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Chapter 1

Introduction

The aim of this thesis is to better understand and extend the concept of geometric
quantiles, ranks and depth. Along with many other companion depth notions, it is
concerned with finding relevant ways of doing geometry with respect to a dataset. The
main question is the following: for any d > 1, letting X = {z1,...,2,} C R? be
a dataset, how far is a given location x € R¢ from X ? As we will explain below,
this question is strongly related to the cumulative distribution function (cdf) and the
associated quantiles of a probability measure. In this introduction, we start by recalling
elementary facts about the cdf and quantiles of probability measures over R. We explain
how these concepts allow for a geometric description of R that is suited to a given
probability measure P. We then discuss some extensions of these notions in R¢ when
d > 1, before introducing our main subject of interest, namely geometric quantiles,
ranks, and depth.

1.1 Univariate quantiles and ranks

For any probability measure P over R, we define the cumulative distribution function
Fp:R —[0,1] of P by letting

Fp(x) = P[(=00,1]]
for any x € R. Let us mention important properties of the cdf:
1. Fp is non-decreasing, with

lim Fp(z)=0 and lim Fp(z) =1,

T——00 T—00
2. Fp is right-continuous by continuity of probability measures from above ;
3. Fp is continuous at x € R if and only if P[{z}] =0

4. Fp is injective if and only if P[(a,b]] > 0 for any —oo < a < b < co. This readily
follows from the fact that

Pl(a,b]] = Fp(b) - Fp(a).



Provided P is non-atomic and satisfies the last non-vanishing property, Fp is a con-
tinuous bijection between R and (0,1). In particular, Fp is invertible. The inverse
Qp:(0,1) — R of Fp is called the quantile map. It is non-decreasing, with

lim Qp(7) = —0c0, and lim Qp(7) = +o0.

70 T—1

For any 7 € (0,1), the number Qp(7) is called the quantile of order T of P. Taking
7 = 1/2 gives the median of P; it separates the probability content in equal proportion
on both sides.

When Fp is not invertible, we say that a point x € R is a quantile of order 7 € (0, 1)
if it satisfies P[(—oo,]] > 7 and P[[z,00)] > 1 — 7. This can be rewritten

7 < Fp(z) <71+ P[{z}],

P[(—o0,z)] <7 < P[(—00, z]].

Since F'p is non-decreasing and right-continuous, and because the jump height at a point
x € R is at most equal to P[{x}], quantiles of any order 7 € (0,1) always exist. They
may, however, not be unique. Indeed, if P vanishes over some interval [a, b], then Fp is
constant over [a,b]. In particular, any point in the interval [a, ] is a quantile of order
T = Fp(a) = Fp(b)

When the cdf is not invertible, it is sometimes convenient to enforce uniqueness of
quantiles of arbitrary order 7 € (0,1) by letting

Fpl(r) ==inf{z € R: Fp(z) > 7}. (1.1.1)

The cdf and quantile maps play a vital role in statistics. They both characterize
the underlying probability measure: if P; and P, are probability measures over R, and
if Fp, = Fp, over R, or Qp, = Qp, if Fp, and Fp, are invertible, then P, = P». The
cdf and quantile maps have two major uses. On the one hand, the quantile map allows
one to establish confidence intervals adapted to probability measures, an important
fact used in hypothesis testing. On the other hand, the cdf orders data points. These
features have found many applications in hypothesis testing, outliers detection, and
extreme value theory to cite only a few examples.

1.1.1 Ordering

Consider a random sample X7,..., X, drawn from P, and the associated empirical cdf
F,,, defined by letting

Fy(x) = %ZH[Xi < 4]
i=1

for any x € R, where I[A] stands for the indicator function of the condition A. Given
Jj €{1,...,n}, the number o(j) := nF,(X;) belongs to {1,...,n}, and corresponds to
the position of X; among the X/s if they were ordered from smallest to largest. If P
admits a density with respect to the Lebesgue measure, the event

{EI 1 # j such that X; = Xj}

6



has P-probability 0. In this case, the o(i)’s are distinct and, with P-probability 1, the
map o we constructed is a permutation of {1,...,n} such that

X0—1(1) <...< XU—1(n).

Therefore, the map F,, yields a bijection between the observations {Xi,..., X, } and
{1,...,n}, hence an ordering of the observations Xi,...,X,. This makes it possible
to assess the relative position of any given location x € R with respect to the sample
{X1,..., X, }. Inparticular, the cdf yields a measure of outlyingness from { X1, ..., X, }.
This construction is only made possible by the natural ordering of R.

1.1.2 Tolerance regions

One can give tolerance regions for P in terms of Fp and Qp. For instance, the interval
I = [&,Qp(Fp(x) +7)

has probability 7, for any € R and any 7 € (0, 1) such that Fp(z) < 1 — 7. One can
form nested tolerance intervals indexed by probability content by letting x = z(7) be a
non-increasing function of 7 such that x(7) < Qp(1 — 7) for any 7 € (0,1), and

z(0) := sup z(7) < +oo.
7€(0,1)
In this way, the intervals (I;) are nested and such that P[[;] = 7 for any 7 € (0,1).
Since the intervals (I;) decrease to z(0) as 7 N\, 0, the innermost point with respect to
(I7) is z(0). In terms of probability content, the innermost point should be the median,
i.e. 2(0) = Qp(3). For instance, z(1) = Qp(157) is an admissible choice. This leads to
the familiy of nested intervals (I7),¢(o,1) given by

=[5 a5 1

for any 7 € (0,1). These tolerance intervals display a natural symmetry: for any
7 € (0,1), the median z(0) belongs to I, and z(0) splits I in two subintervals of equal
probability. Of course, there are many other possible choices for z(7).

The intervals I constructed above give a better suited way of assessing “distances”
with respect to a probability distribution. In this regard, the points QP(HTT) and
Qp(357) are considered “equidistant” from the median z(0) with respect to P, while
they may have considerably different Euclidean distances from x(0). For instance, con-
sider a x? distribution with one degree of freedom. The median Q p(%) is approximately
0.45494. For T = 0.05, we have

In.05 ~ [0.40406,0.51032],

with [0.51032 — Qp(%)| ~ 0.05538, and |0.40406 — Qp(%)| ~ 0.05088. For 7 = 0.95, we
have
Iy.95 ~ [0.00098, 5.02389],

with |5.02389 — Qp(2)] ~ 4.56895, and [0.00098 — Qp(1)| ~ 0.45396.
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1.2 Multivariate extensions

Both for ordering observations and establishing tolerance intervals in R, the underlying
idea remains the same: assessing “farness” from a dataset or, more generally, from a
probability distribution. In both cases, the ingredient that allows for the above con-
structions is the possibility of ordering points in R. The question naturally arises of
whether this is possible in spaces of larger dimensions. Indeed, R? does not possess a
natural ordering when d > 1.

It is possible to establish tolerance regions of probability measures in R? by con-
sidering balls of increasing radii, centered at a fixed location. Even though these balls
provide “confidence” regions in the sense of probability content, they lack any geomet-
ric meaning regarding the shape of the probability distribution. Indeed, balls do not
necessarily reflect the symmetries or asymetries of the distribution. For this reason,
statisticians have been trying to define notions of centrality that capture the geometry
of datasets or, in general, probability measures. We call such concepts depth functions.

Let d € N be fixed. For any probability measure P over R?, a depth function over R?
for P is a map Dp : R? — [0,1]. Small values of Dp(x) are interpreted as points laying
“far away” from the distribution, and large values correspond to points “close to” the
distribution (they are deep). Obviously, not every map from R? to [0, 1] is admissible
as a depth function, it should satisfy some minimal requirements:

1. Dp admits a global maximum, i.e. there exists 2o € R? such that Dp(z¢) > Dp(x)
for any = € R,

2. Dpiy(z +v) = Dp(z) for any € R? and v € R?, where P + v stands for the
probability measure defined by letting (P + v)[A] = P[A — v] for any Borel subset
A C R%

3. Dyp(Uz) = Dp(x) for any = € R? and d x d orthogonal matrix U, where UP
stands for the probability measure defined by letting (U P)[A] = P[U~!A4] for any
Borel subset A C R

Assumptions 2 and 3 correspond to the fact that Dp is a geometric property, hence
should not change the description of the distribution under linear isometries. One can
require other desirable properties such as monotonicity along rays from the deepest
point, but we do not mention them here. For an axiomatic approach of depth functions
and other properties, see, e.g., [90] and [91].

Let us mention a few popular depth functions in R%:

e Halfspace depth, introduced in [98], is defined as

Dp(z) = Lot P[Hzu),
where H,,, = {z € R? : 4/(z — ) > 0} is the halfspace with normal unit vector u
the boundary of which passes through z; we let «'(z—2) denote the usual Euclidean
inner product between u and z—z in R?. Among other features, halfspace depth is
equivariant under affine transformations, vanishes at infinity, and decreases along



rays from the deepest point. For further details, we refer the reader to [29], [40],
[74].

e Simplicial depth was introduced in [60] and [61]. Letting X7,..., X441 be ii.d.
random vectors with common distribution P, it is defined for any = € R? as

Dp(x) = P[S(Xl, - ,Xd+1) = .CC],

where, for any z1,..., 2441 € R%, we let S(z1,...,24.1) denote the simplex of R?
with vertices 21, ..., z441. Simplicial depth is equivariant under affine transforma-
tions and vanishes outside the convex hull of the support of the distribution. Its
computation, however, is very costly; see, e.g., [10], [19], and [30].

e Center-outward quantiles and ranks, introduced in [21] and [44] are a multivariate
extension of the usual univariate quantile map and cdf, in addition to defining a
notion of depth. The center-outward rank of P is defined as the unique gradient
Vop of a convex function ¢p : R? — R that pushes P onto the uniform over the
unit d-dimensional ball B, i.e.

1 1
PUVer) (W) = [ o da
for any Borel subset A C B, where ||z|| stands for the Euclidean norm of . Under
mild assumptions, the map Vpp is a homeomorphism, hence admits an inverse
called the center-outward quantile map of P. The associated depth is defined, for
any = € R?, as
Dp(x) =1—|[Vep()].

These quantiles, and the associated depth, are not equivariant under affine trans-
formations. They are, however, equivariant under orthogonal transformations. In
addition, they allow for controlling probability content. For further details, we
refer the reader to [28], [38], and [45].

There are many other concepts of depth, each having its advantages. Some other
examples include majority depth [64], projection depth ([62], [107]), Mahalanobis depth
([62], [64], [66]), Oja depth [80], zonoid depth [51] and LP-depth [108]. Depending on
the context, different properties may be required: some equivariance, (non-)vanishing
depth, characterizing the underlying distribution, etc. There are also instances in which
a property holds in the most useful cases, but not in general. See e.g. [75], [76], and
[96] for interesting discussions about the characterization property for halfspace depth.
With so many different behaviors being displayed, it becomes difficult to determine the
right depth concept. In practice, the statistician will use the one that best matches the
properties needed in the problem at hand.

This thesis is concerned with another depth concept, called geometric quantiles,
ranks and depth. Spatial quantiles are not affine equivariant. However, they are equivari-
ant under translations and orthogonal transformations. Furthermore, geometric ranks
and depth are given in closed form for any probability measure, a feature shared by
few other concepts. This leads to trivial evaluation in empirical cases, and allows for



explicit asymptotic normality results while most competitors offer consistency results
at best.

In the rest of this chapter, we introduce this notion in two different ways before
describing some of its essential properties.

1.2.1 Two ways of introducing geometric quantiles and ranks

In this section, we present two approaches that lead to multivariate geometric quantiles
and ranks.

First approach

Recall that the cdf of a probability measure P over R is given by Fp(z) = P[(—o0, )]
for any z € R. In geometrical terms, it would be more natural to consider

FZ(x) :=2Fp(z) — 1

instead of Fp. Indeed, while Fp(x) € [0,1], FI“;L takes its values in [—1,1], which is
compatible with the left /right symmetry of R. This leads to a (potentially generalized)
quantile function QIjE, : [-1,1] — R, defined as the (generalized) inverse of F' If. In other
words, the median (the innermost quantile) is Q}E(O), and the most extreme quantiles
on the right are obtained via Qljg(x) as z — 1, while the most extreme quantiles on the
left are obtained via Qlig(x) as  — —1. The quantile regions I, defined in (1.1.2), can
alternatively be obtained as

I ={zeR:|FE(2)| <7} (1.2.3)

for any 7 € (0,1).
Observe that
20[[(—o0, z]](2) — 1 = sign(z — 2)

for any z, z € R. It follows that

F&(x) = /Rsign(x —2)dP(z)

for any x € R. Now, let us note that

ien( ) r—2z

sign(z —2) = ———
i ERE

for any x,z € R with & # 2. Therefore, we define the multivariate geometric rank Rp

of a probability measure P over R?, a multivariate analog of F If when d = 1, by letting

Re(n) = [ E=Ztle 2 ) dp (o)

ra [l — ]|

for any p € R%. The geometric rank Rp takes its values in the closed unit ball

B:={zeR%: |z|| <1},

10



which reduces to [—1, 1] when d = 1. Similarly to (1.2.3), we let the geometric quantile
regions be defined as

{neR:|[Rp(p)] < o}
for any a € [0,1]. Since Rp takes its values in B, we let the quantile of order « € [0, 1]

in direction u € S¢! be the set of solutions € R? to the equation

Rp(p) = ou.

The corresponding depth, introduced in [102], is the map Dp : R? — [0, 1] defined as

Dp(p) =1—[[Rp(p)]

for any pu € R%.

Second approach

Consider a probability measure P over R, and let 7 € (0,1) be fixed. Let us also recall
that a point z € R is a quantile of order 7 for P if

P[(—oo,x)} <r< P[(—oo,x]] (1.2.4)

We now define the map M, from R to [0, 00) by letting

Moo= [ {2 =al+ @r=1) =)~ [zl = @r = 1)z} P

for any ¢ € R. The terms —|z| — (27 — 1)z have no relevance here. We only write them
so that the integral defining M, always exists, even when

/Rd 2| dP(z) = oo.

The map M, is convex over R, hence continuous. Convexity also ensures that it admits
left- and right-derivatives, 97 M, and 0~ M, respectively, at all points. Therefore, any
minimum ¢ of this function (if it exists) is characterized by the “first-order conditions”
0~ M.(q) <0 and 07 M,(q) > 0. A straightforward computation gives, for any ¢ € R,

0" M-(q) = 2/

R

{H[z <q]— 7'} dP(z) = 2<P[(—oo,x)} - T),

and

0" M, (q) = 2/

{]I[z <q]— 7‘} dP(z) = 2(P[(—oo,w]} - 7').
R
We conclude (i) that minimizers of M, always exist, and (ii) that these minimizers are
precisely the quantiles of order 7 for P.

We obtain a straightforward multivariate extension of univariate quantiles by re-
placing the absolute values | - | by Euclidean norms || - ||, and 27 — 1 € (—1,1) by a
unit vector au, with a € (0,1) and v € S9!, This leads to the following definition of

geometric quantiles, introduced in [17].

11



Definition 1.2.1. Let P be a probability measure over R%. Fiz o € [0,1) and u € S,
where St = {z € R? . ||2||? = 'z = 1} is the unit sphere in RY. We say that pia, =
tau(P) is a geometric quantile of order « in direction w for P if and only if it minimizes
the objective function

(0 Ma(p) == / {Ha,u(z ) — Ha,u(z)} dP(z) (1.2.5)
Rd
over R®, with
Hou(2) = ||2]| + a2, (1.2.6)

We know explain how the two approaches we presented are related. Since M, is
a convex map, under differentiability assumptions the quantiles obtained in the second
approach are solutions p € R? to the first-order condition VM, (1) = 0. Computing
VMg (1) by formally taking the gradient under the integral in M, ,, leads to

S —au = 0.
/Rd mﬂ[z#,u] dP(z) 0

This last equation rewrites as Rp(u) = au, which is the definition given in the first
approach.

1.2.2 Essential properties of geometric quantiles and ranks

Let us now give some important properties of geometric quantiles and ranks.

Recall that the map M, ,, is convex, hence continuous for any a € [0,1) and u €
S9=1. Furthermore, it is not difficult to see that it is coercive, in the sense that

lim My (@) = oo,
llll =00
provided a € [0,1). Coercivity and continuity entail that M, , admits at least one
minimizer. Therefore, geometric quantiles of arbitrary order a € [0,1) in direction
u € 891 for P always exist.

As a direct consequence of the convexity of M, ,, geometric quantiles are unique
when P is not supported on a single line of R?. When P is supported on a line, the
same issues we encounter in R can occur, for instance if P vanishes over some interval.
Theorem 1 in [83] provides a refinemement of this result, which we recall in the next
proposition.

Proposition 1.2.2 (Paindaveine, Virta). Let P be a probability measure over R, Fix
a € [0,1) and u € S4L. Then, (i) P admits a geometric quantile .. (i) If P
is not supported on a line, then fio,, is unique. (iii) If P is not supported on a line
with direction u, then fio,, is unique for any a > 0. (i) If P is supported on the line
L = {20+ A : A € R}, then any geometric quantile jiq ., belongs to £ ; in this case,
any such quantile is of the form pia. = 20 + Lou, where £y is a geometric quantile of
order o in direction 1 for Py, ., with Py, ., the distribution of W'(Z — z9) when Z is a
random d-vector with distribution P.

12



A routine application of Lebesgue’s dominated convergence theorem entails that
M, is differentiable at p € RY if P[{u}] = 0, with

VMau(p) = Rp(p) — au,

where we recall that

Rp(z) = /R T [z £ 2] dP(2)

a ||z — 2]

for any = € R

Assume that P is not supported on a line of R%. In this case, geometric quantiles
exist and are unique. Furthermore, the convexity of M,, entails that the geometric
quantile piq,, of order o € [0,1) in direction u € S4=1 for P is uniquely determined
by the equation Rp(fiau) = cu. In particular, the map Rp : R? — B? is a bijection
between R? and the open unit ball B of R?. Existence and uniqueness of quantiles
also allow us to define the geometric quantile map Qp : B® — R”, defined by letting
Qpr(au) = pia, for any o € [0,1) and u € S4=1_ The previous observations imply that
Rp and Q) p are inverse to one another. If we further assume that P is non-atomic, The-
orem 2.6 (iii) in [50] entails that Rp is a homeomorphism, with Rp' = Qp. The fact
that Rp and Qp are bijections between R% and B¢ is surprising: geometric quantiles
span the whole space, even if P is compactly supported ! This phenomenon is typical
of dimensions d > 1, and does not occur in R. Indeed, probability measures over R are
always supported on a line, by construction.

As required by the beginning of our discussion about depth functions, geometric
quantiles are equivariant under translations and orthogonal transformations. If P is
invariant under any orthogonal transformation, Proposition 2.2 in [42] entails that
Qp(au) = rqu for any a € [0,1) and u € S4~1, where 7, > 0 only depends on a. Even
though geometric quantiles in direction v € S%~! do not necessarily have direction u in
general (see, e.g., [74]), Theorem 2.1 in [42] implies that they do so asymptotically.

Detecting outliers in datasets is one of the main uses of depth functions. Properties
of extreme geometric quantiles, i.e. quantiles pq ,, indexed by an order o — 1, are stud-
ied in [41], [42], and [83]. For arbitrary sequences (ay,) C [0,1) and (u,) C S%~! such
that oy, — 1 as n — oo, they show under suited assumptions i) that ||ua, u, || = o0,
and (ii) that pa, u, /|| lan,un, || = u, as n — co. Under additional moment assumptions,
[42] provides a quantitative version of this result.

Let us consider a random sequence X7, ..., X,,... drawn from P, and assume that

P admits a bounded density with respect to the Lebesgue measure. For any n, let P,
be the empirical measure associated to {Xi,...,X,}, i.e.

n
Pn = Z(SXN
=1

where ¢, is the Dirac measure at z. With P-probability 1, the measures P, are not sup-
ported on a single line of R?. In particular, empirical geometric quantiles, i.e. geometric
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quantiles of P,, are unique with P-probability 1. For any « € [0,1) and u € ga=1
let ﬂ(()% denote the almost surely unique quantile of order « in direction w for P,, and
o v the corresponding geometric quantile for P. Then, Theorem 3.1.1 in [17] yields the

following asymptotic normality result:

\F(Mglq)t*l‘a,u> IZ{”X . +au}+rn,

Ha, UH

where, letting I; stand for the d x d identity matrix, we define

o [ el

— foull 2 — paull

and 7, is almost surely O(log(n)/n) if d > 3, or o(n™?) for any B € (0,1) when d = 2.

Similarly to the cdf in dimension d = 1, Theorem 2.5 in [50] shows that geometric
ranks characterize probability measures. Namely, if P, and P» are probability measures
over R? such that Rp, (1) = Rp, () for any € R, then P, = P;.

For further details on geometric quantiles, ranks, and depth we refer the reader to
[17], [41], [42], [71], [73], [81], [102], and [106].

1.3 Outline of the thesis

In the first chapter, we address the problem of recovering a probability measure P over
R™ from the associated multivariate geometric rank Rp. Multivariate geometric ranks
characterize probability measures (see Theorem 2.5 in [50]). If P has a density fp, we
strengthen this result and show that fp = %£,(Rp), where %, is a (potentially frac-
tional) partial differential operator given in closed form, and depends on n. When P
admits no density, we further show that the equality P = £, (Rp) still holds in the sense
of distributions (i.e. generalized functions). We thoroughly investigate the regularity
properties of geometric ranks and use the PDE we established to give qualitative results
on depths contours and regions. We study the local properties of the operator .%,, and
show that it is non-local when n is even. Then, we give a partial counterpart to the
non-localizability in even dimensions. We use the PDE mentioned above to show that
geometric ranks characterize weak convergence in the same way the univariate cdf does.
Extending a result from [72], we conclude this chapter by showing that a Glivenko-
Cantelli result holds for empirical ranks under weaker assumptions.

By substituting an L, loss function for the L; loss function in the optimization
problem defining quantiles, one obtains L,-quantiles that dominate their classical L-
counterparts in financial risk assessment. In the second chapter, we introduce a concept
of multivariate Ly-quantiles generalizing the geometric Li-quantiles from [17]. Rather
than restricting to power loss functions, we actually allow for a large class of convex loss
functions p. We carefully study existence and uniqueness of the resulting p-quantiles,
both for a general probability measure over R? and for a spherically symmetric one.
Interestingly, the results crucially depend on p and on the nature of the underlying
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probability measure. Building on an investigation of the differentiability properties of
the objective function defining p-quantiles, we introduce a companion concept of ge-
ometric p-depth, that generalizes the geometric depth from [102]. We study extreme
p-quantiles and show in particular that extreme Lj,-quantiles behave in fundamentally
different ways for p < 2 and p > 2. Finally, we establish Bahadur representation re-
sults for sample p-quantiles and derive their asymptotic distributions. Throughout, we
impose only very mild assumptions on the underlying probability measure, and in par-
ticular we never assume absolute continuity with respect to the Lebesgue measure.

In the third chapter, we propose a concept of quantiles for probability measures on
the unit hypersphere S of R?. The innermost quantiles are Fréchet medians, that is,
the Li-analog of Fréchet means. Since these medians may be non-unique, we define a
quantile field around each such median m. The proposed quantiles pg',, are directional
in nature: they are indexed by a scalar order @ € [0,1) and a unit vector u in the
tangent space T},S%! to S®1 at m. To ensure computability in any dimension d, our
quantiles are essentially obtained by considering the Euclidean [17] geometric quantiles
in a suitable stereographic projection of S onto T,,8%!. Despite this link with
Euclidean geometric quantiles, studying the proposed spherical quantiles requires un-
derstanding the nature of the [17] quantile in a version of the projective space where all
points at infinity are identified. We thoroughly investigate the structural properties of
our quantiles and we further study the asymptotic behaviour of their sample versions,
which requires controlling the impact of estimating m. Our spherical quantile concept
also allows for companion concepts of ranks and depth on the hypersphere. We illus-
trate the relevance of our construction by considering an inferential application related
to testing for rotational symmetry.

1.4 A comment on the chapters

Although the three main chapters are presented as independent, one might want to
estbalish links between them.

For instance, it is natural to raise the question of whether it is possible to apply the
results of Chapter 2 to Chapter 3 to recover a probability measure from its multivariate
geometric p-rank. Unfortunately, the approach used in Chapter 2 does not apply to the
general framework of p-ranks. On the one hand, the geometric rank writes as a con-
volution, which makes it possible to take its Fourier transform and apply results from
the theory of distributions. On the other hand, p-ranks write as the product between a
matrix and a vector, and only the vector possesses a convolutional form, to which the
p-rank reduces in the case of the usual geometric rank.

Because the spherical quantiles and rank of a probability measure P over S?~! given
in Chapter 4 are defined as the geometric quantiles and rank of a stereographic projec-
tion of P, the results of Chapters 2 and 3 readily apply. This is why we did not feel the

need to further explicit this connection in the thesis.

Chapter 4 might sometimes feel like a straightforward application of standard results
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about geometric quantiles. Although this is partly true, the fact that the anti-median
(the antipode of the Fréchet median) simultaneously plays the role of “infinity” in the
Euclidean case, and belongs to the space itself makes it a setting distinct from a purely
Euclidean one. Indeed, the very definition of our spherical quantiles and rank must
take into account a “projective” effect due to the stereographic projection through the
anti-median. For this reason, both the concepts we define and the proofs we give in
Chapter 4 are more subtle than direct applications of well-known results.

The three chapters forming this thesis have been submitted to different journals,

which explains why they sometimes do not share the exact same structure and mathe-
matical conventions.
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Chapter 2

Recovering a probability measure
from its multivariate geometric
rank

2.1 Introduction

The cumulative distribution function (cdf) and quantiles of a probability measure over
R play a central role in probability and statistics. They characterize the underlying
probability measure, and allow one to control the probability content of a given region.
One of the most notable uses of quantiles is arguably the design of hypotheses tests
in which one is able to establish confidence regions for the estimation of a quantity of
interest. Furthermore, the cdf pushes the probability measure from which it derives
onto the uniform distribution over the interval [0,1]. This gives a very simple way to
generate random observations that follow a given probability law. For these reasons,
a lot of effort has been made over the past decades to extend the notions of cdf and
quantiles of a probability measure to a multivariate setting. It has long been known
that considering quantiles of a probability measure P over R componentwise leads to
quantile regions that are not equivariant with respect to orthogonal transformations,
which automatically discarded this approach. The first and probably most famous at-
tempt to establish a multivariate analog of cdf’s and quantiles is the concept of halfspace
depth, introduced in [98] which, to any point of R", associate a non-negative number
(its depth). The regions of points the depth of which does not exceed a given treshold
value are interpreted as analogs of quantile regions in R. Many other concepts have
followed, such as simplicial depth [60] and projection depth [107] to cite only a few.
Other approaches have been adopted, attempting to define a proper notion of multi-
variate quantiles and cumulative distribution functions (called ranks), some of the most
notable being based on regression quantiles [46], or optimal transport [44]. We also refer
the reader to [88] for a review on the topic.

Among the concepts extending quantiles and cdf’s to a multivariate setting, one

very popular approach is that of geometric multivariate ranks and quantiles, introduced
in [17]. Spatial ranks and quantiles enjoy important advantages over other competing
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approaches. Among them, let us stress that geometric ranks are available in closed
form, which leads to trivial evaluation in the empirical case, unlike most competing
concepts. As a consequence, explicit Bahadur-type representations and asymptotic nor-
mality results are provided in [17] and [50], when competing approaches offer at best
consistency results only. Spatial ranks and quantiles also allow for direct extensions in
infinite-dimensional Hilbert spaces ; see, e.g., [15] and [22]. We refer the reader to [81]
for an overview of the scope of applications geometric ranks offer.

Let P be a probability measure P over R". A geometric quantile of order o € [0, 1)
in direction u € S"~! for P is defined as an arbitrary minimizer of the objective function

x Oiu(x) = /R" {|z —z| —|z] = (au, a:)} dP(z),

where |y| := \/(y,y) is the Euclidean norm of y € R" and (u,v) = > wv; is the
Euclidean inner product between u = (uy,...,u,) € R" and v = (vy1,...,v,) € R™. For
any x € R", let also
Rew)= [ Itap()
Re\{2} [T — 2]

denote the geometric rank map of P. In the univariate case n = 1, it is showed in [32]
that geometric quantiles of order o € [0,1) in direction v € {—1,+1} reduce to the
usual quantiles of order (au + 1)/2 € [0,1). Still when n =1, we have

Rp(z) = /Rsign(x — 2)dP(z),

and
Rp(x) =2Fp(x) —1

for any x € R, where Fp(z) := P[(—o0,z]] stands for the usual univariate cdf of P.
This motivates calling Qp and Rp multivariate analogs of the univariate quantile map
and univariate cdf, respectively.

In a general multivariate framework n > 1, we prove in Chapter 3 that 057 u 18
continuously differentiable over R™ and that

VOOIzu(x) = Rp(x) —au

for any x € R", provided P has no atoms. Further requiring that P is not supported on
a single line of R™, it is proved in [83] that Oi . 1s strictly convex over R™ and, therefore,
that geometric quantiles of order « in direction u for P are unique for any a € [0,1)

and u € S"1 ; let us write this quantile as Qp(cu). This implies that Qp(au), i.e. the
P

unique minimizer of O ,,, is the unique solution x € R" to the equation

Rp(x) = au.

Under the above assumptions, we show in Chapter 3 that the quantile map au +—
Qp(au) is invertible with inverse Qp' = Rp. This provides another motivation to re-
gard Rp as a natural multivariate analog of the univariate cdf.

18



The so-called depth contours and depth regions of P are of particular interest. As-
sume that P is not supported on a single line of R so that geometric quantiles for P
are unique. For any 8 € [0, 1), we let

Dg = {Qp(au) ca€el0,8], ue S"_l},

and
cl = {Qp(ﬁu) fu € S’”_l}

be the depth region and depth contour of order S for P, respectively. Depth regions
provide a family of smooth compact arc-connected and nested centrality regions, while
depth contours are disjoint compact and arc-connected (n—1)-dimensional smooth man-
ifolds (see Section 2.7).

As we already mentioned, the conceptual and computational simplicity of geometric
ranks and quantiles allow for explicit qualitative and quantitative results. Therefore,
geometric ranks and quantiles are well-understood; see, e.g. [41] and [42] for interesting
features of geometric quantiles. Similarly to their univariate counterpart, it is well-know
that geometric ranks characterize probability measures in arbitrary dimension n : if P
and ) are Borel probability measures over R", and if Rp(z) = Rg(«x) for any =z € R”,
then P = @ (see Theorem 2.5 in [50]). Note that this very desirable property is also
shared by ranks based on optimal transport and, when P admits a sufficiently smooth
density, the density can be recovered from the rank via a (highly non-linear) partial dif-
ferential equation, see [44]. The characterization property is not shared by the concept
of halfspace depth (see [75]). However, halfspace depth possesses the characterization
property within an important class of probability measures ; see [96], who gave the first
positive result for empirical probability measures by algorithmically reconstructing the
measure. We refer the reader to [76] for a review on the question of characterization for
halfspace depth. Therefore, it is most natural to explore the possibility of recovering a
probability measure from its geometric rank. In the present chapter, we show that any
Borel probability measure P over R™ can be reconstructed from its geometric rank Rp
through a (potentially fractional) linear partial differential equation involving Rp only.
We further show that this result holds even when P admits no density; this extends
the characterization, given by Theorem 2.5 in [50], with a degree of generality that
outperforms similar results known for halfspace-depth and quantiles based on optimal
transport.

The structure of this chapter is as follows. In section 2.2, the main definitions
are stated. We discuss the strategy used to recover a probability measure P over R"
knowing its multivariate geometric rank Rp only. Some notations and usual spaces are
introduced in Section 2.3. Section 2.4 is devoted to a brief review on distribution theory
and Sobolev spaces. We introduce fractional Laplacians, which are key ingredients all
along the chapter, in Section 2.5. In Section 2.6, we establish the PDE relating an
arbitrary probability measure P over R™ to its multivariate geometric rank Rp in the
sense of distributions. We thoroughly investigate the regularity properties of geometric
ranks, and give sufficient conditions for the above PDE to hold pointwise. By exploiting
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the results of Section 2.6, we establish some regularity properties of geometric quantile
contours in Section 2.7. In Section 2.8, we give a refinement of the characterization
property of geometric ranks, for odd dimensions only, before stating a partial counter-
part to the non-local nature of the PDE in even dimensions. In Section 2.9, we prove
that geometric ranks characterize convergence in distribution. We conclude this chapter
by proving a Glivenko-Cantelli result for geometric ranks in Section 2.10.

2.2 Main results

Throughout, I[A] will denote the indicator function of the condition A.

In the following definition, we introduce a quantity strongly related to the map O(i “
introduced in Section 2.1.

Definition 2.2.1. Let n > 1, and P be a Borel probability measure over R™. We define
the map gp : R™ — R by letting

gp(z) =E[lz - Z| - |Z]]
for any x € R™, where Z is a random n-vector with law P.
We obivously have OF ,(z) = gp(z) — (au, z) for any x € R™, so that
VO(iu =Vgp —au

whenever OOIZ . 1s differentiable. In view of the discussion of Section 2.1, it is clear that
gp is strongly related to Rp (see also Definition 2.2.2).

The triangle inequality entails that gp is well-defined, irrespective of the probability
measure P : no moment assumption is made. It is further easy to see that gp is contin-
uous over R™. Theorem 3.5.2 in Chapter 3 implies that gp is continuously differentiable
over an open subset U C R" if and only if P has no atoms over U. In that case, we
have Rp(z) = Vgp(x) for any x € U, where Rp is given in the next definition.

Definition 2.2.2. Let n > 1, and P be a Borel probability measure over R™. The
geometric rank Rp of P is the map Rp : R — R" defined by letting
x—Z

Rre) =B~

I[Z # w]}
for any x € R™, where Z is a random n-vector with law P.

To recover P from Rp, it is crucial to notice that Rp is a convolution between P
and a fixed kernel, which we will denote by K in the sequel. Formally taking the Fourier
transform .# (Rp) of Rp (in the sense of distributions, i.e. generalized functions) gives

F(Rp) = F(K)Z(P). (2.2.1)

This fact was already noticed in [50], and we used this idea as a building block to prove
the results we present. Recovering P now essentially amounts to isolating .#(P) in
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(2.2.1), and taking the inverse Fourier transform of .% (P). To obtain an explicit formula
for .#(P), we will need an explicit formula for .#(K). Therefore, let us introduce the
kernel K : R™ — R"™, defined as

T f g £,
K@)y={k "7 7
0 if z =0.

At least formally, we have Rp(z) = (K * P)(x). When confusion about the dimension
is possible, we will write K, instead of K to emphasize that we consider K over R".

We will show that the Fourier transform .% (K,,) of K, is given, up to a multiplicative
constant C, that only depends on n, by

£
P.V. (K\T“>
where P.V. stands for principal value. In other words, we have

, ﬂﬁﬂvx}(s) e

K (2)(2) dz = Cy, lim
R =0 Jrn\ B,
for any ¢ € .7(R"), where B, stands for the ball of radius 7 > 0 centered at the origin,
and . (R") (or, equivalently, .7 (R",C)) stands for the complex-valued Schwarz class
over R™. Before stating our main result, let us introduce the operator .%,, that will
play a key role. It involves a constant ,, defined as

1 2”7r"7’1r<"+ 1).
Yn 2

The domain D(.%,) of the operator .%,, is a space of distributions that depends on n,
namely we let D(.Z,) = .#"(R™), the space of C"-valued tempered distributions (see
Section 2.4.1 for further details) if n is odd, and D(.%,) = 5”1”/2(1[%”)’ (see Section 2.5)
if n is even.

Definition 2.2.3 (The operator .%,, and its adjoint .£). Let n € N with n > 1. Define
the (potentially fractional) differential operator £, : D(%£,) C S™(R™) — Z(R™)" by

(=AY TV . if n is odd,
gn ="Tn 1 n—2 . .
(—A)2(=A) 2V - ifn is even,

where V - is the divergence operator, (—A)F stands for the Laplacian operator —A taken
k times successively when k € N, and (—A)% denotes the fractional Laplacian introduced
in Section 2.5.

Define the formal adjoint £ : D(ZF) C S (R") — S™(R"™) of £, by

—2

V(—A)anl if n is odd,
o V(—A)%(—A)HT if n is even,

where V stands for the gradient operator, and

- L (R™) if n is odd,
B F12(R™)"if nis even.
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We call .Z the formal adjoint of .Z,, because, letting (-, -) denote the distributional
bracket (see Definition 2.4.1), we have

(Ll ) = (A, L7 p)
for any A € D(%,) and ¢ € .(R"), and
(LT, W) = (T, £4,7)

for any T € D(£) and ¥ € .(R",C"). In particular, we have

[ (@@= [ (@), 20)w)d
for any ¥ € (R™,C") and ¢ € . (R").
Taking Fourier transforms shows that all differential operators involved in the def-
inition of ., and .Z* commute with each other over D(.%,) and D(.Z)), respectively.
This legitimates writing .%), and £, in the more compact forms

n—1

L0 =" (—A)TV )

and
n—1

grj =Tn V(—A)T,
irrespective of n > 1. In R, notice that 2 and .} simply reduce to

1d
b =-—— =9
! 2dx 1
We now state our main result.

Theorem 2.2.4. Let n > 1, and P be a Borel probability measure over R™. Then, Rp
belongs to the domain D(%,) of £, and the equality

P = %,(Rp)

holds in . (R™)', i.e.

/n¢(x) dP(z) = /n (Rp(x), (3;1/,)(95)) dr

for any ¢ € S (R™).

The previous theorem naturally raises the question of whether it is possible to re-
cover a pointwise equality fp = %, (Rp) when P admits a density fp. When n is odd,
Rp should be at least n times differentiable. When n is even, Rp should be at least
n — 1 times differentiable, and such that (—A)% (—A)nT_2 (V- Rp) exists pointwise. Dif-
ferentiability up to order n—1 is obtained in Proposition 2.6.8, via a standard argument
based on dominated convergence. Since the (n — 1)th derivatives of Rp behave like

1
T — mfp

RTL

(Z) dZ,
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and since ﬁ is not integrable near the origin nor at infinity in R™, the differentiability
of order n cannot be addressed by the dominated convergence argument. Our strategy
consists in using the PDE we established, i.e.

fp="m (=A)"7 (V- Rp),

and use elliptic regularity to conclude that V - Rp € H™ !: see Section 2.4.2 for a

loc
definition of the spaces H*. This fact alone, however, is not enough to deduce that
Rp € HJ in general. Nevertheless, we established that Rp = Vgp (see Definition 2.2.1
and the comments below). Consequently, we will have —Agp € H~! which, by elliptic

loc

regularity, will lead to gp € Hﬁjl, hence Rp € H}} .

Theorem 2.2.5 (Odd dimensions). Let n > 3 be odd, and P be a Borel probability
measure over R™. Let Q0 C R™ be an open subset, and assume that P admits a density
fa € LY(Q) over Q with respect to the Lebesque measure. Then, we have the following :

1. If fo € LY (Q) for some p > n, then Rp € €™~ 1(Q) N H

loc loc
admits weak derivatives of order n in Q, and we have

(Q). In particular, Rp

fa(z) = (ZnRp)(z)
for almost any x € Q.

2. If fo € €5*(Q) for some k € N and some a € (0,1), then Rp € €*(Q), and

loc
we have

fa(z) = (ZnRp)(z)
for any x € Q.

Theorem 2.2.6 (Even dimensions). Let n > 2 be even, and P a Borel probability
measure on R™. Assume that P admits a density fp € L*(R™) with respect to the
Lebesgue measure. Let us define

RO =, (=A)T (V- Rp).
Then, we have the following :

1. Ifn > 2 and fp € LY (R™) N L*(R") for some p > n, then Rp € €"1(R") N
H .(R™). In particular, Rp admits weak derivatives of order n in R", and we

have
fp(x) = (ZuRp)(z) = (~A)2RE V) ()

for almost any x € R™. In addition, Rgf_l) € HY(R"™), and we have

(-2)2 BY V) (@) = 207 (gl RE V) (2)

for almost any © € R™.
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2. If fp € €F(R") for some k € N and o € (0,1), then Rp € €*"(R") and we
have

fp(x) = (ZnRp)(x)
for any x € R™. In addition, we have

RV (z) — UV (z)

|z — 2|+l dz

ZnRp)(x) = ¢p.1/9 lim
St =il [

or any r € R™ (see Section 2.5 for the definition of ¢, 1/2)-
1/

The fundamental difference between odd and even dimensions lies in the local nature
of the statement in odd dimensions and the global nature of the statement in even
dimensions. This is a direct consequence of the fact that %, is a purely local differential
operator when n is odd, while .%, is non-local when n is even due to the presence of
(—A)? in %,

In even dimensions, we require fp € L2(R") although we do not ask it in odd
dimensions. This is again due to the local nature of the statement in odd dimensions,
which actually requires fp € L120c‘ But this condition is automatically verified since we
already asked fp € L} = with p > n > 2. Now, the fact that we require fp € L?(R™)
in even dimensions implies that m% does not belong to L?(R") when n = 2. This is

why n = 2 is excluded in even dimensions if no Holder regularity holds.

2.3 Notations
Let n > 1, and U C R" be an open subset.

e N={0,1,2,...} is the collection of natural numbers.
e We denote the inner product over R™ by (-, -).

e For any x € R™ and r > 0, we let B,(z) and B, denote the open ball centered at
x with radius r and the ball centered at the origin with radius r, respectively.

e For any subset A C R", we write A for the closure of A with respect to the usual
topology of R".

e For any function u : R™ — C that is k-times differentiable, we let

N olely
(@) = G e (@

for any a = (a1,...,an) € N" such that |af := 3°7_) a;j < k. By convention, we
let 0% :=wu if a = (0,...,0).

e For any k > 0, €*(U) stands for the collection of functions u : U — C that are
k-times differentiable, and such that d%u is continuous over U for any a € N"
with |a] < k.

e For any k > 0, 6F(U) is the collection of functions u € €*(U) such that 0%u is
bounded over U for any a € N with |a| < k.
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o The set €¥(U) stands for the subset of %;* made of functions whose support is
compact and contained in U. The set €2°(U) of infinitely differentiable maps with
compact support in U is also denoted 2(U).

o We let 6p(R"™) denote the collection of (complex-valued) continuous functions that
converge to 0 at infinity.

e The Holder space €**(U), k € N and a € (0,1], stands for the collection of
functions v € €*(U) such that 9°u is bounded over U for any 3 € N* with |3] < k,
and such that 9%u is a-Holder continuous over U when |3| = k. Similarly, we let
€(U) be the collection of functions u € €*(U) such that u € €**(V) for any

loc

open bounded subset V C U such that V C U.

e When V is a collection of functions u : 7 — C™ defined over a topological space T,
we let Vjo. denote the collection of functions uw : 7 — C™ such that the restriction
u)g of u to any compact set K C T belongs to V.

e For any u € L'(R"), we define the Fourier transform @ of u by letting
) = / u(x)e 20 dg

for any ¢ € R™. We let .Z : L?(R") — L?(R") denote the Fourier transform over
L?(R™), defined as the unique continuous extension to L?(R™) of the restriction of
the Fourier transform on .#’(R™). We will also denote by .# the Fourier transform
acting on the space .(R™)’ of tempered distributions on R™ (see Section 2.4.1),
and acting componentwise on .#*(R"), for any k > 1.

In the sequel, we will refer to the following statement as Green’s formula, that can
be found in Appendix C.2 of [31].

Theorem 2.3.1 (Green’s formula). Let Q@ C R™ be a regular and bounded open subset,
and 0 denote its boundary. Let u,v € €*(Q). For anyi € {1,...,n}, we have

/Q (9ru(z))v(z) do = /a al@)olw)i(e) do(r) - / u(z)dv(z) d,

Q

where vi(x) is the ith component of the outer unit normal vector to  at x, and o the
surface area measure on OS).

2.4 Brief review of distribution theory and Sobolev spaces

In this section, we review some of the basic analytical tools we will need : distribution
theory and Sobolev spaces.

2.4.1 Distributions

The main reference we used for this section is [87].
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Let U C R™ be an open subset. Let us recall that the set of infinitely differentiable
functions whose support is compact and included in U is denoted in the chapter by
¢>°(U). We endow €2°(U) with the following notion of convergence: a sequence () C
€¢>°(U) converges to p € €2°(U) in the space €°(U) if there exists a compact subset
K C U such that supp(yi) C K for any k£ and such that

sup [0%(px — ¢)(z)| — 0
reK

as k — oo for any a € N™.

Definition 2.4.1 (Distribution). A distribution on U is a linear map
T:62U)=C, o= (T,¢)

which is continuous with respect to the convergence on €2°(U). The set of all distribu-

tions on U is denoted 2(U)'.

Examples 2.4.2. We list here typical examples of distributions and a few usual ways to
obtain distributions from other distributions.

e Any function f € L (U) gives rise to a distribution Tt on U which, by an obivous

loc
abuse of notation we also write f, by letting

(f ) = /U f(@)p(z) da

for any ¢ € €°(U).

e Similarly, any Borel measure p on U that is finite over compact subsets of U leads
to a distribution on U by letting

(1, 0) = /UsO(w) du(x)

for any ¢ € €2°(U). In particular, any Borel probability measure is a distribution
on any open subset of R™.

o If T € 2(U) is a distribution on U, we define its distributional derivatives 0“7,
a € N by letting
(0°T, ) = (=1l (T, 0%)

for any ¢ € €°(U).

e For any smooth function f € €°°(U) and distribution T' € 2(U)’" on U, we define
the distribution f7T' by letting

(fT,0) == (T, fop)

for any p € €>°(U).
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Distributions are stable with respect to multiplication by smooth functions, and
taking derivatives. Other common operations, such as convolution and Fourier trans-
form, do not leave the space €>°(U) invariant and cannot be directly defined on 2(U)".
Consequently, we need to use another class of test functions, and the corresponding
new distributions, on which we can apply these operations. This is the role of tempered
distributions, that rely on the Schwarz class .(R™) defined as

S (R") = {f € E2(R") : sup (1+[2])"]0°f(2)] < 0, ¥m €N, Yo € N”}.

Following our definition of ¥°°(R"), functions from .(R") are complex-valued (see
Section 2.3).

The set Z(R") is a vector space. It is also stable by multiplication, multiplication
by smooth functions all derivatives of which have at most polynomial growth at infinity,
convolution, differentiation and Fourier transform. We further have the inclusion

¢.=(U) C L (R")

for any open subset U C R". The set .(R",CF), with k& > 1, will stand for the
collection of vector fields ¥ = (¢1,...,1y) for which every component 1; belongs to
Z(R™). Similarly to the space €2°(R"), we endow .(R") with an adequate notion of
convergence. A sequence () C . (R™) converges to ¢ € . (R™) in the space . (R™)
if

sup |(1+ |z|)™0% (¢ — ) (x)] = 0

TeR™
as k — oo for any m € N and o € N™.

Definition 2.4.3 (Tempered distribution). A tempered distribution is a linear map
T:R") —C, v (T,9)

which is continuous with respect to the convergence on .#(R™). The set of tempered
distributions is denoted . (R™)’.

For the sake of simplicity we let
SR = (LR
for any k > 1 be the set of linear maps
T=(Ty,....Ti) : SR, C") = C W= (v, ) = (T, 1), (T )

such that T; € (R") for any i = 1,..., k. We let all operations described above act on
SF(R"™) componentwise. Therefore, the identities we stated remain valid on .#*(R")’.

It is easy to see that if a sequence () C €°(R™) converges to some ¢ € €°(R")
in the space €°(R"), then convergence also holds in the space ./(R™)". In particular,
any tempered distribution is a distribution over R".

Ezxamples 2.4.4. Below, we list typical examples of tempered distributions, and a few
usual ways to obtain tempered distributions from other tempered distributions.
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o If f:R"™ — C is a measurable map such that

f(x) DTN
Mt e X EY

for some m € N and p € [1,00), then f € .Z(R") by letting

)= [ s
for any ¢ € S (R").

e Similarly, if u is a Borel measure on R™ such that

1
———dpu(r) < 0o
o T )
for some m € N, then p € . (R")".

e Let T € S(R™) and f € €°°(R™). We have already mentioned that the product
fT is a distribution over R™. For fT to be tempered, we need fi to be a Schwarz
function for any ¢ € #(R™). This will be the case, for instance, if f and all its
derivatives have at most polynomial growth at infinity. If no restriction is imposed
on the growth of f and its derivatives, the product f1 might not be tempered;

consider, e.g., the tempered distribution 7' = 1, and the smooth function f(z) =

e”r.

o If T € (R") is a tempered distribution, then the derivative 0*T is also a
tempered distribution for any o € N™.

o If T € #(R™), we define its Fourier transform .ZT by letting
(FT,4)=(T, ¢)

for any ¢ € .(R™). The map .#7T is a tempered distribution. Just as for smooth
functions over R"™, the equalities

F(0T) = (2in&)*F(T), and 0% (T)=F((—2irz)*T)
hold in . (R™)" for any o € N™.

Proposition 2.4.5 (Convolution). Let T' € .Z(R")" and ¢ € /(R™). We define the
convolution T * ¢ by letting

(T * ) () = (T, p(z — )
for any x € R™. The map T %1 belongs to €*°(R"™), and we have
0T x) = (0°T) xp =T % (%)

over R" for any o € N". Furthermore, T %1 has polynomial growth. In particular, T *
s a tempered distribution over R™, and the equality

F(T )= F(T) D
holds in .7 (R™)'.
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2.4.2 Sobolev spaces

The main reference we used for this section is [31].

Let U C R" be an open subset. A function u € L{ (U) has weak derivatives of order

loc

k in U if, for any o € N" with |a| < k, the distributional derivative 0%u is actually a
function, and belongs to Ll _(U), i.e. there exists vo € LL _(U) such that

loc

w(z)0%p(z) dx = (=) [ vy (x)e(z) dz
/U()aw()d (1) /U (#)p(x) d

for any ¢ € €°(U). We write v, = 0%. When u € €*(U), then 9%u coincides with
the usual partial derivative of u. In the sequel, when no regularity of u € L%OC(U ) is
assumed, then 0%u will always stand for a distributional derivative.

For any integer k > 1, we define the Sobolev space
H*(U) = {u € L2(U) : 8%u € LA(U), Yo € N", |a| < k;}

Since .Z(0%) = (2irx)*Fu in .#(R")’, and since a function belongs to L?(R") if
and only if its distributional Fourier transform does, the condition “u € L?(R") and
0% € L*(R")” is equivalent to “u € L%(R") and z*.Zu € L*(R")”. Tt follows that we
can, equivalently, define H*(R") as

TR = {ue PEY: [ (14 P Fu©)P d < oo},

R”

For any real s > 0, we finally let
@) = {ue PE): [ (1+E*)FuOP & < oo
RTL

- {u € L2(R") : (1 + [¢2)*2Fu(€) € L?(Rn)}.

For any s > 0, the set H%(R"™) is a Hilbert space, equipped with the inner product

(o) = [ (14 IR Pu(©Fo(E) ds.

Sobolev spaces are particularly approriate to study the regularity of distributional
solutions u to the Laplace equation —Awu = f when u and f satisfy mild assumptions,
described in the next definition.

Definition 2.4.6 (Weak Laplacian). Let n > 1, and Q C R™ be an open and bounded
set. Let g € L*(Q), andu € H* (). We say that u satisfies —Au = f in the weak sense
in Q if

[ (9ute). Vila)) do = | flaypla) do
for any ¢ € €°().

The following proposition is Theorem 2 of §6.3.1 in [31], and will play a crucial role
in our proofs.
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Proposition 2.4.7 (Elliptic regularity, I). Let n > 1, and Q2 C R™ be an open and
bounded set. Let g € H*(Q) for some k € N, and u € H*(Q) be such that —Au = g in
the weak sense in ). Then u € HIIZZFQ(Q), i.e u € H*2(V) for any open subset V C
such that V. C Q. In particular, u admits weak derivatives of order k + 2 in €, and we
have —Au = f almost everywhere in §, where Au = Y1 | 8?u and d3u,...,0%u are
weak derivatives of u.

The following proposition is Corollary 2.17 in [33]. It will also play an important
role in our proofs.

Proposition 2.4.8 (Elliptic regularity, II). Let n > 1, and By be the open unit ball of
R™. Let f € €5%(By) for some a € (0,1) and k € N, and let w € H'(By) N L>®(By) be
such that —Au = f in the weak sense in By. Then u € €FT2(By).

We will use a direct generalization of this proposition, stated in the next corollary.
We prove it in Appendix 2.11

Corollary 2.4.9. Letn > 1, and Q C R™ be an open subset. Let f € ‘Kli:‘(ﬂ) for some
a € (0,1) and k € N, and let u € HL_(Q) N L.() be such that —Au = f in the weak
sense in Q. Then u € € 2%(Q).

loc

2.5 Introduction to fractional Laplacians

Different definitions of fractional Laplacians exist. Some rely on Fourier transform, oth-
ers on singular integrals, or Sobolev spaces. They all coincide for functions with enough
regularity, such as the Schwarz class, but may differ in general, or at least be defined
over different domains. In this section, we provide a self-contained introduction to frac-
tional Laplacians. The approach we present is based on Fourier transforms, because it
appears under this form in our proofs. The main references we used for this section are

[59], [78], [94], and [95].

Let us fix u € .(R"™). Recalling that
F((~A)u) = (2n[¢])* Fu
for any integer ¢ > 0, we naturally let
(=A)"u)(z) = (2m)*F (| Fu(§))(x)

for any real s > 0 and z € R”. We now make a comment on the factor (27)% in the
definition of (—A)®u. Obivously, it is a consequence of our choice of normalization in the
definition of the Fourier transform. For another normalization in the Fourier transform,

Fap say, defined by

(Fas)(©) = 5 [ ula)e 9 da

for some a > 0 and b > 0, we have

a

Faw© =b(5)" [ u@e a.
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It is easy to show that
a® Z oy (€17 Fapu(€)) (@) = F (1€ F11u(€)) (x)

for any x € R™. It follows that any choice of normalization in the Fourier transform
leads to the same value of (—A)%u if we let

(=AY u)(@) = a® F g (€] Fapu(€)) ().

