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A REMARK ON THE GALOIS-TYPE CORRESPONDENCE BETWEEN
IDEAL COIDEALS AND COMODULE SUBRINGS OF A HOPF
ALGEBROID

P. SARACCO

ABSTRACT. We exhibit a bijective correspondence between certain left ideal coideals in a
Hopf algebroid for which the resulting quotient is a coequalizer and certain right coideal
subrings which are themselves an equalizer, remarkably improving a recent result of the
author obtained in collaboration with L. El Kaoutit, A. Ghobadi and J. Vercruysse. Inter-
preting this result in the Hopf algebra setting provides a bijective correspondence which
extends the previously known cases.

INTRODUCTION

The study of Galois-type correspondences between ideal coideals and coideal subalgebras
in the theory of Hopf algebras has a long tradition of outstanding results, starting from the
renowned paper [10] of Takeuchi, where he establishes a bijective correspondence between
sub-Hopf algebras of a commutative Hopf algebra H and normal Hopf ideals in H. From
this, one might deduce that the category of commutative and cocommutative Hopf algebras
over a field (and hence that of affine abelian group schemes) is an abelian category: see
[10, Corollary 4.16 and Theorem 5.4]. A cocommutative analogue of Takeuchi’s result,
establishing a one-to-one correspondence between Hopf subalgebras and left ideal coideals
in a cocommutative Hopf algebra, was exhibited by Newman in [7] and it played a central
role in showing that the category of cocommutative Hopf algebras over a field is semi-
abelian (see [3]). More cases of interest from the literature are reviewed in Section 4.

Very recently, the interest in this correspondence has been extended to the Hopf algebroid
setting in [2], with the aim of discussing a quotient theory of affine groupoid schemes from
a Hopf algebraic perspective. A deeper analysis of the results therein led to realise that
a necessary condition for a left ideal coideal I in a Hopf algebroid H to be of the form
HB* for a certain coideal subring B is that the quotient #/I is the coequalizer of the

pair H O H g z==®2" == # . Similarly, a necessary condition for a coideal subring B
to be of the form “¥H for a certain left ideal coideal I is that B is the equalizer of the
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pair ‘H "5z, 222"~ H ®p H . These conditions can be made sufficient if we ask certain
maps to be injective. Namely, we are going to prove the following central result (refer to
Section 1.2 for the notion of purity used therein).

Theorem A (Theorem 3.3 below). Let H be a left Hopf algebroid over A such that JH =
Aw1e H is A-flat. Then we have an inclusion-preserving bijective correspondence

left idgal coideals I for which right H-comodule A°-subrings B
HOTH=H—>H/ isa " via t for which B —H =2 H®@z H
coequalizer and FY CH s ¢ — is an equalizer, B C H s left
left and right H-pure ® and right H-pure as A°-bimodule and
as A°-bimodule B is compatible with the translation map
I oty
HB* | B.

In spite of the technical requirements that appear in the Hopf algebroid setting, the very
same theorem rephrased for Hopf algebras over a field reads as follows.

Theorem B (Theorem 4.1 below). Let H be a Hopf algebra over the field k. Then, the
following is an inclusion-preserving bijective correspondence:

left ideal coideals right coideal subalgebras
in H for which v of H such that
HO"H=H—-H/I (¢ | B—-H=H®zH
is a coequalizer is an equalizer
I “TH
HBT ' B.

The latter bijection turns out to extend the already known ones from the literature,
which can be seen as restrictions of this new one, as we discuss in Section 4. Concretely,
after collecting the required preliminaries in Section 1, we will look again at the correspon-
dence between coideal subrings and left ideal coideals in bialgebroids and we will establish
the aforementioned necessary conditions in Section 2. Then, we will prove our main The-
orem 3.3 in Section 3 and we will specialise it to the Hopf algebra setting in Section 4.
Examples are provided that motivate the importance of these results, even in the classical
framework (see Example 4.3), and that show how the novel, milder, conditions cannot be
avoided as they are not automatically satisfied in general (see Remark 4.2).

