On the asymptotic behavior of the leading
eigenvector of Tyler’s shape estimator under
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Abstract We consider point estimation in an elliptical Principal Component Anal-
ysis framework. More precisely, we focus on the problem of estimating the leading
eigenvector 8, of the corresponding shape matrix. We consider this problem un-
der asymptotic scenarios that allow the difference r,, := A,,; — 4,2 between both
largest eigenvalues of the underlying shape matrix to converge to zero as the sam-
ple size n diverges to infinity. Such scenarios make the problem of estimating 6
challenging since this leading eigenvector is then not identifiable in the limit. In
this framework, we study the asymptotic behavior of 8, the leading eigenvector of
Tyler’s M-estimator of shape. We show that consistency and asymptotic normality
survive scenarios where +/nr, diverges to infinity as n does, although the faster
the sequence (r,) converges to zero, the poorer the corresponding consistency rate
is. We also prove that consistency is lost if r, = O(1/+/n), but that 6, still bears
some information on 8, when +/nr, converges to a positive constant. When +/nr,
diverges to infinity, we provide asymptotic confidence zones for 8, based on 8. Our
non-standard asymptotic results are supported by Monte-Carlo exercises.

1 Introduction

Many classical models in multivariate statistics include scatter parameters. The most
common example is the elliptical model where observations are independent copies
of a random p-vector X whose characteristic function is of the form
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for some characteristic generator ¢ : Rt — R. Here, the p-vector g is a location
parameter and the p X p symmetric and positive definite matrix X is a scatter param-
eter. A very popular instance is of course the p-variate normal model that is obtained
with ¢(s) = exp(—s®/2). Inference on the scatter parameter in the elliptical model
has been the subject of many contributions: to cite only a few, [6, 11, 20] studied the
asymptotic properties of robust estimators of X, [ 1] provided several properties of the
Minimum Covariance Determinant estimator of 2, sphericity tests have been studied
in [8, 13], [18] computed the influence functions of empirical canonical correlation
coefficients, [9, 10, 17, 21, 22] considered Principal Component Analysis based on
estimators of X, whereas [4, 19] studied estimators of the eigenvalues of X.

In the present paper, we consider estimation of the leading eigenvector of X,
that is, of the eigenvector, 8 say, associated with the largest eigenvalue of 2. This
is of course the primary object of interest when conducting a Principal Component
Analysis exercise. Since 8 does not change when X is replaced with ¢X for any ¢ > 0,
we actually want to estimate the leading eigenvector of the shape matrix

z
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associated with X, that is, of the version of 2 that is normalized to have determinant
one (see [14]); note that this also takes care of the fact that, in (1), ¥ was identified up
to a positive scalar factor only. What makes our contribution original is that we will
consider double asymptotic scenarios where, as the sample size n diverges to infinity,
the underlying shape matrix V = V,, has its two leading eigenvalues 1,1 > A,» that
satisfy A,1/4,2 — 1. This means that, while 8, is properly identifiable for any n
(up to an unimportant sign change, as usual), it is no more identifiable in the limit
as n — oo. Obviously, such weak identifiability scenarios make inference on 6,
challenging for large n.

More precisely, we will consider throughout triangular arrays of observa-
tions X1, - . ., Xun, Where, for each n, the X;,’s form a random sample from the
p-variate elliptical distribution with location g, shape matrix

_ L4600 (1460
" (det(T, +0,010)) /P~ (1+06,8)77 1" (1+6,)/p

(I,-6:6)). (3)

n

and characteristic generator ¢,; in (3), 8 is a unit p-vector, £ is a positive real
number, and §,, is a bounded positive sequence. We will denote the corresponding
sequence of hypotheses as Pg, s, £ 4,. Throughout the paper, we tacitly assume
that ¢,, is such that X,;; # 0 almost surely, which is needed to make Tyler’s estimator
of shape well-defined below. The second expression of V,, in (3) makes it clear that
the leading eigenvalue of V,, is

At = (14 8,€)P7V/P, C))

with corresponding eigenvector 6, and that its remaining eigenvalues are
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A =...=App = (1+5,6)71/7, (5)

with an eigenspace that is obviously the orthogonal complement to 8;. If 6 = 1 for
any n (which we will denote as ¢ = 1 in the sequel), then the classical setup in
which 4,1 remains asymptotically well separated from the remaining eigenvalues is
obtained. While we will cover this case as well, our main interest below will be on
the weakly identifiable case where §,, is o(1), which provides 4,1 /1,2, — 1, hence
makes #; unidentifiable in the limit.

