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ABSTRACT. This work is devoted to the asymptotic behavior of eigenvalues of an elliptic
operator with rapidly oscillating random coefficients on a bounded domain with Dirich-
let boundary conditions. A sharp convergence rate is obtained for eigenvalues towards
those of the homogenized problem, as well as a quantitative two-scale expansion result
for eigenfunctions. Next, a quantitative central limit theorem is established for fluctu-
ations of isolated eigenvalues; more precisely, a pathwise characterization of eigenvalue
fluctuations is obtained in terms of the so-called homogenization commutator, in parallel
with the recent fluctuation theory for the solution operator.

1. INTRODUCTION

Let @ be a stationary and ergodic random coefficient field on R? with symmetric val-
ues in R¥? with the following boundedness and uniform ellipticity properties, for some
deterministic constant v > 0,

la(z)e| < |e], e-a(zx)e > vlel?, almost surely, for all z,e € R, (1.1)

and denote by (2, P) the underlying probability space. In the sequel, we further assume
that a satisfies some strong mixing condition, and our main results focus for simplicity on
a Gaussian model, see Section 2.1. Given a bounded C! domain U C R¢, we consider
the sequence of rescaled operators —V - a(<)V on Hg(U). We consider their eigenvalues
{)\’;}kzl, listed in increasing order and repeated according to multiplicity, and we choose
corresponding orthonormal eigenfunctions {g*};>1 C H (U),

—V-a()VeE = Mgt iU, |glll2@y = 1. (1.2)

As is well-known, see e.g. [25, Section 11], the eigenvalues {\*};>; converge almost surely
to the corresponding eigenvalues {\*};>1 of the homogenized operator —V - aV,

~V-avg"h = Mg" iU, gl =1, (1.3)
where the effective coefficient @ € R%*? is defined in each direction e, 1 < o < d, by
aeq = E[a(Vys + €4)],
in terms of the so-called corrector gradient V¢, which is defined as the unique almost

sure gradient solution in L _(R?)? of the corrector equation

—V-a(Vy, +eq) =0, in R?,

such that Vi, is a stationary field with vanishing expectation and bounded second mo-

ment. In addition, normalized eigenfunctions are known to converge weakly in H&(U ) to

the corresponding eigenfunctions of the homogenized operator (up to taking linear combina-

tions in case of multiple eigenvalues), see e.g. [25, Section 11|. In the present contribution,
1
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we further establish sharp convergence rates and we analyze random fluctuations. More
precisely, our results are twofold:

(i) We prove an optimal convergence rate for eigenvalues and provide a two-scale descrip-
tion of eigenfunctions. Note that this also applies to the case of multiple eigenvalues.
Such results were only known previously in the easier periodic setting [26, 27].

(ii) We characterize joint fluctuations of simple eigenvalues in form of a quantitative
central limit theorem, thus answering a question raised by Biskup, Fukushima, and
Konig in |6, Section 2.2|. More precisely, we unravel the pathwise structure of fluctu-
ations: in the spirit of our recent work with Gloria and Otto [15] (see also the related
heuristics by Armstrong, Gu, and Mourrat in [23]), we show that fluctuations of \¥
are pointwise close to fluctuations of fU Egﬂ(é)aagkaﬁgk,l in terms of the so-called
standard homogenization commutator

Eapi=ep-(@—a)(Vpa +eq). (1.4)

In other words, while we found in [15, 14| that =Z° governs fluctuations of the solu-
tion operator, we show in the present contribution that this quantity also governs
eigenvalue fluctuations. This pathwise relation then reduces the characterization of
eigenvalue fluctuations to the scaling limit of Z°, which we already studied extensively
in [15, 16, 11|. In particular, under suitable strong mixing conditions, eigenvalue fluc-
tuations are Gaussian.

These different results make heavy use of refined tools from the recent quantitative theory
of stochastic homogenization as developed in [1, 21, 20, 16].

We briefly explain how our fluctuation result relates to the spectral statistics conjecture
for random operators. Rescaling the eigenvalue relation (1.2), eigenvalues of the oper-
ator —V - aV on the dilated domain %U coincide with {e2A\¥};>1, and we consider the
large-volume limit ¢ | 0. In this contribution, we show that the first eigenvalues have
joint Gaussian fluctuations, in the sense that the vector e=#2(\l —E[\l],..., \? — E[A\?])
is asymptotically Gaussian for any fixed n. This Gaussian fluctuation result at the bottom
of the spectrum is new and should be compared to the conjecture that eigenvalues have
local Poisson statistics in spectral regions where localization holds (in particular, at edges
of the spectrum other than its bottom) and have random matrix GOE statistics in the bulk
of regions where delocalization holds. Rigorous results on Poisson statistics in the localized
regime were pioneered by Minami [28] for the Anderson model, and we refer to [18, 24, 9]
and references therein for recent developments, but to our knowledge the problem still
remains open for the divergence-form operator —V - aV apart from the 1D case covered
in [31]. Rigorous results on GOE statistics in the delocalized regime are only known in the
simplified setting of random band matrix models [8, 7].