1. PRELIMINARIES

Let us fix a field k, of arbitrary characteristic and not necessarily algebraically closed
(unless stated otherwise). All objects, such as algebras and modules over them, are sup-
posed to have an underlying vector space structure over k. The unadorned tensor product
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® stands for ®,. Furthermore, we assume a certain familiarity of the reader with the
language of monoidal categories and of (co)monoids therein (see, for example, [4, VII]).

Given a (preferably, non-commutative) k-algebra A, we denote by A° its opposite algebra
and by A° its enveloping algebra A ® A°. In this case, an element a € A may be denoted
by a® when it is helpful to stress that it is viewed as an element in A°.

As a matter of notation, we often denote the unit and multiplication of an algebra or a
ring by v and p, respectively, and the counit and comultiplication of a coalgebra or coring
by € and A, respectively. In addition, we take advantage of the notation explained in [2,
§2.1]: given an A°-bimodule M, the A-action by elements of the form a ® 1° is denoted
by (M or M, and the A°-action of the element of the form 1 ® a° by ,M or M,, where
s: A= A% a—a®l®and t: A° — A° a° — 1®a°. If instead we need to consider actions
by the elements t(a)° or s(a)® to produce other A or A° actions, then we use the notation
t° and s° on the side on which we are declaring the action. Summing up:

sM = A®10M7 tM = 1®A0M7 Mt = M1®Ao, MS = MA®1°7
SMS = A®10]\JA®107 th = A®10]\41®Ao7 tMS = 1®A0MA®10, tMt = 1®A0M1®Ao7
tho = A®A°M7 tMso = A®A°M7 SOMt = MA@AO, tOMs = MA@AO’

A-bimodule A°-bimodule A°-bimodule A-bimodule
1.1. Cotensor product. Let A be a k-algebra and C be an A-coring. If M is a right
C-comodule and N is a left C-comodule, then we can define their cotensor product to be

the equalizer
dM®@aN

MON—M®, N M@,C4 N

M®adN

in the category of vector spaces.

1.2. Purity. Let R be a ring. Recall that a morphism of left (resp. right) R-modules
f: M — N is called pure (or universally injective) if the morphism of abelian groups
P®rf: PrM — P®g N (resp. the morphism f®zr P: M ®r P — N ®p P) is injective
for every right (resp. left) R-module P.

As a matter of terminology, given an injective morphism of left (resp. right) R-modules
f: M — N and a right (resp. left) R-module P, we will say that f is P-pure if P ®p
f:PRr M — P®gzN (resp. f®r P: M ®r P — N ®g P) is injective.

In particular, a pure morphism is P-pure for every P.

1.3. The Takeuchi-Sweedler crossed product. Let A be a k-algebra and 4. M 4. and
4eN 4e be two A°-bimodules. We first define the A-bimodule

M®N
<t(a°)m®n—m®s(a)n ’ meM,nEN,a€A>

M®AN::tM®AsN:

This is the tensor product over A that we consider more often, unless specified otherwise.
Then, inside M ®,4 N we consider the subspace

MXAN:I {ZmZ®AnZ€M®AN‘ Zmit<ao> ®A’I’L1:Zmz ®Ani8(a)},
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which we call the Takeuchi-Sweedler crossed product. If U and V are two A°-rings (i.e., k-
algebras with a k-algebra map A° — U), then U x 4V is also an A°-ring with multiplication

<Z U; @a Ui) : (Z u; @4 U;) - Z U, @4 VU]
( J i,j

for all u;, v’ € U, v;, v, € V and k-algebra morphism A° — U X 4, V,a®@b° — sy (a) @4ty (bo).

J J

1.4. Left bialgebroids. Fix a base algebra A. Recall that a (left) bialgebroid over A is
an A°-ring H with commuting source s: A — H and target t: A° — H, together with
an A-coring structure (H,A,¢) on the A-bimodule 4. H = ,H,., subject to the following
compatibility conditions
(B1) A takes values into ;Hp X4 He and A: Hp — Hio X4 JHio is a morphism of
k-algebras;
(B2) e(azs(e (v) )) =¢c(vy) = e(azt(a (y)o)) for all z,y € H;
(B?)) 8(17_[) = 1A-
Henceforth, all bialgebroids will be left ones and over A, so we often omit to specify it.
As a matter of notation, for H a bialgebroid and B C H we set
H" :=ker(s) and BT :=BNH".

