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1. Introduction

Poromechanical models describe the mechanical response of saturated porous media in which
fluid flow interacts with a deformable structure through the definition of a multiphase continuum
framework. Such models were originally developed by the geosciences community [1-3], but
have reached new application areas such as biomechanics to model perfused living tissues [4-14].
In these biomedical applications, physical phenomena such as the fluid inertia and solid quasi-
incompressibility may not be neglected, as it was the case in soil engineering, leading to more
general formulations. In this spirit, [15] has proposed a rather general formulation, valid for large
strains and adapted to soft tissue perfusion. In a recent paper [16], we analyze the linearization
of this model in the context of small deformations, small velocities and around a given state
of perfusion. Our analysis generalizes previous existence results explored in [17] and [18] by
extending the existence to the incompressible case and in the absence of solid viscosity where we
face a hyperbolic-parabolic problem under a global incompressibility constraint. In particular,
the results obtained in [16] are based on the use of energy estimates and T-coercivity. This notion
was originally introduced for sign-changing coefficients problems [19] but we took advantage of
it in our mixed hyperbolic-parabolic setting. In fact, T-coercivity was moreover recently explored
for general mixed formulations in [20]. In this case, the T-coercivity approach is an alternative to
the classical inf-sup condition. It allows us to elegantly combine several transformations defined
from the inf-sup condition of subsystems into a general inf-sup condition for the globally coupled
problem. This provides a powerful tool to integrate in a unique framework (a) the hyperbolic
structure of the solid — in the absence of solid viscosity — and (b) the parabolic structure of
the fluid, as well as (c) the divergence constraint on the mixture velocity, which combines the
velocities of fluid and solid, without being restricted by porosity.

In this work, we propose to use T-coercivity in the context of numerical analysis by proving
the convergence of space and time discretization schemes of the linearized version of the model
proposed in [15]. Again, T-coercivity provides a general framework for the study of such coupled
and constrained systems and facilitates the numerical analysis. Firstly, it allows us to easily
handle the hyperbolic-parabolic coupling at the discrete level when the solid has no viscosity,
in which case the model rewritten in first order form is no longer associated with a coercive form.
Secondly, it allows us to find a global inf-sup condition for the coupled problem directly from an
inf-sup condition applied to a subsystem that is exactly the Stokes problem. Therefore, we can
benefit from all the results of the numerical analysis for the Stokes problem [21-24] and show
that any pair of finite elements adapted to the Stokes problem provides a way to define a set of
finite elements fitted to this general poromechanical model, independently of the porosity that
originally appears in the divergence condition. This leads to a generalization of the convergence
results obtained in [17] and [18], in particular without any restriction on the model parameters
and in the incompressible limit case that was not considered in these studies. Furthermore, our
analysis takes into account an additional fluid mass input entering the porous medium, which
was not included in [17] and was assumed to be small enough in [18]. In the case where no
restriction is imposed on the fluid mass input, we prove the stability and convergence of the
proposed schemes under a smallness condition on the time step.

The paper is organized as follows. In the next section we recall the model formulation, the
energy estimates, the existence results and the key properties of T-coercivity. In the third section,
we present the time schemes under consideration and in Section 4, we proceed to the space-time
convergence analysis. The last section is devoted to numerical illustrations.
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2. Problem setting
2.1. Presentation of the model

In this work, we consider a poromechanics model describing the motion of an elastic medium
filled by an incompressible viscous fluid. This model arises from the linearization of the
non-linear poromechanics model introduced in [15] in the context of soft-tissue perfusion.
The porous medium is modeled as a mixture of a solid phase and a fluid phase that cohabit and
interact at each point of the domain Q. Forall xe Q c R4 (d =2,3),aporosity 0 < ¢p(x) < 1 is given,
which corresponds to the fraction of fluid within the porous mixture, whereas 1 — ¢ (x) represents
the fraction of elastic medium. The macroscopic state variables are the solid displacement u,
the fluid velocity vf and the interstitial pressure p, namely the fluid pressure in the pores. The
governing equations derived in [16, 17] by linearizing the model from [15] read:

ps(1 =)0, us — div(os(us)) — div(oV® (0, us))

—P* K (vp—0sus) + (b—p)Vp=ps(1-¢) f, in Qx(0,T), (la)
pip 0 v —div(pos(v)) + P> K7 (wr—0rus) -0 vg+dVp=pep f,  in Qx(0,T), (1b)
l%pat“di‘f((b—(b)@xuﬁ(bvf)=pf‘10, inQx©07). (¢

In the above system, the first equation (1a) is the solid mass momentum balance, the second
one (1b) is the fluid mass momentum balance equation, and the third one (1c) corresponds to
the mass balance equation for the global mixture incorporating both the solid and fluid phases.

The solid and fluid densities are denoted by ps and pg, so that ps(1 — )0 us and pehp0;ve
represent respectively the accelerations of solid and fluid particles within the mixture. We assume
that the structure stress tensor o (us) follows Hooke’s law

os(us) = ATr(e(ug)) I +2pe(us),

where A and p are two Lamé constants characterizing the macroscopic behavior of the solid
perforated part, and e(u) = % (Vu+Vu?) is the linearized Green-Lagrange strain tensor. Similarly,
we suppose that the fluid stress tensor is given by

ot(v) = AsTr(e(vp) I+ 2ppe(vy),

and that the solid additional viscosity reads cr‘s’is (0rus) = 2us (0 ug), with ug and ps denoting the
fluid and solid viscosities. The solid and fluid equations are coupled by a term (pZKf‘ Y(vg— 0, us)
translating the friction between the two phases. This friction term is proportional to the filtration
velocity ¢(ve — 0,us) through a coefficient ¢pK; !, where K; denotes the hydraulic conductivity
tensor, namely the ratio between the intrinsic permeability and the fluid viscosity. Moreover,
the solid and fluid dynamics are coupled by the gradient of pressure Vp, which is splitted into
a contribution (b —¢)Vp in (1a) and ¢Vp in (1b), where b is the Biot—-Willis coefficient that
takes into account the pressure-deformation coupling at the pore scale. The interstitial pressure
dynamics is governed by the mass balance equation (1c) involving the solid grain bulk modulus
ks, or more precisely the storage coefficient b;_:p. Finally, in addition to the porosity and the
Biot-Willis coefficient, the input data are the applied exterior body force f, distributed with a
coefficient ps(1 — ¢p) among the solid and pgp among the fluid, and a volumic fluid mass source
term described by a scalar function 8 which is assumed to depend only on space.

As shown in [16, Section 1.1], this model can be seen as a generalization of Darcy, Brinkman
and Biot equations. As a matter of fact, (1) includes inertial and viscous effects both for the solid
and fluid phases, while most of standard poromechanics models - see for instance [1,25,26] —do
not consider the fluid velocity as a primary state variable.

In what follows, we will focus on the case where the solid is non-viscous and incompressible,
so that we may assume that s = 0, b = 1 and k5 = co. The last hypothesis is motivated by the
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targeted physiological applications, since most of biological tissues are nearly incompressible.
Under such assumptions, system (1) becomes: find (us, v, p) such that

ps(1— ) 8¢ us — div(os(us))

—P* K7 wp—0cus) + (1- ) Vp=ps(1-¢) f, in Qx(0,T), (2a)
prpd;vp—div(pop(v)) +¢* K7 (v —0:u) —Ovp+dpVp=prp f,  in Qx(0,T), (2b)
div((1 - ¢)0,us +pvr) = p; 0, inQx0,7). (20

Note that in this case, the interstitial pressure is no longer a state variable since the term hk;fatp
vanishes, but rather a Lagrange multiplier associated with the incompressibility constraint

div((1 - ) 0,us +pvg) = p; 6.

The model (2) has to be complemented with initial and boundary conditions. For the sake of
simplicity, we will restrict our study to the case of homogeneous Dirichlet boundary conditions

us=0, on 0Q,

3
v¢,=0, on 0Q, ®

where the motion of the porous medium is fixed on the boundary. For other types of boundary
conditions such as Neumann or total stress boundary conditions, we refer the reader to [17].
Furthermore, we assume that an initial condition (usg, vsq, Vfo) is given, so that

uS(O) = uSOr in Q’
atus(o) = Uso» in Q)
v£(0) = vy, in Q.

Through the rest of the paper, we will suppose that (us, Vs, Vo) is sufficiently regular.

2.2. Energy balance

One of the specificities of the model (1) — and also of the original non-linear model proposed
in [15] - compared to other poromechanics models is that it satisfies a natural energy balance.
Before deriving this balance, we observe that we may assume without loss of generality that the
right-hand side of the constraint equation is equal to zero. As a matter of fact, if it is not the case,
we can build a divergence lifting vy such that divyg = p;le and perform the change of variable
(ug, vp) — (ug — fot vgds, ve— vg). The existence of such a lifting requires that 6 is regular enough

and that
f 6dx=0,
Q

where the last assumption is a compatibility condition coming from the Dirichlet boundary
condition. Indeed, if us and v satisfy (2c) and (3), then Stokes formula implies that

f 0dx = pff div((1 - ¢) 0, us +pvg)dx = pff (1-p)0ius+pvg)-nds=0.

Q Q a0

For all these reasons, we will suppose from now on that the right-hand side of (2c) is equal to zero.
Note that the fluid mass input term 8 also appears in (2b) through the term —6vs. We will keep
this term in (2b) since it is not affected by the above lifting, leading to a more general result than
in [17] where it is assumed that 6 = 0.
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Formally, multiplying (2a) by 8; us, (2b) by vf and integrating by parts in space, we then obtain
the energy identity

2 d[f(l ®)10;ug| dx+—d—fas(us) e(us)dx+——f(,b|v| dx

Structure kinetic energy Structure mechanical energy Fluid klnetlc energy

fgcpaf(uf):s(vf)dx + fQQbZKf‘l(yf—atus)-(vf—atus)dx

Viscous dissipation within the fluid Friction dissipation between solid and fluid phases

2
= f@lvfl dx +f ps(l—¢)f-6tusdx+fpf(/)f-vfdx, 4)
Q Q Q
—_— ~
Incoming rate of fluid kinetic energy Power of external forces

where the physical meaning of each of the terms is indicated below them.
Guided by the above identity, we make the following hypotheses on the data:

(hl) The constants ps, ps, U, A, p are assumed to be strictly positive;
(h2) The porosity ¢ € H/*7(Q) with r > 0, and is such that there exists (¢_, ¢, ) satisfying

0<dp_=¢dp(x)=d: <1, Vxe
(h3) The hydraulic conductivity tensor Kt is invertible and there exists Ky 1 > 0 such that
K'v-v=K v, VveRY

(h4) 0 € L*(Q) in addition to f,0dx =0;
(h5) feL?(0, T;[L2(Q)]4).