In the sequel, we will be working with a = 27 and b = 1.

When s = n+ o, with n € N and o € (0,1), taking the Fourier transform readily
implies that
(—A)*u = (=A)7((=A)"u),

where (—A)™ is the usual differential operator —A taken n times. Let us therefore
restrict to s € (0,1). It is proved in [78] (see Proposition 3.3) that, in this case, we have

u(x) —u(z)
) |£C _ Z|n+25

(=A)*u)(z) = cps lim dz,

10 JrRn\ B, (z
for any x € R", and some constant ¢, that only depends on n and s. Note that in the
reference mentioned above, the normalization in the Fourier transform corresponds to
a=1and b= (2r)2 in our previous discussion. The value of the constant ¢, ; can be
found in [95] (see Theorem 1), and is given by

s(1 —s5)4°T'(n/2 + s)
IT(2 — s)|7n/2

Cn,s =

We will now explain how one can extend the domain of (—A)®. It is easy to see that

[ (aro@u@ds = [ u@(-a) v ds

for any u,v € (R™). Consequently, it is tempting to define the fractional Lapla-
cian (—A)*T of an arbitrary tempered distribution 7' € #(R™)" (recall that Fourier
transforms are involved in the definition of (—A)®) by letting

(=8)°T, ) == (T, (=A)*Y) (2.5.2)

for any ¢ € .#(R™). However, this approach must be discarded because (—A)®y does
not belong to .#(R™) in general. The regularity of (—A)®i is established in the next
proposition, which is stated in [94] but not proved. For the sake of completness, we
provide a proof of this proposition in Appendix 2.11.

Proposition 2.5.1. Letn > 1, s € (0,1), and u € L (R™). Then, (—A)°u € €<(R"),
and we have

sup |(1+ 2" F2) 0% (= A) ) ()] < o0 (2.5.3)

for any a € N™. In addition, for any o € N we have

sup [(1+ [2]" )0 ((—A)*u)(2)] (2.5.4)

r€ER™

S 10%ul gy + sup ((1+]2)"2V2(@0)(2)]),
z€R"
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where, for any smooth function v, we let |V*(2)| stand for the operator norm of the
Hessian matriz V*(z) of ¥ at z.

According to the previous result, the space

SR = {p € €°(R") : sup |(1 + |z["T2)0%)(z)| < o0, Yo € N}
TER™

is more adequate for defining fractional Laplacians by duality. For any k& > 1, we
similarly define .7, (R™, C¥) as the collection of vector fields ¥ = (31, .. .,y) for which
P € S5(R™) for any i = 1,..., k. We endow .%5(R") with the following convergence: a
sequence (¢r) C 5(R™) converges to ¢ € .75(R") in the space .75(R") if

seuﬂgL [(L+ [2[*F2°)0% ¢y, — ) (z)| = 0

as k — oo for any o € N”.

Definition 2.5.2 (Distributions for the fractional Laplacian). Let s € (0,1). We let
Zs(R™) be the set of linear maps

T: 7R = C, ¢ = (T4
which are continuous with respect to the convergence on Zs(R™).

Similarly to tempered distributions, we let .#*(R™)" denote the space (.%5(R™)")* for
any k € N with £ > 1 ; see Definition 2.4.3 and the comments below.

Since .7 (R") C .Zs(R"), we have .7;(R") C .(R")’. In particular, distributions in
Zs(R™)" are more regular than those from . (R")’.

Proposition 2.5.1 entails that if a sequence (i) C (R™) converges to 0 in the
space . (R™), then the sequence ((—A)%iYy) converges to 0 in the space .7;(R"™) as
k — oo. Therefore, if (—A)*T is defined according to (2.5.2), then (—A)*T is a tempered
distribution for any T € .7(R™)".

Definition 2.5.3 (Fractional Laplacian). Let s € (0,1). For any T € Z5(R™), we let
(=A)*T : S (R™) — C be the linear map defined by

(=A)°T, ) == (T, (=4)")
for any v € S (R™). We have (—A)*T € ./(R").

The class .%5(R™) is obviously closed under differentiation. However, it is not closed
under Fourier transform. Consequently, the space .#5(R™)’ is closed under differentia-
tion, but not under Fourier transform. In addition, it is easy to see that

for any u € ./ (R"™) and o € N™. This implies that

O(—A)T = (~A)*9°T
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for any T € .7;(R")" and o € N"™.

Let us now give examples of tempered distributions that also belong to .Zs(R™)". It
is trivial to see that any (signed) measure p such that

| s dil@) < oc
R

n 1+ |x|nt2s

belongs to .#s(R™)". In particular, any Borel probability measure over R™ belongs to
Zs(R™)". This also entails that any function u : R™ — C belongs to .#s(R")’, provided

that
/ 7\11(.@)\ dr < 0o.
ge 14 |x[nF28

In particular, we have LP(R") C .%,(R™) for any p € [1, +0o0].
We provide a result that allows one to compute (—A)%u explicitly. This result is
proved in Appendix 2.11.
Proposition 2.5.4. Let s € (0,1), and u € 5s(R™)". Then, we have the following :
1. Ifu € H*(R"), then (—A)*u € L*(R"™), and we have
(—A)%u = (2m)*FH(|* Fu)
in L?>(R") ;

2. If Fu € L (R™) and |£|**Fu(E) € LY(R™), then (—A)%u € Go(R™); in this case,

loc
we have

(=A)u)(z) = 2m)* 71 (|¢[* Fu) (@)
for any x € R™ ;

3. If, for some open subset Q C R™ and o € (0,2 — 2s), we have u € €*P(Q) with
k=|2s+a and B =25+ a —k, then (—A)*u € €°(Q); in this case, we have

ul@) —u(z)

) ’33 _ Z|n+23

—A)(z) = cp.s lim
ar@ =entiy [

for any x € Q.

2.6 Recovering a probability measure from its geometric
rank

Theorem 2.6.1. Let n > 1, P be a Borel probability measure over R™, and assume
that P admits a density fp € Z(R™) with respect to the Lebesque measure. Then
Rp € €*(R")N D(%,), and we have

fr(x) = (ZnRp)(2)

for any x € R™ (see Definition 2.2.3 for the definition of £, and D(.£,)).
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Since 4 = %% and Rp = 2Fp — 1 over R when n = 1, where Fp is the usual
cumulative distribution function of P, we recover the well-known fact

Fh(z) = fp(a).

The proof of Theorem 2.6.1 requires the next two lemmas, which we prove in Ap-
pendix 2.11.

Lemma 2.6.2. Let n > 2 be an integer, and o € (0,n) be a real number. Then the
Fourier transform of the tempered distribution 1/|z|* is given by

g(1>(§): INEe— 1

1 )
|| T2 7o0(9) lEh

Lemma 2.6.3. The derivative of the tempered distribution 1/|z|"~! is given by

¥ () = == 0 PV ()
in S"(R™).

We are now able to give the proof of Theorem 2.6.1.

Proor or THEOREM 2.6.1. Let us first recall that
Rp(r) = (K * fp)(z)

for any x € R™, where K is the kernel introduced in Section 2.2. Since Rp € L (R™,R"),
we have Rp € 5”1%(]1%”)’ C S™(R™) (see Section 2.5) so that Rp € D(.%,), the domain
of %, irrespective of n. Since K € .™(R")" and fp € .(R"), Proposition 2.4.5 entails
that Rp € €>°(R").

For n =1, recall that Rp = 2Fp — 1, where

Fp(z) = /_ T

is the cumulative distribution function of P. By the fundamental theorem of calculus,
we then have

(LaRp)(x) = (~8)"F (V- Bp)(2) = 5 Rip(w) = 5(2Fp — 1) = fp(a).

Therefore, the claim is proved when n = 1.
Now assume that n > 2. Since K € L*°(R",R"), we have K € ."(R")". It follows
from Proposition 2.4.5 that
F(Rp) = 7 (K) fp (2.6.5)
in #"(R"), since fp € .#(R"). Lemma 2.6.2 and the fact that I'(3) = /7 yield
n—1

7(L)e -G 1

|z e gt
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in .(R™)’. From the identities stated before Proposition 2.4.5, we deduce that

e g2 P ("37)
ﬂK)ZJ(m) :_237}‘/(;3;1\) = 23:7( = V<|gyi 1)

in "(R"™)". Recalling that 2I'(x) = I'(x + 1) for every x > 0, Lemma 2.6.3 yields

7 L) ¢
(ZK)(&) = m% P.V. (IHT“> (2.6.6)

in ."(R")". Equation (2.6.5) then rewrites

n+1 -
(FRp)©O = i) PV, (mﬁﬂ)fp(f)

1T 2

in "(R™)". Tt is easy to see that

§ - &i 1
(57 P‘V'(’§|n+1)> = z;&' P’V'(’§|n+1) =gt

in .(R™)". Further note that

(€ (FRe) Z@ 1) = 5= 3 FOURNNE) = 5-F (V- Rr)(€)
=1
in (R™)’". Tt follows that
n+l
S P Re)(©) = ) T (267

in .(R™)". Let us now consider two cases. (A) Assume that n > 3 is odd. Therefore,
2=l ¢ N and we have

n—1

() = ;anil) P LF( - Rp)(E) = F(—A) TV - Rp)(€)
2
in (R"™)", where
1
Tn on ;1P(nTl)

Therefore, the equality
fp = (=8)"2 (V- Rp) = Z,(Rp)

holds in . (R"™)". But Rp € €°°(R"), which ensures that the r.h.s. of the last equality
is a proper continuous function. Since fp is also continuous and equality holds in the
sense of distributions, equality also holds pointwise. (B) Assume that n > 2 is even.
Since n — 2 is even, we deduce from (2.6.7) that

n—1 n—1

n—2 w2
1P (V- Re)E) = 5 pary e

l\.’J\»—\
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holds in .#(R™)". Let us recall that Rp € 1’;2(}1%")’. Since 5”17;2(]1%")’ is closed with
respect to differentiation, we have u € .7} o(R")’, with u := (—A)an2 (V-Rp). It is clear
that Fu € L (R") since f;(f)/|£| € L (R") (recall that n > 2), and that |¢|.Zu(€) €

loc loc
L'(R") since fp € .7 (R™). It follows from Proposition 2.5.4 that (—A)%(—A)%(V :
Rp) € €(R™) and that

fr="m F((=A)2(=A)" (V- Rp))
holds in .”(R™)’, where =, is the same constant as in (A). We deduce that
fp=m (~8)3(=A)"F (V- Rp) = Zu(Re)

in .Z(R™). Since both sides of this last equality are continuous, equality also holds
pointwise over R", which concludes the proof. |

Definition 2.6.4 (Characteristic function). Let n > 1, and P be a Borel probability
measure over R™. For any £ € R", let

¢p(€) := E[e )]

be the characteristic function of P, where X is a random n-vector with law P. Then, ¢p
is the distributional Fourier transform of the tempered distribution P, i.e. ¢p = F(P)
in . (R™) (see Section 2.4.1 for the definition and some properties of the space . (R™)’
of tempered distributions). Letting op(€) = E[e"™&X)] denote the usual characteristic
function of P, we have

op(§) = pp(—27E)
for any & € R™.

Theorem 2.6.5. Let n > 1, and P be a Borel probability measure over R™. Then
Rp belongs to the domain D(%,,) of £,. Furthermore, the distribution F (£, Rp) is a
continous function over R™, and we have

op(§) = 7 (ZLuRp)(§)
for any £ € R™. Tn other words, the equality
P =%2.(Rp)
holds in . (R™)'.

The following lemma, which we need to prove Theorem 2.6.5, is stated in [6], Corol-
lary 2.2.10.

Lemma 2.6.6. Let Q and (Qr)r>1 be Borel probability measures over R™ such that Q
converges to Q in distribution as k — 0o. Let g : R™ — C be a bounded and measurable
map such that Q(Dy) = 0, where we let

D, :={x € R" : g is not continuous at x}.

Then fR" gdQr — fRn gdQ@ as k — oo.
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PROOF OF THEOREM 2.6.5. Assume first that there exists a sequence of probability
measures (Qg) over R™ such that (Qf) converges in distribution (i.e. in law) to P as
k — oo and such that, for any k, Q admits a density fx € .(R") with respect to the
Lebesgue measure. For any k, let us denote Rg, the geometric rank associated to the
probability measure Q. Since, for any k, Q) admits the density fr € #(R"™), Theorem
2.6.1 entails that

fr(@) = (ZLnRq,)(2)
for any x € R™ and k. Let ¢ € .#(R"). For any k, we then have

[ w@)fita)da = [ (o, i) e (2.68)
We are going to show that the Lh.s. of (2.6.8) converges to [p, ¥ (z)dP(z) and that
the r.h.s. of (2.6.8) converges to [p.(Rp,.Z,; (1)) dx as k — co.

In order to show that the Lh.s. of (2.6.8) converges, it is enough to observe that,
since (Q) converges in distribution to P and 1 is continuous and bounded over R", we
have

. U(x) fr(x) de = - ¥(x) dQk(z) — Y(x)dP(x) (2.6.9)

Rn
as k — oco. Let us now show that the r.h.s. of (2.6.8) converges. Let us start by showing
that R, converges almost everywhere to Rp. For any z € R", let g,(2) := ﬁﬂ[z # 1]
for any z € R". With the notations of Lemma 2.6.6, we have Dy, = {z}. Let

A:={z eR": P[{z}] > 0}.

Then A is at most countable and we have P[D,, ] = 0 for all x € R"\ A. Since g, is
bounded and measurable for all x € R", Lemma 2.6.6 entails that

Rou@) = [ 0:(2)dQu(2) > [ 9u(:)aP(E) = Rr(o)
for any z € R\ A as k — oo. Since A is at most countable, we have Rg, — Rp almost
everywhere. In order to apply the dominated convergence theorem to the r.h.s. of
(2.6.8), observe that . (¢)) € L*(R™). Indeed, if n is even, we have (—A)%w e S(R")
so that (—A)%((—A)%Qw) € S1/2(R"), whence

n—2

L) = V((—A)2 (=A) "7 ) € S (R",C") C L (R™)

since ¢ € (R™). If n is odd, then V((—A)nT_lw) trivially belongs to .#(R™,C")
which is a subset of L!(R"). Since the sequence of functions (R, ), is uniformly norm-
bounded by 1 and since Rg, — Rp almost everywhere as k — oo, Lebesgue’s dominated

convergence theorem entails that

| (RoZi@)da— [ (Rp 2 (w)da (2.6.10)

Rn

as k — oo. Putting (2.6.8), (2.6.9) and (2.6.10) together yields

n

() dP(x) = / (Rp, £1(4)) dz

R
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for any ¢ € .#(R™), which yields
P =4%,(Rp)

in Z(R")".

It remains to show that there indeed exists a sequence of probability measures (Qy)
over R™ that converges in distribution to P and such that @Q; admits a density fr €
Z(R™) with respect to the Lebesgue measure. Let X be a random vector with law P.
Let p € €°(R™) be such that 0 < p < 1 and [p, p(z)dz = 1. In particular, p is a
probability density over R™. Let then Y be a random vector with density p. For any
k,let X := X + %Y. Since (X}) converges to X in probability, then X} converges to
X in distribution. Observe that X admits the density pr := pi * P with respect to
the Lebesgue measure, where pi(x) := k"p(kz) for any k and z € R™. In particular,
pr € €°°(R") since pi, € €°(R™). Since X} — X in distribution, we have

| s@mta)da = | g(@)aP@
for any g € € (R") as k — oo. For any k, let 7, > 0 be such that
1
/ pr(z)de < —.
Rn\BmC k

For any k, let xi € €2°(R™) be such that 0 < x; < 1 over R", xx = 1 over B,,
and xx = 0 over R™ \ Bi4,,. Let then fi(z) := xx(x)pr(x) for any k and = € R".
Since (pr) C €°(R"), we have (fx) C €>°(R"™). In particular, (fz) C Z(R"). Let
g € €2(R™). We have that

[ @@ e~ [ g ds
< [ lo@l0a(z) - Dpe(a) do

< [, SR 05

AN

< gl zoeam / pr() da
R”\ B,

k

Since [pn g(@)pi(x) dx = [p, g(x) dP(z), it follows that

| s@in@ds > [ o) P

R

for any g € €2(R"). Letting Q) be the probability measure with density fi, € .(R")
for any k yields the conclusion. |
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If P admits a density fp with respect to the Lebesgue measure over R™, Theorem
2.6.5 entails that fp = £, Rp holds in the sense of tempered distributions. Conse-
quently, it is natural to look for simple conditions that would ensure that the previous
equality holds pointwise. If that is the case, one can %, Rp by successively applying
the differential operators involved in the definition of %, to Rp, without restricting to
smooth densities with rapid decay at infinity as in Theorem 2.6.1. We start with the
univariate case, which is already well-known.

Theorem 2.6.7 (Univariate case). Let P be a Borel probability measure over R. Let
Q C R be an open subset, and assume that P is non-atomic over ). Then Rp € €°(Q).
If, in addition, we assume that P admits a density fo € L'(Q) over Q with respect to
the Lebesque measure, then Rp admits a weak derivative R, and we have

fa(z) = nRp(x) (2.6.11)

for almost any x € Q. If we further assume that fq is continuous over €2, then Rp is
continuously differentiable over Q, and (2.6.11) holds pointwise over Q, where R’y is
now the usual derivative.

In dimension n > 2, the operator .%, requires the computation of n derivatives when
n is odd, and n —1 derivatives when n is even. In any case, we wish to reach a regularity
of order at least n — 1. We achieve this in the following proposition.

Proposition 2.6.8 (Intermediate regularity). Let n > 2, and P be a Borel probability
measure over R™. Let Q C R"™ be an open subset. We have the following :

1. If P is non-atomic over §, then Rp € €°() ;

_n_
n—~e’

density fo € LY(Q)) over Q with respect to the Lebesgue measure, and that fo €
LP (). Let Z be a random n-vector with law P. Then Rp(z) = E[K(z — Z)] €

loc

€4(Q), and we have

2. For some integer ¢ € [1,n — 1] and some real p > assume that P admits a

O Rp(x) = E[(0°K)(z — 2)
for any x € Q and o € N" with |a| < ¢ ;
3. Under the assumptions of point 2 of this proposition, if we further assume that

the density frn =: fp belongs to LP(R™), then 0“Rp converges to 0 at infinity for
any a € N such that 1 < |a| < L.

In particular, if fo € L"t%(Q) for some ¢ > 0, then Rp € €™~ 1(Q). If fq € LT (R")

loc

for some € > 0, then Rp € %b”_l(R").

PROOF OF PROPOSITION 2.6.8. 1. The fact that Rp € () is a direct conse-
quence of Lebesgue’s dominated convergence theorem, provided P is non-atomic over €.

2. We are going to prove the result by induction. By the first part of the proof, we

have Rp € €°(Q). In addition, we trivially have that |Rp(x)| < 1 for any x € R™, so
that Rp € €2 (R").
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Let 0 < k < ¢ — 1 and assume that Rp € €%(Q) with
0“Rp(z) =E[(0“K)(z — X)] (2.6.12)

for any 2 € Q and o € N” with |a| < k. Let us show that Rp € €**1(Q) (and
Rp € ‘ﬁka(R”) if fp € LP(R™) ) and that (2.6.12) holds for any a € N" with |a| < k+1.
To that purpose, let & € N* with |a| = k, x € Q and r > 0 be such that B,(z) C Q.
Let j € {1,...,n} and e; be the jth vector of the canonical basis of R". We are going
to show that

0“Rp(x + hej) — 0“Rp(x)
h
h — 0 and that the limit is continuous over 2. Without loss of generality, let us assume
that |h| < k for some k < d(x,0f?), so that z + hej € B (x) C €. For any h, let

— E[(9;0°K)(z — Z)]

Sp, = {x + she; : s € [0,1]}

be the line segment from x to x + he;. Since S, C 2 and P has a density over (2, we
have

O Rp(x + he;) = 9*Rp(x) _ [(OO‘K)(x +hej — Z) — (0°K)(x — Z)
h h

I[Z € R™\ )]

for any h. In order to take the limit as h — 0 under the above expectation, we will
show that the integrand is a uniformly P-integrable family indexed by h and converges
P-almost surely as h — 0. Since K € €>°(R"™ \ {0}), observe that

(0°K)(x + hej — z) — (0°K)(z — 2)
h

1
= / (0;0°K)(x + she; — z) ds
0

for any z € R™\ S. The latter obviously converges to (0;0°K)(x — z) as h — 0, for
any z € R"\ Sy. Let us now show that the family of random vectors

1
</ (0;0°K)(x + she; — 2)I[Z € R™ \ Sy ds)
0 |h|<k
is uniformly P-integrable. It is enough to show that there exists § > 0 such that

1 146
sup E U / (0;0°K)(x + she; — Z)ds| 1[Z € R™\ Sh]] < 0.
|h| <k 0
Let § > 0 be arbitrary for now and let us fix its value later on. Observe that |0 K (z)| <
Cplz|~1Pl for any x € R™\ {0}, any 8 € N and some positive constant Cz. Therefore,
there exists C' > 0 such that

1 146
‘ / (0;0°K)(x + she; — z)ds
0

1
< / (0;0°K) (x + shej — z)|*° ds
0

1
1
<
= C/O |z + shej — 2|(LFR+0) ds
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for any z € R™\ Sy, and h, by Jensen’s inequality. It follows from Fubini’s theorem that

! 140
sup E “ / (0,0°K)(x + she; — Z)ds| 1[Z € R™\ Sh]]
|p|<k 0
! 1
<C E IIZ e R*\ S;1| d
- |§Lu<pn/o [Ix T she, — zjamaEn 2 € R h]} s
sup su '
N |h\<p/i 56[01?1] |z + shej — Z|(+k)(1+9) h

Let us fix h such that |h| < k and s € [0,1]. We have that

1

E |z + she; — Z‘(1+k)(1+5)]I

2R\ 5]

1
< r(L+k)(140) +E[‘x + shej — Z|(HR)(1+9)

I[Z € B,(x + shej) \ Sh]} .

Since By (x + she;) \ S, C ©Q and P admits a density fo over Q, Hélder’s inequality
yields

1
E[\x e, — zjarRarn 12 € Brle £ shej) \ Sh]]

1
d
/Br(a:+shej)\sh |z + shej — z|(1+K)(149) fa(z)d=

1 1/q 1/p
[ — / f z de) >
<~/Br |2]a(1+k)(1+9) ) < Br(:v+shej)| o)

where p is such that fo € LT () and ¢ = =

that k < ¢ —1 and p > ™, implies that p

n
n—(1+k)
choose ¢ > 0 small enough such that ¢ < [(ESSI R In particular, we have

1+k

IN

&

is the conjugate exponent of p. The fact

=

and ¢ < {3z. Let us therefore

s V

]

1
/BT 2[R (1+9) dz < 0.

Since By (z) C Q and fo € Lt (£2), we also have that

loc

/ mmwws/ fa(2)Pdz < oo
B (xz+she;) Bi(z)

uniformly in |h| < k and s € [0,1]. We deduce that

1 146
sup EU /0 (0;0°K)(x + she; — 2) ds‘

1[Z € R\ Sh]] < 0.
|h| <K

Therefore, the family of random vectors

</01(6j8"K)(:c + she; — Z)I[Z € R\ S)] ds>

|h|<k
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is uniformly P-integrable. It follows from Lebesgue-Vitali’s theorem that

aaRp<$ + hej) — 8O‘Rp(x)
h

— E[(0;0°K)(z — Z)]

for any € Q as h — 0. Let us show that « — E[(0;0“K)(z — Z)] is continuous over
Q. Let x € Q and (x,,) C © be a sequence converging to = as m — oco. The familiy of
random vectors ((0;0°K)(zm — Z))nen converges P-almost surely to (0;0°K)(z — Z)
as m — oo since P is non-atomic, and is uniformly P-integrable since

1

jpated _ 1+m <
sup E[(0,0° K) (am = )| S sup B| iy | < o0

for  small enough, by the previous computations. It follows that 9*Rp € €*(£2) and
that
9;0°Rp(z) = E[(9;0°K)(x — Z)]

for any 2 € R™. Since o € N with |a| = k was arbitrary, we deduce that Rp € €*+1(Q)
and that (2.6.12) holds for any a € N with |a| < k + 1. This proves the result, by
induction.

3. The second part of the proof implies that Rp € €*(R"). Let a € N" with
1 < |a| < ¢ and let us show that 9*Rp converges to 0 at infinity. For the sake of
convenience, let us write k := |a|. We have already noticed that

1
for any x € R™ and some positive constant C. Therefore, it is enough to show that
h converges to 0 at infinity. Let (x,) C R™ be such that |z,,| = co as m — oco. A

standard application of Lebesgue’s dominated convergence theorem entails that

E[MH[Z e R"\ By(z)]| - 0

as m — oo. Next observe that

1
_/B( ylz—= kap(z)dz
1(Tm m

1/p 1 1/q
<C / fr(z pdz) (/ dz) ,
< Bl(acm)| P(2)l B, |2|%*

where ¢ = -Z- is the conjugate exponent of p. Since p > -%; and k& < ¢, we have
q p—1 Jug, p p p oy )

p > -5 whence ¢ < 7. In particular, gk < n. It follows that

1
/ —kdz < 0.
B |2
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It remains to show that fBl(xm) |fp(2)[Pdz — 0 as m — oo. Since fp € LP(R"), let v
be the non-negative finite measure defined by

u(B) = [ |z

for any Borel subset B C R™. We then have
[ 1Pz = vBila)
By (zm)

for any m. Furthermore, we have v(R" \ B, —1) — 0 as m — oo since v is finite and
|| = 00 as m — oco. It follows that

1

E [71 B 0
oz B
as m — o0o. We deduce that 9*Rp converges to 0 at infinity for any o € N” with

1 < || < ¢, which concludes the proof. [ |

To reach differentiability of order n, one cannot take ¢ = n formally in Theorem
2.6.8. If that were true, and if fp € L°°(R"), we would have Rp € €™ (R"); this would
imply that fp € ¥°(R™) when n is odd by Theorem 2.6.5, which will not be the case in
general. However, when f € €°(Q) we show in the next two theorems that Rp € €"(Q)
with fp = %, (Rp), under the additional very mild assumption that fp belongs to some
Holder class.

Theorem 2.6.9 (Odd dimensions). Let n > 3 be odd, and P be a Borel probability
measure over R™. Let Q0 C R™ be an open subset, and assume that P admits a density
fa € LY(Q) over Q with respect to the Lebesque measure. Then, we have the following :

1. If fq € L (Q) for some p > n, then Rp € €1 (Q) N H.(Q). In particular, Rp

loc
admits weak derivatives of order n in 2, and we have

fa(z) = (ZnRp)(z)
for almost any x € Q0.

2. If fo € €"*(Q) for some k € N and some a € (0,1), then Rp € €*™(Q), and

loc
we have

fa(z) = (ZnRp)(x)
for any x € Q.

PROOF OF THEOREM 2.6.9. 1. Let us recall that Vgp = Rp over () since P is
non-atomic over € (see Definition 2.2.1 and the comments below). Let us also recall
that

n—1
P = Yn (—A) 2 Rp

in . (R™)" by Theorem 2.6.5. Since V- Rp =V - (Vgp) = Agp over 2, we have

(
n+1
2

—fa=mm(=A)2 gp
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in 2(Q). Since fo € L? (Q) with p > n, Proposition 2.6.8 entails that Rp € €™~ (1).
In particular, we have gp € €™ ().

We are now going to use elliptic regularity to improve on the regularity of gp over
Q. Let us first fix an open and bounded subset U C € such that U C Q. Let U; be an
open and bounded subset such that U C Uy and U; C €. Since gp € €™ () and Uy is
bounded, we have (—A)%gp € HY(Uy) with

n—1

— fa =" (=2)((-A) "2 gp) (2.6.13)
in 2(Uy). Since fq € LY (Q) with p > n > 3, we have fo € L2 _(Q). In par-

loc loc
ticular, fo € L?(U;) since U; is bounded. It follows from Proposition 2.4.7 that
(—A)TLT_1 gp € HE (U1) and that (2.6.13) holds almost everywhere. Let us fix another
open and bounded subset Us such that U C Uy and Uy C U;. Since gp € C5”*2((2) and
U, is bounded, AnT_ggp € H(Uy) satisfies

n—1

(—A)((=A)"2 gp) = (—A)"7 gp.

Since (—A)nT_lgp € H?(Us), elliptic regularity implies that (—A)%gp € Hi (U).
Proceeding by induction, we construct open and bounded decreasing subsets

U13U23...3UnTH3U

such that U C Uy and (—A)n+12_2k9P € HE(U) for any k = 1,... nTH For k = 24

loc 20

we find that gp € H"™(Uys1). In particular, we have gp € H" 1 (U). Since U was
2

loc

arbitrary in the first place, we conclude that gp € Hﬁjl(Q) In particular, Rp €
H(Q).

2. The second part of the statement is proved similarly to the first part by replacing
Proposition 2.4.7 by Proposition 2.4.8 and Corollary 2.4.9. Applying the same bootstrap

n+1—2k

method, we only need to prove that (=A) 2 gp € LiS.(Q2) for any k = 1,..., "T'H

in order to apply Corollary 2.4.9. But this immediately follows from the fact that
gp € €™() since Rp € €™ () and Rp = Vgp (see Definition 2.2.2). [ |

Theorem 2.6.10 (Even dimensions). Let n > 2 be even, and P a Borel probability
measure on R™. Assume that P admits a density fp € L'(R™) with respect to the
Lebesgue measure. Let us define

n— n=2
R =, (=A)T (V- Rp).
Then, we have the following :
1. If n > 2 and fp € LY (R™) N L?(R™) for some p > n, then Rp € €" {(R") N

loc
H! (R™). In particular, Rp admits weak derivatives of order n in R", and we

have
1 (n—
fp(@) = (LuRe)(@) = (~8)2RE™V) (@)
for almost any x € R™. In addition, Rg_l) € HY(R™), and we have

(—-2)2 BY V) (@) = 2m.7 7 (g7 RE V) (2)

for almost any r € R™.
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2. If fp € €F(R") for some k € N and o € (0,1), then Rp € €*"(R") and we
have

fp(x) = (ZnRp)(x)
for any x € R™. In addition, we have

RY V(@) — RU(2)
|.7} _ Z|n+1

dz

(ZnRp)(x) = cy1/2 lim
120 R\ By (2)

for any x € R (see Section 2.5 for the definition of ¢, 1/2)-

PROOF THEOREM 2.6.10. 1. Since fp € LY (R™) with p > n, Proposition 2.6.8

loc
entails that Rp € €™ !(R"). In particular Rg_l) is well-defined and continuous over

R™. Let us show that Rgl_l) € L%(R™). Proposition 2.6.8 entails that
1 n—2
RY (@) = mE(~A)"7 (V- K)(z — Z)],
where Z is a random n-vector with law P. It follows that

R @) S B[] = hie).

Therefore, it is enough to show that h € L?(R"). Let us write

) = (s # ) (@) = (2 F)(@) + (2 f)(a),
with ui(z) = M%H[M < 1] and ug(z) = M%]IHZ’ > 1]. Since u; € L*(R"™) and

fp € L*(R™), Hausdorff-Young’s inequality entails that u; * fp € L?(R™). Since n >
2, we have us € L?*(R"). Since fp € L'(R"), Hausdorff-Young’s inequality yields
ug x fp € L2(R"). It follows that h € L?(R™), hence Rggn_l) € L*(R"™). Recall that
fr=(=A)2RY™ in R, with R € L2(R") and fp € L*(R"). Arguing as in
the proof of Proposition 2.5.4, it is easy to show that this implies that Rgf_l) € H'(R").
Proposition 2.5.4 therefore entails that

1 (n— n— n—
(~A):RY Y = 2n. 77 Y (je| FRETY)
in L?(R™) and that the equality
fp=(-A):RyY

also holds in L?(R"), i.e. almost everywhere. The same bootstrap argument than in
the proof of Theorem 2.6.9 yields gp € H*T*(R™), whence Rp € H® (R™).

loc loc

2. The proof proceeds in two main steps. We first show that the fact that fp €

€*(R™) entails that Rgf_l) € ‘flijl’a(R"). We will then show that this implies that
Rp € € (R"). Trrespective of the value of k € N, we will have Rggnfl) € ELYRM),

loc
which will entail that

_ R(n_l)(ac) — R(n_l)(z)
_A 1/2 R(n 1) —c, 1i P P
(A Ry (@) = ey 70 R\ B, () |z — 2"

dz
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for any = € R™, by Proposition 2.5.4.

Let us first show that qu) € €*T1(R"). Observe that fp € L, since fp €
¢%*(R™). Theorem 2.6.8 then entails that Rp € €' '(R"). In particular, Rghl) €
%°(R™) is bounded over R” so that (—A)!/ QREDn*l) is a well-defined tempered distribu-
tion. Recall that the equality

fp= (—A)l/QRﬁf_”

holds in . (R")" by Theorem 2.6.5. If k = 0, we have fp € €%*(R") and RE;L_I) €
L>*(R™) with fp = (—A)1/2R§?_1) in .(R™)’. Proposition 2.8 in [94] then entails
that Rglil) € €V*(R™). Now assume that k > 1. Since fp € L'(R") C .7 2(R"),
then (—A)Y/2fp is well-defined. Furthermore, we have (—A)Y/2fp € €F~1o(R") by
Proposition 2.7 in [94], since fp € €%%(R"). We then have

(_A)l/QfP — _ARgl_l)

in .7 (R") with (~A)Y2 fp € €F-1o(R") and RV € HL (R") L (R™) (recall that
(n—1

we just showed that R, ) e %1(R™) when considering the case k = 0). Therefore,
Corollary 2.4.9 entails that Rghl) e EFHe(Rm),

loc
Let us now show that Rp € €**"(R"). Recall that Rp = Vgp (see Definition 2.2.2
and the comments below) and that Rp € €™ }(R"), so that gp € €™(R"). Conse-
quently, we have
~RE (@) = 1u(~A)"gp(2)

for any € R™. Since Rg_l) € ‘?a”l’é:rl’a(]R”) and (—A)nT_zgp € HL,

R (R™) N LS (R™), we
have (—A)nT gp € grda (R™) by Corollary 2.4.9. Repeating the argument recursively,

loc

we find that gp € €0 "TH*(R™). In particular, we have Rp € €t ™*(R"), which en-
tails that Rp € €*+"(R"). This concludes the proof. [ ]

2.7 Depth regions and probability content

Consider a probability measure P over R", with n > 2. For any 8 € [0,1) and u € S" !,
recall that a geometric quantile of order § in direction u for P is an arbitrary minimizer
of the objective function 05 4> introduced in Section 2.1. When P is not supported on
a single line of R™, Theorem 1 in [83] implies that the geometric quantile of order § in
direction u for P is unique for any 8 € [0,1) and u € S"~! ; we denote it by Qp(Bu).
Under these assumptions, we define the geometric quantile regions Df, and contours Cf,
of arbitrary order /5 € [0,1) in the next definition.

Definition 2.7.1 (Depth contours and regions). Let n > 2 and P be a probability
measure over R™. Assume that P is not supported on a single line of R™. For any
B €[0,1), we define the depth region ij and depth contour C]BD of order B for P as

DY = {Qp(au) cael0,f], ue S”—l}

and

el = {Qp(ﬂu) u € S”—l}.
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When P is non-atomic and not supported on a line of R"™, Proposition 3.6.2 in
Chapter 3 entails that the map QQp is continuous over the open unit ball B;. It directly
follows that

D} =Qp(8 B)

is compact and arc-connected, and that

Cl=Qp(BS" 1)

is compact and arc-connected as well. Furthermore, the depth regions (Dg) Belo,1) are

obivously nested, while depth contours (Cg) efo,1) are disjoint. Although depth regions
are convex in most cases, they may fail to be convex in general ; see [74] for a detailed
and quantified discussion of the shape of depth regions.

To state regularity properties of depth contours, let us first rewrite depth contours
in terms of the rank map Rp. Theorem 3.6.4 in Chapter 3 entails that x = Qp(au) if
and only if Rp(x) = au. This allows one to rewrite

Dl = {:1: €R": |Rp(z)| < ﬁ}
and
el = {x € R": |Rp(z)| = 5}.

The results of Section 2.6 may now easily be used to derive regularity properties of
depth contours, as we show in the next proposition.

Proposition 2.7.2 (Regularity of depth contours). Let n > 2, and P be a probability
measure over R™. Assume that P admits a density fp € L'(R™) with respect to the
Lebesgue measure. We have the following :

1. If fp € L} (R™) for some real p > -5 and some integer € [1,n — 1], then the

loc

depth contour CIBD is an (n—1)-dimensional manifold of class €*, for any B € [0,1);

2. If fp € €F*(R") for some k € N and o € (0,1), then the depth contour Cg is an
(n — 1)-dimensional manifold of class €**", for any B € [0,1).

PrROOF orF PROPOSITION 2.7.2. Proposition 2.6.8, Theorem 2.6.9 and Theorem
2.6.10 yield that Rp has the stated regularity, Rp € 7 (R") say, and that

0° Rp(z) = E[(0°K)(z — Z)]

for any z € R™ and o € N” with || < j, where Z is a random n-vector with law P. Let
us fix B € [0,1). Let gg(z) := |Rp(x)|* — 8%. Then gg € €7(R") since the map z — [2|?
is smooth over R™. We obviously have that

Cf, ={z e R": gg(z) = 0}.
Let z = (2, 2,) € R" ! xR be such that z € Cg and let us assume that Vgg(z) # 0. The

implicit function theorem entails that there exists an open neighbourhood U € R*~! of
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Z, an open neighbourhood V' C R"™ of z, and a map ¢ € €7(U,R) such that ¢(2) = z,
and
VNCh = {(%¢(&): & eU}

In other words, in a neighbourhood of z, Cg is the graph of a function of class €7, which
proves the claim.
It remains to show that Vgg(z) # 0. Since Rp € €(R"™), we have

Vgs(2) = 2Jr,(2)" Rp(2),

where Jg,(2)T stands for the transpose of the Jacobian matrix of Rp at z. Recall that
0;Rp(z) =E[(0;K)(z — Z)] and that

1 zaT
JKk () (In )

E |z [?

for any € R™\ {0}, where I, stands for the n x n identity matrix. Therefore, we have

Tre(2) = E[\z - 7 (1~ - _yzZ)_(zz\_z Z)T)H[Z 7 Z]}

The matrix Jg, is obviously symmetric and non-negative definite. Let us show that it
is positive definite. Assume, ad absurdum, that there exists v € R™ such that |[v| =1
and v Jg, (2)v =0, i.e.

E[lz—lZ\ (1— (v, é:§|>2)]1[27é z]] =0.

|z—12 (1= (v 12:2)2)]1[%& 4=0

We then have

P-almost surely. Since P admits a density, we have ﬁH[Z # z] # 0 with P-probability

(o=l =1

with P-probability 1. This implies that P is supported on the line through z with di-

1. Consequently, we have

rection v, a contradiction. We deduce that Jr,(2) is positive definite, hence invertible.
It follows that Jr,(2)T Rp(z) # 0, whence Vgg(z) # 0. This concludes the proof. W

Unlike center-outward quantiles based on optimal transport [44], geometric quantile
regions are not indexed by their probability content, i.e. we do not have P[Dg] = fin
general. However, one can in principle re-index quantile regions so that they match their
probability content. Assume that P admits a density fp over R™ such that fp(x) > 0
for any =z € R". Let 0p(83) = P[D]‘Z] for any 5 € [0,1). Since quantile regions are
nested, the map 6p is monotone non-decreasing. The assumptions on P further ensure
that 6p : [0,1) — [0,1) is continuous, increasing, and surjective. In particular, Op is
bijective. It follows that the re-indexed quantile regions

~ —1
Db .= pir @
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match their probability content, i.e. we have P[ﬁg] = [ for any 8 € [0,1). We similarly
define the re-indexed quantile contours

~ -1
o =cp

for any 3 € [0,1). This suggests defining an alternative rank function Rp(z). To do so,
observe that x € Cg if and only if

_B
05" (B)

When the previous equality holds, we have 8 = 6(|Rp(z)|). This suggests letting

Rp(x)| = .

Rp(z) = 0p(|Rp(2)]) ot
for any x € R". It follows that
D} = {z e R": |Rp(z)| < S}

and

Cp={z €R": |Rp(x)| = 5}
for any 5 € [0,1). Letting Z denote a random n-vector with law P, it is clear that
0p(|Rp(Z)]) is uniformly distributed over [0, 1). Indeed, we have
P|0r(|Rp(2))) < 8| = P||Rp(2)| < 05"(8)] = P[D}] = 8

for any 5 € [0,1). In fact, Op is the cdf of |Rp(Z)|.

Recall that )
fp(@) =(=A)"7 (V- Rp)()

for any x € R", by Theorem 2.6.9 and Theorem 2.6.10. Interchanging the order of
differential operators yields

fp =V ((-A)"T Rp)

over R", where (—A)anlRp is the operator (—A)%1 applied componentwise to Rp.
For any (regular) open and bounded subset 2 C R™, we have by divergence’s theorem

Pl = /Q Fo(z) dz = /8 ) ((-8)"% Rp(e).v(2)) dH,r (2), (2.7.14)

for any § € [0,1), where H,,_; denotes the (n — 1)-dimensional Hausdorff measure,
and v(x) is the outer unit normal vector to Q at x. The probability content of an
arbitrary open subset is then controlled by (—A)nT_lRp. Notice that (—A)nT_lRp and
Rp actually coincide when n = 1. Therefore, Equation (2.7.14) is a multivariate analog
of the well-known equality

P[Z e (a, b)} — Fp(b) — Fp(a)

when n = 1, and where Fp stands for the usual univariate cdf.
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2.8 Localization issues

In this section we investigate the local propertles of the operator .%,. As we have already
mentionned, the operator %, = (—A) V. display substantlally different behaviours
in odd and even dimensions. This is due the nature of (— A)TLT, which depends on
whether ”—_1 is an integer or not. When ”T_l € N, then (—A)anl is the classical
dlfferentlal operator that consists in applying the Laplacian —A successively & 1 times.
This operator is local in nature : if f; and fo are smooth functions that commde over an
open subset U C R™, then (—A )%1 f1 and (— A)D f2 1also coincide over U. When n is

even, then 21 € R\ N; in this case, we write (—A) 2 = (—A)l/z(—A)an. Although
(—A)l/ 2 acts like a derivative in terms of regularity (see Proposition 2.6 in [94]), it is

also known to be a non-local operator.

Multivariate geometric ranks characterize probability measures in arbitrary dimen-
sion n : if P and @ are Borel probability measures over R" and if Rp(z) = Rg(z)
for any € R"™, then P = @ (see Theorem 2.5 in [50]). When n is odd, we provide a
refinement of this result in the next proposition, thanks to the local nature of .%,.

Proposition 2.8.1. Letn > 1 be odd. Let also P and Q be a Borel probability measures
over R"™. Let Q C R™ be an open subset, and assume that Rp(x) = Rg(x) for any x € Q.
Then, P and Q coincide over 0, i.e. P(E) = Q(E) for any Borel subset E C Q.

PrOOF OF PrROPOSITION 2.8.1. By Theorem 2.6.5, we have

b(x) dP(z) = / (Rp(), (L)) da
Rn n
and
b(x) dQ(z) = / (Ro(2), (£19) () do
Rn R™

for any ¢ € . (R"). In particular, the above equalities hold for any ¢ € €2°(€2). Let us
observe that .Z* = ~,V(—A"2") is a (non-fractional) differential operator, since ol s

an integer. In particular, £ 1 is also supported in €. Since Rp = Rg over (2, we then

/w ) dP(z /w ) dQ(x

for any ¢ € €2°(2). It follows that P(E) = Q(FE) for any Borel subset E C Q. [ |

have

When n is even, the operator .%,, is non-local. In particular, the proof of Proposition
2.8.1 does not apply. We present two approaches attempting to recover a localization
result similar to Proposition 2.8.1.

Consider a probability measure P over R" with n even. The first idea that naturally
comes to mind is to embed P into R"*! (with n+1 odd); this gives rise to a probability
measure P* supported on the hyperplane z,.; = 0 of R**!. Proposition 2.8.1 now
applies to P*. The other approach consists in localizing the operator (—A)l/ 2. For
a smooth function u over R™, computing (—A)l/ 2y can be achieved by first solving
—AU = 0 over R’ := R" x (0, 00) subject to the boundary condition U(%,0) = u(%)
for any £ € R™. One then has

(~A)720)(@) = = 1im (D U) (@ 2ns1)

Tp4+1—0
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for any £ € R™. This formulation is now local with respect to U since the values of
On+1U in some open subset 2 C ]R’}fl depend on the values of U on €2 only. For further
details on this method, we refer the reader to [11] and [94].

It turns out that both approaches are equivalent. This is the content of the next
proposition, in which we will show that the density fp of a probability measure P over
R™ (n even) can be recovered through limg,, 0 Op+1U(Z, Tps1), where U(Z, 2p41) is
issentially equal to

n—2
2

(=A) 2 (V- Rp+)(Z, Tn+1),
and solves —AU = 0 over RT‘I.

Proposition 2.8.2. Let n > 2 be even, and P be a Borel probability measure over R™.
Assume that P admits a density fp € L'(R™) with respect to the Lebesque measure,
and that fp € €“*(R") for some a € (0,1). Let P* denote the probability measure
over R supported on the hyperplane x,4+1 = 0 with density fp with respect to the
n-dimensonal Hausdorff measure H,. Let Z be a random n-vector with law P, and Z*
be a random (n + 1)-vector with law P*. Define

n—2
2

U(x) = 29041 (—4) "2 (V - Kpy1)) (@ — Z7)
for any x € R :=R" x (0,00), and
(@) = 1(~A)"7 (V- Rp)(&)

for any x € R™. We have U € CKOO(RT'I) and u € €1(R™). In addition, the following
holds :

1. U(z) = 2’yn+1(—A)nTﬂ(V -Rp+)(z) and —AU(x) =0, for any x € R ;
2. for any 2 € R, U(Z,0) = u(Z) and

Fp(@) = ()20 = lim —(001U) (@ 2ns1).

Tn+1 Z)O

In practice, Proposition 2.8.2 entails that one can recover fp by applying purely
(local) differential operators to the geometric rank associated to P* instead of P. We
summarize this in the following corollary.

Corollary 2.8.3. Let n > 2 be even, and P be a Borel probability measure over R™.
Assume that P admits a density fp € L*(R™) with respect to the Lebesque measure
and that fp € €“*(R") for some a € (0,1). Let P* denote the probability measure
over R supported on the hyperplane x,+1 = 0 with density fp with respect to the
n-dimensonal Hausdorff measure H,,. Then,

fp(@) = ~21 Um Oupi(~A)"2 (V- Rpe) (&, 2ps1)

xn+1~>0

for any £ € R™.
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PROOF OF PROPOSITION 2.8.2. Since P* admits the null density over the open
subset ]Ri“ = R" x (0,00) of R*"! Proposition 2.6.8 entails that Rp« € %”(Riﬂ)
and that

O Rp- () = E[(0° Kt (@ — 27)]

for any = € R and o € N"*! with |a| < n, where Z* is a random (n + 1)-vector with
law P*. Letting

n—2
U(z) =2y E[((-A) 2 (V- Kpy1))(x — Z7)
for any x € RTFI, we then have
U(x) = 2yn41(~A)"7 (V- Rp+)(x)

for any € R, Theorem 2.6.9 further implies that —AU(z) = 0 for any = € R’
Let us show that U(z,0) = u(Z) for any & € R"™, where

n—2

u(Z) = m(=A)"2 (V- Rp)(L).
First observe that Rp € €™ !(R"), and

u(@) = YE | ((=2)"% (V- K,))(@ - 2)]

for any z € R", by Proposition 2.6.8. Let us compute explicitly (—A)%(V - K,,) and
n—2
(=A) 2 (V- Kp41). It is easy to see that

(VK@) = (n—1) e

|Z]

for any z € R" \ {0}. Easy computations further show that

1 1
—A)'— = A, 2.8.15
(=4) 7l EEET ( )
for any € R"™ \ {0}, where
V4
Ane =[] D(n—2j-1) (2.8.16)
j=1

forany 1 < /¢ < ”T_Q It follows that

n—2 - 1
(=A) =z (V- K,)(Z) = (n- 1)An,n772 FpT
for any # € R™ \ {0}. The same computations yield
1

(~A)" 7 (V - Kpi1)(z) = nA

n+1,252 |z 1
for any x € R"*!\ {0}. Using the fact that

(2k)!

(2 -1 =555

k
2k k!
=1

J
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for any integer k > 1, it is easy to see that

and An—i-l,”T_Z’ =T'(n —1). It follows that
U(z) = 29p41nl(n — I)E[

for any z € R’_ﬁ“ and that

ul&) = tnln = 1) (;’$;(2))>2E[If - 1Zl”lﬂ[z 7 "ﬂ]

for any £ € R™. In particular, we have

1

1[Z # @]]

2n—2r(%)2
Yn(n —1)I(n —1)2

_ Ol 2" Inl(%)?

= 2nynal(n — 1) x u(?)

u(x
T O
for any & € R™. Using the fact that
1 Vi T(2k + 1)
Nk+=)="%—1—-" 2.8.1
(k+3) 2T (k + 1) (28.17)
for any k € N leads to
it D41 al(n) I(n)

w - 2HT(G 17T 2HIEN(E)? 2 ar(5)

It follows that U(z,0) = u(Z) for any € R™.
Let us now compute —0,+1U(Z, zp41) for any (Z,z,41) € R™ x (0,00). We have
already noticed that

Oni1U(x) = 2941E | D1 ((-4) " (V- K1) (@ = 27)]

for any z € R, Writing Z* = (Zf,..., Z}.,), we then have

- Tn+1 — ZT*L
—(On11U)(Z, 7py1) = 21l (n + 1)E [‘x_z*‘nﬁﬂ[z - x]]

for any (Z,zp+1) € R™ x (0,00). Let us now show that

n+1
w2

In+1 — Z:L+1]I
L(*5)

E
|z — Z*|n 1

7 4 x]] LT @)
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as Tnp4+1 — 0. Letting H, denote the n-dimensional Haussdorf measure in R, we
have for any = € ]R’}fl

Tn+1 — Z
=t 4|

In — Zn - -
/ M () dH(E 2e)
lena= 0} —Z2 4 (Tng1 — Zn+1)2) 2

Tn+1

wr fp(2)dz

R (|2 — 22 +a2,))

1
R™ n+1 T—Z ‘2) 2

xn+1

/ n+1 fP(m - xn-&—lz)d
(1+ \z|
It follows that

E[ Z*’n+1 H[Z#x] %fp(x)/Rn (1+|Z| )n+1 dz

as Tp41 — 0. Indeed, we have

1 1
R -
‘/n(lﬂaz)wfp(x i1 3)d2 fp<m>/w(1+|z| g

Hs
< [frlzo,alTns1]”
R (14 |Z|?

n+1 Y
)2

|fp(z)—fr(y)l
[z—y|™

o
[ .
R (14 [27) 2
since 0 < a < 1. Furthermore, one can show that

/1d}3:S 1ﬁf(n2): T2
R ( "

2
1+ |22)"F (=) T

where [fpl¢o.a = SUPy2y . The latter converges to 0 as x,11 — 0 because

where S, = 272/ I'(5) is the surface area of the (n — 1)-dimensional sphere of R™.
We deduce that

—(On1U)(Z, 2pg1) = 29nal(n + 1)

as Tnt+1 — 0. Using again (2.8.17), we see that

n+1

T 2
291D (n + 1)

1
L

~—

54



It follows that
—(On1U)(Z, 2nt1) = fP(2)
as Tpy1 — 0. Since f € €% (R"), Theorem 2.6.10 entails that

fp(@) = m(=A) 2 (=A)T (V- Rp)(E) = ((-A)"/?u)(7)

for any £ € R™. This concludes the proof. |

2.9 Weak convergence via geometric ranks

In this section, we explore the link between the convergence in distribution of probabil-
ity measures over R™ and pointwise convergence of their geometric ranks. Similarly to
the univariate case, we show that convergence in distribution is equivalent to pointwise
convergence of the corresponding geometric ranks away from atomicity points of the
limiting distribution.

If a sequence of probability measures (Py) over R™ converges in distribution to a
probability measure P, it is easy to show that Rp () — Rp(x) for any z € R" such
that P[{z}] = 0. When n = 1, the converse also holds : convergence in distribution
is equivalent to pointwise convergence of the cdf’s away from atomicity points of the
limiting distribution. When n > 1, proving the converse requires understanding how
P is related to Rp. Theorem 2.5 in [50] entails that Rp characterizes P : if P and Q
are probability measures such that Rp(xz) = Rg(x) for any € R", then P = ). This
result is abstract and does not provide an effective way to recover P from Rp. By using
the PDE we established in Section 2.6, we are able to prove the following result.

Theorem 2.9.1. Let P and (Py)i>1 be Borel probability measures over R™. Let
A={yeR": P{y}] >0}

be the set of atoms of P. Then (Py) converges to P in distribution as k — oo if and
only if Rp, (x) — Rp(x) for any x € R"\ A as k — oo.

PROOF OF THEOREM 2.9.1. First assume that (Pj) converges in distribution to
Q. For any x € R", let ¢,(2) := To=oT [z # z] for any z € R™. With the notations of

Lemma 2.6.6, we have Dy, = {x}. Therefore, we have P[D, ] = 0 for any z € R" \ A.
Since g, is bounded and measurable for any x € R™, Lemma 2.6.6 entails that

Rp (z) = /n 92(2) dPy(2) — - 92(2)dP(z) = Rp(x)

for any x € R™\ A as k — oo.
Now assume that Rp (z) — Rp(x) for any x € R" \ A. In particular, Rp, — Rp
almost everywhere since A is at most countable. We are going to show that

(2)dPy(2) = | ¥(z)dP(z)
R™ R™
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for any ¢ € ./ (R"™) as k — oo. For this purpose, let ¢ € .#(R"). Theorem 2.6.5 entails
that

n

(2) dPy(2) = / (Rp, (2), (L10)(2)) dz.

