

The microscales are typically very small, to the extent

that the term ‘nanoscales’ would rather seem more ap-

propriate (yet in the present paper the prefix ‘micro’
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does not refer to a micrometer scale as such, but is

rather used as the opposite to ‘macro’). For instance,
in the ammonia example [4] at the temperature 300K

and with the superheat ∆T = 1K, one obtains (see also

[6]) a∗ = 0.32 nm, [ξ] = ξ∗f = 0.95 nm, [x] = 1.64 nm,
[κ]−1 = 2.83 nm.

Neglecting for the moment the wall/substrate curva-

ture (which is realistically small on the microstructure
scale (3)), and assuming that the superheat noncon-

stancy along the wall is negligible, the steady lubrica-

tion equation for the film thickness can be written as

∂

∂x

(

ξ3 ∂3ξ

∂x3
− 1

ξ

∂ξ

∂x

)

+ E j = 0 ,

j =
1 − 1/ξ3 − 3 ∂2ξ/∂x2

ξ + K
, (4)

where j represents the local evaporation flux, with [j] =

λ∗

l ∆T ∗/L∗ξ∗f for the mass flux and [j] = λ∗

l ∆T ∗/ξ∗f for
the associated heat flux. The dimensionless numbers of

the problem are

E =
η∗

l λ∗

l T ∗

0

3 a∗2 (L∗ ρ∗l )
2

,

K =
2 − φ

φ

√

π R∗

g T ∗

0

2M∗

w

λ∗

l T ∗

0

ρ∗v L∗2 ξ∗f
,

For the notations not yet explained, η∗ is the dynamic
viscosity, λ∗ is the heat conductivity, R∗

g is the universal

gas constant, M∗

w is the molecular weight, and φ is an

accommodation coefficient in the evaporation kinetics.

In the framework of the one-sided model of an evapo-
rating liquid layer relied upon here, the numerator of j

different from unity is due to the Kelvin effect on ac-

count of both the disjoining and the Laplace pressures.
In the denominator, a term with K is a consequence of

accounting for a finite-rate evaporation kinetics (K = 0

would correspond to a local phase equilibrium at the
interface). E is referred to as the evaporation number,

whereas K is the kinetic resistance number. Generally,

we imply E = O(1) and K = O(1). In the earlier

mentioned ammonia example [4], we have (see also [6])
ǫ = 0.58, E = 0.124 and K = 5.74. The second example

of [7] corresponds to ǫ = 0.45, E = 7 and K = 50. Up

to notations and scaling factors, and excluding addi-
tional physical effects sometimes incorporated into the

model, equation (4) is of course the same as elsewhere

(cf. [4, 7], while for a more detailed presentation in the
same terms as here see [6]).

The microfilm boundary condition is

ξ = 1 as x → −∞ . (5)

As one can establish from equation (4), the value ξ = 1

is attained exponentially as x → −∞. Thus, j → 0

also exponentially as x → −∞. This permits to define

another quantity of interest, namely, the integral evap-
oration flux:

J(x) ≡
x

∫

−∞

j(x′) dx′ = − 1

E

(

ξ3 ∂3ξ

∂x3
− 1

ξ

∂ξ

∂x

)

(6)

with [J ] = λ∗

l ∆T ∗/L∗ǫ for the mass flux and [J ] =

λ∗

l ∆T ∗/ǫ for the associated heat flux. The second equal-
ity (6) is derived using (4) and (5).

In the microstructure formulation with a constant

slope at infinity (cf. above), the other boundary condi-
tion is

ξ ∼ b x as x → +∞ , (7)

where b is a rescaled contact angle, the true one being

θ = ǫ b . (8)

Note that b = O(1), whereas the smallness of the slope

required for the lubrication approximation is accounted
for by ǫ ≪ 1. The rescaled angle b = b(E,K) is a nonlin-

ear eigenvalue of the boundary-value problem (4), (5),

(7), an extensive parametric study of which is under-

taken in [6].

Using equation (4), one can derive more terms be-

hind the asymptotic behavior (7):

ξ ∼ b (x − x0) −
E

4 b4
log2(x/k) + O

(

log3 x

x

)

as x → +∞ , (9)

where k = k(E,K) is a well-defined value for the boun-
dary-value problem (4), (5), (7), whereas x0 just fixes

the reference along x and can be chosen arbitrarily (the

problem is invariant to shifts along x). In what follows,

x0 ≡ 0 .

