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React ion-diffusion dynamics in complex média is analyzed. The diffusion operator is decomposed into a determinist ic and 
a random part. In the absence of chemical reactions it is shown tha t randomness enhances the rate of spread of an initial 
inhomogeneity and reduces the stationary diffusion flux. When chemical reactions are included, an augmented reaaiondiffusion 
équation is derived, featuring an effective diffusion coefficient that dépends explicitly on the chemical kinetics. The influence 
of randomness in the onset of chemical instabilities leading to selforganizat ion is discussed. 

1. Introduction 
Dick Noyés ' classic s tudy of t h e osci l la tory behavior of t h e 

B e l o u s o v  Z h a b o t i n s k i r eagen t ha s been i n s t r u m e n t a l in the de
ve lopment of a new and act ive field of chemica l science devoted 
to se l f o rgan iza t ion and nonl inear p h e n o m e n a . It is a privi lège 
and a pleasure to dedicate to him the présent short communica t ion 
as a t r i bu t e to his br i l l iant con t r ibu t ions . 

T h e typical f r a m e w o r k within which se l f o rgan iza t ion phe
nomena in chemistry bave been studied is tha t of react iondiffusion 
Systems' 

dX,/dl = F^XjlX) + DiV^Xi (1 ) 

Here A", and Z), dénote respectively the concentrat ion and diffusion 
coe f f i c i en t s of species i, the r a t e laws (genera l ly nonl inear 
f unc t i ons of X/s), a n d X the cont ro l p a r a m e t e r s . It is usua l ly 
assumed tha t the m é d i u m is isothermal and idéal (no cross ef fects 
and no concentrat ion dependencies in D,), a l though some a t t empts 
to re lax this l a t te r condi t ion have been repor ted .^ M o r e to the 
point for the purposes of our présent discussion, it is also a s sumed 
t ha t t he m é d i u m is h o m o g e n e o u s a n d isotropic or, equiva len t ly , 
t h a t t he d i f fu s ion coef f i c ien t s £), a n d the r a t e func t ions F, h a v e 
no expl ic i t space dependence . 

A l though the above assumpt ions are f requent ly fulfiUed u n d e r 
laboratory conditions, there is little doub t t ha t they will in gênerai 
fail in rea l wor ld m a t e r i a l s . A rough ca t a ly t i c su r f ace , a rock , 
a pièce of mé ta l u n d e r load , con ta in inevi tably s o m e deg ree of 
d i so rde r , no tab ly in t he f o r m of i m p e r f e c t i o n s a n d defec t s . A 
b ic 'og ica l ma t e r i a l , say a m e m b r a n e on which Ca^* ions a r e 
diffusing, is far f rom being a perfect lattice. Even in the laboratory 
scale e x p c r i m e n t s a i m i n g to de tec t space p a t t e r n s a r e c u r r e n t l y 
be ing developcd,^'* in wh ich porous o r d i spersed m a t e r i a l s p lay 
a p r o m i n e n t rôle. 

A c h e m i c a l d y n a m i c s t a k i n g p lace in a m é d i u m of t he above 
kind will b e a f f e c t e d by the spa t ia l d i so rder in two respects : an 
explicit space dependence of the distribution of the major chemicals 
f eed ing t h e r eac to r and a n explici t d e p e n d e n c e on t he spa t i a l 
locat ion of the r a t e a t wh ich d i f fu s ion will t a k e place. O u r 
principal object ive in t h e présent work is to s tudy t he new e f fec ts 
ar is ing f r o m thèse p h e n o m e n a in the l imit ing case in which space 
d e p e n d e n c i e s a r e mode led as a r a n d o m process . 

In sect ion 2 we de sc r ibe the mode l a d o p t e d a n d d iscuss t he 
physical origin of the assumpt ions involved. In section 3 we s tudy 
the behavior in the absence of reactions, whose effect is considered 
in section 4. W e end with a short discussion on the rôle of r andom 
d i f fu s ion in the onse t of a chemica l ins tabi l i ty . 

2. The Model 
Let A" be a passive sca l a r ( concen t ra t ion field) t r a n s p o r t e d in 

an he te rogeneous m é d i u m . Its i n s t an t aneous prof i le is given by 
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G.; Frisch, H. L. J. Phys. Chem. 1981, 85, 1907. 
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L.; Tarn. W. Y. Nature 1987. 329. 619. 