The article is organized as follows. Precise assumptions and main results are stated in
Section 2. We focus for simplicity on a Gaussian model for the coefficient field a, in which
case Malliavin calculus is available and simplifies the analysis. In Section 3, we recall some
useful tools from the quantitative theory of stochastic homogenization, including corrector
estimates and large-scale regularity theory, and we recall notations from Malliavin calculus.
Proofs of the main results are postponed to Section 4.

lThroughout, we use Einstein’s convention of summation on repeated indices, here on 1 < o, 8 < d.
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Notation.

e We denote by C > 1 any constant that only depends on the dimension d, on the el-
lipticity constant v in (1.1), on the domain U, and on ||ag||y2.e and [pa[Coleo in (2.1)
and (2.2) below. We use the notation < (resp. 2) for < Cx (resp. > £ x) up to such a
multiplicative constant C'. We write ~ when both < and 2 hold. We add subscripts to
C, <, >, ~ to indicate dependence on other parameters.

e We denote by B, (z) the ball of radius r centered at 2 in R?, and we write for shortness

B, := B,(0), B(x) := Bi(z), and B := B1(0).
e For a function g and an exponent 1 < p < oo, we write [g],(z) := (fB(r) lg|P)1/? for
the local moving LP-averages, and similarly [g]oc(7) := suppg,) 9] For averages at the

scale €, we write [g]p.c(z) == (fBg(a:) g|P)L/P.

2. MAIN RESULTS

2.1. Assumptions. Let U C R? be a bounded C'! domain. For the random coefficient
field a, we focus on a Gaussian model: more precisely, we set

a(z) = ap(G(x)), (2.1)

where ap € CZ(R®)?*? is such that the boundedness and uniform ellipticity require-
ments (1.1) are pointwise satisfied, and where G : R? x Q — R* is an R"-valued cen-
tered stationary Gaussian random field on R? with covariance function C : R¢ — R<X#,
constructed on a probability space (2,P). In addition, we assume that G has integrable
correlations in the following sense: starting from the representation

Gi = Co.ij * &,

where ¢ is an R¥-valued Gaussian white noise on R¢ and where the kernel Cy : R — R#X%
satisfies Co.;; * Coy; = Cij, we assume that Cy satisfies the integrability condition

[l < . (22)
R4

In particular, this entails that the covariance function C itself satisfies the same integra-
bility condition [pq[C]e < oo. Moreover, C is necessarily continuous, so that G and a are
stochastically continuous and jointly measurable on R? x €.

Remark 2.1 (Relaxation of assumptions). This Gaussian model (2.1)—(2.2) allows to ex-
ploit Malliavin calculus techniques, which strongly simplify the analysis. Our approach
can be repeated mutatis mutandis in a corresponding Poisson model or in the iid discrete
setting, using corresponding stochastic calculus techniques, e.g. [30, 10]. It can be further
adapted to the case of a degraded stochastic calculus in form of multiscale variance inequal-
ities as we introduced in [12, 13| with Gloria, which are available for a much wider class of
mixing coefficient fields. The general case of an a-mixing coefficient field is however much
more demanding: we believe that it can be treated using the recent techniques of |1, 22|,
but we do not pursue in that direction here. Finally, the integrability condition (2.2) is eas-
ily relaxed: the Gaussian model with non-integrable correlations can be treated similarly
but would yield different scalings as in [20, 14, 11].
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2.2. Convergence rate for eigenvalues and eigenfunctions. The following result pro-
vides a sharp convergence rate for eigenvalues, as well as a quantitative two-scale expansion
for corresponding eigenfunctions. Note that the statement also covers multiple eigenvalues;
in case of a simple eigenvalue \¥, the projection 7% [gf] is reduced to g¥. The square root in
the convergence rates (6ud(%))1/ 2 is due to boundary layers: for corresponding eigenvalue
problems on a box with periodic boundary conditions, boundary issues disappear and a
direct inspection of the proof would yield the optimal rate 5,ud(%).

Theorem 2.2. For all k > 1, denoting by 7*[] the orthogonal projection of L2(U) onto
the (possibly multidimensional) eigenspace associated with \¥, we have for all ¢ < oo,

— 1
INE = Nl Ska (ema(}))?, (2:3)

1
||gf*7_7k[9§]”LQ(Q;L2(U)) Sk (wd(%))% (2.4)

1
IV9E = (Va +ea) (D)0t lLarz@y Ska (Ha(}))?, (2.5)

i terms of

1 od> 2,
wa(r) = ¢ log(2+ r)% :od=2, (2.6)
(1+r)z @ d=1.

2.3. Eigenvalue fluctuations. The following result shows that eigenvalue fluctuations
are governed to leading order by fluctuations of the so-called standard homogenization
commutator (1.4). Combined with the scaling limit for the latter in [15, 16, 11|, this yields
a full characterization of eigenvalue fluctuations together with a convergence rate. Note
that this result is restricted to simple eigenvalues. As in Theorem 2.2, the convergence
rates (s,ud(%))l/ 2 can be replaced by efi4(L) in case of corresponding eigenvalue problems
on a periodic box.

