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Cross diffusion governs an oscillatory instability
in a ternary mixture with the Soret effect
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In a ternary mixture with the Soret effect, the interplay between cross-diffusion, thermodiffusion, and
convection can lead to rich and complex dynamics including spatial patterns and oscillations. We
present an experimental and three-dimensional numerical study of dynamic regimes in the toluene-
methanol-cyclohexane ternary mixture with the Soret effect in the geometry of a thermogravitational
column. An important feature of the system is that for the first component, toluene, the Soret and
thermodiffusion coefficients have opposite signs, which triggers the oscillatory instability. Our experi-
ments and numerical analysis show that the primary long-wave instability manifests itself in the form of
a standing wave, and the secondary one emerges in the form of a swinging pattern. The computational
model provides insight into the role of cross-diffusion coefficient Di, in the emergence and
development of oscillatory instability. This study demonstrates that the long-wave oscillatory instability
in transverse direction occurs only within a limited range of the D;, values and outside of this range it
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1 Introduction

In ternary mixtures, there are three species that interact with
each other through cross-diffusion. Cross-diffusion refers to
the mutual transport of one species caused by the gradient of
another species. Thus, each species is transported not only by
its own concentration gradient but also by the gradient of the
other two species. The Soret effect (also thermodiffusion)
describes an establishment of a composition gradient in a
multicomponent fluid mixture subjected to a temperature
gradient. When thermodiffusion and convective flow are pre-
sent in a ternary system, the competition between cross-
diffusion, thermodiffusion and convection can be enhanced
resulting in oscillatory instability.

This cross-coupling effect of heat and mass transfer has
been successfully investigated in binary liquid mixtures. Binary
coefficients in the associated subsystems may provide a hint
about the sign and order of magnitude of Soret coefficients in
the ternary system, but not their values.”” Experiments with
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decays to a stationary pattern of either Turing-like or monotonic instability.

ternary mixtures are still rare as they impose significant diffi-
culties, related to the complexity of extracting the values of
coefficients from the measured quantities (e.g. optical proper-
ties of the media) and the stability requirements for motionless
state or specific convective flow in the experimental cell
volume.

Denoting the mass fraction of component i by w; (thus w; +
w, +w; = 1), we can write the diffusive fluxes of the independent
components (i = 1, 2) in a ternary mixture as

J = —p(D11Vw1 + DoVw, + D%IVT) (1)

Jo —p(D21Vw1 + D»Vw, + D%ZVT) (2)

where Dy, are the Fick diffusion coefficients and Df; are the
thermodiffusion coefficients. In the stationary state, the diffu-
sion fluxes vanish (j; = 0), and the concentration gradients are
proportional to the temperature gradient

Vw = —SH,VT, i=1,2, (3)

where the Soret coefficients (S7,) are determined as

2

ITi = Z (D_l)ik ’Tkv

k=1

3
Z SlTi =0, (4)
=1

(D™ Yi denotes an element of the inverse diffusion matrix.
Thus, six unknown quantities, four diffusion and two thermo-
diffusion coefficients, have to be determined in the course of
experiments. From the Soret experiment in a ternary mixture,
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only the Soret coefficients and eigenvalues of the diffusion
matrix can be determined; thus, the elements of the diffusion
matrix have to be measured separately.>* The values of the Fick
diffusion coefficients depend on the order of the components,
since for a ternary mixture the fluxes of two independent
components are written out explicitly, while the third compo-
nent serves as a reference component. In addition, they depend
on the reference frame. Here, the mass-fixed reference frame is
used, and the mixture components are numbered in descend-
ing order of density, i.e., the first component is the denser one.

The density gradients caused by temperature non-uniformity
may lead to hydrodynamic instability in mixtures.>® This may
significantly affect the quality of the Soret experiments. The
existing laboratory technique may provide reliable measure-
ments in ternary systems with positive Soret coefficients. The
opportunity of analyzing several ternary mixtures in convection-
free environment, on the ISS,” within the frame of the DCMIX
program served as a strong motivation for ground experiments,
associated numerical simulations and theory. An important
goal of the microgravity experiments was to establish a reliable
set of guaranteed convection free reference data for the validation
and calibration of present and future ground based measure-
ments. Accordingly, the same systems were studied in ground
experiments as in microgravity conditions: n-dodecane-iso-
butylbenzene-tetralin,®®  toluene-methanol-cyclohexane,'®*
water-ethanol-triethylene,">"® fullerene-tetralin-toluene,
and polystyrene-toluene-cyclohexane.

One of the first experiments with truly ternary mixtures were
conducted using thermogravitational column."”” Nowadays,
measurements of thermodiffusion coefficients in ternary mixtures
are carried out by the two approaches: thermogravitational
column'®'? and optical methods®*° or their combination.>" This
work centers on the investigation of the Soret separation in a
thermogravitational column (TGC) and its stability. The stability
of the Soret driven convection in a ternary mixture placed between
infinite vertical walls was examined with respect to long**?* and
finite"*> wavelength perturbations. The linear stability analysis
in these works showed that stability of the flow primarily depends
on the sign of the net separation ratio ¥>°

14,15

'1’:% +lﬁ27 wi: _(ﬁw[/ﬁT)Sll'iv (5)
_10p _109p
Bu, = p Ow; Towro Br pOT Tosz‘o.

Here B, and fr and are the solutal and thermal expansion
coefficients, respectively. If ¥ > 0, then the preferred instability
is the longitudinal mode, while for ¥ < 0, unstable transverse
modes prevail. This is true when ; of independent components
have the same signs, while either scenario may hold when they
take opposite signs.>*?*

Till now, the role of cross-diffusion, the phenomenon in
which a concentration gradient of one component induces a
flux of another component, has generally been not considered
in systems with the Soret effect. This is also due to the lack of
data on diffusion and especially thermodiffusion coefficients, since
the latter can only be measured in a stable system. This issue has
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been resolved by measuring thermodiffusion coefficients under
microgravity conditions in the several state points of toluene
(T)-methanol (M)-cyclohexane (Ch) mixture.'®'" The diffusion
coefficients for this mixture were measured by Grossmann &
Winkelmann®*® and supported by molecular dynamic
simulation.?® Based on these data, the first numerical study
of this mixture was devoted to revealing the flow patterns in
a gravitational field in the geometry of the Soret cell.*
The analysis revealed motionless, metastable, and convective
patterns depending on initial temperature of the system.

