THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES

LAIACHI EL KAOUTIT AND PAOLO SARACCO

AssTrACT. A differentially recursive sequence over a differential field is a sequence of elements satisfying a
homogeneous differential equation with non-constant coefficients (namely, Taylor expansions of elements of
the field) in the differential algebra of Hurwitz series. The main aim of this paper is to explore the space of all
differentially recursive sequences over a given field with a non-zero differential. We show that these sequences
form a two-sided vector space that admits, in a canonical way, a structure of Hopf algebroid over the subfield of
constant elements. We prove that it is the direct limit, as a left comodule, of all spaces of formal solutions of
linear differential equations and that it satisfies, as Hopf algebroid, an additional universal property. When the
differential on the base field is zero, we recover the Hopf algebra structure of linearly recursive sequences.
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1. INTRODUCTION

This section represents a self-contained introduction to this note. After giving a little background on
linear differential equations over a differential field and on the study of their solutions from the point of view
of Hurwitz series, we clarify our motivations in reconsidering this subject. The main results of the paper are
reported herein as well, in great detail.
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2 LAIACHI EL KAOUTIT AND PAOLO SARACCO

1.1. Motivation and overview. Let K be a field (of any characteristic) and d : K — K a derivation, that is,
an additive map which satisfies

d(xy) = x0(y) +d(x)y, Vx,yek.
The pair (K, 0) is referred to as a differential field and its subfield of constant elements is the set:
k=K’ ={ceK|dc) =0}

We keep this notation fixed all over the paper and we may often omit to refer explicitly to d and simply write
K instead of (K, d). The ring of linear differential operators (also known as the skew polynomial algebra)
K[Y; ] associated with (K, d) is the free k-algebra generated by K and an element Y subject to the relations

xY =Yx+d(x) (1)

for all x € K. Over K, it coincides with the right K-vector space generated by the symbols {Y' | i > 0}:
@izo YK. Therefore, a generic element of K[Y; 8] will be written as Z;l:o Yic;, withc; e Kfori=0,...,d
(see [MR| §2]). For the sake of simplicity, we will often simplify the notation K[Y; 9] into K[d]. Notice
that K[0] is a two-sided K-vector space (i.e., a K-bimodule). However, over k it is an ordinary, symmetric,
vector space (i.e., we have cP = Pc for every ¢ € k and P € K[d]). Equivalently, one may say that K[J] is a
central k-bimodule. Henceforth, all K-vector spaces will be right K-vector spaces, unless stated otherwise,
and vector spaces over k will be symmetric two-sided k-vector spaces.

Assume that we are given a homogeneous linear scalar differential equation of order d, with not necessarily
constant coeflicients, of the form

0 3) = (ca-10"7 () + -+ + 10 () + coy) = 0, )

where ¢c; € Kfori =0,...,d — 1. One is interested in looking for a full set of solutions, that is, d linearly
independent solutions of (2). It may happen that K already contains a full set of solutions. This is the case,
for instance, if we consider the equation d (y) — y/z = 0 over C(z) with the obvious differential induced by
0/0z. In general, however, this is not the case. For example, the equation 9 (y) — cy/z = 0 over C(z) admits
solutions in C(z) if and only if ¢ is an integer (see [vPS|, Exmple 1.14 (3)] for both examples). One then
looks for differential field (or even differential ring) extensions of K containing the missing solutions, and
this is, in fact, part of the main duty of what is known in the literature as differential Galois theory [vPS]].

In a series of papers [K2| [KP, [KS|], Keigher and collaborators studied Hurwitz series as a practical way
of formally integrating homogeneous linear differential equations over fields (or, more generally, rings,
possibly with zero differential). Namely, one introduces the differential algebra of Hurwitz series (H (K), N)
over K as H(K) = K with product given by the Hurwitz product

a"ﬁ = (Z (Z)akﬁn—k] B va’ﬁ € (]_((K)7

0<k<n neN

and differential map given by the shift operator
N H(EK) — H(K), ((ao,aq,ag,...) — (a1, @2, @3, .. .)).
In this way, one may look at (2) as a differential equation over H(K) of the form:
N = (sCca) N+ + s(e) N+ 5(c0)) =0, 3)

where s : K - H(K), x — (x,0,0,...), is called the source map. Since N(a) = 0 if and only if @ = s(c)
for some ¢ € K, the k-algebra K can be identified via s with the subalgebra of constant elements of the
differential k-algebra (H(K), N). More precisely, by adopting a notation similar to the one as above, we
have that
HEN = {a € HE)| N(a) = 0} = s(K).
As a consequence, equation (3)) is now a differential equation with constant coefficients and one can solve
it to find the so called formal solutions of [2)) in H(K), that is, sequences a € KY such that

Upid = C4—1Qnid—1 + - + C1Qp41 + CoQp, forall n > 0. (@)

It is noteworthy that & € H(K) is a formal solution of (2)) in this sense if and only if it is a linearly recursive
sequence over K, that is, it satisfies a recurrence like (@). For the sake of comparison with what follows, let
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us highlight that in order to write (@) at level (n + 1) + d, one needs to place the coefficients (cs-1, - .., co)
along the vector (@44, - - . s @y+1) in a linear way, without deriving the ¢;’s.

Linearly recursive sequences arise widely in mathematics and have been studied extensively and from
different points of view. See for example [FEMT| [PT} [T]] concerning their connections with Hopf algebras
and the Sweedler dual K[X]° of the coordinate algebra of the affine additive group (K, +,0) and [EST]
concerning their topological structure and properties. For a survey on the topic, we refer to [vdP].

Despite the strong motivations supporting Keigher’s approach, that is to say, the fact that the “universal”
space of formal solutions admits the structure of a Hopf algebra, we believe that the argument reported
above has a disadvantage: the inclusion s : K — H(K) does not make of H(K) a differential extension of K,
as it does not commute with the differentials, unless the differential of K is zero (i.e., d = 0). Therefore,
we could not see how to relate Keigher’s formal solutions to solutions of the original equation ) over K.
In particular it is not clear, at least to us, how to relate the Hopf algebra of formal solutions with the affine
algebraic k-group attached to the initial equation (2)), neither how to construct the Picard-Vessiot extension
of this equation out of this Hopf algebra.

In the present paper, our aim is to overcome the aforementioned obstacle and to offer to the reader a
genuine differential extension of K containing all (formal) solutions to homogeneous linear differential
equations over K. Namely, our approach in studying (2)) by means of the differential algebra (H(K), N) will
take into account the injective “Taylor map™: ¢ : K — H(K), x (x, a(x), P (x), .. ) referred to as the the
target map. In this way, we are able to show that H(K) contains a distinguished two-sided vector space, the
one of all differentially recursive sequences hereby introduced, that naturally carries a commutative Hopf
algebroid structure (as linearly recursive sequences were carrying a Hopf algebra structure). We will show
how it can be realized as the universal object satisfying two universal properties, and how, as left comodule,
it turns out to be the direct limit of the spaces of formal solutions of linear differential equations (compare
with [KS]).