R7L
and that

U APE) = [ (e (Zi0)(2) d
Rn

n

Assume that £ (v) € LY(R™). Since Rp, — Rp almost everywhere and (Rp,) is
norm-bounded by 1, Lebesgue’s dominated convergence theorem entails that

[ B @ (L)) e [ (o), (Zi0)e) ds

Rn

as k — oo. This yields
U(z)dPy(z) = | 9(2)dP(z)
R" R"

as k — 0o0. Since ¢ € #(R™) was arbitrary, Theorem 1.5.3 in [6] entails that (P)
converges to P in distribution (i.e. in law) as k — oc.

It remains to show that £} (¢) € LY(R"). If n is even, we have (—A)anQi/J €
Z(R™), so that £ () = (—A)%((—A)%w) € 71 5(R") € L'(R™). If n is odd, then
V((—A)nT_lib) trivially belongs to .#(R", C") which is a subset of L'(R"). In any case,
we have Z*(1) € L*(R"). This concludes the proof. [ |

2.10 A Glivenko-Cantelli result

When P is an absolutely continuous probability measure with a bounded density, [72]
proved the following result. We extend it to any non-atomic probability measure P.

Theorem 2.10.1. Let P be a non-atomic probability measure on R™. Let (Py) be a
sequence of probability measures on R™ that converges to P in distribution as k — oo.
Then

sup ||Rp,(z) — Rp(z)| — 0
reR™

as k — oo.

PrROOF OF THEOREM 2.10.1. The first part of this proof follows the same strategy
as the proof of Lemma 2 in [72]. For any € > 0 and z € R", let

= if ||z]| > e,
60 {”Z I

z if ||z|| <e.

€

For any probability measure ) over R™, let

Rg(z) == o Se(x — 2)dQ(2)
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for any z € R™. For any « € R", any € > 0 and k € N, let us write
Rp () — Rp(z) = (Rp, (2) — Rp c(2)) + (Rp, £ (2) — Rpe(2)) + (Rpe(x) — Rp(x))
=: Dj () + D5 1. (2) + D3 ()

Let us show that sup,cgn || D3, (z)|| — 0 as k — oo for any € > 0. Let € > 0 be fixed
and
Fe={y— Sc(x—y):x € R"}.

It is clear that any f € F¢ is continuous over R™ with || f|| < 1 over R™. Assume that
JF* is equicontinuous at every point of R™. Since (Py) converges in distribution to P as
k — oo, Theorem 3.1 in [86] yields

sup [D5ea)l| = sup | [ rape- [ gap|so (210
f F n

reR” cFe R™

as k — oo. It remains to show that F* is equicontinuous at every point of R™. It is
clear that S. is (1/¢)-Lipschitz over B.. We also have that S. is (y/n/e)-Lipschitz over
R™\ B; since the gradient of each of its components is bounded by 1/¢ over R"\ B.. We
deduce that S. is globally (y/n/e)-Lipschitz over R™. Indeed, let x € B. and y € R™\ B..
Let w belong to the segment {(1 — s)x + sy : s € [0,1]} and be such that ||w| =¢. We
then have

/i

1 n
I15:@) = Se(w) < llo = w] < 2 la — w]

and i
n
15 (w) = S:(W)ll < “—llw =yl
But ||z — w|| + [|w — y|| = ||z — y]| since x,w and y are colinear. It follows that

15(x) — Se(y)

NG
< e -yl

We conclude that

n
sup [|Su(z — 1) — S-(z — o)l < L2 l1 — wall,
rER" g

for any y1,y2 € R™. This yields the equicontinuity of F¢.
Now let us turn to Dik. We have that

11 (@)l = H /5@) Hi - zH (1- |z - ZH>]1[Z # ] dPy,(2)|| < Py[Be ()]

for any z € R™, any ¢ > 0 and k € N. Let us fix 6 > 0. Since (Py) converges in
distribution, it is tight. Therefore, there exists Rs > 0 such that

sup Pk[Rn \ BR(s] < 6.

keN
It follows that
sup D@l < sup  [Dfp@)] < PR\ Bl <§  (2.10.19)
xeRn\Bl+R§ wGRn\BE+R6
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for any € € (0,1) and k. In order to have a global control on D7, it remains to bound
D‘ik over Bi4gs. Since Biyg, is compact, there exist Ns € N and x1,...,zn, € Bi4g,
such that

a N,

Bl+R5 - Uj:(slBe(xj)'

This entails that

s Diy(@) < max  swp PiBe()] € max PulBa(z)]l  (210.20)
xEBl+R6 ’ ‘7:1""’N‘SZ‘€BS($J') 7j=1,...,Ns

For any z € R", let
Ay = {e > 0: P[0Ba:(x)] > 0}.

The set A, is at most countable for any x € R™. Let & := ij:‘slflxj. The set & is at
most countable. For any € € (0,1) \ &, we have

Py[Boe(x5)] = P[Bae(z)]

for any 7 = 1,..., N5 as k — oo, since (P) converges to P in distribution as k — oc.
It follows from (2.10.20) that

limsup sup [[D],(2)]| £ max P[B(x;)] < sup P[Bo(x)] (2.10.21)
k—o0 z€B14 Ry ’ J=1 N r€B1 4 R
for any € € (0,1) \ &. Let us show that
lim sup P[Ba(x)] =0. (2.10.22)
e—0 xeBl-}—Rs

Assume, ad absurdum, that there exists a sequence (g5,) \, 0 and ¢ > 0 such that

sup P[Ba.,(z)] > ¢

mEBl+R6

for any n. This entails that for any n there exists x,, € By g, such that P[Ba., (z,)] > c.
Since Bj4p, is compact, we may assume (up to extraction of a subsequence) that (z,)

converges to some = € By pgs. Let r > 0. We have
By, (xr) C By(x)
as soon as |z, — z|| + 2&, < r. It follows that
¢ < P[Bae, (24)] < P[Br(2)]

for any n large enough such that ||z, —z||4+2¢, < r. Consequently, we have P[B,(x)] > ¢
for any r > 0. Taking the limit as r N\ 0 yields P[{x}] > ¢. This is a contradiction since
P is non-atomic. Therefore, (2.10.22) is proved.

Putting (2.10.19), (2.10.21), and (2.10.22) together yields

lim sup limsup sup || D] (z)]] <. (2.10.23)
e\ 0 k—oo xzeR™ ’
e¢Es
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Finally, we turn to D5 ;. Let € € (0,1) and « € R" be fixed. We have

_lz ==
s = | [, g (0= e 1 0pe) | < Pl
The same reasoning we used for D7 ; yields
lim limsup sup [|D5 ()| = 0. (2.10.24)
N0 koo zeR”

Putting (2.10.18), (2.10.23), and (2.10.24) together yields

limsup sup ||Rp,(z)— Rp(x)| = limsuplimsup sup |Rp, (z)—Rp(z)|| < 4. (2.10.25)
k—oo z€R™ agg) k—oo xzeR™
e¢Es

Since § > 0 was arbitrary, we conclude that

sup ||Rp,(z) — Rp(z)[ — 0
z€eR™

as k — oo. ]

The previous result can not be strengthened in general without further assumptions.
Indeed, if (Pg) is a sequence of non-atomic probability measures, then (Rp,) is a se-
quence of continuous functions. If the sequence (Rp,) converges to Rp uniformly over
R", then Rp must be continuous as well, i.e. P must be non-atomic. However, by
imposing further requirements on the sequence (Py) and the limit distribution P, we
extend the previous result to atomic probability measures in the next proposition.

Proposition 2.10.2. Let P be an atomic probability measure over R™. Let (Py) be a
sequence of atomic probability measures over R™ that converges to P in distribution as
k — oo. If Py[{z}] — P[{z}] for any x € R"™ such that P[{z}] > 0, then

sup ||Rp,(z) — Rp(z)| — 0
reR”™

as k — oo.

PROOF OF PROPOSITION 2.10.2. Let S’ := {z € R" : P[{z}] > 0} denote the
support of P and
Sk :={x € R": Py[{z}] > 0}

denote the support of Py for any k£ € N. Since Sy, is at most countable for any k, we may
see (Py) and P as atomic measures over the at most countable set S := 5" U (UgenSk)-
Let us write S := {agp, a1, ...}

For any x € R™ and k € N, we have

Rela) = | =21l # 2ldP() = Y- S tlar # alPl{a

leN

and

Rr () = 3 1o —pllae # e1Pyl{ac}],

x — agl|
LeN
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By assumption, we have Py[{as}] — P[{as}] as k — oo if P[{as}] > 0. If P[{a;}] = 0,
then Py[{as}] — P[{a¢}] since (Py) converges in distribution. It follows that Pg[{as}] —
P[{as}] for any ¢ € N as k — oo. Noticing that

ST Al{a) =1=" Pl{a}]

leN leN

for any k£ € N, Scheffé’s lemma entails that

> [Pil{ac}] = Pl{ac}]| — 0

LeN

as k — oo. Next observe that

sup ||Rp,(z) — Rp(2)| < Y [Pel{ac}] — Pl{ad}]]

zER™ £eN
for any k. It follows that

sup ||Rp,(z) — Rp(z)| — 0
r€eR”™

as k — oo. ]

Corollary 2.10.3. Let P be a probability measure over R". Let X1, Xo, ... be a random
sample from P. For any k, let P, denote the empirical measure

k
> ox;.
j=1

P, =

T =

Then,

sup ||Rp,(z) — Rp(z)[ — 0
TER™?

with P-probability 1 as k — oo.

PrROOF OoF THEOREM 2.10.3. Let B,, denote the Borel g-algebra of R™. First, let
us show that Py[E] — P[E] for any E € B,, with P-probability 1 as k — oo. Consider
the semiring of sets

A= {H(%bﬂ P00 <aj < by < 00,05 € Qb EQ}'
j=1

For any E € A, the strong law of large numbers entails that Py[E] — P[E] with
P-probability 1 as k — oco. Because A is a countable collection we have, with P-
probability 1, that Py[FE] — P[E] for any F € A as k — oo. Consequently, Theorem
2.5 in [4] entails that, with P-probability 1, we have Py[E] — P[E] for any E € B,
as k — oo. In particular, (Py) converges to P in distribution with P-probability 1 as
k — oo.

In what follows, we reason pathwise in the underlying probability space (€2,P) on
which the random sequence of measures (Py) is defined. Let us fix w € € such that
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Py(w)[E] — PIE] for any E € B,, as k — oo. In particular, (Py)(w) converges to P in
distribution as k — oo. For the sake of simplicity, we will omit the dependence of (Py)
on w. If P is non-atomic, Theorem 2.10.1 entails that (Rp,) converges to Rp uniformly
over R" as k — oo. If P is atomic, Proposition 2.10.2 entails that (Rp,) converges to Rp
uniformly over R™ as k — oo, since (Py) is a sequence of atomic probability measures.
Then let A be the set of atoms of P, and assume that P[A] € (0,1) (notice that A € B,
because A is at most countable). Because Py[E] — P|[E] for any E € B,, as k — oo, we
have Pi[A] — P[A] and Py[A°] — P[A€], where we let A° := R"™\ A. In particular we
may assume, up to taking k large enough, that Pi[A] > 0 and Py[A°] > 0 for any k.
For any probability measure @ such that Q[A] > 0, let

QANE)
Q[A]

for any F € B, denote the probability measure () conditioned on A. Then, we may

QalE] =

write
Py, = Py[A]Pya + Pi[A°] Py e,

for any k. It follows that
Rp, () = P[A]Rp, , (x) + PL[A]Rp, . (2)

for any x € R™ and k.

Because Py[E] — P[E] for any E € B, as k — oo, we have Py 4[E] — P|4[E] and
Py ac[E] — P ye[E] for any E € By, as k — oo. In particular, (Pgj4) converges to P4 in
distribution and (P Ac) converges in distribution to P 4c as k — co. On the one hand,
Proposition 2.10.2 entails that (Rpk‘ ) converges to Rp , uniformly over R" as k — oo,
since Py 4 and P4 are atomic. On the other hand, Theorem 2.10.1 entails that (Rpk| o)
converges to Rp‘ 4 uniformly over R" as k — oo, since P 4c is non-atomic. Because
Py[A] — P[A] and P[A°] — P[A¢] as k — oo, we conclude that (Rp,) converges to Rp
uniformly over R" as k — oo. |

2.11 Appendix: proofs

Auxiliary proofs for Section 2.4.2

PROOF OF COROLLARY 2.4.9. Let 2o € Q and r > 0 be such that B(zo,r) C Q. For
any x € By, let 4(x) := u(*="2) and f(z) = T%f(x;rxo) Since Au = f in the weak sense
in B(zg, ), a direct computation entails that A = f in the weak sense in B;. Since
u € HY(B(xo,7))NL>®(B(z0,7)) and f € €5%(B(x0,7)), we have i € H'(B1)NL>®(By),
and f € €%(B,). It follows from Proposition 2.4.8 that @ € €*+2(B;). This implies
that u € €*+2(B(z0,7)). Now let V C Q be an open subset such that V C Q. Then V
can be covered by a finite number of balls of the form B(zg,r) with B(x,r) C €. Since
u is of class €*+2% on each one of these balls, we have u € €*T2*(V). We conclude

that u € €' T5(Q). [ ]

loc
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Auxiliary proofs for Section 2.5

PROOF OF PROPOSITION 2.5.1. Observe that the map & ~ (1 + |£])™|€|%*(Fu)(€) is
integrable over R™ for any m > 0 since u € .%(R"). This entails that .# ~1(|¢|?>*.Zu) €
¢™(R™) for any m > 0, whence (—A)*u € €>°(R"). It remains to show that (2.5.3)
holds for any a € N™. Observe that

0%(=A)u =07 ! (|¢*n)

= 1( (2i7€) |§\2833u)

1(|£‘239 9% )
— (~A) ()
for any o € N™. Since 0%u belongs to .(R") for any o € N"| it is enough to show that

sup |(1+ o) (=A) u(@)| S lulprey + sup (14 |2)"21V2u(2)]). - (211.26)
TeR™ z€ER®

By simple changes of variable, it is easy to show that

() =~ Lep, [ MEN M S =),

for any x € R"; see, e.g., Lemma 3.2 in [78]. Notice that this last integral is not singular
at y = 0 anymore. Indeed, one can easily show that

u(z +y) +ulzx —y) — 2u(z 1 1
a8 (n+23 )= 2ulz) PETR / (y, V2u(x + ty)y) dt. (2.11.27)
vl vl -1
The r.h.s. of (2.11.27) is then bounded by
[Voul~qeny
’y|n+2s—2 ?

which is integrable near the origin. Let us first show that

sup |(~A)*u(@)] S [ulpgey + sup (14 [2)2V2u(2)]). (2.11.28)
TER™ z€R™

Let us fix x € R™ and write

2 s B u(z+y) +ulx —y) — 2u(z)
ayuw = [ e dy

uwz+y) +ulr —y) — 2u(x
[ erulesy) ),
B ‘y|

=: I1(z) + I2(x).
For I;, we have

111 ()] < 4fulpr(gn).-
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For Iy, recalling (2.11.27), we have

1 1
I </ — V2u(z + ty)| dt d
n@l< [ = [ IVPute+ )l atay

S sup [VZu(z)|

~

z€R™
< sup ((1+[2)" 2 V2u(2)] ).
This yields (2.11.28). Let us now show that
sup (|22 |(=A) u(@)]) S lulprey + sup (1+ )" 2V2u(z)]. (2.11.29)
xER™ 2ER™
Let us fix x € R™ and write
2
= e A () = ol [

C n
n,s R \B%II‘

u(x +y) + u(x —y) — 2u(x)
|y[+2s

dy

s w(r +y) +ulx —y) — 2u(z)
-+ / ly[nT2s dy

||

=: Jl(ZL’) + Jg(l‘)

sy
Nl

For Ji, we have
|J1(2)| < 4|U|L1(Rn)2n+28.

For Jp, recalling (2.11.27), we have

1 1
Jo(z <x"+25/ / Viu(z + ty)| dtd
|J2(z)| < || J R 1| ( y)| dt dy

DAk

1 1 2| n+2s -
= n+2s
_/B y|n+25—2/1 (!x+ty|> |z 4 ty| |Veu(x + ty)| dt dy.
Sl -

For any t € [—1,1] and y with |y| < 3|z|, we have

ol el
|z +ty| = = [¢lly]

For any £, let

Cr(u) := sup (1 + |2))¥|V2u(z)| < .
TeR™

We then have

CNntas(u) < CNn+2s(u)

|2+ ty|" T V2u(z + ty)| < <
(T4 |z +tyDN = (1 + =)V

for any N, |y| < ||, and ¢ € [1,1]. Let us fix N = 2 — 2s. We then have

1 1
Jo(x <2"+25C'n u/ —— dy.
|J2(z)| < +2( )(1+%’$|)2725 B |y|tes2 Y

Lzl
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Furthermore, it is easy to see that

1 )
/B s S

3zl

It follows that

sup |Ja(x)| S sup (14 [2[)" 72| V?u(z)].
FASING z€eR™

We deduce that

sup (|2 (~A)*u(@)]) < fulga ) + sup (1+ 2]V (),
TER™ TeR™

which establishes (2.11.29). Putting (2.11.28) and (2.11.29) together yields (2.11.26),
which concludes the proof. |

PROOF OF PROPOSITION 2.5.4. 1. Since u € L?(R"), we have u € .Zs(R")". In
particular, (—A)%u is a well-defined tempered distribution. Let ¢ € .(R™). We have

(=A)"u,9) = (u, (~A)*Y) = (2m)* / u(@)Z (€ F ) (x) da.

R

Since u € L2(R") and [£]**F 4 € L*(R"), we have

(=A)*u, ) = (2m)* / (F )€ (Fu)(€) de

R”

by interchanging the inverse Fourier transform under the integral. Since u € H?$(R"),
we have |¢|2*.%~tu € L?(R"). Since v € L*(R"), interchanging the Fourier transform
again yields

(—A)*u, ) = (2m)* / Z (€1 (F ) (@)Y (2) da.

n

Observing that
Z (€ (F ) = 71 (Fu))

yields
(=4)%u,9) = /Rn(%)zsf1(|€I2S(9U))(f€)w(w) dz.

Since 9 € . (R"™) was arbitrary, the conclusion follows.
2. Observe that |¢|%.Zu € .7 (R"™) since |¢]|?*Zu € L' (R™). In particular, # ~1(|¢|?** Fu) €
L (R™) as well. Let ¢ € #(R™). We have

(@m)> 77 (g Fu),v) = (|§* Fu, (2m)> F 7 '0)
_ /R e Pu() 2> (7 1)(€) dg
_ / Fu©)F 7 (@nPF (T ) ) (€) de
-/ Fu(€)F H(=A)*9)(€) dt.
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Since ¢ € .Z(R"), we have (—A)%) € Z5(R"). In particular, (—A)*yp € LY(R"). Since
Fu € LIIOC(R”) and |¢|?$.Fu, it is clear that .#u € L'(R"™). By “hat skipping”, we have

(@n)*Z (g Fu),v) = /Rn FHFu)(2)(-A)*) () dx.

Observe that since the tempered distribution .#u is a function of L!'(R"), we have
F~Y(Fu) is a continuous function. It is further easy to see that . ~'(.#u) = u almost
everywhere on R”, although u might not be integrable. We conclude that

(em)*F (P Fu),v) = /Rn w(@)((=A)*¢)(2) de = ((—=A)%u, P)

for any ¢ € S (R").
3. This is proved in [94]; see Proposition 2.4. |

Auxiliary proofs for Section 2.6

PROOF OF LEMMA 2.6.2. The proof follows the same lines as [53] and [5] (see Equation
(1.1.1) in [53] and Theorem 56 in [5]). Let g € L'(R™) be such that g(x) = h(|z|) for
any r € R™. We first prove that

GO = —~ oor% I 2 (r) dr
96 = (277)3!6\"/0 h(%\é!)J%( )d (2.11.30)

for any £ € R™\ {0}, where J, is the Bessel function of the first kind of order v. Let us
therefore fix £ € R™\ {0}. Observe that

90 = [ gwe @ ds = [ glape =00 gy

for any n x n orthogonal matrix, since g(z) = h(|z|) for any =. Let us then assume that
¢ =1¢](1,0,...,0) and let us compute

/ g(x)e_%r(x’g) dz :/ h(|x!)e_2”r|§|w1 dz
— —2im|€|z1 2 2
/Re (/}Rn-lh(\/aﬁl—i—\m )dy) dxq
= —2z‘7r|£w1</oo " h( /a3 + dt> d
e e x x1,
2/R 0 ( 1 ) 1

where S,_y = 21" JT(%51) is the surface area of the (n — 2)-dimensional unit sphere
in R"~!. Let us now write (x1,t) into spherical coordinates in the plane

(x1,t) = (rcosf,rsind),

with r € [0,00) and 6 € [0, ], since ¢ > 0. We then have

9(&) = Sn—Q/ (/ e~ 2imlElreost (1. gin 9)"=2p(r) Td@) dr
0 0

= Sps / r"lh(r)< / e2iﬁ|§|rcose(sin9)”2d9> dr.
0 0
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Let us now express fOTr e~ 2imlElr ot (gin 9)"=2df in terms of Bessel functions. For any
v € C with Re(r) > —1/2, the Bessel function of the first kind of order v can be
computed as

(2) ! 2\v—1 (3)” ! oLl _;
Jo(x) = / (1 12)"% cos(at) dt:?/ (1= 2)—3eiot gy,
NSy VAt )
for any = € R (see (10.9.4) in [82]). Substituting ¢ = cos € leads to
(%)” /” N2 iz cos
J,(x sin )Y e 8% 40
for any x € R. It follows that
™ ) (2= 1
/ e~ 2mlElr cos (gin )29 = VT LS )Jn -z (27|€|7)
0 (rle[r)s
for any r > 0. We deduce that
~ 2w > n
96 = i [ P sl dr
€17z Jo ’

1 <,
N (277)’5|g|n/o mh(%I&I)J" ()

for any ¢ € R\ {0}, which yields (2.11.30). Let a € (0,2%). For any k € N, let
Gka(x) == |z|* ™0 < |z| < k] for any & € R™, and hy, o(t) = t* "I[0 < t < k| for any
t > 0 so that gx(z) = ha(|z|) for any x € R". For any k, we have g € L'(R™). For
any £ € R", applying (2.11.30) to gj o leads to

n

/\ - 1 2m|E|k o
Jka(§) = WW“/O T Jn—2(r)dr.

2

According to (10.22.43) in [82], this integral converges to

/ r 2 Ju2(r)dr =272 Efi
0 2 I'(*5%)
as k — oo, since o € (0, 241). Tt follows that
miOT(§) 1
lim gga(£) = nich o
9l = ) fee
for any & € R™ \ {0}, with |gra(&)| S @ for any £ € R™ \ {0}, uniformly in k. Let
P € . (R™). Observe that
_ Y
v 5

uniformly in k, where [£|7%|¢(£)] € L'(R") since o < n (recall that o < % and that
n > 2)and ¢ € (R"). Since gj o converges almost everywhere over R", the dominated
convergence theorem entails that

n
T2

__ (G [ 1
| Ftevie s = Tt | e de
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as k — oo. On the other hand, for any k, we have

/ngka §) d§ = / Ik, (E)Y(E) dE,

since gro € LY(R™). Similarly, we have \gka(x)w(x)\ < |z|* |y (z)| € LY(R™), uni-
formly in k£, and we have

| analeiierds - he)de

R [T ’" ¢
by dominated convergence. It follows that

N %—ar a) 1
de="— 2 [ __y(e)d
L b0 = et [ e de
for any ¢ € R"™). We deduce that

1 CmT(§) 1
f(m”_a)(g)_r(nga) T (2.11.31)

in .(R")’ for any o € (0, %), Taking the inverse Fourier transform on both sides of
(2.11.31) yields

oL N T 1
J( >(§)_w3—ai“(g) - (2.11.32)

Edi

in .Z(R") for any a € (0, ). Now let 8 € (%51, n) and let us write 3 = n — « for
some a € (0, 241). Then, (2.11.31) yields

(LYo TE) 1 Ty 1
/(‘gjw)(g)_ F(%) ‘£|Q_ o F(g) |§‘n7,8 (2.11.33)

in Z(R") for any 8 € (“5%,n). Puttlng (2.11.32) and (2.11.33) together yields the
conclusion for any a € (0, 28) U (252, n) = (0,n). [ |

PROOF OF LEMMA 2.6.3. Let ¢ € .(R") and let us compute

(V[ 0) = — (1|2, T
. / L Sy@)de
R

n |x|n 1
lim ! Vi(z)d
=—1 —_— x,
R—o0 Br\B, |$‘n 1

n—0

where the last equality follows by dominated convergence since x ~— 1/|x|"~! is inte-

grable near the origin in R" and V¢ € LY(R") since ¢ € .#(R"). Fix 0 < < R < 00
We have By Green’s formula

/BR\Bn M}va(x) = /BR\BW v(m}l_lﬂ(@ de

1 x 1 T
g T 080~ [ g )
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where o, is the surface area measure on the sphere of radius r. Letting v = /R, we
find

| perle) Ddonte) = R [ i(Roudon ().
0 S

s e 1 Ta] -

Since v is bounded and v (z) — 0 as |x| — oo, the latter converges to 0 as R — oo.
Similarly, we have

1 T a1 1
| @ den) = [ e,

As n — 0, the last integral converges to 1(0) [g,—1 udoy(u) = 0. It follows that

_ . 1
(Va1 ) = Jim V(W)w(x) da:
n—0 Y Br\Bn |
=—(n—1) lim xH (z) dx
R—>c(>)o Br\B, ’l‘|n
=—(n—1)lim r (z) dx
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Chapter 3

Multivariate p-quantiles: a
geometric approach

3.1 Introduction

The concept of quantile, which is of paramount importance in statistics, has long been
limited to probability measures over R. Defining a suitable quantile concept in R? is a
problem that is intrinsically difficult due to the lack of a canonical ordering in R%, d > 1.
This has been an active research topic in the last decades; see, among many others, [44],
[46], [88], and the references therein. One of the most successful multivariate quantile
concepts is the concept of geometric quantiles from [17]; for a probability measure P
over R?, the geometric quantile of order « in direction u is defined as the minimizer
over R of the map

o My (1) = /Rd {|lz = pll = |I2]| — au'p} dP(2), (3.1.1)

with @ € [0,1) and v € S9! := {z € R?: ||2]|? := 2’z = 1}. The success of geometric
quantiles is explained by several key distinctive properties, among which: geometric
quantiles are easy to compute, even for large d ([73], [102]). The asymptotic behavior of
their sample version is rather standard ([17], [106]). They can easily be extended into
regression quantiles ([16], [20]) or turned into quantiles for functional data ([15], [23],
92).

For d = 1, geometric quantiles, that minimize the Lj-objective function in (3.1.1),
reduce to the usual univariate quantiles. In particular, the collection of intervals whose
endpoints are the geometric quantiles of order « in direction u = —1 and v = 1 is a
nested family of interquantile intervals, that all contain the univariate median (which is
obtained with o = 0, irrespective of the direction u). Similarly, expectiles, an Lo-analog
of quantiles introduced in [77], provide a nested family of centrality intervals that all
contain the mean of the distribution. Expectiles have met a big success, particularly
so in financial risk assessment, where they provide coherent risk measures; see, e.g.,
[26], [52], [97]. Quantiles and expectiles belong to the class of L,-quantiles (associated
with Ly, loss functions, with p > 1), or, more generally, of M-quantiles (associated with
general convex loss functions); see [8], [18]. Recently, there has been a growing interest

69



in such generalized quantiles, still with risk assessment as one of the main applications;
see, e.g., [27], [37], or [100].

The success of geometric quantiles in R? and the growing interest in L,-quantiles
in the univariate case d = 1 suggest to define a geometric concept of L,-quantiles.
For p = 2, this has actually recently been done in [47], but the resulting geometric
expectiles remain less well understood than their geometric L;i-counterparts from [17].
To the best of our knowledge, a geometric L,-quantile concept, or, more generally, a
geometric M-quantile concept has not been investigated in the literature. In this work,
we define such a general concept and we thoroughly study its properties. We adopt the
following definition.

Definition 3.1.1. Let p : R™ — R™ be a convex function and P be a probability measure
over R?. Fiz o € [0,1) and u € ST, We say that . = phu(P) is a geometric p-
quantile of order « in direction u for P if and only if it minimizes the objective function

= MPE (1) / {H?, - (2)} dP(z) (3.1.2)

over R%, where we let

HE () = p<||z||>(1 atl H)fzm (3.1.3)

with &, 2, = 1[z1 # 22] (throughout, I[A] is the indicator function of A).

It might have been natural to write py, with v = au rather than uf ., to emphasize
the indexation of geometric p-quantiles on the unit ball, but we favour the notation pf
that stresses the heterogenous roles o and u will play in the sequel. The multivariate L,-
quantiles we consider in this work are obtained with p(t) = t*, p > 1. Clearly, these
reduce for p = 1 to the minimizers of (3.1.1), that is, to the geometric quantiles from [17].
If P has finite second-order moments, then our L,-quantiles reduce for p = 2 to the
expectiles introduced in [47]; as we will show, however, our formulation above only
requires that P has finite first-order moments. Note that for a = 0, the p-quantile pf ,,
irrespective of u (the direction u does not play any role for a = 0), is an M-functional
of location, that, for p = 1 and p = 2, provides the celebrated geometric median ([9])
and the mean vector of P, respectively. The p-quantiles from Definition 3.1.1 extend
this M-functional of location in the same way the geometric quantiles from [17] extend
the geometric median: they are thus M-quantiles, in the sense of [8] or [50] (it should be
noted that the only intersection between the M-quantiles in Definition 3.1.1 and those
from [50] are the geometric quantiles from [17]).

Above, the motivation to consider L,-quantiles was linked to their relevance for
risk assessment, and there is no doubt that geometric L,-quantiles are natural tools to
define suitable risk measures in situations where multidimensional portfolios are con-
sidered. The main focus in this work, however, is on a careful study of the probabilistic
properties of these L,-quantiles and, more generally, of the corresponding p-quantiles.
Quite remarkably, many of these properties crucially depend on the loss function p. We
provide two examples. (i) Convexity of the objective function in (3.1.2) for any order «
and direction w is a key property for the study of p-quantiles and for their evaluation at
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empirical distributions, and it may be expected that this convexity is inherited from the
convexity of p. Our results, however, will show that, in the class of L,-quantiles, this is
the case if and only if p < 2. For p > 2, we will show that convexity holds for a < o,
only, where, quite remarkably, «,, is very close to one for any p but does not depend
on p monotonically. (ii) The geometric quantiles from [17] have recently been criticised
because they exit any compact set as a — 1 even for a compactly supported probabil-
ity measure P; see [42]. As our results will show, this behavior of extreme geometric
quantiles is shared by L,-quantiles with p < 2, but not by those with p > 2. While we
discussed these results here for L,-quantiles only, we will throughout study properties
of p-quantiles for a virtually arbitrary convex loss function p, which will allow us to
consider, e.g., exponential loss functions or the celebrated Huber loss functions.

The outline of this chapter is as follows. In Section 3.2, we provide the assumptions
under which the objective function M§ (1) in (3.1.2) is well-defined for any p, and we
discuss existence of p-quantiles. In Section 3.3, we obtain a necessary and sufficient
condition for convexity of M¥ (1), we characterize the orders a for which convexity
fails when this condition is not satisfied, and we exploit this to derive uniqueness results
for p-quantiles. In Section 3.4, we refine these convexity and uniqueness results in the
particular case for which the underlying probability measure is spherically symmetric.
In Section 3.5, we study first- and second-order differentiability of the objective func-
tion MK (1), which will play a key role in the subsequent sections. In Section 3.6, we
exploit Robert Serfling’s DOQR paradigm to define p-depth functions, p-outlyingness
functions and p-rank functions associated with our p-quantile functions. We also iden-
tify conditions under which p-quantile functions are homeomorphisms from the open
unit ball (quantiles are indexed by (o, u) € [0,1) x S~ or, equivalently, by au in the
open unit ball of R?) to the whole Euclidean space RY. This will play a major role
when studying in Section 3.7 the behavior of extreme p-quantiles. In Section 3.8, we de-
rive Bahadur representation results for sample p-quantiles and deduce their asymptotic
distribution.

3.2 Existence

Throughout, we assume that the loss function p belongs to the class C of functions
from R™ to R that are convex, piecewise twice continuously differentiable on (0, c0),
and satisfy p(t) = 0 only for ¢ = 0. Here, p is piecewise twice continuously differentiable
on (0,00) means that either (i) there exist a nonnegative integer K and (0 =: tg <)t; <
ty < ... < tg < tgy1 := oo such that p is twice continuously differentiable on each
open interval (tx,tx+1), K =0,..., K, or (ii) there exists a monotone strictly increasing
sequence (to := 0,t1,t,...) in R" diverging to infinity such that p is twice continuously
differentiable on each open interval (tx,t5+1), ¥ € N. Welet D, = (0,00)\{t1,t2,...,tx}
in case (i) and D, = (0,00) \ {t1,t2,...} in case (ii). Examples of loss functions in C are
the power loss functions p(t) = tP, with p > 1, the exponential functions p(t) = exp(ct)—
1, with ¢ > 0, and the Huber loss functions p(t) = (t?/2)I[0 < t < c]+c(t—(c/2))[t > ],
with ¢ > 0. For the Huber loss functions, D, = (0,00) \ {c}, whereas D, = (0, 00) for
power and exponential loss functions.

For any p € C, we denote as 775 the class of probability measures P over R? such
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that for any pu € RY, there exists 6 > 0 for which

/R (e =l +6)dP(z) < oo (3.2.4)

throughout, ¢_ and ¥4 will denote the left- and right-derivative of p, respectively
(convexity of p ensures existence of these one-sided derivatives). For the power loss
function p(t) = t?, with p > 1, P € P} if and only if P has finite moments of order p—1
(that is, E[|| Z|P~!] < oo, where Z is a random d-vector with distribution P). For p(t) =
t, 775 thus collects all probability measures on R?, which is also the case for Huber loss
functions.

We then have the following existence result (see the appendix for a proof).

Theorem 3.2.1. Let p € C and P € PY. Fiz o € [0,1] and u € S¥L. Then,
(i) ME.(p) is well-defined for any p € R%; (i) if « < 1, then P admits at least
one p-quantile of order « in direction u.

The existence result in Theorem 3.2.1(ii) is obtained by establishing that, for any o €
[0,1) and u € S, the map p +— ME (1) is both coercive (in the sense that MJ (1)
diverges to infinity as ||u| does) and continuous on RY. We require that p € C in
Theorem 3.2.1 to avoid introducing many different collections of loss functions in the
sequel, but inspection of the proof reveals that the result actually holds without any
differentiability assumption on p.

Theorem 3.2.1(ii) shows that, for p(t) = tP, with p > 1, p-quantiles exist for
any o € [0,1) and v € S9! as soon as P has finite moments of order p — 1 (while
subtracting H4 ,(z) in the integrand of (3.1.2) in principle has no impact on the cor-
responding quantile minimizers, not doing so would guarantee existence of a minimizer
only under the stronger condition of finite moments of order p). In particular, tak-
ing p = 1 and p = 2, this shows that the quantiles from [17] always exist, whereas
their expectile analogs from [47] only require that P has finite first-order moments (as
already mentionned, finite second-order moments are imposed in [47]). The quantiles
associated with Huber loss functions also always exist for any a € [0,1) and u € S 1.

In Section 3.7 below, we will study extreme p-quantiles, that is, the p-quantiles
indexed by an order « that is arbitrarily close to one. As we will see, the behavior of
such quantiles crucially depends on the existence of the boundary p-quantiles indexed
by an order a = 1 (the term “boundary” results from the fact that Definition 3.1.1
imposes that a € [0,1)). Our interest in such boundary quantiles explains why we will
be investigating the properties of the map M§ (1) also for o = 1, as we already did in
Theorem 3.2.1(ii). At this stage, we stress that Theorem 3.2.1(ii) remains silent about
the existence of such boundary p-quantiles, the reason being that coercivity of u —
ME (1) may fail for a = 1. For p(t) = t and d > 2, for instance, no such boundary
quantiles exist when P is non-atomic and is not supported on a line of R%; see [42],
Proposition 2.1.

We conclude this section with the following orthogonal- and translation-equivariance
result, that will be particularly relevant in Section 3.4 when considering the particu-
lar case for which P is spherically symmetric (the proof readily follows from Defini-
tion 3.1.1).
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Proposition 3.2.2. Let p € C and P € Pg. Fiz a € [0,1) and u € S¥1. Let O be a
d x d orthogonal matriz, b be a d-vector, and denote as Popy, the distribution of OZ + b
when Z has distribution P. Then, if p is a p-quantile of P of order « in direction u,
then Op + b is a p-quantile of Poy of order o in direction Ou.

Spatial p-quantiles are not affine-equivariant, that is, they fail to be equivariant
under general affine transformations. However, they can be made affine-equivariant
through a transformation-retransformation approach; see, e.g., [89] in the case of the
[17] geometric quantiles.

3.3 Convexity and uniqueness

The quantiles studied in this work are defined as minimizers of the map pu — M§ (1)
in (3.1.2). Convexity of this map is a most desirable property, that is expected to play
a key role when investigating uniqueness of these quantiles and when evaluating them
for empirical probability measures. In this section, we therefore study under which
conditions on the loss function p € C the map u + M§ (1) is convex for any P € 775 .

First note that convexity of HS ,, trivially implies convexity of MY, ,,, and that, if H ,,
is not convex, then there exists P € 775 for which M§ ,, fails to be convex (simply consider
a Dirac probability measure). Therefore, we may focus on studying convexity of Hj ,,.
Since any p € C clearly makes HY ,, convex for d = 1, we tacitly restrict throughout this
section to the case d > 2. We start with the following preliminary result showing that
the larger o, the fewer the functions p making Hj ., convex for any u € S 1,

Lemma 3.3.1. For any « € [0, 1], denote as C, the collection of functions p € C such
that HE, is conver for any u € Sa-1, Then, we have the following:
(i) Co = C; (i1) if a1, aq € [0,1] satisfy a1 < ag, then Co, C Cq, -

This result suggests considering «, := max{a € [0,1] : p € Cy}, the largest value
of a for which p makes HS, convex for any u € S%1 (it is trivial to prove that the
maximum exists for any p € C). Ideally, we would like to have that a, = 1, as this
would ensure that HJ ., is convex for any o € [0,1] and u € S4~1. The following result
provides a necessary and sufficient condition for a, = 1.

Theorem 3.3.2. Let p € C. Then, irrespective of d > 2, o, = 1 if and only if the map
t > t2/p(t) is concave on (0, 00).

As a corollary, the power loss function p(t) = t¥ makes HY ,, convex for any a € [0, 1)
and any u € S if and only if p € [1,2]. For p > 2, it is then of interest to determine
the corresponding value of a,(< 1). More generally, the following result allows one to
determine «, for any loss function p that does not satisfy the necessary and sufficient
condition in Theorem 3.3.2.

Theorem 3.3.3. Let p € C be such that the map t — t2/p(t) is not concave on (0,00).
Then, irrespective of d > 2,

. qt(4p; — 4pt — q1)
a, = inf <1,
P teDy \/4(Pt — 1)@ +1)
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Figure 3.1: (Left:) For power loss functions p(t) = t?, plot of a, (see (3.3.5)) and ozf)ph
(see (3.4.6)) (note that (3.3.5) shows that o, — 1 as p — o00). (Right:) For the loss
function p(t) = exp(t) — 1, plot of the quantity, c,(t) say, of which the infimum is taken

in Theorem 3.3.3; the blue line marks the resulting infimum o, = .9939, whereas the
orange line stresses that a;ph =1 (see Section 3.4).

with

tp_(t) 2L (t)
= and q = ,
p(t) t_(t) — p(t)
where we let DS := {t € D, : (t*/p(t))" > 0} and where ¢/ is the left-derivative
of Y_ (in this result, ¥_(t) and ¢’ (t) are used only for t € D,, so that we could
write Y_(t) = p/(t) and Y’ _(t) = p”(t) above).

For p(t) = t¥ with p > 2, one readily checks that Df¥ = (0, 00) and

. p*(4p —5)

A \/4<p “D2p+ 1) (3.35)
Remarkably, «, in (3.3.5) exhibits a non-monotonic pattern in p: for p € [2,5], it
decreases monotonically from one to its minimal value 1/125/128 (slightly above .9882),
then increases monotonically to one again for p € [5,00); see the left panel of Figure 4.1.
For p > 2, it is thus only for most extreme quantile orders « that convexity fails. This is
even more the case for the exponential loss function p(t) = exp(ct) — 1, for which DY =
(3.0861/c,00) and ), = .9939. It can be shown that, if the loss function p is such
that t — p(t)/t is convex, then «, > /2/3 =~ .8165 (for the sake of completeness, we
prove this in the appendix; see Corollary 3.9.9). Like the power loss functions p(t) = t?,
p € (1,2), the Huber loss functions provide a compromise between the L; and Lo loss
functions, but since Theorem 3.3.3 entails that a, = 0 for the Huber loss functions,
power loss functions clearly should be favoured in terms of convexity.

An important corollary of convexity is the following uniqueness result.
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Theorem 3.3.4. Let p € C and P € 77;,1. Assume that there is no open interval
in (0,00) on which 1_ is constant or that P is not concentrated on a line. Then, for
any a € [0,a,) U {0} and u € S (union with {0} is needed when o, = 0), the
map p > ME (1) is strictly convex on R?, so that the p-quantile W 1S unique.

This covers the well-known result stating that, for p(t) = ¢, all p-quantiles are unique
provided that P is not supported on a line. Remarkably, Theorem 3.3.4 shows that this
structural constraint on P is not needed for the p-quantiles associated with other power
loss functions: under the corresponding moment assumptions, all p-quantiles are unique
for p(t) = tP, with p € (1,2], whereas, for p > 2, all p-quantiles with an order « that
is below (3.3.5) are unique. Similarly, for exponential loss functions, p-quantiles are
unique for any order a < .9939.

3.4 The spherical case

In this section, we consider the special case for which P(€ ’Pg ) is spherically symmetric
about some location ug(€ RY), in the sense that, for any d-Borel set B and any d x d
orthogonal matrix O, the P-probability of uy + OB does not depend on O. Since
p-quantiles are translation-equivariant, we will actually restrict, without any loss of
generality, to the case pp = 0 (translation-equivariance here means that if p is a p-
quantile of P of order « in direction u, then, for any h € R? u + h is a p-quantile
of P, of order « in direction u, where P, is the distribution of Z 4+ h when Z has
distribution P).

Note that it follows from Proposition 3.2.2 that, if P is spherically symmetric about
the origin of R? and satisfies P[{0}] < 1, with d > 2 say, then any quantile contour
{ftau : u € ST}, with a € [0, a,) U{0}, is a hypersphere (uniqueness of these quantiles
follows from Theorem 3.3.4 since P is then not supported on a line). Proposition 3.2.2
then also implies that, for an arbitrary order a € [0,1) and any direction u € S
the p-quantiles of P of order « in direction w form a set that is invariant under all
rotations fixing u. In particular, if pb , is unique, then it belongs to the line spanned
by wu, which is most natural. For o > «,, however, uniqueness is not guaranteed, so
that it is unclear whether or not quantiles meet this natural property in the spherical
case. This motivates the following result.

Theorem 3.4.1. Letp € C and P € 735. Assume that P is spherically symmetric about
the origin of RY. Then, (i) for « = 0 and any u € S, the unique p-quantile W 18
the origin of R%; (ii) for o € (0,1) and u € S, any p-quantile pou belongs to the
halfline { u : XA > 0}.

In case (ii), the origin of R may be a p-quantile of order o > 0 in direction .
Actually, it can be shown that (a) for p(t) = t, the origin is a p-quantile of order a > 0 in
direction u if and only o < P[{0}]. Moreover, (b) provided that 14 (0)P[{0}]+ P[||Z| €
(0,00)\ D,] = 0 where Z has distribution P (a condition that always holds for p(t) = t?
with p > 1), the origin cannot be a p-quantile of order & > 0 in direction u, so that all
these quantiles then belong to {\u : A > 0} (for the sake of completeness, we prove (a)-
(b) in the appendix; see Proposition 3.9.12).
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If P is spherically symmetric about the origin and satisfies P[{0}] < 1, Theorem 3.3.4
shows that p-quantiles are unique for any o < a, (as mentioned above) but it remains
silent on the case o > . Interestingly, we will be able to say more under sphericity,
thanks to the fact that Theorem 3.4.1 entails that uniqueness will hold if ¢ — M§ ., (tu)
is strictly convex over [0, c0) for all u € S¢~!, which in turn will hold if t +— HE (2 —tu)
is convex for any z € R? and any u € S¢~!. Accordingly, for any a € [0, 1], let CPM e

the collection of functions p € C such that t — ng(z — tu) is convex for any z € R?
and u € 841 Since Cj U — ¢ and CE" C CPP for any oy < ao (see the proof of

Theorem 3.4.2 below), we let aj’ Ph .~ max{a € [0,1] : p € CP"}, parallel to what we
did for o, in Section 3.3. We have the following result.

Theorem 3.4.2. Let p € C and P € PY]. Assume that P is spherically symmetric about
the origin of RY. Then for any a € |0, af;ph) U{0} and u € S (again, union with {0}
is needed when ap = 0), the map t — MY ,(tu) is strictly convezx on [0,00), and the
p-quantile pib , is unique.

Note that, in the present spherical setup, this uniqueness result may only strengthen
the one in Theorem 3.3.4, since the fact that C, C Czph for any o € [0,1] implies
that ofph
p-quantiles are unique (ap = 1) and, when these conditions are not met, what are the

> ap. Of course it is natural to wonder under which conditions on p all

orders « for which uniqueness is guaranteed (that is, what is then the value of azph <1).
The following result provides a complete answer to these questions.

Theorem 3.4.3. Let p € C. Then, (i) aSph =1 if and only if 4ps + ¢ — prqp < 6
for any t € D,, where p; and q; are as in Theorem 8.8.3; (ii) if aSph < 1, then,
letting D), sph {t € Dy 4pe + qt — prar > 6}(C DY),

h /
asp = inf Bptﬂw

teDPh

where
2(pq —p — a)*(\/Cpg — a(2p — 3)/3)?
3(p =123 - p)(Vepg — (20 — ) (\/Cpg — 2(2p — 3))?

involves cpq = 4(3 — 2p)(2pq — 8p + q) (if ¢ makes By 4 undefined in the expression

Bp.g =

above, then we let By 4 = lim,_,q By ).

Parallel to a, in Theorems 3.3.2-3.3.3, aj’ " does not depend on d(> 2). For the
power loss functions p(t) = t? with p > 1, it follows from Theorem 3.4.3 that

p?(p—2)3(bp—(p—3)?) .
\/@—1) 2B py Dby sp 37 (<D P E(23)

1 otherwise,

asph —

p (3.4.6)

with by, :== (3(p — 2)(3 —p))l/Q. For p € [1,2], the result is just a corollary of Theo-
rem 3.3.2 since we then have azph > ap = 1. For p > 3, (3.4.6) implies that all p-
quantiles are uniquely defined under sphericity, while there is no guarantee that this is
the case in general (since a, < 1 for such values of p). As shown in Figure 4.1, the val-
ues of ap” " for p € (2,3) are remarkably close to one (the minimal value, achieved
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at p ~ 2429, is about .9987), which implies that, also for p € (2,3), essentially
all p-quantiles are uniquely defined under sphericity. For the exponential loss func-
tions p(t) = exp(ct) — 1, all p-quantiles are also unique under sphericity (azph =1),
while “only” quantiles of order av < ar, = .9939 are guaranteed to be unique in general.

3.5 Differentiability of the objective function

For any a < v, the p-quantiles zf, , are minimizers of the convex objective function p
ME (). If this objective function is smooth, then p-quantiles are characterized by the
first-order condition VM4 ,(ta.w) = 0. Such a gradient condition will actually play
a key role when deriving further properties of p-quantiles in the next sections. This
provides a strong motivation to study smoothness of the map pu — M§ (). We start
with the following result.

Proposition 3.5.1. Let p € C and P € P§. Fiz o € [0,1] and u € S1. Let Z be a
random d-vector with distribution P and write Z,, := Z — p, for any p € R?. Then, for
any 1 € RY and v € R?\ {0}, the directional derivative

OME (1) = lim MEw(p + tv) — ME ()
v > t

t—0

exists and is given by

OME
ov

Ol — ot Py — e [P0ZD) ( ZZY, ]
(1) = v O)ol = o) L)) — o' | 2028 (1, — D2 Ve

VB[ (012D 2> 0]+ w1 (120 2, < 0 (1+ ag 20 ) 2 .
EAVAEA

where Iq is the d x d identity matriz and &, ., s as in Definition 3.1.1.

The objective function thus admits directional derivatives in all directions (hence, is
continuous over R%), but it is not necessarily differentiable. For instance, the classical
geometric quantiles obtained with p(t) =t provide

P ) = (ol = o) Pl + B[ (=T~ au ez,

e = Z||

so that M,iu fails to be differentiable at atoms of P. Clearly, it follows from Theo-
rem 3.5.1 that a necessary condition for this objective function to be differentiable at p
is 14+ (0)P[{u}] = 0. The next result provides a necessary and sufficient condition and
gives an expression for the corresponding gradient.

Theorem 3.5.2. Let p € C and P € P9. Fiz a € [0,1] and u € S¥ 1. Then,
(i) p = ME (1) is differentiable at po(€ R?) if and only if 4 (0)P[{po}]+P[|| Z —po|| €
(0,00) \ D,] = 0, in which case the corresponding gradient is

Z
VME (ko) = v(po) — aT (po)u, with v(u) := —E w—(HZuH)rZ”H&z,u
w
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and

_pl[le0zd) (22, 2,2,
T(,u) T E[{ HZ#H <Id HZ;LH2> +¢*(||ZH||) HZ#H2}£Z,,H:|7

where Z, = Z — p 1s based on a random d-vector Z with distribution P.
(ii) If $+ (0)P{u}] + P[|Z — pll € (0,00) \ Dy] = 0 for any p in an open set N,
then p— ME (1) is continuously differentiable on N.

It follows from this result that, in contrast with p(t) = ¢, the power loss func-
tions p(t) = t? with p > 1 make the objective function M¥ , (continuously) differen-
tiable even in the atomic case. The corresponding quantiles pf4 ,, are thus the solutions
of the first-order equations VM4 ,,(1) = 0, which rewrite

1 4 _ VA
—PE |12l T ez | = aB |1 ZulP7 (Lo + (0 = Vs )€z |
124l 12,

In particular, geometric expectiles (p = 2) of order « in direction u are the unique
(Theorem 3.3.4) solutions of

2(s - 512)) = o812l (1s+ EE ot e, ]

This is compatible with the fact that the corresponding “median” (that is, the quantile
of order o = 0, in an arbitrary direction u) is the mean vector E[Z].

We turn to second-order differentiability, which will be relevant when studying the
asymptotic behavior of sample p-quantiles in Section 3.8.

Theorem 3.5.3. Let p € C and P € PY. Fiz o € [0,1], u € S, and py € RY.
Assume that P[||Z — p|| € [0,00) \ D,] = 0 for any p in an open neighbourhood of pig
(hence, in particular, that P is non-atomic in this neighbourhood). Let further one of
the following assumptions hold:

(A) ¥ is concave on (0,00) and

/ ¢—(HZ_NOH) dP(Z) < o0;
Ri\{o} 12 — woll

(A") Y_ is conver on (0,00), ¥4 (0) =0, and there exists r > 0 such that
[ vz = ol + 1) dP(e) < o

(recall that " is the left-derivative of _).
Then, for any v € R\ {0},

MPE., tv) — VME ,,
limv w(po + tv) — VMg (o)

t30 t

= V2MY , (o)v,
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where the Hessian matriz V2ME (1) is given by

VEMY (1) = (9:0;ME (1))

ij=1,.,d
29— ([1Zull) | 201 Z4l1) u'Z,\ ZuZ,
— 5| (w12 - 25000 2R (14 0t ) i,
! 12l 1Zul? 1Z,l ) 12,012
L PUIZull) (Id T2, )52 N Zul-(1Zul) = (11 Z,1D
12,1 1 Z,1? )~ 1Zul?
VA A A Zw + Zju
x4 (14« “)(Id— “)+2 P +a a }gz,}
{( 12l 12,11 12,17 12l !
(as in the previous results, Z, := Z — p, where Z is a random d-vector with distribu-

tion P).

While they may seem complex at first, the assumptions of Theorem 3.5.3 turn out
to be simple (and very weak) when considering specific loss functions p. For instance,
for p(t) = t? with p > 1, they only require that P € P/ is non-atomic in a neighborhood
of yig and is such that E[||Z — uo|[P"2] < oo when Z has distribution P. Note that
this last assumption, that cannot be avoided since this expectation is involved in the
Hessian matrix V2M§ ,(u), is superfluous for p > 2. Under the assumptions of Theo-
rems 3.3.4 and 3.5.3, this Hessian matrix is positive definite for any o € [0, ) U {0}
and any u € S?1; since this will be needed in the sequel, we prove it in the appendix
(see Lemma 3.9.21).

3.6 A p-version of Robert Serfling’s DOQR paradigm

In a series of papers, Robert Serfling introduced the DOQR paradigm, that presents
Depth, Outlyingness, Quantile and Rank functions as interrelated, yet distinct, objects
of interest for multivariate nonparametric statistics; see, e.g., [89], [90], [93] and the
references therein. While this paradigm in principle applies to any multivariate quan-
tile concept, the primary focus when considering this paradigm in the aforementioned
papers was on geometric quantiles. This makes it natural to study the paradigm for
the generalized geometric quantiles considered in this work, which leads to introducing
p-depth, p-outlyingness, p-quantile and p-rank functions. As we will see later, some of
these functions play a key role to understand the nature of extreme p-quantiles.

We start by formally defining p-quantile functions. Restricting to the interesting case
for which a, > 0, Theorems 3.2.1 and 3.3.4 imply that p-quantiles exist and are unique
for any o € [0, ) and v € S9! which allows us to adopt the following definition.

Definition 3.6.1. Let p € C and P € Pg. Assume that there is no open interval
in (0,00) on which 1p_ is constant or that P is not concentrated on a line. Write B =
{z € R4 ||z|| < r}. Then, the p-quantile function of P is the map Q = Q" : ng — RY
that is defined through Q(au) = b .