In the sequel, we will restrict to the case g = 0, which is actually without any
loss of generality in the distributional setup considered above. In elliptical models,
the Fisher information matrix for location and shape parameters is indeed block-
diagonal (see [8]), which entails that asymptotic inference for the shape parameter
can be conducted in the same way under specified and unspecified location (block-
diagonality of the Fisher information matrix guarantees in particular that parametric
efficiency bounds for shape under known and unknown g do coincide). In the
specified location case, the results of this paper actually trivially extend to the
generalized elliptical distributions introduced in [5].

Quite naturally, 8; can be estimated by the leading eigenvector of a shape estima-
tor V,,. For this purpose, we will focus in this paper on the shape estimator V,, that
was proposed by David Tyler in [20]. We will investigate the asymptotic behavior of
the corresponding leading eigenvector 6,1 in the triangular distributional framework
described above. In particular, we will show that 6, is consistent and asymptoti-
cally normal when 4/nd,, — oo, but that it is not consistent when 6, = O(1/+/n).
We will precisely derive the limiting distribution of @,, for any sequence (&,,). Our
results identify the same phase transitions as in the corresponding hypothesis testing
framework, when testing Hy : 6 = 0(1) against H; : 0 # 0? for some fixed unit
p-vector 00; see [15, 16].

The rest of the paper is organized as follows: in Section 2, we recall the definition
of Tyler’s estimator of shape V,, and provide its asymptotic distribution under weak
identifiability. In Section 3, we derive the limiting behavior of 9,,1 under weak iden-
tifiability and discuss the construction of confidence zones for 6, under sequences o,
such that ynd,, — 0. In Section 4, we corroborate the results of Section 3 through
Monte-Carlo exercises. A technical appendix collects the proofs.

For the sake of convenience, we collect here the notation that will be used in the
paper. Throughout, e, will denote the £th vector of the canonical basis of R”, so that
K, = ij:] (e[e}) ® (e;e;) is the usual commutation matrix. Denoting as vec A the
vector obtained by stacking the columns of the matrix A on top of each other, we
let J, := (vecI,)(vecl,)’, where I, is the {-dimensional identity matrix. We will
write diag(ay, . . . , ar) for the diagonal matrix collecting the real numbers ay, . . ., ap
onits diagonal. For a symmetric and positive definite matrix B, we will denote as B'/?
its symmetric and positive definite square root and as B~!/? the inverse of this square
root. Finally, — p will stand for convergence in distribution.
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2 Tyler’s estimator of shape under weak identifiability

As explained above, we consider the problem of estimating the eigenvector 8; asso-
ciated with the largest eigenvalue of the underlying shape matrix V,,. To estimate 61,
we will use the leading eigenvector 6, of Tyler’s estimator of shape V,, from [20].

Under specified location u = 0, this shape estimator V,, is defined as the solution of

n
p XmX A
Z o = ©)

normalized to have unit determinant. This can be seen as the estimator of shape for
which the directions (or spatial signs) of the resulting sphericized observations

V;I/Zan Vr_zl/zxnn
IV, 2 X | IV Xl

have an empirical covariance matrix (with respect to specified location u = 0) equal
to (1/p)I,. Tyler’s estimator of shape enjoys many nice properties. In particular, it
is distribution-free in the (centered) elliptical model and it is consistent and asymp-
totically normal under a broad range of distributions without moment assumptions;
see [20]. Distribution-freeness is an important property since it entails that the dis-
tribution of @,,; does not depend on the underlying characteristic generator ¢,,, that
is, it does not depend on the type of elliptical distribution at hand (normal, ¢, etc.)
nor on the scale of this elliptical distribution.

The following result provides the asymptotic distribution of Tyler’s estimator of
shape in a framework where 6 is possibly weakly identifiable.

Proposition 1 Fix a unit vector 01, a positive real number & and a sequence (6,)
that either is 6, = 1 oris o(1). Let (V) be the resulting sequence of shape matrices
in (3). Let further (¢,,) be a sequence of characteristic generators. Then,

Vavee(Vn = V,) = N(O, (1 + 1%) {(1,,2 +K,)(VeV) - I%Vf:c(V)Vec’(V)} )

under Py, s, & ¢, asn — oo, where V is the limit of (V).