Denote by t5: B — H the inclusion. Assume that B is an A°-subring of H via ¢, that is,
B is an A°-ring via a k-algebra extension t': A° — B such that (5 ot’ = t. If we consider
the restriction €' = € o tp of € to B, then the latter is a right A-linear morphism and
Bt =H" N B =ker(¢) N B = ker(&').

Recall that an A°-subring B of H via t is a right H-comodule A°-subring if it admits a
right A-linear coaction 0: B — B ®4 (H such that the following diagram commutes

B-—-Bo,H

L¢ Ji@aH
H — H R4 H.

A coideal N in a bialgebroid H is an A-subbimodule of ;. such that
A(N) C Tm <N O H+HD, N> and  £(N) =0y,
where Im(—) denotes the canonical image in the tensor product ;H, @4 H ..

1.5. Left Hopf algebroids. Let H be a left bialgebroid and consider the tensor product
HOH

<xt(a0)®y—x®t(a0)y ‘ aEA,a:,yE”H>.

H®AOH:Ht®AO tH =

Inside H ® 40 H we isolate the distinguished subspace

H X 4o H = {sz ® A0 Ui Zt(ao)l’i R a0 Yi = sz ® 40 yit(QO)}.
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The latter is a k-algebra with unit 1 ® 4. 1° and multiplication

(Z T; @ a0 yz> (Z U; @ po vj) = LUy Que VY.
i j 4,7

We say that H is a left Hopf algebroid in the sense of [8, Theorem and Definition 3.5] if
the canonical map

B:He @ao e H — Hio @4 H, TQRu Y YT ®a T2y, (1)
is invertible. In such a case, the assignment
H— H, @uo H, z BN ®aly) =D 1y Quoa
induces a morphism of k-algebras
v:H = H X H, T 7T @4 1y).
The map 7 is referred to as the (left) translation map.

2. LEFT IDEAL COIDEALS AND RIGHT COIDEAL SUBRINGS IN BIALGEBROIDS
Let us begin by summarizing the content of [2, §3.1]. Let H be a left bialgebroid. If

sH = aq10H is A-flat, then we have well-defined inclusion-preserving assignments

left ideals v right H-comodule
coideals in H A°-subrings via t in H
It ¥
HB* ' B

where

IH={reH |Y(m+D@im=(1+]) 2.z},

We also have canonical inclusions B C C°HH??—[, which we denote by 7z, and HB*T C I,
that we denote by ¢;. Furthermore,

o If I is a left ideal coideal in H and B := 73, then B = 75+ H, i.c. WOU(I) = W([).

e If B is a right H-comodule A°-subring of H via t and [ := HB™, then I = H ( %H)Jr
That is, PUP(B) = ¢(B).

In other words, ® and ¥ form a monotone Galois connection (or, equivalently, an adjunc-

tion) between the two lattices. We are interested in determining under which circumstances
this Galois-type correspondence induces a bijection.

Proposition 2.1. Let B be a right H-comodule A°-subring of H via t and consider the
canonical projection wg: H — H/HBYT, which is a morphism of A-corings and left H-
modules, and the canonical inclusion t1gz: B — H. Then
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(i) The following diagram is commutative, where (: H; @ 4o v B — H O™ H s given by
C(x @40 b) =X, ®4 2a2tp(b) for all x € H and b € B, the left-hand square commutes
sequentially, and whose rows are coequalizers in the category of vector spaces

H@p Bt gy mo,
A0 1o(H® ao0Lp) %BJF

! o

n H®ae H
miia .t
HOT H——— U

(ii) The following diagram commutes sequentially, where &: H, @ H — H/HB e @4 H
is given by {(x @p y) = > mp(x1) ®4 22y for all x,y € H and whose second row is an
equalizer in the category of vector spaces

HRBLB

H—————=H®zH

tB®BH
¢

oon (3)
H TB®A
CHpTH — > H ————=

roteaH  HBT

®aH.

Proof. Let us begin by proving (7). A straightforward check shall convince the reader
that the first line is a coequalizer diagram. Concerning the second line, if Y, z; ®4 y; €

H OsT ‘H, then
Zﬂfn Xa Ty (ng) QA Y = sz ®aTp (yn) @A Yio

and hence, by applying e ® 4 H/HB™ ®4 £ to both sides,
Tp ( Z %’5(%)) =Tp ( Z 5(%’)%) .