(4) Maseiko. J.; Showalter, K. Private communication. 

the solut ion of t he m a s s conse rva t ion law 

dX/dt =  V - J ( 2 ) 

supp lemen ted wi th t h e phe nome no log i c a l re la t ion 

HX{X,T,T) 

J = J. (3) 

where L is t he O n s a g e r coef f i c ien t a n d n;( the chemica l po ten t ia l 
of A": 

iix = f^T \n a 

a being t h e ac t iv i ty . In a n i so the rma l System (3) b e c o m e s 

J = V a 
a 

In t roduc ing t he d i f f u s i o n a n d ac t iv i ty coef f i c ien t s D a n d 7 
respectively t h r o u g h 

D = LR/X ( 4 a ) 

a = yX ( 4 b ) 

we can finally wr i t e ( 2 ) in t h e f o r m 
a v 1 
— = V.D{l)—Vy{r,a)X ( f ^ 
dt y ( f , o ) 

W e have in t roduced a n expl ic i t space d e p e n d e n c e of D a n d 7 in 
order t o a c c o u n t for t h e c o m p l e x i t y of t he m é d i u m . In w h a t 
follows we shall a s s u m e t h a t t he space dependence of t he act ivi ty 
coeff ic ient is weake r t h a n t h e d e p e n d e n c e of D (r) , in w h i c h case 
y can be e l i m i n a t e d f r o m t h e r i g h t  h a n d side. 

Fur the rmore , we shall mode l t he complexi ty of the m é d i u m by 
in t roducing a fluctuating part in t h e d i f fus ion coeff ic ient , wh ich 
will be ass imi la ted to a r a n d o m process wi th con t inuous rea l i za 
tions. T h e sca la r field X will t hen also become a r a n d o m process 
obeying 

with 

ax/dt = V-D(T)VX 

D = Do + Z) ,(r), <Oi ( r ) ) = 0 

m 
m 

where the brackets déno te ensemble average , i.e., a n ave ragc over 
the d i f f é r en t r ea l i za t ions of t h e s tochas t i c process £)i(r). 

Disordered m é d i a a r e u sua l ly m o d e l e d by r a n d o m w a l k s on 
regular l a t t i ces wi th r a n d o m t r ans i t i on probabil i t ies.^ ' In th i s 
case, the sca l ing law of t h e m e a n  s q u a r e d i sp l acemen t d é p e n d s 
u l t imate ly on t he t y p e of p robab i l i t y d i s t r ibu t ion chosen fo r t h e 
transition probabi l i t ies . ' Class ica l d i f fus ion is expected when t he 
average of the inverse of the transi t ion probabiUty exists; othcrwise 
a n o m a l o u s d i f fu s ion m a y a p p c a r . 

W e m a k e now a possible connec t i on be tween ou r c o n t i n u o u s 
formalism and a discretized lat t ice version. In the latter approach . 

(5) Havlin, S.: BenAvraham, D. Adv. Phys. 1987. 36, 695. 
(6) Alexander. S.; Bemasconi, J.; Schneider, W. R.; Orbach, R. Rev. Mod. 

Phys. 1981, 53, 175. 
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Figure I. Schematic représentation of diffusion in a complex médium 
viewed as the motion across a random distribution of potential barriers. 

t h e p r o b a b i l i t y P„(t) of a r a n d o m wa lke r to be a t s i te n a t t i m c 
/ o b e y s a s t o c h a s t i c m a s t e r é q u a t i o n : 

dP„U)/dt = w(n\n+i) P„^M + w{n\n-\) P^,(l) -

{w(n-\\n) + w{n+\\n))P„{t) (7) 

w h e r e w(n\n+\) is t h e t r a n s i t i o n p robab i l i t y pe r uni t t i m e of a 
r a n d o m w a l k e r to j u m p f r o m s i te n + i to s i te n a n d is i tself a 
r a n d o m f u n c t i o n of s i t e n. If t hè se t r ans i t i on p robab i l i t i e s a r e 
re la ted to the probabi l i ty of hopp ing across a bar r ie r be tween two 
a d j a c e n t s i tes , we h a v e (cf . F i g u r e 1 ) 

w„ = w(n\n+\) = w(n+\\n) ( 8 ) 

E q u a t i o n 7 is t h e n r e w r i t t e n in t h e f o r m 

dPM/dt = w„(P^,(t) - P „ ( f ) ) + H ' ^ , ( / ' ^ , ( / ) - P„(t)) (9) 