This work presents experimental, numerical and analytical
study of concentration and flow patterns and their stability
in toluene (T)-methanol (M)-cyclohexane (Ch) mixture in the
geometry of thermogravitational column. The mixture has a
demixing zone and large region with negative Soret coefficients,*'
see the Gibbs triangle in Fig. 1(a). The study focuses on the state
point #1 with composition 0.62 (T)-0.31 (M)-0.07 (Ch), called the
reference point, which was measured on the ISS. This reference
point has several intriguing thermodynamic properties: thermo-
diffusion (D%,) and Soret coefficients (S7,) have opposite signs;
furthermore, ¥/, is almost equal to —, indicating that the net
separation ratio is close to zero. The evolution of such a system
was considered in the geometry of the Soret cell with different
initial temperatures leading to several stationary patterns.”® The
pioneer results about the oscillatory instability were shortly pre-
sented in the letter.*> Here, we provide a deep insight into the
development and existence of oscillatory instability in a ternary
mixture placed in a thermogravitational column. We complement
our study with experiments in the vicinity of the point where the
oscillatory instability was found, determine the region where the
oscillatory instability exists and show the existence of other types
of instability.

2 Problem formulation
2.1 Liquid system under consideration

We consider a ternary mixture of toluene (T)-methanol
(M)-cyclohexane (Ch), Fig. 1(a). The components are numbered
according to the density decrease: toluene (component 1),
methanol (component 2) and cyclohexane (component 3). The
Soret vectors of the system are shown in binary subsystems on
the sides of the Gibbs triangle. The concept of the Soret vector
in a binary or ternary mixture is as follows:"' the coordinates of
the blue (red) part of the vector corresponding to the concen-
tration change due to temperature decrease (increase). The two
half-vectors, symmetrically located around the mean concen-
tration, do visually illustrate the relative strength of the Soret
effect and its sign. In the case of a positive (negative) Soret
effect, the blue side of the vector is directed towards an increase
(decrease) in the mass (molar) fraction of the component.
According to Fig. 1(a) the Tol-MeOH mixture exhibits the
strongest Soret effect in the region around an equal mass
fraction of the components.

The Soret coefficients in the state point #1, the reference point,
were measured on the ISS.™ The two state points (#2 and #4) close
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Fig. 1 (a) The Gibbs triangle with the points analyzed in this study and the
Soret vectors on the sides.! Point 1 is pivotal in this study. The black dots on
binary sides (Tol-Ch and MeOH-Ch) indicate the sign change of the Soret
coefficient, i.e., Stpin = 0. Blue side of the Soret vector is aimed at increasing
the heavier component content in the corresponding binary mixture Tol-Ch
(bottom), Tol-Ch (left side) and MeOH-Ch (right side). (b and ¢) The isolines
maps of cross-diffusion coefficients for D1, and D,;. The units on the sides of
the Gibbs triangles are expressed in mass fractions. The units on the color bars
are D;/107° m? s™%,

This journal is © the Owner Societies 2023

View Article Online

Paper

to the binary boundary are chosen so that one of them should
have a large Soret effect and the other almost no effect. The choice
of point #4 is associated with a clear difference in the cross-
diffusion coefficient D;,. The physical properties of the mixtures
under consideration are given in Table 1. The data for the point #1
correspond to their values reported by Mialdun et al'" The
properties of other state points were measured in the course of
this work. The diffusion and thermodiffusion coefficients are
listed in Table 2. The original diffusion coefficients®”*® were
recalculated to the mass-fixed reference frame and taking into
account the different order of components.*® Here we would like
to draw the attention to the value of cross-diffusion D;,, which is
almost three times larger than the main element D,,. Maps of the
cross-diffusion coefficients on the Gibbs triangle are given in
Fig. 1(b) and (c), which illustrate that D,, is large in the region
under consideration, and its value varies between the selected
state points. The other cross-diffusion coefficient, D,,, exhibits a
nearly uniform distribution being small and negative in this
region.

The processing of the ISS experiments reveals that the
reference point, #1 in Fig. 1(a), is very close to the stability
boundary, since the net separation ratio is close to zero,
Y = —6 x 107% and even depending on the processing
methodology it can be slightly positive or negative."* An intri-
guing point of the considered mixture is the sign of the Df; in
Table 2, which was calculated from the measured diffusion and
Soret coefficients. The sign of thermodiffusion coefficient D7, is
negative, while the sign of S, is positive. The relationship
between D'; and S%; is the following

Dy = St D1t + Sty Do, (6)

Diy = ST Dot + Sty Do )

The main diffusion coefficients D;; are positive,** and the sign
change between S, and D7, is due to the second term on right-
hand side in eqn (6). Here, the value of cross-diffusion Dj,
approaches D;;, while }S’T2| > 2|S’T1| and they have opposite
signs. Thus, there are two reasons for the sign change: the large
cross-diffusion and the opposite signs of the first and second
terms. To the best of our knowledge, there is no other mixture
when St and D/, have different signs. In a binary system, the
signs of the Soret and thermodiffusion coefficients coincide.