Theorem 2.3. For all k > 1 such that \* is simple, we have for all ¢ < oo,

—o /- _ _ 1
=B - [ 22500808 ) Sk Ena)E, 2.7
U LI(Q)

_d
e 2

where we recall that the standard homogenization commutator Z° is defined in (1.4), and
where pg is given by (2.6). Combined with the known scaling limit for 2°, cf. [15, 16, 11],
this yields for all kv, ... kn > 1 such that \NF1, ..., Nen are simple,

W, (ﬁ (O = EDE]), s (A = EDNE)) ) 5 Nkk) St (ena(2))?,

where Wa(+;+) denotes the 2-Wasserstein distance and where Nkl,...,k
dimensional centered Gaussian vector with covariance

E [(Ny,ookn )i Nar o kn ) 5] = /Rd(ngi ® Vgt : Q(Vgh @ Vgh),

stands for the n-

n

where the 4th-order tensor Q € R¥X4*IXd 4s given by the following Green—Kubo formula,
for any cut-off function x € C°(R?) with x(0) = 1,

— 1 =0 . =0
Qupag = LI/ITICI}O y x(gz) Cov [uazﬂl(O),uaﬁ(as)] dzx. (2.8)
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Remark 2.4. As shown in [15, 16, 11|, although the covariance function of the homoge-
nization commutator =° is only borderline integrable,
—o0 —o0 —d
|Cov [E5,5(0); Zop(2)]| S (1 +[2)™7,

the limit (2.8) indeed exists and the convergence holds with rate O(L~!ug(L)). Alterna-
tively, in terms of Malliavin calculus, the effective tensor Q can be expressed as

Quprap = /Rd Cij(y) E{((V‘Pﬁ’ +ep) - 0iao(G) (Voo + €ar))(0)

X (L4 1) (Vs + e8) - 0ja0(G) (Va + €a)) (9)]

where £ is the Ornstein—Uhlenbeck operator associated with the Malliavin calculus with
respect to the underlying Gaussian field G, cf. (3.4) below.

3. MAIN TOOLS

In this section, we recall useful tools both from the quantitative theory of stochastic
homogenization, including corrector estimates and large-scale regularity theory, and from
Malliavin calculus.

3.1. Tools from quantitative homogenization theory. The following result recalls the
definition of correctors and flux corrector, e.g. [21, Lemma 1], which are key to describe fine
oscillations of the solution operator. Note that the flux corrector o, is defined as a vector
potential for the flux ¢, = a(V, + €4) — @eq, cf. (3.2), and the defining equation (3.1)
amounts to choosing the Coulomb gauge.

Lemma 3.1 (Correctors; [21]). For all 1 < o < d, there exists a unique solution @ to the
following infinite-volume corrector problem:

o Almost surely, @, belongs to Hlloc(]Rd) and satisfies in the weak sense
—V-a(Vya +eq) = 0, in RY.
o The gradient field Vi, is stationary, has vanishing expectation, and has bounded sec-
ond moment, and @, satisfies the anchoring condition JCB Yo = 0 almost surely.

In addition, there exists a unique random 2-tensor field oo = {0apy}1<g~<d that satisfies
the following infinite-volume problem:

e Foralll < B,y < d, almost surely, 0,5, belongs to Hlloc(Rd) and satisfies in the weak
sense

~ Ddagy = O5(da)y = 0y(da)s,  in R, (3.1)
in terms of the flux qo := a(Vpa + €4) — @eqy.
o The gradient field Vo, is stationary, has vanishing expectation, and has bounded sec-
ond moment, and o, satisfies the anchoring condition JfB 0a = 0 almost surely.

In particular, this definition entails
V04 = qa; Tafy = —Oars- (3.2)

Next, in the present Gaussian setting (2.1)—(2.2), we have the following moment bounds
on corrector gradients, as well as optimal estimates on the sublinearity of correctors,
see [1, 20]. In dimension d > 2, these estimates ensure that correctors ¢, o can be chosen
themselves as stationary fields.
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Theorem 3.2 (Corrector estimates; [1, 20]). For all ¢ < oo,
1IVel2llLa@) + I[ValallLae) Sq 1
and for all x € RY,

Ilel2(2) Loy + o2 (@)lla@) Sq pallz)),

where we recall that pg is given by (2.6). In addition, the following Meyers type improve-
ment holds: there exists a constant Cy ~ 1 such that for all 2 < p < 2+ CLO the local
quadratic averages [-]2 in the above estimates can be replaced by [-],.

A key insight in quantitative stochastic homogenization theory is the idea of large-scale
regularity, which started with Avellaneda and Lin [5] in the periodic setting, then with
Armstrong and Smart [3]| in the random setting, and was fully developed in recent years
in [2, 1, 21]: due to homogenization, the heterogeneous elliptic operator —V - aV can be
expected to inherit the same regularity properties as its homogenized version —V - aV on
large scales. For our purpose in this work, we focus on large-scale LP-regularity and we
appeal to a convenient annealed version that we established in [16, Theorem 6.1] with Otto.
More precisely, while in [16] only interior LP-regularity was established, the following is
further stated to hold globally on any bounded domain with Dirichlet boundary conditions:
the proof follows as in [16, Section 6] up to replacing the use of large-scale interior Lipschitz
regularity by corresponding global regularity as developed in [1, Section 3.5] (see also [17]).

