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Abstract: The densest part of neutron star crusts may contain very exotic nuclear configurations,
so-called nuclear pasta. We investigate the effect of nuclear symmetry energy on the existence of
such phases in cold non-accreting neutron stars. For this purpose, we apply three Brussels–Montreal
functionals based on generalized Skyrme effective interactions, whose parameters were accurately
calibrated to reproduce both experimental data on nuclei and realistic neutron-matter equations
of state. These functionals differ in their predictions for the density dependence of the symmetry
energy. Within the fourth-order extended Thomas–Fermi method, we find that pasta occupies a wider
region of the crust for models with a lower slope of the symmetry energy (and higher symmetry
energy at relevant densities) in agreement with previous studies based on pure Thomas–Fermi
approximation and compressible liquid-drop models. However, the incorporation of microscopic
corrections consistently calculated with the Strutinsky integral method leads to a significant shift of
the onset of the pasta phases to higher densities due to the enhanced stability of spherical clusters. As
a result, the pasta region shrinks substantially and the role of symmetry energy weakens. This study
sheds light on the importance of quantum effects for reliably describing pasta phases in neutron stars.

Keywords: neutron stars; equation of state; dense matter structure

1. Introduction

The region between the liquid core and the solid crust of neutron stars (NS) may
consist of very exotic matter phases in which nuclei adopt unusual pasta-like shapes. Such
configurations were first predicted within compressible liquid drop models (CLDMs) [1,2]
(see [3,4] for recent studies), and later investigated in more microscopic frameworks [5–11].
Due to the different arrangement of nucleons, pasta phases can affect the properties of the
NS crust [12–14] and manifest themselves in astrophysical observations [15–17].

However, the abundance of pasta phases varies in different applied nuclear models
and, in particular, depends on the symmetry energy. The latter is defined as the difference
between the energies per nucleon of pure neutron matter (NeuM) and symmetric nuclear
matter (SNM), and can be expanded near the saturation density, n0 ≈ 0.16 fm−3, as:

S(n) = eNeuM − eSNM = J̃ +
1
3

L̃ε +
1
18

K̃symε2 + . . . , (1)

where ε = (n − n0)/n0. J̃, L̃ and K̃sym are the symmetry energy coefficient, its slope and
curvature, respectively. In Figure 1, we have plotted the symmetry energy as a function of
the baryon density for our generalized Skyrme effective interactions of the BSk family [18].
BSk22, BSk24 and BSk25 were fitted to the same data (experimental atomic masses of [19]
and NeuM equation of state (EoS) of [20]) but for different values of J̃. These functionals
exhibit different behaviours for S(n), which can be conveniently described by the slope L̃;
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namely, the lower L̃ leads to higher values of the symmetry energy S(n) at n . 0.11 fm−3.
Therefore, these functionals are well suited to study the symmetry energy effects.
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The influence of the symmetry energy on the presence of pasta phases in NS was
previously investigated within CLDMs [3,4] and the Thomas–Fermi (TF) approximation [5–7].
The main conclusion was that the abundance of pasta increases with decreasing L̃. However,
such (semi-)classical models lack important microscopic features such as shell structure
and pairing. These effects are naturally taken into account in self-consistent mean-field
calculations, but such computations are generally restricted to fixed proton fractions Yp,
see, e.g., [10], rather than β-equilibrium because of their very high computational cost. For
this reason, we apply the fourth-order extended Thomas–Fermi (ETF) method [21] and
incorporate quantum corrections perturbatively [22–24] to study the role of the symmetry
energy on pasta.

2. Methods

To determine the equilibrium nuclear shape, we minimize the energy per nucleon for
each kind of pasta configuration: sphere, spaghetti, lasagna, bucatini and Swiss cheese. We
start from the semi-classical calculations, where the fourth-order ETF energy (omitting the
neutron mass energy contribution, by convention) can be written as:

eETF = enuc + eC + ee − YpQn,β. (2)

Here, enuc represents the nuclear energy. The second and third terms account for the
Coulomb and electron contributions, respectively [9,24]. Qn,β is the neutron β-decay
energy.