Furthermore, for every z € H and b € B we have that 2, ®4 zop(b) € HO7T H
because

>z ®@aTp ($2LB(5)1) @4 T3tp(b)y = Y41 @4 s <x2LB(b0)) ®a T3by
=Y a1 @4 p(w2)etp(bo) ®a w3by
— Zx‘l ®A 7TB<.T2) ®A x3[’B<b)'

Therefore, ¢ lands indeed in the cotensor product and if f: H — V is a linear map such
that fo (H®se) = fo(e®4 H) then for all z € H and b € BT we have

flan(®) = (fo (e @a 1)) (X a1 @azatn(b)) = (f o (H®a2)) (301 ®a watn (b))
= f(lee(xgseeB(b))) =0

and so f factors uniquely through H/HB*, showing that it is indeed the coequalizer. To
finish the check that ( is well-defined, notice that it is simply the corestriction of the
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well-defined composition 3 o (H ®4. tg), where [ is the canonical map (1) of H. The
commutativity of the diagram can be checked directly.

Concerning (7i), the existence of £ induced by (3 has been already shown in [2, Lemma
3.12]. The key observation is that the following diagram is commutative

w(H®A0tB)®a0H

Hi @0 v By ® a0 H Hi ®@ao H———H, ®p H
HOaop(tB®aoH)
HL 5 I (4)
w(H®01B)®AH H
(Ht & 40 t’B)t° ®a sH o Hie @4 sH ey B ®a sH

where
0: H®Ao B®Ao H — H®Ao B®A H, $®Ao b®Ao Yy — le ®Ao bo ®A $2b1y,

and the rows are coequalizers. The second row is an equalizer by definition of the space of
coinvariant elements. The commutativity of the diagram can be checked directly. O

Proposition 2.2. Let I be a left ideal coideal in H and consider the space of coinvariant
elements °°#”H, which is a right H-comodule A°-subring of H via t with canonical inclusion
b CTH H, and the canonical projection m;: H — H/I. For the sake of clarity, we
often denote by Ry the tensor product over °°%?—[, when there is no risk of confusion.
Then:

(i) The following diagram is commutative, where §: H @, H — H/I ®4 H is given by

E(x ®woy y) = S mr(x1) @4 22y for all x,y € H, the right-hand side square commutes
sequentially, and whose rows are equalizers in the category of vector spaces

H®COHLI

CO%/H - . H

‘ H LI®CQHH

(mrr®aH)oA H

CTH—H_—= — @4 H.
TItQ@aH [

(ii) The following diagram commutes sequentially, where (: H, & 4o tCO%H — HOTH is

given by ((z ® 40 b) = 3 1 ®4 x91;(b) for allx € H and b € “¥94, and whose first row
is a coequalizer in the category of vector spaces

HewTH H o
HR goe fH(coTrH)
Cl (5)
H e@aH
HOTH H

HROae
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Proof. The fact that the second line in (i) is an equalizer follows from the definition of

the space of coinvariant elements. To show that the first line is an equalizer as well let us
H

proceed as follows. First of all, notice that if b € °7H and = € H then

(7 @4 H) ( ) Z 7 (210)) ®4 T2y = x - (Z 7 (by) ®4 bz) = Z (1) @4 Xab,

where - is simply the diagonal action of H on the tensor product of two H-modules, so that
(7 ®4 H) o A is right ©¥7{ linear. Thus, if z € H satisfies 1 Quy T = 2 @y 1, then we
may apply first ((7?1 ®aH)o A) ®wy H and then H/I @4 p to both sides to conclude that

Zﬂl(ffl) R Ty = 71'1(1) Ka T,

that is to say, = € ©%7¢ and so °¥H is indeed the equalizer of 1; @ewy H and H Qwy L. We

are left to prove that ¢ is well-defined, because the commutativity of the diagram is again
H

a straightforward check. For all z,y € H and b € 7 H we have that

ZWI 21b1) @4 by = T - (Z 7r(b1) ®4 bz) Y = ZWI<SU1) @4 T2y,

where - is again the diagonal action of H and the juxtaposition on the right is the regular
right H-action, so that (m; ®4 H) o § factors through the tensor product over %94 as
desired, where (3 is the canonical map (1) of H.