Theorem 3.3 (Annealed LP-regularity; [16, 1]). Let D C R? be a bounded C*7 domain
for some v > 0. For all0 < ¢ <1 and h € CX(D;L>®(Q)%), if u.y, is almost surely the
unique solution in HE(D) of

~V-a(Z)Vuen, =V -h, in U,
then there holds for all 1 < p,q < oo and § > 0,
1[Vuspl2ellir (o)) Sppas 1Pl2ellieprers )

3.2. Tools from Malliavin calculus. We recall some classical notation and tools from
Malliavin calculus; we refer e.g. to [29] for details. We set

G(¢):= [ G-¢,  forall ¢ € CX(RY",
Rd
which are jointly Gaussian random variables with covariance
Cov[0(09()] = [[ | Cule—n)Glo)Gn) dady,  C.¢' € CRRY"
Rd xRd

Defining $) as the closure of C°(R9)* for this (semi)norm,

ICI2 = (6, Qg (6 o= // (% — ) G (2)C) () dady,

we may extend by density the definition of G(¢) € L?() to all ¢ € $. The space $ (up to
taking the quotient with respect to the kernel of || - ||s) is a separable Hilbert space and
embeds isometrically into L2(Q) via ¢ — G(¢). In view of the integrability condition (2.2),
the norm of § is bounded by

IClls < STz ay- (3:3)
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Without loss of generality we can assume that the probability space is endowed with the
o-algebra generated by the Gaussian field G, so that the linear subspace

8(2) = {9(G(¢1).-.6(¢) nEN, g € CFRY), Gro- Gu € 5}

is dense in L?(€2). We may thus define operators on this simpler subspace S(2) be-
fore extending them by density to L?(Q2). For a random variable X € S(Q), say X =
9(G(¢1),...,G(C)), we define its Malliavin derivative DX € L2(; ) as

DX := Z G (9:9)(G(C1),y -+, G(Cn))-

i=1

We can check that this operator D : S(Q) € L*(Q) — L?(€;$) is closable, and we still
denote by D its closure. Next, we define the divergence operator D* as the adjoint of D,
and we construct the so-called Ornstein—Uhlenbeck operator

L := D*D, (3.4)
which is well-defined as an essentially self-adjoint nonnegative operator on S(Q) c L%(Q).

With this notation, we may now state the following useful classical result; a short proof
and relevant references can be found e.g. in [16, Proposition 4.1].

Proposition 3.4 (Malliavin—Poincaré inequality). For all X € S(2) and q < oo,
1
X —E[X]l 200y S ¢2[[DX|[L20(05)-

4. PROOF OF MAIN RESULTS

This section is devoted to the proof of our main results. After a few preliminary esti-
mates, Theorems 2.2 and 2.3 are established in Sections 4.2 and 4.3, respectively. Note
that the C! regularity of the domain U is only used to have W2~ estimates on homog-
enized eigenfunctions, cf. Lemma 4.2 below, while all other arguments only require C17
regularity for some v > 0.

4.1. Preliminary estimates. The following lemma provides uniform bounds on eigen-
values and eigenfunctions. Uniform bounds on gradients of eigenfunctions, cf. (4.3), are
based on large-scale regularity theory.

Lemma 4.1. For all k > 1, we have almost surely,

AL~ (k] (4.1)
1951 Sk 1, (4.2)

and for all 1 < p,q < oo,
”[v.géC]Z;EHLP(U;Lq(Q)) Sk,p,q 1. (43)

Proof. We split the proof into two steps.

Step 1. Proof of deterministic estimates (4.1) and (4.2).

The first estimate (4.1) follows from a spectral comparison argument based on the uni-
form ellipticity condition (1.1). We turn to the proof of (4.2) and we appeal to a similar
reproducing kernel trick as in [6]: the eigenvalue relation (1.2) yields for all k > 1 and t > 0,

E _ Metpt k
ge_egpsgav
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in terms of the Dirichlet semigroup P! := Va2V on U. Noting that the latter is
bounded by the corresponding whole-space semigroup, and appealing to the Nash—Aronson
estimates [4] (see also |25, Appendix A]), we deduce almost surely

k _d
ot 5 % [ exp(=g1-—®) lokw)l do
Choosing t = 1, using (4.1), and recalling that g* is normalized, we conclude
|95] Sk 1.
Step 2. Proof of (4.3).
Considering the unique solution h* € H}(U) of the Laplace equation
k k k ~
AhZ = Nge in U, (4.4)
we can rewrite the eigenvalue relation (1.2) as
~V-a(:)Vgf =V - (VhE) i U.

Appealing to annealed LP-regularity in form of Theorem 3.3, we deduce for all 1 < p,q < o
and 6 > 0,

IV 9E)2elltr e @) Spao H[Vhlgh;eHLp(U;LqH(Q)) S IVRE e o)
Schauder regularity theory applied to equation (4.4) yields almost surely
IVAE ooy S AEllgE e o)
and the conclusion (4.3) then follows from (4.1)—(4.2). O

The following lemma concerns the regularity of eigenfunctions of the homogenized op-
erator. The proof follows from global LP-regularity theory in C'! domains, e.g. [19, The-
orem 9.13|, applied to the eigenvalue relation (1.3).

Lemma 4.2. For all k > 1, we have for all 1 < p < oo,
_k
g HWZP(U) Skp 1.

4.2. Convergence of eigenvalues and eigenfunctions. This section is devoted to the
proof of Theorem 2.2. We start with the following estimate on the fluctuation scaling of
eigenvalues. This is often used in the sequel as a concentration result.