This result shows that root-n consistency of Tyler’s estimator of shape V,, is
robust to arbitrarily weakly identifiable scenarios, that is, to scenarios where ()
converges to zero arbitrarily fast. As we will show in the next section, this is not the
case for the leading eigenvector of V.
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3 Asymptotic behavior of Tyler’s leading eigenvector under weak
identifiability

The main goal of this section is to derive the asymptotic behavior of the leading
eigenvector 8, of V, under weak identifiability. Denoting as A, »i=1L...,p,
the eigenvalues of V,, in decreasing order (these sample eigenvalues are pairwise
different almost surely), we first provide the following result, that shows that root-n
consistency of these eigenvalues is robust to weak identifiability.

Proposition 2 Fix a unit vector 8, a positive real number ¢ and a sequence (5,,)
that either is 6, = 1 or is o(1). Let (¢,) be a sequence of characteristic generators.
Then, forany j = 1,...,p, Vn(Anj — Anj) is Op(1) as n — co under Pg, s,.¢ .4,

With 6, fixed, pick arbitrarily p-vectors 05, . .., 80, such thatI" := (81,05, ...,0),)
is orthogonal. Let further I n = (9,11, o ’éﬂ”) stand for the orthogonal Amatrix
whose jth column vector is an eigenvector of V,, associated with eigenvalue A,,;. To
unambiguously fix the “signs” of @, j»J =1,..., p, we impose that, with probability
one, all entries in the first column of

)

o En11 En 12
E, =0 =m0 e
" " (En,21 En,22)

are positive (note that all entries of E,, are almost surely non-zero). The following
result then provides the asymptotic behavior of E,, in the present context.

Proposition 3 Fix a unit vector 01, a positive real number & and a sequence (6,)
that either is 6, = 1 or is o(1). Let (¢,) be a sequence of characteristic generators.
Let Z be a p X p random matrix such that

2 2
VCC(Z) ~ N(O, (l + ;){(Ipz + Kp) - ;Jp}),

and let E(&) = (W1(£),...,Wy(£))', where wi(§) = (wj1(€),...,w;p(&)) is the
unit eigenvector associated with the jth largest eigenvalue of Z + diag(¢,0, .. .,0)
and such that w1 (€) > 0 almost surely. Then, we have the following as n — oo
under Po, 5, ¢ 6,°

(i) if6n = 1, thenn(Ey,11-1) = Op(1), Ey 2E; ) =1,,_1+0p(1), ViE, 21 = Op(1),
and both \/ﬁE; 2 En21 and \/ﬁE; 12 are asymptotically normal with mean zero
and covariance matrix € 2(1 + &) (1 + %)Ip_l;

(ii) if 6, is o(1) with \/ns,, — oo, then né,%(En,U - 1) = 0p(1), E”’ZZE;,ZZ =

1,1 +0p(1), Vn6,E, 21 = Op(1), and both \Jn6,E ,E, 21 and \né,E! |, are

asymptotically normal with mean zero and covariance matrix £ >(1 + %)I p—1s

(iii) if 5, = 1/+/n, then E,, converges weakly to E(&);
(iv) if 6,, = 0(1/+/n), then E,, converges weakly to E := E(0).
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The four regimes (i)—(iv) identified in this result will play a crucial role in the
asymptotic behavior of ,,; below. At this point, let us note that, in regimes (i)—(ii),

V16, (81 — 1)1 = 2n6% (1 = 8,,,01) = 2n6%(1 = En11) = Op(1);  (8)

this is compatible with the well-known +n-consistency of @, in the classical
case obtained with 6, = 1, and suggests that y/n-consistency deteriorates into
(4/nd,)-consistency in regime (ii), which in turn suggests that consistency is lost in
regime (iii). The following result, which is the main result of the paper, shows that
this is precisely what happens.