1.2. Description of the main Theorem. We consider H(K) as a differential extension of K via the target
map ¢ : K —» H(K) above. By identifying K with its image via 7, we may now look at (Z) as an equation
over H(K) of the form

N = (t(ca) N -+ 1) N +1(co)) = 0. (5)
A sequence @ € H(K) is a solution of (3)) if and only if it satisfies a recurrence relation of the form
B n n . o n n . n n .
Upid = ]Zg (k)a (Ca-D@pid-—-1 + -+ + kZ::; (k)a (c@n—k+1 + ; (k)a (co)an—k (6)

n
2
= C4-1Upid—1 + NO(C4-1)Unsa—2 + (2)3 (€a)Unra—3 + -+ + 0"(Ca—1)¥a—1 + C42pra— + -+ + 8" (co)o,

for ¢; € K. For instance, if d = 2 and equation (3)) has the form N 2 _t(c)) N —t(cg) = 0, then the attached
differential recurrence relation can be written as follows:

n—1
n n n n
Apn = (O)a%law + kzz(; ((k N 1)6k+1c1 + (k)akco) App + (n)a"coa'o, VYn>0. 7

By solving (7), every @, for n > 2 can be expressed in terms of @y, @;. For example, we have
ay = cjag + cyap,
(c% + dcy + c)ay + (cocy + deo)ay,

@3

s (c? +3c10c; + 2coc) + 0%cy + 20co)a; + (c%co + 2co0c; + ¢10co + c(2) + 0%co)ay,

where one clearly notices the occurrence of d in the coefficients. As a consequence, a sequence satisfying
a relation of the form (6) will be referred to as a differentially recursive sequence. We will prove that
the collection Dling of all differentially recursive sequences over K is not only a differential extension
of K providing all “formal” solutions to linear differential equations, but it also enjoys a structure of a
commutative Hopf algebroid over k (i.e., that of an affine groupoid k-scheme) converting it into a universal
construction (in the category theoretical sense) in two ways. On the one hand, Dling is the universal
object K[d]° provided by the Tannaka-Krein reconstruction procedure applied to the forgetful functor from
the category of all differential K-modules (i.e., finite-dimensional modules over K[d]) to the category of
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finite-dimensional right K-vector spaces, as in [EG]. On the other hand, Dliny is the “biggest” K-coring
K[0]°, provided by the ring/coring duality via the Special Adjoint Functor Theorem, inside the right K-linear
dual Homy, (K[0], K), as in [AES1]]. Namely, the following Theorem and the forthcoming paragraph resume
the main achievement of ours.

Theorem. The k-algebra Dling of differentially recursive sequences (i.e., satisfying (6)) enjoys a structure
of commutative Hopf algebroid with base k-algebra K. The structure maps are explicitly given by the source
s: K — Dling, x = (x,0,...), the target t : K — Dling, x = (3"(x)),0, the counit ¢ : Dling - K,a —
a(0), the comultiplication

d
A: Dling — Dling ®; Dling, @ — Z N(@) ® (v; On))so
i=0
(where { y? | 0 < i < d }is a suitable dual basis of the space of formal solutions of the differential equation
satisfied by a and y, are the canonical images of the operators 0" therein) and the antipode

& Dling — Dling, ar— (Z (Z)(—l)"_kc')k (a(n — k))]
k=0 n20
It turns out that, with this structure, there is a chain of isomorphisms
K[0]° = Dling = K[J]*
of commutative Hopf algebroids (see [AESI] for the definitions of both (-)°,(=)*). Furthermore, if by M,
we denote the (formal) solution space of the differential equation L(y) = 0, then the family {MZ} . forms a
directed system of left Dling-comodules such that we have an isomorphism
lim (M) = Dling
L
of left comodules.

The relation between differentially recursive sequences and linear recursive sequences is given in form of
the following commutative diagram of k-algebras, with injective arrows:

H(K)

where Ling denotes the F-vector space of linearly recursive sequences for a given field F (with or without
differential). We provide concrete examples (see the ones reported in Example [3.29)below) to show that the
images of Dling and Ling inside H(K) do not coincide. We conclude the paper by giving a brief comment
on the Picard-Vessiot ring extension of equation (2) and its relation with the Hopf algebroid Dling.

2. PRELIMINARIES, NOTATION AND BASIC NOTIONS

In this section, we recall with details the notions of commutative and co-commutative Hopf algebroids
over a field. We also explain the main notations that will be used freely in the sequel.

2.1. General facts on rings and bimodules. For R, S, T three rings with identity, the terminology (R, S )-
bimodule refers to a bimodule where the ring R acts on the left-hand side and the ring S acts on the right-hand
side. An R-bimodule stands for an (R, R)-bimodule and bimodules over a field are referred to as two-sided
vector spaces. Assume that we have a diagram of rings

R—¢>T<Q—S.

Then T admits two structures of bimodule via its multiplication. In fact, it is an (R, S)-bimodule and
(S, R)-bimodule, where the actions are given by:

retes = @(r)to(s) and sotor = o(s)te(r)
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forallr € R, s € S and t € T. The first bimodule will be denoted by .7, and the second one by ,T,. If, in
addition, R and S are commutative rings, then there are other possible structures of bimodule on 7. Namely,
the ones which we denote by .7, ,,T, Ty, and T,,. For instance, the actions defining ,,,T" are explicitly
given by
retes = oro(st,

forallr e R, s € S and ¢t € T. If furthermore T is a commutative ring, then all these bimodules are equal.

The abelian group of all bilinear morphisms between two (R, S )-bimodules M and M’ is denoted by
gHomg (M, M’). The endomorphism ring of right R-module X is denoted by End.x(X) and we use the
notation Endg(X) if R is commutative. Given an (S, T')-bimodule N, an (R, S)-bimodule M and an (R, T)-
bimodule P, the hom-tensor adjunction states that we have a natural isomorphism

sHom, (N, Hom (M, P)) = ,Hom, (M & N, P) = ,Homg (M, Hom; (N, P)),

where ®; denotes the tensor product over S. The (S, T)-bimodule structure on ,Hom (M, P) (and, similarly,
the (R, §)-bimodule one on Hom; (N, P)) is given as follows. Forall s € S,1 € T, f € ;Hom (M, P) and
meM,

(s-f-m)y=f(m-s)-t.
Equivalently, observe that every s € S (and, analogously, every ¢ € T) induces an R-linear endomorphism
Ps: M — M,m— m - s. Therefore, we can also write

s-f-t=piofops.

Similarly, every r € R (and every s € §) induces the T-linear morphism 4, : N = N,n — r - n, and hence
r-g-s=As0g04,

for all g € Hom. (N, P). We will often omit the - symbol in what follows.

By a differential algebra over a commutative ring R we mean an R-algebra A together with an R-linear
endomorphism d4 : A — A satisfying the Leibniz rule:

0a(ab) = 04(a)b + ads(b),

for all a, b € A. The following relation can be proven inductively
n n ~
& (ab) = Z ( )ag(a)a;; k(b). )
oo K
With (K, d) we always denote a differential field with subfield of constants k. If a different field is be
required, we denote it by F. The unadorned tensor product ® is that over k. The space of right K-linear
functionals Homy (V,K) on a two-sided K-vector space V will be denoted by V*.

For the definition of a general left (or right) Hopf algebroid over a non-commutative algebra, one can
consider [Scl Theorem and Definition 3.5] (or a right-handed version of it. See also [BM, Definition 2.2]).
However, in the sequel we will be interested in (1) commutative Hopf algebroids and (2) co-commutative
right bialgebroids and right Hopf algebroids with base algebra the field K, considered as k-algebra. Thus, let
us remind quickly about these construction, for the sake of the unaccustomed reader.