S ince t h e to ta l m a s s of t h e t r a n s p o r t e d q u a n t i t y is conserved, the 
concen t ra t ion X{r,t) is p ropor t iona l to the probabil i ty of a r a n d o m 
wa lke r in a p a r t i c u l a r r ea l i za t ion of D{r) to be a t a posi t ion r a t 
t i m e t. E q u a t i o n 9 is t h e r e f o r e a d i sc re t ized version of (6 ) . T h e 
d i f fu s ion coef r ic ien t D(r) in ( 1 ) is t h e l imit D(r) = l i m , . ^ w{r)P, 
w h e r e / d é n o t e s t h e m e s h s ize of t h e l a t t i c e . ' T h e s t a t i s t i ca l 
p r o p e r t i e s of Z)(r) a r e t h e n r e l a t e d to those of t h e t r a n s i t i o n 
p robab i l i t i e s of a p a r t i c u l a r l a t t i ce . 

T h e a b o v e a r g u m e n t s c a n eas i ly be e x t e n d e d to a n i so t rop ic 
System u n d e r g o i n g c h e m i c a l r eac t ions , s ince for such a System 
the re is no phenomeno log i ca l coup l ing be tween reac t ion r a t e a n d 
d i f fus ion f lux. W e t h u s ob ta in for such a m é d i u m the genera l ized 
r e a c t i o n - d i f f u s i o n é q u a t i o n 

dX/dt = F(X,\) + V-D{r)VX ( 1 0 ) 

being unde r s tood t h a t t h e d i f fus ion coeff ic ient D compr i ses a g a i n 
a " d e t e r m i n i s t i c " a n d a " r a n d o m " p a r t a s in ( 6 b ) . 

3. Properties of the Stochastic Diffusion Operator 
In th i s sec t ion we e x p l o r e s o m e p rope r t i e s of t h e so lu t ions of 

( 1 0 ) in t h e a b s e n c e of c h e m i c a l r eac t ions . W e first s t u d y t h e 
t i m e - d e p e n d e n t b e h a v i o r of t h e f i r s t non t r iv ia l m o m e n t of t h e 
c o n c e n t r a t i o n field. 

N o r m a l i z i n g t h e to t a l m a s s to un i ty , mul t ip ly ing bo th sides of 
( 6 a ) by t h e s q u a r e of t h e d i s p l a c e m e n t r, i n t eg ra t i ng over space , 
a n d a s s u m i n g t h a t X a n d dX/ôr t e n d to zé ro su f f i c i en t ly r ap id ly 
fo r r —» ±oo, we o b t a i n in a o n e - d i m e n s i o n a l i n f m i t e m é d i u m 

= - 2 £ d . . ^ D ( r ) — ) ( 1 1 ) 

T h e c o n t r i b u t i o n to ( 11 ) a r i s i n g f r o m t h e d e t e r m i n i s t i c p a r t 
of D is s t r a i g h t f o r w a r d . U p o n p e r f o r m i n g a second pa r t i a l in
t é g r a t i o n , it y ie lds 

d < ' ^ > d . . / d f = 2Do ( 1 2 ) 

T o eva lua t e the con t r ibu t ion of t h e r a n d o m par t to the right-hand 
side, we need to spec i fy f u r t h e r t h e s ta t i s t ica l p roper t ies of D\{r). 
W e will a s s u m e t h a t Z>,(r) d e f i n e s a h o m o g e n e o u s G a u s s i a n 

(7) Gardiner. C. W. Handbook of Stochastic Methods; Springer: Berlin, 
1983; Chapter 8. 

r a n d o m process w h o s e c o r r é l a t i o n f u n c t i o n 

g{r) = <ZJ,(0) £>,(r)> ( 1 3 a ) 

behaves in the origin r = 0 in a n exponent ia l fashion. Th i s implies, 
in p a r t i c u l a r , t h a t t h e s e c o n d d e r i v a t i v e a t t h e or ig in g"{0), is 
positive, which allows us to in t roducc a corréla t ion length / through 

= g " ( 0 ) / g ( 0 ) (13*) 

T h e é v a l u a t i o n of t h e r a n d o m p a r t of ( 1 1 ) will m a k e use of the 
Novikov theorem* s ta t ing tha t if is a funct ional of a Gauss ian 
r a n d o m Fieid d(,r), t h e n 

r lmd]\ 
< ^ ( r ) f 7 M ) = J d . ' g ( . - 0 ^ ^ | 

w h e r e ô/ôd d é n o t e s f u n c t i o n a l d i f f e r e n t i a t i o n . In o u r c a s e (cf . 
( 11 ) ) t h e f ie ld d(r) is t h e r a n d o m p a r t Z),(r) of D, wh i l e t h e 
funct ional 7 is t h e space derivat ive of A", itself a funct ional of Z>, (r) 
t h r o u g h (6) . T h e d é t a i l s of t h e c a l c u l a t i o n a r e given in t h e Ap-
pendix , the Final r e su i t be ing 