Theorem 1 Fix a unit vector 81, a positive real number ¢ and a sequence (5,) that
either is 6, = 1 or is o(1). Let (¢,,) be a sequence of characteristic generators.
Then, the leading eigenvector 8,1 of Tyler’s estimator of shape satisfies the following
asn — oo under Pg, s, ¢ ¢,.°

(i) if 6, = 1, then \n(8,, — 61) is asymptotically normal with mean zero and
covariance matrix

1 2 " 2\ Al Y
é3(1 +§)(1 + ;)(Ip -010)) = (1 + p)—(/l1 _/12)2(11, 0.607),

where A1 and A» are the eigenvalues in (4)—(5) with 6, = 1;

(ii) if 6, is 0(1) with \né, — oo, then \nd, (0,1 — 01) is asymprotically normal
with mean zero and covariance matrix

1 2
?(14-1—))([;,—0101), (9)
(iii) if 6, = 1/\/n, then 8,1 converges weakly to the unit eigenvector associated with
the largest eigenvalue of Z+£6,01, where Z is as in the statement of Proposition 3;

(iv) if 6, = 0(1/\/n), then 8,,, converges weakly to a random vector that is uniformly
distributed over the unit sphere SP~1.

This result confirms that, while the consistency rate of 9,,1 is of course v/ in
the standard case &,, = 1, this consistency rate goes down to /nd,, when §, — 0
with yné, — co. Asymptotic normality is obtained in both cases. In the threshold
regime (iii) obtained with 6§, = 1/+/n, the estimator 9,,1 is no more consistent
for 61, yet it still bears some information on ;. Clearly, the larger &, the larger this
information (in particular, the weak limit of 8,,; converges to the Dirac distribution
at @) as & — oo). Finally, if 6, = o(1/+/n), then 8, behaves asymptotically as a
random vector that is uniformly distributed on the unit sphere of R”, hence does
not bare any information on 6. Incidentally, we stress that since 6, (resp., 0,1) is
a homogenous function of V,, (resp., Vn), Theorem 1 still holds true if, in (2), V,, is
rather normalized so that it has trace p, or so that its upper-left entry is equal to one,
etc.
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The results in Theorem 1 allow one to build confidence zones for 8;. Let us
start with regime (i). Since the sample eigenvalues A, j»J = 1,2, are y/n-consistent,
confidence zones for 8; with asymptotic confidence level 1 — « in this regime are
given by

N =), .
Cyo:=16,e8": n(l + —) Mem(lp —616))0n < X,27—1 l-a (>
p A1z ’

where )(123_ Ll denotes the upper-a quantile of the chi-square distribution with p —1

degrees of freedom. Now, in regime (ii),

(Ut = 22) i@, - 01)

\ /lnl/inZ

_ VA(An1 = An1) = V(A2 = 4n2) + V(A1 — An2)
V/,inl/,inZ
\/ﬁ(/lnl - /an)

= W(énl —81) +op(1) = 6,£(1 +0(1)) V(8,1 — 61) +op(1)

0.1 -61)

-9 N(O, (1 + %)(Ip —0101)),

where we used the fact that \/ﬁ(/inj — Auj), j = 1,2, are still Op(1) in this regime
(Proposition 2). A direct consequence is that the asymptotic confidence zones C 1=
above are still valid in regime (ii).

To conclude this section, we turn to robustness issues by considering the influence
function of 9n1 in regimes (i)—(ii). Using (27) (resp., (28)) in regime (i) (resp.,
regime (ii)), jointly with (20), (23) and the fact that E,,.1; = 1+0p(1) in regimes (i)—
(ii), we obtain

V16, (81 = 61) = (82,...,0,)Vn6,En 11E;, 1, + 0p(1)
=—(62,...,0,)Vn6,E, ,,E, 21 +0p(1)
= (02,....0,)67 (1+6,6)'/7(82,...,8,)'Vn(V,, = V,)81 + 0p(1)
=71 (146,6) P (1, - 0,07)Vn(V,, — V,.)8 + op(1). (10)

From (14) and (16) in the proof of Proposition 1, we have
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\/ﬁszc(V;”Z\A’nV;l/2 -1,)

pvr—ll/ZVnVZI/Z

|
=(L.——-J ~
(” p ”)\/ﬁm( tr[V;'V,]

- Ip) + OP(l)

=(p+ 2)(Ip2 - %Jp)‘/ﬁVeC(Sn(Vn) - %Ip) +op(1),

which yields

Vavee(V,=V,) = (p+2) (Vi *@V,/?) (Ipz - %Jp)\/ﬁvec(sn(Vn) —11,)+op(1).