Lemma 4.3 (Fluctuation scaling). For all k > 1 and q < oo,

~

a
IAE —EN o) Sk €2

Proof. In terms of Malliavin calculus, cf. Proposition 3.4, centered moments can be esti-
mated by

I —EDE Loy So I1DME Laeus)- (4.5)
Starting from identity
2 = [ vet-a)va,

the Malliavin derivative can be written as

DA} = /Ung-Da(;)ngJr?/UVDgf-a(g)VQf-
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Since the eigenvalue relation and the normalization of gf ensure that the second right-hand
side term is

/U VDGt - a(2)Vgt = AF /U 6EDgE = XDy = O,

we deduce
DXF = / Vgt Da(:)VgE. (4.6)
U
The definition (2.1) of a yields for any test function ¢ € Cy(U),
| ¥ Datz) = <t(e) dao(G2), (4.7)

so that the above becomes
D)\f = 5dVg§(5-) . 8ag(G('))Vg§(5-).

Inserting this into (4.5), and using the integrability condition (2.2) in form of (3.3), we
obtain after rescaling,

d
I~ ED ey So €F 1108 2 2anuroo: (43)
and the conclusion follows from (4.3). O

Next, we establish the following convergence result for eigenvalues and eigenspaces. The
proof is based on using two-scale expansion to show that homogenized eigenvalues {\*};
are approximate eigenvalues for the heterogeneous problem (1.2). Recall that the weight 14
is defined in (2.6).

Lemma 4.4 (Convergence of eigenvalues and eigenspaces).

(i) For all k > 1 and q < oo, we have

||>\]§ - S‘k”Lq(Q) Sk (Wd(%)) .

(ii) For all k > 1 and q < 0o, we have

N[

1
192 = 7 [98 |La 2wy Sk (Epal(d)?,

where we recall that 7*[] stands for the orthogonal projection of L2(U) onto the
eigenspace associated with \F.

Proof. We split the proof into three steps.

Step 1. Construction of approximate eigenvalues.
Given a parameter p € [, 1] to be later optimized (depending on ¢), set

U, :={z € U : dist(z,0U) > p}, o,U :=U\U,,
choose a cut-off function 7, € C2°(U) such that

77p|Up =1, 0< Tlp <1, ‘Vnp| 5 %7 (4~9)
and consider the following truncated two-scale expansion,
hE = gF +enppa(2)0agt € Hy(U). (4.10)

The eigenvalue relation for g* yields

~V-a(2)Vh, = Ng" - V. ((a —a)(2)Vi" +a(1)V (snpwa(aaagk)). (4.11)
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Let us reformulate the right-hand side. Expanding the gradient and inserting the definition
of the flux corrector o, cf. (3.2), we can rewrite

(@ —a)(2)Vg" +a()V (enppa()0ad")
(1= np)(a—a)(:)VF" +e(apa)()V(1,045°) + (a(Vpa + ea) — aca) (2)1p0a3"
= (1-np)(a—a)(H)VF" +e(apa)(2)V (1,0a") + (V - 00) (2)0pag".

and we note that Leibniz’ rule and the skew-symmetry of ¢ yield for the last right-hand
side term,

V- (V- 0)@mp0ag") = (V-02)(2) - V(1005") = =V - (00(2) V(0,007 )

Inserting these identities into (4.11), we are led to the following approximate eigenvalue
relation,

—V-a(: )Vh’“ = Nnf, = Nk =Vl (4.12)

where the remainder terms r* £,09 sk p are defined by
k, = (L=n,)(a—a)(2)VF* +elapa — 0a)(2)V(1,0a5"), (4.13)

Slg,p = hl;p - gk = EnpSOa(é)aagk'

We now estimate these remainders. As 1 —n, and Vn, are supported in 0,U, cf. (4.9), we
can estimate by Holder’s inequality, for all p > 2,

I M2y S 18, U2 V3" |lLew) + o ell(p, 0 ) (L2, IVF* e 0

+ell(e, o) (Dllr @IVl 2 L2 0y’

and thus, taking the LI(€2) norm of both sides, appealing to the corrector estimates of
Theorem 3.2 for p > 2 close enough to 2, using that d,U has volume |0,U| ~ p, and
appealing to Lemma 4.2 for regularity of g*, we deduce for all ¢ < oo,
k 1 _1
Hre,p”Lq(Q;L2(U)) Sk,q p2+p 2€Md(%)a (414)

and similarly,

HSlg,p’ LI(L2(U)) Sk wd(é)- (4.15)

Step 2. Convergence of eigenspaces: given ¢ € (0,1], denoting by 775’5[-] the orthogonal
projection of L2(U) onto span{gl : |\ — A¥| < 8}, we show for all ¢ < oo,

_ _ _ 1

”Qk —W§,5[9k]HLq(Q;L2(U)) Sk 0 1(5/%!(%))2- (4.16)

We claim that it suffices to establish the following result: given p € [, 1], in terms of the
truncated two-scale expansion h¥ . cf. (4.10), we have for all ¢ < oo,

€,p’
11 1
1hf , = 7E 510 MllLaouzwy) Ska 071 (07 + 97 2epa(2)). (4.17)
Indeed, as gF = h sk p» With sk p estimated in (4.15), the latter entails

1,1 1
||9 — 7L 510" a2y Ska 6 (02 + 9 2epa(2)),
and the claim (4.16) follows after optimizing with respect to p € [g, 1], which amounts to
choosing p = epa(2).
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We turn to the proof of (4.17). For that purpose, starting point is the following spectral
decomposition,

e, —mksk =S (/ nE91)gl. (4.18)
G M =NE|>6 v
In order to estimate the norm of the right-hand side, we note that projecting the approxi-
mate eigenvalue relation (4.12) onto g2 yields

(N — 5\]")/ hkpga' = /_\k/zjsf,pgg —i—/Uer Vi, for all j. (4.19)
Inserting this into (4.18) and using that {gZ }; is an orthonormal basis of L?(U), we infer

) _ 12 2
=ity € S s (el ] [t val)
&

G M =XF|>6
~Vea()Vof, =v.rf, iU, (4.20)

/Ur‘l;,p'Vgg - / Vvap an - )\g/UUing’

so that the above becomes
] / ok 91

2((A)
L Ly

G:AL=Ak|>6

In terms of the solution v 0 € HE(U) of the auxiliary problem

we can write

).