2.2. Commutative Hopf algebroids. Recall from [Ral Appendix A1] that a commutative Hopf algebroid
over the base k-algebra K consists of a k-algebra H together with a diagram of k-algebra maps:

S

)

K== H—> ~He H,
t

where, to perform the tensor product, H is considered as a two-sided K-vector space of the form ;H;. The
maps s, : K — H are called the source and the target respectively, € : H — K the counit, A : H — He: H
the comultiplication and . : H — H the antipode. These have to satisfy the following compatibility
conditions:

e the datum (H, A, €) is a coassociative and counital comonoid in (xBimg, ®,, K), i.e., a K-coring;
e the antipode satisfies ¥ o s =t, % ot = s and 2 = 1dy;
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e by resorting to the so-called Sweedler’s Sigma Notation A(h) = 3, h1y ®x h(z)m the antipode satisfies
also Y L (h)hy = (t o &)(h) and 3,y 1 (hy) = (s 0 &)(h).

A morphism of commutative Hopf algebroids over K is a k-algebra map ¢ : H — %K such that

¢ o sy = 5%, ¢ oty = Iy,
Ag o ¢ = (¢ ® §) o Ay, g0 ¢ = &y,
Sxop=¢o Sy.

If it is important to highlight that the commutative Hopf algebroid H is over K, one usually writes that
(K, H) is a commutative Hopf algebroid over k.

Observe that the existence of s and 7 is equivalent to the existence of a k-algebra extension  : KK — H
that makes of H a (K ® K)-algebra.

2.3. Co-commutative Hopf algebroids. Next, we recall the definition of a co-commutative right Hopf
algebroid. A k-algebra U together with a k-algebra extension A — U is called an A-ring. A co-commutative
right bialgebroid over K is the datum of a possibly noncommutative k-algebra U and a k-algebra map
7 : K — U landing not necessarily in the center of U (i.e., a K-ring structure on U), with the following
additional structure maps:

e a morphism of right K-vector spaces € : U; — K
e a morphism of K-rings A : U — U Xg U, where

L

1 1

UXKU::{ZM[®;<vieUT®K U,

Z T(X)U; ®r v; = Z u; @, (x)v; forall x € K}

is a right K-vector subspace of U, ®; U, via

(Z U; Qy vi) ‘X = Z u; ®; vit(x) = Z u;T(x) ® ;.

1 1 l

This is one instance of the so-called Takeuchi-Sweedler’s X-product (see [Sw} Definition 2.1] and [Tak,
page 460]). It is endowed with the k-algebra structure

[Z U; O vi] [Z u; ® v;] = Z uil'; @ viv', lysev = 1y ® 1y

i ij

l J

and the K-ring structure given by the k-algebra morphism
K- UxxU, X 1(X) ® 1y = 1y & 7(x);
subject to the conditions

e the composition U — U xx U C U, ®; U,, which we denote by A again, is coassociative, it admits &
as a right and left counit and it is co-commutative in the sense that

ACOp(u) = Z Up) g Uy = Z Uy ¢ Uy = A(u)
(u) (u)
for any u € U;
o g satisfies e(uv) = e(e(u)v) forall u,v e U.
The so-called Hopf-Galois map (or canonical map) attached to a right co-commutative bialgebroid U is the
map defined by

B:U,®, . U— U;® U, URQy V> Zuv(1)®Kv(2) .
)
The co-commutative right bialgebroid (K, U) is said to be a co-commutative right Hopf algebroid whenever
its canonical map 3 is bijective. If this is the case, then there is a well-defined map 8~ (18,-) : U = U,®,, U,
U ﬁ’l(l ®; u), known as the translation map.
If it is important to highlight that the co-commutative right Hopf algebroid U is over K, one usually
writes that (K, U) is a co-commutative right Hopf algebroid over k.

(D When involved in long computations, we will often omit the summation symbol.
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It is worthy to mention that if (K, U) is a right co-commutative bialgebroid, then the category of right
U-modules is a monoidal category and the restriction of scalars functor (or forgetful functor) to the category
of right K-vector spaces is a strict monoidal functor. In this case, the category of U-modules is for free a left
closed monoidal category and (K, U) is a right Hopf algebroid if and only if the forgetful functor preserves
left inner homs-functors. For more details we refer to [[Sc] (see also [EG] §1.2]).

3. DIFFERENTIAL OPERATORS AND DIFFERENTIALLY RECURSIVE SEQUENCES OVER DIFFERENTIAL FIELDS

This section is devoted to stating and proving the main result of the paper, concerning the Hopf algebroid
structure on the space of differentially recursive sequences. Namely, after recalling explicitly the Hopf
algebroid structure of the differential operator algebra of a given differential field, we introduce the space of
differentially recursive sequences, we prove that it inherits a Hopf algebroid structure from that and, finally,
we compare these sequences with the usual linearly recursive ones.

3.1. Differential operators over differential fields and Hopf algebroids. Given K, d and k as before,
we consider the skew polynomial algebra K[Y; d] associated with K. For the sake of simplicity, we set
K[d] := K[Y;d]. Let us give a few examples and then describe the Hopf algebroid structure of K[d].

ExawmpLE 3.1. The field C of complex numbers (and, in general, any field) with the zero derivation = 0
is a differential field with constant field C itself. It’s associated skew polynomial algebra is the algebra of
polynomials in one indeterminate C[Y].

ExampLE 3.2. For a field F of characteristic 0, the field of rational functions F(X) = {p(X)/q(X) | ¢(X) # 0}
in one indeterminate, with derivation dx uniquely extended from dx : F[X] — F[X], is a differential field
with constant field F itself. Notice that

( 1 ):_ax@(xn
g q(X)?

for all non-zero ¢(X) € F[X], in light of the Leibniz rule. In this case, the associated skew polynomial
algebra is the algebra of differential operators of F (X) (see [MR| Corollary 15.2.5 and Theorem 15.5.5]).

Remark 3.3. In general, the skew polynomial algebra K[d] can be considered as an algebra of differential
operators of K (i.e., a subalgebra of the algebra of differential operators of K). It is well-known that for C a
differential field as in Example[3.1] the skew polynomial algebra C[Y] is a Hopf algebra and its finite dual
Hopf algebra C[Y]° coincides (up to isomorphism) with the algebra Linc of linearly recursive sequences
over C (see [Abl §3.5] for the explicit definition of the finite dual Hopf algebra). This observation played
a fundamental role in [ES1] and allowed us to reveal the rich topological structure of Linc. The present
section is devoted to show that a similar identification holds over more general differential fields.