Remark 1. In (h4), we assume for the sake of simplicity that the fluid mass input term is
independent of time. It simplifies the analysis, but the time-dependent case could be handled
by supposing that 6 is regular enough, in particular 6 € C°([0, T] x Q), see [16].

Remark 2. If the right-hand side of (2c) is not assumed to be equal to zero, an extra term
Ja %9 dx appears in the right-hand side of (4), which corresponds to an incoming rate of Gibbs
free energy, see [15].

Under assumptions (h1)-(h5), the application of Grénwall Lemma to the energy balance (4)
allows us to control the growth of the total energy defined by

1
&(1) = %fg(l—gb)ldtus(t)lzdx+Efﬂas(us(t)):E(us(t))dx+%fgg{)lvf(t)lzdx,
and of the total dissipation defined by
@(t)=fQ(,bUf(Vf(t)):E(Vf(t))dx+f0(,b2Kf_l(Uf(t)—Otus(t))-(Uf(t)—arus(t))dx
As a matter of fact, with these notations, (4) reads: for each t € (0, T),
ig(m@m:f 0 |ve(1)* dx + F(1),
dt Q
with
F(t)=Lp5(1—(/))f(t)-Otus(t)dx+fﬂpf(pf(t)-vf(t)dx.

Then, three different situations occur depending on the fluid mass input term 6: either (a) 6 is
negative, or (b) 0 is possibly positive but remains small — in a sense specified below, or finally (c)
0 is possibly positive and large.
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(a) If 0 is negative, namely if fluid mass is removed from the system, then

94 e+ +f 101 1ve(0)? dx = F (1)
dt Q
< [0l 1 10et5 10+ [ O] 1D
S (V! RS VG A RO

where we used the notation || v||, for the [L2(Q)] 4 norm scaled by a function a(x), namely
vl = [q @lv|* dx. Therefore, Gronwall Lemma yields: for each 7 € (0, T),

t t 2 \/E t 2
g(mfo @(s)ds+f0 fgwnuf(sn dxds< 3(0)+7f0 (£ Ny *+ 1 £ ) ds) :

(b) When 6 can be positive but small enough, the incoming rate of fluid kinetic energy can be
compensated by the fluid viscous dissipation. To do so, let us recall Korn inequality [27],
which states that there exists C > 0 such that

. 2 1 d
er(v).e(v)deCIIUII[Hé(Q)]d, Yve [HyQ)]" . (5)

Combining (5) with Poincaré inequality, we know that there exists a constant C,; > 0 such

that
flvlzdxscdf e():e(v)dx, Vve[Hé(Q)]d.
Q Q
Hence
CallBll o
f@lvf(t)l2 dXSMf(pr(Uf(t)):E(Uf(t))dx,
Q 2pep- Ja
so that
d _Ca ||9||L°°(Q))f )
dté’(t)+(1 EETT Q(paf(uf(t)).e(uf(t))dx

2 1/2
+fQ¢> K (v = 915 (0)) - (vr(0) = 0, 14s(0) dx = V2 (| £ O o1 gy + [ F D] ) 8D,

provided that

CallOll1o ) <1
2upp-

As a consequence, if (6) is satisfied, then for each ¢ € (0, T) we have

(6)

Ol £
é"(t)+(l—M)[ f¢0f(vf(s)):E(Vf(3))dde
2pep— 0 Ja

t
+f0 ngszf‘l(uf(s)—atus(s))-(vf(s)—atus(s))dxds

< (6’(0)+ ?fot(ﬂf(ﬂ

2
poa—y TN ||pf¢) ds) .
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(c) Inthe general case where 0 can be positive and taking possibly large values, we use Young
inequality to obtain

21181l )
P

1 2 1 1 2 1
S IF Ol -+ 5 10:usOUg 1)+ 5 1F O] g+ 5 106D

dig(m@(t):f Olve()1? dx + F(1) < lf prd_ |vp(2)* dx
t Q 2 Ja

21011 1 2 ! 2
< (1 + W)g(t) + 5 ||f(t) i|p5(17¢) + 5 “f(t) ||Pf¢,
leading to

! 2[161 oo () I 2 2
8(t)+f0 @(s)dssexp((1+v) r) (8(O)+§f0 (||f(s) Ps(1—¢)+||f(s)”0f¢) ds). )

In this article, to remain as general as possible, we will focus on the case ¢) where § may
take large values and for which the solution possibly shows an exponential growth as in (7).
Indeed, this general case was not covered in the litterature, in particular [17, 18]. Note however
that in the case where 0 satisfies (6) as it is assumed in [18], our analysis also provides error
estimates with no exponential growth, see Remarks 11, 18 and 22. The energy estimate (7),
which has been theoretically proven in [16], is a fundamental property of the system and its
discrete counterpart will be the cornerstone of the numerical analysis. But before proposing a
discretization of Problem (2) in the next section, let us briefly recall existence and uniqueness
results at the continuous level and introduce a few notations.

2.3. Existence results

From the theoretical point of view, Problem (2) combines two major difficulties. The first one is
that the solid equation (2a) is hyperbolic, whereas the fluid equation (2b) is parabolic. The second
one is the incompressibility constraint (2c) coupling the solid and fluid velocities. Therefore,
system (2) is a strongly coupled problem with a hyperbolic-parabolic coupling that also involves
a saddle-point structure associated with a non-standard divergence constraint.

The existence of strong, mild and weak solutions of Problem (2) has been studied and justified
in detail in [16] using a semigroup approach and the notion of T-coercivity [19]. The first step is
to formulate our problem as a first-order evolution system. Introducing the solid velocity variable
Vs = 0sug, Problem (2) can be rewritten as: find (us, vs, v, p) such that

O0rus— Vs =0, (8a)
ps(1 =)0, vs —div(os(us)) — P* K (rp—v) + 1 =) Vp = ps(1-) f, (8b)
pep 8, ve— div(Pp oe(vp) + > K (vs—v) =0 vt +pVp =pio f, (8¢)
div((1 - ¢) vs+¢p vg) =0. (8d)
Then, denoting by z = (us, s, vs) the state variable, we seek for a solution z in the energy space
H=[H)@)]" % [L2@)]" x [L2@)],

endowed with the scalar product

(Z;_V)H:f Us(us)5£(ds)+f ps(1—¢) Us’wsdx+f Pf(PVf'wde,
Q Q Q

for any y = (ds, ws, wy) belonging to H, and with the corresponding norm

I|z||§{=fgos(us):es(us)dX+prs(1—</>)|vs|2 dx+f9pf¢>|vf|2 dx,
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associated with the energy balance (4). Note that this norm is equivalent to the canonical norm
on H thanks to Korn inequality (5). Setting
d d d

V = [Ho(@)]" x [Ho()] ]

x [Hy(@)]" and Q=L3(Q),

we define the all-in-one mixed bilinear form incorporating the constraint
A ((z,p),(y,q) = —fﬂas(vs) : e(ds)dx+fﬂas(us) ce(ws)dx
+f (szf_l(vf— vs) - (wg— ws)dx+f doe(vp) :e(wf)dx—f Ovs- wedx
Q Q Q

—f p div((1-¢) ws+(pwf)dx+f div((1 - ¢) vs + P 1) gdx,
Q Q

for all z = (us, vs, v5), y = (ds, ws, wy) in V and p, g in Q. Within this functional framework, the
mixed formulation of Problem (8) reads

{ Find z = (us, vs, ) € C1((0, T1; H) n C°([0, T); V) and p € C°([0, T1;Q) such that

9)
(2(0,y) g+ L (20, p(), () = (€1, Y, VyeV,VqgeQ,

with z = %z and g(t) = (0, f(1), f(¢)). From [16, Theorem 3.14], we know that this formulation
is well-posed. The solution of Problem (9) satisfies (8b), (8c) and (8d) in [L2(Q)]9, whereas the
identity (8a) is fulfilled in the space [H(l)(Q)]d, endowed with the specific scalar product (u, v) —
Jo 0s(u) : €(v) adapted to the elasticity operator — div(o(-)).

The proof of well-posedness in [16] hinges on showing that the evolution operator associated
with (8) is maximal-accretive. This property is achieved thanks to the notion of T-coercivity, that
will also be a central tool for the numerical analysis of the discrete problem and that we present
below.

2.4. TheT-coercivity approach

The T-coercivity approach is an alternative to Banach-Necas-Babuska theory for the study
of well-posedness and numerical approximation of non-coercive problems. T-coercivity was
originally introduced for problems involving an invertible operator perturbed by a compact
term [28, 29] and problems with sign-changing coefficients, see for instance [19, 30-33]. More
recently, it was applied to saddle-point problems [16,20]. This approach is particularly appropri-
ate here as it allows us to handle the two difficulties of the problem - the incompressibility con-
straint and the non-coercivity of the underlying operator coming from the hyperbolic-parabolic
coupling — in a monolithic way by analyzing the all-in-one bilinear form (9).

For the sake of completeness, the definition and main property of T-coercivity are recalled
below at the continuous level.

Definition 3. Let W be a Hilbert space and let &/ (-,-) be a continuous bilinear form over W x W.
We say that of is T-coercive if there exists a bijective operator T € £ (W) and a > 0 such that

|/ (u, Tw)| = alull3,, YueW.

Proposition 4. Let W be a Hilbert space. Let ¢(-) be a continuous linear form over W and </ (-,-)
be a continuous bilinear form over W x W. The problem

Find u € W such that
YveW, Lu,v)=~£)

is well-posed if and only if o/ is T-coercive.
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The all-in-one bilinear form < is not coercive, but it was shown in [16, Proposition 3.15] that
the bilinear form ), defined by

dﬂo ((Z, p)’ (J/» Q)) = .SZ{((Z, p), (y» 6])) + A'O(Z) y)Hr (10)
is T-coercive provided that the parameter A is large enough. More precisely, we have the follow-
ing result.

Proposition 5. Ifdg > (ptp-) "L 0]l (q), then the bilinear form ), is T-coercive for the mapping
T : (us, vs, Vg, p) — (ﬁus +YUs, QVs — Up, AVs — Up, ap), (11

where v, € [H(l] ()14 is a divergence lifting defined by
divv,=p and |Vvp|<Cav|p|, (12)
with Cgiy > 0, and «,  andy are constants depending on Ay and the various physical parameters.
As can be seen in Definition 3 and Proposition 5, the T-coercivity framework relies on the
explicit building of an operator T such that the bilinear form under study is T-coercive. This
explicit realization provides insights on how to design a suitable approximation of the continuous
problem when going at the discrete level. Indeed, the following results [19] indicate that if one is

able to reproduce the continuous mapping T in the discrete setting, then the convergence of the
associated discrete solution is ensured.