(14 ) 

C o m b i n i n g ( 1 3 ) a n d ( 1 4 ) a n d i n t e g r a t i n g over t i m e , w e f ina l ly 
ob ta in 

<r2) = 2Dot + (giO)/P)t^ (15) 

This resui t shows t h e a p p e a r a n c e of a n o m a l o u s d i f fu s ion induced 
by t h e f l u c t u a t i o n s of t h e d i f f u s i o n c o e f f i c i e n t a n d t e n d i n g to 
e n h a n c e the s p r e a d i n g of a n in i t ia l i n h o m o g e n e i t y in c o m p a r i s o n 
to t h e c lass ica l ca se . T h i s is t o b e c o n t r a s t e d t o w h a t is f o u n d 
in f r a c t a l l a t t i ces or p e r c o l a t i o n c l u s t e r s w h e r e a s c a l i n g law of 
the fo rm^ 

( r ^ ) ~ /V"* d>2 

is o b t a i n e d , i n d i c a t i n g t h e s l o w i n g d o w n of d i f f u s i o n . 
It is i n t e r e s t i ng t o r e m a r k t h a t n u m e r i c a l s i m u l a t i o n s in a 

t h r e c - d i m e n s i o n a l r a n d o m f ie ld S y s t e m ( c u b i c l a t t i ce ) a n d L a n -
gevin équat ion analysis lead to a m e a n - s q u a r e d i s p l a c c m e n t ' which 
is a s y m p t o t i c a l l y p r o p o r t i o n a l t o t^. M o r e o v c r , f o r s h o r t t i m e s 
a n i n t e r p l a y b e t w e e n c lass ica l a n d a n o m a l o u s d i f f u s i o n w a s ob-
served. O u r resui t s e e m s t h e r e f o r e in good a g r e c m e n t w i th thèse 
s tud ies . 

O n t h e o t h e r h a n d , in bis s t u d y o f r a n d o m w a l k in a one -d i 
m e n s i o n a l l a t t i ce w i t h r a n d o m t r a n s i t i o n p r o b a b i l i t i e s p„ = 
1 ~ P/i. Pu = ' / i + 'f<t. w ' t h fil t a k i n g a t r a n d o m t h e v a l u e s - H 
or - 1 , S i n a i h a s f o u n d a s u b d i f f u s i v c b e h a v i o r c o r r c s p o n d i n g to 
a l oga r i t hmic sca l ing l a w . ' " W e be l i eve t h a t t h e d i f f é r e n c e wi th 
our r e su l t s a r i ses f r o m t h e a s s u m p t i o n s a d o p t e d on t h e s ta t i s t ica l 
p rope r t i e s of D{r), a n d m o s t p a r t i c u l a r l y f r o m t h e ex i s t ence , in 
our m o d e l , of a s p a t i a l c o r r é l a t i o n f u n c t i o n d i s p l a y i n g a finite 
c h a r a c t e r i s t i c l e n g t h . 

In a d i f f é r e n t c o n t e x t , a n o m a l o u s d i f f u s i o n h a s been p red ic t ed 
in a h e t e r o g e n e o u s p o r o u s m é d i u m " w h e n t h e co r r é l a t i on l eng th 
of t h e f l u c t u a t i n g p e r m e a b i l i t y d i v e r g e s . F o r a p a r t i c u l a r c lass 
of spec t r a of t h e f l u c t u a t i o n s , a n o m a l o u s d i f f u s i o n a l so o c c u r s in 
s t r a t i f i e d p o r o u s m é d i a . " ' ' ^ T h è s e o b s e r v a t i o n s s t ress t h e f a c t 
tha t , a s in r a n d o m lat t iccs, the t y p e of sca l ing law is very sensitive 
t o s t a t i s t i ca l p r o p e r t i e s of t h e f l u c t u a t i n g fields. 

Let u s now t u m to t h e s t a t i o n a r y - s t a t e solution of (6 ) , expected 
to arise in a finite System subjec ted to su i t ab le bounda ry condit ions. 
In all genera l i ty , t h e m e a n s t a t i o n a r y f l u x <J) will be (cf . (2 ) a n d 
(6 ) ) 

(8) Novikov. E. Soc. Phys. JETP 1965, 20, 1290. 
(9) Pandey, R. B. / . Phys. 1986, A19, 3925. Heinrichs, J.; Kumar, N. J. 