For any differential field (K, d) with field of constants k, the skew polynomial algebra K[d] is a co-
commutative right Hopf algebroid over K. In details, identify xY° with x for every x € K, so that we may
consider the assignment 7 : K — K[d], x = x. This is a morphism of k-algebras which converts K[J]
into a K-ring (not a K-algebra, as 7 does not land into the center of K[d] because of equation (I))). As a
consequence, K[d] is a two-sided K-vector space with actions

Y'.x=Y"x  and x-Y'= Z (Z)Ykan_k(x), )
=0

for all n > 0, x € K. The counit is provided by the assignment € : K[0] — K, Y +— d¢,, extended by right
K-linearity, where 9, ,, is Kronecker’s delta (i.e., 8, , = 1 if n = m and O otherwise). The unique right
K-linear morphism A : K[d] — K[d] ®, K[d] satisfying
ny _ - n k n—k
A(Y)_Z(k)Y ® Y (10)
k=0

for all n > 0 (where the tensor product ®, is taken by considering K[d] as a symmetric two-sided K-vector
space with left action induced by the right one) is a well-defined coassociative and counital comultiplication



8 LAIACHI EL KAOUTIT AND PAOLO SARACCO

that lands into the Sweedler-Takeuchi X-product and such that A : K[0] — K[d] xx K[d] is a K-ring map.
The translation map is provided by

n
Blae Y= Z (")(—1)ky’< ®. Yk
k
k=0
ExampLE 3.4. For K = C(z) and 0, = d/0z, K[9,] is the universal enveloping Hopf algebroid of the
Lie-Rinehart algebra Derc(C(z)) = C(z)d,, the free left C(z)-module generated by 9,.

The space K[d]" = Homy (K[J], K) of right K-linear morphisms from K[d] to K becomes a ring with the
convolution product
(f @)= > f (un) g () an
()
for all f, g € K[0]* and u € K[J].

RemMark 3.5. The interested reader may check that, since the filtration F” (K[Y;3d]) := Z:o Y*K is an
admissible filtration on K[0] (in the sense of [ES2, §3.4]) and since the translation map is filtered with
respect to this filtration, K[0]" becomes a complete commutative Hopf algebroid in the sense of [ES2]| (see
in particular [ES2, Proposition 3.16] and [Sal §3.3.1] for a detailed treatment of the general case).

Notice that K is a (right) K[d]-module with action uniquely determined by x - ¥ = d(x) for all x € K. In
view of (T0), a straightforward check by induction shows that x - u = &(xu) for all x € K and u € K[d]. By
the hom-tensor adjunction, this action induces a k-linear map y : K — K[d]" such that u(x)(u) = x - u for all
x € K, u € K[0]. This u turns out to be a k-algebra morphism, since for all n > 0

uo) (M =o€ Y (’;)a’%x)a""(y) D ) e ().
k=0

As a consequence, K[0]* is a (K ® K)-algebra with 7’ : K@K — K[J]" uniquely determined by ' (x®1) = xe
and 17°(1 ® x) = u(x) for all x € K. Namely

7 Ko K — K[]", (x® vy [P - s(yP)x]).
It is also a right K[d]-module with action induced by left multiplication on K[0]:
K[o]* ® K[9] — K][d], fQu fol, (12)
where A,(v) = uy for all u,v € K[9].

3.2. The finite dual Hopf algebroid. All over the paper, by K[d]° we mean the finite dual construction
performed in [EG] and not the Sweedler dual of K[d] (see also [AES1]). Recall from [EG] that K[d]° is
constructed out of the symmetric rigid monoidal k-linear abelian category of finite-dimensional differential
K-vector spaces (equivalently, the category of right K[d]-modules with finite-dimensional underlying K-
vector space). That is to say, out of those finite-dimensional (right) K-vector spaces M endowed with a
k-linear endomorphism 0y : M — M satisfying

Oy (mx) = Oy (m)x + mo(x)

for all m € M, x € K. Notice that the following extension of (8] holds

yy(mx) = > (”)a’;l(m)a""‘(x). (13)
k=0 k
Henceforth, we resort to the notation of [EG, §3.1]. For a given differential K-vector space M, we denote by
Ty = End((M, 0yy)) its k-algebra of differential endomorphisms (e.g., Tx = k), and for two given differential
K-vector spaces M, N, we denote by Ty the k-vector space of all differential morphisms from (M, d,,) to
(N, ). The (K ® K)-algebra K[d]° is by definition the quotient two-sided K-vector space:

b M e,M

(M, dy)
K[O]° =
W ®ry S —Wof) ®ry, x>¢€N*,xEM, feTyy
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with multiplication (see [EG, Equation (20)])

(¢®1, p)- (Ve a) = Wop &, , (q8. p), (14)

where y o p: Q®; P = K, ¢®; p — ¢ (¥(q)p) and where the overlined notation stands for the equivalence
class of a given element in the direct sum displayed in the numerator.

The (K ® K)-algebra K[d]° is, in fact, a commutative Hopf algebroid (see [EG, Theorem 4.2.2]) with
source and target

So : K= K[0]°, x> x®,.1 and L : K-> K[0]°, x—1®,x, (15)

comultiplication
A, K[I]° = K[0]° ®: K[0]°, ¢ &, m Z ¢ @, @€ O, m ({ei, e’} dual basis of M),

i

counit & : K[0]° = K, ¢ ®;,, m + ¢(m), and antipode

S, : K[0]° - K[d]°, ©®;, M ev, & ¢,

where ev,, : M* — K, ¢  ¢(m), is the evaluation at m. Furthermore, K[d]° always comes with a canonical
morphism of (K ® K)-algebras

£ KIOP — KO, (9@, m— [P ¢(m < P)])
where « is the action of K[d] on M. In this particular case, this £ is also injective (see [EG] Corollary 3.3.6]).
RemMARrK 3.6. In addition, K[d]° is a differential K-algebra with respect to the source s, and the derivation
do 1 KO — K[, @&, mr ¢ &, (m<Y), (16)
and the target 7, becomes a morphism of differential algebras with respect to this structure.

Observe that the finite dual Hopf algebroid K[d]° is not, in general, the same as the Sweedler dual of
K[A]. In fact, recall that the Sweedler dual of an algebra A is the space of linear functionals on A vanishing
on a finite-codimensional two-sided ideal. If we consider the example K = C(z) with d, = 3/dz, then
K[d,] = C(z)[Y; 9,] is a simple ring (in light of [MR| Theorem 1.8.4], for instance). Therefore, the Sweedler
dual of K[d,] is zero. On the other hand, the existence of the non-zero algebra map 7, : K® K — K[d,]°
provided by s, and ¢, from ensures that the finite dual K[d,]° in the sense of [EG] is non-zero.

3.3. Differentially recursive sequences. The set KM of all denumerable sequences of elements in K admits
a left (eventually, symmetric) K-vector space structure induced by the equivalent description

K" = Fun(,K) = {o : N - K,
that is to say, given by the componentwise sum and action:

(a+pB)(n) = an) +p(n) and (xa) (n) = xa(n)

for all @, € KY x € Kand n € N. As a matter of notation, a sequence in K" will be denoted either
as (@y)ns0» OF as (a(n)),so or simply as @, meaning by this the function @ : N — K. On K*' we can also
consider a product, called the Hurwitz product,
(@ pm=>" (”)a(k)ﬁ(n - k) (17)
o \k
for all @, 8 € K and n € N, and the shift operator N : K — K¥, given by N(a)(n) = a(n + 1) for all
@ € K¥, n € N. Denote by H(K) the ring K with the Hurwitz product. With respect to this structure,
H(K) becomes a commutative K-algebra with unit morphism s : K — KY, x - (x,0,...), and N, which is
already a K-linear endomorphism, becomes a derivation. Since this structure will be fixed throughout the
paper, we will often omit the - symbol in equation (T7).