In dimension d = 1 and p(t) = t, this provides the (centered-outward version of
the) usual quantile function. This standard quantile function, that is defined on B} =
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(—1,1), may of course fail to be continuous (it is discontinuous for empirical probability
measures). The multivariate case d > 2 is different.

Proposition 3.6.2. Let p € C and P € Pg, with d > 2. Assume that there is no
open interval in (0,00) on which ¥_ is constant or that P is not concentrated on a line.
Then, the quantile function Q = Q' : ng — R is continuous.

Following [89], we associate with the p-quantile function @ corresponding concepts
of rank function R, depth function D and outlyingness function O. We start with the
rank function.

Definition 3.6.3. Let p € C and assume that P € Pg is not a Dirac probability measure.
Then, the rank function of P is the map R = RY, : R — R? defined through R(u) =
(T()) " *v(p), where the d x d matriz T(u) and the d-vector v(u) were introduced in
Theorem 3.5.2.

In the setup of this definition, T'(x) is positive definite, hence invertible, for any p €
RY (for the sake of completeness, we prove this in the appendix; see Lemma 3.9.16). The
natural assumptions under which to study the rank function are those of Theorem 3.5.2
complemented by conditions ensuring uniqueness of p-quantiles (which provides the
assumptions in Theorem 3.6.4 below). Under these assumptions, u — M§ (1) is con-
tinuously differentiable on R?, with gradient

VM (1) = T(p)(R(1) — au),

so that u = pau = Q(au) (for a < «,) if and only if R(p) = au (recall that, under the
assumptions considered, quantiles of order « € [0, ) in direction u € S9! are indeed
uniquely determined by the gradient condition VM (1) = 0). This provides a clear
interpretation of the rank function as the inverse map of the quantile function. We have
the following result.

Theorem 3.6.4. Let p € C and P € P). Assume that there is no open interval in (0, 00)
on which _ is constant or that P is not concentrated on a line. Assume further that
G2 (O)P{uY) + PlIZ — ull € (0,00)\ D,] = 0 for any p € BL. Write Z, = Qp(BL ).
Then, Q = Q% : ng — Z, is a homeomorphism, with inverse R%\ZP C 2, — ng (the
restriction of R, to Z,).

If t — t2/p(t) is concave on (0, o), then we are in the important particular case o, =
1 (Theorem 3.3.2), for which the quantile function @ is defined on the open unit
ball B4 = B¢. We then have the following result.

Theorem 3.6.5. Let p € C be such that t — t2/p(t) is concave on (0,00). Assume
that P is not concentrated on a line and that ¢4 (0)P[{p}] + P[||Z — p|| € (0,00)\ D] =
0 for any pu € R Then, Z, = Q%(BY) = R, so that Q = Q% : B* — R? is a
homeomorphism, with inverse R = Rpp :R? — B,

This result shows in particular that for any power loss function p(t) = tP with p €
[1,2], any non-atomic probability measure that is not concentrated on a line provides
p-quantiles that span the whole Euclidean space R (the non-atomicity condition is

80



actually needed for p = 1 only), whereas the result remains silent for the case p > 2.
This will have important implications when studying extreme quantiles in Section 3.7.

Let us turn to depth and outlyingness functions. Clearly, central or “deep” quantiles
are indexed by a small order « € [0, 1), whereas exterior or “outlying” ones are rather
indexed by a large order a. A natural outlyingness measure for p € R? is then the
order « of the quantile 14, for which p1 = fiq 4, that is, the oultlyingness of p1 is ||R()]|.
Any decreasing function of this outlyingness measure is then a natural depth measure.
We adopt the following definition.

Definition 3.6.6. Let p € C and P € P;l. Then, (i) the outlyingness function of P is
the map O = O from R? to [0,1] defined through O(u) = min(||R(u)||,1), where R =
RY, is the rank function of P. (i) The depth function of P is the map D = D%, from R4
to [0, 1] defined through D(p) =1 — O(u).

The deepest location, the only one that receives the maximal depth value one, is the
p-median Mﬁ,u of P (the direction u plays no role for v = 0). For any direction u € S,
depth decreases along the quantile curves {ufh. : @ € [0,a,)} originating from the
p-median. For p(t) = ¢, this depth reduces to the celebrated geometric depth; see,
e.g., [102]. The depths associated with our p-quantiles extend this classical depth; in
particular, an “expectile geometric depth”, whose deepest point is the mean vector of P,
is obtained for p(t) = ¢2. For any depth function, the depth regions collecting locations
with depth exceeding a given threshold are of interest. The depth regions

RE =R, = {u e RY: DA() > )

are nested “centrality regions”; see, e.g., [70] and the references therein. The corre-
sponding depth contours, i.e. the boundaries R/ of these depth regions, collect the
p-quantiles associated with a fixed order a.

For each combination of o € {.25,.50,.75} and p € {1,1.5,2,4}, we plot in Fig-
ure 4.2 the depth contours of order «, based on p(t) = P, for the empirical probability
measure P, of six random samples of size n = 200 (these were obtained from a uni-
form grid of 50 directions on the unit circle S*1, and each quantile was evaluated
through the descent method involving the backtracking line search in Section 9.2 of
[7]; R code is available on request). These samples were generated from (i) the bi-
variate standard normal distribution, (ii)—(iii) the standard ¢-distributions with v = 4
and v = 1 degrees of freedom, (iv) the centered bivariate normal distribution with
covariance matrix ¥ = (? %), (v) the bivariate distribution whose marginals are inde-
pendent exponential distributions with mean one, (vi) the standard skew-t¢ distribution
with 4 degrees of freedom and slant vector a = (10, 10); see [3]. Figure 4.2 shows that
larger values of p provide contours that are more concentrated about the corresponding
median; the only exception is the Cauchy distribution, for which these large-p contours
are the most spread ones due to their lack of robustness with respect to extreme ob-
servations. As expected, the various medians differ when the underlying distribution is
skewed, as it is the case in (v)—(vi).
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Figure 3.2: For p(t) =t with p = 1,1.5,2,4, p-depth contours of order o = .25,.50,.75
for random samples of size n = 200 drawn from six bivariate distributions; see Section 3.6
for details.
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3.7 Extreme quantiles

Recently, [41, 42] studied the geometric quantiles from [17] with a focus on extreme
quantiles, that is, those associated with an order « that is close to one. In particular, [42]
derived striking results on extreme quantiles showing that (i) geometric quantiles exit
any compact set as @ — 1 and that (ii) they do so in a direction that eventually coincides
with the direction u in which quantiles are computed. Surprisingly, this typically also
happens when the underlying distribution P is compactly supported. As shown in [83],
the result even holds under atomic probability measures P, so that this unexpected
behavior also shows in the sample case (provided that not all observations lie on a line
of R%).

Of course, it is natural to ask whether or not this behavior of extreme quantiles
shows for other p-quantiles. We tackle this question in the present section. Our first
result is the following.

Theorem 3.7.1. Let p € C be such that t ~ t2/p(t) is concave on (0,00). Assume
that P is not concentrated on a line and that ¥ (0)P[{u}]+ P[||Z — | € (0,00)\D,] =0
for any u € R Let (o) be a sequence in [0,1) that converges to one and (uy) be a
sequence in ST Then, (i) ||1thy, u, || — 005 (i1) if un — u, then ph, wn /|| unll — u-

This result shows that all p-quantiles for which «, = 1, hence in particular those
associated with p(t) = t? for p € (1, 2], will show the behavior of the extreme quantiles
from [17] described above. Note that for p € (1, 2], we have ¢, (0) = 0 and D, = (0, 00),
so that Theorem 3.7.1 does not require that P is non-atomic, hence also allows for
empirical distributions. We illustrate this in Figure 4.3 for P = P,, the empirical
distribution of a random sample of size n = 10 drawn from the bivariate standard
normal distribution. For p(t) = P, with p € {1,1.5,2,2.25, 3,4}, the figure shows the p-
quantiles pif o, for @ € [0,1) and u = (cos(7¢/6),sin(w¢/6)), with £ = 0,1,2,3. Clearly,
for the values of p that are covered by Theorem 3.7.1, namely p = 1,1.5,2, quantiles
exit any compact set and do so eventually in the corresponding direction u. In contrast,
the figure suggests that, for p > 2, the Euclidean norm of extreme p-quantiles remains
bounded. This is indeed the case, as the following result shows.

Theorem 3.7.2. Let p € C such that p(t)/t> = oo ast — co. Assume that P € P! (a)
is not concentrated on a line of R? and (b) satisfies [pa p(||2]) dP(z) < oo (if p(t)/t3 is
bounded away from 0 as t — oo, then Condition (b) is superfluous). Then, there exists
a bounded set S C R? such that, for any a € [0,1) and v € S, all p-quantiles of
order o in direction u belong to S (moreover, D(p) = 0 for any p € R%\ S).

Under the condition of this result, all p-quantiles of order « in direction u may fail
to be unique for a € (a,,1), which is the reason why Theorem 3.7.2 states that all
p-quantiles of order « in direction u belong to S. The result implies that for p(t) = ¥
with p > 3, extreme p-quantiles are bounded as soon as P € P/ is not concentrated
on a line and that, for p(t) = t? with p € (2,3), the same holds provided that P
further has finite moments of order p rather than finite moments of order p— 1 only (we
conjecture that this stronger moment assumption for p € (2, 3) is actually superfluous,
but we were not able to avoid this assumption when proving Theorem 3.7.2). Note
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Figure 3.3: For the loss functions p(t) = P with p = 1,1.5,2,2.25, 3,4, the plots show
the p-quantiles ph, for a € [0,1) and u = (cos(7€/6),sin(7f/6)), with £ = 0,1,2, 3;
the underlying probability measure P is the empirical distribution P, associated with a
random sample of size n = 10 from the bivariate standard normal distribution. Dashed
lines are showing the halflines with the corresponding directions u originating from the
median g,
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that Theorem 3.7.2 confirms in particular that, in Figure 4.3, the p-quantiles associated
with p > 2 form a bounded set.

As mentioned in Section 3.2, p-quantiles in principle are not defined for a = 1, but of
course Definition 3.1.1 may still be adopted to define possible quantiles for order oo = 1.
We have the following existence result.

Proposition 3.7.3. Let the assumptions of Theorem 3.7.2 hold. Then, for any u €
S there exists a quantile uiu.

In contrast, it directly follows from Theorem 3.6.5 that, under the assumptions of
Theorem 3.7.1, there is no u € S4! for which a quantile ,u'iu exist (this result is already
known for p(t) = t; see Proposition 2.1 in [42]).

The following corollary of Theorem 3.7.2 extends in some sense the continuity of the
quantile function (Proposition 3.6.2) to the framework where quantiles of order o = 1
exist.

Corollary 3.7.4. Let the assumptions of Theorem 3.7.2 hold. Let (cv,) be a sequence
in [0,1) that converges to o € [0,1] and (un) be a sequence in S¢=' that converges
to u(€ S¥1). Fir an arbitrary sequence (i, u,) of p-quantiles. Then, (i) any converg-
ing subsequence of (Uh, u,) converges to a p-quantile phy; (i) if b is unique, then
e — Howu-

This result further confirms that the quantile functions—hence also the rank, depth
and outlyingness functions—associated with the loss functions p covered by Theo-
rem 3.7.1 and Theorem 3.7.2 are very different in nature. In particular, in the framework
of Theorem 3.7.2, the depth of u will be exactly zero if ||u]| is large enough. Some recent
research efforts in the statistical depth literature aimed at defining depth functions—or
at modifying existing depth functions—that do not show this “vanishing property”; see,
e.g., [34] and the many references therein. This vanishing property is indeed undesir-
able in some inferential applications, such as, e.g., supervised classification based on the
max-depth approach; see [34], [39], and [58]. Quite nicely, the p-depths associated with
loss functions p compatible with Theorem 3.7.1 will not exhibit this vanishing property.
Yet, as in [42], some might find it shocking that the corresponding p-quantiles span the
whole Euclidean space even when P is compactly supported. This can be avoided by
adopting a loss function p meeting the conditions of Theorem 3.7.2. As a conclusion,
while Theorems 3.7.1-3.7.2 discriminate between two fundamentally different classes of
DOQR functions, none of these two worlds is “the good one” and the choice of p, hence
the choice among both worlds, should be performed based on the inferential problem at
hand.

3.8 Asymptotics for point estimation

We now consider estimation of the p-quantiles ,uZ,u = ,uQu(P) based on a random
sample Z1,...,Z, from P. As usual, the natural estimator is obtained by replacing P
with the corresponding empirical probability measure. In this section, we study the
asymptotic properties of the resulting sample p-quantiles. We start with the following
consistency result.
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Theorem 3.8.1. Fiz p € C and assume that there is no open interval in (0,00) on
which Y_ is constant or that P € Pg is not concentrated on a line. Denote as P,
the empirical probability measure associated with a random sample of size n from P.
Fiz a € [0,a,) U {0}, u € ST, and write ifu = pibu(Py). Then,

W p
Mo - Mo
almost surely as n — oo.

The sample geometric median, that is, the median obtained with the loss func-
tion p(t) = t, satisfies a classical asymptotic normality result (see, e.g., [71]), which,
as usual, allows one to perform hypothesis testing or to build confidence zones for the
population geometric median. This is an important advantage over competing multi-
variate medians, whose asymptotic distributions are too complicated to base inference
on (this is in particular the case for the celebrated Tukey median; see [68]). Quite nicely,
all sample p-quantiles enjoy a standard asymptotic normality result, relying on a neat
Bahadur representation result (that typically may itself have further applications, such
as the derivation of LIL results). We have the following result.

Theorem 3.8.2. Let p € C and P € P}. Assume that there is no open interval in (0, 00)
on which ¢_ is constant or that P is not concentrated on a line. Fiz o € [0, ) U {0}
and v € S¥1. Assume that

[ 020 = il ap(e) < oo

and that P[||Z — p|| € [0,00) \ D,] = 0 for any u in an open neighborhood of o
(hence, in particular, that P is non-atomic in this neighborhood). Let further one of the
following assumptions hold:

(A) ¥ is concave on (0,00) and

P
/ ¢*(”Z é‘ba,u ‘) d_P(Z) < 00;
RA{uf.} |12 — Haul|

(A") _ is convex on (0,00), 1¥4(0) =0, and there exists r > 0 such that

L0z = il + 1) aP(E) < o

(recall that ¢ is the left-derivative of ¥_).

Let [L&u = u&u(Pn), where P, is the empirical probability measure associated with a
random sample Z1,...,Z, of size n from P. Then,

NI
1 3 n
= AT S VHE i~ i 17~ il € Dyl op()
=1

B Ny(0,V)

asmn — oo, where V := A"'BA™" involves A = VQM&“(MZ,“) and B := E[(VH. . (Z1—
p16,))(VHE w(Z1 — p16,)) 11 Z1 — péull € Dyl
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We stress that this result requires very mild assumptions only. In particular, for
the power loss functions p(t) = t¥ with p > 2, it only requires that P is non-atomic in
a neighborhood of pf . and admits finite moments of order 2(p — 1) (for the median
obtained with p = 2, namely the mean, this is the usual finite second-order moment
assumption, and the result only restate the usual multivariate central limit theorem,
but for the mild local non-atomicity assumption). For p € [1,2), Theorem 3.8.2 further
requires that E[||Z — MSMHP*Q] exists and is finite (note that, for the geometric median
(p = 1), [71] derives the result under assumptions that are more stringent, since it is
imposed there that E[[|Z — u( ,[|7"] exists and is finite for any r € [0,2). Invertibility
of A is always guaranteed; see Lemma 3.9.21 in the appendix.

To illustrate the result, we focus on p-medians (o = 0) under sphericity. If P is
spherically symmetric about the origin of R?, then all p-medians u&u are equal to each
other (they coincide with the origin of R?; see Theorem 3.4.1), which makes it valid
to compare the asymptotic variances of sample p-medians. We consider the power loss
functions p(t) = tP with p > 1, for which

) xx!
(||

VHS (x)(VH], ,(2)) [z € D)) = p* |l >~ €2,0

and )
_ T
V%ﬂ@@ﬂhei%hﬂmwi{ph+p@—2”mw}&m

see Lemma 3.9.13 in the appendix. If P is spherically symmetric about the origin of R?,
then ||Z|| and Z/||Z|| are mutually independent, with Z/||Z|| uniformly distributed
over S4 1, which yields

2 _ d+p—2 N
B=VE)z|?o 0, ana 4 =PEEP Dy zpeag, g,
Thus, the asymptotic covariance matrix V' is given by
3 3 dEI Z||2(p—1)
V=A'BAT = 1] ] 51a =1 vp(P)1q. (3.8.7)

(d+p—2)*(E[|| Z||P~2])

For p = 1, this reduces to the asymptotic covariance matrix of the geometric median
(see [71]), whereas, for p = 2, this provides the asymptotic covariance matrix V =
E[ZZ'] of the sample mean. Let us consider various spherical distributions. If P = P!
is the d-variate t-distribution with v degrees of freedom, then || Z||?/d is Fisher—Snedecor
with d and v degrees of freedom, which yields

D422 T (42T (=222

d _
(S (52

vp(PL) = (3.8.8)

for v > 2(p —1), whereas if P = Py is the d-variate power-exponential distribution with
tail parameter n(> 0), then

1— T d+2 T d+2p—2

vp(PS) = 2 (Wn) (#)

p )
n Fz(d+p+2§n 2)

(3.8.9)
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the power-exponential distribution with tail parameter n refers to the distribution ad-
mitting the density z — f7(2) := cay exp(—||z]|?"/2) with respect to the Lebesgue mea-
sure over R? (¢, is a normalizing constant). The asymptotic variance at the standard
d-variate normal distribution is obtained by taking v — oo in (3.8.8) or, alternatively,
by taking n =1 in (3.8.9).

The factors v, (P!) and vp(Py), that completely characterize the asymptotic covari-
ance matrix of the sample p-median associated with p(t) = P under the corresponding
distributions, are plotted in Figure 4.4. For heavy tails, the medians associated with a
small value of p dominate their competitors, whereas the opposite happens for light tails
(lighter-than-normal tails are obtained for n > 1 in the power-exponential case). Note
that the sample p-median associated with p(t) = t? is the maximum likelihood estimator
of the symmetry center in the location family generated by power-exponential distribu-
tions with parameter n = p/2, which explains that large values of p (p > 2) will behave
well under lighter-than-normal tails. All in all, the median associated with p = 1.5
seems to provide a nice balance between the geometric median and sample mean as-
sociated with p = 1 and p = 2, respectively. While these considerations are specific
to the spherical case, the efficiency of p-medians in the elliptical case could be studied
following the analysis in [65], where the focus was exclusively on the geometric median
(p=1).

To check correctness of Theorem 3.8.2, we performed a Monte-Carlo study in-
volving the bivariate (d = 2) t-distributions with v degrees of freedom with v €
{3,5,7,...,21}, and the bivariate power-exponential distributions with parameter n €
{.8,1.2,1.6,...,4}. For each of these distributions, we generated M = 10,000 ran-
dom samples of size n = 200 and evaluated the p-medians ﬂﬁu = ﬂg’u(m) associated
with p(t) = tP for p € {1,1.5,2,4} in each sample m = 1,..., M. In Figure 4.4, we
report the quantities

M
) 1 N P " i
8y = n (M S (#u(m) = ) (6 o (m) - ﬂé’,u)’)

m=1

with
1 M
ﬂg,u = M Z ﬂg,u(m)
m=1

These quantities estimate the upper-left entry in the corresponding asymptotic covari-
ance matrix V', namely the corresponding factor v,(P) in (3.8.7). Clearly, the results
are in perfect agreement with Theorem 3.8.2. It is only for p = 4 and t-distributions
that some deviation from the asymptotic theory is seen, but this deviation vanishes for
larger sample sizes (for p = 4 and t-distributions, Figure 4.4 also provides the results
for sample size n = 1,000).

Obviously, using Theorem 3.8.2 to conduct inference based on p-quantiles (i.e., per-
forming hypothesis testing or building confidence zones) requires estimating consistently
the corresponding asymptotic covariance matrix V. A natural estimator is of course
Vo, = A;1B, AL, with

. 1 & . .
An = > VPHE (Zi — b ) Zi — (5,,]) € Dy
=1
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Figure 3.4: (Left:) For p € {1,1.5,2,4}, plots of v — v,(PL) for v = 3,5,7,...,21,
where v, (P?) (see (3.8.8)) is the factor characterizing the asymptotic covariance matrix,
at the bivariate ¢-distribution with v degrees of freedom, of the sample p-median based
on p(t) = t*. Dotted lines are estimates of v,(P.) computed from M = 10,000 random
samples of size n = 200. For p = 4, the dashed line provides the same result for random
samples of size n = 1,000. (Right:) Still for p € {1,1.5,2,4}, plots of n — v,(PY)
for n = .8,1.2,1.6,...,4, where v,(Py) (see (3.8.9)) is the factor characterizing the
asymptotic covariance matrix, at the bivariate power-exponential distribution with tail
parameter 7, of the sample p-median based on p(t) = tP. Dotted lines are estimates
of vp(Pﬁ) computed from M = 10,000 random samples of size n = 200; see Section 3.8
for details.
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and

Z — [ )V (VHE (Zi = i )W Zi = 1§, ull € D).

S\H

One may proceed as in [43] to establish that Vi, converges in probability to V' as the
sample size n diverges to infinity.

3.9 Appendix: proofs

Some preliminary results

In this section, we provide results that will be repeatedly used in the proofs of the next
sections.

Lemma 3.9.1. Let v be a finite measure on R%. Let (11,) be a sequence in R that either
(i) is such that ||| diverges to infinity or (ii) converges to p € R? but satisfies i, # p
for anyn. Then v({pn}) — 0 as n — oco.

PROOF OF LEMMA 3.9.1. Assume, ad absurdum, that v({y,}) does not converge
to 0 as n — co. Then there exist ¢ > 0 and a subsequence (ny) such that v({yu,,}) > ¢
for any ¢. By using Assumptions (i)—(ii), we may assume, up to extraction of a further
subsequence, that (j,,) has pairwise different terms. We then have

00 )
Rd Z Z 4 {Mne} > Z
/=0 =0

which is a contradiction. |

Lemma 3.9.2. Let v,w € R?\ {0}. Then

‘ H SW(ELNET)
Toll ~ Tl ol Tl

PROOF OF LEMMA 4.8.5. A direct computation provides

‘ [l = Jloll] |, flw — o]
] fwll = flwl]

R

Since one may interchange the roles of v and w in these inequalities, the result follows.
[ |

[ol[{fwll

The following result is a version of the mean-value theorem for one-sided derivatives;
see, e.g., [54].

Lemma 3.9.3. Let f : [a,b] — R be a continuous function. (i) Assume that f is
left-differentiable on (a,b), with left-derivative f’ . Then,

f(bg—f(a) < f (e2)



for some c1,ca € (a,b). (ii) Assume that f is right-differentiable on (a,b), with right-
derivative f' . Then,

for some c1,co € (a,b).

We end this section with a result that states structural properties of any loss func-
tion p € C.

Lemma 3.9.4. Let p € C. Then, (i) t_(t) > p(t) for any t > 0. (i) t — P_(t),
t— 4 (t), and t — p(t)/t are monotone non-decreasing on (0,00). (iii) Y_(t) > 0 for
any t > 0. (iv) p is monotone strictly increasing on [0,00).

Proor orF LEMMA 3.9.4. (i) Convexity of p implies that, for any ¢t > 0,

p(tt) _ p(tiig(()) < w—(t)a

which establishes the result. (ii) This trivially follows from the convexity of p. (iii)
Assume ad absurdum that ¥_(tyg) = 0 for some to > 0. Then, Parts (i)—(ii) of the result
imply that ¢_(t) = 0 for any ¢ € (0,tp). Lemma 3.9.3(i) then entails that p(ty) = 0,
which contradicts the fact that p(t) = 0 only for ¢t = 0. (iv) The result follows from
Part (iii) and Lemma 3.9.3(i). [ |

Proofs for Section 3.2

We first prove Part (i) of Theorem 3.2.1.
PROOF OF THEOREM 3.2.1(i). We need to show that

/ |HE ()| dP(z (3.9.10)

for any p € RY. Since the result trivially holds for x4 = 0, we may assume that p # 0.
Recalling that p(0) = 0, note then that

) = (e (1 =)
[ otz = ) = 1] 1+ o5 E=R e apte

w [ otab| (10t B e - (14ai e

< (I+a) /Rd |o(llz = ull) = p(l1])| dP(2)

7z

IN

dP(z)

W(z—p)

Te—al ~ Tl

+(1+a)p(llu\|)P[{M}]+a/Rd\{0 } p(llzl)
Ne

= (1+ )i+ (1 + a)p(llpl) PHul] + oZa,
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say. Lemma 3.9.3 implies that there exists ¢ between ||z — u|| and ||z|| such that
ol = ) = p(I=] < w—(@)l]12 — pll — ||2I]l. Since ¢ is monotone non-decreasing
and nonnegative over (0,00) (Lemma 3.9.4), we obtain

oz = pll) = p(llz)| - < Hlel{w=(llz = pll) +v-(ll=1)}
< lel{y—llz = pll + 6) + - (ll2]l + do) 3,

where §, and dy are as in is as in (3.2.4). The finiteness of Z; therefore follows from

the assumption that p belongs to C. Now, Lemma 4.8.5 shows that any z € R%\ {0, u}
satisfies
U’z z— U z

< _ =
lz=pll 2l ‘ Iz = pll =l
Since convexity of p entails that p(||z]))/|lzll < ¥—(||z]) < ¥—(]|z]] + do) for any z €
R4\ {0}, we then have

u(z—p) Uz

[<altl
2]

p(]|z
7, < 2l UED apey < 2l [ () + ) ap(e) < o
RA{0,u} [E| Rd
This proves (3.9.10), hence establishes the result. [ |

The proof of Theorem 3.2.1(ii) requires Lemmas 3.9.5-3.9.6 below.

Lemma 3.9.5. Let p € C and P € PY. Then, for any (po, ao, uo) € R? x [0,1] x 841,
the map (u, o, u) — ME ,(p) is Lipschitz at (po, o, ug), in the sense that there exist a
positive constant C' and a neighbourhood N of (o, o, ug) such that, for any (u,a,u) €

N,
| ME (1) = ME, gy (10)] < C{lli = poll + lov = ol + [lu — o[}

In particular, the map (p, o, u) — ME (1) is continuous over R x [0,1] x S9=1.

PROOF OF LEMMA 3.9.5. Fix (1o, 2, up) € R? x [0,1] x S4~1. We need to prove
that there exist a neighborhood N of (g, g, ug) and a positive constant C' such that

|ME (1) — ME o (o) < C{ll = poll + o — ao| + [lu — uoll}

for any (u,a,u) € NN (R% x [0,1] x S¥1). To that end, write, with v = au and vy =
Qoluo,

Mg,u(:u) - Mgo,uo (/’LO)
= | Gz = 1) = Hi g (2 = po)] = [HEu(2) = HE g (2]} P (2)

_ /R {T1(2) + To(2) + Ty(2)} dP(2),

where

2) = ol = ) = ollz — ol (1+ 5 Ve
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7o) = ol = pl) = (B (14 7)o = (14 725 )

5(2) 1= ol = ol { (14 T ) (14 B e

(g e (1 755 Yo

Assume that there exists a positive constant C' such that

and

Te(2)| < {1+ ¢ ([I2]]) + ¥ (llz = pll) + - (2 = pol) Hllw — poll + [lv —woll} (3.9.11)

for any £ = 1,2,3 and any z € R? (in the rest of this proof, C' may change from line
to line). Monotonicity of ¢_ then ensures that, for u close enough to g € R?, we have
(with 6, as in (3.2.4))

Te(2)] < C{1+9([lz[l + do) + 20— (|2 = poll + o)}l = poll + llv = woll}

for any ¢ = 1,2,3 and any z € R%. Since p € C and ||v — vg|| < | — ag| + ||u — up||, this
provides

3
ML) = M0l < 3 [ T} aP(e)
/=1
< Cllw = poll + la = ol + [[u — uol]),

as was to be shown. It is therefore sufficient to prove that there indeed exists a positive
constant C such that (3.9.11) holds for any ¢ = 1,2,3 and any z € R?.

Using Lemma 3.9.3 and the fact that ¢_ is non-decreasing, we obtain that, for
some ¢ between ||z — p|| and ||z — uol|,

Tu(2)] < 20— (9)[llz = ll = |2 = poll]
< 2{g-(llz = pll) + -z = polD Hiw = poll,

which shows that (3.9.11) holds for 77(z). Noting that T5(z) rewrites

(v —0)'z
2]l

we obtain in the same way (here, ¢ is between |z — pol| and ||z]|)

A

T3(2) = {p(llz = poll) = p(ll21)} 2w 0,

T2(2)] < w—(o)|llz = poll = llz |l — woll
< A{Y-(llz = woll + (2D Hmollllv = woll,

so that (3.9.11) also holds for T5(z). We may thus focus on 73(z). Note that, if z ¢
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{0, i, po}, then Lemma 4.8.5 yields

V(z—p) vp(z—po) vz o vz
Ty < oz - poll) - _YE v
e—al " Te=rol Tl T T2

p—py 2 (2= p z—qo

< (== o) <v—vo>'<—)+v( . >H

= poll T = al ~ == pol
[l o] lw — ol
< P(||Z—M0H)<2||U—UOH+2||UH

|2 — poll 2 — poll
< CY_(z = poll) (Ilv = voll + I — woll),

where we used the fact that p(t)/t < ¢_(¢t) for any ¢t € (0,00). Obviously, if z = uo,
then T3(z) = 0, whereas if z = u(# po), then

T3(2)] < 4p(llp = poll) < 4v—([ln = pol) I — poll = 44— (llz = pol)llw — poll

Finally, if 2 =0 ¢ {p, 1o}, then Lemma 4.8.5 provides

vopo V' 1o o Mo 0
Ty(z) < pllnol)| 122 — TE| < ool (o0 — o) 0 o (L0 - L
ol ~ T ol ** \Toll ™ T

B Ho 12 = ol

< ool (o = ol + 45 = 20| < ool (1o wof + 2=l

< p(lluolDllv = wvoll + 2¢—(llpol DIl = ol

< c(uv ool + - MOH),

which shows that (3.9.11) holds for 73(z), too. The result is proved. [ |

Note that if the assumption that P € P is reinforced into the assumption that

/ b (l2] + ©) dP(2) < oo
Rd

for any ¢ > 0, then the proof of Lemma 3.9.5 shows that (u, a, u) — M ., (1) is actually
Lipschitz over K x [0,1] x 8¢~ for any compact set K C R%. In particular, for p(t) = t?
with p > 1, if P has finite moments of order p — 1, then (u, o, u) — M ,,(11) is not only
locally Lipschtiz (Lemma 3.9.5) but satisfies this global Lipschtiz property over compact
sets.

The next result states a coercivity property for the objective function.

Lemma 3.9.6. Let p € C and P € P. Fiz sequences (ay) € [0,1], (ug) in S1, and
(110) in R such that ¢ := limsupy_, . aguh(pe/||pel])éue0 < 1 and ||pe|| — oo. Then,

o
hm lnf Maegue (/"Lg)

> 0.
t=oo el

In particular, M&, 4,(1e) — 0.
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Proor oF LEMMA 3.9.6. Of course, we may assume without any loss of generality
that p # 0 for any ¢. Note that if P[{0}] = 1, then we have MY, v, (1¢) = HE,u, (—pe) =
p(lpeell) (X — cwpuppe /| peell), so that the fact that ¢ — p(t)/t is monotone non-decreasing
(Lemma 3.9.4) yields

ME,
tim inf Maceele) o g oy e PR S g -y S o
t=oo ||pell t=oo || pell

We may thus assume that P[{0}] < 1. Write then

p
W = Il (aﬂyufﬂ MZ) +I2(OZZ, Uz,ﬂg) +1-3(O(€’u€”u€)7 (3912)
ith
b Il(auu):/ p(l!ZMI)ﬂ(!Z|)<1+a u'(z — )>€ P,
T il AR
1 “/(z_)> ) <1 > : }
R I e (G =) R G ) S T
p(llz II( u'(z — p) u’z) i tos
/d\{O} lull N\ llz—ull 2] Lo dP(2), (3.9.13)
and

Ta(e ) = /,ﬂ} Tl K”“M)fz’“ (1+af oo P

_pdlul) LJUB

[l

Consider first 7y (ag, ug, pe). If ||z — pel| > ||2||, then Lemma 3.9.3 provides

pUlz = pell) = pllzll) = () (2 = pell = l1201) = -zl (12 = pell = lI211),

with ¢, between ||z — p|| and ||z||, whereas if ||z — p|| < ||2]|, then the same result
yields

Il = p(llz = pell) < - (e) (2l = Iz = pell) < w—(l2ID (2]l = 12 = peell)

still with ¢ between |z — || and ||z||. Thus, for any z € R, we have

plllz = pell) = pCllzll) = w—(llz1) (1= — pell = [1211),

which provides

To (v, ug, o) > Th(au, g, pug) = /d Py g (2) dP(2),
R
where we let

Pan(e) = v () E L (1 o HE =R,
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Since the function z + |ha,u,u(2)| is upper-bounded by the P-integrable function
z > 21_(]|z||) uniformly in ¢, Fatou’s lemma shows that

lim inf Z; (g, ug, pug) > hm mfIl(ag,W, e) > / lim inf hay up, ., (2) dP(2)
R

{— o0 d f—o0

L Iz = pell — Il=] L ( )

=09 [ e @200 [ (=) ape) >0

where the last inequality follows from the fact that P[R?\ {0}] > 0 and that ¢_(¢) > 0
for any ¢t > 0 (Lemma 3.9.4).
Let us turn to Za(ag, ug, pe). For any z € R?\ {0}, we have p(||z]]) < ||z]lv—(]|z])

and

2|| e
Eope <
[P

up(z — pe)  wpz

pell =
(Lemma 4.8.5). Therefore, the absolute value of the integrand in (3.9.13) is upper-
bounded by the P-integrable function z — 2¢_(]|2]|). Since this function does not
depend on ¢, Lebesgue’s Dominated Convergence Theorem (DCT) shows that

MWW(%@—MU u

Iz = pell |l

lim Zo (o, ug, pug) = / lim ay
{—00 R\ {0} {—00 H,u,gH

z
e‘|)§2’#4 ( ):0'
Finally, using again the identity p(||z||) < ||z||¥—(]|z]|), we obtain

hemlang(ozg,u@,ug) > 211msup( —(HMH)P[{M}]) =0

{—00

where the limsup vanishes by Lemma 3.9.1 applied to the measure attributing to any

d-Borel set B the measure v(B) = [5¢_(||z[)dP(z) (which is finite by assumption).
Therefore,
MP
lim inf M > liminf 7 (o, ug, pg) > 0,
oo ||l t—00
which establishes the result. |

We can now prove Part (ii) of Theorem 3.2.1.

PROOF OF THEOREM 3.2.1(ii). Theorem 3.2.1(i) ensures that the map p +— M§ ., (1)
is well-defined for any 1 € R%. Pick R > 0 such that Mg () > M5 ,(0) for any ||u|| > R
(existence follows from Lemma 3.9.6 since o < 1). From continuity (Lemma 3.9.5), the
map u +— ME,(¢) admits a minimum over the compact set K = {u € R : ||u|| < R}.
Since M¥ (1) > MK ,,(0) for any ||u|| > R, this minimum over K is actually a minimum
over R%. |
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Proofs for Section 3.3

Proor OF LEMMA 3.3.1. (i) By definition, Co € C. Now, fix p € C. Since p is
monotone non-decreasing and convex, we have p(||(1 — Nz + A\y||) < p((1 — N)||=| +
Myl < (@ = Np(llzll) + Ap(]lyll) for any x,y € R? and any A € [0,1]. This shows
that z — Hf ,(2) = p(]]z]]) is convex for any u € S%1, hence that p € Cy. Therefore,
we also have C C Cy. (ii) For any « € [0, 1], define

V, = {p €C:gl(x,y) =alz,y) — o|V(z,y)|]| > 0Vax,y € ]Rd},

" o+ 3
r+y
a(z, ) :=p<u:c|>+p<ry||>—2p< ! )
and
T Y T+y Tty
Vi) = ol rreso + ol v — 2p<” : ”) e L

Note that HE .(x) + HLw(y) — 2HA w((x + y)/2) = a(x,y) + au'V(z,y). Since we
trivially have that V,, C V,, for any oy < ao, it is sufficient to prove that C, =V, for
any « € [0,1].

Fix first p € Cy. Then, for any z,y € R? and any v € S9!, we have a(z,y) +
au'V(z,y) > 0. If V(z,y) =0, then gh(z,y) = a(z,y) > 0 since = — p(||z||) is convex
(see Part (i) of the result), whereas if V(z,y) # 0, then taking ug = =V (z,y)/||V(x,y)||
yields ga(z,y) = a(z,y) + aulV(z,y) > 0 since z — HEo(z) is convex. Thus,
gh(z,y) > 0 for any =,y € R? so that p € V,. Now, fix p € V,. Then, the
Cauchy-Schwarz inequality ensures that, for any z,y € R? and any v € S!, one has
a(z,y) + au'V(x,y) > gh(z,y) > 0. This shows that, for any u € S*!, the map HE .,
is midpoint convex, hence convex (from continuity). In other words, p € C,. [ |

The following result plays a key role in the proof of Theorem 3.3.2.

Lemma 3.9.7. Let p € C and fir t € D,. Then, the Hessian matrix VzHﬁu(x) is
positive semi-definite for any u € S¥1 and any x € R? with ||z| =t if and only if the
second-order derivative of s — s2/p(s) at t is nonpositive.

PrROOF OF LEMMA 3.9.7. Throughout the proof, we write y = z/||z||. For any
u,v € 8% and any z such that ||z|| = ¢, Lemma 3.9.13 (whose proof is independent)
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entails that

v'V2HY ()
SO 020 4 4y + 20 - i)
PO PO (1 (1 @) + 2092 + 209) (')
= wL wy? + =00 - @y
efur @y O 0wy
2O o - W = o alfla - D+ e,
with
a= v+ 00wy, 0= 20wy,
o= 200D (1) ana gt = (g '

Clearly, U’V2H1p’u(ty)v > 0 for any u, v,y € S ! if and only if a — ||(a — b)y + cy|| > 0
for any v,y € S!. Since ¢y = 0 and since a > 0 (recall that p is convex and non-
decreasing), this is in turn equivalent to requiring that 2ab — b? — ¢2||y*||> > 0, that
is,

p(t)

=00 - )2

(p(t))? 2y At () — p(1)?

(1-('y)?) 1 (v'y)* >0

for any v,y € S¥! with v ¢ {£y}, or again that

(1= ) (20-0) = A 20 4 2 5 (ot 0~ 2000-0) = pl0)?) 2 0

t t3 t4

for any such v,y. Since the assumptions on p imply that 2¢_(t) — p(t)/t > ¥_(t) >0
this is equivalent to requiring that t2p(t)w’ () — 2(t_(t) — p(t))? > 0, that is,

~pOP ] = a0 0+ (000 (1)~ 20— ()7  20p(0)” 2 0.

s=t

This establishes the result. |

The proof of Theorem 3.3.2 further requires the following result.

Lemma 3.9.8. Let g : [a,b] — R be a continuous function that is differentiable in [a,b]\
{s1,...,8k}, with sp == a < s1 < ... < s < b =: sp11 (k € N). Assume that,
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for any j = 1,...,k+ 1, ¢’ is monotone non-decreasing in (sj_1,s;), and that, for
any j=1,...,k,
¢; = lim ¢'(s) and r;:= lim ¢'(s)

SSS]' SZ>S]'

exist, are finite, and satisfy {; < rj. Then, g is convex on [a,b.
Proor orF LEMMA 3.9.8. For any 7 =1,...,k, L’Hospital’s rule ensures that

i 9090 —0()
sisj- §— 35

which shows that g is actually left-differentiable in (a, ). The monotonicity assumption
on ¢’ and the assumption that ¢; < r; for any j = 1,...,k, then entail that, ¢’ , the
left-derivative of g, is monotone non-decreasing in (0, 1).
Now, assume ad absurdum that ¢ is not convex [a,b]. Then, there exist u,v,w €
[a,b], with u < v < w, such that
gw) —g(u) _ g(w) —g(v)

>
v—U w—v

Lemma 3.9.3(i) then ensures that there exist n € (u,v) and £ € (v, w) such that ¢'(n) >
g'(§). Therefore, ¢’ is not monotone non-decreasing in (0, 1), a contradiction. |

PROOF OF THEOREM 3.3.2. Assume first that a, = 1, so that H{, is convex
for any u € S%!. Fix a positive integer k and let Uy, = (tp_1,tx), where the t,’s are
the endpoints of the intervals on which p is twice continuously differentiable (see the
beginning of Section 3.2). Thus, U/VQHfju(JJ)U >0 for any u,v € S ! and x € E}, =
{z € RY: ||z|| € Uy}. Letting f(t) := %(t?/p(t)) for any t € Uy, Lemma 3.9.7 then
yields that f is monotone non-increasing on Uy. Now, convexity of p implies that

 2tep(te) — R (te) _ 2tkp(tr) — 4 ()

0= T T e a0

(recall that ¥_ and 1 are the left- and right-derivatives of p, respectively). Since
this holds for any positive integer k, we conclude that f is monotone non-increasing
on (0, 00), hence that t — t2/p(t) is concave on (0, 00).

Assume now that t — t2/p(t) is concave on (0,00). Fix z,y € R? linearly indepen-
dent and let I'(s) = (1 — s)z + sy, s € [0,1]. Then, I'(s) # 0 for any s € [0,1]. Let
$1,..., 8y be the values in (0, 1) for which ||['(s)|| ¢ D,. Since s — [|'(s)||? is convex, r
is finite. Letting so = 0 and s,41 = 1,

u'T(s)
s glo) = HE,(06) = T (1+ 7557
is twice continuously differentiable on (s;, s;j+1) for any j =0,1,...,7. Fix then such a

value of j. Since I'(s) = 0 for any s € (s;, sj+1), we have

g"(s) = (I'(s))'V2H] ,(L(s))I"(s) 2 0
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for any s € (sj,sj41) (non-negativity follows from Lemma 3.9.7 since the concavity
assumption ensures that %(t2 /p(t)) < 0 for any t € D,). This implies that g is
convex on any interval (sj,sj+1). Now, noting that the derivative of s — ||I'(s)|| is
(y —x)T(s)/||T(s)||, we have, for any j =1,...,r,

lim ¢'(s) — lim ¢'(s)

>
8§85 8§—8;

= NI — - L) (1 o)

T (s5)l T (s5)l

if (y —z)'T'(sj) > 0, and

lim ¢'(s) — lim ¢'(s)

Sz>Sj SSS]'

= (@-(IT(s)I) = 9+ (T (s5)1))

(y—o)T(s;) (,  wT(s;)
1Xen]] <”||r<sj>||)

if (y —2)'T'(sj) < 0. In both cases, convexity of p implies that

lim ¢'(s) > lim ¢'(s)

SZ>8J' S§$j
for any 7 = 1,...,r. Therefore, Lemma 3.9.8 entails that g is convex on [0,1]. This
yields that
HY (1= Nz + M) < (1= N H] (2) + MH] (), YA€ (0,1), (3.9.14)

for any x,y € R? that are linearly independent. Since (3.9.14) also holds if z,y are
linearly dependent (it is easy to check that, for any y € S?1, the map t Hf}u(ty) =
p([t])(1 + Sign(t)u'y) is convex over R), we conclude that HY , is convex on R for any
u € S% 1. The result then follows from Lemma 3.3.1. |

PROOF OF THEOREM 3.3.3. Assume first that p is twice continuously differentiable
on (0, 00), that is, assume that D, = (0,00). Fix ¢t € D, such that (t?/p(t))"” > 0. Recall
that convexity of p implies that t¢_(t) > p(t). If typ_(t) = p(t), then we have

< N >”: Pp(UL (1) + Atp(t)p (1) — 220 (1) — 20p(1)* _ (1)
(1) (o(1))? (o(0)2

which implies that ¢’ (¢) < 0. Since this is incompatible with the convexity of p, we
must have t¢_(t) > p(t). In other words,

DY {teD,: (t*/pt))" >0}
— {teD,:tp_(t) > p(t) and (£2/p(t))" > 0},
which allows us to partition D, into Dg¥ U &, U Fp, with
€= {t €D, : ty_(t) > plt) and (£2/p(t))" < 0}
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and
Fp={teD,:ty_(t) = p(t)}.
Now, note that, for ¢t € F,, Lemma 3.9.13 provides

VVEHE (ty)o = (1)1 + au'y) (v'y)* + pt(gt)(l — (v'y)*) >0, (3.9.15)

for any o € [0,1] and u,v,y € S¥1. For t € D, \ F,, the quantity ¢; is well-defined,
and we have (pg, 1) € (1,00) X [0,00); here, p; and ¢; refer to the quantities defined in
the statement of the theorem. For ¢t € D, \ F,, Lemma 3.9.13 then yields

2
p’*(t)v’vwz,u(ty)v = (o — 1) — 21 + a'y) ('y)? + 1 — ()2
+pe = D{(1 + au'y)(1 = (v'y)?) + 2(0"y)* + 2(v'y) (u'v) } =t gr,0(u, v, y).

With an obvious abuse of notation, write

Gro(0,w) = (pr — 1) (g — 2)(1 + acos 0)(cosw)? + 1 — (cosw)?
+(pt — 1){(1 + accos8)(1 — (cos w)?) 4 2(cosw)? + 2a(cos w) cos(f — w)},

where w = arccos(v'y) € [0, 7] is the angle between v and y and 6 = s,, ., arccos(u'y) €
[—m, 7] is the signed angle between u and y; here, s, = 1 (resp., sy = —1) if, in the
plane containing u,v,y, we have that u and v are not separated (resp., are separated)
by the line through +y.

Let

&, := Inf & with &; , :=
P 1eDey t,ps t,p

\/Qt (417? —4p; — q1)
4(pe — 1)%(q + 1)

the assumption that t — t2/p(t) is not concave on (0, 00) ensures that D¢ is non-empty,
p p ; o pty.
so that &, is well-defined). We will show that

(i)q for any t € Dp¥ and (0,w), gra,(0,w) > 0;
(1) for any ¢ € &, and (0., gr, (0:) > 0
(ii) for any a > @&, there exist ¢ € D§¥ and (6,w) such that g (6, w) < 0.

Jointly with (3.9.15), (i),—(i) establish that o, > &,, whereas (ii) entails that o, < &,.
Therefore, it is sufficient to prove (i),—(ii). To do so, fix t € D, \ F, and write

Gt.a(0,w) = it(w) + asi(0,w),

where the intercept function 4;(w) and slope function s;(0,w) are defined as

it(w) == pe + (peqe — pr — @) (cosw)?

and
5¢(0,w) := (pr — D){(1 + (g — 1)(cosw)?) cos § + sin(2w) sin O} .
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Note that i¢(w) > min(py, pr + (Peqe — Pt — @) = min(p, (pr — 1)g) > 0. Actually,
if i;(w) = 0, then ¢ = 0 and (cosw)? = 1, which yields g;,(f,w) = 0 for any a €
[0,1] and (,w) € [—m, 7] x [0,7]. We may thus ignore this case when investigating
when ¢; o(6,w) is negative. Assume thus that i;(w) > 0. Defining then

—it(w)/se(0,w) if s¢(0,w) <0

o0 otherwise,

(0, w) = {

we have that, in the range a € [0,00), g1q(0,w) > 0 if and only if a < ay(0,w)
(if (6, w) = oo, then this is obviously to be read as g¢ o(#,w) > 0 for any « € [0, 00)).
Assume for a moment that

arp(< 1) forteDyY

(3.9.16)
1 for t € £,.

min {ozt(H,w) ((0,w) € [—m, 7] % [0,71']} = {
Then, for any ¢t € D§¥ and (0,w) € [—m, 7] x [0,7], we have &, < a;, < a(0,w),
so that g¢5,(0,w) > 0. This establishes (i), above. Similarly, for any ¢t € £, and
(0,w) € [-m, 7] x [0,7], we then have &, < 1 < a4(0,w), so that g¢5,(6,w) > 0, which
proves (i)p. Finally, for any a > &, there exists ¢ € DV such that o > ay , which,
according to (3.9.16), implies that there exists (f,w) such that a > «ay(f,w). With
these ¢, # and w, we then have g (0, w) < 0, which proves (ii) above. Therefore, it only
remains to establish (3.9.16).
To do so, fix t € DyY UE, arbitrarily. For any fixed w € [0, 7], the fact that i;(w) is
positive and does not depend on # implies that

_ G .
min{s;(0,w) : 0 € [—m, 7|}

a(w) = min{oy(0,w) : 0 € [—m, 7|} =

Since we safely excluded the case for which ¢; = 0 and (cosw)? = 1, we have 1 + (g; —
1)(cosw)? > 0, so that the Cauchy—Schwarz inequality readily yields
it (U.))
(Pt = 1)/(1 + (@ — 1)(cosw)?)? + (sin(2w))?
2

o (w) =

P+ (Peqr — pr — qi)(cosw) .
(pt — v/ (¢t — 3)(q + 1)(cosw)* + 2(gt + 1)(cosw)? + 1

Obviously, inf{oy(w) : w € [0, 7]} = inf{f(X) : A € [0,1]}, with

£ pt + (Prae — Pt — @) A '
t (pr — D/ (qt — 3)(qe + DA2+2(qe + 1A + 1

A direct calculation shows that

(2p — q)(qe + DA — (2pi + q1) '
(pe — 1) ((qr — 3)(gs + 1)A2 4+ 2(q + 1A +1)3/2

We need to consider two cases. (a) t € DyY. Provided that 2p; — q¢¢ # 0, f; admits a
single critical point, namely

fi(A) =

(3.9.17)

2
A = Dt + Gt _

o (2pr = q@)(qe 1)
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It is easy to check that if 2p; — ¢ — 2 > 0, then Ay, € (0,1). Writing u(t) = t?/p(t), a
direct computation shows that

(1) (p()" (1)
a(t) —t ()t (t) = plt)

Since t € Dy, this yields 2p; — g —2 > 0. Therefore, A, is well-defined and A, € (0,1).
Clearly, f'(\) <0 for A € [0, A,) and f'(A) > 0 for A € (A, 1], so that

2pp—q—2= (3.9.18)

min {oy (0, w) : (A,w) € [-m, 7] x [0,7]} = min{f;(A) : A € [0,1]} = fr(\s.),
which, after easy computations, provides
min {oy(0,w) : (0,w) € [-m, 7] X [0,7]} = Gy,

as was to be showed in (3.9.16); note that &, = fi(A,) < fi(1) = 1.
(b) t € £,. For such a t, (3.9.18) entails that 2p; —¢; —2 < 0. For any A € (0,1), we
thus have

Le(N) := (2ps — qe) (@t + D)X — (2pt + q1)
< max(;(0), (1)) = max(—(2p; + qt), (2pe — ¢ — 2)q) < 0.

It then follows from (3.9.17) that f; is monotone non-increasing in [0, 1], so that its
minimal value over [0,1] is f;(1) = 1. Consequently,

min {oy(0,w) : (0, w) € [-m, 7] x [0,7]} = 1.

This ends the proof of (3.9.16), hence establishes the theorem in the case where p is
twice continuously differentiable on (0, 00).

Extension to the general case is then straightforward. To be more specific, assume
now that p is only piecewise twice continuously differentiable. If o < &,, then we proved
above that the Hessian matrix V2H£7u(x) is positive semi-definite for any u € S%!
and x € R? such that |z|| = ¢t € D,. Proceeding exactly as in the second part of
the proof of Theorem 3.3.2 (with HJ ,, instead of H f,u>’ the convexity of p then implies
that x — HY () is convex over R? for any u € S~1, which shows that o, > &,. Finally,
if @ > @, then the first part of the proof shows that there exist t € D, and u, v,y € Sé1
such that v'V2H ,(ty)v < 0, which of course implies that z — HS , () is not convex
over R?. Therefore, o, < &y, which establishes the result. |

Corollary 3.9.9. Let p € C be such that t — p(t)/t is convex on (0,00). Then o, >

V/2/3 ~ 8165,

PrOOF OF COROLLARY 3.9.9. Recall from (3.9.18) that, for any ¢ € Dg¥, we
have 2p; — g — 2 > 0, that is, pr > (¢ +2)/2. Since, for any ¢ > 0, the map

pH\/Q(4P2—4P—Q)

Ap—1)*(q+1)
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is monotone non-increasing in ((¢ + 2)/2, 00), Theorem 3.3.3 yields

o, > inf lim a(4p* — 4p — q1) = inf @
p= teDrp—oo \| 4(p— 1)2(qu +1) ey \ o + 1

The result then follows from the fact that the convexity of ¢t — v(t) = p(t)/t entails
that g, = 2+ (tv”(t)/v'(t)) > 2 for any ¢ € DY, where v' and v stand for the first and
second derivatives of v, respectively (these are well-defined on D). |

The proof of Theorem 3.3.4 requires the following lemma.

Lemma 3.9.10. Let p € C. Fiz x € R\ {0} and y € RY such that p(||z]) + p(||yl]) —
2o(|(x +y)/2||) = 0. Then, there exists A > 0 such that y = \x.