2.2 Experimental

Most measurements of thermodiffusion and Soret coefficients
in ternary mixtures are carried out by optical detection of the
change in refractive index using two light sources. In laboratory
experiments, a thermogravitational microcolumn with a con-
tactless optical detection system operating on the principle
of Mach-Zehnder interferometer was used. The sketch of the
set-up is shown in Fig. 2. The liquid is placed in narrow slot
between two plates with different temperatures. The imposed
horizontal temperature gradient induces horizontal gradients
of composition due to the Soret effect. It also results in convec-
tive flow driven by buoyancy force. The horizontal separation of
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Table 1 Physical properties of the toluene (1)-methanol (2)-cyclohexane (3) mixture with composition in mass fractions w; [kg kg™] at Tp = 298.15 K:
density p, thermal it = —po " *0p/dT and solutal fc = —po~*0p/dC expansion coefficients, dynamic u and kinematic v viscosity, thermal conductivity k and

diffusivity z, the Prandtl number Pr = v/y. All data are measured in this work

Point w; w, w; pkgm™®) B/107° (KY) By B

w107 (Pas) v/10°°(m*s™) k10" Wm 'K 510 ® (m®>s™") Pr

#1 0.62 0.31 0.07 830.03 1.158 —0.140 —0.048 0.560 0.675 1.466 7.52 8.91
#2 0.60 0.35 0.05 829.55 1.159 —0.137 —0.047 0.562 0.678 1.495 7.59
#3 0.65 0.15 0.2 828.26 1.16 —0.128 —0.029 0.545 0.658 1.343 7.29
#4 0.75 0.22 0.03 841.56 1.131 —0.137 —0.043 0.553 0.657 1.427 7.45

Table 2 The mass diffusion coefficients D;/107° m? s, the Soret coefficients S7;/107> K™%, the thermodiffusion coefficients D4,/10~3 m? s~! K1,
separation ratios y;, and the net separation ratio ¥ of the toluene (0.62)—methanol (0.31)-cyclohexane (0.07) mixture (in mass fractions)

D11 D12 D21 D22 S'/["[ Sf["z DZ["[ Dl]‘z lﬁl lﬁZ lII
2.244 1.337 —0.226 0.551 0.387 —1.145 —6.6244 —7.1836 0.0467 —0.0473 —0.0006
equations:
81’11 (9111
An, ow;  Owp Aw, ©)
= 9
Any Ony  Ony Aw,
ow;  Ows

k.

Fig. 2 Drawing of the TG-microcolumn (on the right) and its sketch in the
direction of temperature gradient (left).

components in combination with the vertical convective cur-
rent leads to an enhanced separation between the top and
bottom ends.

The refractive index of the mixture n(T,C) changes with
temperature and concentration variation. The refractive index
variation (An) between two points at different heights is mea-
sured with an interferometer using two lasers with different
wavelength 4; = 633 nm and 4, = 473 nm. The interferogram
processing obtained with the Mach-Zehnder interferometer
gives the change in the optical phase A¢ between two
points.>* Then, the change in the refractive index is determined
from the optical phase variation

‘i pg (8)

An; = n(x,z) —ny = L

where 4; is the wavelength and L, is the thickness of the liquid
in the direction of the optical pathway. These variations in the
measured refractive indices allow the variation in concen-
trations to be determined through solving a system of linear

Phys. Chem. Chem. Phys.

The optical contrast factors (0n;/0w;) should be measured in
advance.>*?*® The contrast factor matrix inversion can be pro-
blematic as it is often ill-conditioned.>***?” This can lead to
amplification of the error after the conversion from the refrac-
tive index to the concentration space. The thermodiffusion
coefficient, D, is determined from the known variations of
compositions in mass fraction:

L gpPr Aw;
/oo =X T i
T 504 u Az (10)

here Az is the distance between points, at which optical phase
is measured; other quantities are defined in Table 1. The detail
description of the column and processing of the results could
be found in previous works.?*® For reliable measurements of
thermodiffusion coefficients, the total density gradient, which
results from the concentration gradients of independent mix-
ture components, must be gravitationally stable.> In addition,
the convective flow in the vertical direction of the column must
be stationary and stable. This flow should turn around only
near the top and bottom walls, so it can be characterized as
one-vortex flow.

2.3 Governing equations

Computer simulations were first run for state points #1 and #2
and then extended to the region of compositions beyond the
experimental points using assumptions based on the Soret vector."
Mathematical model considers that walls are impermeable, the
fluid is incompressible and the flow is Newtonian. The geo-
metry closely corresponds to the laboratory setup, see Fig. 3.
The horizontal temperature gradient induces horizontal gradi-
ents of composition due to the Soret effect and also results in
convective flow driven by buoyancy force. We solve numerically
three-dimensional time-dependent Navier-Stokes and mass
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Fig. 3 The TGC geometry and coordinate system used in numerical
simulations. The inner cavity has a height of L, = 30 mm, a gap width of
Ly = 0.51 mm, and a depth of L, = 3 mm. Point "P” has coordinates
{x =0.255 mm, y = 25 mm, z = 24 mm}.

transfer equations in Boussinesq approximation.?®3°
v o L 1 .
—+ V- -VV =—Vp+vAV + gp* (11)
ot Po
divV =0, (12)
oT -
9L | V.VT = AT, (13)
ot
6W1 — /
W + V- Vw; = D1jAwy + D1 Awy + DTIAT7 (14)
aWz = 5 /
i + V- Vwy = DyAw; + DpAwy + D, AT. (15)

Here V is the velocity; T is the temperature; p is the difference
between total and hydrodynamic pressure; v is the kinematic
viscosity, y is the thermal diffusivity, D; are the diffusion
coefficients, and D/ are the thermodiffusion coefficients.

We assume that the density is a linear function of temperature

and composition:

p* = po[1 — Pr(T — To) — Puwi(wi — wig) — Pun(ws — wag)].

The problem should be completed with the boundary and
initial conditions. On the column walls, we impose the no-
slip boundary condition and the absence of diffusive fluxes
(Ji=]=0)

V=0, (16)

(D”le + D1nVwy + D%IVT) = 0, (17)
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(D21VW1 + D»Vw, + D%ZVT) -1 =0. (18)

The lateral vertical walls are kept at different constant tempera-
tures (7° ~ 298 K

x=0: T=Ty— AT/2, x=L: T=T,+AT/2, (19)

where AT is the applied temperature difference. The other four
walls are assumed adiabatic

VT = 0. (20)
The initial conditions at ¢t = 0 are as follows

‘7: O, T= TO) W1 = Wig, Wz = Wpp. (21)

2.4 Numerical approach

The open-source solver OpenFOAM was used for solving gov-
erning eqn (11)-(15). The problem was solved using dimen-
sional variables (x, y, z). The convective terms used a second
order discretization and the time integration was carried out
using a second order implicit Crank-Nicholson scheme with an
off-centering coefficient equal to 0.9 to stabilise. The momen-
tum and continuity equations were solved using the PIMPLE
algorithm and the temperature and concentration equations
were solved for each PIMPLE outer iteration securing the
convergence. Neumann boundary conditions were implemen-
ted with the help of the GroovyBC package. Numerical solutions
used in all cases the bi-conjugate gradient method precondi-
tioned by incomplete Cholesky factorization or by the Diagonal-
based Incomplete LU method.