Phys. 1984, C/7. 769. 
(10) Sinai, Ya. Theory Probab. Its Appt. (Engl. Transi.) 1982, 27, 256. 
(11) Koch, D.; Brady, J. Phys. Fluids 1988, 31, 965. 
(12) Gelhar, L.; Gutjahr, A.; Naff, R. Waler Resour. Res. 1979, IS, 1387. 

Matheron, G.; De Marsily, G. Water Resour. Res. 1980, 16, 901. 
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<J> = - < £ » ( r ) V A ' ) ( 1 6 a ) 

The point that we would like to explore here is whether this relation 
can be cast in the f o r m ' ^ 

<J) = -2)V{X) ( 1 6 b ) 

where X) is an effect ive d i f fus ion coefficient . W e would aiso like 
to re la te X) to the de t e rmin i s t i c pa r t DQ and to the s ta t is t ica l 
proper t ies of £),(r). 

Cont r a ry to the first p a r t of this section in which no smailness 
p a r a m e t e r had to be in t roduced , we shall now appeal to pe r tu r 
bation theory. Specifically, we shall assume tha t the characterist ic 
corrélation length / is much less then the characterist ic length scale 
L of var ia t ion of t he m e a n concen t r a t ion field 

t = / / Z . « l ( 1 7 ) 

Fur the rmore , we shall in t roduce a new length macrosca le R and 
expand the var ious f ie lds présen t in powers of t (ref 14) 

V . - V ^ + t V ^ ( 1 8 a ) 

D, = t r f , ( r ) ( 1 8 b ) 

A - = (A'(R)> + . ï(r,R) ( 1 8 c ) 

X = (jt, + (^X2 + ... ( 1 8 d ) 

W e insert thèse expansions into (16a ) and note tha t (x) = 0 . W e 
obta in in this way an express ion for the m e a n flux: 

(J> = -(DoV^iX) - i{d^(r)V,x) ( 1 9 ) 

T o c o m p u t e the m e a n v a l u e (d^V^) in the r i gh t -hand s ide we 
need to eva lua te x. E x p a n d i n g ( 6 a ) in powers of t, we have in 
the s t a t iona ry s ta te t he f i r s t -o rde r équa t ion 

Do^r^xi = 0 ( 2 0 a ) 

Using t he subs id ia ry condi t ion {x^} = 0 a n d ( 2 0 a ) yields x , = 
0 . T o t he second o rde r in « ( 6 a ) t hen becomes 

DoV,^X2 + V ^ , V « ( ^ ) + Z ) O V R 2 ( ^ > = 0 ( 2 0 b ) 

T h e subs id ia ry condi t ion (Xj) = 0 requi res 

DoV^^(X) = 0 

Equa t ion 20b can now be solved by Four ier t r a n s f o r m m e t h o d s , 
and we ob ta in in a t h r e e - d i m e n s i o n a l System 

1 K O ) 
<</,VpC2> = - - —"^RW 

i UQ 
( 2 1 ) 

with no ta t ion g{0) = (^g(0). C o m p a r i n g with ( 1 6 a ) and ( 1 6 b ) , 
we a r e led to iden t i fy t h e e f fec t ive d i f fu s ion coef f ic ien t 

D = Do 
3 Do 

( 2 2 ) 

Th i s re la t ion shows t h a t f l uc tua t i ons in the d i f fus ion coef f i c ien t 
decrease the s t a t i o n a r y f lux of d i f f u s i o n . " F luc tua t i ons ac t 
the re fore in an opposite way to f luc tua t ions of a convection field, 
which e n h a n c e d i f f u s i o n . " ' " 

4. Réaction-Diffusion Dynamics in a Complex Médium 
In th is section we repor t on a f i rs t app roach a iming to inc lude 

t he e f f e c t of c h e m i c a l r eac t ions (or m o r e genera l ly of s o u r c e or 
sink t e r m s ) in the s tochas t i c d i f fu s ion . For t echnica l s impl ic i ty 
m u c h of ou r discussion will be l imi ted to t he sea rch of s t a t i on -
a ry - s t a t e solut ions of (10 ) in a one-d imens iona l inf in i té System 
involving a s ingle va r iab le . E q u a t i o n 10 t akes t hen t he f o r m 

F{X) + ^D{r) ^ = 0 
d r d r 

( 2 3 ) 

(13) Batchelor. G. K. Annu. Reu. Fluid Mech. 1974. 6, 227. 
(14) McLaughlin. D. W.; Papanicolaou. G. C ; Pironneau, O. R. SIAM 

J. Appt. Math. 1985. 45. 780. 
(15) Koch. D.; Brady, J. J. Fluid Mech. 1985. 154. 399. 
(16) Puhl. A.: Altares. V : Nicolis, G. Phys. Rev. 1988. A37. 3039. 
(17) Feynman, R.: Hibbs. A. Quantum Méchantes and Path Intégrais; 

McGraw-Hill: New York. 1965. 