Since

(146,82

0, ® (I, -6,0)) (V) eV)/?)= "
(67 ® (I, —6,67))( ) (1+6,8)1P

0, ® (1, -0,6))
(which in particular entails that (8] ® (I, — 0:6))) (Vs> ® V)/*)(vecI,) = 0),
plugging this in (10) then provides

(p+2)(1+6,8)'?

‘/ﬁén(énl _91) = é_,

(6] ® (I, — 6167)) Vi vec(S,(Vy)) +op(1)

2)(1 +6,&)1/2 novPX, XV
(p+2)(1+6,¢) (Ip_ole’l)z n 71'72 ni ' n
éNn T IV T Xill?

By applying the multivariate central limit theorem (and (15)), it is readily checked
that this Bahadur representation result for vnd, (9n 1 — 01) is compatible with the
asymptotic normality statements in Theorem 1(i)—(ii). More importantly, this Ba-
hadur representation result shows that the boundedness of the influence function
of 8,,; does not only hold in the standard regime (i) but also in the weakly identifi-
able regime (ii).

4 Numerical illustration

In this section, we conduct Monte-Carlo simulation exercises to validate the various
asymptotic results in Theorem 1. For any ¢ € {0,1,...,7}, we generated M =
10, 000 independent random samples of size n = 100, 000 from the bivariate (p = 2)
normal distribution with mean vector zero and covariance matrix

2“n,{,’ = IZ + 6n,f§010,s (11)
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with 8,0 = n7¢/3, £ = 2 and 8, = e; € R%. In each of these samples, we computed
the leading eigenvector 6, of Tyler’s estimator of scatter (still with respect to fixed
location at the origin of R”); evaluation of Tyler’s estimator of scatter was done by
using the function tyler. shape from the R package ICSNP ([12]). We first focus
on Theorem 1(i)—(ii), hence on the cases € € {0, 1,2, 3}. For each such ¢, we provide
in Figure 1 a histogram of the M corresponding values of

\/Z(sn,feéénl = ‘/ﬁdn,feé(énl _01)- (12)

Clearly, the results nicely agree with the corresponding asymptotic distribution
of (12) in Theorem 1, namely N (0, %) for £ = 0 (regime (i)) and N (0, %) for £ =
1,2,3 (regime (ii)). We then turn to Theorem 1(iii)—(iv), hence to the cases ¢ €
{4,5,6,7}. For these values of ¢, Figure 2 reports histograms of

A

e0,1. (13)

Here, the asymptotic distributions of (13) in Theorem 1(iii)—(iv) do not have a closed
form density, and we are therefore plotting kernel density estimates obtained from
a random sample of size 10° from the weak limit of (13) in Theorem I(iii)—(iv).
To avoid boundary effects (the support of this weak limit is of course [—1, 1]), we
employed the function kde.boundary from the R package ks ([3]) with default
parameters, which returns the kernel density estimate using the second form of the
Beta boundary kernel in [2]. Irrespective of £ € {4, 5, 6,7}, these empirical results
fully support the corresponding asymptotic results in Theorem 1.

Acknowledgements This research is supported by the Program of Concerted Research Actions
(ARC) of the Université libre de Bruxelles.

Appendix

The proof of Proposition | requires the following preliminary result, which follows
from (3.7)—(3.8) in [20].

Lemma 1 Fix a unit vector 81, a positive real number & and a sequence (6,,) that
either is 6, = 1 or is o(1). Let (V,)) be the resulting sequence of shape matrices
in (3). Let further (¢,,) be a sequence of characteristic generators. Then, letting

1 1 V72X, X Vo2
Gp =1 - 51, +K, = Jp) and S,(V) := n Z V172X 12

s

i=1

we have that

A

pVZI/ZVnVZI/Z

G, Vnvec —
g tr[V;'V,,]