3 Results. Experimental observations
3.1 Reference point

Let us recall the uniqueness of state point #1. The Soret S, and
thermodiffusion D/, coefficients of toluene have opposite signs
and D,, is large. The separation ratios y; of independent
components are almost equal and have opposite signs leading
to a value of the net separation ratio ¥ = —0.0006 close to zero.

The laboratory experiments revealed an oscillatory regime,
which is demonstrated in Fig. 4 in terms of optical phase for
the two selected experiments repeated with a large difference in
time. It is important to note that our experiments in TGC for
the first time have shown evidence of an oscillatory regime in
the Soret experiments in ternary mixture. Previous experi-
mental studies displaying the oscillatory instability dealt with
binary mixtures in the geometry of the Soret cell.*’ So far, the
available theoretical predictions in TGC**** have not been
confirmed either by experiments or by 3D non-linear modelling.
Our experiments present the first confirmation of the theoretical
prediction that an oscillatory instability occurs in mixture where
Y1 and ¥, have different signs. The oscillation period IT recorded
in the experiments is about 4000 s.
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Fig. 4 The optical phase evolution illustrating the oscillatory regime at
point #1. The curves correspond to experiments carried out with a time
difference of several months using laser with 2 = 473 mm and AT = 8 K.

3.2 Neighboring points

To explore further the instability and the region of its existence,
experiments were carried out in the neighboring state points.
The experiments in the two nearest points #2 and #4 lead to
different but in some way expected result. Fig. 5 illustrates that
the time evolution of the optical phase at these points, A, is
completely different. The random oscillations around zero at
point #4 could be associated with noise, suggesting the absence
of the Soret effect. Indeed, one can see in Fig. 1(a) that point #4
is very close to the region where binary subsystem exhibits a
sign change (marked with the black dot) and the Soret coeffi-
cient passes through zero. In addition, a decrease in the length
of the Soret vector asserts a decrease of the Soret separation.
From these observations we can conclude that the Soret separa-
tion at the state point #4 is negligible.

In contrast, the Soret separation at point #2 (the blue
symbols) is quite strong and stable. This is also expected since
the state point is closer to the binary subsystem with a strongly
positive Soret separation and, in addition, pioneering experiment
in the geometry of the Soret cell® predicted hydrodynamic
stability in this region. On the quantitative side, Ap ~ 9 rad,
and this allows to determine the thermodiffusion coefficients D7,.

2
]
G ot 7
-2
T e Point #2
S & » Point #4
4 .
-8 , ’o e ® .'
) ™ "‘ 4 o'b’
-10 d’“’x’ ‘. .
-12
0 200 400 600 800 1000

Time, min

Fig. 5 The evolution of optical phase A¢ at points #2 (blue symbols) and
#4 (red symbols) at 1 = 473 nm. Experiments were conducted at AT = 8 K.
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Fig. 6 Typical concentration patterns observed at the experiments at
points #2, #3 and #4 at A = 473 nm and AT = 8 K shown via isolines of
Ag. The units on the color bars are Ag in radians.

Further insight into the system behavior can be gained from
the concentration patterns in Fig. 6 shown through the optical
phase. We do not specify the time moments for these patterns,
since they are typical over the entire duration of the Soret
experiment. At point #2, the linear phase distribution in height
indicates a steady convective flow in the TGC and corresponds
to a stable density profile and, consequently, to the steady
concentration profile. The knowledge of vertical concentration
gradients allows one can determine the thermodiffusion
coefficients, see eqn (10).

The pattern at point #3 also illustrates stationary convective
flow. However, the A¢ profile develops in a horizontal rather
than a vertical direction. Consistently, there is no stable density
profile in the vertical direction and the system maintains such
a pattern, presumably due to convection in the transversal
direction. From these results we may suggest that this is a kind
of monotonic instability. At point #4, the pattern reveals some
random motion of a very low intensity in accordance with the
Ag evolution in Fig. 5.

The above analysis has shown that state point #2 is the only
point, for which the thermodiffusion coefficient can be
retrieved. An obstacle to the accurate determination of DY, is
the poor conditioning of the matrix of optical contrast factors,*®
see eqn (9). We have conducted the Soret experiment at state
point #2 using two different instruments: microcolumn, see
Section 2.2, and the conventional TGC of the height L,
500 mm with the inner cross-section 1 mm x 50 mm.'® The
optical approach used in microcolumn exhibits a problem due
to a relatively large condition number,*® which is about #" ~ 80.
A high condition number indicates that a small change in
the input (An;) can lead to a large change in the output (Aw;).
Thus, it can increase the uncertainty in the measurement,
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Fig. 7 Thermodiffusion coefficients measured at point #2 using the two
TGCs: micro-column with Mach—Zehnder interferometer (uTGC) and the
short TGC (TGC) of a height 500 mm. The blue shade shows the distri-
bution area of the coefficients measured in n”TGC which have a large
elongated error bar due to the large condition number. 7; = 473 nm and
A = 633 nm, AT = 8 K.

resulting in a large error bar and can complicate the determi-
nation of the true measurement value. The thermodiffusion
coefficients obtained in the different TGC instruments are:

(WTGC) Dy, =181 x 107" and

=184 x 107" m? s7' K™,

(STGC) Dy =793x10"" and

fy = —=595x 1078 m? s K1

From the first look, the results shown in Fig. 7 reveal the
considerable difference between measurements. Here one
should be aware of the asymmetric nature of error propagation
in the Soret experiment.'™*” The error bar forms a very elon-
gated ellipsoid instead of an isotropic cloud around solution
point [Df, D},], and practically degenerates into a line. This
elongated ellipsoid is illustrated in Fig. 7 by the blue shading.
The second solution (shown by the square) obtained in the
conventional TGC experiment, lies within the error bar of the
experiment with optical probing. This solution has a lower
error bar because the associated condition number composed
by the refractive index and density variations, is smaller.
We will not further discuss the uncertainty of the results
obtained, since our main goal is to understand the nature of
oscillatory instability. Since the two solutions reveal different
signs of D', the validity of each of them can be verified in the
future non-linear simulations aimed at studying the limitations
of the scattering region. The output, which will be utilized here,
is that the experiments at the considered four state points
evidence different types of convective behavior.