Definition 6. Let W be a Hilbert space, </(-,-) be a continuous bilinear form over W x W and
(Wp)n, be conforming approximations of W. We say that < is uniformly Tj,-coercive if

Ja*,f*>0,Vh>0,3T, € LWy), | (up, Tpup)l = @ luplyy, Y upeWy, and ITyll<p*
Proposition 7. Assume that the hypotheses of Proposition 4 hold and that the bilinear form <f

is T-coercive. Let (Wy,)j, be conforming approximations of W, and denote by A, € £ (Wy,, W}) the
discrete operator associated with &y, . The problem

Find uy, € Wy, such that
YV vp€ Wy, of(up,vy)=~€(vy)

is well-posed and (A;l)h is uniformly bounded if and only if «/ is uniformly Ty, -coercive. In that
case, denoting by C.y the continuity constant of the bilinear form <, it holds that

lu—-uplw=C inf llu-vplw, (13)
vp €Wy

with C =1+ b independent of h.

a*
The approximation property (13) is a key feature of the T-coercivity approach. It will enable us
to build a discrete projection operator on the finite dimension space considered that is adapted
to the specific structure of Problem (8).

3. Two discretization schemes
3.1. Semi-discrete time discretization

We propose two monolithic time schemes to discretize Problem (8). The first one is a Crank-
Nicolson scheme [34], in which both the solid and fluid quantities are discretized using a mid-
point rule. In the second one, the solid part is still discretized with a midpoint rule but the
fluid and pressure parts are approximated with an implicit backward Euler method. This sec-
ond scheme is motivated by the fact of reproducing in a linearized setting the splitting scheme
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introduced in [35] for the non-linear model from [15], in which the solid and fluid parts are dis-
cretized respectively with Newmark and backward Euler schemes following [36]. These schemes
are close to those studied in [17] and [18] but include the additional fluid mass term 6 and cover
the incompressible regime.

The interval (0, T) is divided into nr time intervals. Let us denote by At = n—TT the time step
of the method, and by ¢" = nAt the discrete times, with initial time t° = 0 and final time
t"" = nyAt = T. The continuous solution (us, vg, g, p) at time " will be approximated by the
semi-discrete solution (ul, v, vf”, p™), which is initialized by

n n n ny _
(ug, v, v, p") = (uso, vso, 10, 0) -
1 1 1
, n+i n+l o nel
Moreover, we will denote by ug 2, vg >, v;

n+l1 n
ek _ut el el vP vl el oy AvR o pthaept
e R e R S
. S . . 1
which correspond to an approximation of the solution at time %2 = (n+ %)At.
Under these notations, the proposed semi-discrete Crank-Nicolson scheme reads:

n+l _ n 1
Ug Ug n+y
S

At

1
and p"*2 the midpoint quantities

=0, (14a)

Un+1_ n n+l
ps(1—¢) f —diV(Us (us 2))
2

n+

1
—pP K (uf - vf+2)+ (1—) V™2 = ps(1—¢) f™2,  (14b)

Un+1_ p 1
f f . n+s
s T a1

At
1 1 1
T (AR B TSR s T YA (T
1 1
div((l—gb) T +¢>yf”+2) =0, (14d)
where the discrete external body force f "+3 is defined by
fn+% _ f(tn+1)+f(tn)
S e—

The second proposed scheme, which will be referred to as backward Euler scheme, then consists

in
+
ultt—ult oyl

Ar s *=0, (15a)

n+l _ ,n 1
psll—¢) = —div(as (u))

G K (Up+1 3 Usn+%) A=) V™ = p(1=) 3, (15b)
\ n+l _ n
Pf¢% ~div(por (i)
PP (Ufn+1 3 U;H%) —O 4Vt = pip f145 (150)
div|(1-¢) u;”% +¢>yf”+1) =0. (15d)

Note that a similar scheme was proposed in [17] to discretize the viscous and compressible
system (1) with 6 = 0. However, the convergence estimates in [17] depend on ks and hence are



Mathieu Barré, Céline Grandmont and Philippe Moireau 11

not valid for the limit case x5 = co. Here, we consider the non-viscous and incompressible case
with 6 # 0, which leads to additional difficulties since we have to deal with a hyperbolic-parabolic
coupled system with a constraint on the mixture velocity and with possible unstabilities arising
from the fluid additional mass input.

Remark 8. The two schemes (14) and (15) are written as a four-field formulation to benefit from
the existence results obtained at the continuous level. However, it is more efficient in practice to
eliminate the solid velocity variable thanks to the relations

1 n n+1 n
el ull-u n+l -u
e T L L S )
(16)
v;Hl_Vsn 2 n+sy n 2 n+1 n n
S —— |y, 2= =—(u —u; —Atvg ),
At At( s S) Atz( s s )

and solve a three-field formulation.

3.2. Fully discrete schemes

For the space discretization, we consider two finite dimensional spaces Xj; c [H(l)(Q)]d and
Qn < L3(Q) constituting a conforming approximation of [H}(Q)]¢ and L3(Q). We seek for the
vectorial quantities — both solid and fluid - in the discrete space X; and for the pressure in the
discrete space Qj,. Moreover, in order to take into account the incompressibility constraint (8d),
we assume that (X}, Q) are selected in order to satisfy the uniform discrete inf-sup condition

div Vh Ph dx

3B>0,V p,eQy, sup gﬁ”—zﬁth“. (17)
vpe Xy Un [H(l)(Q)]d

Note that this is the inf-sup condition associated with the standard divergence constraint that
has been widely studied in the scope of Stokes equation. This condition does not depend on the
porosity, as opposed to the hypotheses made in [17]. Therefore, to choose the pair (X, Qp), we
can use the large literature existing on this topic for Stokes equations [22,23,37]: possible choices
include for instance Taylor-Hood elements or the MINI element. All these choices rely on the
design of a Fortin operator 11, : [Hé (Q)]d — X}, satisfying, for each v € [H(l)(Q)]d,

e Forall g, € Qp,
fﬂdiv(l‘[h(v)) qndx =deivvqh dx, (18)
¢ There exists a constant C; > 0 independent of % such that
V()| < Cr IVl 19)

The existence of such an operator is ensured by the inf-sup condition (17) by virtue of the Closed
Range Theorem. Following [20], we will use this Fortin operator rather than the inf-sup condi-
tion (17) to build a Tj-coercivity mapping adapted to the mixture’s divergence constraint (8d)
and to the specific structure of Problem (8).

After selecting the spaces X; and Qp, the fully-discrete versions of the Crank-
Nicolson scheme (14) and the backward Euler scheme (15) respectively amount to finding
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u vt vl pitl e Xy x Xp, x X, x Qp at each time step such that for all (ds , Ws ., Wi p, Gn) €

Xp x Xp x Xp x Qp,

n+1 n n+l _ ,,n n+l _ ,,n

uttt—u v v
fas - L— :£(d5,h)dx+fPs(l—ﬁb)u'ws,hdeff Pf‘Pu'wfvhdx
Q Q At Q At

At
1 1
—ans(v:ZZ):s(ds,h)dx+fgas(uzzz):e(ws,h)dx

1 1
n+;

1 1 1
+L¢Uf(vg;2):E(M}fyh)dx—‘/&‘)gl}f}:lgz 'wf,hdx+L¢2K;1(Uf,h _U:ZZ)'(wf,h_ws,h)dx
1 1 1
_LPTZ div((1 - ) w , +d wep) dx+f9div((1—(p) UZZZ +(pv;l;2) qndx

:fps(1—<p)f"+%.ws,hdx+f i f2 - wipdx,  (20)
Q Q

or
un+1 —yn Vn+1 _,n Vn+1 —_pt
s,h s,h s,h s,h f,h f,h
os| ———1:¢e(d dx+ 1- — s ws pdx + — s wspdx
[ ( - ) (o) ds [ pst1-9) 2y [ o=ty
1 1
—fgas(vzzz):e(ds,h)dx+j;zos(uzzz):E(ws,h)dx

1
n+s3

+L¢Uf(vg;1):E(Wf'h)dx_jg;gl)ggl'Wf)th"‘/g;(,szf_l(Uf"l}:—l—vsyh ).(wf,h—wslh)dx
1
_fﬂpzwrl diV((l—(P) ws‘h-i-(PLUfyh) dx+j;2div((1—(p) U:ZZ +¢y£’;1) qndx

1 1
= [ osa=orrmhwgdxs [ oot wpndx. @D
Q Q
Moreover, both schemes are initialized by
0 .0 .0
(us,h’ Us Vf,h) = Ih(uSO’ Uso, UfO)'

where Iy, is the interpolation operator from [H} ()19 x [H} ()14 x [H} ()19 to X, x X, x Xp,.
Setting Vj, = X, x X, x Xj, introducing the notations

1 1 1 1
+1 +1 n+l | n+l n+3 nty oty ity
z) =(u§h VRV, ) z, * =(us'h2,vs'h2,vf,h2)y Vh = (ds,n, Ws p, Wi p),

and recalling the definition of the bilinear form «f, the weak formulations (20) and (21) can be
condensed into

Find z;l‘“ €V, and p;l”l € Qy, such that for all (yy, g5) € Vi, x Qp,

z;”—zz n+% n+% _( n+d (22)
( Ar ryh)H+«Q{((zh Py, ,(J’h»LIh) —(g Zryh)H)
for the Crank-Nicolson scheme and
Find z!*!' € Vj, and pI*! € Q; such that for all (y4, g5) € Vi, x Qp,
Zn+1_zn +l Jrl 1 (23)
( L v L gy Uy Vfr,l;;rl’PZH)r(J/hﬂh)) = (gn+2’J’h)Hr

for the backward Euler scheme, with g"+% = (0, f’”% , f"%).

Remark 9. As already noticed in Remark 8, the four-field formulations (22) and (23) are con-
venient for the theoretical and numerical analysis of the problem but are not optimal when
it comes to numerical efficiency. For example, to implement (20) in practice, it is preferable
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to remove the solid velocity variable using (16) and to solve the three-field formulation: find
u;“;l, Uf”;l'l,th € X x X, x Qp such that for all (ws ,, we p, qn) € Xp x Xp x Qp,
n+1 n

”f,h

fps (P)A[Z( g;l—u T Atl) ) wshdx+f pf([) ~wppdx

+f as(u ) e(wsh)dx+f (/)Uf( Ve ) e(wgp)dx— [61} -wppdx
Q
n+1 —yn
s,h n+§ .
f(p Kf ( fh - At ) (wf,h—ws,h)dX—fQPh le((l—(/’) ws,h"‘(/)wf,h)dx
n+1

u
v div((1—¢)s’—+¢>vfh ) andx= [ ps1=g) "4 wgpdre [ prg 7w d,
Q At

and then to post-process the solid displacement node by node with the formula

n+1 —yn

u
n+l _o_Sh s,h n
K VL

We are now going to use the T-coercivity approach presented in Section 2.4 to see under which
conditions the discrete problems (22) and (23) are well-posed. We will see that the two bilinear
forms involved in (22) and (23) are closely related to the family of bilinear forms

'dlo ((Z, p)’ (yy 67)) = .SZ{((Z, p), (y» 67)) + AO(Z) J/)H
introduced in (10). Therefore, we start with the more general result below.
Lemma 10. Assume that (hl) — (h4) hold and that the discrete inf-sup condition (17) is satisfied.