Concerning (7i), the fact that the first row is an equalizer follows, as before, from a direct
check, and the fact that the diagram is commutative, too. We are left to prove that the
morphism 5o (H ® 4. ;) corestricts to the cotensor product, in order to conclude that ¢ is
well-defined. This descends from the commutativity of the following diagram

o H®paomrt@aH H
H@Ao IH H@AOH H@Ao (_ ®AH)
HRp0(TrQaH)A [
¢ 8 lﬂ@u(%/l&x%) (6)
Vﬁ (HR®am1)A®AH H
HOTH H®4H H®A<_®AH)
HROA(Tr@aH)A I
whose second line is an equalizer in the category of vector spaces. O

3. LEFT IDEAL COIDEALS AND RIGHT COIDEAL SUBRINGS IN HOPF ALGEBROIDS

Let H be a left Hopf algebroid such that ;H = ,41.H is A-flat. Let B be a right
‘H-comodule A°-subring of H via t for which

(po B ) HBT @4 H) =0, (7)

where p: H ® 40 H — H ®@p H is the canonical projection form (4). For instance, this
happens when there exists a morphism v': B — B ® 4. ‘H such that (1p @40 H) 0y =vouip.
Then, by the commutativity of (4), the invertibility of the canonical map (1)

B:Hi @ao tH = Hio @4 H, T Rp0 Y — fol K4 T2Y,
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entails that the morphism

H
g: %L ®B LH — Wt” ®A sHv

from Proposition 2.1(%i) is an isomorphism (see also [2, Lemma 3.12]). In this setting, we
have the following remarkable result.

Proposition 3.1. Let H be a left Hopf algebroid such that ;H = sg1.H is A-flat. Let B be a
right H-comodule A°-subring of H via t for which (7) holds and such that B — H = H®pH

. . _H
is an equalizer. Then B = “#s7 H.

Proof. 1t follows from inspecting (3), where now ¢ is an isomorphism and the first row can
be completed to an equalizer diagram by adding B. O

In addition, we have the following counterpart.

Proposition 3.2. Let H be a left Hopf algebroid such that ;H = ag1-H is A-flat. Let 1
be a left ideal coideal in H for which H ® .. 7T H is still the equalizer of H @0 w1t @4 H
and H @0 (7 @4 H) o A. Then, (: H 40 oty s nOfH from Proposition 2.2(ii) is an
isomorphism. If, moreover, H OfH = H— H/I is a coequalizer, then I = H(CO%H)JF.

Proof. Under the additional hypotheses on I, the first conclusion follows from the commu-
tativity of (6), since now both lines are equalizers in the category of vector spaces and

both vertical maps are isomorphisms. In such a case, if H 0" = H = H /I is also a

coequalizer, then H/I = H/H(®TH)* because now both lines in (5) are coequalizers and
¢ is an isomorphism. O

Notice that if H, = Hig4. is A°-flat or if ©F 9 C H is left H-pure as an A°-linear map
(so that H ® 40 ©FU — H @40 H s still injective), then the first additional condition from
Proposition 3.2 is satisfied.

Theorem 3.3. Let H be a Hopf algebroid such that ;H = sg1-H is A-flat. Then ® and ¥
induce a bijection:

left idgal coideals I for which right H-comodule A°-subrings B
HO"H=H—>H/]isa . via t for which B - H =3 HQp H
coequalizer and ©f9 CH is T’ is an equalizer and B C H 1is
left and right H-pure left and right H-pure as
as A°-bimodule A°-bimodule and (7) holds
N co’fqy
HB* ' B

Proof. Let I be a left ideal coideal as in the statement. Since ¢;: ©FU 5 H s ‘H-pure
as a morphism of right A°-modules and since the following diagram, whose rows are now
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equalizers, commutes sequentially (one needs to use [8, Proposition 3.7])

o Tt @aH H
o " 2 e @i M
: (rr®aH) A I
o 2l l%@AV
o v TItRAHR a0H H
! Ht ®A° tH Ht ®A° tH T te ®A SHt ®A° tH

(1 @aAH) AQ a0 H I

we may conclude that 7(“#7-[) C “TH @4 H and so (7) is satisfied for ©7 7. Therefore,
and in view of Proposition 2.2(7), ¥ from left to right is well-defined.