RemArk 3.7. Observe that N(@) = 0 if and only if a(n) = x5, for some x € K, whence H(K) is a
differential algebra with subalgebra of constants K via s. In particular,

N € Derg(H(K)) = {6 € Ende(H(K)) | 6(aff) = 8(a) + a6(B) and § o s = 0}.
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In addition, H(K) is a K-algebra with respect to the k-algebra map ¢ : K — H(K), x — (0"(x)),s9- In
the literature, the map ¢ has been called the Hurwitz mapping of 0 (see [K2]) and the element #(x) has been
called the Hurwitz expansion of x. In particular, H(K) becomes a commutative (K ® K)-algebra with unit

7: KoK — HEK), x®yr— s(x)t(y) = (x3"())pax -

As such, we will consider it as a two-sided K-vector space with left K-action induced by s and right
K-action induced by ¢. It is noteworthy that 7 : (K, d) — (H(K), N) is a morphism of differential k-algebras.
Furthermore, H(K) is also augmented over K via the algebra map ¢ : H(K) — K sending & — .

RemArk 3.8. Observe that Endi(H(K)) is naturally endowed with a two-sided K-vector space structure
given by

x-F -yi=stWF :ar— sQ)tWF (@)

for all x,y € K, ¥ € Endy(H(K)) and @ € H(K). Thus, H(K) is naturally a right K[d]-module, infinite-
dimensional over K, with action uniquely determined by

a<Y = N(a) (18)
for all & € H(K).
We are now ready to introduce differentially recursive sequences.
Dermnition 3.9. An operator £ = Z;io t(c))N' € Endx(H(K)), with ¢; € K and ¢4 # 0, is said to have order
(or degree) d. We set

Dling = {a/ € H(K)

d
L(a) =0 forsome L = Zt(ci)Ni,ci e K with ¢, # 0}.
i=0

An element a of Dliny is called a differentially recursive sequence over K. The minimum d such that « is
annihilated by an operator of order d is said to be of order a.

Remark 3.10. Very informally speaking, the motivation for this terminology is twofold. On the one hand, a
sequence as in Definition satisfies a differential recursive relation with differential coefficients in the
same way a linearly recursive one satisfies a linear relation with constant coefficients (with respect to the
differential A). On the other hand, as we will see in Remarks [3.15]and [3.28] a sequence is differentially
recursive if and only if it is killed by a differential polynomial while it is linearly recursive if and only if it
killed by an ordinary one.

ExampLe 3.11. If K = C with the zero derivation, then s = ¢ and a differentially recursive sequence in the
sense of Definition [3.9]is the same as a linearly recursive sequence in the classical sense, that is to say, a
sequence of elements of C which satisfies a recurrence relation with constant coefficients. Indeed, @ € Dlinc

if and only if there exists ¢y, ...,cqs € C, ¢y = 1, such that
d d
0= Z teoNi(a) = [Z cian + i)]
i=0 i=0 n>0
if and Ol’lly if @prg = — (Cao1@pid—1 + Ca—2Qpig—2 + - -+ + Ccoy), for every n > 0.

ExampLE 3.12. If K = C(z) with derivation d = 0/dz, then 1 (p(z)/q(z)) = (0" (p(2)/q(2))),»¢- Consider the
particular case of an operator £ = Z?:o #(a; )N’ in which a; € Cfor all i = 0,...,d. Then the elements
f € C(z) for which L(¢(f)) = 0 are exactly the solutions to the differential equation

apy + a10(y) + azaz(y) +ee adé’d(y) =0

with constant coefficients in C(z).
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3.4. The Hopf algebroid structure on differentially recursive sequences. Henceforth, for the sake of
simplicity and clearness, a sequence @ = (a(n)),so = (@),s0 Will be denoted also by ().

PropositioN 3.13. We have an isomorphism of (K ® K)-algebras
@ : K[9]" > HEK) : [ (f ()

with inverse sending the sequence « to the right K-linear morphism f, uniquely determined by the assignment
Y"  a(n) for all n € N. Moreover, ® is also right K[d]-linear with respect to the actions (12) and (I8),
namely

O (f)<P(Y)=D(f o Ap)) (19)
for every differential polynomial P(Y) € K[d].

Proof. At the level of K-vector spaces, the isomorphism ® is the one derived from the following chain of
canonical isomorphisms:

K[0]" = Homyg (@,50Y" K, K) = Homg (K, K) = K" = H(K).

By using the formulae (T0), (TT) and (7)), the proof of the fact that @ is a (K ® K)-algebra map is immediate
and the details are left to the reader. Now, let us check explicitly the last claim. If P(Y) = ;io Yic;, ¢c; € K,
then foralln > 0

d d n
(@(f) < P(Y)) (m) = [Z HeN' (<I>(f))] = ZZ( )8"(c,)f (r =) = (ZZ( )Y"‘k”‘a"(c,-)]
i=0 k

i=0 =0 k=0
d .
= f[Z YlCiY”} = (fodpw) (Y") = @ (f o Apyy) (n),
=0

which gives the stated equation (T9). i

CorOLLARY 3.14. The pair (K, H(K)) is a complete commutative Hopf algebroid with respect to the structure
maps and the linear topology coming from that of K[0]" via ®.

Proof. 1t follows from Proposition [3.13|together with the observation of Remark [3.3] o

ReMARK 3.15. Observe that if P(Y) = Y%, Yic; then L(@) = a < P(Y), where £ = Y% #(c;)N'. This
in particular justifies the terminology used before: the degree of a. Furthermore, thanks to the division
algorithm on K[d] (see [Ol]), for every a € Dling we may assume that £ such that L(a) = 0 is the operator
associated with the monic generator P(Y) of the right annihilator Ann (@) = {Q(Y) € K[d] | @ < Q(Y) = 0}.

ProposiTioN 3.16. Both maps s,t : K — H(K) land into Dling. Moreover, via ® of Proposition
differentially recursive sequences correspond to linear maps f : K[0] — K vanishing on a principal right
ideal of K[0]. More precisely, for f € K[0]* we have that O(f) € ker (L) with L = Z,io )N, ¢ €K, if
and only if ker (f) 2 P(Y)KI[0], the principal right ideal generated by P(Y) = ?:0 Yic; in K[0].

Proof. Clearly, for every x € K we have that N(s(x)) = 0, whence s(x) is differentially recursive. Moreover,
since we already know that N(#(x)) = #(d(x)) because ¢ is a morphism of differential algebras, it is clear
also that L(#(x)) = 0 with £ = #(d(x)) — t(x)N, whence #(x) is differentially recursive as well. This proves
the first claim. Concerning the second claim, assume that ®(f) € ker (£) with £ = Z?:o t(c)H)N' and set
P(Y) = Y, Yic; € K[d]. Then,

0= L@(f) = 0(f) < P(¥) D d(f o Apy))-

However, being @ invertible, this means that for every u € K[d], f(P(Y)u) = 0 and hence ker (f) 2 P(Y)K[d].
Conversely, if ker (f) 2 P(Y)K[J] then f o Apyy = 0 and hence

0= O(f o Apry) 2 (f) < P(Y).
Thus, L (®(f)) = 0 with operator L = 27:0 t(cHN". |
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As a matter of notation, for every f € K[d]" as in Proposition@]we will write P¢(Y) for the polynomial
Z;io Yic;, so that ker (f) 2 Pr(Y)K[0]. If moreover f = f, := ®~!'(@) then we will write P, (Y) instead of
P¢(Y). In particular, by an harmless abuse of notation, from time to time we will write £ = P,(N). Observe
that for every x € K, Py»(Y) = d(x) — Yx.