For the functionals adopted here, the nuclear energy depends on the local number
density nq(r), kinetic energy-density τq(r) and spin-orbit current density Jq(r) at position r,
where q = n, p. Within the ETF approximation, τq and Jq can be expanded in terms of nq
and its derivatives (see [21,22]), and then:

enuc =
1
A

∫
εSky(r)d3r, (3)

where the integration is performed over the Wigner–Seitz cell, containing A nucleons,
and εSky is the local nuclear energy density obtained from generalized Skyrme effective
interactions [25]. We use the parametrization of [22] for the number density profiles, which
allows for simplifications of the fourth-order ETF expressions.
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In a second step, we implement quantum corrections for protons via the Strutinsky
integral theorem [22,26] if the protons are bound in the clusters at least in one direction (if
their Fermi energy is lower than their mean field potential at the cell border). We also take
pairing into account through the local density approximation [26]. The final expression for
the ETFSIp energy is obtained by adding these two corrections. We then vary the number
of protons in the cell to find the optimal value.

3. Results and Discussion

To visualize our results, we have displayed in Figure 2 colour bars corresponding to
the sequence of pasta phases for functionals of the BSk family, as predicted by the pure ETF
calculations and after adding the quantum corrections.
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Figure 2. Horizontal bars illustrate the different phases of NS crusts as a function of the baryon density.
Blue regions are for spheres, red for spaghetti, yellow for lasagna and purple for bucatini. Arrows
denote the onset of proton drip for spheres. Results are obtained in ETF and ETFSIp approaches for
three BSk functionals [18].

Within the ETF approach, pasta structures appear at a high enough density for all con-
sidered functionals. The widest diversity of pasta shapes is found for the BSk25 functional,
for which all types are present except for Swiss cheese. This stems from the fact that this
functional exhibits the lowest slope of the symmetry energy. Specifically, one can notice
that, among the considered BSk series, a lower L̃ leads to a lower threshold density for the
onset of the pasta phases and a larger density, ncc, for the crust–core transition (the latter
correlation is also found when the crust is supposed to contain only spherical clusters [27]).
Therefore, within the ETF approach, a lower slope L̃ implies that the region filled with
pasta spans a larger range of density.

When quantum corrections are added on top of the ETF energy, pasta phases almost
disappear. This, in particular, is caused by the fact that the spaghetti phase appears to
be strongly energetically unfavored. This phase persists only for the BSk22 functional
beyond proton drip (marked by arrows) because the Strutinsky integral correction is
then dropped. Since proton drip occurs at a density below the crust–core transition, the
correlation between L̃ and ncc holds. However, the overall influence of L̃ on the pasta
abundance is blurred, since for the BSk22, BSk24 pasta is confined to very small density
domains.

4. Conclusions

In this paper, we have extended our previous work [26], where pasta phases were
calculated within the fourth-order ETF method with quantum corrections added pertur-
batively. Namely, we have performed calculations with two more parametrizations of
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generalized Skyrme effective interactions, which differ in the symmetry energy behaviour
(see Figure 1), to study its role. Within the semi-classical ETF approach, we have found that
the density domain consisting of pasta phases is larger for the functionals with a lower
slope of the symmetry energy L̃. Such a conclusion is likely to be connected with more
favoured clustering for low L̃, and is in agreement with previous works [3–7].

However, when quantum corrections are included, the stability of spherical clusters
increases so that the pasta region significantly shrinks. This is also due to the partial
elimination of the spaghetti phase. Although for the BSk25 functional with the lowest L̃ the
pasta abundance still remains the largest among the considered functionals, the effects of
quantum corrections outweigh those of the symmetry energy for the two other functionals,
for which pasta phases appear only beyond proton drip where the quantum corrections are
dropped, and occupy an almost equally small density domain independently of L̃. Full
numerical results will be reported elsewhere.

Therefore, quantum corrections can play a more important role than symmetry energy.
This calls for fully self-consistent mean-field calculations in future works.
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