Now, let B be a right H-comodule A°-subring as in the statement. By Proposition 3.1,
B = 757 and so, in view of Proposition 2.1(7), ® from right to left is well-defined.

To show that they are inverse bijections, observe that V& (B) = ©35FH = B by Propo-

sition 3.1 and ¥ (I) = "7'—[(°°#’;‘-1)Jr = [ by Proposition 3.2. O

4. THE HOPF ALGEBRA CASE

Let H be a Hopf algebra over the field k. Since H is, in particular, a Hopf algebroid
over k, we may apply the results from the previous sections to this case. As we are now
working over a field, any extension is left and right pure and moreover (7) is satisfied for
any coideal subalgebra of a Hopf algebra. Therefore, Theorem 3.3 rephrases as follows.

Theorem 4.1. Let H be a Hopf algebra over the field k. Then, the following is a bijection:

left ideal coideals right coideal subalgebras
in H for which v of H such that
HO"H=H-—H/I (s« | B—H=H®zH
s a coequalizer is an equalizer (8)
I “TH
HBT ' B

Theorem 4.1 extends a number of well-known cases from the literature:

(a) In the celebrated [10, Theorem 4.3], Takeuchi proved that the assignments ® and ¥
from (2) restrict to a bijective correspondence between normal Hopf ideals and sub-
Hopf algebras of a commutative Hopf algebra. By [10, Theorem 3.1], a commutative
Hopf algebra H is faithfully flat over any sub-Hopf algebra B and hence, in view of
[12, 13.1 Theorem|, B belongs to the right-hand side of (8). Moreover, in view of
[10, §4], any normal Hopf ideal I in a commutative Hopf algebra H is of the form
H BT for a certain sub-Hopf algebra B and hence, by Proposition 2.1(7), I belongs
to the left-hand side of (8).

(b) In [7], Newman showed that ® and ¥ induce a bijection between left ideal coideals
and sub-Hopf algebras of a cocommutative Hopf algebra H. Since [10, Theorem
3.1] also states that a cocommutative Hopf algebra H is faithfully flat over any
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sub-Hopf algebra B, as before we have that B belongs to the right-hand side of (8)
by [12, 13.1 Theorem], again. By [7, Corollary 3.4], any left ideal coideal I of a
cocommutative Hopf algebra H is of the form H B™ for a certain sub-Hopf algebra
B and so, by Proposition 2.1(%), I belongs to the left-hand side of (8).
In [11], Takeuchi proved that ® and ¥ restrict to bijective correspondences between:
(i) Right coideal subalgebras B C H of a commutative Hopf algebra H over which
H is faithfully flat and Hopf ideals I C H such that H is faithfully coflat as
left (equivalently, right) H/I-comodule. In this case as well, H faithfully flat
over B entails that B belongs to the right-hand side of (8). Analogously, H
faithfully coflat as left H/I-comodule entails that I belongs to the left-hand
side of (8). The last claim can be proved as one does for the faithfully flat one:
the diagram of vector spaces

H@exH IQH H

HOYHO'H—mer— gt —20%g~H
ceQHQH N |

is a split coequalizer and hence, by left faithful coflatness of H over H/I,
HO"H=H — H/I is a coequalizer, too.
(ii) Hopf subalgebras B C H of a cocommutative Hopf algebra H and left ideal
coideals I C H such that H is faithfully coflat as H/I-comodule. The situation
is the same as for point (i).
In [5, Theorem 1.3], Masuoka improved Newman’s result by showing that if the
coradical of a Hopf algebra H is cocommutative, then H is faithfully flat as a
module over any coideal subalgebra whose coradical is preserved by the antipode,
and H is faithfully coflat as a comodule over any quotient left module coalgebra.
Thus, one might deduce a 1 — 1 correspondence between right coideal subalgebras
K such that S(K;) = K, and left ideal coideals. By the usual trick of the split
(co)equalizer, faithful flatness guarantees that the coideal subalgebras considered
by Masuoka lie in the right-hand side set of (8) and faithful coflatness that the left
ideal coideals lie in the left-hand side one.
In [9, Theorem 1.4], Schneider takes advantage of [11] to show that ® and W restrict
to a bijective correspondence between normal Hopf subalgebras B C H of a Hopf
algebra H such that H is right faithfully flat over B and normal Hopf ideals I C H
such that H is right faithfully coflat over H/I. As above, faithful (co)flatness entails
that the normal Hopf subalgebras B belong to the right-hand side of (8) and the
normal Hopf ideals [ to its left-hand side.