4 Numerical results

Numerical simulation was carried out using the mixture
physical properties at the reference point #1, and in the case
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of a parametric study, only the cross-diffusion coefficient D;,
was varied.

4.1 Instability in the reference point

Time-dependent non-linear simulations revealed oscillatory
behavior of the mixture. The instability leads to the develop-
ment of a time-periodic three-dimensional flow F, which can be
represented at leading order as

F ~ Fy + F*,

where Fy is the undisturbed stationary flow and F* is its
oscillatory part. Here, F can be any representative quantity,
(V,p,T,w,). The stationary part, Fy, called the basic state in linear
stability analysis, has an analytical solution for an infinite two-
dimensional vertical slot mimicking TGC.*® The solution can
be written in the form (I = L,/2)

Vst = V(x), Tse = T(x), (22)

OW,',St 504VD£1-1
Wist = wi(x, z), =—

82 gﬁTLx4 '

Vo=V, =0,

(23)

In the experiments, the last term in eqn (23) is used for the
determination of D/, from the measured concentration gradi-
ents 0w, «/0z.

At the reference point, the basic state solution for w; is
unstable, since both thermodiffusion coefficients D, are
negative. It means that Ow; ,/0z > 0 for toluene and methanol,
which are the heaviest components of the mixture. This also
means that an unstable density stratification develops over time.

To trace further the oscillatory behaviour of the mixture, the
numerical results will be presented at the point P shown in
Fig. 3. This point is quite high and sensitive to the accumula-
tion of heavier components and the onset of instability. But still
it is below the area where the convective flow at the top begins
to turn around. The time evolution of the oscillatory parts of the
concentrations fields w} are shown in Fig. 8(a) at this point, and
it makes clear that the waveforms for toluene and methanol are
very different. At a very early stage (¢ < 600 s), the black curve is
slightly negative, which means that the toluene drifts down-
wards, as the Soret coefficient St is positive. Since the large
cross-diffusion coefficient changes D/, in a non-trivial way,
contrary to the Soret sign, toluene begins to be transported
upward and attains the steady state, which persists up to
t ~ 1700 s. Then the instability sets in. It takes some time for
the system to reach sustained periodic behaviour. On average, the
mass flux of methanol is much greater than that of toluene,
suggesting its dominant role.

In a TGC, the mass fluxes can be considered separately
in horizontal and vertical directions.”" The mass flux in the
vertical direction is formed by the joint action of Soret separation,
diffusion and convection. The bottom panel in Fig. 8 illustrates
the vertical mass fluxes J; and J,, which were initially close to zero,
but over time the heavier components accumulated at the top and
methanol (red curve) became the first to lose stability. The vertical
fluxes J; develop in different manner and over the time the toluene
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Fig. 8 The oscillation amplitude around a basic state for (a) components
and (b) the vertical net mass fluxes of toluene (wjy, black, green and blue)
and methanol (w,, red) at the point P. The primary instability appears as a
standing wave. The blue color on curves for wy, J; highlights the regions
with the occurrence of swinging instability. The green color on the curves
illustrates the diffusion phase of a standing wave. The crosses indicate the
time moments when the swinging instability is triggered, the distance
between them is a half-period.

flux becomes opposite to the methanol flux, and this triggers
oscillatory instability.

We hypothesize that a large cross-diffusion is responsible
for the occurrence of oscillations. Just for explanation, let us
assume for the moment that cross-diffusion is absent. Then,
the thermodiffusion coefficients of both components will have
the same signs and both mass fluxes will be co-directed.
However, once the cross diffusion is introduced into the
system, the Soret coefficient of toluene becomes positive, even
though both thermodiffusion coefficients are negative. This
means that the concentration gradient of one component can
affect the mass flux of the other component, leading to the
establishment of mass fluxes with opposite signs. This may
lead to the occurrence of oscillatory behavior in the system,
depending on the other parameters and conditions. This
peculiar behaviour could only happen for high values of Dj,,
which is the case in this mixture.

Cross-diffusion plays an important role in determining the
oscillation period. In the studied D,, range, two different slopes
of the oscillation period II(D;,) are clearly distinguished, as
shown in Fig. 9 by two solid black curves. Starting from their
intersection at Dj, (indicated by the yellow line) and moving
towards a smaller cross-diffusion (D, < Dj,), the oscillation
period increases rapidly with a linear and steep slope. When
moving towards larger cross-diffusion (D, > D7,), the oscillation
period decreases with a much smaller and smoother slope. At this
particular value of D}, = 1.4 x 107 m? s~!, the net separation
ratio ¥ is equal to zero, although the 1nd1v1dual ; are non zero.
Thus, a branch with a large growth rate corresponds to a negative
¥, and a branch with a small growth rate corresponds to a
positive V. Note, that the examined range of D;, corresponds to
the small values of the net separation ratio, —0.015 < ¥ < 0.05.

The oscillation period at the reference point determined in
simulations is IT ~ 2740 s. This II value is lower than the
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Fig. 9 Connection between oscillation period II (the red curve) and the
characteristic diffusion times 7. as D;, changes. The black solid curves
clearly highlight two different slope on the dependence II(Di;). The
crosses indicate points at which calculations have been conducted. The
yellow line illustrates the crossing point, D}, where the net separation ratio
¥ = 0. The red dashed curve is guideline that connects all the data for
oscillation period.

experimental one, which is about 4000 s. The discrepancy can
be explained by the strong dependence of the oscillation period
on the cross-diffusion coefficients, as seen in Fig. 9. This can be
partly explained by the argument that the cross-diffusion
coefficients are measured with a large uncertainty, which can
easily reach 10-20%.%”*%%2%3 Nowadays, the Taylor dispersion
technique is commonly used to measure the diffusion coefficients
in a ternary mixture, and it includes four fitting parameters to
retrieve coefficients. For the main diffusion coefficients, there is
an initial guess from quasi-binary approach. Thus, the uncertain-
ties in the fitted values of main diffusion coefficients are smaller
in comparison with those related to the cross-diffusion coeffi-
cients. Furthermore, fitting for cross-diffusion can be proble-
matic, because they can change sign or be close to zero, and the
initial guess may be far away from the real value and trust region.