The corresponding asymptotic behavior of the integral

flux, as one can verify from (6), is

J ∼ 1

b

(

log(x/k) − 3

2

)

+ O

(

log2 x

x

)

as x → +∞ .

(10)
We see that J logarithmically diverges at infinity. More

details concerning these asymptotic behaviors are given

in [6].
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3 Formulation with the curvature

On the other hand, if a given curvature κm of the vapor-

liquid interface is rather specified towards the macro-

scopic region (e.g. corresponding to the curvature of the
meniscus near the contact line) and if κw is the wall cur-

vature (assumed to be constant on the scales involved

here), the boundary-value problem for the film thick-
ness ξ becomes

∂

∂x

(

ξ3 ∂3ξ

∂x3
− 1

ξ

∂ξ

∂x

)

+ E j = 0 ,

j =
1 − 1/ξ3 − 3 ∂2ξ/∂x2 − 3κw

ξ + K
, (11)

ξ = (1 − 3κw)−1/3 as x → −∞ , (12)

ξ ∼ 1

2
κx2 as x → +∞ , (13)

where

κ ≡ κm − κw > 0 (14)

is assumed to be positive. Note that as written here, the

dimensional scale of all the curvature quantities (κm,
κw and κ) is given by (3). Note also that the integral

flux expression (6) remains valid for the boundary-value

problem (11)-(13). As compared to (4), the change in
the numerator of j in (12) reflects the fact that ∂2ξ/∂x2

is no longer the free surface curvature to appear in the

term representing the Laplace pressure. Now the free
surface curvature is rather given by ∂2ξ/∂x2 +κw. The

thickness of the adsorbed microfilm in (12) changes ac-

cordingly as compared to (5).

Again, including more terms in the expansion at
infinity, one obtains

ξ ∼ 1

2
κ (x − x̄0)

2 + b̄ (x − x̄0) +
C̄−3

x3
+ O

(

1

x4

)

as x → +∞ , (15)

where b̄ = b̄(E,K, κ, κw) and C̄−3 = C̄−3(E,K, κ, κw)
in the framework of the problem (11)-(13), whereas x̄0

can be arbitrary. We also note, using (6) with (15), that

J(+∞) = 15κ3 C̄−3/(2E) , (16)

so that with a non-zero curvature the integral flux reaches

saturation at infinity, unlike (10).

Below, when speaking about the orders of magni-
tude, we shall always mean κw = O(κ). For κ = O(1),

the liquid film configuration to result from the problem

(4), (5), (7) and the one to result from (11)-(13) must

be distinct and in no particular relation to each other.
Nonetheless, in the case κ ≪ 1 (as it should be for the

macroscopic curvature on the scale of the microstruc-

ture, e.g. for κ∗ = 1mm−1 we obtain κ ≈ 2.83 × 10−6

in the framework of the earlier mentioned ammonia ex-

ample), the former configuration can be conjectured to
form part of the latter to leading order while corre-

sponding to not so large values of x (see figure 1). In

particular, the behavior (9) should now be recovered as
an intermediate asymptotics for large x, but not too

large. For these larger x, in what we shall refer to as

an intermediate zone, the solution must behave as (9)
towards the left end while observing (15) to the right,

as x → +∞. Should the uncertainty in the definition of

the contact angle be small as expected, the difference

between b and b̄ must also be small as κ → 0. Next, we
proceed to analyzing the solution for this intermediate

zone, hence confirming these conjectures.

4 Solution in the intermediate zone

The new variables

x̃ = κx , ξ̃ = κ ξ (17)

are introduced, which are positive in view of (14). On
account of ǫ ≪ 1, one can verify that this zone is still

much smaller by order of magnitude than the radii of

curvature of the meniscus and the wall (the latter be-

ing of the order of κ−1ǫ−1 on the [x] scale of the mi-
crostructure – cf. (2) and (3)). The solution is sought

in the form

ξ̃ = b x̃ +
1

2
x̃2 + κ ξ̃1 , (18)

which actually already anticipates the difference be-

tween b and b̄ being small provided that the appropriate

solution exists for ξ̃1. To leading order, the equation for

ξ̃1 is

∂

∂x̃

[

(

b x̃ +
1

2
x̃2

)3
∂3ξ̃1

∂x̃3

]