—Ip) = pVnvec(S,(V,) — %Ip) +op(1),
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Fig. 1 For each ¢ € {0, 1,2, 3}, histograms of the quantities \/ﬁén,ge’z(énl — 6;) computed
from M = 10, 000 independent random samples of size n = 100, 000 from the bivariate normal
distribution with mean vector zero and the covariance matrix Z,, » in (11), where én 1 denotes
the leading eigenvector of Tyler’s estimator of scatter (with respect to fixed location at the origin
of R?). In each panel, the solid curve is the density of the corresponding asymptotic distribution,
namely N(0, 3) for £ =0and N(0, ) for £ =1,2,3.
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Fig. 2 Foreach ¢ € {4, 5,6, 7}, histograms of the quantities e’2 6,,1 computed from M = 10, 000
independent random samples of size n = 100, 000 from the bivariate normal distribution with mean
vector zero and the covariance matrix %, ¢ in (11), where 6 n1 still denotes the leading eigenvector
of Tyler’s estimator of scatter (with respect to fixed location at the origin of R?). In each panel,
the solid curve is a kernel estimate for the density of the corresponding weak limit obtained from
Theorem 1(iii)—(iv); see Section 4 for details.
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under Pg, s, £ 4, asn — .

In all proofs below, stochastic convergences are as n — oo under Py, s, £, 4,

Proof of Proposition 1. Letting H, = I, + K, - %Jp, we have H,J, = 0
and H, K, (vec B) = H,(vec B) for any symmetric matrix B, so that

H,G,(vecB) = (H, - =5H,)(vecB) = ﬁHp(VecB)

2
p+2
for any symmetric matrix B. Lemma 1 thus yields that

AP P

eV 1,,) = pVnHpvec(S, (V) — 51,) +op(1).

P
p+2Hp n Vec(

Using the fact that J,(vecB) = (tr[B])(vecIy) and K,(vecB) = vecB for any
symmetric matrix B, this rewrites

—1/2¢ v-1/2
an VnVn ) 1
nvec| ——— =1, | = (p +2)Vnvec(S,(V,) — =1,) + op(1). 14
Vi (tr[V;an] o) = (0 + 2Nvee(Su(Va) = 31,) 4 0p(1). (14)
Now, Lemma A.3(ii) from [15] states that
1

-1 —H 1
Vnvec(Sy(Vn) - ») 2o N 0’p(p+2) rl (15)

so that

—-1/2¢y x—1/2
pV PN,V 2
W(W‘) -0 N("’(“; Hy )

Hence, the argument in the bottom of page 341 in [7] yields that

V'—ll/Zvnvr—ll/Z )
P

\/ﬁvec( — -
(det(V;,' 2V, v, 2)1/p

PV PV,

1
= (Ipz — ;Jp)\/ﬁvec( tr[V;lvn]

—Ip) +op(1) (16)

that is,
2e m 1
Vivee(V,' 2V, vV, —1,) —p N(O, ——H )

Since this rewrites

. _ A 1
(V"2 @V, ) ynvec(V, - V,)) = N(O, ——H )
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we finally obtain that
) 2 2 )
Vnvec(V, = V,) -9 N(O, (1 + 1—7) {(Ipz +K,)(VeV) - Evec(V)vec (V)} ),

with V the limiting value of (V). O

We do not prove Proposition 2 here since the proof follows along the exact same
lines as the proof of Lemma 2.2 in [16]. We thus turn to the proof of Proposition 3,
that requires the following linear algebra result.

Lemma 2 Let A be a p X p matrix. Assume that A is an eigenvalue of A and that the
corresponding eigenspace V, has dimension one. Denoting as C = (C;;) the cofactor
matrix of A — AL, assume that v := (Cy1,...,Ci1p) #0. Then Vy = {tv:t € R}.

Proof of Lemma 2. Forany j = 1, ..., p,denote as (A—AI,,), the jthrow of A—AI,,.
Forj=2,...,p,

(A- L),

(A - AL,
(A—/le)jV = det . =0,

(A-AIL,),

since this is the determinant of a matrix with (at least) twice the same row. Since A is
an eigenvalue of A, this determinant is also zero for j = 1. Therefore, (A-AI,)v = 0.
The non-zero vector v thus belongs to V. Since V,; has dimension one by assumption,
the result follows. m]

Proof of Proposition 3. In this proof, we put
Z, :=\nI'(V, - V,)I. (17)

and A, :=T"V,I' = diag(A,1, . .., Adup). First note that since

o En 11 En 12
E, == (cmi e
e (En,2l En,zz)

is an orthogonal matrix, we easily obtain that

1

En,21 == N En,22E;L’123 (18)
En,ZZE;’zz = Ipfl - E11,21E;l’21 (19)

and
En,llE,’le = _E;,QzEn,Zl' (20)