4.2 Transverse or longitudinal mode of instability

As already mentioned in the introduction, the linear stability
analysis (LSA) in an infinite vertical slot mimicking a TGC
indicated*>** that in the case when the separations ratios have
opposite signs, an instability can emerge in the form either
transversal or longitudinal modes. Furthermore, Zebib** sug-
gested that transversal mode can be more dangerous, leaving in
doubt whether it is monotonic or oscillatory. In the LSA, the
instability in longitudinal and transversal directions are con-
sidered separately. In the experiments or in non-linear simula-
tions the modes of an oscillatory state cannot be separated as in
LSA and involve complex interactions between different modes
and non-linear effects.

In order to understand the instability mode, let us analyze
the characteristic times of the system. There are several times:
the viscous t,is = L*/v, the thermal 1y, = L*/y and two diffusion
times tqi¢ = L*/D.. (t, and 7_), where

. 1
D, = E(DH + Dy + \/(Dn - 022)2+4D12D21) (24)
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are the eigenvalues of the diffusion matrix. The characteristic
length L can be considered in (x, y, z) directions. Viscous time
in all directions and thermal times in (x, y) directions are much
smaller than the oscillation period. The diffusion times in the
x direction are about 30 s and 90 s and do not match with the
characteristic time of oscillations. For y direction, the times are
T_ = 2990 s and 7, = 1100 s, which are consistent with the
oscillation period and its fastest phases. Based on the analysis
of characteristic times, it can be concluded that the instability
primarily develops in the yz-direction with a transversal mode.

Fig. 9 also presents the dependence of the diffusion times
on Dy, illustrating correlation of the oscillation period with
the diffusion times. It shows that 7_ and 7, get closer as D;,
increases.

4.3 Primary and secondary instabilities

In order to investigate the patterns formation associated with
the oscillatory instability, the deviations of the fields from the
steady state are analysed. We consider the development of
perturbations in yz-plane, where they are most crucial. Usually
different types of instability exist in separate domains of para-
meters. For considered particular mixture with strong cross-
diffusion D,, leading to opposite signs of St, and Dp,, the
different types of instabilities are present at the same space of
parameters, but they are differently excited. We found out that
primary instability emerges as a standing wave and the secondary
one occurs at some moments of time in the form of a swing. The
feature of a standing wave is the change of rich/poor areas of
analysed quantity every half of a period.

We will start the discussion of system nonlinear dynamics
with the behaviour of wj, since it has the largest oscillation
amplitude and exhibits an instability in the form of a clear
standing wave. The snapshots of the concentration field over
half-period of oscillations (+ one snapshot for the reference) are
given in Fig. 10 (central panel). At the first snapshot, a metha-
nol poor (rich) region is on the left (right) side of the pattern.
The subsequent six snapshots illustrate a fast exchange of poor
and rich regions of wj. This suggests that in the y direction, the
behaviour of methanol has a strong tendency to instability in
the form of a standing wave. After the formation of a region
with a low wj; mass fraction on the right that takes about ~500 s,
the alignment of isolines and their intensity develop slowly in
time; we call this time interval as the diffusion phase. During the
exchange between poor/rich regions of methanol, the w; concen-
tration field becomes uniform displaying very small deviation
from the basic state, see the second snapshot. Such points in time
are marked by crosses in Fig. 8.

Turning next to instability in toluene, w], we draw the
attention to the time moments, when the w3 concentration is
nearly uniform, ie., 2nd and 16th snapshots, which also
delimits a half of a period. At these moments, the horizontal
and vertical mass fluxes of methanol tend to zero; toluene takes
the lead and begins swinging (pendulum) motion, which is
quite fast, 15w ~ 500 s, see the large arrow in Fig. 10 (upper
panel). Overall picture shows that the swinging also leads to an
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exchange of poor/rich regions of toluene and, in the origin, the
instability has a form of a standing wave. Interestingly, the w]
swinging and the exchange between rich/poor regions of w}
occurs simultaneously, but in opposite phase. This active phase
is characterized by a strong bursts in the mass fluxes, see the
blue part of curves in Fig. 8. At the end of active phase, the
components are concentrated on opposite sides of yz-plane.
Next, the pattern evolution slows down, and during the follow-
ing so-called diffusion phase, the vertical alignment of the
concentration isolines occurs. It is worth noting that the effect
of swinging on the concentration pattern is rather strong, and
the wj level lines during the diffusion phase remain slightly
inclined, while the wj isolines are straight. During the diffusion
phase, the vertical mass fluxes J; and J, are small and oppo-
sitely directed and, J; is even close to zero, see Fig. 8, where the
diffusion phase is shown in green on curve for wj. Another
observation is that the scenario of instability development in
the first and the second half-periods is somewhat different,
since the swinging begins from different distributions of the
concentration fields. The swinging occurs two times per period
and, thus, we conclude that its duration, 7, is associated with
a shorter diffusion time scale, 7, &~ 27gy.

Fig. 10 also shows the isolines of stream function in yz-plane
(x slightly shifted from L,/2), which, mostly, represents one
elongated vortex. The strongest convective flow is observed at
the time of swinging. In the diffusion phase, the intensity of
convection slows down until the vortex begins to divide into
four weak vortices. At this moment, the strength of flow in
the transverse direction is the smallest while the oscillation
amplitude ‘wﬂ approaches its maximum value and serves as
the precursor of the upcoming swinging. Further, one elon-
gated vortex is formed again, but with the opposite direction of
circulation.