+
E

b x̃ + x̃2/2
= 0

with the solution

ξ̃1 = C̃0 + C̃1 x̃ + C̃2 x̃2

+ C̃3

(

2 b2 + 6 b x̃ + 3 x̃2
)

log
x̃ + 2 b

x̃

+
3E

4 b5
(x̃ + b) log

x̃ + 2 b

x̃

− E

8 b6

(

2 b2 + 6 b x̃ + 3 x̃2
)

log2 x̃ + 2 b

x̃
. (19)

Here by definition all of the macroscopic curvature in
the vicinity of the contact line is comprised in κ so that

no corrections to it are warranted. Thus,

C̃2 = 0 . (20)
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Matching with (9) (formally as x̃ → 0 whereas x →
+∞) yields the expressions for two more coefficients:

C̃0 = − E

4 b4
log2 k κ

2 b
, C̃3 = − E

4 b6

(

3

2
+ log

k κ

2 b

)

.

(21)
Nonetheless, to obtain C̃1, the leading-order solution in

the microstructure zone is not enough, and one must

consider the first correction in κ ≪ 1 (and κw ≪ 1).
Let ξ = ξ0+κ ξ11+κw ξ12+. . ., where ξ0 is just the solu-

tion of (4), (5), (7). The corrections ξ11 and ξ12 satisfy

the linearized version of equation (11). The equation for

ξ11 is homogeneous. The equation for ξ12 is inhomoge-
neous, the homogeneous part being the same as for ξ11,

of course. The inhomogeneity originates from the term

with κw in (11). The equations are omitted here for the
sake of brevity, but the boundary conditions are

ξ11 = 0 , ξ12 = 1 as x → −∞ ,

ξ11 ∼ 1

2
x2 , ξ12 ∼ b12 x as x → +∞ ,

where the latter should be interpreted in terms of match-
ing with the intermediate-zone solution (18). More terms

of the large-x expansion for ξ11 are

ξ11 ∼ 1

2
x2 − 3E

4 b5
x log2 x +

E

4 b5
(7 + 6 log k)x log x

+ b11 x + O
(

log4 x
)

as x → +∞ . (22)

The coefficient b11 = b11(E,K) is a well-defined value

given by the boundary-value problem for ξ11 (as soon as

we have fixed x0 ≡ 0 within the leading-order solution
ξ0(x)). As for determining b12, no additional compu-

tation is in fact needed since one can recur to a mere

rescaling. Indeed, the problem (11), (12) with (7) in lieu
of (13) can be reduced to (4), (5), (7) by means of the

following rescaling:

ξ ⇒ (1 − 3κw)−1/3 ξ , x ⇒ (1 − 3κw)−2/3 x ,

b ⇒ (1 − 3κw)1/3 b , E ⇒ E , K ⇒ (1 − 3κw)−1/3 K .

On account of this, one can see then that b12 can be de-

termined using the functional form b = b(E,K) through
an appropriate linearization. Thus, one obtains

b12 = −b(E,K) − K
∂b

∂K
(E,K) . (23)

Now C̃1 gets determined through matching between

(18) with (19) and ξ = ξ0 + κ ξ11 + κw ξ12:

C̃1 = b11 +
κw

κ
b12 +

E

4 b5

(

7 log k + 3 log2 k

− 6 log
k κ

2 b
− 3 log2 k κ

2 b

)

, (24)

which finalizes the solution (19), where the parame-

ters have been expressed in terms of the microstructure
properties b = b(E,K), k = k(E,K), b11 = b11(E,K)

and b12 = b12(E,K), the latter being expressed by (23).

Calculating the x̃ → +∞ asymptotics from (18)
with (19) and rendering it in the form (15), one ob-

tains

b̄ − b = κ

[

b11 +
κw

κ
b12 +

E

4 b5

(

7 log k

+ 3 log2 k − 6 log
k κ

2 b
− 2 log2 k κ

2 b

)]

,

(25)

which is seen to remain small for κ ≪ 1 (κw = O(κ)).

One also obtains

C̄−3 =
8

15
b5C̃3κ

−3 .

When used in (16), it yields the value of the integral

flux

J(+∞) = −1

b

(

3

2
+ log

k κ

2 b

)

(26)

which, combined with the values of b = b(E,K) and k =

k(E,K) calculated for the microstructure problem [6],

allows to evaluate the effect of macroscopic curvature

upon J . The result (26) can also be derived in a more
elementary way [3]. Indeed, in the original variables x

and ξ, the leading-order integral flux throughout the

intermediate zone can be written as (cf. (4), (6) with
ξ = b x+κx2/2 corresponding to the first two terms in

(18))
+∞
∫

x1

dx

b x + κx2/2
, (27)

where x1 is a value at the left edge of the zone (x1 κ ≪
1, but x1 ≫ 1). Now evaluating the leading-order con-
tribution (10) from the microstructure at this same

value x = x1 and summing up with (27), one recov-

ers the result (26).