Let ¢ be a continuous linear form on V x Q. If Ay > (ptp-) "L 101l (), then the bilinear form A,
is uniformly Ty, -coercive. In particular, the problem

{ Find (zp, pp) € Vi, x Q) such that
Lo (no PR), o an)) = (Vo qn)), Y ¥ € Vi, ¥ g € Qp,

is well-posed and admits a solution that is uniformly bounded with respect to h. Moreover, there
exists a constant C > 0 independent of h such that

|z p) = (=1, p1) | VxQ S C(J/}pq;z%rel{‘/thh Iz, p) = o an) | VxQ' (24)

where (z, p) is the solution of the continuous problem
Find (z,p) € V xQ such that
o ((Zp), D) =((r,@), YyeV,VqeQq.

Proof. Let Ay > (pf</)_)_1 10110 (). We are going to reproduce the T-coercive mapping (11) used at
the continuous level in the discrete setting. To do so, mimicking (12), for all p;, € Qj, we introduce
vp, € [H(Q)1% such that

divvp, =pn and ||Vup,| < Cav| pall- (25)

Since v, does not necessarily belong to the discrete space X, we project it on X}, using the
Fortin operator IT;, and consider a mapping of the form

Th : (Us,h, Us s Vs PR) — (ﬁus,h +YUsh QUs  — Mpvp,, avep —pvp,, aph), (26)

where a, § and y are some constants to be adjusted.
First, we observe that [|Ty ||l is bounded uniformly with respect to & since

IV (pvp,) | < C [[VUp, || < CxCaiv || pall @7
by virtue of (25)-right and (19).
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Thanks to the divergence-compatibility property of the operator I1j, the proof then follows
the same lines as in the continuous level, see [16, Proposition 3.15]. Indeed, we compute

Ay, ((zny 1), Th(zn, pi)) =/10fﬂﬁas(us,h):e(usl;,)dx+/lof0ycfs(us'h) se(vg ) dx
—fgﬂas(vs,h):e(us'h)dx—fﬂyas(vs'h):e(vs,h)dx—fgas(uslh):z—:(l'[hvph)dx
+)Lonps(1—(p)(a|vs,h|2—vs,h-l'[hvph)dx+/ﬂaas(us,h):e(vs'h)dx
+f0a¢)2Kf_l(l/f'h— vs k) (Vg — Us’h)dx+L(A0pf¢—9)(a|Vf,h|2— vep-Tpvp,) dx
+f0¢>(omf(vf,h):s(vf,h)—af(vf,h):E(Hhvph))dx—fgph div(( - ) avsj + pavgy)dx

+prh div((l—(,b)l'[hvph+(/>Hhvph)dx+fﬂdiv((l—¢) Ush+ ¢ uep)apydx.

Note that the term — [ pj div((1 — §) avsp + Ppavey)dx and [ div((1 — @) vsp + G vpp)appdx
cancel out, and that

fphdiv((1—¢>)Hhv,,h+(/>Hhvph)dx=fphdiV[Hhvph)dxzf phdivvphdxzf p5 dx
Q Q Q Q

thanks to (18) and (25)-left. Now, we set § = % andy = —ﬁ in order to remove the terms of the
form fQ os(us,p) : (v ) dx. Consequently, we have

szf;to((Zh,Ph),Th(Zh,ph))ZAOTQLUS(MS;,):E(MS h)dx—Los(ush):e(Hhvph)dx
Zj 05 (Us,p) : €(vs,p) dx + Aops (1 = ¢+)f (alvsn| = von-Tihvp,) dx
+(/10pfgb_—I|0||Lw(Q))fQ (]vgn]® = vep- Ty, ) dx
+(p_j£‘)(aﬁ0'f(1/f,h):E(Vf'h)—o'f(l}f,h):E(th/p}l))dx"r\[ﬂpfldx. (28)
Next, for all 6 > 0, Young inequality yields
_LUS(uS,h):E(HhUph)dxz_gLUS(uSh) E(Llsh)dX——st pvp,) : e(pvp,)dx,
—fQUf(l/f,h)IE(Hthh)de—g/QUf(th) f(th)dX——fo Myvp,) : €(Tyvp,) dx,
_fﬂys‘h.l'[hvphdxz—gL|vs,h|2dx—215 |Hhvph| dx,

0 2 1
—fgvf,h-l'[hvphdxz—gfghfﬂ dx—26 |Hhvph| dx.

To control the new terms appearing in (29), we use the inequalities

(29)

Idivol2<dIVul? and lle@)l<IVol, Vve[H: @],
together with (27) to retrieve
fQUf(Hh vp,) 1 €(Tpvy,) dx = A |div(Il vy, )||* + 20 |e(Tpvy, ) ||* < C2CE, (Apd +24) | ]

fQUs(Hh vpy): €(TThvp, ) dae = A div(MT,up, ) |* + 2 e(Tnvp, ) |* < CEC5, (Ad +200 | pa] . 30)
Furthermore, denoting by C,, the constant of Poincaré inequality, it holds that

Itwp, | < Cp V0| < Cp GGG, lpn” 6D
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Using (29), (30) and (31) to bound from below the right-hand side of (28) and rearranging
terms, we obtain

loax O a 1)
Ay (zny p1), Tlzn, pi)) = (% - 5) s 15 + T Vs nll5 + Aops(1— ) (a - —) lvs u®

1) 1)
+ (Aopip- = 101l )(06 - 5) I Vf,h”2 +2purp- (“ - 5) lle(vgn) H (1 - —) thn
where
5" = czcjw(/ld+2p+/10ps(1 ~$)Cp+ (Aopip- — 1011))Cp +¢_(Afd+2pf)).

Thanks to the assumption Ay > (pf(p )71 ||9||L00(Q), we have §* > 0.
Hence, setting § = 6* and a = a* = max(6*, 5 %), we get

o a* 2 1 2
A, ((Zn ) Th(zn, ) = = | us % + ! Vs nll2 + pp-6* |[e(vgn)||” + 5 ol (32)
Finally, we infer that <), is Tj-coercive for the mapping
* (l* * * *
Tt (U, Vs, Vo Pi) — | =5 Us,n = 22 U ¥ sk = Mypvp,, @ vep —Mpvp,, @ pp|. 0O

Remark 11. If 6 is small, namely if it satisfies (6), then the condition 1y > (,ofq)_)’1 [0l q) can
be dropped.

Coming back to the weak formulation of the Crank-Nicolson scheme, we get the following
well-posedness result.

Theorem 12. Assume that (h1)-(h4) hold and that the discrete inf-sup condition (17) is satisfied.
If we have in addition

2pp-

At < s
1010

(33)

then Problem (22) is well-posed.

Proof. Isolating the unknown zZ“, the formulation (22) is equivalent to

Find z)'*! € Vj and p}*! € Q,  such that for all (y4, g5) € Vi, x Qp,
207 (g yn) y+ A (2 i) v an)
1
= 20007 (2 ) gy =2 (250 1) o i) +2 (72, 3) |

Here, we see that the bilinear form involved for solving the discrete problem at time ¢t"*! is a
perturbation of the bilinear form <. Moreover, the perturbed form is exactly the same than the
one studied at the continuous level in Proposition 5. Indeed, recalling the notation (10), we get
the formulation

Find z)'*! € Vj and p*' € Q,  such that for all (ys, gp) € Vi x Qp,
Aynp-1((2 n+l»PZ+1) V> an)) (34)
_ 1
=2(Ap~! (ZZ'J’h)H - ((ZZ, pZ) s (Vo qn)) +2 (gn+2 'yh)H
To ensure well-posedness, we know from Proposition 7 that it is sufficient to prove that the
bilinear form 51 is Tj-coercive. Applylng Lemma 10, we find that this problem is well-

posed provided that 2(A)™! > (pgp-) "L 10|l (), which corresponds exactly to the time step
restriction (33). O
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Remark 13. Here, we propose a stable space discretization that is indepedent of the porosity ¢.
This is motivated by the fact that in the original non-linear model derived in [15], the porosity is
an unknown state variable depending on time, so that any space discretization must be robust
with respect to this parameter. If we allow the choice of the pair (X}, Qj) to depend on ¢, one has
to study the influence of the porosity on the constant § involved in the discrete inf-sup condition

deiv((l — ) s+ Pug) prdx

3>0,Y preQn, sup =Bpnl.

(Us,luUf,h) €Xpx Xp ” (Vs,h; Uf,h) ” [H(l)(Q)]d x [H(l)(Q)]d
see [18] for a discussion on this topic.
Remark 14. If we chose different discretization spaces for the solid and the fluid, namely if
Vi = Xgn x Xgp x Xp,pp with X, # Xy, p,, the proof of Lemma 10 can be extended provided that

there exists a Fortin operator Iy, : [H(l] @14 — shNXrn verifying (18) and (19). Hence, the well-
posedness of the discrete problem is guaranteed under the inf-sup condition

divvy, ppdx

36>0,Y pr€Qp, sup S = p].
Vhexx,hnxf,h ”vh"[H(])(Q)]d

Remark 15. Note that the result of Theorem 12 does not require any assumption on the size of
the permeability tensor K, contrary to the assumptions made in [18] for the compressible case.

Remark 16. If 0 depends on time, the bilinear form &7, also depends on time. Nevertheless, the
result of Lemma 10 could be extended as long as

0.€ C*(10, 71 x ) and Ao > (o)™ 101l o1 7.0 -

For the backward Euler scheme, we obtain well-posedness under a time step condition that is
slightly more restrictive than (33).

Theorem 17. Assume that (hl) — (h4) hold and that the discrete inf-sup condition (17) is satisfied.