4.4 Impact of D;, on oscillatory pattern

We hypothesize that the mismatch in signs between S, and
D', due to large D;, is responsible for a pendulum motion of w,
pattern, and, in addition, this is the motor of the entire
oscillatory instability.

To demonstrate this, we performed a series of calculations
over a wide range of the D,;, keeping all other values
unchanged, as in Tables 1 and 2. Fig. 9 illustrates that the
decrease in D,, leads to a longer oscillation period, which is
accompanied by a stronger discrepancy in the diffusion times.
As D;, decreases by ~10% from the reference point, the
oscillation period increases by ~35%, from II(ref) = 2740 s
up to IT = 3770 s when Dy, = 1.2 x 107 ° m” s~ . To illustrate
reorganisation of the oscillatory patterns with change in cross-
diffusion, Fig. 11 presents w; and w, oscillating around the
initial state for the reference point (panel b), as well as for
smaller (a) and larger values (c) of D;,. The graph for the
reference point (panel b) differs from Fig. 8(a) by the fact that
fluctuations are shown here around the initial state, and in the
latter case around the basic state. The comparison between
panels presents an evidence that the diffusion phase during the
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Fig. 10 The evolution of perturbation patterns showing the deviation from the basic state solution for toluene (top), methanol (center) and flow
streamlines (bottom) over the half of a period. The concentrations fields for wy and w, evidence development of a standing wave as a primary instability,
which is confirmed by the exchange of rich/poor areas of component mass fraction every half of a period. The large arrow in upper panel illustrates the
swinging instability on the basis of standing wave. The snapshots 1-16 correspond to the time moments t (s) = 4200, 4350, 4450, 4550, 4650, 4750,
4850, 4950, 5050, 5150, 5250, 5350, 5450, 5550, 5650, 5720.

oscillation period (the green parts of the curves) decreases For example, the duration of the diffusion phase decreases
significantly with increasing D;,. from 1370 s to 240 s when Dy, changes from 1.2 x 10 ° m*s™*
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Fig. 11 Reorganization of the oscillatory instability with enhancement of
cross-diffusion Di; (from top to bottom). The green and blue colors on the
toluene (wy) curves outline swinging and diffusion phases of SW, and for
simplicity, methanol (w,) is shown by uniform red. The oscillations are
shown around an initial state at the point P at different Dy, (a) D1p = 1.2 %
1072 m?s7, (b) Dy, = 1.34 x 107° m? s~ and (c) Dyp = 21 x 1072 m? 5%,

to 2.1 x 10~° m? s . The drops in the duration of diffusion
phase occur much faster at Dy, < Dj,, in accordance with
Fig. 9. The swinging time (blue intervals) remains almost
unchanged. Thus, an increase in D;, reduces the oscillation
period due to shrinking of the diffusion phase while preserving
the oscillatory swinging motion.

One of the distinct signatures of a standing wave is a node in
the middle of pattern that always has zero amplitude. This
feature can be observed on the space-time maps in Fig. 12.
Indeed, all the maps presenting the oscillation amplitudes (w;
— wjo) around the initial state at three distinct values of D, (the
same as in Fig. 11) exhibit such a node at mid-depth, y ~ L,/2.
Around the node, there is an exchange of rich and poor regions
of mixture components. Another distinct sign of a standing
wave is that a wave oscillates in time, but its peak amplitude
profile does not move in space, this is clearly seen in all the
panels.

The topology of all the space-time maps in the y direction in
Fig. 12 confirms the presence of a standing wave, but also
highlights the various modes of instability inherent to w; and
w,. The behavior of methanol illustrates a strong tendency to
instability in the form of a standing wave, while this feature is
less pronounced in the dynamics of toluene. For example,
panels (b), (d) and (f) show that the alternation of hot and cold
spots in methanol is almost uniform in time. Entirely, in the
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Fig. 12 Space-time maps presenting the amplitude of oscillation (w; —
w; o) of toluene and methanol at y = 2.5 mm plane for different values of
cross-diffusion: (a) and (b) Di» = 1.2 x 107> m?s™%, (c) and (d) Dy, = 1.34 x
1072 m? st and (e) and (f) D1» = 2.1 x 107° m? s~. The maps illustrate the
presence of a standing wave for both components, but more pronounced
for w,. The plots are built slightly outside the column center x = 0.255 mm
and at z = 24 mm. Black dashed lines correspond to the point, where the
oscillations are shown in Fig. 11.

case of toluene, we observe an alternation of hot and cold
regions, but the blue bands attributed to the secondary swing-
ing instability, which are very thin, highlight the rapid changes.
Even though the swinging occurs twice per period, at a small
cross-diffusion, i.e., D1, = 1.2 x 10~° m* s (panel a), only one
of the bands is visible, since the amplitude of another one is
small. At large D;, (see panel e), two blue bands are clearly
visible, since the amplitude of both swings is similar.
An undeniable positive sign of the space-time maps is that
their comparison (from top to bottom) clearly shows that the
oscillation frequency depends drastically on Dy,.

Another benefit of such maps is that they provide informa-
tion about the wavelength / of perturbations. In the y direction
/ is twice the net depth, i.e. 4 ~ 2Ly, for all considered Dy, so it
suggests that we are dealing with long-wavelength instability.

4.5 Mechanism of instability

The effect of cross-diffusion in the presence of thermodiffu-
sion can modify the spatiotemporal patterns obtained under
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different parametric conditions. Our study evidenced that
oscillatory instability occurs only within a limited range of
D,, values.

It is of interest to compare more carefully the waveform of
oscillations at different D,, that are shown in the insets in
Fig. 13 superimposed on the curve for the oscillation period.
The depth of the peaks on the negative side (highlighted by the
red arrows) quantifies the depletion of the heavier component
(toluene) in the upper part of the column, i.e., at point P. The
general trend is that as D,, decreases, this peak shifts upwards,
and as Dj, increases, it drops. Note that the distance between
the peaks roughly corresponds to the duration of the diffusion
phase. Careful comparison of the first two insets clearly shows
that the diffusion phase at a smaller D, is much longer than at
the reference point (the second inset). Another observation is
that the change in (w; — wy,) during this phase tends to zero.
The second component, highly enriched in the upper part
during the diffusion phase, maintains the mass fraction almost
constant, see Fig. 14. The elongated diffusion phase with
passive behavior of both components leads to satiation when
convection dominates diffusion and, starting from D;, = 1.1 X
107° m” s7', the restoring force of w; cannot trigger new
swings. The oscillations decay and the flow becomes stationary
albeit with the density distribution in the form of stripes in yz-
plane (see the patterns on the left in Fig. 14), which is main-
tained by the three-dimensional convective flow.