5 Discussion and concluding remarks

Thus, the solution for the film thickness in the inter-
mediate zone is given by (18) and (19) with (20), (21),

(24), where the variables are defined in (17), whereas

the original variables x and ξ, as well as the curvatures
κw (of the wall), κm (of the meniscus) and κ ≡ κm−κw,

are nondimensionalized using the microstructure scales

(2) and (3) with (1). As the macroscopic curvature is

small on the microscale, the dimensionless curvature
values obtained in this way are all small: κw ≪ 1,

κm ≪ 1, κ ≪ 1. This is in fact one of the premises per-

mitting distinguishing the intermediate zone as such,
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with a length scale much greater than that of the mi-

crostructure (cf. the rescaling (17)). Another premise is
that the apparent contact angle be small (cf. (8) with

ǫ ≪ 1, b = O(1)), so that this (intermediate) length

scale is yet much smaller than the radii of curvature
of the meniscus and of the wall (cf. figure 1 for the

scales). On the one side (x̃ → 0, even though x → +∞),

this intermediate solution matches the microstructure
far asymptotics (9). On the other side (meniscus), the

asymptotic behavior of the form (15) is recovered. The

slope difference between (9) and (15) is given by the

result (25) and can be interpreted as the uncertainty in
the definition of the (rescaled – cf.(8)) contact angle due

to a finite (even though small) macroscopic curvature.

The parameters appearing in all these results repre-
sent the microstructure properties b = b(E,K) = O(1),

k = k(E,K) = O(1), b11 = b11(E,K) = O(1) and

b12 = b12(E,K) = O(1). The first two are obtained
from the leading-order problem for the microstructure,

given by (4), (5), (7), where note the asymptotic be-

haviors (9) and (10) which the parameter k is defined

through (cf. [6], where an extensive parametric study of
this problem is undertaken). The third originates from

the first correction ξ11 within the microstructure as de-

scribed in Section 4, with the far asymptotics (22). The
fourth one is given by (23) once the functional depen-

dence b = b(E,K) is known.

To the leading order in κ ≪ 1, as one can observe

in (18) with (19), it turns out that the solution in the

intermediate zone is just trivial: it is a superposition

of the leading-order contribution from the adjacent mi-
crostructure and meniscus regions. This confirms (and

goes along with) the validity of the intuitive approach

as described in the abstract. It is only at a higher order
(the first correction) that nontrivial, inherently inter-

mediate-zone contributions appear in the solution. As

a result, a contact angle uncertainty, equation (25),
emerges. But as it belongs to the first correction and

not the leading order, it is small, of the relative order

O(κ log2 κ). Rather than quantitative, the importance

of the correction is first of all in the very fact that it can
be constructed, thus validating the degenerate (no con-

tact angle uncertainty) leading-order result. It is note-

worthy that the contact angle relative uncertainty is
not just O(κ), but rather is logarithmically modified.

The latter fact lowers the importance of knowing b11

(and thus supplementally calculating the first correc-
tion in the microstructure region) for the estimation of

the uncertainty, equation (25), for it is the logarithmic

terms that are expected to dominate therein.

While the integral evaporation flux logarithmically

diverges in the microstructure region as specified by

(10), it converges in the intermediate zone to a finite

value (26) thanks to the effect of macroscopic curva-

ture. Here recall that the dimensional scale of the flux
is specified following equation (6). The mere fact of its

convergence in the intermediate zone indicates that the

corresponding contribution from the remainder of the
meniscus is asymptotically smaller (it is expected to

be of the order O(ǫ), cf. [3]). It is noteworthy that the

meniscus and wall curvatures (κm and κw, respectively)
enter the results in a combination κ = κm − κw. This

does not only concern the expression for the flux, but

also the other results for the intermediate zone with the

exception of some parts depending on the first correc-
tion in the microstructure region where κw can appear

separately. Note that an equivalent expression for the

converged integral flux is obtained by Morris [3], al-
though formally for a flat wall, without the effect of the

wall curvature.
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