If we have in addition
prp-

At < R
10110 ()

(35)
then Problem (23) is well-posed.
Proof. Let us rewrite (23) by isolating the unknown
(ot o)
Writing
uf”—u?zz(u:% —ug) and vt - US”:Z(US 2 US),
we obtain the discrete problem: find
(”:Z; e ”QIJPZ“) € Vi Qn
such that for all yj, = (ds n, Ws,n, W) € Vi, and g, € Qp,,

1

1 1
Z(At)_lfﬂas(u:;z):e(ds'h)dx+2(At)_1prs(l—(p)yzZZ W dx

1

1 1
+(At)‘1f9pf<puf’};1-wf,hdx+d((u:;2,vs'fzz,vﬁ;l,p2+l),(yh,qh))=€(yh), (36)
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where ¢ is a continuous linear form depending only on the prescribed body force f "3 and
the solution at time t”. As for the Crank-Nicolson scheme, the bilinear form appearing in the
left-hand side of (36) is a perturbation of the bilinear form «/. However, this perturbation does
not exactly correspond to the scalar product (-,-) iy because the coefficients in front of the solid
and fluid terms — namely 2(A#)~! and (Af)~! - are different, so that we can not directly apply
Lemma 10.

Nevertheless, we can reproduce its proof with this modified perturbation, which amounts to
replacing (A, 4, ps) by (2A,2u,2p,) and adapting the choice of the constants «,  and y. But the
restriction on the parameter 1o comes from the coefficient (19 prp— — [0ll1 () arising in front of
the fluid term, which is not affected by this modification. Therefore, we conclude that the discrete
problem is well-posed for (Af)~! > (pgp-) "1 [0l (q), which corresponds to (35). O

Remark 18. If 0 satisfies the smallness condition (6), then the assumptions made on the time
step in Theorems 12 and 17 are not necessary. Indeed, if (6) holds true, then the discrete
problems (22) and (23) are well-posed irrespectively of the time step A¢.

3.3. Discrete energy balances

The two schemes (14) and (15) satisfy fundamental energy balances at the discrete level. As a
matter of fact, choosing

n+ n+ +1
(ds,hrws,h!wf,hrqh) (AtushzyAtvshZ;AtU 2 Atph )

in (20), we obtain

1

1 1_ n+i 1 n+s5
fgas(u:; _usnh) ( )dx+f ps(1— <P)( oh ’f)-vs,hzdx+fﬂpf¢ v - Vgh)'vf,hzdx
n+3 1 n+i n+3
—Atfgas(vslhz):e(us,hz)dx+Athas(us'h2):e(vs'hz)dx
n+3 n+3 n+i  n+} 2 1 n+t:  n+i 2
+At Q<p0f Ve~ | 7€ Vey dx—-At ngf,h Ve, dx+At (/) Ke vy " =~V dx
n+d n+i n+i n+i n+ n+i
—Atfgph 2dlv((l—(ﬁ)vsyhz+(/>1/f'h2 dx+Atf dlv((l Prvg,* +dug Z)ph zdx

pY 1
:Athps(l—(/ﬁ)f"Jr?-vs,hzdx+Athpf¢f”+? n+2dx,

where

2
n+1 n+l)

2 p—1 2 _ 2
K (”f,h Us,n

is a shortcut notation for .l )

1 1
— E_ n+i . n+§_ n+§
P°K; ( Us ) (Uf,h Vs h )

1 . . .
n+l mz =1 ”+1| — |v™?) and introducing the discrete energy

2dx+ %Lpf(p‘vgh‘zdx ,

-

&) = %fﬂas(uzh):f(uzh) dx + E[ﬂps(l—(/)) v

Therefore, using that (v

s,h

Structure discrete mechanical energy  Structure discrete kinetic energy  Fluid discrete kinetic energy

we find

n+l n n+%
(&, —6&)+At Q([)Uf Vi

([ o]s

1

2
n+sy
th )dx+Atf¢Kf (th —vs,hz) dx

1 1
dx+prs(1—<p)f”+%-y:;2dx+fgpf¢f"+%-ug;2dx), 37)

1
n+3
f,h
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which corresponds to the discrete counterpart of the energy balance (4). Note that in absence of
external forces and if the mass input term 6 is negative, namely if this term removes fluid mass
from the system, (37) directly implies the stability of the system since we then have

n+i n+i  ptl
g,;’+1+mfg¢of(uﬂh2): ( Ve, dx+Atf P°K; ( 2 vs‘hz) dx+Atf 161|v
The general case requires an application of a discrete version of Gronwall Lemma, as it will be

detailed in the next section.
Proceeding similarly for the backward Euler scheme, namely taking

1
2

dxséa[l’.

n+ + 1 1
(ds,n, ws py Wi, Gn) = (Atushz,Atvsh Atvgy ,Atp'”)

in (21) and using the identity

(vn+1 _ vn) Lyl = l(l Un+1|2 _ | vni2 i |Un+1 _ vn|2)
2 )
we get the discrete energy balance
1 2
(60 =670+ 5 [ po|upit —vp, [ ax

+Atf Pot Vf”;l'l). (Uﬁl’l dx+Atf</)K_ (vf";l—yn; ) dx
Q

:At(/QG dx+fﬂps(l—¢>)f"+§-Vs'hidx+f9pf¢)f"+%-vfrf;{ldx). (38)

This is almost the same energy balance as for the Crank Nicolson scheme, the principal differ-
ence being the presence of an additional fluid term 5 fQ fogiol v"” dx inducing numerical
dissipation.

n+l
Vs p

|2
,h

4. Convergence analysis

The goal of this section is to compare the solution of the continuous problem to the solution of
the fully-discrete schemes (20) or (21). To do so, we are first going to build a projector from the
continuous to the discrete space that is adapated to the bilinear form appearing in our problem.

4.1. Choosing the finite element spaces

Let us assume that the discrete inf-sup condition (17) is fulfilled, and choose a parameter 1y >
(pfqb_)‘l 01l fo(q). Then, Lemma 10 implies that for any (z,p) € V x Q, there exists a unique
Py (z, p) € Vy, x Qp, such that

Ao (P2, p), Yo an) = a (2 ), Yo 1)), Y (Vo Gn) € Vi x Qp. (39)
This defines a projector Pj, from [H} ()19 x [H} ()19 x [H} ()19 x L2(Q) to X, x X, x Xp, x Qp. Let
us denote by P/, P;, P£ and PZ the solid displacement, solid velocity, fluid velocity and pressure
components of Py. The four corresponding projectors act on an element of [H(l) (1% x [H(l)(Q)]d
[H} ()14 x L2(Q), but when z = (us, vs, vf) we will use the notation

Py(z,p) = (PZ us, P} vs, P vy, P? p) :

Similarly, we will condense the three vectorial components of P, in an operator P; and make the

abuse of notation Py (z, p) = (Pfl z, PZJ p), so that (39) is equivalent to

d(Ph(Z, p), (yh! Qh)) +A0(PZZ»J’h)H = ‘Q{((Z, p)) (}’h&]h)) +AO(-Z’ J/h)H, v (Yh’ Qh) € Vh X Qh (40)
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Moreover, in view of property (24), it holds

|z )= Puz P vxQ= C(yhv‘hjggh * g lt@p =0 aul Vi< Qn? @b
with C > 0 a constant independent of k. If z and p are regular enough, the right-hand side of the
previous estimate behaves as a power of the mesh size h. More precisely, denoting by H!*1(Q)
the space [H Y Q))9 x [H L (@Q)19 < [HEYH(Q)]4, we have

inf |z=yu|, = Chllzlyen ), Yze H @V,
Yh€Vp

and

inf - <Ch'
nf [p=an] = ch”|p]

where the convergence orders ¢ and r < ¢ depend on the choice of X}, and Qy,. For instance, if
(Xp, Qp) correspond to the so-called Taylor-Hood elements, then ¢ = r = 2.
Since ||z - P;z| ,, < C|z— P}z|, owing to Korn inequality (5), we deduce that

2= Pizl = (R Nl ooy + 1 1Pl ) (42

and

Ip=Pypl<C (R Nalyeey + B [Pl e “3)

These two estimates will play a central role to control the space consistency terms arising in the
error analysis.

4.2. Error analysis for the Crank-Nicolson scheme

We recall that the continuous solution (z, p) = (us, Us, s, p) from (9) satisfies
(20, ) g+ (20, p(1), (v, D) = (), V)1, VYyeV,VqeQ.

In particular, since we consider conforming finite element approximations V;, c V and Qj < Q,
we have

(200, y1) yy + <2 (20, pD), o q1)) = €0, Y rr ¥ Vi € Vi,V G € Qi (44)

In what follows, we assume that (z, p) is regular enough. In order to quantify the convergence of
the fully discrete solution towards the solution of the continuous problem above, for k an integer
or a half-integer, we introduce the error eﬁ =z(t5) - z;’; = (e’; h,efh, efh) with

ko_ k k
eu‘h—us(t )—us’h,
ko_ k k
€on= vs(t )—vs,h,
ko_ k k
€ = vf(t )—uf’h.

We are now ready to state the following error estimate for the Crank-Nicolson scheme, which is
the main result of this paper.

Theorem 19. Assume that (hl) — (h5) hold, and that the solution of the continuous problem (9)
has the additional regularity

(s, v, v € C (10, THHN @), peCl (10,71 H' (@),

(45)
(0¢tuts)9rrvs,Orevr) € C' (10, T1; H), drvre I (0,73 [HH@)] ).
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If we have in addition
pip-

At < ,
410 7o)

(46)

then for all0 < N < nr, it holds that

%fgas(egh):g(efzh) dx+%fQPs(1—<P)
1

N-1 1 1 N-1 1 2
n+s n+s —1[ n+s5 n+s
+Atz Q(/)Uf(é'f,hz):E(Ef,hz)dx-f-AtZ Q(szfl(Ef,hz_es,hz) dx
n=0 n=0

4(psp_) MOl oy T
1-4At(pep-) IOl o ()

N
es, h

? dx+ %Lpf¢ ‘eé\[h‘z dx

2
sCexp( )(At2+h[+hr) , (47

with C a constant independent of h and At.

Proof. The proof is divided into four steps. First, we derive a suitable error equation by using
the definition of the specific projector Pj, introduced earlier and by gathering time and space
consistency terms. Then, after exploiting the stability of the scheme, these terms are estimated
and the conclusion is obtained by an application of a discrete version of Gronwall Lemma.