Remark 4.2. Theorem 4.1 concretely extends the previous cases, as there exist coideal
subalgebras B C H of a (even commutative) Hopf algebra H which satisfy the condition of
Theorem 4.1 but over which H is not faithfully flat. For instance, C[X,Y] C O(SL,(C)),
where the inclusion corresponds to the projection on the first row (the details can be found
in the forthcoming Example 4.3).

At the same time, the additional conditions involving (co)equalizers in Theorem 3.3

and Theorem 4.1 are necessary conditions, as Proposition 2.1 and Proposition 2.2 show,
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and cannot be avoided. For example, the subbialgebra B := C[X] of the Hopf algebra
H = C[X*!'] of Laurent polynomials is strictly contained in the equalizer of H = H @3 H
(because all the powers X~ for z € Z are therein as well). In this case, in fact, Bt = B(X —1)
and so HB* = H(X —1) = Ht = HH™. See also [2, Example 3.18] for a Hopf algebroid
version of this example. A

Example 4.3. Consider B := C[X, Y] and
H = O(SLy(C)) =C[A, B,C,D]/(AD — BC — 1) = Cla,b,c,d | ad — be = 1].
The former becomes a right coideal subalgebra of the latter via

X—a

o: C[X,Y] — Cla,b,c,d | ad — be = 1], ,
Y =0

and with respect to

a b a b a b a b
A(c d>:<c d>®<c d) and  §(X V)= (X Y)®<c d)'
This is an example of a flat (see [6, 3.4. Theorem]) but not faithfully flat extension: if it was
faithfully flat, then the induced morphism CAlg. ((’)(SLQ((C)),(C) — CAlg. (C[X : Y],C)
would have been surjective, but the map
SLy(C) = CAlg.(O(SLy(C)),C) — CAlg(C[X,Y],C) =  C*
A —> eV y — €V, 00 —> (all’ a12)
cannot be surjective as (0,0) is not in the image.
Let us check it satisfies the condition of Theorem 4.1, that is, that B is the equalizer

of H =2 H ®p H. Since we are in the commutative setting, H ®p H is the pushout of
H DO B C H and so it is (isomorphic to) K = C[s,t,u,v,w, z | sv —tu = 1 = sz —tw] with

a+>s a+>s
b—t b—t
m: H— K, and N H— K, ,
cr—u cw
d—v d— z

corresponding to h — h ®p 1 and h — 1 ®p h, respectively. Now, a linear basis for H is
provided by the set
{aibjck,bmc”dl |4, 7, k,m,n>0,1> 1}

Take
r e f o P q o
h = \ijpa't’ c + Z Z Zumnlbmcndl eH such that h®pl=1®pzh.
i=0 j=0 k=0 m=0n=0 |=1
That is,

q o r e f P g o

r e f p
Z Z Z )\ijksitjuk + Z Z Z Uit ™ "0 = )\ijksitjwk + Z Z Z Pt ™ W™ 2

=0 j=0 k=0 m=0n=0 [=1 =0 j=0 k=0 m=0n=0 [=1
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in K. By Bergman’s Diamond Lemma (see [1]), the elements
{sitjuk,tmu"vl, stwk trw | k> 1,0 > 1} (9)
are linearly independent: in the terminology of [1], a reduction system
S={o=W,,f,)| K=Cl[s, t,u,v,w,z]/(W,— f, | c € 5)}

for which all the ambiguities are resolvable relative to the lexicographic ordering is given
by

{(sv,tu+ 1), (sz,tw + 1), (tuz, tvw + v — 2)}
and the words in (9) are irreducible monomials with respect to this reduction system.

Therefore,
Xijs =0 forall k >1 and fmm = 0 for all [ > 1

and so

i=0 j=0
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