RemMark 3.17. Let us observe that the foregoing arguments and constructions can be realized over any
differential algebra (A, d) instead of a differential field (K, d) with no additional effort. In this more general
context one may also show that the assignment R — FH(R) induces a functor H : Alg, — DiffAlg, from
the category of k-algebras to that of differential k-algebras, which is right adjoint to the underlying functor
U : DiffAlg, — Alg, forgetting the differential structure (see [K1]]). The unit of this adjunction is exactly
t:(A,0) - (HA),N), a— (8°(a)), and the counit is € : H(R) — R, a — «(0). The distinctive feature
of the field case is that we may always assume P,(Y) to be monic and hence the ideal P,(Y)K[J] to be
finite-codimensional, as we will need later on.

Our next objective is to show that Dling is isomorphic to the finite dual Hopf algebroid K[]° of K[d]
as a (K®K)-algebra. Our first step will be that of showing that, for a given differential vector space
(M,dy) and a given element ¢ ®,, m € K[d]° (i.e., the equivalence class of the homogeneous element
¢ ®;, me M"®, M), the sequence

(¢ (33 (m) = @ (¢ (p &, m)) € KT,
satisfies a particular kind of (differential) recursion, where @ is the isomorphism of Proposition

ProposiTiON 3.18. Given an element of the form ¢ ®,,, m € K[01°, then a = (go (ak(m))) is a differentially

recursive sequence in H(K). That is to say, there exist 0 < d < dimg(M) and ¢y, ...,cq € K such that
4 t(c)Ni(a) =0.

Proof. Write d’ := dimg(M). Then the set {m, oy(m), ..., 8‘}&(111)} is linearly dependent over K, in the sense
that there exist cy, ..., ¢y in K such that mcy + 0y (m)cy +-- - + 6%(m)cdr =0.If0 < d < d' is the maximum

index for which ¢; # 0, we may look at the set {m, oy(m), ..., 0‘1{4(m)}, which is still linearly dependent over
K, and at the relation mcy + 0y (m)c; + - - - + 8‘1{,,(m)cd = 0 instead. Then

0=24} [Zd: Oz(m)ci] @ Zd: i (Z)aznk(m)ak(ci)-
i=0

i=0 k=0

for all n > 0 and hence

d n d n
0=¢ [ZO 2, (’;)azwm)ak(ci)] =), kZ (Z)so (@) (co)

i=0 k=0

k=0 k

)N (¢ (%(m)))] (n)

d
i=0

d n
= (" O (N (¢ (B3, (m)) (n — k) = [
i=0
as claimed. m]

Conversely, pick @ € H(K) and consider

fo =0 (@) : K[] —K

. (20)
Y'+— a(n)

If @ € Dling then, by definition, there exists £ = Zfdzo t(c))N' such that & € ker(L) and hence f,
vanishes on P,(Y)K[d] where P,(Y) = ?1:0 Yic;. The quotient K[8]/P.,(Y)K[A] is a right K[§]-module
and we may consider the morphism f; € Homg (K[0]/P,(Y)K[I],K) induced by f,. We denote by
1:= Iga + Po(Y)K[O] the equivalence class of the unit 1 of the algebra K[J].

ProposiTioN 3.19. For a € Dling, the right K-vector space M, = K[0]/P,(Y)K[3] is finite-dimensional
and a differential K-vector space with differential 0y, given by acting on the right via Y.
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If a is of order d (i.e., it is annihilated by an operator L of order d), then dimg (M,,) = d. In particular,
the element f,, ®r,,. 1 is a well-defined element in K[01°. Moreover, for all n € N, it satisfies

o (0, (1)) = ). Q1)

Proof. If P,(Y) = ?1:0 Yic; and d = deg(P,(Y)), then we claim that M, = K[d]/P,(Y)K[d] is the right
K-vector space generated by the vectors y; := Y + P (Y)K[0] fori = 0,...,d — 1. Consider the obvious

right K-linear morphism
Kol
v 69 PL(VKI]

induced by the inclusions y;K € K[d]/ PQ(Y)K[(')]. Let us see first that it is injective. Assume that

d-1 d-1
0= ¢/[Z ijj] = > YIx;+ Po(Y)K[]
=0 =0

and assume, by contradiction, that Z‘l v;x; # 0. Then there exists u € K[d] non-zero such that Zd lyix; ;=

( =0 Yic ,) u. Let Y*u, be the leading term of u (the summand with highest degree such that u; # 0). Then

[Z Y’cl] Yiu, £ e Z Z( )Y”"OY Feous = Y cqu, + Z Y*Scu, + Zd: bzl:( )Y’Jrké’v k(eug

i=0 k=0 i=0 k=0

and hence Y%*Sc,u, is a summand of (2?:0 Y ici) u. However, being s > 0, YV’ std appears with 0 coefficient
in Z;té Y/x; and hence we should have cyu, = 0, which is a contradiction. Summing up, Z?;d yjixj =0
and ¢ is injective. To see that it is surjective, consider the following facts. First of all, since ¢; # 0,
we may assume that ¢; = 1 and hence that y,; = ZZ;(I) yrcy,. On the one hand, for every 0 < j < d -1,
v; =Y/ + Po(Y)K[I] = y(Y;). On the other hand, let us show by induction on r > 0 that for every j=d +r
we have that y; € Y%/ y,K. For r = 0, we know that y; = Y=) yc) € Y& »iK. Assume then that the
property holds for all 0 </ < r — 1 and let us see that it holds for ». Compute

;= Y+ Py (Y)K[O] = YY" + Po(Y)K[G] = (Y" +P (Y)K[a]) <Y

{Z Yie, + Po(K[]| <Y @ Z Z (k)Yh+k6’ “(c}) + Pa(V)KIO]

h=0 k=0

Z Z( ) (Y + Pu(NKL8]) 8 (c}).

h=0 k=0

where « is the K[d]-action on M,. Now, forallh=0,...,d-1,k=0,...,r,wehaveh+k <d+r-1
and hence Y + P, (Y)K[0] € Zd o yiK by the inductive hypothesis. Therefore,

Z Z ( ) (Y™™ + P,(NKIA) 0¥ (c) € i K

h=0 k=0 i=0

as claimed. By induction, we conclude that ¢ is surjective and hence an isomorphism. This allows us
to conclude that M, is a differential K-vector space as claimed and the differential is exactly the linear
endomorphism induced by right multiplication by Y.

Concerning the last claim, it should be clear now that, for every n > 0, we have that

Fo (0, (1)) = Fo Ow) = faX") = am). o

As a consequence of Propositions [3.18 and [3.19) we can prove the main theorem of this section, that
allows us to describe the finite dual of a skew polynomial algebra as the space of linear functionals vanishing
on a finite-codimensional ideal and to relate it with differentially recursive sequences.

Tueorem 3.20. The isomorphism ® of Proposition [3.13| induces an isomorphism of (K ® K)-algebras
¢ : K[0]° — Dling such that ® o ¢ = ¢. It is explicitly given by ¢ ((,0 ®r,, m) = (cp (a;l(m))) with inverse
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) = f, Q. 1, for all ¢ ®;, m € K[0]° and all « € Dling. Furthermore, ¢ is an isomorphism of
differential K-algebras.