We start with the proof of (i)(ii). The random matrix Y,, := yal"V,I" — Vi1,
admits the eigenvectors wy; := F'@n i» J = 1,...,p, with corresponding eigen-
values £, = Vn(dy; — Am1), j = 1,...,p. Thus, with probability one, we



14 Davy Paindaveine and Thomas Verdebout

have {1 > {u2 > ... > {np, and the eigenspace of

s VS
0, ey
(T+6,6) 77" (T4 6,8)177

Y, = Zy + (A, - A1) = Z,,—diag( 1)

associated with eigenvalue ¢, is spanned by

El

P En
Wi =r‘/0n1 = ( " .
n,12

Partitioning Z,, into

7 - (Z,,,H Z;zl)
n — ’ )
2,21 2Ly

where Z,, 11 is a scalar and Z,, 2, is a (p — 1) X (p — 1) matrix, Lemma 2 then yields
that w,,; is proportional to the vector of cofactors associated with the first row of

Zna1 = {m Z, ,
My, = ) (22)
VARSI Aprgun LLIL o S
’ 227 (x6,6)TP P P
or equivalently, that w,,; is proportional to the vector of cofactors associated with
the first row of

Zni1 —&ni Z:’l,zl
(146,610 (146,10 I (1+6,)'/P :
W n,21 W n,22 — 1p-1— W nlip-1

Since Z,, 51 and Z,, 2, are Op(1) (Proposition 1) and so is ¢, (Proposition 2), we
obtain that

En 11 )

» | =er+op(l)
( En,12

(recall that £, 11 > 0 almost surely and that e; is the first vector of the canonical

basis of R?) and that

\/ﬁénE;’lz = Op(1).
Using the fact that E,, is orthogonal, it follows that

IVR6.E, |,

§2(1-E =
n n( n,n) 1+ Eni

1 ,
= EII\/ﬁénEn,lzll2 +op(1) = Op(1).

Since E,, »; is bounded, it also directly follows from (18) that vn,E, 21 = Op(1).
In view of (19), we then obtain that E,, », E’ I,_1 is op(1). Now, letting A,, :=

n,22
f‘;\A’nf‘n = diag(/inl, . ,/i,,p), we have
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Z,o1 = V0TV, D) = Vn(TE,AL D))
= ALt = VR(E; 1 o)A
= Vndn1 En 11 E), 5 + VE;, ydiag(An2. ..., Aup)En 1.
Writing £, := \/ﬁ(/inj—/l,,j) forj =1,..., p,using (4)—(5), then (20), thus provides
Zno1 = GnE) B, 1, +E] pdiag(Go. ... bap)En i
V(1 +6,8) PP E, B, 5+ Vi(1+6,8) 7 PE] 5, B 01
= E p,diag(lus = bt - - .+ bup = €a))En 21 = V16,6 (1+6,8) 7 /PE;, 5, Ep o1,
which, since the £, ;’s are Op(1) (Proposition 2), yields

(1+6,6)1/P
&

Now, Proposition 1 directly entails that vec Z,, = (I" ® I'")ynvec (V,, = V,,) is
asymptotically

\/E(SnE;,,zzEn,Zl == Z,5 + op(1). (23)

N(O, (1 + 1—27){(11,2 +K,)(A®A) - %(VecA)(vecA)’})

in case (i), where A := diag((1 +&)P~D/P (1 +&)~1YP . (1+&)~P) and

2 2
Mo (14 2) e 4023,

in case (ii). Therefore, straightforward computations yield
Zpoi=(e2....€p) " Zne; = (€] ® (e2,...,€p) )vecZ, —p N(0,B),

where

2 2
B = (1 + —)(1 +&) PPy, 1 and B:= (1 + —)1,,1
p p
in case (i) and in case (ii), respectively. In view of (23), the desired asymptotic
normality result for vné,E/ ,,E, 1 follows. The one for vné,E/ |, then follows
from (20) and the fact that E,, ;1 =1 + op(1).