PRrROOF OF LEMMA 3.9.10. Since p is monotone strictly increasing on [0, c0) (Lemma
3.9.4) and convex, we have 2p(||x +yl|/2) < 2p(||=[|/2+ [lyll/2) < p(llz]]) + p([lyl)). The
assumption on x and y entails that these inequalities must be equalities. Since p is
monotone strictly increasing, we must then have ||z + y| = ||z + ||y||, so that y = A\x
for some A > 0. |

PrROOF OF THEOREM 3.3.4. (i) Fix a € [0, ) U {0}. Since the map p — ME (1)
is continuous (Lemma 3.9.5), it is enough to show that it is midpoint strictly convex.
Assume ad absurdum that there exist p1, o € R?, with iy # pg, such that ME (1) +
ME u(p2) — 2ME (11 + p2)/2) < 0. Since convexity of HY ,, (which holds since o < a)
trivially implies convexity of M ,,, we must then have M§ ., (p1 )+ME o (12) —2ME o ((p1+
t2)/2) =0, that is

[ A8 e = )+ HE o ) = 2HE o (1 + )/ 2)}dP() = 0.
The convexity of HS ., implies that

HE W(z = ) + HE (2 — p2) — 2HE (2 — (pa + p2)/2) = 0 (3.9.19)

for P-almost all z. Now, fix z satisfying (3.9.19). Using the notation introduced in
the proof of Lemma 3.3.1, we then have a(z — p1,2 — p2) + au'V(z — p1, 2 — pg) = 0.
If « = 0, then we have a(z — p1,2 — p2) = 0. If @ € (0, cp), then

0 = alz—p1,2—po)+au'V(z — ui, 2 — p2)
> a(z —p1, 2 = p2) — o[ V(z = p1, 2 = po)|
2 a’(z_lulaz_lu‘Q) _aPHV(Z_:u’hZ_IU’Q)H >0,

since p € Co, = Vo, by definition. These inequalities must therefore be equalities, so
that V(z—p1, 2—p2) = 0 (since @ < ), which in turn implies that a(z—pu1, z2—p2) = 0.
For any a € [0,a,) U {0}, we thus obtained that a(z — p1,2 — p2) = 0, that is,

oz = ) + o1z = piall) = 20(11z — (11 + i2)/2])- (3.9.20)
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Since p1 # o, we cannot have that both z — uy and z — ugy are equal to the zero vector
in RY. Without any loss of generality, assume that z — 1 # 0. Lemma 3.9.10 then
implies that z — pua = A(z — p1) for some A\ € [0,00) \ {1} (since p1 # p2, we cannot
have A = 1), so that, in particular, z belongs to the line containing p; and ps.

For (3.9.19) to be satisfied for P-almost all z, we must thus have that P is concen-
trated on the line containing p; and ps. Now, note that, with f(t) = p(t||z — p1|]), it
follows from (3.9.20) that

F) 4+ fA) =2F((1+A)/2) = 0.

Since f is convex on [0, 00), it follows that f is an affine function on the open interval
with endpoints A and 1, which in turn implies that p is an affine function on the open
interval with endpoints A||z — u1|| and ||z — p1]|. Consequently, there exists an open
interval on which _ is constant. Summing up, we showed that P is concentrated on
a line and that there exists an open interval on which _ is constant. Since this is a
contradiction, we conclude that M} ,, is midpoint strictly convex, hence strictly convex.

Now, for a € [0, a,) U{0}, it follows from Theorem 3.2.1 that at least one p-quantile
ph.u—that is, a global minimizer of p +— M§ ,(u)—exists. Strict convexity of M§ ., of
course implies that this minimizer is unique. |

Proofs for Section 3.4
The proof of Theorem 3.4.1 requires the following lemma.

Lemma 3.9.11. Let P € 735 be spherically symmetric about the origin of R® and
let p € R\ {0}. Then, P[{z € R¥\ {0} : ||z — u|| ¢ D,}] = 0.

PROOF OF LEMMA 3.9.11. First note that {z € R¥\ {0} : ||z —pul| ¢ D,} = {u}UB,

where
B:= |J B
t€(0,00)\Dp

involves B; := {z € R?\ {0} : ||z — u|| = t}. The sphericity assumption implies
that P[{u}] = 0. Since, by assumption, (0,00) \ D, is at most countable, it is then
sufficient to prove that P[B;] = 0 for any ¢ € (0,00) \ D,,.

To do so, fix t € (0,00)\D,. Pick arbitrarily v € S9! with v/ = 0, and partition B;
into By = By> U By, with By> := {2z € B; : v/(z — pu) > 0} and B, « := {z € B; :
v'(z — p) < 0}. Sphericity implies that P[B;>| > P[B; <], so that P[B;] = P[B;>] +
P[B; <] < 2P[B;>]. Let then O, k = 1,2,..., be pairwise different d x d orthogonal
matrices fixing the orthogonal complement to {Au + nv : A,n € R}. By construction,
the sets OBy > = {Opz: 2 € By >}, k=1,2,..., are pairwise disjoint. Since sphericity
implies that P[OyB; >] = P[By>] for any k, we must then have P[B; >] = 0. It follows
that P[B;] < 2P[B; >] = 0, which establishes the result. [ |

PROOF OF THEOREM 3.4.1. (i) Fix @ = 0 and u € S?!, and assume ad absurdum
that u # 0 is a minimizer of M, ,. Then, the sphericity assumption implies that —pu
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is a minimizer, too (Proposition 3.2.2). It thus follows from Theorem 3.3.4 that P is
concentrated on a line. From sphericity, we must then have P is a Dirac at the origin
of R, which provides M§ (1) = p(||p||) for any p € R Since p(0) = 0 and p(t) > 0
for any ¢+ > 0, we conclude that the only minimizer of M4, is the origin of R?, a
contradiction.

(ii) Fix a > 0 and u € S4~!. We consider two cases.

(A) Fix an arbitrary p that does not belong to the line {\u : A € R}. Then ¢ :=
Il > 0 and w := p/||p|| € S¥ 1\ {u}. Since u = tw # 0, the sphericity assumption
implies that P[{x}] = 0. Letting v = (I — ww’)u = u — (v/w)w, Proposition 3.5.1 then
yields

OME . pUZ,ll) p(12ul)) ZuZ;
“(u) = —a'E [“527 u+ o'E | = “§Z7 U
O 1Zll =" 1Zull 112,012

—' v v’ OZUIZ# 2
E[{w(HZuH)H[ Zy > 0] + ¢4 (| Zu]DI[v Z,, < 0]}<1 + H%H) IIZMII}

ol 0ZD, T
=: E|: ||ZM|| fZ,u:| (1 ( ) )+T1+T2, (3.9.21)

say. Since v'pu = 0, we have

p(12ull) (V' 2)Z}, (v + (u'w)w) ]
1Z,] 1Z,12 o

T1 = OéE|:

LU @2R, T T (2w 1
- E[ 1, HZMZ’“]*( )E[ 1Zd 2P ’52’“}

Pick a d x d orthogonal matrix O such that Ow = w and Ov = —v (such a matrix O
exists since w and v are orthogonal). Since OZ and Z are equal in distribution and
since ||OZ — p|| = ||O(Z — p)|| = || Z,|| almost surely, we have

W2 WD WZ 1) 1 [elZd) WD) wZ 1) T
E| Z] 12 ] =8| Z0 1% cr] =0
o that W20 ' 2)?
_[r v
1=k | 270 e | (3922

Now, turning to 75, note that multiplying the random variable in the expectation
by the indicator I[Z € A}, with A = {z € R?: ||z — p|| € D,} will not change the value
of Ty. Indeed, this only discards, in the corresponding integral in z, (a) the value z = 0,
that makes the integrand equal to zero (recall that v'u = 0) and (b) the non-zero values
of z such that ||z — u|| ¢ D,, that form a set with P-probability zero (Lemma 3.9.11).
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Consequently,

B = —vB[o-0200(1+ e ) e

- vz, . w207,
= B[I- 12 rer]| — 0B w0120 T

o vz, | v2)
— B[ (1200 ] - aB[o- (1200 e

aldw (WZ) (W' Z —t)
- (12 = e,

Using again the fact that OZ and Z are equal in distribution and that ||OZ — || = || Z,||
almost surely, this provides

R

Jointly with (3.9.22), this shows that

2
mu 1= k| (v-0120) - A ) e <o

since _(t) > p(t)/t for any ¢t > 0. Therefore, (3.9.21) provides

pU1Zul)

p
OME () < _QE{ 1Z. fZ,u] (1-— (u’w)z) <0,

ov

which shows that p is not a minimizer of M§ ,,.
(B) Fix p = —tu, with ¢ > 0. Since we still have P[{u}] = 0, Proposition 3.5.1
provides

OMEu Ta(1Z) o [012) (42,)?
ou )= E[ 12,1 52’“]* E[ 1Z] 12,7 }

/ ) WZ,\ W7,
_E [{d;_(HZu])]I[u Zy > 01+ (12, D1[u' 2, < 0]}<1 + aHZuH) HZMH:|

From Lemma 3.9.11, we obtain

My T, 1, 2] 02
u M= E{ 12, fZ’“]* E[ 12, 12,2 5“]

WwZ N\ uZ
“Blu_(12 H>(1+a ) "
[ " A

which rewrites

oMb oIz, vz,
50 = ok | Mg, | — B lu- (12,00 ke

—aE[(w—(HZﬂ’) <”HZZM||”)> (HZ \)225“]
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Since 9 (t) > p(t)/t > 0 for any ¢ > 0, this yields

oM? u'Z uZ +t
Sl —Ely_(|Z,]) —£ =-Elv_(]|Z,|)—— ) 3.9.23
9 (n) < (]| ul!)||ZMH£Z,M] [¢ (12,11 A §Z.u ( )

Now, let I', be an arbitrary d x (d — 1) matrix whose columns form an orthonormal
basis of the orthogonal complement to v in R, and define the random (d — 1)-vector Y’
through Z = (WZ)u +T,Y. Note that || Z,||? = |Z + tu|]* = [|(«'Z + )u + T, Y|]* =
(v/Z+t)2+||Y||? and that, for any r > 0, the distribution of v’ Z, conditional on ||Y|| = r,
is symmetric about zero. Therefore, the monotonicity of )_ implies that

@bf(((u'Z—i—t)? + ||YH2)1/2)(U/Z 1) , )
E[ (WZ +1)2+ ||Y][2)1/2 §z.ullllv'Z) > ] ‘ Y| = r} >0

for any r > 0. It follows that

uZ +t ]

'z
E[wuzumwsz,u vZtl

> E[¢(|Zu|!)HZ“HEZ,uH[|U/Z! > t@

_ E[E{w«(u'zm? VIR Z + 1

(WZ + )2+ |Y|2)1/2 Ez,ulllu'Z] > t]‘ HYIIH > 0.

We conclude that the partial derivative in (3.9.23) is strictly negative, hence that p is
not a minimizer of MY ,. Together with the result proved in case (A), this establishes
that any minimizer of MY , belongs to the halfline {\u : A > 0}. [ |

Proposition 3.9.12. Let p € C and P € PY. Fiz u € St Assume that P is
spherically symmetric about the origin of RY. Then, (i) for p(t) = t, the origin of RY is
the p-quantile of P of order « in direction u if and only if o < P[{0}] (in which case this
quantile is unique); (i) if ¥+ (0)P[{0}] + P[|| Z]| € (0,00)\D,] = 0, then, for a € (0,1),
any p-quantile pb ., belongs to the halfline {\u : A > 0}.

PROOF OF PROPOSITION 3.9.12. (i) First note that, for p(t) = ¢, it readily follows
from Proposition 3.5.1 that
uZ

(0) = (1 — ) P{0}] — aBléz] — B [Hznsz,o] _ PN —a. (39.24)

oML,
ou

We then consider three cases. (a) For o = 0, the origin of R is the only p-quantile of or-
der « in direction u (Theorem 3.4.1(i)). (b) For a € (0, P[{0}]], any p-quantile of order «
in direction u belongs to {\u : A > 0} (Theorem 3.4.1(ii)), and the directional deriva-
tive in (3.9.24) is non-negative. Convexity of p +— M4, implies that (OME ,,/0u)(tu)
is a monotone non-increasing function of ¢, that will thus take non-negative values for
any t > 0. This implies that the origin of R? is a p-quantile of order « in direc-
tion w. Ad absurdum, assume then that this p-quantile is not unique. Then Theo-
rem 3.3.4 implies that P is concentrated on a line, hence that P[{0}] = 1. It results
that M4, = |p|| — av'p, which is minimized at © = 0 only, a contradiction. (c)
For a € (P[{0}], 1), the directional derivative in (3.9.24) is strictly negative, so that the
origin of R? is not a p-quantile of order « in direction u.
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(ii) Since ¢4 (0)P[{0}] + P[||Z|| € (0,00) \ D,] = 0, Proposition 3.5.1 provides

oMLy TplZD), T eIl ()
gu ) = E[ 12] 5“]* E[ ERFEE 5“]

B[00 (1 a7 ) e

b [ e - op (v-0zn - SR ) (v <o

which shows that g = 0 cannot be a minimizer of Mg,u. The result thus follows from
Theorem 3.4.1(ii). [

PROOF OF THEOREM 3.4.2. By definition, CSph C C, whereas Lemma 3.3.1 pro-

vides C = Cp C C, sph. Therefore, C, Ph _ ¢ Tor any a € [0,1], let
yeph . — {peC: g (z—su,z—tu) >0Vz e R Vs, t € R Vu € Sdil},

where g5 . (z,y) := a(z,y) — a|u'V(z,y)| is based on the same quantities a(z,y) and
V(x,y) as in the proof of Lemma 3.3.1. Note that

ng(z —su) + Hf (2 — tu) — ZH&U(Z —(s+t)u/2)
=a(z — su,z — tu) + au'V (2 — su, z — tu). (3.9.25)

Obviously, if p € VSP", then (3.9.25) implies that ¢ — HY (2 — tu) is midpoint convex
for any u € S, that is, p € CP". Conversely, if p € CP", then, writing ¢y =
—Sign(u'V(z — su, z — tu))c for any quantity ¢, we have

a(z — su, z — tu) — a|u'V(z — su, 2 — tu)|
= a(z — soug, z — toug) + auyV (z — soug, 2 — toug) > 0,

so that p € VP, B Therefore, CSP* = VP2 which implies that CSph oy h Vﬁ?h = ngh
for any oy < aw.

Note that if aj” " — 0, then we need to have o = 0 and the result follows from
Theorem 3.3.4. We may thus assume that aSph > 0. Fix then «a € [0, azph) and u €
S%1. We proceed as in the proof of Theorem 3.3.4. From continuity of ¢ +— M, (tu)
(Lemma 3.9.5), it is sufficient to prove that this map is midpoint strictly convex. Assume
ad absurdum that there exist s,t > 0, with s # ¢, such that M}, (su) + M§ ., (tu) —
2ME . ((s + t)u/2) < 0, that is,

/ {H! (2 — su) + HE ,(z — tu) — 2HE, (2 — (s + t)u/2) } dP(z) < 0.

Since a < a}", the integrand is non-negative for any z, so that the integral must be
equal to zero, Wthh (using again the fact that the integrand is non-negative for any z)
entails that

HE (2 —su) + HE (2 — tu) — 2HY (2 — (s + t)u/2) =0 (3.9.26)
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for P-almost all z. Any z satisfying (3.9.26) satisfies

0 = a(z—su,z—tu)+au'V(z — su,z — tu)

Y

a(z — su, z — tu) — alu'V(z — su, z — tu)

> a(z — su,z —tu) — aff’h\u’V(z — su,z —tu)| >0,

since p € C_sph = V_<pn by definition. Since v < af’,ph, we must have u'V (z —su, z—tu) =
p p

0, hence also a(z — su, z — tu) = 0, for P-almost all z. Thus,

pllz = sull) + p(llz = tull) = 2p(]]z = (s + t)u/2]))

for P-almost all z, which, in view of Lemma 3.9.10, entails that P is concentrated on
the line {\u : A € R}. The sphericity assumption then implies that P[{0}] = 1, which
yields

Mg, (tuw) = p(|t]) (1 - a‘;)ét,o = p([tD{(1 + )t < O] + (1 — )I[t > O]}

Thus, t — ME ., (tu) is strictly convex on R, so that ME ,(su) + ME ., (tu) — 2ME o ((s +
t)u/2) > 0, a contradiction. We thus proved that ¢t — M4 ., (tu) is always strictly convex

on (0, 00) under sphericity, which, in view of Theorem 3.4.1, implies uniqueness of 4 .
|

PrROOF OF THEOREM 3.4.3. We prove the result only in the case where p is twice
continuously differentiable on (0,00) (extension to the general case where p is piece-
wise twice continuously differentiable on (0, 00) can indeed be done as in the proof of

Theorem 3.3.3). Letting & P" := \/B,, o, for any ¢t € D", we need to prove that
t,p Pt,qt P

(3.9.27)

. ~sph . sph
inf, _opn @ if D" £ ()
~ teDSP t, P
asph _ asph — €D, P
1 otherwise

and that df)ph < 1if Df,ph # () (we will actually show below that &if:,h < 1 for any t €

DiPM). To prove that of”" = &3P, we need to show that (i) for any a < 5",

2
<C;i7‘2H£’U(Z — ru)‘r:s :> u/VQH&u(z —su)u >0
for any v € S¥1, 7 > 0 and z € R? such that z — su # 0 and that (ii) if o?f;ph < 1, then,
for any a > dlsoph, there exist such values of z, s, u providing w'V2H4 ,,(z — su)u < 0.
Clearly, letting = z — su and writing = = ty, with ¢ = ||z|| and y = z/||z||, we have
to show that (i) «/'V2HZ,(ty)u > 0 for any t > 0, u,y € S ! and a < & and
that (ii) if dzph < 1, then, for any a > a,° " there exist such values of ¢, u,y for which
w'V2HE ,(ty)u < 0.

To prove (i)—(ii), partition D, = (0, o0) into DY UE,UF), as in the proof of Theorem
3.3.3. It follows from (3.9.15) that if t € F,, then «'VZHA ,(ty)u for any a € [0,1]
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and u,y € S471. Now, recall from the proof of Theorem 3.3.3 that for t € (D, \ F,) =
DY UE,, )
t In72
—v'V HE (ty)v = gt.a(0,w),
with

Go(0,w) == (pr — 1)(qr — 2)(1 + acosf)(cosw)? + 1 — (cosw)?
+(pr — 1){(1 + arcos 0)(1 — (cosw)?) + 2(cosw)? + 2a(cosw) cos(f — w) },

where w = arccos(v'y) € [0, 7] is the angle between v and y and 6 = sy, 4 arccos(u'y) €
[—7, 7] is the signed angle between u and y. A close inspection of the proof of The-
orem 3.3.3 reveals that we established there that if ¢ € &,, then g;o(0,w) > 0 for
any a € [0,1] and (0,w), which ensures that «/'V2HE ,(ty)u for any t € &,, a € [0,1]
and u,y € S

Therefore, it remains to prove that (i) «'VZHS ,(ty)u > 0 for any t € DY, u,y €
Sl and a < df,ph, and that (ii) if df,ph < 1, then, for any o > d;ph, there exist t € DfY
and u,y € S9! such that «/'V2HS ,(ty)u < 0. To do so, put, for any w € [0, 7],

2
hio(w) == gta(w,w) = —u’VQHgyu(ty)u.

p(t)

Following the same approach as in the proof of Theorem 3.3.3, write then
hio(w) = (W) + asi® (W),
where the intercept function i;(w) is still given by
it(w) = pr + (pegr — pr — i) (cosw)?
and where the slope function siph(w) is now defined as
sSSP (W) := (py — 1) (cosw){ (g — 3)(cosw)? + 3}.

Since the intercept is the same as in the proof of Theorem 3.3.3, we still have that i;(w) >
0 and that if iz(w) = 0, then ¢ = 0 and (cosw)? = 1, so that h¢ o(w) = 0 for any « € [0, 1]
and w € [0,7]. From now one, we thus safely restrict the case where i;(w) > 0 when
investigating when h; o(w) is negative. Putting then
. sph if sph 0
asph(w) .: { —ig(w)/s; (w) if 570 (w) <

K %) otherwise,
we have that, in the range o € [0, 00), hto(w) > 0if and only if o < a?ph(w) (if aiph (w) =
00, then this is to be read as hyo(w) > 0 for any « € [0, 00)).

In the beginning of the proof, we defined digh .= \/Bpr.q for any t € D", Let
further &i‘f;,h := 1 for any t € DfY \ DEP. To establish the theorem, it is then sufficient
to prove that

min {aiph(w) twe0,n} = dii)h for any ¢t € DYY, (3.9.28)
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&P < 1 for any t € D (3.9.29)

and
sph cv
DPh C DY, (3.9.30)

Indeed, for any o < dspph, t € DY and w € [0,7], we then have o < df};h < aiph(w),
hence htq(w) > 0. This proves (i) (note that if Df¥ is empty, then Theorem 3.3.3
yields a, = 1, which, since af;ph > a,, implies that aspph =1, as claimed by the theorem
since (3.9.30) entails that D,S;ph is then empty, too). Now, assume that df;ph < 1. Then,
for any o > df}ph, there exists ¢ € D" such that a > dif’ph, which, in view of (3.9.28),
ensures that h o(w) < 0 for some w € [0, 7]. This establishes (ii), hence the result.

It thus remains to prove (3.9.28)—(3.9.30). Since aiph(w) depends on w only through

cosw and since nonnegative values of cosw provide aiph(w) = 00, one has
min {aiph(w) tw € [0,7]} = min {£(s) : s € (0,1]} = my,

where we let
0(s) P+ (Peqr — Pt — q1)s

" (e — Dv/s((g — 3)s + 3)

Since 4;(s) diverges to infinity as s — 0 from above, the minimum of ¢; in s € (0,1]

indeed exists, and it is equal to the minimum between ¢;(1) = 1 and the infimum of ¢;
over (0,1). The derivative of ¢; at s € (0,1) has the same sign as

di(s) := a;s® + 3(2pt — q1)s — 3pe, with ap == (3 — @) (Peqr — Pt — @1)-

Below, we use the term “root” for a value of s such that d;(s) = 0. Obviously, there are
at most two roots in (0, 1) and d¢(0) = —3p; < 0. In the rest of the proof, we organize
the discussion in two levels, the first one ((A)—(B)) involving the sign of

di(1) = q:(3(pt — 2) — (pear — Pt — @)

and the second one ((1)—(3)) associated with the sign of a;.

(A) Assume that d¢(1) > 0. Since ¢; > 0, we then have 3(p; —2) — (prqt —pt —qt) > 0,
which rewrites 4p;+q; —piq—6 > 0, i.e., t € Df,ph. Note that 3(p:—2)— (ptgr—pt—q:) > 0
entails that ¢; < (2(2ps — 3))/(pt — 1) < 2(py — 1), so that 2p; — ¢, —2 > 0. In view
of (3.9.18), this proves (3.9.30).

Since d¢(0) < 0 and d; is convex/concave, there is exactly one root in (0,1), that is
the minimizer of ¢; over (0, 1] (since di(s) < 0 below this root and d¢(s) > 0 above it).
If (A1) a; > 0, then s — d(s) is convex, so that the root in (0,1) is the larger root,
namely

_ —3(2pt — @) + VA

3.9.31
Sy (3.9.31)

Tt
where
Ay = 92p — %)2 + 12piay

3
= 20(p -3

2) (§(2pt —q) — (peqe — pe — %)).

2

112



In this case, the minimum is thus m; = ¢;(r¢)(< ¢:(1) = 1), which, after some computa-
tions, is shown to be equal to d;f)ph (recall that t € DiPM). If (A2) a; < 0, then s — dy(s) is
concave, so that the root in (0, 1) is now the smaller root, which is still ;. The minimum
is thus my = l(r) = d?’ph, too. If (A3) a; = 0, then either ¢; = 3 or prg: — pt — ¢ = 0.
If ¢ = 3, then p; > 3 (since d¢(1) > 0) and the root (in (0, 1)) is p¢/(2p: —3), which is the
limit of 7, as ¢; — 3. Thus, the minimum in this case is still m; = €;(r) = &ifoh (recall
from the statement of the theorem that the value df};,h = /Bpi,q 1s defined as a limit
when ¢; makes its value undefined). If p,g; — pr — ¢ = 0, then p; > 2 (since d;(1) > 0)
and the root in (0,1) is (p — 1)/(2pt — 3), which is the limit of r, as ¢ — pi/(pr — 1).

.. . . . ~sph
Thus, the minimum in this case is once more m; = ¢;(r;) = octlz .
b

(B) Assume that dy(1) < 0, so that t € D§¥ \ D", If (B1) a; > 0, then convexity
of s+ di(s) implies that di(s) < 0 for any s € [0, 1] (recall that d;(0) < 0), so that the
minimum is m; = (1) =1 = dii,h. If (B2) a; < 0, then s — d;(s) is concave, and there
might have zero, one or two roots in (0, 1]. If there is zero, one root, or two roots with
the smaller root—namely, 7; in (3.9.31)—larger than or equal to one, then d;(s) < 0 for
any s € (0,1], so that the minimum is m; = £;(1) =1 = di‘f;h. Assume then that there
are two roots and that m; < 1. Both roots are positive (since their sum and products
are positive), and they must both belong to (0,1] (since r; < 1 and d;(1) < 0). Thus

we must have dj(1) < 0, which yields

Pear —pe — e > 3(pe — 3).- (3.9.32)

We need to consider three cases: (a) p; > % Then, prq:—pi—q: > 0, so that g, > 3 (recall
that a; < 0). Thus, (3.9.32) yields 2(2p; — q:) — (peqr — bt — @) > 3(3 — ¢)/2 < 0, which
implies that A; < 0, a contradiction since we assumed that there are two roots. (b)
pr < % and prgi—pr—q: < 0. Since 2p;—q; > 2 (recall that t € DfY), we then have A; <0,
which provides the same contradiction as above. (c) py < % and pigr — pr —qr > 0.
Since a; < 0, we have ¢ > 3 > 2p;. Therefore, 2p; — ¢ — 2 < 0, which contradicts
the fact that ¢t € DyY. Finally, (B3) if a; = 0, then s + dy(s) is linear and both d;(0)
and d;(1) are nonpositive. Thus, d;(s) < 0 for any s € (0, 1], so that the minimum is
still my = £,(1) =1 = &35

Let us summarize the findings of this discussion. Any ¢ € D,S)ph corresponds to
case (A), where the minimum min {aiph (w):we 0,7} = d:f’ph(< 1), whereas any ¢ €
Dev\ DSP! corresponds to case (B), where the minimum min {afph(w) tw e 0,7} =
dif;h = 1. This proves both (3.9.28) and (3.9.29). Since (3.9.30) was established when
discussing case (A), the result is proved. ]

Proofs for Section 3.5

In this section, for a map g : R¥ — R admitting directional derivatives at z(€ R¥)
in any direction v(€ R?\ {0}), we write Vg(z) for the vector stacking the k partial
derivatives 0,,9(x), £ =1,...,k, on top of each other, irrespective of whether or not g
is differentiable at z.
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Lemma 3.9.13. Let p € C, a € [0,1] and u € S4'. Then, (i) for any x € R% and
v e R4\ {0}, HS . admits a directional derivative at x in direction v, given by
OH? ., uw'z\ v :n
oot 0) =(v- (eI < 0]+ i ()T > ) (14 a5 ) £

EVEES
pllal) [ (a) e
2] (u i >§x0+¢+( )(lloll + aw/v)Tz = 0]

(ii) If zo € RY is such that ||zo|| € D,, then HE , is twice continuously differentiable in
a neighbourhood N of xq, with gradient

o . au’x z p(llz]l) u_(u’:c)a:
vuta) = o-(lel) (1 + o) iy + o2 (0~ )

and Hessian matriz

H$H2¢/(\9C||)—2”1’H¢—(||37”)+2/)(H$H)(1_|_ u’m) '

P N
[l [/ fl]1?

+

VZHE () =

pUl) ( a! )
+ I;—
[l [l

Aot olal) (2 (g, 22 ) g e )
el el A Tal2) T2 T e

for any x € N.

ProOOF OF LEMMA 3.9.13. (i) The proof, which is a direct computation of the
directional derivative, is left to the reader. (i) Fix z9 € R? such that |lzo|| € D,,
and write p(s) = p(s)/s for s € (0,00). Since p (hence, also @) is twice differentiable
over a neighbourhood of ||zo|, the map = — H&.(z) = ¢(||z]))(|z]] + cu'z) is twice
differentiable over a neighbourhood N of xy and we have

OHG T o'z x au
oz, () = ¢'(|lx ”)II H(H |+ ou'z) + o] H)(H it z) (3.9.33)

for any z € N. Leibniz’s rule then yields

i OHG ()
6xj 6931 o

( (el + Ela, - ) T8 ) ol +

ey (o + e ) + e (o o)
ellel) (ss757 - ot

With y = z/||z|| and ¢ = ||z]|, this rewrites

0 (0HS, t
3%;( 8:@’ >(5‘7) =t (t)(1 4 au'y)yiy; + @(@'j — Yilj)

t

! t){éij(l + au'y) — yiy; (1 + au'y) + 2yy; + ayu; + auiyj}. (3.9.34)
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Clearly, (3.9.33) and (3.9.34) yield
VHL(x) = t(t)(1+ au'y)y + ¢ (t)(y + au)

= (t'(t) + (1) (1 + au'y)y + ap(t) (u — (u'y)y)

and
VHE, () = 1600+ o'y’ + A (1~ )
+' (O] (1 + au'y)(Ia — yy') + 2yy’ + ayu’ + auy'},
respectively. Expressing ¢, ¢’ and ¢” in terms of p provides the result. [ |

Lemma 3.9.14. Let p€ C, a € [0,1] and u € S¥1. Then,

‘Hg}u(z — p2) — Hg’u(z - Nl)‘gz,mgz,uz
< (14 3a)—(llz — puall + Iz — pa Dl 2 — |

for any z, p1, p2 € R with 1 # pio.

ProoOF oF LEMMA 3.9.14. Since the inequality to be proved trivially follows from
Lemma 3.9.4(iii) for z € {u1, u2}, we restrict to z ¢ {p1, u2}. Write then

(Hg,u(z - M2> - Hg,u(z - Ml))fz,mfz,m = fa,u(zv M, :U'Q) + ga,u(zv M, M2)v

with

_ ) 22
Frzopn ) = (ol = al) = = ) (14 e 2222, )

and

2T H2 1 2T )
—u :
z—pall 2=l

Lemma 3.9.3 and the monotonicity of ¢)_ ensure that, for some ¢ between ||z — u1]| and
Iz = pall,

Goa(z 11, 12) = ap(l}z — ) (u :

lo(llz = p2ll) = p(lz =Dl < o)z = p2l| = |z — ]
<V (llz = pall + w2 = palDllp2 = pall;

so that
| fau(z, p1s p2)| < (14 ) (llz — pul| + [|p2 — pa )l 2 — pa |-

Now, using Lemma 4.8.5, Lemma 3.9.4(i), and the monotonicity of ¢_ again, provides

< 2ay-(llz = pall + lp2 = pa D2 = pa -

F—H2 2
Iz = p2ll Iz = ]

(o (2 11, 12)] < ap((l= — mm]

pUlz = miDlip2 = pmll

<2«
|z — pal]
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The result follows. |

PROOF OF PROPOSITION 3.5.1. (i) For any t > 0, write

P +tv) — lwgu P
Ma,u(ﬂ 13 t) > ('U’) — 1/Rd {Hg,u(z 1% tv) - Hg,u(z - M)} d (Z)
p(t”’U”) au’ v _ p(tH’U”) auli P —+ tv
Tt (1 IIU\>PH”}] t <1 Hv||> s+ o0

+/Rd s : ol M)fz,wtvéz,u dP(z).

t

Since Lemma 3.9.4(ii) implies that p(t[|v]])/t = [lv]|p(t]v[])/(E][v]) < llvllpClvlD/llvl =
p(||v||) for t € (0,1], Lemma 3.9.1 yields

L plelel)

PEV N

(1 + au’HZH>P[{M +tv}] = 0.

Now, with 6 = §, as in (3.2.4), Lemma 3.9.14 implies that

Hfu(z = p— tv) — Hfu(z — 1)
t

Sl prro < [V][(1 4 30)y—([lz — pl +6,)

as soon as t < d,/|v|. Applying Lebesgue’s DCT, Lemma 3.9.13 then provides

Mtg,u(ﬂ + tv) - Mtg,u(ﬂ)

lim
t30 t
/ OHE
— v (0) (o]l — au'v) Pl{u}] + (2~ W dP(z),  (3.9.35)
rd O(—0)
which establishes the result. |

PROOF OF THEOREM 3.5.2. (i) We start with necessity. Assume thus that the
map MJP ,, is differentiable at po. Then, directional derivatives at ug in direction v are
linear in v, which imposes that

aMé,u( )+8M£,u
A T

(o) =0,

that is,

il — o (s — [V —po)l (), W= o) B
L@tz = ol = ol - o) SEE I (14 B e apge)

+2¢4(0) P[{po}] =0

for any v € 8?71, Since convexity of p implies that 1, (t) > +_(t) for any ¢t > 0, we
must then have that 1, (0)P[{z0}] = 0 and that, for any v € S,

[v'(z = po))

(4lz = ol) = o= (l = moll) =

é.ZHU‘O = 0
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for P-almost every z € R?. This implies

_ el — b (s — )Y R0l .
0 = [ @l = pol) = vz = o)) SN, ap(e)

= X @@= v-@) [ 1= )il wl = PG,

t€(0,00)\D,

This implies that for any ¢ € (0,00) \ D, and v € S¥1, we have [v/(z — o) L[|z — o =
t] = 0 for P-almost every z € R%. Fix then t € (0,00) \ D, and let V C S4~! be dense
in 81 and at most countable. For any v € V, there exists a subset E, C R with P-
probability one such that [v'(z — uo)|I[||z — pol| = t] = 0 for any z € E,. Since V is
countable, F := N,epE, has probability one, too. Thus, |[v'(z — po)|I[||z — uol| =] =0
for any v € V and z € E. Since V is dense in S ! and v — |[v/(z — ug)]| is continuous,
we have |v'(z — po)|I[||z — pol| = t] = 0 for any 2z € E and any v € S9!, Taking the
supremum over v € S then yields 0 = ||z — uo||I[||z — poll = t] = tI[||z — wo|| = ]
for any z € E, hence P|||Z — uo|| = t] = 0. Since this holds for any ¢ in the at most
countable set (0,00) \ D,, we conclude that P[||Z — ol € (0,00) \ D,] = 0.

Turning to sufficiency, assume now that ¢ (0)P[{uo}]+ P[||Z — po|| € (0,00)\D,] =
0. It then directly follows from Proposition 3.5.1 that VM4 ., (110) takes the form given
in the statement of the theorem (recall that we define the gradient as the vector stacking
partial derivatives on top of each other, irrespective of whether or not the function is
actually differentiable). Further observe that, since the assumption 4 (0)P[{uo}] +
Pl Z — pol| € (0,00) \ D,] = 0 implies that, for any v € R?\ {0},

OHR OHE o

)

a(—v) (2 — o) = — v (z — po)

for P-almost any z, (3.9.35) entails that
VME (ko) = —/ VHE (2 — po) dP(2). (3.9.36)
RN {po}

We want to show that
Mg,u(lu’) - M&u(MO) — (M — MO),VMg,u(MO)

lim =0.
H—Ho [ — pol|
Let us then write
M () — MEu(po) — (1t = p0)'VME (o)
[ — poll
Hf —u) — Hf - - 'V H, —
- [ Fre ot Rt o ) TR W, . aP(o)
Rd |1 — ol

Aealpo = 1) pre - Hoalt = 10) pre g =100 G Pl (3.0.37)

|1 — o [ — pol| I — poll
Note that, as 4 — o,
HE u(po — 1) Pl = poll)
0 < ——————P[{uo} <1+ a)———>P[{uo}]
|1 = pol| |1 = pol|

< (1 +a)p—(llw = polDPRpoi] = (1 + )i+ (0)P[{po}] = 0,
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so that the second term in (3.9.37) is o(1) as pt — po. Proceeding in the same way and
using Lemma 3.9.1 shows that the third term is also o(1) as u — po. Now, the same
holds for the fourth term, since

|IVHE (1 — po) || P[{p}] < (14 3a)yy (|l — poll) P{p}]

(see Lemma 3.9.13(i)) converges to zero as pu — po (this follows from Lemma 3.9.1 and
from the monotonicity of ¢y ). Therefore it only remains to show that the first term
in (3.9.37) is also o(1) as u — pyp.

To do so, let 2 € R? be such that ||z — po|| € D,. With § = §,, as in (3.2.4),
Lemma 3.9.14 ensures that, as soon as ||u — uo|| < §, we have that |HS (2 — uo) —
HE w(z — )| oo/t — ol is upper-bounded by the P-integrable function z —
(1 4+ 3a)y—(||z — poll + 9), that does not depend on u. Moreover, Lemma 3.9.13(ii)
yields

(1 — o)’ VHE (2 — po)
I = ol

<IVHE (2 = po)ll < (1 +3a)p—([lz = poll),

which is P-integrable and does not depend on p. Since P[||Z — | € D,] = 1 by
assumption, we may thus apply Lebesgue’s DCT, which, by differentiability of Hj , at
z — 1op(# 0) (see Lemma 3.9.13(ii) again), entails that

i Mau(po) = Méu(p) = VM (po)' (1 — po)
Hio e = peoll

=0.

We conclude that M} ,, is differentiable at py.

(ii) Let AV be an open subset of R such that ¢4 (0) P[{u}]+P[|| Z—pu|| € (0,00)\D,] =
0 for any p € N. Part (i) of the result guarantees that p — M§ (1) is differentiable
at any u € N, with corresponding gradient VM4 ., (1) = v(p) — T (u)u. Using again
the inequality p(t)/t < ¥_(t) for any ¢t > 0, a direct application of Lebesgue’s DCT
shows that the maps p +— v(u) and p — T(u) are continuous on N, so that the
gradient map pu — VM§E ,(u) is also continuous on N. This establishes continuous
differentiability on N [ |

The proof of Theorem 3.5.3 requires the following lemma.

Lemma 3.9.15. Let the assumptions of Theorem 3.5.3 hold. If Assumption (A) holds,
then, for any p € R, v € R4\ {0}, t > 0, and z € R4\ {u, pn + tv},

(el =g tol) =) | ozl
¥ |z — pu—to| llz — pl] < Iz — tv]|

and

(ii) |-z —p—to]]) —v—(|z — ul)| < Y-z = 1)

tloll,
Iz =l

whereas if Assumption (A’) holds, then

— -t _ B —
i) [Pz ==l oz )| el )
le=p=tol " le—pl | Te—al+r
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for any p € R4, v € RT\ {0}, t € (0,7/|]v||], z € R4\ {p, pu + tv}, and
() [¥—(lz = p—toll) = -(llz = pl)| <V (llz = pll +r)tllv]

for any p € R4, v € R\ {0}, t € (0,r/||v]]], and z € R? (in (iii)-(iv), r is as in
Assumption (A’)).

PrOOF OF LEMMA 3.9.15. (i) Let x € R% v € R?\ {0}, ¢t > 0, and z € RY\
{p, 1 + tv}. Assume first that ||z — p — tv|| < ||z — pf|. Since s + p(s)/s is monotone
non-decreasing on (0, 00) (Lemma 3.9.4), we have

pUlz = p—tol) — pllz=plD| _ pllz = pl) _ pllz =1 = tof)

Iz = p = tol] lz=pll | llz = pll Iz = p = to]|
pUlz = plD) N1z = p = tofl p(llz = p = tol))

Iz = ull lz=ull Iz = p—to]

pUlz = plD) = plz = p = tol))
Iz = pll

Using Lemma 3.9.3 and the fact that ¢_ is monotone non-decreasing, we thus obtain
(here, ¢ € (|2 — p —tol|, |z — ul]))

sz—u—wm_pmz—mw<<w<@mz—mr4v—u—wm
|2 — p = to]| e —pll |~ Il — ll
< Y=z =nl)
I ]|

vl
Assume then that ||z — u — tv]| > ||z — pf|. The same reasoning leads to

Iz = p—tol| Iz = pll

’MV—M—WW ﬁﬂz—ww_pwvww%w) pUlz = plD)
Iz = p —to Iz = ul

pllz = p = tol)) Iz = pll p(lz = 4l

Iz =p=toll Nz =p—tof| [z —pl

p(llz = p —tv]l) — p(|lz — pl|)
|2 — p — to]|

i

which yields (for some ¢ € (||z — ul], ||z — p — tv]))

pllz —p=tol) _ pllz—pl)| _ ¥-()(llz = p = toll = [z = pll)

le=p—tll ~ le=al | o= p— o]
vlz=p—tol), Y-z = pl)

< B ) < BB,
o= p & o=l

where the last inequality follows from the fact that

SEUNRCUETRONR0

is, as the sum of two monotone non-increasing functions on (0,00) (recall that _ is
concave under Assumption (A)), itself monotone non-increasing on (0,00). Since the
inequality in (i) trivially holds when |z — p — tv|| = ||z — pl|, the result is proved.
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(ii) Let u € RY, v € R¥\ {0}, t > 0, and z € R\ {p, p+tv}. If ||z —p—tv|| < ||z—pl|,
then
[Y-(llz = p = toll) = —(llz = il = -z = pl) = -z = p = tol))
_ Y-z = plh) — oz — p — tof])
Iz = ull = Iz = p = to]]

(e =l
= el

(Iz = pll = llz = po — o))

tllll;

where we used the fact that, since s — 1_(s)/s is monotone non-increasing,

Y (w) =4 (v) _ b (u)

u—"v - U

for any w > v > 0. If ||z — pp — tv|| > ||z — p|, then the same argument yields

[—(lz = p = toll) = -(llz = i)l = -z = p = toll) = -z = pl)
_ -z =p—tol) =¢(llz = pl)
Iz = p = tof| = ||z = pll

< ¥=(lz = p—tv]) Y- (llz = ull)
I A el Iz = ul

Iz = —tol = [l — ull)

tlloll < tllvll,
where the last inequality results from the fact that s +— _(s)/s is monotone non-
increasing. Since the inequality in (ii) also trivially holds when ||z — u — tv|| = ||z — pl|,
the result is proved.

(iii) Let p € RY, v € R4\ {0}, t € (0,7/|v]|], and z € R4\ {u, u + tv}. Proceeding
as in Part (i) of the proof yields

plllz = p—=tol)) — p(lz = u\)‘

2z — p— to] |z — |
(2 — lz—p—t
Smax(w {E u||)71/} (Ilz — p U||)>t||vH.
|z — p| |z — p — tv]|

Since convexity of ¢)_ implies that

is monotone non-decreasing on (0, c0), we then obtain

plz=p=tol) _ pllz=pl)| o -z = pl +7) o]
Iz = p = tol] lz=pll 17 lz—pll+r

(iv) Let u € R4 v € R4\ {0}, t € (0,7/||v|], and 2z € R%. Lemma 3.9.3 guarantees
the existence of a ¢ between ||z — p|| and ||z — p — tv]| such that

[W—(llz = u—tol)) = o-(llz = plD| < ¥ ()[llz = p—toll = |z = ull]
< ¢ (o)t]v].
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Since convexity of ¢_ implies that ¢ — ¢’ (¢) is monotone non-decreasing on (0, c0),
we have ¢’ (c¢) < ¢’ (max(||z — pl|, ||z — p — tv]])) < Y (||z — p| + r), which yields the
desired inequality. |

PROOF OF THEOREM 3.5.3. We first prove the result under Assumption (A). Let N
be an open neighborhood of {yg} such that P[{u}] + P[||Z — u| € (0,00) \ D,] = 0 for
any pu € N. Theorem 3.5.2 ensures that M¥ , is continuously differentiable on N, with
corresponding gradient (below, we may define VHY ,,(z — ) arbitrarily at the z values
where the gradient is undefined, since the collection of such z values has P-probability
zero by assumption)

wmwmzf VH? (= — 1) dP(2)
RN {p}

= [ A0 (14 e T

p(llz — ull) pllz —pl)u'(z —p) z2—p }
—ou——=E & ¢ AP(2)
Iz —pl " lz—pll Nlz—pl lz—pl>>"

for any pu € N: see (3.9.36) and Lemma 3.9.13(ii). Fix v € R?\ {0} and ¢ € (0,to),
where t( is such that B(ug,to||v|]) € N. Let then

Z— Mo Z— Ho
fi(2) =v-(llz = poll), fo(2) =14+ s=——, f3(2) = ——,
|2 = ol |z = pol|
p([lz — poll) u'(2 — po) Z = po
g(z) = —F—— R2R)= 77— B3&) =57
=l 2 S el Y T el
Since P is non-atomic in N, we have
VME (o + tv) — VME (o)
t
VHS}U z— o —tv) — VHS}U Z — Ho
= [, T )=V E ) dP(e)
Ho

= / {It1(2) + L 2(2) + 11 3(2) } &2 pott0 AP (2),
R\ {po}

where we let

f1(2) f2(2) f3(2) = fi(z = tv) fa(z — tv) f3(2 — tv)
t

It71 (Z) =

91(2) — g1 (z — tv)
t )

Ii2(z) = au

and
Ls(2) = a 91(z — t)ga(z — tv)gs(z — tv) — g1(2)g2(2)g3(2)
’ t
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Decompose I;1(z) into

f1(z) — ];1(2 _ tv)f2(z —tv) f3(z — tv)

fa(2) = fo(z — tv)
t

It71 (Z) =

fa(z — tv) + f1(2) f2(2) fs(z) — f3(z —tv)

+f1(2) .

Applying Lemma 3.9.15(ii) and Lemma 4.8.5, we obtain
¥z = poll) o 1) ¢z = poll)
Hea (D < 2ol — == + 2llvll— ——— + 4l — ———
Iz = poll Iz = poll Iz = poll
for any z € R4\ {0, po + tv}. Lemma 3.9.15(i) directly yields

Y- (llz = poll))

He2(2)] < vl
Iz = pol|

for any z € R%\ {uo, tto + tv}. Finally, considering a decomposition similar as the one
used for I; 1(z), Lemma 3.9.15(i) and Lemma 4.8.5 provide

¥-(llz = pol)) plz = pol)) pllz = poll)
ez < Mol — = + 2lvll 5 ——5" + 2l = ——5~
Iz = poll Iz = ol Iz = ol

for any z € R\ {uo,po + tv}. Since p(t)/t < _(t) for any t > 0, we conclude
that z — || I 1(2) + L1 2(2) + I 3(%)|| is upper-bounded P-almost everywhere by z
C|lvl|[v—(llz—wol])/||z — pol| (here, C'is a positive real constant), which is a P-integrable

function by assumption. For any i = 1,...,d, Lebesgue’s DCT therefore provides
lim OiME u(po + tv) — O; ME u(10)
t30 t
HY, — po — tv) — 0, HY, —
— _/ hm al a,u(z Ko U) al 047’[1,(2 N’O)§Z7M0+tv dP(Z)
RN {110} £30 t
d
= u [ 00— ) dPG) = (PML e, (3:939)
j=1 RN {uo} ’ 7

where the limit of the integrand exists for P-almost any z € R? (for the other values of z,
the integrand in the last integral may be defined arbitrarily). The form of the Hessian
matrix provided in the statement of the theorem then follows from Lemma 3.9.13(ii).

It remains to show the result also holds when Assumption (A’) holds. The proof
proceeds along the same lines, but the upper-bounding of z — |[[I;1(2) + I;2(2) +
I; 3(%)| is now based on Lemma 3.9.15(iii)—(iv). More precisely, Lemma 3.9.15(iv) and
Lemma 4.8.5 entail that

, Y- (llz — poll) Y- (llz — poll)
I - R L L 1| s s LA
1161 (2) || < 2[|ol[Z(|lz — poll + ) + 2] T o] 12— ol

for any z € R?\ {pg, o + tv} and t € (0,7/||v]|]]. Lemma 3.9.15(iii) directly yields

Y-z = poll +7)
Iz = poll +7

He2(2)[| < o]
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for any z € R%\ {uo, o + tv} and ¢ € (0,7/||v||]. Finally, considering a decomposition
similar as the one used for I; 1(z), Lemma 3.9.15(iii) and Lemma 4.8.5 provide

¢z = poll +7)
Iz = poll +7

plz = poll)
Iz = poll?

pUlz = poll)
Iz — poll®

He3(2)[| < [lv]] +2[]] +2|v
for any z € R%\ {uo,po + tv} and t € (0,7/|lv]|]. Since p(t)/t? < w_(t)/t < P’ (t)
for any ¢ > 0 and t — ¢’ (¢) is monotone non-decreasing on (0,00), we conclude
that z — || I11(2) + Lt 2(2) + It 3(%)|| is upper-bounded P-almost everywhere by z —
Cllv||[¢"_(]|]z = pol| + 7) (here, C' is a positive real constant), which is a P-integrable
function by assumption. Consequently, we can still apply Lebesgue’s DCT, which shows

that (3.9.38) holds under Assumption (A’), too. [ |

Proofs for Section 3.6

PROOF OF PROPOSITION 3.6.2. Let (anu,) be a sequence in ng converging to au €
Bgﬂ. We want to show that Q(a,u,) = Q(au), that is, ph,, u, — pau. Since ME, ., (Howu) —
ME (b ) (Lemma 3.9.5), (M&, .. (p1a,4)) is a bounded sequence. Since ME, ... (o, u.,)

< M%, u, (pow) for any n by definition of p-quantiles, the sequence (M, v, (o un)) 18
upper-bounded. Since (a,) is a sequence in [0, ot,), we have that

lim sup an i, 1, o, /116, | < 1
n—oo

Lemma 3.9.6 and the fact that (M&, .., (5 u,)) is upper-bounded then entail that
the sequence (uf, v,) is bounded. Now, assume ad absurdum that (uf,, ,) does not
converge to ph,. Upon extraction of a subsequence, we may assume that there ex-
ists € > 0 such that ||uh, v, — tau]| > € for any n. This implies that no subsequence
of (uh,, u,) converges to b .. However, since (ph,, u,) is a bounded sequence, it has a
subsequence (ugnwnk) that converges in R?, to v say. By taking limits as k — oo in
both sides of

£ e ) S ME 0 (HE),

Lemma 3.9.5 then yields M{ ,(v) < M&u(pan). Since ph, is the unique minimizer
of Mg,u (Theorem 3.3.4), we have v = u&u, so that we identified a subsequence
of (ugémun) that converges to ,ugé,u. Since this is a contradiction, we conclude that
(b un ) CONVETEES £O LA 4. [ ]

Lemma 3.9.16. Let p € C and assume that P € Pg 18 not a Dirac probability measure.
Then, for any p € R?, the matriz T(p) defined in Theorem 3.5.2 is positive definite,
hence invertible.

PrROOF OF LEMMA 3.9.16. First note that, since p(t)/t < ¢_(t) for any t > 0, we
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have

ez — )
”ﬂ””‘EH\wnn

(12 - u\l)) {v'(Z - w)}? }fz,u}

*(W”M‘”“‘|M—mr e

p(1Z — ul) ]
>E| w7+ >0
- [HZ—uugﬁi—

for any p € R? and v € S* 1. Now, assume ad absurdum that there exist p € RY
and v € 84! such that v'T(u)v = 0. We must then have

/ P(||Z—M|de(z) o,
rRi\(n} 12— ul

which, since p(t) > 0 for any ¢t > 0, implies that P[{u}] = 1. This contradicts the
assumption that P is not a Dirac probability measure. |

PROOF OF THEOREM 3.6.4. Under the assumptions of the theorem, u = Q(au),
with @ € [0,c,) and u € S?1, implies that R(i) = au; see the discussion above the
statement of the theorem. It directly follows that R o () is the identity map on ng,
which in turn entails that Q@ : ng —Z,and R: Z, — ng are one-to-one maps. Now,
since R(p) = (T'(uw))"'v(p) for any p € RY, continuity of R is a direct consequence of
the fact that, under the assumptions considered, the maps p — T'(u) and p +— v(p) are
continuous on R%; see the proof of Theorem 3.5.2. Since continuity of Q was already
established in Proposition 3.6.2, the result is proved. |

The proof of Theorem 3.6.5 requires Lemma 3.9.18 below, which itself relies on the
following preliminary result.

Lemma 3.9.17. Let p € C be such that t — t2/p(t) is concave on (0,00). Then,
t > p(t)/t? is convex and monotone non-increasing on (0, 00).

PROOF OF LEMMA 3.9.17. Since t + g(t) = t2/p(t) is concave on (0,00), it is
left-differentiable on (0,00) and the corresponding left-derivative, g’ say, is monotone
non-increasing. Therefore, for any ¢y > 0, Lemma 3.9.3(i) yields

g(t) < g(to) + g (to)(t — to)

for any t > to. If g’ (t9) < 0 for some ty > 0, then it follows that g(t) is strictly negative
for ¢ large, which is a contradiction. Thus, ¢’ (t) > 0 for any ¢t > 0. Lemma 3.9.3(i)
then implies that g is monotone non-decreasing on (0, c0), hence that 1/g is monotone
non-increasing on (0, c0). It remains to show that 1/g is convex on (0, 00). To that end,
fix 0 < s<tand A€ (0,1). Using concavity of g, we obtain by Jensen’s inequality (for
the convex function z +— 1/z and for the measure attributing weight 1 — X and A to g(s)
and g(t), respectively)
1 1 1 1

ST N5 120 = TNl a0 = Vol T
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which establishes the result. |

Lemma 3.9.18. Let p € C be such that t — t>/p(t) is concave on (0,00). Assume
that P is not concentrated on a line. Assume further that ¥ (0)P[{u}] + P[||Z — ul| €
(0,00) \ D,] = 0 for any p € R?. Then, there is no u € S for which the equation
VMY, (1) = 0 has a solution.

PROOF OF LEMMA 3.9.18. Ad absurdum, let u € S ! and p € R? be such
that VMY, (1)
= 0. Thus, we must have u’VMﬁu(u) = 0, which, in view of Theorem 3.5.2, rewrites

o2 —l) 2 — ) (2~ )
EH\M l <“”w ub !M—uH)!Z—MW kﬁi

u'(Z — p)
1Z — pll

+Ehuwz—mw 5@420

Straightforward computations allow us to rewrite this as

EPMW—MW@#+WNZ—MK@J=0, (3.9.39)
where we let ’(Z )
L H
caom (1 T Yo

o) =) =22 wa gn):= 220y )

for any ¢ > 0. Lemma 3.9.4 entails that g1(¢) > 0 for any ¢ > 0. Since Lemma 3.9.17
implies that ¢ — p(t)/t?, hence also t — In(p(t)/t?), is non-increasing over (0, 00), we
have (here, we consider left-differentiation)

02 (n () =502 (o 20)

for any ¢ > 0, so that we also have g2(t) > 0 for any ¢ > 0. Moreover, since g1 (t)+g2(t) =
p(t)/t > 0 for any ¢ > 0, we have max(gi(t),g2(t)) > 0 for any ¢ > 0. Since the
assumption that P is not concentrated on a line ensures that A := {z € R?: (, , = 0}
satisfies

PAl=PlZ—pe{cu:c<0}<PZe{p+cu:ceR} <1

we thus have

EPMW-MW@#+WUZ—MWQM

:/ {o1(17 = DG + 92112 — o} dP(2) > 0,
RI\A

since g1([|lz — pl)¢2 . + g2(|lz — pll)Cop > 0 for any z ¢ A (the discussion above implies
that the nonnegative quantities g;(||z — u||) and g2(]|z — p||) cannot be both zero at the
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same z). Since this contradicts (3.9.39), the result is proved. [

PROOF OF THEOREM 3.6.5. We first show that R(R?) C B¢. To do so, assume,
ad absurdum, that there exists u € R? such that |R(u)|| > 1. We consider two cases.
(a) |R(w)| = 1, so that R(u) = u for some u € S4~!. Then, VMY, (1) = T(pu)(R(p) —
u) = 0, which, in view of Lemma 3.9.18, is a contradiction. (b) ||R(p)|| > 1. Fix then
arbitrarily agug € B? and observe that ||R(pheu)ll = |louol| = ao < 1. Recalling
that R is continuous (Theorem 3.6.4), the intermediate value theorem then guarantees
that there exists A € (0,1) such that ||R((1— X)uhoue + Au)|| = 1, which, proceeding as
in (a), provides a contradiction. Therefore, R(RY) C B.