In t roduc ing the décompos i t ion of X in to an average a n d a 
fiuctuating par t ( (18c ) ) o n e o b t a i n s f r o m (23) the é q u a t i o n s " 

d / àX\ 
(24a ) 

d x 1 , , d^x d d(A'> d 
+ - / ' U - ( x ^ » + Oo - + - D , _ + - D , - -

| ; ( A ^ ) + O ( x 3 ) = 0 ( 2 4 b ) 

where 

dA'U-(X) 

It will be a s s u m e d t h a t F' > 0 , in o r d e r to ensu re t h a t t he s ta
t ionary solut ion is s tab le . 

T o o b t a i n a closed é q u a t i o n for t h e m e a n concen t r a t i on (A") 
f rom ( 2 4 a ) , we insert t he mul t ip le sca l e expans ion ( 1 8 a - d ) in to 
(24a ) . W e have to lowest o rde r 

F((X)) + V " ( x 2 ) + Dot" - ^ { X ) + J^id^drx) = 0 (25 ) 

T h e t e r m s (x^) and {d^d^} a r e e v a l u a t e d f r o m (24b) in an 
analogous manner as in the preceding section. T he first nontrivial 
con t r ibu t ion obeys 

d^X2 d d{X) 
(26 ) 

Th is équa t ion can be solved by Four i e r t r a n s f o r m methods . T h e 
resuit is 

1 /• /• ik d(A'> 
X2(r) = ^ Çdr' Çdk e - * ' - ^ ; d.ir') — — ( 2 7 ) 

2T J J \F] + Dok^ 

For the sake of concreteness, we consider t he case where the spatial 
co r ré l a t ion func t ion of t h e field d^{r) is exponent ia l 

gir) = g(0)e-'" ( 2 8 ) 

W e o b t a i n finally for smal l / 

f-ï=) = -f[-'(^)1^ -
a n d 

( 3 0 ) 

Subs t i t u t i ng thèse express ions into ( 2 5 ) yields t he desi red closed 
équa t i on involving solely t he m e a n v a l u e X 

4£)o 

1 ir i i^i ' 

- f - f ( - ' (^r))^-
W e see t ha t the Huctua t ions give r ise t o an ef fec t ive d i f fus ion 

coe f f i c i en t 

2) --'•f(-'(^)1 ( 3 2 ) 

which now dépends explicitly on chemica l kinetics. T h e effect ive 
d i f fus ion coef f ic ien t is now la rger t h a n t h e e f fec t ive d i f fus ion in 
t he a b s e n c e of reac t ions ; in o the r w o r d s , c h e m i c a l reac t ions in-
c rease t he m e a n d i f fus ion fiux. A second type of correct ion d u e 
to the Huc tua t ions in the d i f fu s ion coe f f i c i en t is the p résence in 
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t he b a l a n c e é q u a t i o n of a t erm p r o p o r t i o n a l to the s q u a r e of t he 
g r a d i e n t of t h e m e a n c o n c e n t r a t i o n . 

W e a r e now in t h e pos i t ion to spjecify more s h a r p l y t h e rô le of 
r a n d o m d i f f u s i o n in t h e onse t of instabi l i t ies a n d se i f -organiza t ion . 
W e first d é r i v e t h e t i m e - d e p e n d e n t ve r s ion of (23 ) or ( 2 9 ) . Le t 
X^be a s p a t i a l l y u n i f o r m s t a t i o n a r y so lu t ion used as " r é f é r e n c e " 
State. S u p p o s e , f u r t h e r m o r e , t h a t t h e System o p é r â t e s in a p a -
r a m e t e r r a n g e for w h i c h this s t a t e is a b o u t to lose its s tabi l i ty a n d 
g ive r i se t o n e w b r a n c h e s of s o l u t i o n s . S e t t i n g 