Noting that for |A — A\¥| > § we have

2007+ (0N _ S _
Mz T (M ak

)

and using again that {g?} j is an orthonormal basis of L?(U), we are led to

iih 55[ EpiiiL2 Nk 6_1(Hslac,piiL2(U) + iivf,piiLz(U))'

Poincaré’s inequality combined with an energy estimate for (4.20) yields

k k k
||Us,p||L2(U) S vas,piiL?(U) S ||7"s,p”L2(U)

Combining this with the above, together with the bounds (4.14)—(4.15) on the remain-

ders rQ > sk p» the claim (4.17) follows.

Step 3. Conclusion.
Assume that A\¥ has multiplicity s > 1, with
i P VS VA R VR
Given K > 0, choosing § = K(epa(2 ))% the event #{j : |\ — M| < 6} < s entails that
the projection 7 5[] defined in Step 2 is a projection onto a subspace of dimension < s.

As a consequence, under this event, there exists a unit vector in span{g¥,...,g***~1} for
which the projection vanishes, and therefore there must exist j with £ < 7 < k+s—1 such
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that ||g7 — 71'5’ s1d’] 2@y = s~ 2, Combining this observation with a union bound, Markov’s
inequality, and (4.16), we deduce for all ¢ < oo,

P[ﬁ{jzw M| < K (epa( }<s}

, - _1
< P [ max ||g’ — W?,S[?]JH‘L?(U) 28 2]

k<j<k+s—1
k+s—1
_ 1 _
Sksa (0 (Eud(g))2) - K (4.21)

Also recall that Lemma 4.3 ensures that the law of each eigenvalue is strongly concentrated:
more precisely, using Markov’s inequality and the fact that £%/2 < 5,ud(%), it gives for
all j > 1 and ¢ < o0,

P[IA - BN > K(epa(1)] Sjq K70 (4.22)

In view of (4.1), there exists a deterministic constant ¢; > 0 and a deterministic index
set I, such that almost surely, for all € > 0,

inf M - N[ <ep, (G M-MN<a}ch,  th<el (4.23)
J

By a union bound, provided 2K(6,u,d(%))% < ¢k, we may then write

[jj{] )\k| < ZK(E/,Ld } < s}
<P [ti{j = M < K (ena(1)2} < s| + DB [IM - ED)| > K(ena(1)3 ]
JEIk
and thus, inserting (4.21) and (4.22), we deduce for all K > 0 and ¢ < oo,
[ﬁ{] )‘k| <2K(€:ud } <5} ~k,s,q K.

As the left-hand side is the probability of a deterministic event, while the right-hand side
can be made < 1 by choosing K ~, , , 1 large enough, we infer

#{j | W] Spoag (ena(2)7} > .

Since it is already known that the set {)\é}j converges almost surely to {\}; with multi-
plicities, see e.g. [25, Section 11|, we can deduce

J_ Yk < 1
comax (BN = M e (ena()?.

=

Appealing again to the concentration result of Lemma 4.3, this yields part (i) of the
statement.

It remains to establish part (ii). First note that a straightforward linear algebraic argument
yields
max gl = 7gd]lla@y S max g7 — 7@l (4.24)

U) ~S

k<j<k+s—1 k<j<k+s—1



EIGENVALUE FLUCTUATIONS FOR RANDOM ELLIPTIC OPERATORS 13

where 7%[-] stands for the orthogonal projection of L2(U) onto span{g”, ..., g¥**~1}. Now
choosing - B - B

o = (AN = NI A GBI =N ) A >0,
where we recall that ¢, is chosen in (4.23), we note that this projection 7T§ coincides
with Wfék unless there is some k£ < j < k+ s — 1 with |)\§ — Xk| > 0, or unless there is
some j < k or some j > k + s — 1 with ])\g — AF| < 8;. In view of the choice of &, this

actually means that the projection 7% coincides with ﬂf 5, unless there is some j € Ij; with

|)\g — M| > 6;. By conditioning and Markov’s inequality, we may then estimate
17 - mE @ s@ezwy < 18— 75 3 aqeoy +2( D BIM - M| > &)
JEly

Sk N7 =7k s, [@le@rzay + O 1M = VL)
JEly

Q=

Combining this with (4.16) and with part (i) of the statement, and inserting the result
into (4.24), the conclusion (ii) follows. O

It remains to establish the corrector result stating the accuracy of the two-scale expan-
sion of eigenfunctions.