Now, fix u € R% Since R(RY) C B there exist a € [0,1) and v € S ! such
that R(u) = au, which implies that u = pf . = Q(au). Therefore, Z, = Q(B?) = R,
and the result follows from Theorem 3.6.4. |

Proofs for Section 3.7

PROOF OF THEOREM 3.7.1. (i) Assume, ad absurdum, that ||uf,, u,|| does not diverge
to 0o as n — oo. The sequence (uh, v,) then admits a subsequence that is bounded,
hence a further subsequence, (/‘g‘nw“w)’ that converges in R%. Let us denote as j.
the corresponding limit. Since R is continuous, taking limits as £ — oo in both sides
of | R(11v, un, )l = ll@tnytin, || = an, then provides ||R(u.)|| = 1. Thus, R(u.) = v for
some v € S9! which implies that VMY, () = T(ps) (R(px) — v) = 0. Since this
contradicts Lemma 3.9.18, the result is proved. (ii) We now assume that u,, converges
to u(€ S 1). Consider an arbitrary subsequence (wj = v, un, ) OF (e u,) and
fix up € R? arbitrarily. The continuity of (o, u) — M4, (10) (Lemma 3.9.5) implies

that the sequence (M§ (o)) is bounded. Since, by definition,

ng Ung

MP . (wp) < MP

Any s Ung Qny,Uny, (MO)

for any k, the sequence (M4

&y stuny, (Wi)) is then upper-bounded, too. Assume now that

lim sup g, wi /[|wi || < 1.
k—o0
Since [lwg|| — oo, Lemma 3.9.6 then implies that Ma,, u,, (W) — 00 as k — oo, which

contradicts the fact that the sequence (MJ (wg)) is bounded. Therefore, we must

Qny s Ung
have
lim sup u,,, wi/||lwr || = 1.
k—o0
Since u,, converges to u, this entails that limsup,_,. v/'wi/|wg]| = 1, so that (wg)

admits a subsequence (wy,) for which u;kéwk[/HwkZH — 1 as £ — oco. We thus proved
that any subsequence of (ph,, u./||ton un]l) admits a further subsequence converging
to u. This implies that uh, u, /||tomu. || = ©w as n — oo. [ ]

The proof of Theorem 3.7.2 requires the following result.
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Lemma 3.9.19. Let the assumptions of Theorem 3.7.2 hold. Then, for any sequences () €
[0,1), (un) € S¥L, and (un) € RY such that ||| — oo, we have that ME, ., (un) — o0
as n — oo.

Proor or LEMMA 3.9.19. We prove the result by showing that any subsequence
of (M&, u,(itn)) has a further subsequence converging to co. To do so, fix a subse-
quence (,U'nk) of (Mn)- If lim SUPk— o0 O‘nku%kunk/uunku < 1, then Lemma 3.9.6 yields
MP

by suny, (Hny,) = 00 as k — oo. We may thus assume that lim supy,_, . aun, uy,, fny, /Il fn ||

= 1. Take then a subsequence (k) such that an,, u%k[ ting, /||y, || = 1 as £ — oco. By
abuse of notation, we write ay, uy and py instead of Oy, Uny, and P, s respectively.
By compactness of [0,1] and S?!, we can assume, up to further extraction of a subse-
quence, that ay — 1, ug — u € S and uppue/||pe] — 1 as £ — oc.

For any z € R? and v € S, denote as D, (z) = {z+ Av : A € R} the line through z
with direction v, and note that the distance between y(€ R?) and D,(z) is given by

du(y, 2) = [|(1a — v')(z = Y)|I. (3.9.40)
It will then play a key role in the proof that the P-probability of

E = {z e RY : liminf du, (¢, 2) > 0}
{—00

is positive. To address this point, take zy € R% \ E (if no such zj exists, then E = R4
has P-probability one). Up to extraction of yet another subsequence (which we do
again without changing the notation), we may assume that limy_, dy, (4, 20) = 0. For
any z ¢ Dy(20), the inequality

due (:ufa Z) 2 dug (Z, ZO) - duz (,U’E, ZO)
(which readily follows from using the triangle inequality in (3.9.40)) yields

liminf d,, (e, ) > lim dy, (2, 20) — lim dy, (e, 20) = du(z, 20) > 0.
£—00 {—00 £—o00

This shows that R?/D,(29) C E, so that the assumption that P is not concentrated on
a line yields P[E] > P[R?/D,(z0)] > 0.

To proceed with the proof, we need to consider two cases, according to the assump-
tions considered.

(i) We assume first that p(t)/t?> — oo as t — co and that Condition (b) holds. Let
us then write

MY, o, (1e) = T (s e, pue) + Folow, ue, pe) + Js(a, ug, pe)

with

_ ) — o1l u'(z— p)
i) = [ (ol =) = o1a0) (14 aTE=ID e ap(a),

o) = [y DL (10 Yo = (1 Jeo} a0

= [ oI (R et
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and

o) = Aﬁwpw”“{(”+ e (1 oo P

- ﬂﬂmm(1+a””)[um

Let us observe that for any z € R? such that ||z — || > (uj(z — ur))?,

0 - a3 ()’
Uy ) . llz2—pe
Lo =l = W (=)
T 1 — a2
B uz(z—ue)>2 (uz(Z—ue))Q 9
1 ( ) + (e ) (1—ad)
o 1— u[(z Lee)
= pae]l

B 22, (10, 2) >+<%@—Moyz 1- o

_ 2 _ up(2—pe) Z — Uy ué(z o)
e = pell?(1 = e fl) -\ Nz gl =

> d721,g (/’Lfa )
Iz = well? (1 w%gﬁ)

For any z € E, we then have

uy (2 Mz))

liminf p(||z — pel )( +Oég
mintp(lz = == pel

pllz = pell)dz, (pe, 2)

(z— 1)
Iz — WH2<1 — )

> lim inf
{—o0

— d? , 2
> lim inf 7P(HZ el) x lim inf —W(Mlz )
f—00 ”Z — /.LgHQ =00 1 _ ¢ up(z—pe)
= pe]]

= 00,

as p(t)/t? — oo as t — oo. Since the function

z&»@mz—MD—pwﬂﬂ<l+ - M)@#

is lower-bounded by the P-integrable function z — —2p(]|z||) that does not depend on p,
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Fatou’s Lemma entails that

ligIg(i)glf J1 (g, ug, )
> [ tmint o(1 = ) - p1200) (1+ 0“2 ape
Rd {—o0 H H
= [ imint oz — ) (1+ 0= ) apie

> [t oz = el (14 0 E= A Ne ape)

= 0

(recall that P[E] > 0). Observe next that, for any ¢,
alearsue )| <2 [ pllz1)dP() < oc
R

and

Fitaruen)| <2 [ ol dP() < o

Therefore, lim infy_, oo M&, 4,(1t¢) = 00, so that ME, ., (1e) — 0o as £ — oo, which proves
the result.

(ii) We assume now that p(t)/t? is bounded away from 0 as t — oo (but we do not
assume anymore that Condition (b) holds). Write M§&, v, (pe)/ || pell = 1 (e, we, pe) +
To( o, ug, pg) + (g, ug, pie) as in (3.9.12). For any z € E, we have

— / J—
ot 2= (., 502 0
B Tl o=l

_ d?
< timing P2 D s 2)

% gl — pel? (1 = S

2 (1,
> lim inf Pz — pel) x liminf —2~ "2 (12¢, 2)

£—o0 m f—oo q _agul%z(z_;/ljﬁ)

> 0,

since it is now assumed that lim inf; . p(t)/t> > 0. For the same reason as in the proof
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of Lemma 3.9.6, we may apply Fatou’s Lemma for Z;, which yields

lim inf 74 (g, ug, pie)

{—00
p— p— / J—
Rd Lo [ el 12 = pell
o P(HZ—MH)( UZ@-M))
= liminf ——— 1+ ay——-" | &, 4, dP(2)
/]Rd oo |l Iz = pell )"
. p(V-MH)( U@(Z—M)>
> [ liminf ——————( 1+ ap——% &2, AP(2)
/E too e Iz = pell )"
> 0.

Since the same arguments as in the proof of Lemma 3.9.6 show that

lim Zo(ay, ug, pg) =0 and  liminf Z5(ay, ug, pe) > 0,
{— 00 l—00

we obtain that liminfy_,o, M&, v, (pe)/||ptel] > 0. Therefore, M, 4, (11e) — o0 as £ — oo,

which establishes the result. |

PROOF OF THEOREM 3.7.2. Let (o) be a sequence in [0, 1) and (uy,) be a sequence
in S%71. Ad absurdum, assume that there exists a sequence (uf, ,) of p-quantiles
that exits any bounded set. In particular, (4, 4, ) is unbounded. With o € R? fixed
arbitrarily, we have

ME, (10 ) < ME, 0, (10)

for any n. From continuity of (c,u) + M& . (1) and compactness of [0,1] and S¢1,
there exists M > 0 such that Mgmun (10) < M for any n, so that

ME (B ) < M (3.9.41)

for any n. Since the sequence (f,, ,) is unbounded, it admits a subsequence (uﬁnwunk)
such that |6, u,, || — 0o as k — oo. Lemma 3.9.19 then implies that M§,, v, (tay u,) —
oo as k — oo, which contradicts (3.9.41). [ |

We now prove Proposition 3.7.3.

PROOF OF PROPOSITION 3.7.3. Fix u € S%! and let () be a sequence in [0, 1)
that converges to one. Let uf, » be a sequence of p-quantiles and let g € R? be fixed.
We have

M, (16, ) < ME, o(10)
for any n. Since (b, «) is bounded (Theorem 3.7.2), it admits a subsequence (/ngnk,u)
that converges in RY, to v say. Continuity of («,u, i) + ME () on [0,1] x ST x RY
implies that
Mﬁu(v) < Mlp,u(lu’o)
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for any n. Since this holds for any pg € R%, we conclude that v minimizes j Mf’ W (1)
over R?, which establishes the result. |

PrROOF OF COROLLARY 3.7.4. Let (o) be a sequence in [0,1) that converges
to a € [0,1] and (uy,) be a sequence in S?~! that converges to u. Let (uf, u,) be a
sequence of p-quantiles and (,ugnk’unk) be a convergent subsequence. Denote as v its
limit. For an arbitrarily fixed po € R we then have

MCankyunk (Mgnk ’Unk) S Mgnk YUng, (MO)

for any k. Continuity of (o, u, i) — ME (1) on [0,1] x S¢=1 x R? implies that
Mg,u(v) < Mg,u(:uo)

for any n. Since po is arbitrary, v minimizes p +— M, hence is a p-quantile of
order « in direction u. (ii) Assume that p — MY, has a unique minimizer pf ,, and let
now (uﬁnk,unk) be an arbitrary subsequence of (£, u,). This subsequence is bounded
(Theorem 3.7.2), hence admits a converging subsequence. Part (i) of the result implies
that the corresponding limit must be the unique minimizer uf ., of u — M§ ., (11). We
thus proved than any subsequence of (jif,, ,) admits a further subsequence converging
to ,uZ,u. This entails that ,uﬁn,un — ,uZ,u as n — 00. |

Proofs for Section 3.8

PrROOF OF THEOREM 3.8.1. The result follows by applying Theorem 1 in [79], as
Theorem 3.2.1 and Theorem 3.3.4 show that the conditions (i)—(iii) in page 1515 of that
paper are satisfied. |

We will need Lemmas 3.9.21-3.9.23 below to prove Theorem 3.8.2. The first of these
lemmas in turn requires the following preliminary result.

Lemma 3.9.20. Let p € C. Fiz o € [0,a,) U {0} and u € ST L. Fiz v € 81
and z € R with ||z|| € D, such that v'V2HE (z)v = 0. Then, [v'z| = |z| and
¢ ([l=]]) = 0.

PROOF OF LEMMA 3.9.20. As seen in the proof of Theorem 3.3.3,

2
pt(t)vlvzHgm(x)v = grall,w) = () + asi(0,w),
where t = ||z||, cos 0 = u'z/||z||, cosw = v'x/||z|, and
w0~ )
p(t) p(t)

= i L(t) — (cosw)? ! cosw)?
N p(t)( 7 (1= (cosw)?) + 9L (#)( )>zo

(cosw)?

it(w) =
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(we will not need the expression of s¢(#,w) here). We consider two cases. (a) a = 0.
Since v'V2HE ,,(x)v = 0, we have i;(w) = 0, which yields

¢_t(t)(1 —(cosw)?) =0 and ¢ (t)(cosw)? = 0.

Since 1_(t) > p(t)/t > 0 for any ¢ > 0 (Lemma 3.9.4), we must then have (cosw)? =1
and ¢’ (t) = 0, which shows that the result holds in this case. (b) a > 0 (so that 0 <
a < a,). Since v'V2HE ,(z)v = 0, we have g;o(f,w) = 0. Ad absurdum, assume then
that (cosw)? # 1 or ¢’ (t) > 0. Then, iz(w) > 0, so that we must have s;(6,w) < 0.
Therefore, any ag > « will provide g¢ o, (0,w) < 0, which implies o9 > a,. We thus
proved that any ag > « satisfies g > «,, which contradicts the assumption that o < .
Therefore, (cosw)? = 1 and ¢’ () = 0 in case (b), too. [ |

Lemma 3.9.21. Let the assumptions of Theorem 3.5.3 hold and assume further that
P[E,, ] <1 for any v € 841, with

Eupw =12 €R 9 (|2 — pol|) =0 and 2 € L, (v)},

where Ly, (v) = {po + v : X € R} is the line through po with direction v. Then, for
any a € [0,a,) U{0} and u € ST, the Hessian matriz V2 MY ,(uo) is positive definite.

PROOF OF LEMMA 3.9.21. Fix a € [0,,) U{0} and u € S¢~!. Under the assump-
tions considered, it follows from (3.9.38) that

VEMYE (ko) / V2H? (2 — po) dP(z), (3.9.42)

where G := {z € R? : ||z — po|| ¢ D,} has probability one (so that V2HS ,,(z — uo) may
be defined arbitrarily for z ¢ G). Assume then, ad absurdum, that v'V2ME ,(uo)v =
0 for some v € 841 It directly follows from (3.9.42) and convexity of Hf, that
v'V2HY (2 — po)v = 0 for any 2z € G. Lemma 3.9.20 thus implies that ¥’ (||z — uol|) = 0
and z € L, for P-almost all z € R, a contradiction. |

Lemma 3.9.22. Let pe C and P € P|. Fiza € [0,1), u € S and p € R, Assume
that

[ 2z = ) < .

Rd

Let Z be a random d-vector with distribution P. Then, the d x d matrix
E[(VHE (Z — w)(VHE (Z — )T Z — p|| € D]

erists and is finite.

Proor or LEMMA 3.9.22. Fix r € {1,...,d}. Lemma 3.9.13(ii) readily entails
that, if ||z — p|| € D, then

2 z —
(0 HE (2 — p)? < C(W(Hz —ul)+ M)
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for some positive constant C. Since p(t)/t < ¢_(t) for any ¢ > 0 (Lemma 3.9.4), this
implies that
E[(0,HE (Z = w)?[|Z — ull € D,]] < co.

Since this hols for any r € {1,...,d}, the result follows from the Cauchy—Schwarz
inequality. |

Lemma 3.9.23. Let the assumptions of Theorem 38.8.2 hold and write F = {z € R? :
|z — pbpll € Dp}. Then, for any h € RY,

n
R, = Z {Hapm(Zz - M&u - %) - Hap,u(ZZ - Mg,u)}ﬂ[zl € F]
=1
1 &
b SN H (% i, 117 € 1
=1

1 n
5o STWVHE (2~ i, )HZ; € F)
=1

converges to 0 in the Li(P) sense as n — 0.

PROOF OF LEMMA 3.9.23. For z € R, let

Jn(z) = n{Hap,u (Z - :ug,u - %) - Hg,u(z - :ugz,u) + %ng,u(z - Mg,u)}ﬂ[z S F]

and J(z) = $h'V2HE u(z — plu)hl[z € F]. First note that J,(z) — J(z) as n — oo
for any z € RY (this is trivial for z ¢ F and results from Lemma 3.9.13(ii) for z € F).

Since P[F] =1 by assumption, observe that (3.9.36) and (3.9.38) yield
BlJn(20)] = BLI(Z0)] = n{ M8, (16, + 2) = M2, (15.)
— VM () — S5 VEME (h ).

Since M} ,, is twice differentiable at ub,,, (Theorem 3.5.3), it follows that E[J,(Z)] —
E[J(Z1)] as n — oo. Now, recalling that o € [0,a,) U {0}, the map z + HE ,(2) is
convex, which implies that J,(z) and J(z) are nonnegative for any z € R? There-
fore, Scheffé’s lemma entails that J,(Z;) — J(Z1) in the L;(P) sense as n — 00, s0
that E[|R,|] < E[|Jn(Z1) — J(Z1)]] = o(1) as n — . [ |

PROOF OF THEOREM 3.8.2. Throughout the proof, Mé:ﬁ" (1) stands for the objec-
tive function M¥ , associated to the empirical probability measure P, that is

1 n
MED () = — > (HE(Zi = ) = HE(Z),
i=1
for all 1 € R?. We prove the result by applying Theorem 3 from [2] with the sequence
of stochastic processes {Gr(6) = nMS,’q}f" (1) : 0 = u € © = R}, the fixed parameter
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value 0y = ug,u, and the sequence of estimators én = ﬂ&u. We now check that under
the assumption of Theorem 3.8.2, Conditions (i)—(v) from Arcones’ Theorem hold with

1 n
ni= > VH! (Zi -yl ) Zi € F
i=1

(as in Lemma 3.9.23, F = {z € R : ||z — pl |l € D,}), Vi := 3A = IVEME (1),
and M, = y/nlg. The restriction to o € [0,a,) U {0} ensures that the convexity
requirement in Condition (i) holds, whereas Condition (ii) directly follows from the fact
that, by definition, /i, minimizes 1 — nMEE™(1). We have P[F] = 1 by assumption,
so that (3.9.36) yields

[VHP ( — Ko u)H[ZZ € FH = _ng,u(:ug,u) =0

for any ¢ = 1,...,n. In view of Lemma 3.9.22, the multivariate central limit theo-
rem thus entails that, under the assumptions considered, 7, is asymptotically d-variate
normal with mean vector zero and covariance matrix B. Consequently, Condition (iv)
holds. As for Condition (v), it trivially follows from the fact that Vi, = $VZME (44 )
is positive definite (Lemma 3.9.21) and does not depend on n.

Therefore, it only remains to show that Condition (iii) holds, that is, that, for
each h € R,

nMp’Pn (:u'a U TlMp’Pn (Ma u) - h/nn - h/Vnh = OP(l) (3943)

+f)

as n — o0o. In order to do so, write

Mp,Pn (Ma u - nMp’Pn (:ua u)

= > AHL(Zi— b — ) — HEW(Zi — pl, )Y Zi ¢ F)

+Z {Hg, (Z Nau - %) Hp (ZZ - Mg,u)}ﬂ[zl € F]
=1

Note that
Z {H /~La a %) - Hg,u(ZZ - Mg,u)}H[ZZ ¢ F] = OP(l)
as n — 0o, since P[F] =1 implies that, for any £ > 0,

n
7|
i=1

== ) = Bz~ i WU ¢ | > ¢

P[U

i=1

[Z; ¢ F]] < iP[Rd\F] = 0.
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Therefore,

nME " (4 — M (1) = Wi — W'Vl

+f)

= Z {Hap,u :uau - ﬁ) Hp (ZZ - :u/o)z,u)}]l[zl € F]

W, — — Z W(V2HE (Zi — 16, ,)h1[Z; € F)

1, R,
—ShlA-— Hf (Zi — b ) Z; € F 1).
2h< n;v Oé,u( Ma,u)[ € ])h—i-OP()

Applying Lemma 3.9.23 and the law of large numbers thus establishes (3.9.43), which
shows that Arcones’ Condition (iii) holds, too.
Theorem 3 from [2] therefore applies and yields that, as n — oo,

. 1. _
Vil = 12,) = — Vi + on(1) = =AM, + on (1),
which is the desired result. The asymptotic normal distribution of v/n(fih,, — ) then

readily follows from the fact that, as already mentioned, 7, is asymptotically normal
with mean vector zero and covariance matrix B. |

135



Chapter 4

Geometric quantiles on the
hypersphere

4.1 Introduction

For several decades, an intense research activity has been dedicated to the definition of
a suitable multivariate quantile concept, that is, of a quantile concept for probability
measures over R?, with d > 1. It is of course the lack of a canonical ordering in
multivariate Euclidean spaces that makes this a challenging problem. We refer, e.g.,
to the review paper [88] and to more recent approaches based on quantile regression
([46]) or optimal transport ([21], [44]). Clearly, the problem of defining multivariate
quantiles is closely linked to the problems of defining multivariate depths (i.e., centrality
measures) or multivariate ranks. The various proposals in the literature have found key
applications in the context of multidimensional growth charts (see, e.g., [104] or [69]),
or, more generally, in situations where multiple-output quantile regression methods are
relevant.

Despite some recent contributions to the field, one of the most successful multivariate
quantile concepts remains the concept of geometric quantiles from [17], that is defined
as follows. For a probability measure P over R?, the geometric quantile of order a in
direction u for P is defined as an arbitrary minimizer of

OF = [ {llz= wll = 2] - aw'u} dP(a); (4.1.1)
R4

here, o € [0,1), u is a unit d-vector, and ||z|| = V2’2 is the Euclidean norm of z € RY.
For @ = 0 (and an arbitrary u), this provides the celebrated geometric median (see,
e.g., [9]). The other geometric quantiles are of a directional, center-outward, nature:
the larger « is, the further away the corresponding (o, u)-quantile is, essentially in direc-
tion u, from the geometric median. We will use the terminology geometric quantiles in
the rest of this chapter, but these quantiles are sometimes rather referred to as spatial
quantiles; see, among others, [20], [13], [41], or [12]. Like classical univariate quan-
tiles (to which they reduce in dimension d = 1), geometric quantiles characterize the
underlying probability measure P; see [50]. While several approaches also satisfy this
characterization property, geometric quantiles enjoy a number of distinctive advantages:
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(i) through convex optimization, sample geometric quantiles are easy to compute even
in high dimensions. (ii) They allow for detailed asymptotic results, including Bahadur
representation and asymptotic normality results (see, e.g., [50] and [17]), whereas some
recent competing approaches offer at best consistency results only. (iii) Similarly, geo-
metric ranks and geometric depth, namely the concepts of multivariate ranks and depth
associated with geometric quantiles, are available in explicit forms, which, unlike for
most (if not all) competing concepts, leads to trivial evaluation in the sample case. (iv)
Finally, geometric quantiles allow for direct extensions in infinite-dimensional Hilbert
spaces, also in the regression framework; see, e.g., [15] and [22].

Now, more and more frequently, statistical applications involve data on manifolds.
Historically, this has led researchers to extend to manifolds classical Euclidean function-
als, the prototypical example being the extension of the Euclidean concept of mean into
the concept of Fréchet mean ([35]). Nowadays, more involved statistical techniques,
such as functional data analysis, are also considered on manifolds, with the primary
focus being often on the unit hypersphere S¥1 = {z € R? : ||z|| = 1} of R% see, e.g.,
[25]. The present work aims at defining a concept of quantiles on S?~1. As such, it
therefore belongs to directional statistics'; we refer to the monographs [67] and [56].
Several concepts of depth have been proposed on the unit sphere ([63], [1], [84]), and,
quite interestingly, also on general metric spaces ([24])! We further refer to [48] for a
recent work where transformations related to distribution functions, which are of course
linked to quantile functions, are considered on Riemannian manifolds; see also [103].
Yet the only quantile concept that was explicitly proposed on the hypersphere and in-
vestigated as such is the quantile concept from [55], that, however, lacks flexibility and
also does not characterize the underlying distribution (as we will explain in the sequel).

The concept of spherical quantiles we propose requires the choice of a reference
point, that is expected to play the role of the innermost quantile. Since, in Euclidean
cases, the innermost quantile is a multivariate median, we choose this reference point
as a Fréchet median, that is, as the Li-analog of a Fréchet mean. Since these medians
may be non-unique, we will actually define a quantile field around each such median m.
Like Euclidean geometric quantiles, the resulting quantiles yy’,, will be directional in
nature: they are indexed by a scalar order a € [0,1) and a unit vector u that here
belongs to the tangent space T},S%! to S¥! at m. Motivated by the nice properties
of geometric quantiles in the Euclidean case, we essentially define our quantiles through
a stereographic projection of S¢~! from —m (the antipodal point to m) onto Tp, S
Since this stereographic projection sends —m “isotropically at infinity” in 7,541,
studying the proposed spherical quantiles requires understanding the nature of the [17]
geometric quantiles in a version of the projective space where all points at infinity are
identified. We thoroughly investigate the structural properties of our quantiles and
we further study the asymptotic behaviour of their sample versions, which requires
controlling the impact of estimating m. Our spherical quantile concept also allows for
companion concepts of ranks and depth on the hypersphere. We show the relevance of
our construction by basing tests for rotational symmetry on the proposed quantiles.

The outline of this chapter is as follows. In Section 4.2, we first discuss the “univari-

In order to avoid any confusion, we will rather speak of spherical statistics in the sequel and will use
the term “directional” only to refer to the directional (in u) nature of the various quantiles we consider.
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ate” case S' and explain what makes the stereographic construction natural to define
quantiles on S¢ ! for d > 2. Then, we carefully define our spherical quantiles and
present a result that justifies how this definition treats —m, the point that is left aside
in the stereographic projection we consider. In Section 4.3.1, (i) we show that our
innermost geometric quantile actually agrees with the Fréchet median chosen as the
reference point, (ii) we discuss existence and uniqueness of the proposed quantiles, and
(iii) we provide a result that characterizes the behaviour of extreme quantiles (i.e., the
quantiles obtained as o — 1) in each direction u. This allows us to formally define the
spherical quantile function in Section 4.3.2. In Section 4.4, we introduce a spherical
rank function that, under mild conditions, is the inverse map of the quantile function.
This rank function, that is intimately related to the gradient condition defining our
quantiles, allows us to show in particular that the quantile function characterizes the
underlying probability measure. In Section 4.5, we define a companion concept of depth
and discuss its main properties. In Section 4.6, we focus on the asymptotic properties
of the sample version of our quantiles: we first establish strong consistency and asymp-
totic normality of the Fréchet median, then prove asymptotic normality results of all
other sample quantiles (in both cases, explicit Bahadur representation results are actu-
ally provided). In Section 4.7, we introduce tests of rotational symmetry based on the
proposed spherical concepts.

For the sake of convenience, we introduce here some notation that will be used
throughout this chapter. First, X =; Y will mean that X and Y are equal in distri-
bution. For p € S, we will denote as Sff_l := 841\ {u} the unit sphere deprived
of u and as 7,S%! the (d — 1)-dimensional vector subspace of R? that is parallel to
the tangent hyperplane to S~ ! at p, that is, T#Sd_1 ={zeRY: 'z =0} We
will write Py_; for the collection of all probability measures on S%!. We will denote
as I[A] the indicator function of the set or condition A. Throughout, E[-] will refer to
the usual expectation rather to the Fréchet mean. The d-dimensional identity matrix
will be denoted as I;. By default, all vectors will be column vectors; yet, to keep the
notation light, we will often skip transpose signs when writing vectors in components—
for instance, we will write (cost,sint) and (0,0, 1) instead of (cost,sint)" and (0,0, 1),
respectively.

4.2 Spherical geometric quantiles

In this section, we will define our concept of quantiles on the unit hypersphere S%!
and justify the choices made in this definition. We start by discussing the circular
case d = 2, that is, the case of the unit circle S* = {(cost,sint) : t € [0,27)}, then turn
to the general case d > 2.

4.2.1 Circular quantiles

Fix P € P; and let the random variable T, with values in [0, 27), be such that X :=
(cosT,sinT) has distribution P. Since the circle is a one-dimensional object, quantiles
on the circle can in principle be defined from quantiles on the real line, that is, quantiles
of X can in principle be defined from quantiles of T'. Yet, interestingly, the circle already
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presents several key issues we will need to address in higher dimensions. An important
issue is the lack of a canonical reference point m = (cost,,sint,,) on the circle. For
any such reference point, one could, e.g., accumulate probability mass above t,,, leading
to the circular quantiles p* = (cos ¢, sing), 7 € [0,1], with ¢/ the usual 7-quantile
of T,,,, where T, is the random variable with values in [t;,,t,, + 27) such that X =4
(cos Ty, sinT,,). This, however, cannot be generalized to higher dimensions where it
is unclear what it means to accumulate probability mass “above” some reference point
on S% ! with d > 2. With this future extension to higher dimensions in mind, it is
therefore better to choose a reference point m that will play the role of the innermost
quantile, namely the median. In this spirit, a natural candidate for a reference point
of this type is a Fréchet median m = (coSty,,sint,,), that minimizes the expected
arc length between X and m; see Definition 4.2.1 below. Parallel as above, one may
then define the resulting circular quantiles as u* = (cos¢’*,sing!*), 7 € [0,1], now
with ¢ the 7-quantile of the random variable T,,, with values in [t — Ty tm + 7),
such that X =g (cosT},,sinT},). Provided that P[{—m}] = 0, the resulting circular
median ,ug% then very naturally coincides with the Fréchet median m that was used as
a reference point.

These circular quantiles using a Fréchet median as a reference point are clearly satis-
factory when (a) P admits a unique Fréchet median m and when (b) P[{—m}] = 0, that
is, when T}, does not charge t,, —. The issue (a) is a structural one on the circle: unlike
for distributions on the real line, where the medians (i.e., the minimizers of expected
absolute deviations) always form an interval, so that a unique median can always be
identified (e.g., as the centre of this interval), the topology of the circle allows for dis-
tributions with sets of Fréchet medians that are disconnected (for instance, when X =
(cosT,sinT), where T is uniform over U}_,[(2k — 1)7/3 — 7/6, (2k — 1)7/3 + /6],
the set of Fréchet medians is U3_ {(2k — 1)7r/3}). We argue that any Fréchet median
then provides a perfectly valid reference point (hence, a perfectly valid innermost quan-
tile), which in turn will provide its own corresponding collection of circular quantiles.
To address issue (b), it is natural to define u* = (cos ¢, sin¢), where ¢ is the 7-
quantile of T},, where T}, is still such that X =, (cos T, sin Tm) but now takes values
in [ty — 7ty + 7] and satisfies P[T}, = t,, — 7] = P[T};, = ty + 7] = P[{—m}]/2.
Not only does this choice respect symmetry of the circle with respect to m but it also
guarantees that the resulting circular median ;/1”/2 coincides with the Fréchet median m
even when P[{—m}] > 0. The issue of such an atom at —m will also need to be carefully
dealt with in higher dimensions.

4.2.2 Hyperspherical quantiles

Parallel to the multivariate Euclidean case described in the introduction, our hyper-
spherical quantiles will be points of S~ indexed by a scalar magnitude o and a direc-
tion u. In the sequel, this direction u will be relative to a reference point m, that is
expected to play the role of the median (the innermost quantile). This is in line with
the Euclidean case, where geometric quantiles are thought to be in direction u from
the geometric median (although such localization is actually superfluous in R? as, for
fixed u, the halflines {p+7ru : 7 > 0} there “reach” the same point at infinity irrespective
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of their origin p). As a reference point on the sphere, we will use a Fréchet median.

Definition 4.2.1. A Fréchet median of P(€ Py_1) is any point m € S9! that mini-
mizes the objective function

psop) = [ dlps) aP() (1.2.2)
over 841 where d(x,y) = arccos(x'y) is the geodesic distance between x and y. The
collection of all Fréchet medians of P will be called the Fréchet median set of P.

Lebesgue’s dominated convergence theorem ensures that gp is continuous over S¥1,
so that, from compactness of S¥~!, any P € P;_; admits at least one Fréchet median.
As already mentioned when discussing the case d = 2, however, uniqueness is not
guaranteed in general; see also [105]. We will show later that we must have P[{m}] >
P[{—m}] for any Fréchet median m (this actually follows from the gradient condition
associated with the minimization problem defining m; see Lemma 4.8.6).

Fix then a Fréchet median m. The discussion at the beginning of this section suggests
that spherical quantiles with respect to m should be defined in direction u from m, which
motivates taking v as a unit vector in the “tangent” vector space T, S ! to S at m.
Consider then the stereographic projection of S4~1 from —m onto 7,,,S%!, namely the
diffeomorphic transformation

x — (m'z)m

d—1 d—1
Tm : SY — TS cx e () 1= [

(4.2.3)
and let P_,, be the probability measure induced by P on Si;nl, that is, the proba-
bility measure defined by P_,,[B] = P[B]/P[S%,}] for any Borel set B of S 1 (note
that P[Sg;nl] = 0 is excluded, as it would imply that —m is the only Fréchet me-
dian of P). In a nutshell, our spherical quantiles are defined by first considering the
(Euclidean) geometric quantiles in R? with respect to the pushforward image 7, #P_
of P_,, by the projection m,,, and then by pulling the resulting quantiles back onto Si;nl
through 7.'. More precisely, we adopt the following definition, that also takes into ac-
count a possible atom at —m.

Definition 4.2.2. Fix P € Py_1, with d > 2, and let m be a Fréchet median of P.
Fiz o € [0,1] and a unit vector u in T,,S . (i) For a € [0,pm), with p, =
1 — P[{—m}], we say that pp', = pg',(P) is an m-geometric quantile of order a in
direction u for P if and only if it minimizes the objective function

s MNP () i= 0Tt o (e ()

T To/pmau

= Sd_l{llﬂm(w) — T (W)l = 7w (@) — @' T (1) /P } AP-m ()
over Sﬁ:nl; the m-geometric quantiles of P associated to an order o = 0 are called
m-geometric medians of P. (i) For o € [py,, 1], we let ug',, = py', (P) = —m.

Some comments are in order. Assume first that P does not charge —m, so that p,, =
1. Then Definition 4.2.2 implies that ug’, (€ Si;ll) is an m-geometric quantile of or-
der a(< 1) in direction u for P if and only if 7, (uy',,) is a geometric quantile of order
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in direction u for the push-forward probability measure m,,#P in R? (formally, this will
be a corollary of Lemma 4.8.1). Since 7, is a one-to-one map from Si_nl to T, S%1, the
spherical quantile yy,, is then the inverse image by 7, of the corresponding quantile
for m,,#P. While this makes Definition 4.2.2 natural when P does not charge —m,
the definition may seem more opaque when —m is an atom of P. This motivates the
following result, that will explain why our concept is as natural in the latter case as in
the former one. To state the result, we recall that a probability measure P over S%!
is said to be rotationally symmetric about u(€ S%1) if and only if O#P = O for any
d x d orthogonal matrix such that Ou = pu.

Theorem 4.2.3. Fiz P € Py_q, with d > 3, and let m be a Fréchet median of P
with P[{—m}] > 0. Fiz o € [0,1] and a unit vector u in T,,S1. Assume that P is not
concentrated on a great circle containing m (which ensures existence and uniqueness
of pau(P); see Theorem 4.3.1 below). Let (Qg) be a sequence in Py_y such that

(i) Qg is rotationally symmetric about m,
(1) there exists ¢ > 0 such that Q[{z : d(m,z) < c}] =0 for any ¢,
(iii) Qu({-m}) =0, and
(iv) Q¢ converges weakly to the Dirac probability measure at —m.
Then, letting Py = pmP_m + (1 — pm)Qp, still with p,, =1 — P[{—m}](< 1),
p(P) = i, (P) (1.2.4)
as £ diverges to infinity.

As already mentioned, Definition 4.2.2 above is most natural for probability measures
that do not charge —m, so that the quantiles y, (P) in this result are the natural ones.
Since the sequence of probability measures (P) is defined in such a way that it converges
weakly to P (which on the contrary charges —m), the “continuity” result in (4.2.4)
actually justifies Definition 4.2.2 when P[{—m}]| > 0 (equivalently, when p,, < 1). Note
that this validates this definition both for « € [0, p,,) and « € [py,, 1], as all values of «
are covered in Theorem 4.2.3.

No stereographic projection was used in the definition of the circular quantiles in
Section 4.2.1. Yet it is easy to check that the quantiles up', from Definition 4.2.2
reduce for d = 2 to the circular quantiles defined at the end of Section 4.2.1, provided
of course that the latter are reparametrized according to the center-outward indexing
adopted in the present subsection. To be more precise, fix a Fréchet median m =
(cost,sint,,) on the unit circle and consider the random variable T,, with values
in [ty — 7, ty + 7] such that (cos T, sin Tm) has distribution P and such that P[Tm =
tm — 7] = P[Tjn = tm + 7] = P[{—m}]/2. Then, for any o € [0,1] and any unit
vector u in T},S!, the quantile oy from Definition 4.2.2 coincides with (cos ¢, sing),
where ¢ is the 7 = (as, + 1)/2-quantile of Tn; here, s, = 1 (resp., s, = —1) if u
indicates the counterclockwise (resp., clockwise) direction on S'. In particular, both for
Definition 4.2.2 and for the definition of circular quantiles at the end of Section 4.2.1, the
quantiles associated with « € [py,, 1] in both directions u — equivalently, the quantiles
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associated with 7 € [0, (1—py,)/2]U[(1+pm)/2, 1] — are equal to —m. As a consequence,
when there is an atom in —m, Definition 4.2.2 is natural in dimension d = 2, too (note
that this case was not covered by Theorem 4.2.3). Since the case d = 2 only involves
univariate Euclidean quantiles, hence is well understood, we will mainly restrict to the
case d > 3 when studying the proposed spherical quantiles below.

4.3 Basic properties of spherical quantiles and the spher-
ical quantile function

We now provide some basic properties for the spherical quantiles introduced in the
previous section, which will allow us to define and study the corresponding spherical
quantile function.

4.3.1 Basic properties of spherical quantiles

We first answer the important questions of existence and uniqueness. We have the
following result.

Theorem 4.3.1. Fixz P € Py_1, with d > 3, and let m be a Fréchet median of P. Fix
a € [0,1] and a unit vector u in T,,S%'. Then, (i) P admits an m-geometric quantile
Hory of order o in direction u. (i) If P is not concentrated on a great circle containing m,
then g, is unique. (iii) If P is concentrated on a great circle C containing m, then
uniqueness of g, may fail only if u is one of the two directions belonging to the plane
containing C.

This result shows that existence always holds and that uniqueness may only fail
when P is not concentrated on a great circle containing m. But if P is concentrated
on a great circle of S ! with d > 3, then P, after a suitable rotation, is actually a
probability measure over the unit circle S! x {0} € R? x R%~2, which only requires
circular quantiles. Thus, as soon as the problem genuinely requires (hyper)spherical
quantiles (because P is not concentrated on a unit circle), we are allowed to speak of
the m-quantile 7', (P) for any o € [0,1] and any unit vector u in T,,,S%*.

As explained in the previous section, our spherical quantile concept uses a Fréchet
median m as a reference point, that is expected to be the innermost quantile. From
Definition 4.2.2, however, it is unclear that the resulting innermost quantile, namely
the m-geometric median, coincides with the Fréchet median m. The following result
shows that this is indeed the case.

Theorem 4.3.2. Fix P € Py_1 and a Fréchet median m of P. Then, m is an m-
geometric median of P.

This result is very general in the sense that it also covers the case where there may be
several m-geometric medians, which, as explained below Theorem 4.3.1, is exceptional.
In situations where all quantiles are unique, this result naturally states that the Fréchet
median m that is used as a reference point is the unique m-median, which confirms that
this reference point is then the innermost quantile for the proposed concept.
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We now turn our attention to the high-order quantiles obtained as a — p,, from
below (it is superflous to consider quantiles with even higher orders since, for any a >
Pm, one has ug', = —m irrespective of u). In the Euclidean case, where there cannot
be mass at infinity (so that high-order quantiles are obtained as o — 1), (i) high-
order geometric quantiles exit any compact subset of R? and (ii) they eventually do
so in direction u, in the sense that the inner product between u and the unit vector
proportional to these quantiles converges to one; see Theorem 2.1 in [42] for non-atomic
measures and Theorems 2-3 in [83] for general ones. In the spherical case, we have the
following result.

Theorem 4.3.3. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Let (o) be a sequence
in [0, pm) that converges to p,, and (u,) be a sequence of unit vectors in T,,S%~'. Then,
(i) pey, w, — —m; (ii) if (up) — u for some u, then the direction vy in which uy s
to be found from m (defined as the unit vector vy, in T,,S%! such that Py u, bElONgs
to the great half-circle {(cost)m + (sint)v, : t € [0, 7|}) converges to u.

In the Euclidean case, there is no guarantee that the distance between geometric
quantiles of order aw — 1 in direction u and the halfline {m + ru : » > 0} converges to
zero, that is, it may be so that these extreme quantiles are not eventually on the halfline
with direction u originating from the geometric median m; see Figure 1(a)—(b) in [83]
for examples. Interestingly, the spherical result in Theorem 4.3.3(ii) is thus stronger
than the corresponding Euclidean result.

We conclude this section with a graphical illustration for d = 3. We consider the
von Mises—Fisher distribution with location 6 = (0,0, 1) and concentration x = 1, that
is, the distribution, P; say, of

X:Z@+\/1—Z2<§>,

where Z and S are mutually independent, Z admits the density z — ¢, exp(kz)I[—1 <
z < 1] with respect to the Lebesgue measure (¢, is a normalizing constant), and S is
uniformly distributed over S'. We also consider the probability measure P; obtained
when S rather results from projecting radially onto S' a bivariate normal random vector
with mean zero and covariance matrix ¥ = diag(25,1) (in the terminology of [99], S
thus follows an angular Gaussian distribution with shape matrix proportional to X).
Both for ¢ = 1 and ¢ = 2, Figure 4.1 then draws the quantile curves a(€ [0,1]) —
Py (P2) in each of the eight directions u = (cos(kw/4),sin(kn/4),0), k = 0,1,...,7.
In the rotationally symmetric setup ¢ = 1, these quantile curves are geodesics (great
half-circles) from m to —m, which actually illustrates Theorem 4.5.2 below. For ¢ =
2, quantile curves are geodesics for k = {0,2,4,6} only, and the four other quantile
curves are not contained in a plane, which reflects the non-rotational symmetry of this
probability measure.

4.3.2 The spherical quantile function

The results of the previous section allow us to formally define the spherical quantile
function associated with our quantile concept and to study some of its properties. For
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Figure 4.1: Quantile curves a(€ [0,1]) + pug', in each of the eight directions u =
(cos(km/4),sin(km/4),0), k= 0,1,...,7, for the rotationally symmetric probability mea-
sure (P;) and the non-rotationally symmetric one (P,) described in the last paragraph
of Section 4.3.1 (top and bottom row, respectively); in each case, the second column
offers a view from above the Fréchet median m, that is marked as a green dot.

any pu € S¥ ! and any 7 € (0,1], let B,, = {z € T,8% ! : ||z|| < 7} and By, == By, U
{upse b yvhere ug’, is a single element identifying all points in the closed annulus B, 1\By,
(here, A is the closure of A with respect to the usual topology). We endow the space B,
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with the metric ¢, , defined by

H21 — ZQH if 21,722 € B r
/’1/7

Spn(zt,2a) =4 |z1]]  if 21 € By, and 22 = ug),
e I 22|l if 21 = upS, and 22 € By,
0 lf Zl = Z2 e UZ?T

(it is easy to check that d,,, is a proper metric on ijr). The corresponding norm on B,
is then defined through |||, := d,,(0,2). Elements of B;. that belong to By, will
often be written as z = au, where a € [0,7) and u is a unit vector of TuSd_l. The

quantile function is then formally defined as follows.

Definition 4.3.4. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Then, the m-quantile

function of P is the map
d—1
Q=Qp By, —S

defined through Q(au) = ug',, for au € By p,, and Q(ugs , ) = —m.

This definition is motivated by the fact that ug', = —m for any a € [py,1] and
any unit vector u € T;,8%1 (see Definition 4.2.2), so that identifying all points in the

00
mzpm

the important case where —m is not an atom of P, u

closed annulus By, 1 \ Bm.p,. to u leads to the above definition. Observe that, in

00
mvpm

points in the boundary of By, 1, that is, those belonging to the unit circle in T, S,

= Up, ; simply identifies the

We turn to continuity of Q. We did not define the quantile function in the circular
case d = 2, as our assumption that guarantees uniqueness of quantiles is never satisfied
on the circle (for d = 2, the unit circle is itself a great circle through m that will always
have P-probability one). Yet, a circular quantile function could similarly be defined once
a convention has been taken to identify a unique quantile, such as, e.g., the classical
infimum-based one in the univariate Euclidean case. The resulting circular quantile
function may of course fail to be continuous (in particular, it will not be continuous
for empirical probability measures). In contrast, for d > 3, the quantile function is
continuous for any probability measure P, even for an empirical probability measure P.
We have the following result.

Theorem 4.3.5. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Then the quantile
function Q = QF : By, — S is continuous (here, B .. s equipped with the
metric dmp,, ) -

We will later show that, for any probability measure P on S ! with d > 3, the
quantile function Q% : By, = — S9! is actually surjective and that it may fail to
be injective for atomic probability measures only; see Theorem 4.4.5. These further
results, as well as the important result stating that the quantile function characterizes
the underlying probability measure, require the spherical rank concept that will be

introduced in the next section.
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4.4 Gradient conditions and spherical ranks

The main goal of this section is to introduce a spherical rank function, that, under mild
assumptions on the underlying probability measure, will be the inverse map of the spher-
ical quantile function considered above. As we will see, this rank function is the right
tool to obtain further results on the quantile function. The rank function is intimately
linked to the gradient condition associated with the spherical quantiles yy,(P), a gra-

dient condition that itself will follow from the directional derivatives of the objective
function My’ P defining these quantiles; see Definition 4.2.2.

Theorem 4.4.1. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Fiz o € [0, ) (still with py, := 1 — P[{—m}]) and a unit vector u € T,,S* . Fiz p €
Si;ll and a unit vector v in T#Sd_l. Let ¢ : [0,71] = S9! be a geodesic path such that
©(0) = p and $(0) = v. Then, the directional derivative

oM MR (o) — MR (u
t=0

exists and is given by

OMEE v L () Tnp) = T(X) ]
o9 gy ) o =T ] -

1
+}7Hd7fm(u)vllp[{u}],
where X 1s an Sfjnl—valued random vector with distribution P_,, and where we let { , =
Iiw # y]. Above, dy (1) : TuS*" — T, SV is the differential of the map my, : S%,1 —
T,,S4 1 in (4.2.8) (we refer to Lemma 4.8.7 for an explicit expression,).

For a € [0,p,,) and a unit vector v in 7,8%!, any m-quantile of order « in di-
rection u by definition belongs to Sﬁ;nl and minimizes the objective function My P
over S¥1. As we will show in Lemma 4.8.8, u(€ S%1) is an m-quantile of order «
in direction u for P if and only if the directional derivative in (4.4.5) is non-negative
for any unit vector v in 7T, MSd_l. Theorem 4.4.1 then allows us to obtain the gradient
condition provided in the following result.

Theorem 4.4.2. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Fiz o € [0,py) and a unit vector u in T,,8% . Then, u(e 841 is an m-quantile of
order a in direction u for P if and only if

B

< P{u}l, (4.4.6)

fx,u} —au

where X is an 8%, -valued random vector with distribution P_,,.

d—1

L a € [0,pn) and a unit vector u in 7,84, and assume that P is

Fix p € S
not concentrated on a great circle containing m, so that ug', = Q(cw) is unique (Theo-
rem 4.3.1). Denoting for a moment the quantity inside the norm in (4.4.6) as R(u) — au,
Theorem 4.4.2 shows that R(x) = au implies = Q(au). Thus, the resulting function R

is a natural candidate to be the inverse map of (). We adopt the following definition.
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Definition 4.4.3. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Let X be an Sfjnl—

valued random vector with distribution P_,,. Then, the rank function of P is the map
R=R7:841 - By 5, such that

Tm (1) — Tm (X)
[[7m (1) — T (X))

R(p) = pnE Ex (4.4.7)

for pe 841 and R(—m) = ul®

m7pm :

In the framework of this definition, Lemma 4.8.4 and Corollary 4.8.3 together entail
that the distribution of m,,(X) is not concentrated on a line of R? so that the proof
d—1,

—m

of Proposition 2.1 in [42] ensures that |R(u)|| < pm for any p € S this justifies
that the rank function R indeed takes its values in Bj7 , = and, less importantly, this
also shows that —m is the only location on the sphere that is given rank ugy , . Like
the quantile function defined in the previous section, the rank function is then always

continuous for d > 3.

Theorem 4.4.4. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Then the rank
function R = R} : St By .. is continuous (again, By, = is equipped with the
metric Sm p,,)-

By using this rank function, we can show that the quantile function Q = Q% is
always a surjective map from B}, to S9! and that, under the further assumption
that P is non-atomic, () is a one-to-one map, whose inverse map is the corresponding
rank function R. More precisely, we have the following result.

Theorem 4.4.5. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Then, (i) Qp :
B, — STt s a surjective map. (ii) If P is also non-atomic, then Q% : B — —

m7pm m?pm
S is a homeomorphism, with inverse given by Rp - S By .-
As the following result shows, the rank function R = R actually characterizes

the probability measure P, so that, under the assumptions that guarantee that the
quantile and rank functions are inverse maps of one another, the quantile function also
characterizes the underlying probability measure.

Theorem 4.4.6. (i) Assume that Py, P» € Pg_1 admit a common Fréchet median m
and are not concentrated on a great circle containing m. Then, Rjp = R if and only
if Pr = P. (ii) Assume further that P1 and P, are non-atomic. Then, Qp = Qp, if
and only if P, = Ps.

Inspection of the proof of Theorem 4.4.6(i) reveals that the result actually does
not require the assumption that distributions are not concentrated on any great circle
containing m (in such a case, rank functions are still defined as in Definition 4.4.3, but
they are no more guaranteed to take their values in B'?Tipm)' This assumption, however,
cannot be dropped in Theorem 4.4.6(ii) since quantile functions are not properly defined
when this assumption is violated.
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Figure 4.2 provides a graphical illustration of the proposed spherical ranks for the
probability measures P; and P; already considered in Figure 4.1. More precisely, the fig-
ure represents the spherical ranks R (1) associated with 15 locations y on each of the 8
geodesics {(cos )0+ (sinp)u : ¢ € [0, 7]} associated with u = (cos(kn/4),sin(knr/4),0),
k=0,1,...,7. For easier visualisation, these ranks, that take values of the form au =
a(ui,uz,0) in B, (recall that m = 6 = (0,0,1)), are both drawn as arrows with
length o and direction u located at the 15 x 8 points pu = (cos )8 + (sin p)u consid-
ered in S? (left panels) or as arrows with length « and direction (u1,u2) located at
the corresponding points ¢(u1, uz) in R? (right panels). These ranks are to be thought
as the duals of the quantiles in Figure 4.1: they give, along each of the corresponding
geodesics, the order o and direction u for which the proposed spherical quantile is the
given point on the geodesic. As expected, the norm of Rp, (1) converges to one as
converges to —m. Clearly, ranks have the same direction as the corresponding geodesic
in the rotationally symmetric case P;, but this is the case for only half of the geodesics
considered in the other case Ps.

4.5 Spherical depth

If a location p on the unit sphere is an m-quantile of order « in direction w for the
probability measure P at hand, then the larger « is, the more outlying u is with respect
to P. In other words, o = [|[R(1)||mp,, measures the outlyingness of p with respect
to P (here, || - |lm,p,, is the norm defined in Section 4.3.2). Thus, 1 — [|R(i)||m.p,, is &
measure of centrality of p with respect to P, which leads to the following definition.

Definition 4.5.1. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P.
Assume that P is not concentrated on a great circle containing m. Then, the depth
function of P is the map D = D : S4=1 — [1 —py,, 1] such that D(p) = 1—||R(12) |lm.pym
for any p € S¥1 (recall that, by definition, || R(—m)||m p,. = ”u%},pm”m,pm = Dm)-

For any d > 3, the depth function D7} is continuous over S41 as soon as P is not
concentrated on a great circle containing m (this is a direct corollary of Theorem 4.4.4).
Thus, if p diverges to “infinity” (with respect to m), that is, if it converges to —m,
then DB (p) converges to 1 —py,. This is a bit in contrast to depth functions in Euclidean
spaces, for which a classical requirement is that the depth of u converges to zero as ||ul|
diverges to infinity; see Property P4 in [108]. This “vanishing at infinity” property
is a natural requirement indeed in Euclidean spaces since such spaces cannot contain
probability mass at infinity. We argue that since, in contrast, spheres may have an
atom at —m, it is also natural that the depth does not vanish at —m in such cases. We
stress, however, that in the important case p,, = 1 where there is no atom at —m, then
the proposed spherical depth is indeed vanishing at infinity, which is quite natural—
interestingly, recent proposals for depth on general metric spaces actually rather impose
this vanishing at infinity for unbounded spaces only; see, e.g., [24].