{ X ) =-Xo+u 

o n e c a n w r i t e to t h e first o r d e r 

F(.{X}) = F(Xo) + FXXo)u 

= F'{Xo)u = -\u 

where in f ' (A'Q) = - \ p i ays t h e rôle of b i f u r c a t i o n p a r a m e t e r . W e 
e x p r e s s t h e s l o w i n g d o w n of t h e d y n a m i c s e x p e c t e d to a r i s e fo r 
v a l u e s of X n e a r z é r o by i n t r o d u c i n g t h e s low t i m e s c a l e T: 

A = 2 A 
dt~ ^ dr 

w i t h 

X = ( 3 3 ) 

T h e l i n e a r i z e d , t i m e - d e p e n d e n t ve r s ion of ( 3 1 ) a r o u n d t h e r é f 
é r e n c e State A'o b e c o m e s 

du . ^ d^u 
( 3 4 ) 

T h i s é q u a t i o n e n t a i l s t h a t o n e m a y e x p e c t b i f u r c a t i o n of n e w 
b r a n c h e s of s o l u t i o n s a t e x a c t l y t h e s a m e t r a n s i t i o n p o i n t , = 
0, i ndependen t of t h e va lue of D. O n the o the r hand , t he proper t ies 
of t h e b i f u r c a t i n g b r a n c h e s a n d t h e t i m e - d e p e n d e n t b e h a v i o r of 
t h e System will be s t r ong ly a f f e c t e d . For ins tance, it is well-icnown 
t h a t t h e s t a b i l i t y of a s o l u t i o n in a r ég ion of h y s t e r e t i c b e h a v i o r 
is f a v o r e d by a n e n h a n c e m e n t of X> o r , on t h e c o n t r a r y , c o m -
p r o m i z e d by a r é d u c t i o n of 2) . 

O n e k i n d of t r a n s i t i o n l ike ly to be a f f e c t e d m o r e d r a s t i c a l l y 
by f luc tua t ing d i f fu s ion a r e s y m m e t r y - b r e a k i n g instabilit ies. T h è s e 
p h e n o m e n a involve a t least t w o coupled var iables a n d , in a n inf ini té 
System o r a s y s t e m s u b j e c t e d t o p e r i o d i c o r z é r o flux b o u n d a r y 
condi t ions , r equ i re t h a t t h e d i f f u s i o n coef f ic ien t s of t he t w o species 
be u n e q u a l . N o w , s i nce t h e e f f ec t ive d i f fu s ion coef f i c ien t d é p e n d s 
on t h e k ine t i c s ( c f . ( 3 2 ) ) , w e m a y e x p e c t t h a t t w o spec ies h a v i n g 
iden t ica l d i f fu s iv i t i e s in a u n i f o r m m é d i u m m a y well be g o v e r n e d 
by d i f f é r e n t e f f e c t i v e d i f f u s i v i t i e s in a r a n d o m m é d i u m . T h i s 
possibility of fluctuation-induced symmetry breaking will be t a k e n 
u p in a f o r t h c o m i n g p u b l i c a t i o n . 

Final ly , it is c l e a r f r o m ( 2 6 ) t h a t in t h e p résence of r a n d o m n e s s 
t h e r e will be a d i s p e r s i o n of t h e c o n c e n t r a t i o n field a r o u n d t h e 
a v e r a g e p r o f i l e g i v e n by ( 3 1 ) , w h i c h will i n c r e a s e w i t h t h e c o r -
r e l a t i o n l e n g t h / a n d t h e m e a n g r a d i e n t d ( A ' > / d ^ . S e l f - o r g a n i -
z a t i o n in a r a n d o m m é d i u m will t h e r e f o r e be c h a r a c t e r i z e d by 
p a t t e r n s d i s p l a y i n g a n o v e r a l l o r d e r a n d a s u p e r i m p o s e d loca l 
d i s o r d e r . 