Step 1: derivation of the error equation. First, we want to inject the continuous solution into the
semi-discretized in time scheme (14), namely compute

z tn+l —Z(tn) z tn+l +Z(tn) tn+l + (tn)
(%,yh) +a¢(( ) il Giaso Ly LUK NN }
H

2 2

for all (v, gn) € Vi, x Qp,. To do so, we observe that averaging (44) at times ¢" and "1 leads to

z(" ) + 2 (" z(t" VN +z(t™ p(t"VN+pt™
(L,yh) W(( (") p(t"")+p O
H

2 2 ’ 2

gt ) +gu™
= fvyh .
H

Therefore, writing

(") v 2™ (") +z20" 2(1") -2 .\ z(") =z (1)

’

2 2 At At
we obtain
z tl’l+1 _Z(tn) z tn+1 +Z(tn) tn+1 + (tl’l)
t H 2 2
tn+1 + (tn)
:(%,yh +(@"+%,yh)H, (48)
H

where %"+ gathers the time consistency error defined by
2 z (") -z (1™ ~ (") + 2™
At 2
which will hereafter be controled using a Taylor expansion.
Next, for a given 1¢ > (pf(/)_)’1 1011 (), we are going to approximate the continuous solution
by means of the discrete projector Pj, defined in (40). We recall that Py, satisfies, for any (z, p) €
VxQ,

’

A ((z,p), Yn, an)) = 4 (Pn(z, p), Y, an) + Ao(Pz =2, ¥n) i ¥ Y1 € Vi, ¥ G % Qi
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Averaging this relation for the choices (z, p) = (z(¢""), p(t")) and (z, p) = (z(t"*1), p("1)), we get

z tn+1 +Z(tn) tVH—l + (tn)
d(( (e"*) )+ p e an

2 2
PZZ(tn+1)+PZZ(tn) Ppp(tn+l)+Ppp(tn)
=g¢(( h 5 h , 2 5 b (Yn>qn)
Piz(t") + Piz(t™)  z(") +z(t™)
M(’(h 7 '()2 In -
H

Plugging this result into (48), it follows that

Z(t"+1) — (™ sz(tnﬂ) + PZZ(t") PZp (t”+1) + PZP (™
(A—t’yh H+~52¢ ) ) ) » (Yno Gn)
~ (g(t”+1)+g(t”)
ol I e—

1
n+3

,J/h) +(%n+%»Yh)H+/10(yh ,yh) D))
H H

where y 1s a space consistency term given by

1
ym% _ z (") + z(¢") ~ Piz(t"1) + Pz (t")
h 2 2 )
that will further be estimated using the approximability properties of the operator Pj. Decom-

posing the first term of (49) as

Z(t"“)—z(t") Z(t”“)—z(t”) Z Z(t”“)—z(t") Z Z(l‘n+1)—z(t”)
= - pP? o e .
At At At

and using the linearity of Pj,, we end up with

(P;z(t"“)—P;z(t") ) ((P;z(t"+1)+P;z(t") Py p (") +Ppp(t”))
Yn| + )
H
L1
2

At 2 (J’h,CIh))

g l.n+l +g(tn) 1
:(%’yh +(@n+2,yh)H+Ao(yh ’}’h) +(Lo/—h ,J/h) ,  (50)
H H
where
o~n+%_PZ Z(tn+l)—z(tn) _Z(tn+l)_z(tn),
h At At

is another space consistency term coming from the spatial approximation of the discrete deriva-
tive of the solution.
Now, let us denote by (eZ, o Z) the error between the projection of the continuous solution and
the discrete solution at time ¢"*, namely e” = Pzz(t”) - (eu wes h’ e?yh) with
uh—Puus(t) sh’
h = ps vs(t") — v h’
ef,h = P}{vf(t") - vf,h,
and
_ppb
8, =P, pt") - pj,.
From (22), we know that the fully-discrete solution

1
n+i  n+i n+l n+3  n+d n+d
(Zh P = e Ve Ve o P,
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satisfies
Zn+1 _ZVl 1 1
(hA—th’yh) +.Q¢((ZZ+2,pZ+Z),(J/h;6/h))
H
g(tn)+g tn+1
:(%,yh v VY€ Vi,V qneQp. (51)
H

Substracting (51) from (50), we obtain

e~ +} gnt
a7 n +£¢(( ) Vn 6/h))
H

= (@™ ) +A s g Y yp € Vi ¥ 2
= Y|t Ao\ Sy S n H+ T, S Yn o Yn€ Vi,V qneQp. (52)

where we have adopted the notations
n+1 n +1 n
nel  Prz(t"h)+ Pra(t™) neh _ el + et
eh = - Zh
2 2

)

and

6n+% _ PZp(tn+1)+PZp(t") _pn+% _ 6;1“—1 +6;,l
h 2 h 2

1 1
Step 2: stability estimate in the discrete energy norm. Choosing (y;, qn) = (eZJr 26 Z+ %) as test
function in (52) yields

n+1 n
e —-e n+i n+i n+l n+i _n+l
(—h h,eh 2) +&¢((eh 20, | le, 0, °
At H
n+i  n+i

nl oty 2 2
=R 2, e +/10 N ,e
h H h h

With the stability identity (37), this implies
n+1 A dx+A K[ e ’ d
“ P || e+t L pot|e fh fh X+AL 4’ B L N A

:Atf@e
Q

Applying Young inequality ab < §a? + 3¢ b? for a generic parameter ¢ > 0, we get

n+i 1

1 1
dx+At(92”+i +/10,7hn+2+f/’ 2,e"+2) )
H

1
n+y

fih

1 1 1)2
et - ||ezuz+mf¢af(e;f?) (fh)dxwfwf (e e
B TR e fArH 2+At 2
= PP

1

g 3

h

7 n+

RS + o y (53)

— e
H 26
. . 1
Step 3: estimation of the consistency terms. Let us now estimate the consistency terms 2"*2,
1 1 L . : L .
&3 and 9 ""* 2 appearing in the right-hand side of the previous inequality.
. . 17 . -

The time consistency error 2" 2 is controled using a Taylor expansion. As a matter of fact, we

easily verify that

H

z(") —ze™ 2 (") + 2™
At 2

1
“93"“ < CAL 1zl s go,7y;mn - (54)

H

H
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1 1
The space consistency term yhm ¢ and 7, hn+ % can be handled with the approximability prop-
erty (41) under suitable regularity assumptions. Indeed, as z € CO([o, T];H[ +1(Q)) and p €
C([0, T); H' (), we infer from (42) that

z (") + 2(e™) Pz(z(t””) +z(t”))

Hymz
H

< c(h’+hf). (55)

h
2 H

+3 s . .
For the second term J, hn %, we observe that there exists intermediate times "% and ¢"” belong-
ing to (", t"*!) such that z(t"*1) = z(t"") + Atz(t™?) and p(t"*!) = p(t") + Atp(t™P). Thus

1

’g.lﬁg _ Z(tn+1)_z(tn)_Pz Z(tn+1)—z(tn)
h H At h At H
n+l) _ n n+ly) _ n
sC(h/ () -z o | PP )
At Q) At H (@)
= (R 1) ey + B 1P () ).
and hence
1
72| scwm’+h, (56)
H

by virtue of (45), with C a constant depending on z and p.
Step 4: final error analysis. Putting the consistency errors (54), (55) and (56) together with (53),
we deduce

1 1)\2
“ h+1”H ||eZ||§{+Ath¢Uf( ) (fh )dx+Atf‘P Ky (fh _6222) dx
n+i

Ol ro 1 At
sar[Ba, 2ot e
prp- 26

Multiplying by two and choosing for instance ¢ =

2+ =

At +h"+h)
H

orP-
3 0||L00(Q) we get

2
“eh+1“H_”eh||H+2Atf (,bof(e;j):g( i )dx+2At O*K; (; 2 ez;%) dx
_AAtI0le || ek |

e +C(At +h’+h)

n+
ey

H

where the constant C now also depends on 6.
Let N < nt be an arbitrary integer. Summing from 0 to NV — 1 and noting that NAt < T yields

N-1 1 1 1\2
N2 n+s |\ . n+s n+s
ey, |7 +2At ZO Q¢af(ef,h2).g( )dx+2At ZO P*K; ( fhz_es,hZ) dx
n= n
4At||9||L<>0(Q) Z

Pfd)— n=0

with C another constant, which also depends on T. Thanks to the chosen initial conditions we
have

2

2
<[l + ve(adent+n),

H

lehl ;= P20 - 12O, < [ Pf2(0) = 2@ 1, +12(0) = 120l 5y = C (h” +17).

Moreover, since

N et N epteep P Nt L
> e z <3 X (ler Wi+ Neqlls) < 3 ekl
=0 = H < n=0 n=0
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we find
N-1 ,
||eg||§l+zAth¢af(e;;%); (fh )dx+2AtZ oK (fhl—ef,f) dx
n=0+Q n=0
<C Atz + h[ + hr 4 (57)
( R s

To conclude, we use a discrete version of Gronwall Lemma, recalled below for the sake of
completeness. For a proof of this result, we refer the reader to [38, Lemma 5.1].

Lemma20. LetC>0andé > 0. Let (ap), (by) and (y,) be sequences of positive numbers such that

N N
an+6 Y b, <C+6 ) ynpan.
n=0 n=0

Assume thatdy, <1 foralln, and seto,, = (1— 6yn)‘1. Then, for all N = 0, it holds that

N N
an+6 ) bnsCexp(éz Unyn).

n=0 n=0

401l oo

Let us define y = o L, Recalling (46), we have yAr < 1. Therefore, Lemma 20 implies that

41 112

e ||H+2At2f¢af( 2o )dx+2AtZ T R

< C(Atz + hf+hf) exp((N+ I)Atl_:/At)

yT
1-yAt

2
sC(At2+h[+hr) exp( ) since NAt< T.
Finally, writing
ey =z(tN) = Piz(tN) + Piz(tN) -2 = z(tN) - Piz (V) + el

and using (42), we obtain

1
n+s;

N-1 2
TRy o 8 ) o e
n=

2
< C(Atz +hl 4 hr) exp(l f)TAt)'

In order to derive (47), we rewrite the viscous part as

1 n
1y n+l 1y ve () + v
vf(t"+2) —v, " = Vf(tn+2) Y

Uf(tn+1) + ve(t™) _Pf(l)f(tn+1) + Uf(tn))+Pf(vf(t”+l) + Uf(l'n)) n+%

2 h 2 h 2 fh’

namely

1 n+1 n 1 1
n+y el Uf(t )+Vf(t ) nty e
etk = upferrt) LDt e
The second term of the above expression is controled thanks to (55), and the first one can be

estimated as follows
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N-1 n+l1 n n+l1 n
Ay | M()M)(()M) "
n=0JQ

2 2

< CAt* 1001112
10: f”LZ(O,T;[H('J(Q)]d)

using a Taylor expansion. O
Remark 21. Here, we prove convergence under the time step restriction (46), which is slightly
more restrictive than the condition found for the well-posedness of the discrete problem, see (33).
Note however that it may not be optimal.