In the same line of thought, note that, even in the case where the proposed spherical
depth could in principle be equal to zero (that is, in the case p,, = 1 where there is
no atom at —m), the properties of the rank function entail that zero depth will be
achieved at —m only. In other words, irrespective of the probability measure P at
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Figure 4.2: Ranks Rp (u) associated with 15 locations p on each of the 8
geodesics {(cos )0+ (sinp)u : ¢ € [0, 7]} associated with u = (cos(kn/4),sin(knr/4),0),
k=0,1,...,7. Ranks, that are of the form au = a(uj,ug,0), here are drawn as arrows
with length o and direction u located at the 15 x 8 points p = (cos )8 + (sin p)u con-
sidered in S? (left panels) or as arrows with length o and direction (uy,us) located at
the corresponding points ¢(u1, uz) in R? (right panels); the top and bottom rows corre-
spond to the rotationally symmetric probability measure (P;) and the non-rotationally
symmetric one (P,) already considered in Figure 4.1, respectively.

hand, our depth has the “non-vanishing property” to stay strictly positive over Sﬂ;%l.
This is a very desirable property in some inferential applications of depth, such as, e.g.,
supervised classification. In depth-based classification, an observed location u = x is
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assigned to a probability measure P; rather than P, if the depth of x with respect to P;
is larger than the depth of x with respect to P». Most depths available on the sphere
will provide zero depth values when x is outside the convex hull of the supports of P;
and P,, which then makes it impossible to classify x based on depth. Interestingly, the
above non-vanishing property of our spherical depth will avoid this problem (we refer
to [34] for an interesting discussion on this non-vanishing issue).

Now, for any depth function, be it in a Euclidean space or a non-Euclidean one, it is
natural to consider the corresponding depth regions, that collect the locations p with a
depth that is larger than or equal to a given level o. In other words, the a-depth region
is

RE(a) = {pe 8" : DE(u) > a},
and the corresponding depth contour is then the boundary, CF(a) := ORP = {u €
S D (p) = a} of this depth region. Obviously, depth regions form a collection of
nested subsets of the unit sphere =1, the most inner one, R (1), being {m}, and the
most outer one, R3(1 — pp,), being the sphere itself. The shape of the depth contours
reflects the “structure” of the underlying probability measure. In particular, we have
the following result.

Theorem 4.5.2. Fix P € Py_q, with d > 3, and let m be a Fréchet median of P.
Assume that P is rotationally symmetric about m. Then (i) for o = 0 and any unit
vector u € TS, the unique m-quantile ', is m; (ii) for any o € [0,1] and any
unit vector u € T),S4 1, the unique m-geometric quantile Poy belongs to the merid-
ian {(cost)m + (sint)u : t € [0,7}; (iii) for any unit vector v € T,,S?, the map
a = d(pg'y,,m) is monotone non-decreasing over [0,1]; (iv) when P is not concentrated
on {—m,m}, each depth contour C%(a) is of the form {u € STt : y'm = ¢4}, and the
map o — Cq 1S monotone non-decreasing.

A key ingredient in the proof of Theorem 4.5.2 is the following rotation-equivariance
result for spherical quantiles, which is of independent interest.

Theorem 4.5.3. Fix P € Py_1, with d > 3, and let m be a Fréchet median of P. Let O
be a dx d orthogonal matriz such that Om = m and denote as Po the distribution of OX
when X has distribution P. Fiz o € [0,1] and a unit vector u in T,,S¥'. Then, p
is an m-quantile of order « in direction u for P if and only if Ou is an m-quantile of
order « in direction Ou for Pp.

We stress that, in Theorem 4.5.2(ii), m may be an m-geometric quantile of or-
der a > 0 in direction u, provided that m is an atom of P. Actually, it is easy to prove
that the largest a for which m is an m-geometric quantile of order « in (any) direction u
is P[{m}]. More importantly, Theorem 4.5.2(iv) shows that a probability measure P
that is rotationally symmetric about m provides depth contours that are themselves
invariant under rotations fixing m; of course, this is also the case for the corresponding
depth regions, that are spherical caps centered at m. Departures from rotational sym-
metry will result into depth regions that exhibit other shapes, which is an advantage
over the depth regions from [55] that are “concentric” spherical caps even for probabil-
ity measures that are not rotationally symmetric. This is illustrated in Figure 4.2 that
draws the depth contours CP' (), a = 0,0.2,0.4,0.6,0.8, for both probability measures
that were considered in Figures 4.1-4.2.
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Figure 4.3: Depth contours CP'(«a), o = 0,0.2,0.4,0.6,0.8, computed from the first
probability measure (top row) and second one (bottom row) in Figure 4.1; in each case,
the second column offers a view from above the Fréchet median, that is marked as a
green dot. In the bottom row, the quantile contours from [55] containing the same
probability mass as the proposed contours are plotted in red (these are not plotted in
the top row since, in the rotationally symmetric setup considered there, those contours
coincide with the proposed ones).

4.6 Asymptotics

In the sample case, evaluation of our spherical quantiles requires estimating the popula-
tion Fréchet median(s), and we therefore start this section by studying the asymptotic
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behaviour of sample Fréchet medians. When a random sample X7, ..., X,, is available,
a sample Fréchet median is defined as a Fréchet median of the corresponding empirical
probability measure P,, that is, as a minimizer of

1 < 1<
= § d(p, X;) = — § 'X;
pe 2 (1, Xi) - arccos(p' X;)

=1

over S, When observations are randomly sampled from a probability measure P
admitting a unique Fréchet median, we have the following almost sure consistency result.

Theorem 4.6.1. Fiz P € Py_1, with d > 3, and assume that P has a unique Fréchet
median m. Let X1, Xs,... be mutually independent random vectors with distribution P,
and let m, be an arbitrary sample Fréchet median associated with X1,...,X,. Then,
my, — m almost surely as n diverges to infinity.

Under the further assumption that P admits a density, we have the following Ba-
hadur representation result, which of course guarantees asymptotic normality of sample
Fréchet medians.

Theorem 4.6.2. Fiz P € Py_1, with d > 3, and assume that P has a unique Fréchet
median m. Assume further that P admits a density with respect to the surface area
measure on S and that

o m'X B (Id—mm’)XX’(Id—mm’)> }
K= B X ( 10— mmn X2 )S0m

exists, is finite and is invertible; here, X is an S '-valued random vector with distri-
bution P and & +y = Iz ¢ {£y}]. Let X1, Xo,... be mutually independent random
vectors with distribution P, and let m,, be an arbitrary sample Fréchet median associated
with Xq,...,X,. Then,

Id—mm X

€x,,+m +op(1)

V(i —m ZH (s — mm) X,
as n diverges to infinity. Moreover, \/n(1i, —m) = (I — mm’)y/n(th, —m) +op(1) as
n diverges to infinity.

We now turn to the asymptotic behaviour of sample spherical quantiles. Before
defining these sample quantiles, we need to address the following issue. Quite naturally,
sample quantiles will be relative to a sample Fréchet median m,,, hence will involve a
direction u in € TmnSdfl, whereas directions associated with population quantiles be-
long to a different tangent vector space, namely 7,54 !. To investigate the asymptotic
behaviour of sample quantiles, we thus need to match the directions associated with
different locations on S%!. We argue that a natural way to pick a particular direc-
tion u at a location u € S ! is to consider the direction pointing to a given target
location p1, € S1, that is, the unit vector u = Uu, (1) € TuSd_l such that the geodesic
from p to ps is {(cost)u + (sint)u : t € [0,d(u, ps)]}. This scheme, that identifies
a unique direction u at any p € S 1\ {£pu.}, indeed allows us to match directions
associated with different locations on the sphere, in the sense that, if the location u

152



is changed into fi, then the direction u = U, (n) € T, “Sd_l is changed accordingly
into @ = Uy, (1) € TpS4L.

Assume then that a random sample Xi,..., X, from a probability measure P is
available. We will rely on sample splitting and first estimate m by the sample Fréchet
median 7, of X1,..., X|¢,, where ¢ € (0,1) is fixed. As explained above, we focus
on directions u pointing to a given target point pu, € S? ! and then estimate, for
any « € [0,1), the population quantile ,u;”’U(m) (from now on, we simply write U(u)
rather than U, (p)) by the minimizer ﬂ?” U () of the objective function

o Z {1, (Xi) = i, ()| = 1700, (X) | = (U (1)) 7, (12) }

i=|cn|+1

over Si;%ln (uniqueness is guaranteed as soon as the X;’s; i = |cen] + 1,...,n, do not
all belong to a common great circle containing 1, which, under the assumptions of
Theorem 4.6.3 below, occurs with probability one; see Theorem 4.3.1). Of course,

mn_

for o =1, we simply put fiq'y, := —ny, for any u € T, ST L.

Theorem 4.6.3. Fiz a probability measure P € Py_1, with d > 3, that satisfies the
assumptions of Theorem 4.6.2. Let X1, Xo, ... be mutually independent random vectors
with distribution P, fix ¢ € (0,1), and let m,, be an arbitrary sample Fréchet median
associated with X1,...,X o). Fiz a € [0,1) and a target point ji. € S\ {£m}.
Then, writing u = U(m), un, = U(n), and q := mm(ig,), and denoting as Ji(g) the
Jacobian matrix of g at x,

VA, — )
= {0 L+ Tl WV (@I (U) = L)}y, —m)

1 e - i)—q
+1—_CJ( hy Z (l)_qugﬂm(XiLquau) + op ((1).6.8)

as n diverges to infinity, with

el (X)) — (X)) — q)
. E|:H7rm(X) - QH (Id Hﬂ'm(X) — qH2 )gﬂm(x)»ﬂ]

and

L:=E

S (X),g€X,—m <[d (X)) — @) (m(X) —
(1+m/X)|lmm(X) = qf 17 (X) — gl

In the Bahadur representation (4.6.8), the first term of the righthand side is asso-
ciated with estimation of the Fréchet median m, whereas the second term corresponds

qy){(m’X)Id—l—(m + q)X'}].

to spherical quantile estimation? (if one would know the population Fréchet median m,
then all observations could be used to estimate the quantile, i.e., one could take ¢ = 0,
and only the second term would show in the Bahadur representation of the resulting
spherical quantiles). Two remarks are in order:

2If one forgets the scalar factor 1/(1—c) and the Jacobian matrix 7', then this second term provides
exactly the asymptotics in the Euclidean case for the pushed forward probability measure 7, # P_,, for
a fixed m.
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(i) At first, it may be puzzling that, for & = 0, the Bahadur representation does not
simply reduce to y/n(m, —m). From Theorem 4.3.2, this should indeed be the
case if fi,, would be computed from a Fréchet median of the observations showing
in the second term of the Bahadur representation. However, this is almost surely
not the case due to sample splitting.

(ii) [55] also obtained a two-term Bahadur representation of this form for their spher-
ical cap quantiles, and they actually showed that the first term vanishes under
rotational symmetry (see their Proposition 3.2). In contrast, rotational symmetry
will not put to zero the first term in the righthand side of (4.6.8), which is due
to the fact that the directional nature (in u) of our quantiles breaks the natural
symmetry.

Finally, note that, from sample splitting, both terms in the Bahadur representa-
tion (4.6.8) are mutually independent, which allows one to derive the variance in the
corresponding asymptotically normal distribution by simply summing the asymptotic
variances of each term.

4.7 An inferential application

In this section, we consider the problem of testing the null hypothesis that a probability
measure P € P;_q is rotationally symmetric with respect to a specified median loca-
tion m (for the sake of simplicity, we assume throughout that P admits a density with
respect to the surface area measure on Sd_l). It follows from Theorem 4.5.2 that, un-
der the null hypothesis, Qp (au) = (cos pa)m + (sinpa)u =: 27 ,, for some ¢, € [0, 7).

Since, under the assumptions adopted here, Rp and @) p are inverse maps of one another,
this implies that

RE(:M) = Apu,  with Ay = / IRE | dom (1),

where U,, denotes the collection of unit vectors in 7,,S% 1 and o,, is the surface area
measure on U,,. It is then expected that

-]
0 m

measures deviations from rotational symmetry about m. We have the following result.

2
dom(u) de

R - ([ Re() (o) )

Theorem 4.7.1. Let P € Py_; admit a density on S4~'. Then, T3 = 0 if and only
if P is rotationally symmetric with respect to m.

Assume now that a random sample X1,..., X, from P is available and denote the
corresponding empirical measure by P,. Theorem 4.7.1 suggests that the test rejecting
the null hypothesis of rotational symmetry about m for large values of

e[
0 m

is an omnibus test (i.e., is consistent against any alternative). Deriving the asymptotic

i dom(u) de (4.7.9)

me - ( G (o) )

null distribution of this test statistic would obviously require a stochastic process version
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of the asymptotic result in Theorem 4.6.3. Not only is such a result beyond the scope of
the present work, but it would also provide an asymptotic distribution that depends on
the particular null distribution P at hand. Here, we favour a more efficient approach re-
lying on exact distribution-freeness. Let R,, = (Rp1,..., Rnn) and Uy, = (Upa, ..., Unp),
where R,; is the rank of X/m among X{m,..., X/ m and Uy, := (Ig — mm/)X;/||(I4 —
mm/)X;||, i = 1,...,n. Under the null hypothesis of rotational symmetry about m, R,
is uniformly distributed over all permutations of {1,...,n}, the Uy,;’s form a random
sample from the uniform distribution over U,,, and R, and U, are mutually indepen-
dent. As a corollary, denoting as P, the empirical probability measure associated with
the transformed sample

- Ry Roi \? ,
Xi:nfler 1—<n:21> Uy i=1,...,n,

the test statistic 7' is distribution-free under the null hypothesis (note that the X,’s
form a random sample from a distribution that is rotationally symmetric about m if
and only if the X;’s do). Thanks to distribution-freeness, critical values can of course
be arbitrarily well approximated through simulations; more precisely, at level « € (0, 1),
the corresponding test will reject the null hypothesis if and only if

T > ca(G), (4.7.10)

where ¢, (G) is the sample (1 — a)-quantile in a collection of G mutually independent
values of T]gz under the null hypothesis (from distribution-freeness, these G values can
be obtained by simulating from an arbitrary distribution that is rotationally symmetric
about m).

We explore the finite-sample performances of this test through the following Monte
Carlo exercise. For each value of ¢ = {0, 1,2, 3,4}, we generated M = 5,000 independent
random samples of size n = 200 from four different distributions indexed by ¢; in each
case, £ = 0 will correspond to the null hypothesis of rotational symmetry about m =
(0,0,1), whereas ¢ = 1,2,3,4 will provide increasingly severe alternatives. The four
distributions are as follows:

(i) Tangent von Mises—Fisher: for k = 1, the first distribution is the one of

Zm—l—\/l—ZQ(g),

where Z and S are mutually independent, Z admits the density z — ¢, exp(kz)I[—1 <
z < 1] (¢4 is a normalizing constant), and S follows a von Mises—Fisher distribution
with location (1,0)" and concentration n, = £/10;

(ii) Tangent elliptical: this distribution is the same as in (i), but for the fact that S
rather results from projecting radially onto S' a bivariate normal random vector
with mean zero and covariance matrix ¥, = diag(1 + ¢/2,1);

(iii) Beta in longitude: the third distribution is the same as in (i)—(ii), but for the fact
that S = (cosT,sinT)’, where T'/(27) is Beta(sy, s¢), with s, = 1 + ¢/8;
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(iv) Dependence in longitude-latitude: this last distribution is the one of ((cos T") (sin W),
(sinT)(sin W), cos W)', where T is uniform over [0, 27] and W, conditional on [T’ =
t], is uniform over [0, 7{T'(21 — T)/m?}*/?].

In each sample, we performed the following five tests at nominal level a = 5%: (1) the
proposed distribution-free test above, where the critical value was obtained from G =
100, 000 independent random samples generated from the von Mises—Fisher distribution
with location m = (0,0,1) and concentration x = 1 (both to obtain its critical value
then to perform the test, evaluation of the integrals in (4.7.9) was done along regular
grids of size 30 for both u and ¢); (2) the semiparametric test from [57]; (3)—(4) The “lo-
cation” and “scatter” tests from [36], that are optimal against tangent von Mises—Fisher
alternatives and tangent elliptical alternatives, respectively; (5) the test of rotational
symmetry based on celebrated Kuiper’s test of uniformity over SP~2; see Page 99 in [67]
(see also [36] for more details).

The resulting rejection frequencies are plotted against ¢ in Figure 4.4. In line with
distribution-freeness, the proposed test shows the target size under the null hypothesis
in all cases (i)—(iv). Clearly, the test exhibits power against the four types of alternatives
considered (which was expected in view of Theorem 4.7.1), but these simulations reveal
that it is the only test that does so among the five tests considered here (the scatter
test is blind to alternatives of type (i), the LV test and location test to alternatives of
type (ii), and the Kuiper test to alternatives of type (iv)). The proposed test performs
very well against alternatives of type (i) and (iii), particularly so for type (i) since it
competes almost equally with the optimal location test for such alternatives.
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(i) Tangent von Mises-Fisher (ii) Tangent elliptical
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Figure 4.4: Rejection frequencies of five tests of rotational symmetry about m = (0,0, 1)
(each test is performed at nominal level a = 5%) based on M = 5,000 mutually
independent random samples of size n = 200 drawn from four different models (i)-
(iv); in each case, £ = 0 corresponds to the null hypothesis and ¢ = 1,2, 3,4 provide
increasingly severe alternatives. We refer to Section 4.7 for details on the five tests and
the four models used here.

4.8 Appendix: proofs

Some preliminary results

Some of the proofs in the next sections will require the results below.

Lemma 4.8.1. Let zo € RY and V = (v1 ... vg) be a d x k matriz that has orthonormal
columns, and consider the corresponding k-dimensional affine hyperplane H = {zg+Vy :
y € RFY. Let P be a probability measure over R? such that P[H] = 1. Fiz o € [0,1)
and fix u € S¥1 such that u is a linear combination of the vy’s. Then, any geometric
quantile of order o in direction u for P belongs to H, and is of the form zo + Va,u,
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where &, 4, 15 a geometric quantile of order a in direction V'u for the probability measure
on R¥ defined through Q[B] = Plzo + V B] for any Borel set B of R¥.

Proor or LEMMA 4.8.1. (i) Fix u ¢ H. Let Z be a random d-vector with distri-
bution P and define the random k-vector Y through Z =: ug + VY, where g is the
orthogonal projection of p onto H. Define further w := (ug —p)/c, with ¢ := ||pg — pl|-
Since v'w = 0, we then have (recall the definition of the [17] objective function in (4.1.1))

O(Jju +h B Ogu - - -
w(p + hw) = O (i) _ _au,w+/ Iz = (wxh) =l =1l
h R h

|(prr + Vy) — (1 + hw)|| = [[(ng + Vy) — pll
=/Rk = . = dPY (y)

_/ IVy + cw — hw|| — ||Vy + cw||
a Rk h

dpPY (y).

This yields

OF . (u+ hw) —OF (1) / w' (Vy + cw)
R

dPY (y) — / an(y) dPY (y),
Rk

h v [[Vy + cw||
where
Vy+ cw — hwl|| — ||Vy + cw w' (Vy + cw
anly) = Vy I =1Vy +cwl] | w'(Vy+cw)
h IVy + cwl|
h? — 2hw'(Vy + cw) W' (Vy + cw)

h([Vy + cw — hwl[ + [Vy +cw])  [Vy+cw]

Clearly, y — |gn(y)] is, for h € (0, 1) say, upper-bounded by the function y — (1/||Vy+
cwl||) + 3 that is PY -integrable and does not depend on h (integrability follows from the
fact that |Vy + cw||* = ||[Vy||? + ¢ > ¢?). Moreover, gn(y) — 0 as h — 0 for any y.
Lebesgue’s dominated convergence theorem thus shows that the directional derivative
of 05 » at p in direction w exists and is given by

oor w' (Vy + cw) c
o apY (1) — _/ Py <.
o0 M /Rk Vy + cuwl| () wr [Vy + cuwl| )

Therefore, u is not a geometric quantile of order « in direction u for P.

(ii) We just showed that all geometric quantiles of order « in direction u for P belong
to H, hence are of the form zg 4+ V&, 4. In this part of the proof, define the random
k-vector Y through Z =: zp + VY. Clearly, Y has distribution Q). By definition, &, 4
thus minimizes

€= OLula0+VE) = [ {lz= ot VO =1l — a0+ VE} 4P(:)

- /R lly =€l ~ ll20 + Vyll - 0'VE} dQ(y)

where we used the fact that = I;), or, equivalently, minimizes
(wh d the f hat V'V = I), or, eq lently,
€ [ Ay =€l = Iyl - o(V'u'e} dQu),
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hence is a geometric quantile of order « in direction V'u for Q. |

Lemma 4.8.2. Assume that P € Py_1 is concentrated on the spherical cap C = {x €
SV p'x > h}, with p € S and h > 0. Then, any Fréchet median of P belongs to
C.

PROOF OF LEMMA 4.8.2. Since the collection of Fréchet medians of P is equivariant

under orthogonal transformations, we may assume without any loss of generality that
p=1(0,...,0,1), so that

C={x=(x1,...,2q) € S : 24> h}.

Fix then p = (0,...,0, g_1, ta) € S\ C, with pg_1 > 0. Since u € S%!, we have
that
pw=(0,...,0,(1 = p2)% pg). (4.8.11)

We first show that there exists i € ST! such that gg(fi) < go(u) for any probability
measure () concentrated on C. To do so, we need to consider two cases. (a) |uq| < |h|
(i.e., —h < pg < h). Let then fi be the intersection of the boundary circle of C' with the
geodesic path from p to p, that is,

fi=(0,...,0,(1—h%)'2 n). (4.8.12)
Fix an arbitrary x = (z1,...,24) € C and note that
flo—p'z = (1= = (1= p)*)wa 1 + (b — pa)za. (4.8.13)

Irrespective of the sign of z4_;’s coefficient in (4.8.13), we have
Fo— s > —|(1— ROV = (1= @) Y21 = )2 + (h — pa)ea
> (=R () PRI )2 (b= pa)he (48.14)
Since |pq| < |h|, this yields
Fo—pz = (1= B2 = (1= @)V - B2 4 (h— pg)h
= (1= pah) = (1= p)"?(1 = n*)"/?

> 0,

where the last inequality results from the fact that it is easy to check that (1 — pgh)? >
(1 — p2)(1 — h?) if and only if pg # h. Thus, we proved that ji'z > p'z for any = € C.
Since t + arccos(t) is monotone decreasing on [—1,1], we then have

d(z, ft) = arccos(fi'z) < arccos(p'x) = d(x, )

for any « € C. For any probability measure () that is concentrated on C, this yields
90(f) < go(p), as was to be shown. (b) |ug| > h, so that pg < —h (since p ¢ C, we
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have p14 < h). Let then fi be the reflection of p with respect to the (d — 1)-dimensional
hyperplane orthogonal to p, that is,

A= (07 -0, (1 - :u?l)l/27 _Md)'

For any = = (z1,...,24) € C, we have 'z — p/z = —2pqxq = 2|pg|zg > 0, so that the
same argument as in case (a) shows that gg(/i) < go(p) for any probability measure @
that is concentrated on C.

For any p € S9!\ C of the form (4.8.11), we have thus identified a corresponding ji €
S such that gg(ji) < gg(p) for any probability measure @ that is concentrated on C.
Fix then an arbitrary ¢ € S\ C. Pick a d x d orthogonal matrix O such that Op = p
and O¢ = p, where p is of the form given in (4.8.11) (so that ug = &’'p). Denoting as Po
the distribution of OX when X has distribution P, we have that Pp[C] = P[C] =1, so
that

9p(€) = gpro (1) > gpro (1) = gp(O'f1).
This shows that £ cannot be a Fréchet median of P. |

Corollary 4.8.3. Let P € Py_1 and m be Fréchet median of P. Assume that P is
concentrated on a circle C containing —m. Then, C is a great circle containing m.

PrROOF OF COROLLARY 4.8.3. Since any great circle containing —m also contains m,
it is sufficient to establish that C is a great circle. Assume, ad absurdum, that C is not
a great circle. Thus, C is contained in some spherical cap C := {x € S ! : p'a > h},
with p € ST 1 and h > 0. Since —m € C, we have p'm < —h < h, so that m ¢
C. Since P is concentrated on C, hence on C, Lemma 4.8.2 ensures that m € C, a
contradiction. |

Lemma 4.8.4. Fiz d > 3 and let p € S* 1. Then, for any line L in TuSdfl, the
set m, (L) U{—pu} is a circle on S1.

PROOF OF LEMMA 4.8.4. Since L is included in TMSd_l, it does not contain —u, so
that there is a unique plane, II say, containing £ and —u. Clearly, lel(ﬁ) U{—pu} is
then the intersection between S¢! and II. Since II is a two-dimensional affine subspace
of R, there exist 1, ..., ug—o € S 1 and hq,...,hq_s € R such that € II if and only
if

wpr =hg, £=1,...,d—2. (4.8.15)
Note that the matrix M = (p1...puq—2) must have full rank (otherwise, the d — 2
hyperplanes described by (4.8.15) either do not intersect or have an intersection that
has a dimension strictly larger than 2). Now, pick the vector A = (A1,..., \q_2)" € R9~2
such that

d—2
q=> Nepg =M\
/=1
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belongs to II (writing h = (hq,...,hq_2), existence and uniqueness of A follows from
the fact that this imposes that h = M’q = (M'M)\, where the square matrix M’'M has
full rank d — 2). Note that if 2 € TN S?!, then

(x—q)(z—q) = 2"z —2(MN) 'z + (MN)'(MX) =1—h (M M) 'h.
Therefore, the intersection IT N S~ is the collection of 2 € R? satisfying

ppr =he, £=1,...,d—2,
lz =gl = /1 = W(M'M)~1h (=:7),

which, as the intersection between the sphere centered at ¢ with radius r and the plane II

that contains the center of this sphere, is a circle in II (note that » must be well-defined
above; otherwise II NS¢ would be void, which would contradict the fact that —u
belongs to the intersection). |

Proofs for Section 4.2

The proof of Theorem 4.2.3 requires the following result.
Lemma 4.8.5. Let v,w € R%\ {0}. Then

v w H < oo (I 01, el

[oll - el o] []]

PROOF OF THEOREM 4.2.3. Fix a € [0,1) and a unit vector u € T,,S% . We first
prove that, as ¢ — oo, My, {LP" converges to p,, M mPom uniformly on compacts sets

a/pm,u
of 841 where M} .l is the objective function in Definition 4.2.2. Equivalently, we
prove that, for any r > 0,
7P7’"L
cori= sup [ MIPEG) — M ()] = 0(1) (4.8.16)

HET ' (Br)

as { — oo, where we let B, := {z € T;,S* ' : ||z]| < r}. To do so, let Y be an S% 1-
valued random vector with distribution P_,, and, for any ¢, let Y; be an S !-valued
random vector with distribution @Qy. Since these distributions do not have an atom
at —m, the corresponding projections onto 7,,S*!, namely Z := Tm(Y) and Zp =
Tm(Y2), are well-defined with probability one.

Before proceeding, we make a couple of comments on the Z,’s. First note that
Condition (ii) in the statement of the theorem implies that, with probability one,

Yy — (m'Yym|| |1 -m'Y, S 1 —cosc

|
1Ze]| = ; = v, 2 v
14+ m'Y, 14+ m'Y, 1+ m'Y,

(4.8.17)

Since y — /(1 +m'y)/(1 — cosc) is a continuous and bounded mapping on S¢~1, weak
convergence of (Qy to the Dirac measure §_,,, at —m thus implies that

1 1+m'y
E|— 17 +#0]| < 1+my ,
A /S\ﬁ Qulw)
1+m'y
——dé_n(y) =0, 4.8.1
o o s sy
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as ¢ — oo (finiteness of E[(1/]|Z¢||)I[Z¢ # 0]] for any ¢ obviously follows from (4.8.17)).
Finally, note that since Z, takes its values in T, S% 1 and is such that OZ, and Z,
are equal in distribution for any d x d orthogonal transformation fixing m (this readily
follows from the rotational symmetry of Qy), we have

7 B
E[HZ i 1[Z, # o]] (=1,2,... (4.8.19)

Now, aiming at proving (4.8.16), observe that, for any p € Si;nl and any /,
M (1) = prn M (1) + (1= p) M2 ()
= pmE[Z — (W)l = || 21| — ot/ mm ()]
+(1 =) Ell| Ze — o ()| = | Zel] — o/ (10)]
= pmE[Z — mm ()|l = 1 Z1]] — o7 (12)
+(1 = pm)E[|Ze = mm ()| = (1 Ze]

m7P77IL
= P M () + (1= pu)EL Ze — m(0)]] — 1 Zel]). (4.8.20)

For any pu € S%.1 let S, := {Amn(1) : A € [0,1]} be the line segment from 0 to 7, ()

in 7,,8%1. Sn_lg
(Wm(ﬂ))l(z - tﬂm(ﬂ))
|2 =t (w)l

as soon as z — tmy, (1) # 0, the fundamental theorem of calculus yields that, for any p €
S%-1and any z € R\ S

d
iz = trm ()l = -

[ i) i),

Iz = tmm (1)

Iz = T ()|l = [zl = —
Therefore,

E[(1Ze = mm ()| = 1 Zel)T[Ze ¢ S]]
_ _E|:</01 (Trm(lu’))/(Zé - tﬂm(u)) dt)H[Zg ¢ S,u]:|

1Ze = tmem ()]

(Y E| 21120 ¢ 5]

‘EK/OI(”T”(“”'(EE e~ o) e # 5]

so that Lemma 4.8.5 provides

(120 = o] = 12601126 ¢ 5,01+ (on )V B | 2101120 5,1

< QEK/Ol ’w dt>H[Zg ¢ SMJ} < [lm (i )HE[‘Zl 112 # 0]}4.8.21)
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Using (4.8.19) and the fact that P[Z, = 0] = 0 by assumption, we then have that

ElllZe — mm ()| = 11 Zel]

= [B012 = 7m0 = 121 + (B | 2112 0|

< [BI012 - 701l ~ 1ZeDN12e ¢ 5,1+ (VB | 217012 531

#[BI01Z0 = i) = 126001120 € 0001+ (V| 2551020 € 5,001

< ”’E[qu [ZHAO]] 2l (WIP[Ze € S\ {0}, (4.8.22)

where the last inequality follows from using (4.8.21), the triangle inequality and the
Cauchy—Schwarz inequality. Now, Markov’s inequality yields that, for any p € Si;nl

{m}7
PlZ, € SM\{O}] < PO < [[Ze]l < llmm ()l

1

—p| Lz, 20> }suw,n( >uE[”Z : [zméo@; (48.23)

1
IIZ/zII = T ()l

note that since S,\ {0} = 0 for y = m, (4.8.23) actually holds for any u € %!
Therefore, (4.8.22) yields

E{1Ze = 7o) = 1Zel] < Qo ()| + 2l (2)12) h Siliz # 01]
for any 1 € S%-1. From (4.8.20), this provides

7P_m
(M ) = M (1)

< (= p)(In (0] + 2P| otz 201

which, in view of (4.8.18), establishes (4.8.16).

We can now proceed with the proof of (4.2.4), which we split into two cases. (A)
Consider first the case a € [0,py,). For such a value of o, Lemma 3.9.6 of Chapter 3
guarantees the existence of positive constants C' and R such that

M= (1) > Ol () (4.8.24)

o/pm,u
for any p ¢ m,,'(Bgr). In particular,

m,P_p, mP,
Ma/pm,u( w)>0=M o/ "(m)

for any p ¢ 7.} (Br). Since the (unique; see Theorem 4.3.1, whose proof is independent

m, P, "™(u) by definition, this

of the present proof) quantile ug', (P) minimizes p — M o/

implies that y, (P) belongs to Bg.
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We need to ensure that all quantiles yy,(F) belong to Bg, too. Before doing so,
note that since @ is rotationally symmetric on S~! and satisfies Q¢[S?1\ {+m}] = 1,
the probability measures @y are not concentrated on a great circle of S¥~! containing m.
Since this trivially extends to P, Theorem 4.3.1(ii) ensures uniqueness of ug', (%) for
any £. Now, for any p € S 1\ {m},

1120 € S:\0)] = mgg” 0 € 5,\{0}]

almost surely, so that the triangle inequality yields

Zy
1Zell

E[(1Ze = mm ()]l = 1 ZelDI[Ze € Su\{O}] + (71m (1))'E ”g || I[Z, € 5,\{0}]

=E[(1Ze = mm ()|l = 1| Ze]| + 7 (1) DT[Ze € Su\{0}]] = O

(which also trivially holds for p = m since we then have S,\{0} = 0). This entails that,
for any pu € Si;ll,

E[l[Ze = mm ()] = 11 Zell]

= E[(1Ze — ()] — 1Ze])] + (ron () E | -2 1(2, # o@

[IlZzll

Bl = 1] ~ I Ze)T2e ¢ S,0) + (rn Y E | 75012 ¢ 53
| 126 # 0| =~

where the last inequality follows from (4.8.21). Using (4.8.20) and (4.8.24), this provides

7P*m
MLl () = pe ML () — (1= po) o () [l

o/Pm,u
> (Cpm —(1- pm)El)Hﬂm(N)H

for any pu ¢ w,,'(Bgr). Thus, with {y large enough so that (1 — py,)er < Cpy, (such
an fy exists since p,, > 0 and ¢y — 0 as { — o0), we have that, for any ¢ > /g,
MQ?{LPE( ) > 0= Myy Pt (m) for any ¢ 1 (Bg). This implies that, for any ¢ > £y, the
quantile pg',, (Pr), that minimizes p — MOTHPZ( ), belongs to 7.} (BRg).

We can now conclude in the present case where o € [0, p,,). To make the notation
lighter, write gy := g, (). Let then (gq,) be an arbitrary subsequence of (g¢). Since
the latter sequence takes values in 7,,'(Bg) for £ > {y, compactness of 7,,'(Bg) en-
tails that (g,) admits a subsequence (ng ) taking values in 7,,'(Br) and converging

in 71 (Bg), to ¢ say. For any p € 81, we then have (see (4.8.16) for the definition

S s
of ¢¢r)
P
pmM;n/p u(qfk ) - kaj R
m ng m,Pek.. P
< Mow 7 (g0,,) < Mo 7 (1) < pm M, 0 (1) + co, -
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From (4.8.16) and the continuity of y +— M

a/pm,u
from Lemma 3.9.5 in Chapter 3 and from the diffeomorphic nature of 7, ), taking limits

(u) over 7 1(Br) (continuity results

as j — oo then yields that

P Pem
My () < My (i)

a/pm/u Ot/pmu

for any p € Si;l (recall that p,, > 0). By definition, we then have that ¢ = p
m
«

(recall that ug',(P) is unique). We thus proved that any subsequence of (u
(

I

admits a further subsequence converging to ug', (P). This establishes that (ug

K
converges to g, (P) as £ — 0o, as was to be proved.

(B) Second, consider the case « € [py,,1]. As £ — oo, the map Mgfqu‘, as shown
in (4.8.16), converges uniformly on compact sets of Si;ll to the map Fi,,, defined by

Fou(pt) = pmB[|Z — ()| = 1 Z1]] — /7 (12);

recall that Z = 7,,(Y), where the S%, !-valued random vector Y has distribution P_,,.
If @ = pp, then F, ,(n) = pmM{fZP‘m (1) for any p € 8% 1. Note that the distribu-
tion of Z is not concentrated on a line. Indeed, would it be concentrated on a line
(of T;,S41), then Lemma 4.8.4 would entail that P_,, is concentrated on a circle con-
taining —m, which, in turn, would imply (Corollary 4.8.3) that P_,, is concentrated on
a great circle containing m. Since this is not the case by assumption, the distribution
of Z is indeed not concentrated on a line, so that Lemma 5 in [83] entails that the
map G = Fy, 0 7%1 has no minimum on 7,,8% !, which implies that Fy , admits no
minimum on Si,_nl. If @ > pp,, then

o) = o)) { o [E =W U2 g nle

[7m () [7m ()

for any p € S\ {m}. Let (1n) be the sequence in S¥ 1\ {m} such that m,, (1) = nu.
A routine application of Lebesgue’s dominated convergence theorem then yields that

1Z = Tmlia)| - 1]
E[ Tt ()]

}—H,

hence that

Foulttn) _ Foulpn) — Pm —a <0
= m .

n [[7m () |
Thus, Fyu(pn) diverges to —oo, which shows that, also for a > py,, the map Fy ,, does

not admit a minimum on S

Fix then a > p,, and a unit vector u in 7,,S%!, and consider the corresponding
quantile sequence (g¢ := py',(P)) (recall that these quantiles are unique under the
assumptions of the theorem). Let us assume that (|7, (q¢)||) does not converge to
infinity as ¢ does. Up to extracting a subsequence, we may assume that (m,,(qs)) is
bounded, hence, upon extraction of a further subsequence, that (m,(q¢)) converges
in 7;,S% 1, to 2o say. For any u € Sf;nl, we then have, for ¢ large enough, that

Foulqe) — confn < M5 () < MIBE (1) < Fou(p) + cop-
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Taking limits as £ — 0o, we obtain that Fy (7,1 (20)) < Fa.u(u) for any u € S%.1, which
contradicts the fact that F,,, has no minimum over S%,1. We conclude that (|7, (g¢)]|)

diverges to infinity, hence that (g;) converges to —m = pg', (P), as was to be proved. B

Proofs for Section 4.3

PROOF OF THEOREM 4.3.1. Since existence and uniqueness trivially hold if « € [p,, 1],
we restrict below to « € [0,p,). (i) For such a value of o, a quantile yy’,, exists if and

only if p — My {LP(,u) has a global minimizer over Sﬁ;}, which is the case if and only if

zZ = /Sdml{HWm(x) —z|| = | ()| — au’z/pm} dP_ ()

= [ {2l = loll - av's/om} dlmn#P)) (4825

has a global minimizer over T,,8%!, where m,,#P_,,, the pushforward probability
measure of P_,, by m,,, is seen as a probability measure over R? that is concentrated
on T,,8% 1. Now, since a/p,, € [0, 1), the objective function (4.8.25) admits at least one
global minimizer in R?, that is a (17) geometric quantile of order a/p,, in direction u
for 7, # P_p,; see, e.g., Theorem 1(i) in [83]. In view of Lemma 4.8.1, any such geometric
quantile actually belongs to 7,,S%"!, hence provides a global minimizer of (4.8.25)
in 7;,8%. (i) Uniqueness of Moy, then holds if and only if mp,# P, has a unique
geometric quantile of order a/py, in direction u. In view of Theorem 1(ii) in [83], this is
the case in particular if m,,# P_,, is not concentrated on any line of R?, or equivalently,
on any line of 7},8%!. The result then follows from Lemma 4.8.4 and Corollary 4.8.3.
(iii) Using the same reasoning as in (ii), the result follows from Theorem 1(iii)—(iv) in
[83]. |

The proof of of Theorem 4.3.2 requires the following result.

Lemma 4.8.6. Fiz P € Py, p € 8! and a unit vector v € TMSd_l. Define the
directional derivative of gp in (4.2.2) at w in direction v as

——(p) = lim gp(e(t)) — gp(n)

b
ov t30 t

where o : [0,71] — ST 1t > (cost)u + (sint)v is the geodesic path from ¢(0) = p
to o(m) = —p such that $(0) = v. Then,

(La — pp') X
1(Za — pp') X ||

where X is a random vector with distribution P and where we let &, = [z # y].

dgp

o (1) = —v'E Expuéx,—u| + PHu}] — P[{—n}l,

Note that if m is a Fréchet median of P, then the directional derivative at m must be
non-negative for any unit vector v in 7,,,S%!, which implies that P[{m}]—P[{—m}] > 0,
as was already mentioned in Section 4.2.2.
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PROOF OF LEMMA 4.8.6. Since d(p(t), ) =t for any ¢ € [0, 7], we have

d(p(t), ) — d((0),p) =t — 0=t

and
d(p(t), —p)) — d((0), —p) = (T —t) —m = —L,
which yields

orlet) —orle) _ [ o) = dle0)5)
Sd—1

t t

- A 2) 2 HEO) dp(a) + P} - P,
St} t

Since the triangle inequality yields

’d(w(t), z) — d(¢(0), )
t

- t
for any x € S ! and t € (0, 7], Lebesgue’s dominated convergence theorem ensures
that

W~ [ tim WL = AAOD) 4 p) 4 pigy) — P},
v SA=I\{—p,u} t30

provided that the limit in this integral exists for any € S\ {—pu, u}. Since a direct
computation provides

(), —dleO) ) Wa Qg
30 t V11— (W)? (g — pp) ||
for any such x, the proof is complete. |

PROOF OF THEOREM 4.3.2. Ad absurdum, assume that the Fréchet median m is
not an m-geometric median for P. By definition, this means that m,,(m) = 0 is not
a geometric median of m,,(X), where X is a random vector with distribution P_,,.
Since any geometric median of 7,,(X) belongs to 7,,S%"! (Lemma 4.8.1) and since the
objective function p — O(p) = O(Iiu(,u) = E[[|mm(X) — pf| = |mm(X)]|]] (see (4.1.1))
defining geometric medians is convex, there must then exist a unit vector v in T}, S%!

such that
00

0

(would this partial derivative be nonnegative for any such v, then convexity would

0)<0

indeed guarantee that 0 is a geometric median of m,,(X)). From Proposition 3.5.1 in
Chapter 3, this yields

82(0) = Plrpn(X) = 0] + v'E [O_WW(X)
ov
Since 7, (X) = 0 if and only if X = m, this rewrites

T (X)

Plm) — VB[ F2

€X,m:| < 0.
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Using the expression of 7, and the fact that, by construction, {x _,, = 1 almost surely,
this takes the form

(I —mm/)X

Plm)) VB[

fX,me,m:| <0. (4.8.26)

From Lemma 4.8.6, we thus have that

(I —mm/)X
(1 = mm/)X||

dgp ’
5 m) = Pl{m)] -~ v'E|

gX,méX,m:| - P[{_m}] < O’
which implies that m is not a minimizer of u — gp(u) = E[d(X, p)]. This entails that m
is not a Fréchet median of P, a contradiction. |

PrROOF OF THEOREM 4.3.3. (i) Recall that o, < py, for any n. Since P is not con-
centrated on a circle containing —m, each quantile pg! - then exists and is unique
(Theorem 4.3.1(ii)), and it coincides with the image by 7} of the geometric quan-
tile, qa,, /pm,u, Say, of order ay/pm and direction wy, for the pushforward probability
measure m,#P_.,. Since this pushforward measure is not concentatred on a line of R?
(would it be, then, by Lemma 4.8.4, P would be concentrated on a circle containing —m,
hence, by Corollary 4.8.3, on a great circle containing m), it follows from Theorem 2 in
[83] that ||qa,, /pym,un |l = 00 as n — oo. Tt follows that p" = 7,1 (qa,, /pru,) CONVErges
to —m as n — oo.

(ii) Since py ., # —m for a, € [0,py,), there are a unique t,,, € [0,7) and a unique
unit vector v, € T;,8%! such that Py, = (€OStp)m + (sinty, )v,. This implies that

(sinty)

Qo /pmyun = Wm(ugnn,un) = 7rm((COS tn)m + (Sin tn)vn) = mv”
n

for any n. Part (i) of the result entails that (¢,) — 7 as n — oco. Therefore, for n large
enough, we obtain that

Uy = qan/pmyun N u,
HQCvn/pm,un ”
where the convergence follows from Theorem 3 in [83]. [ |

PrOOF OF THEOREM 4.3.5. Fix a sequence (2,) in By, = converging to some z (in
this proof, all convergences in B;Y , =~ are with respect to the metric dy,,,,). We consider
two cases. (a) Assume first that 2 = wgy , . Since Q(z) = —m by definition, we
need to show that Q(z,) converges to —m. Of course, it is sufficient to show that the
subsequence (Q(zp, )) obtained from (Q(zy)) by discarding the terms for which z, = z
converges to Q(z). Writing 2z, = oy, Up, , where oy, € [0, pp,) and uy,,, is a unit vector
in 7,891, we have that a,, — pm as k — oo (otherwise, (z,,) does not converge
to z, which is a contradiction). Theorem 4.3.3(i) then entails that Q(z,,) — —m as
k — oo, as was to be shown. (b) Assume then that 2 € By, \{up; , } = Bpnp,,, hence
can be written as z = au, where o € [0,p,,,) and w is a unit vector in 7},,S%!. For
any n > N with N large enough, z, € By, p,,, hence can also be written as z, = o, u,,.
For any n > N, observe that Q(a,u,) is the image by 7.} of the geometric quantile, g,
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say, of order a,/pp, in direction w,, for m,#P_,, in R?. Since P is not concentrated on
a circle containing —m (Corollary 4.8.3), then mp,# P_,, is not concentrated on a line
of R? (Lemma 4.8.4), so that all geometric quantiles of m,,# P_,, are unique. Therefore,
by Proposition 3.6.2 in Chapter 3, the sequence (g,,) converges as n — oo to the unique
geometric quantile, g, /p,, o say, of order « /Dm in direction u for 7, #P_,,. Continuity
of 7.t then yields that Q(z,) = Q(anun) = ;' (¢n) = 7, (da/py,u) a8 1 — 00. This
shows the result since, by definition, 7! (¢q /p,,.u) = @(au)(= Q(z)). [ |

Proofs for Section 4.4

Lemma 4.8.7. For any m € S, the map my, Sﬂ;ll — T, ST in (4.2.8) is smooth.
Moreover, the differential dmp, (1) : T,S 1 — T,,871 of mp at (e Sf:nl) is defined by

4

= W{(l +m'p)Ig — (m+ p)m'}o

dmp, (p)v

for any v € T”Sff1 and it is invertible.

m >’

ProOOF OF LEMMA 4.8.7. The map 7, is clearly continuously differentiable on Sﬂ;ll.
In order to identify the differential of 7, at u(e S 1), it is therefore enough to choose
geodesic paths along which to differentiate. Let then v € TNSd*1 and ¢ : [0, 71] — S%1:
t — (cost)u + (sint)v be a geodesic path such that ¢(0) = p and ¢(0) = v. It is easy
to see that the derivative of

(cost)(p — (m'p)m) + (sint) (v — (m'v)m)
1+ (cost)(m/p) + (sint)(m’v)

t = mm(p(t) =
at t = 0 is given by

W{(Id —mm') + ((m'p) g — pm’) }v.

Letting w := m + p, we may rewrite

]‘ !/ !/ !/
A = m{(ld—mm)—i-((mu)fd—um)}

4
= m+ p)'mlg — (m+ p)m'} = ——(w'mly — wm’),

g
CEYIR Tl

which provides the differential defined in the statement of the theorem. For any v € R,
observe that (w'ml; — wm/)v = (m'w)v — (M'v)w is zero if and only if v and w are
colinear. It follows that the kernel of A is Ker(A) = span({m+pu}), hence has dimension
1. The image of A has thus dimension d — 1. Since m/(Av) = 0 for any v € RY, this
image is contained in 7,54 !, which has dimension d — 1. Therefore, the image of A
is T,,S%!. Further note that, since u € S% 1, Ker(4) N 7,8 ! = {0}. This implies

that dmp, (1) is a one-to-one mapping from TuSd_1 to T}, S41. |
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PROOF OF THEOREM 4.4.1. For any ¢t > 0 small enough to have o(t) € S%1, let us
write

Ml (o(t) = El{llmm(X) = mm (@) — llmm (X)) }x, ]
— at/m (0(t)) /P + {7 (1) = T (G| = [mm (W3 P-m[{p}];  (4.8.27)

recall that &, = I[z # y|. Observe that the map ¢t — m,,(¢(t)) is differentiable at
t =0 with

g m(P()| _ = dmm(0(0))p(0) = dmm (p)o.
This implies that , ,
lim u ﬂm(cp(t))t— W) ()
t=0
and that ;

t

t30
Let us now show that Lebesgue’s dominated convergence theorem applies to the expec-
tation term in (4.8.27). For any = € S\ {}, the chain rule yields

lim
t30

[7n() = D]~ () = )] _ (i) = ) Ny o
t = (i —omtey ) Gt

Observe now that, for any z € S 1\ {u},

[ (z) = T ()| = 17 (%) — 7 (1) | ‘ < Imm (@) = mm (1)l
t - t ’

which, in view of (4.8.28), is bounded in (0, a) for some a > 0. Lebesgue’s dominated
convergence theorem thus yields that the expectation term in (4.8.27) is differentiable
at ¢ = 0 and that the corresponding derivative is

Wm(ﬂ) — T (X)
E[nwm(m " rn(X)

||£X’4 (dwm(,u)v).

We conclude that P P
Mol (p(t) — Moy (1)

lim
t30 t
exists and is given by the expression provided in the statement of the theorem. |

Lemma 4.8.8. Let P € Py_; and let m € be a Fréchet median of P. Fiz o € [0,py,)
and a unit vector u € T, SY™'. Then, p. (€ Si:nl) 1§ an m-geometric quantile of order
« in direction u for P if and only if

oMl
() > 0 (4.8.29)

for any unit vector v in T, S 1.
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Proor oF LEMMA 4.8.8. If u,. is an m-geometric quantile of order « in direction u
for P, then it minimizes the objective function p +— My ap(u) over 8%;11, which implies

that (4.8.29) holds for any unit vector v in 7,,,S% . Assume then that (4.8.29) holds
for any unit vector v in TM*Sd_l. In view of Theorem 4.4.1, this implies that

(aretocgon) (e ety =y e+ plom 20

for any unit vector v in 7,841, where X is an S L valued random vector with dis-
tribution P_,,; invertibility of dm,(us) (Lemma 4.8.7) ensures that we may divide
by ||dmm (pes)v||. Using invertibility of dmp, (p«) again, this entails that

w { o | Tl =T | —au+ Pl 20

for any unit vector w € T},,S4!, or equivalently, that

B (R T ~ ) S50 + 0 e Ponlfn 20

for any unit vector w € T,,8%'. From Proposition 3.5.1 from Chapter 3 (and the
comments thereafter), this shows that

aOﬂ'm#me

a/pmau >
el (1)) 2 0

Tm#P—m and Lemma 4.8.1 then
Oc/pmvu

entail that m,(us) is a (Euclidean) geometric quantile of order «/p,, in direction u

for any unit vector w € T,,8%!. Convexity of O

for mpu# P—p,. Definition 4.2.2 thus implies that p* is an m-geometric quantile of or-
der « in direction w for P. |

PROOF OF THEOREM 4.4.2. Fix a € [0,p,) and a unit vector u in 7;,S%!. From
Lemma 4.8.8, 1 is an m~quantile of order « in direction u for P if and only if

oMl
5 (p) >0

for any unit vector v in TuSd_l. Since dm,, (1) is a one-to-one linear map from 7, MSd_l
to T,,S% 1 (Lemma 4.8.7), Theorem 4.4.1 entails that this is the case if and only if

zinv/{me[H::EZ; - Z:EQHSXW] - a“} + pfnP[{u}] >0

for any unit vector v in T;,S%!. Therefore, i is an m-quantile of order « in direction u
for P if and only if

T () — T (X) ]
]| x| —au + Pl{a} 2 0
H 17m (1) — 70 (X777
which establishes the result. |
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PROOF OF THEOREM 4.4.4. Let (u,) be a sequence in S9! converging to some i,
that obviously belong to S ! = S 1 U {—m}. We consider two cases: (a) p € S 1.
Then there exists N such that u, € Si:nl for any n > N. For such values of n, the
rank R(py) is thus given by (4.4.7) and takes its value in By, ;,,,; see the paragraph below
Definition 4.4.3. Using continuity of 7,,, a routine application of Lebesgue’s dominated
convergence theorem then yields that R(u,) — R(u) as n — oco. (b) p = —m. We
thus need to show that R(u,) — R(u) = ugy, . Since R(—m) = uy?,, by definition,
it is sufficient to prove that the subsequence (R(uy,)) obtained from (R(uy)) by dis-
o0

Mope e SINCE fin, € S for any k
and (i, — —m, we have that ||, (un, )| — oo and R(uy, ) is still given by (4.4.7). Con-

carding the terms for which u, = —m converges to u

sider then an arbitrary subsequence (|[R(gun,,)|l) of (||R(un,)[]). From compactness of
the unit sphere in 7,891, we can extract a subsequence of (T (g, )/ 1 (g, )||) that
will converge to a unit vector of 7},S4~ 1, v say. A routine application of Lebesgue’s dom-
inated convergence theorem then shows that the corresponding subsequence of (R(yin,,))
converges to p,,v. Thus, any subsequence of (||R(in, )||) admits a further subsequence
converging to py,, which establishes that || R(jn, )| = pm as k — co. We conclude that

Om.pm (B(timy. ) U, ) = P = [|1R ()| = O

as k — oo, which shows that R(up,) — uly, = R(u) as k — oo. [ |

m7pm -

ProOOF OoF THEOREM 4.4.5. (i) Since P is not concentrated on a great circle contain-
ing m, the quantile function @ = Q% : B, — S9! and the rank function R = R :
84t — B are well-defined. Fix then p € ST L. Since |[R(1)|| < pm (as explained
below Definition 4.4.3), there exist a € [0, p,,) and a unit vector u in 7;,S%~! such that

R(j) = pmE Tm () — Tm (X)

| () — (O] 5] = (4.8.30)

where X is an S, !-valued random vector with distribution P_,,. Theorem 4.4.2 thus
yields that u = Q(cu), which shows that the image of Q contains S%, 1. This establishes
the result since, by definition, —m = Q(u) for any unit vector u in T,,S%1.