Proof. 1t follows from Proposition [3.18]that @ o ¢ lands into Dling, thus inducing the claimed morphism
¢. Being ¢ : K[0]° — K[I]* injective, ¢ has to be injective. From Proposition [3.19]it follows that the
assignment ¢! : Dling — K[]°, a — f, ®;,, L, is a section of ¢ (i.e., ¢ o ¢! = Idpyn, ), whence ¢ is
surjective as well and hence an isomorphism. To show that ¢ is also compatible with the differentials, let us
consider a generic element ¢ ®;,, m € K[d]°. Then

9o ®r, m) = ¢(¢®y, (m<Y)) = (¢, Du(m)) = (¢ (33" (m))) = N(B(@ &y, m)
where 8, is as in (16)). Thus, we have ¢ 0 4, = N o ¢ and so ¢ is a differential morphism. O

CoroLLARY 3.21. Up to the canonical morphism ¢, K[0]° can be identified with the (K ® K)-subalgebra of
K[O]* of all those linear functionals vanishing on a finite-codimensional (principal) right ideal.

RemARrk 3.22. Something more general than (1)) can be said, in light of Theorem [3.20} In fact, observe that
K[0]° is a right K[d]-module with action given by

(‘10®TMm)<u=§0®TM (m <u)

for all p®,, m € K[0]°, u € K[d], and, as such, it is an K[d]-submodule of K[d]*. Therefore, Dling
inherits a structure of right K[d]-module such that ¢ is K[d]-linear and, in particular, it becomes a right
K[d]-submodule of H(K). Therefore, for every i > 0 we have

(7 (35, 00)) = 0 (7o @1, 1) = 6 (fa 1, 1 <Y ) =¥ = Ni(@), (22)

As a consequence of Theorem [3.20| we can finally state the central result of the paper.

TueoreM 3.23. The k-algebra Dlink of differentially recursive sequences enjoys a structure of commutative
Hopf algebroid over K. The structure maps are explicitly given by the source s and the target t from
Proposition[3.16) the counit € : Dling — K, & — (0), and the comultiplication

d-1
A : Dling — Dling ®, Dling, @+ Z Ni(@) ®, (v (1)) (23)
i=0
where {y,- =Y + P (V)K[0], vi }i:O, d is the dual basis of M, and d is the degree of a. Lastly, the antipode
is given by
S Dling — Dling, a—> (Z (Z)(—l)ﬂ—kak (a(n - k))]
k=0 n>0
Proof. The structures come from those of K[d]° via ¢ of Theorem 3.20 O

Remark 3.24. We know, for abstract reasons, that if @, 8 € Dling, then a - 8 € Dling as well. However,
before proceeding, the reader may be interested in knowing explicitly which differential operator the product
of two differentially recursive sequences satisfie

To this aim, assume that L, (@) = 0 = Lz(B) with L, = Zfﬁo f(a)N" and Ly = Zfio 1(b)N', a;,b; € K.
In light of Theorem [3.20}

@ f=8(6"@ 67 ®) = 0((Feon, 1) (Bon, 1)) B o (o 7o) 0nera, (T 1))
By Proposition[3.18] « - 8 is annihilated by an operator £,z of order d such that
0 < d < dimg (Mg ® My) = dodp

(see Proposition as well). Therefore, we may assume L,5 = Zﬁgﬁ t(x; )N for some (not necessarily
non-zero) x; € K,i=0,...,d,dg. Consider the (non-linear) system of equations
dadﬁ n n
_ . — k(. . _ i _
0=Log(a B)n) = ; ;(k)a ) (@-B(n—k+i), 0<n<dyds—1, (24)

@ Apart from its own interest, this computation could perhaps have a certain interest form a combinatorial point of view.
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in the d,dg + 1 unknowns xy, ..., X4,4,- By Proposition@, this is equivalent to the homogeneous (linear)
system
dady n
D, (Z (k)<—1)"a" (@-Bn—k+i)|=0,  0<n<dds—1, (25)
=0 \k=0

which necessarily admits a non-zero solution (recall that « - § € Dling, whence L, exists and it satisfies
(24)). Conversely, in light of Lemma[A.T] any solution of (and hence of (24)) gives rise to an operator
L’ which annihilates « - 8. Therefore, in order to find an operator L. such that 0 = L,z(a - B) it is enough

to solve (23).

Let us show the procedure in detail on a concrete and easy-handled example.

ExampLE 3.25. Consider p, g two non-zero scalars in K and assume that 0 = @ <(Y — p), 0 = B < (Y — @),
a(0) # 0 and B(0) # 0. Then the recursions are

n n

an+1)= (Z)a" (Pam-k  and  Pu+D)=y (Z)a" (@) B(n— k)

k=0 k=0
for all n > 0. In particular, one may check directly that
a(l) = pa(0) B(1) = gB(0)
a(2) = (p* + d(p)) 2(0) B2) = (g* + 3(9)) BO)

by iterative substitution (we will come back on these computations with more detail in §4). Now, consider
the relation (@ - 8) <« (Ya + b) = 0. For n = 0, this gives rise to the equation

a(a(1)B(0) + a(0)B(1)) + ba(0)8(0) = 0
which, after substituting and cancelling (0)8(0), becomes
al(p+q+b=0.
For n = 1 it gives rise to
a(a(2)B0) + 2a(1B(1) + a(0)8(2)) + (d(a) + b) ((1)B(0) + a(0)B(1)) + 8(b)a(0)B(0) = 0,
which, after substituting and cancelling (0)8(0), becomes
a(p* +0(p) +2pq + ¢* + 8(q)) + (d(a) + b) (p + q) + d(b) = 0.
Observe that, since b = —a (p + q), we get
a(p* +3(p) +2pg + ¢ + () + 0@) (p +q) = a(p* + 2pq +¢°) = 3(a) (p + q) — a@(p) + 3(g)) = .
that is to say, the second equation is identically satisfied and Ya + b is determined by any solution of
alp+q)+b=0,
as we were expecting. The easiest one is, of course,a = 1 and b = —(p + g), i.e., Po3(Y) =Y — (p + g).

Let us devote an additional bit of time to see a second, more meaningful, example with a bit less of
details.

ExampLE 3.26. Assume that 0 = @ < (Y — p), 0 = B< (Y% = Yq; — qo), @(0) = a # 0 and (3(0),5(1)) =
(bo, b1) # (0,0). Assume also that a = 1. As in Example@], this is not restrictive. Then the recursions are

n n

an+ )=y (’;)ak (Pam-k  and  pr+2) =y (Z)ak (@)Br—k+ D+ (Z)ak (40) Bn = k)
k=0

k=0 k=0
for all n > 0. In particular, one may check directly that

a(0) = 1, B(0) = by
a(l) = p, B() = by
a(2) = p* +d(p), BQ) = q1b1 + qobo

a(3) = p* +3pd(p) + & (p), B3) = (g7 +3(a1) + q0) bo + (q1q0 + 3(g0)) by
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a(d) = p* + 6p*3(p) + 4pd*(p) + 30(P)* + *(p),  B&) = (a7 + 3010(q1) + 2901 + 67(q1) + 20(q0)) b1+
+ (4190 + 010(q0) + 2q00(q1) + f + 3*(q0)) bo

by iterative substitution as before. Now, consider the relation (@ - 8) < (Y 2a+Yb+ c) = 0. For n = 0, this
gives rise to the equation

(0% + p) + @odbo + (2p +q1)b1)a + (pbo + b1) b + boc = 0. (26)
For n = 1 it gives rise to

(0 +3pd(p) + (p) + 3pqo + q1q0 + H(qo)bo + (Bp* +30(p) + 3pq1 + g} + d(g1) + go)b1 ) a+

@7)
+((? + 8(p) + qo)bo + 2p + q1)b1 ) @(@) + b) + (pbo + by) (¢ + (b)) + bod(c) = 0.