Remark 22. If the smallness condition (6) is fulfilled, namely if

CallOll1oo <1

2pep-
another strategy would be to absorb the additional fluid mass term by the viscous fluid dissipa-
tion. Indeed, we then have
n+i

2 Ca 101l el el
AtLH ef’hZ dx<sAt———— 2 f(/) (fh) (ef,hz)dXSAtL¢Uf(ef,h2) (fh )dx

which indicates that the condition (46) may be dropped if the fluid mass input is small enough or
if the fluid viscosity is large enough.

4.3. Error analysis for the backward Euler scheme

Now, we move to the analysis of the backward Euler scheme, for which we establish a similar
result than the one found in [17] for a compressible material (case kg < +00).

Theorem 23. Assume that (hl) — (h5) hold, and that the solution of the continuous problem (9)
has the additional regularity

(s, v, 0 € CH (10, TEHH @), peCl((0, T H' @),

(0¢1us,0+¢vs, 041 v5) € C'([0, T); H), d,vee L*(0, T; [Hy()17).
If we have in addition
prp-
4161 )’
then forall0 < N < nr, it holds that
1 N \Y..(.N 1 N |? 1 N |2
Efgas (eu,h).s(euyh) dx+ E/st(l—(,b) €sh —f pfgb‘efh| dx

N-1 2
+Atzb Q(PUf(eg;l— ) (Eflzl)dx+AtZ @° K (6?;1—6‘5;%) b
n=

n+l
€t h _efh

( 4(psp-) IOl oy T

2
At+hC+h"|", (58)
1-4At(pep-) 161 1o ( )

1 N-1
+5 f!
5 n;o N2
with C a constant independent of h and At.

Proof. The difficulty of the backward Euler scheme is that it includes a shift between the solid
quantities, which are approximated at time t"*%, and the fluid and pressure quantities, which
are approximated at time "', Therefore, we can not project the continuous solution on the
discrete space at the same time as we did for the Crank-Nicolson scheme, since our projector Py,
acts simultaneously on solid, fluid and pressure quantities. To overcome this issue, our strategy is
to be as close as possible to the analysis performed for the Crank-Nicolson scheme by changing
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the definitions of the errors to take into account the time shifting rather than handling this shift
at the projection level.
To do so, we start the proof from equation (49), that reads

2(£7)) — 2(™) P2z (" 1)+ PZz(t") PP p(t"1)+ P p(t™)
(%»J’h P | i G A P (7) Wn> qn)
H

)

2 2
B (g(tn+1) +g(tn)

1
yn+§’yh)
2 h H

n+i
,yh) + (% 2,yh)H+AO
H
From (23), the fully-discrete solution (z"“, ph“) = (us";l, U:Zl, vf”;lrl, ph“) satisfies
+1
(ZZ —Zj

,yh) +.of
At H

1 g tn+1 +g(tn)
gt ] [ )
H

Substracting these two relations, we obtain

z t"+1 —Z(t") zn+1_zn 1 L
( ( A)t _ I, +&¢(( ney n;z’ ?21,5n+1) (J’h»CIh))
H

At
1 1
=(9§”+2,yh)H+/lo(yhn+2,yh) v VY€V VareQp, (59)
H

where the solid quantities errors

1 1
n+l Pjlus (£"1) + Pjlug(t™) nl nel  Pivs(£™) + Py ws(e™) n+l

u,h = 2 _us,h and es,h = 2 _Vs,h ’

are defined as in the Crank-Nicolson scheme, whereas for the fluid and pressure quantities we
consider the new errors

f n+l f o (en P (en+l Pen
»én+1_thf(t )+thf(t )_vn+1 and gnﬂ_Php(t )+Php(t )_ n+1
ik — 2 f,h h 2 h o

1 1
. . n+s n+s
In order to derive a system satisfied by the error (eu, hz € 2, ?21,6 n+ly we compute

n+l u n+l u n n+l1
eu,h euh Phus(t )_Phus(t )_us,h ush

’

At At At
1 1
e, B () - By v o,
At At At
g+l _gn f 1 f -1 +1
€n ~Crn  Ppue(t") - Py up("7) ~ Ve th
At 2At At

Plugging these results into (59), it follows that for any y;, = (ds , ws,n, Wi ) € Vi, and gy, € Qp, we
have

n+1 n n+1 n sn+1 —gn
h fh
—t ‘Wt h dx

fa uh—eu’ 1e(d h)dx+fp(1 ) J ‘w hdx+fpf¢) °r
o s At S s At s,

o ”"’% +§ gl 6n+1 _ %n+% A %
+ eu,h’ sh fh’ (J/h,CIh) = »Yh + 0 h »}’h

1
n+y

s|Tun ):s(ds,h)dx+[0ps(l—(p)f/—sflh+ wshdx+f pfgbf/—”“ wip,  (60)
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with
nsd Plus(t") = Pllus(t")  ug (e") - us (1)
wh At At ’
3—-”"'% _ P;Slys (tn+1) _P;lys(tn) ~ Us(thrl) _ Us(tn)
sh At At '
P A G R G B U B
fh 2At At

Note that the two first terms h and g " correspond exactly to the solid components of the

1
term J, hn+ % that have already been studled for the Crank-Nicolson scheme, while the third term

PTf"; 1 js different.
1 1
Choosing (yp, qp) = (eu;2 e ; 2, ”]ZJ;II, 1) ”“) as test function in (60) and exploiting the stability

identity (38), it follows

a et et o)L= Ittt

f pip |e

1\2

dx+Atf poi(ef3)) e (e, dx+Atf¢Kf (77} e;’;f) dx

~n+1 +3 3 [ nt+3 ”+1 gl
j’lh‘ dx+At(@n 2+/10y]’l 2;( uh’ h2’ ?h))H

~n+1 Sn
— ef,h

y
1
+f os(ﬂu”;2) ( )dx+f ps(l— ¢)J"+2 de+f pep Tl 61
N :

The rest of the proof is almost s1m11ar to the one of Theorem 19.

The terms %"+ S, : 2T un;: and 7 +2 have already been estimated during the analysis of
the Crank-Nicolson scheme, see (54), (55) and (56). We only need to deal with the term 9, f”;l’ L
that we decompose as

Vf(tn+1)_l/f(tn_1)) Uf(tn+1)—l/f(tn_l) . Uf(tn+1)—l}f(tn_1) Vf(tn+1)—vf(tn)

2At 2At 2At At

o—fn;lrl Pf

The first part of the above expression is a space error term that can be estimated as in (56), namely

1{(”“””‘WU"W)_wumw—wunw

2At 2At

0 - ol s
= (h 121l co o, s+ ) + 1" 1Pl coqo, rysmar (Q))) .
The second part is a time error term coming from the shift between the fluid and solid quantities.
Using a Taylor expansion, we easily check that

Vf(tn+1)—vf(tn_l) l/f[tn+1)—vf(tn)
2At - At

= CAt ” Uf”CZ([O,T];[LZ(Q)]d) .

Hence, we deduce that
n+1
|77

sC(At+h€+h’).

and it is at this point that we lose the @' (At?) accuracy in time.

The rest of the proof is similar to the Step 4 of the proof of Theorem 19. In particular, the
viscous part of (58) is recovered by decomposing the fluid error as
ve(t" )+ (") ned

2, zhtl
5 +5”th +ern

and using that d,v; € L2(0, T; [H(l)(Q)]d)- -

6;1;1—1 l/f(tn+1) Ufn;l—l Uf(tn+1) _
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Remark 24. Note that our strategy of proof requires strong regularity assumptions on the
continuous solution, since it is based on a comparison with the error analysis for the Crank-
Nicolson scheme. Handling the temporal shift between the fluid and the solid at the projection
level would lead to weaker regularity assumptions, in particular on d;; ug, 0;; Vs and 0;; vs.

5. Numerical results

In this section, we present numerical results to illustrate the theoretical statements established
previously. All the simulations have been obtained with the finite element software FEniCS
[39,40] using a direct LU solver. First, we validate numerically the discrete energy balances for the
two schemes under study, and show the influence of the fluid mass source term 6 on the schemes
stability. Then, the error results of Theorems 19 and 23 are discussed by means of convergence
plots. Finally, we illustrate the importance of the choice of the finite element spaces employed
when entering the incompressible regime.

5.1. Discrete energy balance and influence of the additional fluid mass input

To numerically recover the discrete energy balance derived in Section 3.3, we simulate the
evolution of the system starting from a non-zero initial condition, but in absence of external body
forces and fluid mass source term, namely f = 0 and 6 = 0. According to (37) and (38), the discrete
energy of the scheme then satisfies
R n+3 -1 n+1)? 0
&y +Atz ([)Uf(vfh )ZE(Vﬁh )dx+At f<p K; (th ~ Vg, ) dx=§), (62)

N s
~

~
Discrete viscous fluid dissipation Discrete friction dissipation

for the Crank—Nicolson scheme and

N-1 12
N + +1 +1 n+i
&) + At Zo Q([)af(vfrfh ) (Vf"h )dx+AtZ *K, (anh Us,hz) dx
n=

N

Discrete viscous fluid dissipation Discrete friction dissipation
1 N-1 1
n+
+=> | prp
2 po0Ja

Vb — vf h (63)

Discrete nume‘r,ical dissipation

for the backward Euler scheme. The different above contributions are represented on Figure 1,
for a test case in the domain Q = (0,1)? discretized in space with [P?]% x [P?]4 x [P?]4 x P! finite
elements. Since all the dissipation terms are strictly positive, the discrete energy curve (in blue)
is strictly decreasing. Apart from the dissipation coming from the viscosity within the fluid and
the friction between the two phases, the yellow curve shows an additional numerical dissipation
term for the backward Euler scheme, which is not part of the balance for the Crank-Nicolson
scheme. Moreover, by summing the energy and the total dissipation in the system (black curve),
we see that we recover exactly the initial energy, as predicted by (62) and (63).

In Figure 2, we simulate the same test case as in Figure 1 (a), but with a non-zero fluid mass
source term 6. The resulting curves shed light on the influence of the sign of 6 on the system
dynamics. If 6 is negative, the term —6 v¢ supplies the system with an additional dissipation term,
so that the energy in Figure 2 (a) decreases faster than in Figure 1 (a). If § is positive, then the term
—0Ov; brings fluid kinetic energy to the system. In this case, if this incoming rate of fluid kinetic
energy is not compensated by the viscous and friction dissipation terms, then the total energy
increases, as it is the case in Figure 2 (b).
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(a) Crank-Nicolson scheme (b) Backward Euler scheme

%

0 0 e
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time Time
Energy —— Viscous fluid dissipation ——— Friction dissipation

Total dissipation

Sum of energy and dissipation Numerical dissipation

Figure 1. Time evolution of the dissipation terms involved in the discrete energy balance in
absence of external body forces and additional fluid mass input for the two schemes under
study. Simulations run with Az =0.05, T =2, pf =20, ps=1, ¢ =05, uy =01, A =pu=1,
Ki'=15Iand 6 =0.