5 . Conc luding R e m a r k s 

In m a n y i n s t a n c e s a p h y s i c o c h e m i c a l System evoives in a c o m -
plex m é d i u m w h o s e p r o p e r t i e s a r e d i s t r i b u t e d in s p a c e in a non -
u n i f o r m f a s h i o n . W e h a v e e x p l o r e d s o m e c o n s é q u e n c e s of th i s 
c o m p l e x i t y on r e a c t i o n - d i f f u s i o n d y n a m i c s l e a d i n g to s e l f - o r -

g a n i z a t i o n , by m o d e l i n g t h e d i f f u s i o n c o e f f i c i e n t w i t h i n t h e m é 
d i u m as a r a n d o m p r o c e s s . W e h a v e s h o w n t h a t in t h e a b s e n c e 
of Chemica l r e a c t i o n s d i f f u s i o n is a f f e c t e d in t w o q u i t e d i f f é r e n t 
w a y s . In an i n f i n i t é m é d i u m t h e s p r e a d i n g of a n in i t i a l i n h o -
m o g e n e i t y is e n h a n c e d , a n d in a finite m é d i u m s u b j e c t e d t o 
b o u n d a r y condi t ions t h e m e a n s t a t i o n a r y d i f f u s i o n flux is r e d u c e d , 
in t h e l imi t in w h i c h t h e c o r r é l a t i o n l e n g t h of i n h o m o g e n e i t i e s of 
t h e m é d i u m is m u c h less t h a n t h e S y s t e m s ize . W h e n c h e m i c a l 
r e a c t i o n s a r e i n c l u d e d , t h e d i f f u s i o n f l u x b e c o m e s e x p l i c i t l y d é 
p e n d e n t on the k ine t ics . B i f u r c a t i o n s t o new b r a n c h e s of so lu t ions 
m a y o r m a y not be a f f e c t e d , d e p e n d i n g on t h e n u m b e r of va r i ab le s 
a n d t h e t y p e of i n s t a b i l i t y i n v o l v e d . 

W e bel ieve t h a t t he resu l t s r e p o r t e d in t h e p r é s e n t w o r k s h o u l d 
be use fu l in the s t u d y of s e l f - o r g a n i z a t i o n a n d non l i nea r d y n a m i c s 
in r ea l -wor ld m a t e r i a l s . In o u r v i e w a n espec ia l ly p r o m i s i n g field 
is g e o l o g y , " w h e r e o n e d e a l s w i t h m a t e r i a l s w i t h h i g h l y v a r i a b l e 
p r o p e r t i e s . 

F ina l ly , in p a r a l l e l to t h e s t u d y i n i t i a t e d in t h i s p a p e r it w o u l d 
be u s e f u l to p u r s u e w o r k in w h i c h t h e n o n u n i f o r m i t y of t h e m é 
d i u m c a n be a c c o u n t e d for by a s y s t e m a t i c e x t e m a l g r a d i e n t . ' T h i s 
m a y be a p a r t i c u l a r l y a d é q u a t e w a y to m o d e l t h e r é c e n t e x p e r -
i m e n t s of N o s z t i c z i u s et al.^ A n i n t e r e s t i n g a t t e m p t in t h i s d i 
r e c t i o n is r e p o r t e d in ref 19. 
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A p p e n d i x 

W e give he re a dé r iva t ion of ( 14) of sec t ion 3. L e t A o ( r ) d é n o t e 
t h e in i t ia l c o n d i t i o n of t h e p r o b l e m d e f i n e d by ( 6 a ) in a n i n f i n i t é 
System. T h e f o r m a i s o l u t i o n o f t h e é q u a t i o n c a n b e w r i t t e n 

X(r,t) = e x p ( | ; £ ) ( r ) ^ ' | Y O ( ' - ) ( A l ) 

T h e exponen t i a l o p e r a t o r h a s t o b e u n d e r s t o o d a s a n in f in i t é sér ies 

/ d d \ d d \ A cP A , 
e x p ^ — Z ) ( r ) —'] = ^ ^ + - —D —D —O- + ... 

^ \ d r d r / d r d r 2 d r d r ^ d r 
( A 2 ) 

W e a r e now in a p o s i t i o n t o e v a l u a t e t h e t e r m < D ( r ) dX/dr) 
a p p e a r i n g in ( 11 ). S i n c e D{r) = 0^ + / ) i ( r ) , w e h a v e t w o c o n 
t r i b u t i o n s . T h e d e t e r m i n i s t i c p a r t l e a d s t r i v i a l l y t o 

dX\ „ dX 
( A 3 ) 

T o c o m p u t e t h e s e c o n d c o n t r i b u t i o n , w e m a k e u s e o f N o v i k o v ' s 
t h e o r e m a l r e a d y q u o t e d in s e c t i o n 3. F r o m ( A l ) , w e g e t 

w h e r e w e used t h e s t a n d a r d t e c h n i q u e s of f u n a i o n a l d é r i v a t i o n . " 
I n t e g r a t i n g ( A 4 ) t w i c e b y p a r t s l e a d s t o 

DM ^ 1 = g"(0)tj-^{X{r,t)) (AS) 
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