Lemma 4.5 (Corrector result). For all k > 1 and g < oo, we have

. _ 1
IVgE — (Voo + €a)(2)0am 98 | eqrz @y Sk (Ena(2))2. (4.25)
In addition, the following Meyers type improvement holds: there exists a constant Cy ~ 1
such that for all 2 < p < 2+ CLO the L2(U) norm can be replaced by an LP(U) norm

in (4.25), at the price of replacing the rate (sud(%))lﬂ by (sud(é))l/p.
Proof. Assume that \* has multiplicity s > 1, with
S\k—l < j\k - = j\k-f—s—l < S\k—i-s‘

Given a parameter p € [e,1], we choose a cut-off function n, as in (4.9). For all j

with kK < j <k +s— 1, we consider the following truncated two-scale expansion for gZ,
taking into account the multiplicity of the homogenized eigenspace,

hl, = 7gl] + enppa(2)0amlgl] € Hy(U).
Comparing with (4.10), this means Egl,p = fi]f_l(fU gggl)hép. Starting point is the
approximate eigenvalue relation (4.12), which we reorganize as

~V-a()V(gl —hl,) = (M = N)7*[gl] + M(gl — 7*1g]) + V- 7

20 (4.26)

where the remainder fép is given by

M, = (1= ny)(a—a)(2)Va¥lgl] + e(apa — 02)(2)V(1,0a7gl))-
We split the proof into two steps.
Step 1. Proof of (4.25).

Testing equation (4.26) with gZ — Bg,p € H}(U) itself, using Poincaré’s inequality and (4.1),
we find

/U V(g — )P <5 N - AR /U g — 7 g2 + /U 72
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Taking the L(€2) norm of both sides, appealing to Lemma 4.4, and estimating the last two
right-hand side term as in (4.14), we deduce

L 1 1
IV (gl = P p)luaazy i (ema(2))2 +p2 +p

Now decomposing

Vilg,p = (VSOQ +ea)(é)8a7_rk [gg] —(1 _np)vSOa(é)aoﬂ_Tk [gg] +5<Poz(é)v(77p8a7_"k[gg])a (4-27)
similar estimates yield

4 , 1 L1
IVg! = (Voo + €a) ()00 (9]lnuL2w)) Ska (E1a(2)Z + % + p"2epa(2)-

The conclusion (4.25) follows after optimizing with respect to p € [e, 1], which amounts to
choosing p = epa(2).

Step 2. Meyers improvement.
Rewriting the approximate eigenvalue relation (4.26) as

~ AL = h,) = V- ((1Za(:) ~ 1)V (gl — b))
+ 125 (O = M) 7hlgl] + Mol — 7Hgt) + V- 7L,,),
the standard L? regularity theory for the Laplace equation in U yields for all 1 < p < oo,
IV (g2 = bl )llrw) < Kp)I(25a(2) = 1)V (g — )l
+2K(p) (1M~ IF w1 + MlloE — P llw-10) + I e )
where by interpolation the multiplicative constants satisfy
lim K(p) = K(2) = 1. (4.28)
p—2
The uniform ellipticity condition (1.1) yields
|1J,-%a(;) - Id‘ = 1+V’
and thus, also appealing to the Sobolev inequality and to (4.1), we get for all 2 < p < d%dQ,
IV (g2 _ﬁg,p)HLp(U) < K(p )1+va(ga i"g,p)”Lp(U)
+ Cip(1M = X1+ gl = P ldlllao) + I oo ).

Taking the L9(2) norm of both sides of this estimate, appealing to Lemma 4.4, and esti-
mating the last right-hand side term as in (4.14), we deduce

IV(g2 - ﬁg,P)HLq(QsL”(U)) < K(p )1+VHV(95 g,p)”Lq(Q;Lp(U))
+ Cipg ((Eﬂd(%))% + P% + piilaﬂd(%)) (4.29)
Recalling (4.28) and % < 1, we can choose Cy ~ 1 such that
K(p)ims < (LZ)é <1  provided [p—2| < C%
This allows to absorb the first right-hand side term in (4.29): for all 2 <p <24 C%,

. ~ . 1 1 1_
IV (g2 — W lnaorrwy Sipa (Ena(l))2 +pr +pp tepa(d).
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Further decomposing szg,p as in (4.27), and optimizing with respect to p, the Meyers
improvement of (4.25) follows. O

4.3. Eigenvalue fluctuations. This section is devoted to the proof of Theorem 2.3. While
the fluctuation scaling is already captured in Lemma 4.3, we now turn to the characteri-
zation of leading-order fluctuations and their pathwise description (2.7).

Proof of Theorem 2.3. Let k > 1 be fixed such that the eigenvalue A* is simple. The
eigenvalue relations for gf and gF yield

(AE 2k / / vg* - —a)Vgt,

X = [ Vi) - vk« k- (1= [ at). a0

where the first right- hand side term involves the so-called “homogenization commutator”

of the eigenfunction g¥, that is, the vector field (a(:) —a@)VgF, in the terminology of [15].

Taking inspiration from the fluctuation theory for the solution operator in [15], we expect
that the homogenization commutator can be replaced by its two-scale expansion, and we
are led to postulating the following approximation,

N EDY ~ /U =0 4(2)00g" 055",

or alternatively,

where we recall the definition of the standard homogenization commutator, cf. (1.4),
Eap = s (a—a)(Vea + €qa).