@0o<o0 (b)6>0
2 5
0
1 \_\
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0 e —
!
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time Time

Energy
Total dissipation

Viscous fluid dissipation Friction dissipation
Sum of energy and dissipation Fluid mass input or dissipation

Figure 2. Time evolution of the dissipation terms involved in the discrete energy balance
in absence of external body forces for the Crank-Nicolson scheme, but with an additional
fluid mass source term. Simulations run with A¢ = 0.05, T =2, pf = 20, ps = 1, ¢ = 0.5,
w=01LA=p=1, Kf‘l =1.5] and 0 = —10 (left) or 8 = 10 (right).

Another implication of the additional fluid mass source term 6 — when it does not satisfy
the smallness condition (6) — is that it imposes a restriction on the time step. Indeed, from
Theorems 12 and 17, the existence of the discrete solution associated with the Crank-Nicolson
or backward Euler schemes is respectively ensured under the sufficient condition (33) or (35),
namely

< _2pifp- or At < _pio- .
101l 0 () 101l zoo ()
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Figures 3 and 4 highlight the unstability of the schemes when these conditions are not
respected, that thus appear to be necessary for the considered test case. For the Crank-Nicolson
scheme, Figures (3c) and (3d) show that the computed fluid velocity diverges after a few iterations
in time when (33) is not satisfied, whereas the fluid velocity profile is close to the initial condition
profile when (33) is satisfied, see Figures (3a) and (3b). The same phenomenon occurs for the

backward Euler scheme in Figure 4, but with a time step restriction that is twice more restrictive
than for the Crank-Nicolson scheme, in accordance with (35).
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Figure 3. Fluid velocity x-component profile computed with the Crank-Nicolson scheme

after three iterations in time, for different time steps close to the threshold % =0.1.

Simulation run with f =0, pf=ps=1,¢=0.5 us=0.001, A =pu=1, Kf‘1 =0and @ = 10.
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Figure 4. Fluid velocity x-component profile computed with the backward Euler scheme

after three iterations in time, for different time steps close to the threshold % =0.05.

Simulation run with f =0, pf=ps=1,¢$=0.5, uy=0.001, A=p=1, Kf‘1 =0and 0 =10.
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Figure 5. Fluid velocity x-component profile computed with the backward Euler scheme
after three iterations in time, for A = 0.06 and two different values of fluid viscosity.

Interestingly, these unstabilities can be removed by increasing the value of the fluid viscosity,
as shown in Figure 5. Indeed, if y; is large enough, then the incoming rate of fluid kinetic energy
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coming from the 6 term can be counterbalanced by the fluid viscous dissipation even if the time
step restriction is not fulfilled, as mentioned in Remarks 11, 18 and 22.
Finally, Table 1 illustrates that even when the time step restriction is satisfied, the error

between the discrete and continuous solutions may be large in lon$ time simulations if the time

. .. 4 )" o T . .

step is not small enough. This is due to the constant exp(5 iiftd()pz 3 ';‘fﬂﬁ(,”(f) —) appearing in the
- - Q)

error estimates (47) and (58). In the example of Table 1, we see that At must be less than 0.001 to

get an error that is not polluted by this exponential growth.

Table 1. Relative error || z{(T) — zZT I/ 125l jr at T = 1 between the discrete solution

computed for different time steps and a reference solution z'*f computed for At = 0.0001,
obtained with the backward Euler scheme and the same physical parameters as in Figure 4.

At Relative error At Relative error
0.0002 0.02 0.005 1.8
0.0005 0.08 0.01 8.8
0.001 0.20 0.02 240

5.2. Convergence rates

Next, we present convergence plots generated using the manufactured solution method in the
unit square domain Q = (0,1)2. To build an analytical solution, we assume that the porosity ¢ is

constant and we pick a function v™! such that div vl = 0 in Q and v™' = 0 on 8, for instance

veix, y) = (sin(Zny) (cos2mx) —1),sinrx)(1- cos(2ny))).
Then, we choose the fluid and solid velocities analytical solutions as
v¥l(x, y, 1) = cos()p v (x,y) and v?’f(x, y, 1) = cos(0) (1 — ) V™ (x, y),
in such a way that, since ¢ is constant, we have
div((1 - §) v + pui) = cos(Hp(1 - p) divv™ = 0.

The solid displacement analytical solution is then obtained by time integration of the solid
velocity, namely u™(x,y, 1) = sin(£)¢ v™* (x, y). Lastly, for the pressure analytical solution, we
take p™®(x, y, ) = sin(¢) sin(27x) sin(27 y), which satisfies the condition Jo pdx = 0. To simplify,
we assume that 6 = 0. The simulation is then run with the source terms and initial conditions
associated with the analytical solution, for ps = pr=ps=A=pu=1, Ks=1,¢=05and T = 1.
By comparing the resulting discrete solution to the previous analytical solution, we investigate
numerically the spatial and temporal convergence rates of the two proposed schemes.

In Figures 6 and 7, the simulation is performed with a very small time step At = 0.005 and
the mesh size is progressively decreased. For the spatial discretization, we use finite element
spaces pairs (X, Qp) that are known to be stable for Stokes problem, namely the MINI ele-
ment or Taylor-Hood elements [22, 23]. Figure 6-left corroborates the statement of Theorem 19:
it shows a spatial convergence rate of 1 in the energy and fluid viscous dissipation norms for the
MINI element, for which ¢ = r = 1. In Figure 6-right, the energy norm is decomposed into the
three contributions of solid displacement, solid velocity and fluid velocity. We observe that the
convergence rate is of order 2 for the velocities, so that the energy norm convergence rate is re-
stricted by the solid displacement term. This extra convergence probably comes from the fact
that estimate (42) is optimal only for the displacement [H(l)(Q)]d norm, but may be improved for
the velocities [L2(Q)]% norm using a duality argument. This may be one of the drawbacks of the
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Figure 6. Error curves with respect to the mesh size & for [[P’}’] dx [P b] 1yd [[P’i] d x P! elements.
Simulation run with the Crank-Nicolson scheme for At = 0.005, starting from a mesh size
H that corresponds to a uniform mesh built with 8 subdivisions along each axis direction.
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Figure 7. Error curves with respect to the mesh size h for [P?]4 x [P?]9 x [P?]¢ x P! elements.
Simulation run with the Crank-Nicolson scheme for At = 0.005, starting from a mesh size
H that corresponds to a uniform mesh built with 8 subdivisions along each axis direction.

T-coercivity method since it is by essence an all-in-one approach handling all the variables to-
gether. Note that even if this result is not given by Theorem 19, we also recover numerically the
pressure convergence, with a convergence rate of 1.5 as found in other studies on the MINI ele-

ment [41,42].

For Taylor-Hood elements, we have ¢ = r = 2 and Figure 7 gives a convergence rate of 3 in
the energy norm. This superconvergence is probably due to the C* regularity of our analytical
solution. Here again, we find an improved convergence for the velocity variables compared to the

displacement one.
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(a) Crank-Nicolson scheme (b) Backward Euler scheme
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Figure 8. Error curves of the two proposed schemes with respect to the time step. Simula-
tion run for a very refined mesh, starting from the time step Az =0.1.

Figures 6 and 7 are obtained for the Crank-Nicolson scheme, but similar results hold for
the backward Euler scheme since this scheme does not change the spatial discretization of
the problem. However, when it comes to temporal convergence, Figure 8 highlights the major
difference between the two proposed schemes: the Crank-Nicolson scheme is of second order in
time, whereas the backward Euler scheme is of first order. Note however that on Figure 8 (b), the
solid velocity still shows a second-order convergence in time in the backward Euler scheme, as if
it was not affected by the other variables.

5.3. Choosing the finite element spaces in the incompressible limit

In the previous sections, we have focused on the case where the porous material is fully incom-
pressible, namely ks = co. Yet, our analysis also provides guidelines to discretize the system (1),
in which the mixture divergence equation is penalized by a term of the form —6 +p- As a mat-
ter of fact, it was shown in [16, Theorem 4.2] that the solution of the cornpre551b1e system (1)
converges towards the solution of the incompressible system (2) as the bulk modulus s goes
to infinity. This suggests to use finite elements satisfying the inf-sup condition (17) to discretize
the system (1) when «; is large, namely for nearly incompressible materials. Theorems 19 and 23
extend the convergence analysis of [17] and [18] up to the incompressible limit, which also sug-
gests a discretization of (1) that is robust with respect to x5 provided that the discrete inf-sup
condition (17) is fulfilled.

To illustrate numerically what happens if (17) is not satisfied, we use the same analytical
solution as in the previous section and simulate the solution of (1) for different values of kg with
(P14 x [P1]% x [P1]19 x P! finite elements, which do not satisfy the discrete inf-sup condition. To
do so, we use the Crank-Nicolson scheme (14) where the mixture divergence equation (14d) is
replaced by )

b _ (I) pn+ _ pn

ks At
with g’”% a source term corresponding to the pressure analytical solution. The resulting pressure
profile is shown in Figure 9, where pressure oscillations appear when entering the incompressible

. n+3i n+1 1
+diviA-¢)vs > +pv, *|=g""2,
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regime. The size of these oscillations increases with the bulk modulus «, leading to a completely
incorrect pressure above ks = 100. Finally, Figure 9e shows that these oscillations are removed
when using a Stokes-stable pair, as indicated by our theoretical results.

Conclusion

We have derived error estimates for two monolithic schemes: one based on a Crank-Nicolson
time discretization for both the fluid and structural parts, the other based on an implicit
backward-Euler discretization for the fluid part. For both schemes, the spatial discretization is
a well-chosen finite element discretization that satisfies an inf-sup condition that allows one to
derive a discrete T-coercivity property, independent of the porosity of the mixture, hence ensur-
ing robustness with respect to it. The T-coercivity property approach provides the existence of the
discrete solution, assuming the time step is small enough compared to the additional fluid mass
input but without any permeability condition. Moreover, the T-coercivity allows us to define a
well-adapted projection operator on the finite element space, which is a key argument of the er-
ror derivation. The theoretical results are confirmed by numerical simulations. We believe that
the considered strategy paves the way to propose an asymptotically stable scheme with respect
to the bulk modulus that will not suffer from poroelastic locking, which occurs in Biot-type sys-
tems [43-48]. In future work, we expect to use the proposed time schemes as pivot in order to ob-
tain error estimates for splitting strategies commonly used for poromechanical models [49-52].
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