(ii) Since P is non-atomic, p,, = 1. Fix then p € S%.! a € [0,1), and a unit vector
u € TS ', Since P is non-atomic, Theorem 4.4.2 yields that u = Q(au) if and only
if (4.8.30) holds. This establishes that the restriction of @ to By, 1 and the restriction
of R to 8% ! are inverse maps of one another. Now, since ||R(y)|| < 1 for any u € 841,
we have that R(u) = upy, if and only if u = —m. Similarly, Q(2) = —m if and only
if 2 = up; ;. This establishes that @ = R~ Since Theorems 4.3.5 and 4.4.4 further

ensure continuity of ) and R, respectively, the result is proved. |

Proor oF THEOREM 4.4.6. (i) Let us first show that pi,, = pom, with pr, =
1 — P[{—m}]. Let v be an arbitrary unit vector in 7,,89"!. For any A\ € R, note
that uy = 7, (Av) # —m, so that RE (1) € By, (recall that only —m gets the
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rank up?,, ). For £ = 1,2, consider then the functions

gy : R — Bm,pg,m

Av —Fm(Xg) 5 :|
A0 — 7 (X)X

A R (1) =pz,mHE[

)

where X, is an Sﬁ;ll—valued random vector with distribution (FPy)_,,. A routine ap-
plication of Lebesgue’s dominated convergence theorem yields that ge(A) — pem as
A — oo, for £ =1,2. Since R, = R}, on S9!, we have that g; = g» on R, which then

yields P1im = P2)m-
Let vq,...,vq_1 form an orthonormal basis of T},8% ! and denote as ej the jth
vector of the canonical basis of R4, Let ¥ be the linear mapping defined by

d—1 d—1
v Tde_l SR, = Z)\j@j — Z)\jej.
=1 j=1

Note that V¥ is an isometry since, for any z := Z?;} Ajvj € TnS? 1, we have

d—1

)17 =Y P = =12

j=1
Since 7, (1) and 7, (Xy), £ = 1,2, take their values in 7;,8%"!, we thus have

Y (mm (1) = W (mm(Xe))
N (7 (1)) = W (0 (X))

U(RE (1)) :me[ SXW], (=12,

for any p € Si;ll, where p,, stands for the common value of pi,, and p3,,. Noting

that Xy = u if and only if (7., (X)) = ¥(mm (1)), this yields, still for any p e 841,

V(7w —-Y,
TR 1) = |- €= 12

where we let Yy := V(7 (X)), £ = 1,2. Since RE = R}, on S®-1 and since ¥ is a
surjective mapping, we deduce that

y—Yi y—Ys
e v =Bl
for any y € R4"!. Proposition 2.5 from [50] then entails that Y; and Y5 are equal in
distribution. Since Yo, is a one-to-one mapping, this implies that X; and X5 are equal
in distribution, that is, that (P1)_, = (P2)—m. Jointly with the fact that Pi[{—m}] =
1 —pim =1 —pam = Po[{—m}], this establishes that P, = P,.
(ii) Fix ¢ € {1,2}. Since P, is non-atomic and is not concentrated on a great circle

containing m, Theorem 4.4.5 yields that Q"P“”Z is a one-to-one mapping with inverse R"PZ.
It follows that RY, = R}, so that Part (i) of the result entails that P, = P». [ |
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Proofs for Section 4.5

Since the result is needed in the proof of Theorem 4.5.2, we first prove Theorem 4.5.3.

PROOF OF THEOREM 4.5.3. Assume that u is an m-quantile of order « in direction
u for P. We consider two cases. (a) & € [pm, 1]. Then, u = —m (see Definition 4.2.2).
Since

pm(Po) := 1= FPo[{-m}] =1 P{O(-m)}] =1 — P[{—m}] = pm(P),

we have a € [p,,(Po), 1], so that Definition 4.2.2 implies that y = —m is an m-geometric
quantile of order « in any direction for Pp. In particular, Oy = —m is an m-geometric
quantile of order « in direction Ou for Pp. (b) a € [0,p). Then, € 841 and

Mgfﬁp(,u) < Mg?bp(x) for any z € S%, 1. (4.8.31)

Since Om = O'm = m, we have m,,(0z) = Omy(z) for any 2 € ST 1, which, after

straightforward computations, yields that

Mg?f(g;) = Mm’P;O (Ox) for any = € 8%, 1.

Q,

This allows us to rewrite (4.8.31) as
MZ}’OIZO(OM) < Mg?’oio(Ox) for any z € S%1.

Since x + Oz defines a one-to-one transformation of S%,,!, we have that

MZ?&)ZO(OM) < Mg?bzo (x) for any z € Si-1

—m

which states that Op is an m-quantile of order « in direction Ou for Pp.

Let us now assume that Op is an m-quantile of order « in direction Ou for Pp. By
considering O’ instead of O in the first part of the proof, we obtain that u = O'(Op) is
an m-quantile of order « in direction u = O'(Ou) for P = Ppio. |

PROOF OF THEOREM 4.5.2. (i) Fix an arbitrary unit vector u in 7,,S%"!. By
Theorem 4.3.2, we have that m is an m-quantile of order o = 0 in direction u for P. It
remains to show that it is unique. If P is not concentrated on a great circle containing m,
then uniqueness follows from Theorem 4.3.1(ii). Assume thus that P is concentrated on
a great circle containing m, hence, from rotational symmetry, concentrated on {—m, m}.
By Definition 4.2.2, any m-quantile of order &« = 0 in direction u for P must belong
to 841, Assume then that p € S 1\ {m} is an m-quantile of order o = 0 in direction u
for P. From Theorem 4.4.2, we must then have P[{m}] < P[{u}] = 0. It follows
that P[{—m}] = 1, which contradicts the fact that m is a Fréchet median of P. Thus,
m is the unique m-quantile of order o = 0 in direction u for P.

(ii) We consider two cases. (a) « € [pm,1]. Then, the only quantile of order « in
direction u for P is —m (Definition 4.2.2). In particular, it is unique and it belongs
to the meridian {(cost)m + (sint)u : t € [0,7]}. (b) a € [0,py). The existence of
a quantile of order « in direction u for P is guaranteed by Theorem 4.3.1(i). Let us
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prove uniqueness. If P is not concentrated on a great circle containing m, uniqueness
follows from Theorem 4.3.1(ii). Assume therefore that P is concentrated on a great
circle containing m, hence, from rotational symmetry, on {—m,m}. Theorem 4.4.2
then entails that p € Si_nl is an m-quantile of order « in direction u for P if and only if

Tm (1)
Tm (1)

Assume that this condition is fulfilled at some p € S 1\ {m}. Since P is concentrated

Hfum {m}] — au| < P[{u}]. (4.8.32)

on {—m,m}, we then have

ﬂ'm( )
[I7m (1)l

In particular, we have « = P[{m}] = pnm, a contradiction since « € [0,p,,). On the
other hand, Condition (4.8.32) is fulfilled at ;4 = m since it then rewrites o = ||au|| <
P[{m}] = py,. This implies that, when P is not concentrated on a great circle containing

Pl{m}] — au|| = 0.

m, the m-quantile of order « in direction u exists, is unique and equal to m, irrespective
of @ € [0,p,) and of the unit vector u in 7,,S%1. Let us show that Porw = Hovu(P)
belongs to the meridian {(cost)m + (sint)u : t € [0, 7]}. Fix an arbitrary unit vector v
that is orthogonal to both m and u. Then, O = I; —2vv’ is a d x d matrix O such that
Om = m and Ou = u, so that Theorem 4.5.3 provides

Haw(P) = Opig! o (Po) = Ol (P) = p1(P) = 2(v' gt (P))v,

hence vy}, (P) = 0. Since this holds for any unit vector v orthogonal to m and u, it
follows that puyg’, belongs to the vector space spanned by m and u, hence to one of the
meridians M, := {(cost)m + (sint)u : t € [0, 7]} and M_,, := {(cost)m + (sint)(—u) :
t € [0,x]}. It remains to show that sy, does not belong to M_,, \ M,. Ad absurdum,
assume that it does, hence is of the form py,, = (cost.)m — (sint,)u for some ¢, € (0, 7).
Then, for fi := (cost.)m + (sint,)u, rotational symmetry of P, yields

M) = (/ {l(a) — T (i) - Hm(x)H}dP_m(x)) - T ()
S—m

= ( Sd_l{”%(ﬂﬂ)—ﬂm(uﬁu)ll—Iﬂm(w)ll}dPm(:v)> — ot/ (j1) /P

= MLl + o T () — W' (1) /pm

< MPE (i),

which contradicts the fact that ug', is the m-geometric quantile of order « in direction u
for P. We conclude that pup', € M, = {(cost)m + (sint)u :t € [0, 7]}

(iii) Fix an arbitrary unit vector u in 7,,,S%~1. If P is concentrated on a great circle
containing m, then we showed in Part (ii) of the proof that ug',, = m for any a € [0, py,).
Since pg',, = —m for any a € [pm, 1], we have that d(uau,m) = 1 for any a € [0,pnm)
and d(pg'y,,m) = w for any a € [pm,1]. In particular, the map a +— d(pa,u,m) is
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monotone non-decreasing over [0,1]. We may thus assume that P is not concentrated
on a great circle containing m. Since rotational symmetry of P about m yields

T (X)
e e =
Theorem 4.4.6 implies that m is an m-quantile of order « in direction u for P if and
only if @ < P[{m}]. Tt follows that u;', = m for any a € [0, P[{m}]], that ug’, €
{(cost)m + (sint)u : t € (0,7)} for any o € (P[{m}],pm), and pup', = —m for any
& € [pm, 1] (note that we indeed have P[{m}] < p,, = P[S?.1]). It remains to show
the monotonicity of a — d(ug',, m) over (P[{m}],pm). For any a € (P[{m}],pm),
Theorem 4.4.6 implies that p = pug', if and only if RP(u) = au, since P[{ug',}] = 0.
In particular, if pg', = pf', for some «,8 € (P[{m}|,pn), then a = 3. This entails
that a — py',, is injective over (P[{m}],pm). For any a € (P[{m}], py), Part (ii) of the
result allows us to write ', = (costy)m + (sints)u, for some t, € (0,7). The map
a — tq is injective over (P[{m}], py,). Indeed, if t, = tg for some «, 8 € (P[{m}], pm),
then ug',, = ,ugfu, which entails that o = . Since P is not concentrated on a great circle
containing m, Theorem 4.3.5 ensures that a + puy', is continuous over [0, 1], hence that

ot = d(pg,, m) = arccos(m’ )

is continuous over [0, 1]. Since a + d(ug',,,m) is continuous over [0, 1] and injective over
(P[{m}], pm), it is monotone strictly increasing over (P[{m}], p,), hence monotone non-
decreasing over [0, 1] (it is constant over [0, P[{m}]] and over [pm, 1]).

(iv) Since P is rotationally symmetric about m, the fact that P is not concentrated
on {—m,m} implies that P is not concentrated on a great circle containing m. In
this case, recall that C}%'(«) is defined, for any o € [1 — py,, 1], as the collection of all
locations p € S9! such that D (u) = a, i.e. such that || R%(1)|lm.p, = 1 —a. We then
have CP' (o) = {—m} when a = 1 — py,, and CP(a) = {m} when a € [1 — P[{m},1];
for such values of «, the claim on CP'(«a) trivially holds with ¢, = —1 and ¢, = 1,
respectively. We may therefore restrict to case o € (1 — py,, 1 — P[{m}]). For any
pe st
(iii) of the proof that R}3 (1) = Sv if and only if p = . the unique quantile of order
B in direction v for P (see Theorem 4.3.1). Since R () € T,,8%71, it follows that, for
any o € (1 —ppm, 1 = P[{m}]), IRp(1)llm,p, =1 — c if and only if p = pf* , , for some
unit vector v € T},,8%!. In particular, we have that

any 3 € (P[{m}],pn) and any unit vector v € T;,8% !, we showed in Part

CP(a) = {p]" au :u € TS, Jull = 1}

for any a € (1 — pp, 1 — P[{m}]). For any 8 € (P[{m}],pm) and any unit vector
u € T, S, let us write

pgh, = (costgy)m + (sintg,)u

for some tg, € [0,7]. In Parts (ii)—(iii), we considered ¢z, as depending only on /3
since u was fixed. We now consider dependence in both 5 and u. Let us show that,
for any 8 € [0,1], the map u + tg, is constant over the unit sphere of TS 1. Fix
B € (P[{m}],pm) and let u,v be unit vectors in T;,89~!. Let O be a d x d orthogonal
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matrix such that Om = m and Ou = v. Together with the uniqueness from Part (iii)
of the result, Theorem 4.5.3 entails that Oug“u = ugbv, which rewrites

(costgy)m + (sintg,)v = (costg,)m + (sintg,)v.

This yields tg, = tg,. We therefore proved that, for any g € (P[{m}|,pm), the map
u > tg, is constant over the unit sphere of T, 1S4 1 which allows us to write tgu =tg
for any 3 € (P[{m}],pm) and any unit vector u € T;,S%1. It follows that

Cm () = {(costy_o)m + (sinty_o)u: u € T, 841, ||ul| = 1}

for any o € (1 — ppm, 1 — P[{m}]). We therefore have that C%(a) C {u € 841 : /m =
cost1_q}. Let then p € S¥1 be such that p/m = cost;_o. Then p = (cost;_o)m+z for
some z € T;,8% 1. Since ||u|| = 1, we have that (cost;_o)? + ||z||*> = 1. In particular,
we have ||z|| = sint;_o, and z = (sint;_,)u for some unit vector u € T;,S% 1. This
implies that g € Cp(a). We conclude that C%(a) = {u € ST1: u'm = costy_q} for
any o € (1 —pp,1—P[{m}]). Since a + t, is continuous and monotone non-decreasing
over (1 — pm,1 — P[{m}]), the map a +— ¢, := costi_q is continuous and monotone
non-decreasing over (1 — py,, 1 — P[{m}]). Since ¢, = —1 for « =1 —p,, and ¢, = 1
for o € [1 — P[{m}],1], we conclude that o — ¢, is monotone non-decreasing over
[1— pm,1]. [ |

Proofs for Section 4.6

PROOF OF THEOREM 4.6.1. Let (£2, A, P) be the probability space on which the random
vectors X1, Xo, ... are defined. Let us first show that there exists V € A, with P[V] =1
such that for any p € S% ! and any w € V,

= Z d(p, X E[d(p, X1)] (4.8.33)

as n — 0o. To this end, let D be a countable and dense subset of S?~!. The strong law
of large numbers entails that for any p € D, there exists V), € A such that P[V,] =1
and (4.8.33) holds for any w € V. Of course, V := NyepV), satisfies P[V] = 1 and is
such that (4.8.33) holds for any p € D and any w € V. To extend the result from D
to 841, fix p € ST and w € V arbitrarily. Pick then a sequence () in D such that
d(pg, ) — 0 as k — oo. The triangle inequality yields

n

LS g, X)) — ) < = D, Xy Zd (b X)) + (1, 20)
=1

=1

for any k& € N and any positive integer n. Since (4.8.33) holds for any u € D and
any w € V, taking the liminf and limsup as n — oo then yields

E[d(pr, X1)] — d(p, pur)

< liminf =3 d(p, X;(w)) < limsup = Zdu, (w)) < Eld(p, X0)] + d(p, 1)

n—oo N £ n—oo TN
i
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for any k € N. Lebesgue’s dominated convergence theorem and continuity of the dis-
tance function then entail that

~ Z d(p, Xi(w)) — E[d(u, X1)]

as n — 0o, which proves that (4.8.33) holds for any p € S ! and any w € V.

Now, fix w € V and let (1, (w)) be a subsequence of (1, (w)). From compactness
of 891, there exists a subsequence (1ny, (w)) that converges in S as £ — oo, to
say. By definition,

1 nke TLkZ
a2 ) ) £ 503 s it
€ =1 L =1

for any pu € S1, which, by taking the limit as £ — oo, entails that

for any 1 € S 1; convergence in the lefthand side follows from the fact that the triangle
inequality yields

Nk,
Tzd sy X. d(mnke (W),,u*)
ti=1
’I’L]c2 nke
1 .
< Tzd(mnkz( ) S 7Zd :U’*v +d(mnk[( )vu*)'
ke 525 [

Since P has a unique Fréchet median m by assumption, it follows from (4.8.34) that
wx = m. Therefore, for any w € V, any subsequence of (m,(w)) admits a further
subsequence converging to m, which implies that (1, (w)) itself converges to m. This
establishes the result. |

The proof of Theorem 4.6.2 requires Lemmas 4.8.9-4.8.11 below. The proof of the
first lemma is left to the reader.

Lemma 4.8.9. The inverse map 7" : T;nS? 1 — 841 of m,, satisfies

_ 2 2 1—10)?
1 = — — =
T O = e ™ ™= et T i e ™

for any 0 € T,,S'. Furthermore, when extending w;} to R? via (4.8.35), the Jacobian
matriz Jo(m,,t) of m,b at 0 is given by

(4.8.35)

_ 2 2(0 +m)¢’
Jo(mt) = <Id - ) (4.8.36)
1+ 6] 1+ 6]
for any @ € R%. For any 0 € T,,S%1,
Jo(m,") (Lo — mm') = Qg Jy(m,,") (Ia — mm), (4.8.37)

where we let Qg := I; — 7r*1(9)(7r;11 (0))', so that, when restricted to T;, S, the linear
map whose matriz is Jo(m,}) takes its values in T, 71(9)Sd !
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Lemma 4.8.10. Fix P € Py_1, with d > 3, and assume that P admits a bounded
density f with respect to the surface area measure on S¥1. Let X be an S*-valued
random variable with distribution P. Then, for any y € S, the distribution of y'X
is absolutely continuous with respect to the Lebesque measure on [—1,1]. Furthermore,
denoting this density as fy/X , there exists a positive constant Cq such that

FYX(5) < Call flloo (1 = 83972
for any y € S41 and any s € [—1,1], with ||f|ls = supyegi-1 | f()].
PROOF OF LEMMA 4.8.10. The map v : (0,7)%2 x (0,27) — S4! defined by
V(p1, ..., pg—1) := (cos 1, (sin p1)(cos g2), . . .,
(siner) ... (sinpg—2)(cospi_1), (singy) ... (singg_2)(sinps_1)) (4.8.38)

provides a parametrization of S¥~1\ N for some subset N of S%~! whose surface area
measure o4_1(N) is zero. Writing ¢ := (¢1,...,¢4-1), the corresponding surface ele-
ment is

9(p) = \/det((Jgo(%b))’Jw(%/})) = (sin 1) *(sin2) 7% .. (sin pg—2),

where J,(¢) is the (d x (d — 1)) Jacobian matrix of ¢ at ¢. Fix then y € S}
and let O = Oy be a d x d orthogonal matrix such that Oy = (1,0,...,0)". Fix
further a,b € [—~1,1] with @ < b. Denoting as f?X the density of OX, we have

Pla<yX <b] = Pla<(0X); <}

/{ p}NSd-1 fOX(x) doa-1()
ra<ri< -

arccos(a)
- [ FOX (Wle)a) do
a (0,m)4=3x(0,27)

rccos(b)

Letting ¢ := arccos(z1) then yields

Pla < y'X < b]

FOX ((arccos(z1), @2, - -, Pa—1))

b 1 /
a /a V1 =22 Jom)d-3x(0,2m)

x g(arccos(x1),p2, ..., pa—1)dr1dps . ..dpg_1

FOX (v(arccos(z1), @2, -, pa-1))

a y/1— l’% (0,7)4=3x(0,27)
2\ 72 d—3 :
X ( 11—z ) (singo)® 7 ... (sinpg_o) dxidps ... dps—1

b d—3
= / < 1— m%) / foX (w(arccos(ml), 02, ..., gpd,l))
a (0,m)4=3x(0,27)

)d—3

X (sin g ... (singg_9)dxidps ... dpg_1.
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Since fOX(z) = f(O'z) for any = € S*!, this shows that y'X is absolutely continuous
with respect to the Lebesgue measure on [—1, 1] and admits the density

ﬂ“@%=u—¥ﬁfwf/ F (O (arccos(s), @2, .. 9a-1))
(0,743 % (0,27)
X (sin 2)473 ... (sin g_2) ds . .. dpg_1.

Clearly, we then have
()] < 20972 f oo (1 = %)@/

for any y € S and any s € [-1,1]. [ |

Lemma 4.8.11. Fix P € Py_1, with d > 3, and assume that P admits a bounded
density f with respect to the surface area measure on S*1. Let X be an S*'-valued
random vector with distribution P and let (Y,) be a sequence of S4'-valued random
vectors that are each independent of X. Then, for any 6 € [0,d — 2),

b [(1 - éf?éfz);m@/a] = 0Q)

as n diverges to infinity, where we recall that & +, = [z ¢ {—y,y}] (this applies in
particular when (Y,) = (yn) is an arbitrary deterministic sequence in S41).

PROOF OF LEMMA 4.8.11. Fix £ € (0,1). For any z,y € S ! such that y'z # +1,
writing 1 = Iy < —1+e]+I[-1+e <y'z <1—¢e]+1I[y'z > 1 —¢] provides

éy,:tm < f—y,m
(1= (2?7 = (2= )R 4 ya) )7

1
(2 _ 5)1+6

Iy'z < —1+¢]

+ [-14+e<yz<l—¢
gy,m

TR TR(1 —yn)ion

Iy'z >1—¢].

It is thus sufficient to examine

B §-vn, X
(1 + YT;X)(PF‘;)/Z

IY/X < —1+ 5]] (4.8.39)

and

v, x
. [(1 — YAX)(HJ)/ZH[YT/LX 21— 8]]- (4.8.40)

Conditioning with respect to Y;,, Lemma 4.8.10 yields (below, fy/X still is the density
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of ¥ X)

[ v, X

!
i YT{X)(H‘S)/QH[Y"X < -1+ 5]]

gfy z / Y,
= E : IyX < -1 dp¥r
/Sdl [(1 +y X))/ xSt )

1+e fyX ) v
/sd / Wy oy & 4P W)

T (=) (L4 5)) I
<Cilfle [ e

—14¢
< 2(d3)/20dHfHOO/ (1+ 5)(d—476)/2 ds,
-1

which is finite since d —4 — § > —2. This shows that (4.8.39) is O(1). Since an entirely
similar computation shows that (4.8.40) is O(1), the result follows. [

PROOF OF THEOREM 4.6.2. For any = € S !, consider the map

0 — fo(z) := arccos(a'm,,,} (9))

defined on T;,S%!. It is easy to check that this map is differentiable on 7,S% 1 \
{mm (=), 7 (z)}, with gradient

Vofo(z) =

where Jy(m,,}) was defined in Lemma 4.8.9. From (4.8.37), we have that, for any
he T8,

(Jo (7, )h)'ﬂﬁ (Jo(mm' V1) Qo
h'v - _
9f09( ) \/1 xﬂ- ||Q9x||
with Qg := Iy — 7,1 (0)(r,}(#))’. Since 6 + fy(z) is only defined on 7,59, we thus
have
(Jo(mn')) Qo
\V/ = O\ m )) %0
I = Q]

In particular, if 2 € S¥~1\ {—m, m}, then the gradient of § — fy(z) at # = 0 exists and

e
) oo = -2 2Aa e
= ANOIORE0=0 = 000z T [[(Ta — mm)al|

In this case, it is easy to see that 6 — fy(z) is actually twice-differentiable at 6 = 0

with Hessian matrix

H(@) = (Vhhoelo-o = 2o (1 =2 ).

1—(m'x) (m'z)
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This Hessian matrix, when seen as a quadratic form on 7,,,S% !, clearly rewrites

) [ (Qur)(Qua)
V) = Qe <Id PEE > (4.841)

by which we mean that h'H(x)g = W'V (x)g for any h,g € T},, € S 1.
Let us then show that there exists a positive constant C such that

|fo, () = fo, (2)| < C|62 — 61 (4.8.42)

for any = € S and for any 61,65 € T.,,S% 1. To this end, fix x € 8?1 and let 01,0, €
T,,S% ! be such that {, := (1 — 8)01 + 56 : s € [0,1]} C T, ST\ {7 (—2), T ()}
Then,

1
fune) = () = [ (6200 (Taf@))|y, ds

O Un(mah) Qe
- /0”2 W el

This entails that

1
fon(@) — fou(@)] < 62— 6] /0 1 7o, ()l ds,

where || M||z := sup,cga-1 ||Mwv]| is the operator norm of M. Since it is easy to show
that supger, sa-1 || Jo(m;,")|| 2 is finite, we obtain that

|fo,(2) = fo, ()] < Cl02 = 01 (4.8.43)

for any x € S! and any 0,02 € T,,S% ! such that {(1 — s)f; + s : s € [0,1]} C
TSN\ {7 (—2), 7 (2)}. From continuity of 6 +— fy(z), (4.8.43) also holds for any
r € 81 and any 601,60, € T,,,S%!, which concludes the proof of (4.8.42).

We now want to show that 6 — E[fp(X1)] admits a second-order Taylor expansion
at § = 0. Since 6 > fy(z) is twice-differentiable at § = 0 for any x € S¥1\ {—m,m},
and since P is non-atomic, we have that

fo(x) — fo(x) — 0'n(x) — 50'V (x)0
6—0 110]|

=0 (4.8.44)

for P-almost every x € S%~!. Let us now show that the collection

{fO(Xl) — fo(X1) — 0'n(X1) — 30'V(X1)6
10112

eS8 0< |9 < 1}

is dominated by a P-integrable random variable. From (4.8.41),

0V (X1)0) 4 4
Sup 2 = = 2
o<loll<t 11Ol Qo X1l 1— (m'Xy)
0ET,, 541
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almost surely, where the upper-bound is P-integrable (Lemma 4.8.11), so that it is
enough to show that the collection

{L  fe(Xy) — fo(X1) — 0'n(Xq)
" UE

0 eT,STH o< |0 < 1}

is dominated by a P-integrable random variable. Fix then 6 € T;,S4 ! with 0 < ||0|| < 1.
For any = € S?1, note that {s : s € [0,1]} C T,,S* '\ {mpm(—2), T ()} if and only
if v ¢ {m1(s0) : s €[0,1]} U{—m7,}(s0) : s € [0,1]}. Since P admits a density, we have
with P-probability zero that X; € {m,,}(s0) : s € [0,1]} U {—m,,1(s0) : s € [0,1]}. This
entails that, with P-probability one,

Jso (71';11))/@3,9)(1
1Qs9X1]]

1 p/
fe(Xl)—fo(X1)=—/0 it ds.

hence that

I 1 /1 { 20'Qo X1 ' (Joo(mt)) Qsp X1 } ds
0= 7 - -
101l Jo LN QoXAll 10111 Qs X1]]

Write the integrand in this last expression as

29/Q0X1 B 9/(1]89(71‘;11)),@89)(1
0]/ Qo X1l 101/ @so-X1 |

¢’ _1an @oXa 9'(Jsa(7fm1))’< Qo X1 Qs X1 >
= — (205 — (Joo(m;}! - :
o7 (e = o ) fo e T+ o1 \T@oXa] ~ Qe

On the one hand, we have that

2Id_(Jse(7r;11))/:21d<1_ 1 ) (46(9+m)/

1+ 202/ " (1 + s2]|6]2)2
28202 46(0 + m)’
TSR (1t s2fel)2

so that there exists a positive constant C such that

1212 = (Jso(m "))l < €]

for any s € [0,1]. On the other hand,
|

H QoX1 Qs X1

) | 2900 @l o) nl
QoXall  1QseXall]] ~
Since 7! is differentiable at any 6 with Jacobian matrix Jy(7,,!), there exist \; € (0, s),

Qo X1l QX

i=1,...,d, such that, for any ¢,

(T (86) = m)i = (70, (58))i = (7,,7(0))s = s(Tnio(7,,)0)i,
which ensures that there exists some positive constant C' such that

175" (s6) —ml| < C]0]|
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for any s € [0,1]. We conclude that there exists a positive constant C' such that,
irrespective of € T,,S% ! with 0 < ||0]| < 1,

cy—— (4.8.45)

1
||Q0X1H) B 1— (m'X;)?

P-almost surely. Since the upper-bound in (4.8.45) is P-integrable (Lemma 4.8.11),

[Lo| < C<1+

Lebesgue’s dominated convergence theorem applies and yields (recall (4.8.44))

E[fo(X1) — fo(X1)]

= 0E[(X1)6x, n] + 8BV (X1)Ex, ml6 + o 10])

= VEIN(X1)Ex, am] + 58 (40 + o(]10])

as 0 — 0 in T,,8% !, where K is the matrix defined in the statement of the theorem.
Let 0, = Tm(My,) and Oy := mp,(m) = 0. By continuity of 7,, Theorem 4.6.1 entails
that 6,, — 6y P-almost surely. By definition, we further have that 6,, and 6 respectively
minimize -

0~ ;fa(Xi) and 0 — B[fy(X1)]

over T,,S%1. Recalling the Lipschitz result in (4.8.42) and the fact that K is invertible
by assumption, Theorem 5.23 from [101] then entails that

A~

Vn(l, —6y) = Zn )Ex, +m +op(1)

as n — 0o. The Delta method then yields that
V(i —m) = V(' (0,) =7, (60))
= Jo, ()6, — 60) + op(1) = 2¢/n(B, — 6p) + op(1)  (4.8.46)

= K_li z ( n(;(i))gXi,:tm +op(1)
=1

X;
_g1t Z HggX H5Xi’j[m+oP(1).

Finally, since 0, = mp(fitn), 00 = mm(m), and (Ig — mm/ ) (1) = mm (1) for any pu €
S?-1 applying twice the asymptotic equivalence in (4.8.46) provides

Vi, —m) = 2¢/n(mm () — Tm(m)) + op(1)
= (a—mm){2v/n(mm (1n) — Tm(m))} + op(1)
= (Ig—mm')vn(m, —m) + op(1),

which establishes the result. |

184



Lemma 4.8.12. Fix P € Py_q, with d > 3, and assume that P admits a density f
with respect to the surface area measure og_1 on Sl Let X be an S '-valued ran-
dom wvector with distribution P. Then, for any y € S, the distribution of y(X) is
absolutely continuous with respect to Hq—1, the (d — 1)-dimensional Hausdorff measure
in R® and the corresponding density is defined by

7000 = () o)

d—1
for any z € T, 5.

PROOF OF LEMMA 4.8.12. Fix y € S%!. Let A be a Borel subset of 7ry(8d_1) =
T, S?1. Since P is non-atomic and 7y is a homeomorphism between Sd Land T, Sd L

Plm,(X) € 4] = /A Fr (2) do (2),

where U;rﬁl denotes the push-forward measure of 04_1 by 7, that is the measure defined
by ;" ,(B) := o4-1(m, ' (B)) for any Borel subset B of T,S% 1. In the sequel, we will
naturally consider TySd_1 as the product space [0,00) x S¥2 (here, S42 is identified
to S 1N TySd_l). Clearly, we also identify O';Tzl to a (spherically symmetric) measure
defined on this product space. For any Borel subset I of [0,00) and Borel subset V'

of S92,
I xV)=Jm < v) = 2r Lo
1+s20 " 1427)

rel rel

Since these sets are Borel subsets of (d — 2)-dimensional disjoint spheres, we have

- 2 1—r2
adﬂl(IxV)—/IHdg(l Tyt )dr.

+ 12 1+ 27
Since Hq_o is translation invariant on R? and homogeneous with degree d—2, this yields

- 2r
O-dzl(I X V) = /IHd_Q (m‘/) dr

= /I (1_2:742>d_27-[d2(V) dr = /va (1_2:702>d_2 drdHg—o.

Since dr ® dHg_o = dHg-1 on TySdfl, we conclude that U;rﬁl is absolutely continuous
with respect to Hgz_1 with density given by

2||zl] -2
2 :)
L+ 2]

Therefore,

- 21l z d—2
P[T('y e A /f 1 1+|||| ||”2) d%d—l(Z),

which establishes the result. ]
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Lemma 4.8.13. Fix P € Py_1, with d > 3, and assume that P admits a bounded
density f with respect to the surface area measure on S¥1. Let X be an S*-valued
random vector with distribution P and let (Y;) be a sequence of S4~'-valued random
vectors that are each independent of X. Then, for any q € S*! and any 6 € [0,d — 2),

gﬂyn (X),q B
ELWnua—mww]‘O“)

as n diverges to infinity (this applies in particular when (Y,) = (yn) is an arbitrary
deterministic sequence in S1).

PROOF OF LEMMA 4.8.13. Since Y,, and X are independent,

vy (X ] [ rv, (X0 ]
E = , < 1+E n ? N a X) — q < 1
[||7TYn(X) — g+ [y, (X) — q[[1+0 [y, (X) —qll < 1]

= é‘7"1/()()#1 - B :| Y,
=1+ /Sd—l E[]wy(x) _ q||1+5 H[H y(X) QH < 1} AP (y)

- /Sd . /Ty e Fv(z) dM a1 (2) AP (y),

si-1nB(g) 12 — al" T

where B(z,r) is the closed ball centered at z with radius r. Let g, := (Ig — ¢q¢')y be
the orthogonal projection of ¢ onto 7,841 Since ||z — gy|| < ||z — ¢|| and & 4 = & 4,
for any z € TySd_l, Lemma 4.8.12 and the boundedness of f entail that there exists a
positive constant Cy such that

0 my(x)
Lt S o[ § Cl B
AﬁdmmMHV—mef () dHa-1(2)

Ezq
<C oo/ 22y (2
all/ Tysi-1nB(g1) 12 — @+ ¢ 1(2)
§z0
e oo/ dHa 1 (2).
W Veo f1 camsnumo Tl =8 1)

Using hyperspherical coordinates in T}, S9! and denoting as o the surface area measure
on 9(B(0,1)NT,S41), which is the (d — 2)-dimensional unit sphere in 7,5, we have

gzO / d— 2/ gzo
T+s AHa—1( — do(v) dr
/Tysde(o,1) HzH1+5 (T, 54-1nB(0.1)) SET; ( )

where wgy_9 is the surface area measure of a (d —2)-dimensional unit sphere (by assump-
tion, d — 3 — § > —1, which ensures integrability above). Therefore,

§2q  pmy(X) Call floowd—2
i < —4lJ e ama
Awwmmmﬂv—ﬂﬁwfy (2) dHa-1(2) < =755

for any y € S, which entails that

E[( Ery, (X),q )Hg] < 1+CdHfHoowd—2
7y, (X) —qll d—2-90
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for any n. This concludes the proof. |

Lemma 4.8.14. Let 0 € [0,1]. Then, there exists a positive constant C' such that

2
@) b= ol ol + 1 <cmin<'|’| ”H 10 ||>
and
1 1 zx’
@) e — ol - e + -~ e’(fd—)e\
B EE
19]2 He||3> 6]+
< C'min < <C
el zl?) < € el

for any 60 € R? and any = € R4\ {0}.

PROOF OF LEMMA 4.8.14. Part (i) of the result and the first inequality in Part (ii) of the
result are Parts (ii) and (iv), respectively, in Lemma 19 from [2]. The second inequality
in Part (ii) of the result follows from the fact that if § € [0, 1], then min(t, %) < t'*9 for
any t > 0. |

Lemma 4.8.15. Let 0 € [0,1]. Then, there exists a positive constant C' such that

r—0 oz 1 o s ]
- =+ = +
FEERATRS HH2 el * o =07

for any 60 € R? and any = € R?\ {0,0}.

PROOF OF LEMMA 4.8.15. Let T := I; — z2'/||z||*> be the matrix of the orthogonal
projection onto the orthogonal complement of #\ {0} in R%. Writing Iy = (z2'/||z||?)+Y
and using the fact that T is a symmetric and idempotent matrix, we have

xz—0 x 1 2
——+ —T0
“$—W lzll [zl
Tz —0 T 1 " \2 z—0 T 1 2
= —+T6’> ) —i—HT( —+T9)
(QW-&!IMH Eal k4l =0zl (=]l
=T + 15,
say. Now,

. ! 2 2 2
T1_<< z—0 _l’> x) _<1_llxllx9>
FER AL lellz =9l
1 '9>
= (=6l -zl +
ch—0H2<H 1=l

-0 0 \|?
(it )] -
|z —0[ [z

and
2

1 1
Icolf>.

llz =6l [l
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Therefore, Lemma 4.8.14(i) yields that, for some positive constant C,

xz—0 T 1
—+mH
Mx—ﬂ Izl lzll

z'0 1
o= 01 = el + | + g = g 170
md B |z —=0[ |zl
c . CWW 6]
< min Aol ) +
|z — 0| |zl |z — 0|
(C+ )]0
=l = ollf|=|l
Since Lemma 4.8.5 in Chapter 3 readily yields
‘ r—0 _i_i_i H<‘ x—90 _‘+‘|T0”< M
[z =0l [zl [zl |z =0l ||z [ I
it follows that
z—0 T 19| 6]
- — 'I‘HH (C+3)mm< ———— ) =: (C' +3)A,
|z — 0| HMIIMH )" |l — ol

say. If ||z]| < ||z — 0||, then

2 146
<o (12 1012 10

[ e/

for any ¢ € [0, 1], whereas if ||z| > ||z — 6||, then

. 6] 6] ) 6] +°
Agmln( , <
|z =0l lz — 0| |z — 6|1+

for any 4 € [0,1]. This entails that

161+ 6]+
A < H ||1+5 H H = H —9”] WH[H&’H > Hx-@”]

o+ lleyt*?

[ T Tz — 60

for any 0 € [0,1].

We can now prove Theorem 4.6.3.

PROOF OF THEOREM 4.6.3. Since the vector field o — U (p) is differentiable at m, the
root-n consistency of m, (Theorem 4.6.2) and the Delta method (Theorem 3.1 from

101) yield
Vit =) = V(U (1) = U(m)) = Ju(U) (i, — m) + 0p(1).

Let fin := @l = nzi (Gn) and p:= pgt,, = 7,1(q) (note that ¢ was already defined in

the statement of Theorem 4.6.3). By definition,

Gn, = argmin,cpa Oy’ un#P" (2) and g¢= argmlnzeRdO”m#P(z),
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where P! denotes the empirical probability measure associated with X;, i = |[en]| +
1,...,n. Write then

\/ﬁ(ﬂn —p) = \/’E(W;ni (Gn) — 77;11 (Q))
= V(g (Gn) =m0 (@0)) + Vi (m3 (@) — 7' (a)
=: Wi, + Way,

say. Assume that /n(g, — q) converges in distribution (this will be established be-
low). The Delta method then yields that Wa, = J,(7,,})v/1(Gn — q) + op(1). For Wiy,
Lemma 4.8.9 provides

1. 1. 2 . . . 2 .
Wmi(‘]n) - Wml(%) = (1 T II(i Hz(Qn + mn) - mn) - <1+H(j||2(% + m) — m)
n n
1—[lgnll® .
——— (M, —m).
T T ER

Since v/n(dy, — q) converges in distribution, ¢, converges to ¢ in probability, which yields
(recall that ¢ = mp, (1))

_ 1 gl

= TH(]HQ\/ﬁ(mn —m) + op(1)

Win = vVn(m! (4n) — 70t (dn)

= R S, —m) + op(1) = (m )i, —m) + op(1).

Thus, we obtain that
Vil — ) = ()i, —m) + Ty ilG, — @) +op(1).  (4.847)

We now derive the asymptotic behaviour of /n(g, —¢), which we will do by applying
Theorem 3 from [2]. To do so, the main challenge is to check that Condition (iii) in
that theorem holds in the present situation, that is, writing k,, := n — [cn]| for any n,
to check that, for any h € R,

. P’VIL h’ mn P’rlL
kn{Og,uz# (q + \/H> — Og,uﬁ# (Q)} - h/nn - h,Vnh = Op(l),
for some sequence of random d-vectors 7, that is Op(1) and some sequence of invert-
ible symmetric matrices (V;,) with all eigenvalues eventually in a fixed compact subset
of (0,00). By proceeding as in the proof of Lemma 3.9.23 from Chapter 3, one readily
obtains that

/ h / 1
kn{ogz#f’n (q + \/1?> — Ofm#hn (q)} =W+ 5h'Vh + op(1), (4.8.48)
where we let
— 1 - T (Xi) — g
TR &, <||wm<xi> — gttt O‘“)
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and where V is the matrix defined in the statement of Theorem 4.6.3. Consequently, it
is enough to study the asymptotic behaviour of

Dy o=k 0T (a4 = ) ~OR (0 b 05 (44 )~z |

Writing h,, := h/v/ky,, decompose D,, into

Z (17730, (X3) = q = | = 0y (@ + Bn)) = (|7, (XG) — gll — aaryq) }
cn)+

Z {(Imm(Xi) = ¢ = hall = 0t/ (g¢ + hn)) = (|7m(Xi) = ql| = au'q) }
i=|cn]+1

= —a/knh (up —

+ Z (170, (Xi) = @ = Pl = 170, (X)) = @D, (X000
i=|en|+1

n

- Z ([lmm (Xi) — ¢ = hall = [lmm (X3) _Q|D§7rm(X +op(1)

i=|en+1

= —a/k h/ n—u) + Tip — Top + op(1),

where we used the assumption that P admits a density on the unit sphere. Now,
fix 6 € (0,1) arbitrarily. Lemma 4.8.14(ii) entails that

h/ 7Tm _Q)
T = — - (X0,
1 VEn Z [ (X, ) n(Xi),q

i=|en]+1 q”

n

1 (X ) (T, (Xi) = @) (70, (Xi) — @)
Loy )_q”h( >h+R1n,

— 2
2= T (X [, (X0) — a]
with 5
IRl S Emnn (Xi).0
|Rin| < C—= n :
B2 T () —
Similarly,

n

1 W (1 (X)) — q)
T == 2 (%) —all T

i=|en]+1

1 - Erm(Xi)g ,< (T (Xi) — @) (T (Xi) — q)’)
4 m\xi)d  pr( s — h + Ry,
2 nizgﬂ [ (X0) — gl \ [ () — a2 ’

with .

|h]*+0 3 Srm(X)a
1+8/2 N e
kn T (ol (|7 (X3) — 4|

|Rop| < C——~
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Thanks to the sample splitting scheme, Lemma 4.8.13 implies that

”h”2+6E|: gﬂ-ﬁl’n(Xl)’q :| — 0(1)
K2 Limm, (X1) — gl ’

E[|Rin[] <C

so that Ry, = op(1). The same argument yields that Rs, = op(1). Now, observe that,
letting X have distribution P and be independent of m,,, we have that, for any n,

i, 2 e (- )
< 58|y (1 e
o (- =)

=: %Eﬂgq(ﬂmn (X)) = gg(mm(X))]],

say. Since 7, — m almost surely (Theorem 4.6.1), we have that 7, (X) — mm(X)
almost surely. From continuity of g, on R?\ {g} (note that, since X admits a density,
m(X) € R%\ {q} almost surely), this entails that g,(ms, (X)) — g4(mm(X)) almost
surely, hence also in probability. Now, Lemma 4.8.13 shows that

Sy (X)a

. 146 2(144) _
Blaa(r, CON] < PO | Sl ] — o),

which implies that (gq(ms, (X))) is uniformly integrable. Therefore, Vitali’s theorem
entails that E[|g, (7, (X)) — g¢(mm(X))|] = o(1). We conclude that

D, = —a/knh! (u, — u)

1 - T, (Xi) — g mm(Xi) — q
— {"gw INPRIACS Vi B VN IS
V2 Um0 =l o0 508 [, (R = g e f o)

= —av/knh (un — )

ol mel(X) —a (X)) -
NP {menm)—qu mei)—qu}

i=|cen|+1

X & (X0),05mm (X2),a8 X1~ §X1,~m + 0P (1),
where we used again the absolute continuity assumption. Writing

my(Xi) — g

G N (1 + o' Xi)(my (Xi) — q)
70y (X)) — q| "™ T (1 4y X (my (X)) —

q) H gwy(Xi),qui,—yv
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for both y = m, and y = m, Lemma 4.8.15 yields

l,n WmnXi— 7Tsz—
) hZ{ (X))~ g (X)) —q

éﬂm i), §7Tm i), €X¢,fm£ i—Tn
e o] Toe T o] o a5

i=|en]+1

1 Z Sy, (X0),aEmm (X:),0E X0~ X1, —m
(1 +m'X;)||mm (Xi) — 4

<l (Id _ (mm (Xi) — @) (mm (X5) — Q)/>9m 45,

17 (X5) — ql[?
where
Oni = (1 +m/'X;) (i (Xi) — @) — (1 + 10, X;) (7, (Xi) — @)
= (1, + (g, Xi)g — (m'Xi)m — (m'X;)q
= ((m Xi)1in + (m'X;) (g, —m) + (17, —m)' X;)q
= {(m'Xi)Iq + (1 + q) X[ } (1, — m)
and where

- ™ i iy —Mm enz 1+4
i< 3 ( () 9|

Vo & T X (K] —
n 1446
§7r qu —Mn ||€nz H
rn > =: C(S1, + 52
rz 2 (T 70 ) g, () — g8 = €m0

say. For some positive constant C , we have

1 n £ ),a& X~
< (L T (Xi).q -
Son < ClIVkn(1in —m)| <k1+5 2. (1+m,X; )1+5\|7rmn(X ) = Q||H6>

n 2 i=|en]+1

B 1 - &ty (X1),0EX 5,10
- oy T X0 P, ()~ ) i

where we used the fact that k, is of order n as n — oco. Let us show that, still with X
having distribution P and being independent of m,,, we have

Sy, (X),aE X~ 17
X VLS| — qite | T O(1).
(1 + 7y, X) 10 ms,, (X) — 4|

Let £ > 0 be such that ||m,(z)| > 2||q|| for any z,y € S¥1 with ¢’z < —1+e. We have

Sy, (X),a8 X~
(14 10f, X) 10|75, (X)) — g||1+0

< Eﬂ'ﬁln (X),qu,fmn
= (L4 m X)) | m,, (X) — g0

[, X < —1+¢]

+ 67T'rhn()()7q
e, (X) — g+

I, X > —1+¢). (4.8.50)

192



When m], X < —1+ ¢, we have |7, (X)|| > 2||q||, hence also

7, COI _
[, CON = Tlall =~

0<

which yields

Eriny, (X),aEX,— 100
(1 4 10}, X) 19|70, (X)) — g||1F0

_ T, (X 1+o At
fX, n ( )||1+5< H n( )H > H[mnX§—1+5]

Il X < —1+é]

< -
= T 20 ST, GO \ T ()
21+6€X s
= 2 n ]I i X < _1
X = G X s X = 71
2108y i

At
= A )i X S —Lel

Plugging in (4.8.50), then using Lemmas 4.8.11 and 4.8.13, we obtain that

gﬂ'mn (X),qu,ffnn
(L 41y, X)1H0 |75, (X) — g[[*F°

146 .
§E[ 28X 4, ] n [ i (X).a

(1 — (1l X)2)(1+3)/2 | (X)) — (J\|1+5] =0(1).

This shows that

|: 1 - é.ﬂfnn (Xl),qé-Xl,*TAan
k

N =o(1
T T () 73] = o)

hence that Sz, = op(1); see (4.8.49). The same argument shows that Si,, = op(1), so
that S, = op(1). It follows that

D, = —a\/Eh'(u —

§7Tm(X a8X;—m /( (T (X5) — @) (i (X5) — q)/>
i da = eni 1 R
\ﬁz LZ}H L+ m' X)||mm (Xi) — gl ¢ |70 (X3) — ql[2 +op(1)

with 0,; = {(m'X;)Iq + (Mg, + ¢) X[} (1, —m). Of course, this rewrites

Dy = —a/knh' (un — u) + h' Lok (1, — m) + op(1),

with

Z gwm(Xi),qui,—m

w e (U ) [ () — ]

(Id _ (mn(Xi) = @) (i (Xi) —

i 'Xi m '
|7m (X3) — ql|? >{(m Xi)la+ (mn + q) X }.
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Since
Erm (X),q5X,—m

(1 4+ m/X) 10|y (X) — g1+

(this is proved when showing that Si,, = op(1) above), L, converges in probability to
the matrix L defined in the statement of the theorem. Thus,

Dp = —avknh (un — u) 4+ b L\ Ky (i, — m) + op(1).

Jointly with (4.8.48), this yields

kn{OZ%’;#P“ (a+ \/%) = OQ%Z#P"(q)}

< 00

= W {Gn + LV ken (1 — m) — o/ (0 — u)} + h’Vh+0P<>

Applying Theorem 3 from [2] finally provides

Via(n =) = =V (6o + LV ka1t = m) = av/ha(un = w) + op(1).

which yields
Vitlin =a) = =V (1= 072 + L/, = m) = av/i(un = u)) + op(1),
Thus, plugging in (4.8.47), we obtain
Vitlfin = 1) = (' )3/, =) + Jy (1,1 ) /(G = @) + op(1)
= {(m')La = Jy(m, YV T LYl = m) = (1= )72y (VTG
ady (Vi — w) + op(1)
= {(m' )L+ Ty YV (@ (U) = L) }n(ring — m)
—(L =) 2 y(m, )V G+ op(1),

which establishes the result. |

Proofs for Section 4.7

The proof of Theorem 4.7.1 requires the following rank analog of Theorem 4.5.3.

Lemma 4.8.16. Fiz P € Py_1 and let m be a Fréchet median of P. Assume that P
admits a density on S1. Let O be a d x d orthogonal matriz such that Om = m
and denote as Po the distribution of OX when X has distribution P. Then, Rp (2) =
ORB(O'2) for any z € S471L.

ProOOF or LEMMA 4.8.16. Under the assumptions of the lemma, quantiles are
uniquely defined (Theorem 4.3.1(ii)). For o € [0,1] and unit vector u in 7,84, The-
orem 4.5.3 then guarantees that QF (Oau) = Qf_ (aOu) = u'o, (FPo) = Oug’, (P) =
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OQB(au), i.e., that the mappings z — QF, (Oz) and z — OQ’B(2) do coincide. The
corresponding inverse mappings, which, in view of Theorem 4.4.5(ii), are z — O’ Rp. (2)
and z — R} (0’'z), respectively, therefore also coincide, which establishes the result. W

PrOOF OF THEOREM 4.7.1. We use again the notation 2!, = (cos ¢)m + (sin p)u.
If P is rotationally symmetric with respect to m, then, as explained in Section 4.7,
Rp(23,) = Apu for any ¢ € (0,7) and u € Uy, which implies that 77" = 0. Assume

now that 7.’ = 0. Then,

rp) = ( el d0(0) )=

for any (¢, u) € A, where A is a subset of (0,7) X U,;, whose complement has measure
zero for A X o,,, (here, \ denotes the Lebesgue measure on (0,7)). Now, fix an arbitrary
d x d orthogonal matrix O such that Om = m and denote as Pp the distribution of OX
when X has distribution P. Then,

RE, (250) = ORE(0'23,) = ORE (2] 0r,) = O(c,0'u) = Rp (27,

for any (p,u) € A. From continuity (Theorem 4.4.4), it follows that R} (z) = Rp(2)
for any z € S, which, from Theorem 4.4.6(i), implies that Pp = P. Since this holds
for any d x d orthogonal matrix O such that Om = m, we conclude that P is rotationally
symmetric about m. n
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Chapter 5

Conclusions and perspectives

In the first chapter, we explored the possibility of recovering a probability measure P
over R" via its geometric rank Rp only. We showed that this can always be done, via a
(potentially fractional) linear PDE of order n. We thoroughly investigated the properties
of this PDE, and discovered features about multivariate geometric ranks (some of which
were really surprising). In the last two sections, we showed that convergence of geometric
ranks characterizes convergence in distribution of the underlying probability measures,
in the same way the univariate cdf does. We also proved that a Glivenko-Cantelli result
holds for geometric ranks provided the limit distribution has no atoms. Letting

da(P,Q) == sup ||[Rp(z) — Ro(z)|
zeR”

for any probability measures P and (), the results of the last two sections imply that dg
is a probability metric that characterizes weak convergence. This metric is finer than
the popular Wasserstein distance dw. Indeed, in addition to convergence in distribu-
tion, convergence in the Wasserstein distance requires the convergence of some moment.
Furthermore, dg is much simpler to compute than dw since it is given in closed form.
This calls for exploring how meaningful bounds on dg can be derived. For instance, one
expects to be able to bound dg by dyw. This could lead to new and more practical ways
to bound the distance between probability measures and, therefore, derive quantitative
weak convergence results.

In the second chapter, we investigated the properties of the geometric p-quantiles in
Definition 3.1.1. In the considered setup, this arguably settles the probabilistic study
of these quantiles. However, our work naturally calls for an extension to more general
setups, and for applications of these quantiles. As mentioned in the introduction, the
geometric quantiles from [17] are flexible objects that can cope with more exotic types
of data, such as functional data. This is associated with the fact that these quantiles are
defined as minimizers of an objective function (see (3.1.1)) that involves norms and inner
products only, hence that also makes sense in Hilbert spaces. This, however, is also the
case for the objective function defining p-quantiles in (3.1.2), so that it would be natural
to investigate the properties of p-quantiles for random variables taking values in Hilbert
spaces and to compare their properties with those of the classical geometric quantiles; we
refer to [13], [14], and [15] for results on the geometric median and geometric quantiles
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in infinite-dimensional spaces.

Another direction for future research is related to inferential applications. As men-
tioned in the introduction of the second chapter, the geometric quantiles from [17] and
the companion geometric depth have been used in a quantile regression framework ([16],
[20], [23]), and it would be interesting to consider p-quantiles in this setup. In partic-
ular, this would provide a geometric concept of multiple-output expectile regression,
which would be quite natural since expectiles were originally introduced in [77] as an
Lo-alternative to the traditional Li-concept of quantile regression ([49]). Another nat-
ural venue for application of p-quantiles and p-depth is supervised classification. In
the last decade, supervised classification based on depth - where a new observation is
classified into the population with respect to which it is deepest - has met much success
in the literature; see, e.g., [58], [85], and the references therein. In this framework,
L,-depths provide natural tools to implement this max-depth approach where p might
be chosen through cross-validation. Such applications, or the application of p-quantiles
in risk assessment, deserve a full-fledged paper, hence are left for future work.

The final chapter introduces a concept of quantiles for probability measures on unit
spheres of arbitrary dimension d, as well as companion concepts of ranks and depth.
The proposed objects show the excellent flexibility and computability properties of their
geometric Euclidean antecedents. On the theoretical side, our investigation of these
concepts is rather complete, although, as far as asymptotics is concerned, a stochastic
process version of Theorem 4.6.3 could probably be obtained. It might thus be mainly
on the methodological side that this work calls for follow-ups, and the perspectives for
future research in this direction are very diverse. In particular, while we focused in
Section 4.7 on testing for rotational symmetry, it should be clear that the proposed
concepts may be useful in other inferential applications, too. For instance, it would
be of interest to see how the proposed quantiles can be used to perform supervised
classification on the sphere. Also, in the Euclidean case, geometric quantiles were used
with much success to perform multiple-output quantile regression, and it is therefore
natural to use our spherical quantiles to define quantile regression methods in cases
where responses take values in the unit sphere.
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