We turn to the proof of (iii)—(iv). As above, w,; = F’@nl = E/e; is the unit
eigenvector associated with the eigenvalue &, = ;1 = V(A1 = A1) of Yy, in (21),
or equivalently, with the eigenvalue

Vndné

(l +(5n§)1/1’ = \/ﬁ(/,inl _/an)

gnl =l +
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of
1) 1
n Mpzln+diag _Vmoné o). (24)
(1+6,6)1P (1+6,8)1P
Similarly, w,; = l"’@,, i =Eje;, j=2,...,p, are the unit eigenvectors associated

with the p — 1 smallest eigenvalues £,y = V(A — An2), . . ., lup = \/ﬁ(inp —Anp)
of (24). Consequently, the joint distribution of w,,;, j = 1,..., p — that is, the joint
distribution of the columns of E; — converges weakly to the joint distribution of
the unit eigenvectors (associated with eigenvalues in decreasing order, and with the
signs fixed as in the statement of the theorem) of

Vndné

e o0
(1+6,8)/P

Z + lim diag
n—oo

(recall that, in cases (iii)—(iv), Z,, converges weakly to the random matrix Z). This

establishes the result. O
Proof of Theorem 1. (i) In this regime, the eigenvalues A,,;, j = 1,.. ., p, are fixed
and given by

A= (1+HPIP and 4= (14T j =2, p,

respectively; see (4)—(5). Since

1 A1,
S1+8=——7,
& (A1 = 22)?
Proposition 3(i) entails that
, 2 A1,
\/EEn’12 -9 N(O,(1+l—7)—(/ll _/12)21,,_1). (25)

Now, writing T, := \/ﬁ(@nl —0;), we have

ITal?® _ 7ot _ Vi

24/n 2+/n 2
where we used the fact that @,,; and @, are unit vectors. Since T,, := \/ﬁ(@nl —0;)is
Op(1), it follows that

(011 -61) (8,1 —61) = V(1 -618,1) =-0,1,, (26)

[I7all?

2vn

(I,-6.0)T, =7, —(07,)01 =T, + =1, +op(1)

as n — oo, Therefore,
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V(8,1 —61) = (I, —610))Vn(8,1 — 1) +op(1)

p
_ (Zeje;)v,;(énl ~01) +op(1)
=2

p
=V > 6;(8,,6) +op(1)
=2

= (02,...,01,)\/IZE;’I2+0P(1), 27

so that the asymptotic normality result in (25) entails that v7(8, — ;) is asymp-
totically normal with mean zero and covariance matrix

/11/12 , /11/12
(1+ )(/11 /12)2200 ( )(/11 /12)2( ~ 610,

as was to be shown. (ii) In this regime, T,, = Vn(8,, — 8,) is Op(1/8,) (see (8)), so
that (26) yields

S 2
(T, — 616))6,7, = 6,7, + 22

= (5,,1'" + OP(l).

Therefore,

VS, (01 —81) = (1, — 6,0])Vns, (8,1 — 01) +op(1)
P

= (2010})\/’;%(9;11 _01) +0P(1)
=

=(0,,.. -70p)\/;16nE;,’12+0P(1)7 (28)
so that the result follows from the fact that
, 1 2
\/ﬁanEn,IZ —p N 0, f_2 1+ ; Ip—l .

in this regime; see Proposition 3(ii).

(iii) Let Z be as in the statement of Proposition 3 and write againI” = (61, ...,8,).
In the regimes (iii)—(iv),

D En
6, = (E ! )

n,12
converges weakly to the unit eigenvector associated with the largest eigenvalue
of Z + diag(¢,0,...,0) with & > 0 in regime (iii) and & = 0 in regime (iv). This
directly entails that
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A En
On1 =F( > )
" En,lZ

converges weakly to the unit eigenvector associated with the largest eigenvalue of
I['(Z + diag(&,0,...,0)I" =TZI" + £6,6]. (29)

Part (iii) of the result then follows from the fact that the distribution of Z is invariant
with respect to orthogonal transformations, in the sense that OZO’ has the same
distribution as Z for any p X p orthogonal matrix Q. (iv) The proof for & > 0 in (iii)
above applies for & and shows that, in regime (iv), 8,,; converges weakly to the unit
eigenvector associated with the largest eigenvalue of Z = Z(0). Now, the orthogonal
invariance of the distribution of Z = Z(0) entails that the joint distribution of its
eigenvectors is the invariant Haar distribution on the group of p X p orthogonal
matrices, which implies in particular that each of these eigenvectors is uniformly
distributed over SP~!. This establishes Part (iv) of the result. m]
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