Fig. 14 summarizes, in terms of oscillation period and a
compositional pattern, the different ways how a ternary mixture
with the Soret effect responds to a change in D, cross-diffusion
coefficient. It is noteworthy that the swinging instability is
triggered by the sign difference of the Soret and thermodiffu-
sion in ternary mixtures. Hence, minor local changes around
the mixture composition completely modify the global stability.
As D;, decreases, the difference between the Soret and
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thermodiffusion signs still persists, but the purely diffusive
flux of the first component (D;;VC; + D;,VC,) decreases.
Regardless of the cross-diffusion, Dy is four times greater than
D,, and thermodiffusion in the presence of convection can lead
to the emergence of Turing-type instability with stationary
patterns. A Turing instability occurs when the diffusion rates
of two or more interacting species are different. The mecha-
nism behind Turing instability is based on the interactions
between two or more diffusing substances that react with each
other in a nonlinear fashion. The transport of these species is
also influenced by convection. It can lead to the formation of
intricate spatial patterns such as stripes, spots, or spirals.

In the system under consideration, such a spatial pattern
takes the form of stripes as shown on the left side of Fig. 14.
Recently, Ghosh** reported about a notable effect of thermo-
diffusion on the pattern selection in the Turing instability.
Among others, the patterns in the form of striped heterogeneity
were observed. In our experiments, this type of pattern was
observed in state point #3, where cross-diffusion is smaller, see
Fig. 1. The agreement between the experiment and computer
simulations is remarkable taking into account that the coeffi-
cients in the numerical model were taken from very different
sources but not from the experiment under consideration.

Returning to Fig. 13 and moving towards larger D;, from the
reference point, one can see from the insets that the diffusion
phase is narrowing. In addition, the first peak goes down, and
at the last inset, both peaks have the same value. This means
that over the oscillation period, the levels of depletion and
enrichment of toluene in the upper part of the TGC are some-
what similar. We can suggest that diffusion effects start to
dominate convection. Shortly after that, the standing wave
instability decays, the oscillations cease and the instability
becomes monotonic. This direction corresponds to the growth
of the positive net separation ratio ¥. The stationary patterns
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Fig. 13 The oscillation period (the dashed grey curve) and waveform evolution of toluene (w; — wy o) with Dy,. Oscillations in all inserts were recorded
for 8000 s and have the same vertical scale, which is shown for clarity only in the last inset. Vertical grey arrows indicate the Dy, values, to which the insets
correspond. The two small red arrows on all the insets correspond to the swinging occurrence during the oscillation period: the first arrow approximately
corresponds to the end of the first swinging, and the next to the beginning of the second one.
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Fig. 14 Overview of the instabilities observed in a ternary mixture with the Soret effect placed in the TGC under the influence of cross-diffusion. This
map shows consistency of the experimentally observed and the numerically obtained patterns with the change in D,. The central part corresponds to
the emergence of an oscillatory instability. The patterns on the left side correspond to Dy, = 1.1 x 107 m? st and, presumably, it is related to Turing-type
instability. Both patterns are given in terms of optical phase distribution in the yz-plane. To do this, the numerical results were recalculated to the optical
phase according to egn (8) and (9). The experimental pattern is shorter because the optical window does not cover the full height of the TGC.

The patterns on the right side are of numerical origin when Dy, = 2.3 x 10~ m

for this case are shown on the right side of Fig. 14. The topology
of these patterns presents a multi-cellular structure.

5 Conclusions

Cross-diffusion in ternary mixtures can modify the connection
between the Soret and thermodiffusion effects, trigger secondary
instability and can control the stability of the entire system.
We have carried out an experimental and 3D numerical study of
the response of toluene-methanol-cyclohexane ternary mixture
with the Soret effect to a change in cross-diffusion coefficient D;,.
The mixture is placed in a thermogravitational column, the two
opposite walls of which are maintained at different temperatures.
The interest in this study is driven by the ISS experiment at a
selected point of the mixture, here called the reference point. The
measurements revealed a curious finding that the first compo-
nent, toluene, has a positive Soret coefficient St but its thermo-
diffusion coefficient D, is negative due to large cross diffusion,
D,,. The convective flow transports species segregated by the Soret
effect in a direction according to the Dy sign, which can interact
with the cross-diffusion effects. This creates complex coupling
between the species leading to intricate spatial patterns and
oscillations.

The laboratory experiments were carried out in the vicinity
of the reference point. In this region, our experiments revealed
different types of the system behavior — absence of the Soret
effect, a stationary state that allows recovering the Soret coeffi-
cients, oscillatory instability, and Turing-type instability. For
the first time, our experiments evidenced oscillatory instability
in the Soret driven ternary system in TGC, which is favourably
confirmed by the numerical simulations.

This journal is © the Owner Societies 2023

2 57 and indicate a monotonic instability.

Numerical simulation provides insight into the mechanism
of instability and indicates that a large cross-diffusion is
responsible for the occurrence of a long-wave oscillatory
instability in transverse direction. Furthermore, we have shown
that the mismatch in signs between S, and D/, due to large
D,, is responsible for the secondary instability in the from of
swinging motion of w; pattern, and, in addition, this is the
motor of the entire oscillatory instability. Our study showed
that oscillatory instability exists only within a limited range of
the D;, values and then it decays to a different type of
instability. It seems that the stationary pattern of Turing-type
instability emerges at small D;,, while monotonic instability
occurs at large D;,. These results may stimulate the study of
Turing-type instability in ternary mixtures with the Soret effect
and very different diffusion coefficients.
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