It remains to estimate the approximation error. For that purpose, in view of (4.30), we
can write for all ¢ < oo,

% -Bpd - [ =taciontosst, ) = 185 BB hoce

where we have set for abbreviation

£f i [ V9 (a(2) - @) (Vo - (Tpat ea) 000") + 0 - 3 (1 [ gbg"). (@)
Appealing to Malliavin calculus, cf. Proposition 3.4, we deduce for all ¢ < oo,

|~ B - [ =210

To estimate the right-hand side, we first proceed to a suitable computation of the Malliavin
derivative DE!?, and we split the proof into two steps.

@) Sq IDEE||raqss)- (4.32)

Step 1. Proof of
DEY = /U (Vok + (Vos +e5)(2)055" ) - Dal(2)(Vok = (Vi + €a) (2)0a5")

~ = [ V(@u"05") - ((aps-+ 75)()VDgal:) + (sDa)(:) (Ta +ca)2)). (433
U
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By definition (4.31) of E¥, its Malliavin derivative can be decomposed as
DE! = / Va* - Da(2) (Ve — (Vou +ea)(:)00d")
U
+ [ Ve (a(z) - @)(VDgk - VDpu(2)0ng) +D<<A’; - gﬁg’“)). (4.34)
U U
We start by reformulating the last right-hand side term,

D((A?—W(l— /U gfgk)> = (A=Y /U §"Dgk + (DA!) (1 - /U gkg").  (4.35)

We further reformulate the first right-hand side term in this identity. Taking the Malliavin
derivative of the eigenvalue relation for gf , we find

(—\f — V- a(2)V)DgF = V- Da(:)VgE + (DAF)gE,

hence, testing this relation with g* and using the eigenvalue relation for g~,
— 0= [ gngk - oA [ oot
U U
- — [ vd*-(a(z) ~@)VD4t - | V4*-Da()vi.
Combining this with (4.34) and (4.35), we deduce after straightforward simplifications,
DE" = /Uvgk Da(2)(Vek (Ve + ca) ()"
- [ 0u")Ve" - (a(2) = @)V Da(2) — [ Vit~ Daz) Vel + DAL
or equivalently, further using (4.6),
DEF = /Uvgk : Da(é)(ng — (Vo + ea)(;)aag’“)

- / (0a7")VG" - (a(2) — @)VDpa (%) + / (Vgk —Vg*) - Da(:)Vgt. (4.36)
U U

Next, we further reformulate the second right-hand side term in this identity. In terms
of the skew-symmetric flux corrector o, cf. (3.2), integrating by parts, using Leibniz’ rule,
and noting that the Malliavin derivative of the corrector equation takes the form

—V-aVDypg =V -Da(Vyg+ ep), (4.37)

we easily get
| (@393 - (a2) ~ @)V D)

= [ 0:5"0:8") (=a¥ios+ V- 0)(2) - VD)

= [ 05", (T22)(2) - Dal2) (Ve +0)(2)

+5/ V(043" 935") - (aps + 05)()VDga(2)
U
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+g/v&¢mg>Wthxv%+%x>
U

Inserting this into (4.36), and reorganizing the terms, the claim (4.33) follows.

Step 2. Conclusion.
In terms of the solution v, € H}(U) of the auxiliary problem

— V- a(:)Viee = V- ((ag% - aﬁ)(;)waagkaﬁgk)), in U, (4.38)
we can write
| V@8 0:) - (s + o) ()9De0(2) = = [ Fua-a(2) VD),
and thus, in view of the Malliavin derivative of the corrector equation, cf. (4.37),
/ V(0ag"053") - (aps + 05)(2)VDgal: / Ve - Da(2)(Vea(z) + €a)-

Inserting this into (4.33), and recalling that the definition (2.1) of @ yields (4.7), we are
led to

DEF = & (ng(e-) + (Vs + eﬁ)f%ék(f‘)) +0a0(G) <Vg§(€') ~ (Ve t ea)aagk(f')>
— Y (Viiale) + 05V (0ug"055") () - 000(G) (Vg + 0.

Inserting this into (4.32), and using the integrability condition (2.2) in form of (3.3), we
obtain after rescaling, for all 2 < p, ¢ < o0,

|3t —E - [ =100 05

Sq 2| [VoE + (Vs +e5)(2)055"] .|

L9(Q)
2p
L24(Q;LP=2(U))
x||[V F— (Va + €a)(2)0ad"] I
g{—: SOOL (6% c Clg 2;6 L2q(Q,Lp(U))
d
+ €15V + ealllizaey (9 0malze iz o)
+[[[08(2)V(9ag" 055" 2;5HL2(U;L2‘1(Q))>'

Appealing to annealed L? regularity in form of Theorem 3.3 for equation (4.38), we find

”[vva;a]Q;aHLQ(U;L?fI(Q)) Spa H [(‘1806 - Uﬁ)(é)v(aagkaﬁgk)]Q;EHLz(U;L?)q(Q))-

Further appealing to the corrector estimates of Theorem 3.2 and to the estimates of Lem-
mas 4.1 and 4.2 on )\];,g?,gk, we deduce for all 2 < p,q < oo,

w—mw—/a°
U

The conclusion (2.7) follows from the Meyers improvement of the corrector result in
Lemma 4.5 provided that p > 2 is chosen close enough to 2. O

_d
€ 2 Sk,p,q 5/‘d(%)

5(2)0ag

L1(©)
* H [ng — (Voo + eo‘)(é)a"‘gk]2;5HL2‘1(Q;L”(U))'
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