For the sake of brevity, we omit here the expression for n = 2. Now, a priori this situation gives rise to three
different possibilities.

(1) bp = 0 and we may consequently assume b; = 1. In this case, gives b = —(2p + qp)a. If

we substitute it in (27) then we get ¢ = (p* + pq1 — qo — d(p))a. A straightforward but tedious
computation confirms that the third equation is identically satisfied and hence

Pop(Y) =Y+ Y(2p +q1) - (p* + pg1 — qo - 3(p)). (28)

Having ruled out the case by = 0, we may assume henceforth that by = 1 and substitute b; with w := b1 /by.
Under these hypothesis, (26) gives

c=—(p*+0(p) +qo+ 2p+qw)a—(p+wb. (29)

(2) w satisfies the (generalized) Riccati equation d(w) = qo + wg, — w? (see [R} §1.1]). In this case, @7
turns out to be automatically satisfied and hence P,z is determined simply by (29). Therefore

Poup(Y) =Y = (p+w).

This is a case in which the order of the product is strictly smaller than the product of the orders.

(3) w does not satisfy the (generalized) Riccati equation, i.e., d(w) # go + wg; — w?. In this case, by
substituting (29) into we find out that b = —(2p + ¢;)a and that the third equation is identically
satisfied (as expected). Therefore,

Pop(Y) =Y+ Y2p +q1) - (P> + par — g0 — 3(p))
which coincides with (Z8).

Back to the main topic, Corollary gives a description of K[J]° that closely resembles the classical
one: for an ordinary Hopf k-algebra H, H° is the subalgebra of H* of all those linear functionals that vanishes
on a finite-codimensional (two-sided) ideal. As a consequence, a very natural question arises. Recall from
[AES1) §4] that there exists a second finite dual construction for co-commutative Hopf algebroids, obtained
via the Special Adjoint Functor Theorem. This alternative finite dual K[d]" is, in a suitable sense, the biggest
K-coring inside K[d]*. Namely, it is uniquely determined by the following universal property: K[0]° is a
K-coring together with a k-linear map ¢ : K[d]® — K[d]* which satisfies

§@)(uv) = Zf(za)) (T(EGe)W)v), &@1kl0) =& and &x-z-y)w) = xE@EGw)  (30)

for all z € K[0]°, u,v € K[d] and x,y € K. It is universal with respect to this property, in the sense that if
C is another K-coring with a k-linear morphism f : C — K[d]* satisfying (30) then there exists a unique
coring homomorphism ]?: C — K[0]° such that £o f: /- Inlight of this, it is natural to ask how K[d]° (and
Dling) are related with K[d]°, which will give the second universal property mentioned in the Introduction.

Tueorem 3.27. For a differential field (K, d), the two-sided K-vector space of differentially recursive
sequences Dling with the inclusion Dling C K[0]*, which we denote by &, satisfies the universal property
of the Hopf algebroid K[0]°. In particular, we have a chain of isomorphisms K[0]° = Dling = K[]°® of
commutative Hopf algebroids.
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Proof. Assume that C is a K-coring together With a k-linear morphism g : C — K[d]* satisfying (30). For
every ¢ € C, write explicitly A(c) = X', ] ’. All the morphisms g( ) for j =1,...,r admit a kernel

ker (g (c;’)) € K[d] which is of codimension 1. In partlcular, since there is only a finite number of them and
K[d] is infinite-dimensional, ﬂ;zl ker (g (c;’)) > P.(Y) # 0. In light of (30), for every n > 0
8 (PNY™) = " () (x(g(c)) Pe¥n) ¥7) = 0
=1
and hence ker (g(c)) 2 P.(Y)K[9], which is a finite-codimensional (principal) right ideal. Summing up,

g factors uniquely through g’ : C — Dling,c — g., where £(g.) = g(c) for all ¢ € C and we have the
following chain of equalities

gOY™") = &g = gu(n) = fu(Y") = fun).  VYneN, 3D

where fg;_ € (K[a]/ Py, (Y )K[(’)])* is the factorization through the quotient of f,; = £(g.). Let us check that
with the structure introduced in Theoremand with the canonical inclusion ¢ : Dling — K[0]*,a — f,,
as K-coring Dling satisfies relations (30). First of all, £ is K-bilinear because @ of Proposition is.
Secondly, in light of Z0), £()(1,) = @ (0) = &(@). Thirdly, we have that

Zf(a(l)) (a(g))(Yk Yn @Zf Nl(a') ( ((y; ()/ )))(Yk)Yn)

(@)

J=

)
@ZS(N%a))(y? (yk>Y")@ N’(a)( "o v (yk»]
i=0

d-1 n d-1
= (’;)g(Ni @) (7)o 67 00 B Y (")N’(a)(j)a"-f (o o)
i=0

i=0 j=0 i Jj= J

@ d-1 n a\ - d-1 n n ) )

= (.)fa( IO ESADY ()% 008" (5 <yk>)]
i=0 j=0 J ! J= J

ey
d-1

@ fo [57\/1“ (Z yiyi ()’k)}] ( M, (}’k)) @ a(n + k) = &) (Y”*k)
=0

where in () we used the right K-linearity of f,. Therefore, & satisfies the condition (30). We are left to
check that the morphism g’ : C — Dling, c — g., where gl.(n) = g(c)(Y") for all n > 0, is a morphism of
K-corings. Again, it is K-bilinear because g : C — K[d]* was and ® is. It is counital because

£(g)) = 2.(0) = g1l D ec(o).

It is comultiplicative because
de=1

d.—1
Ag) B Y N e 060 B Y (s v) e (7 )
i=0

i=0

-1 n
8(6(1)) g(C<2))( ) )) ® (v; (vs)) )@ Z (8(6(1)) [Z( )Yk@n k(gc(z) (l))}) ®: (v; (0s))
=0

k=0 n>0

de—

g
NM_

&
-

I

( (Z)g:-m (k) " <g0(2) (Z))) ® (v; () Z gi‘m ' t(gzm (l)) ®: (v 0e))

i=0 \k=0 nZO

de-

—

8, ®Ks(g’c(2) (i)) i 0e) = ng) ®x fgr(z) o) y; (y. = Zg;,) ®x (fg}(z) (y.))

(c)

i

I

=0
Z 8oy, ®x (g (c@) (Y1) = Z 8ey ®x 8epy = (8 ®x &) (Ac(0)),
(c) (c)

where d, is the degree of g... Therefore, it is a coring homomorphism and the proof is complete. O
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3.5. Comparing linearly and differentially recursive sequences. Let us conclude the section by showing
how the notion of differentially recursive sequences is related to the classical notion of linearly recursive
sequences over fields. Given any field F, recall that a sequence a € F" is linearly recursive if there exist
d > 0 and coefficients by, ..., by € F such that
an+d)=bsj1an+d-1)+---+ bya(n)

for all n > 0. The space of linearly recursive sequences over F will be denoted by Ling. Notice that « is
linearly recursive if and only if it satisfies £(a@) = 0 where £ = Z?:o s(cH)N'andc; e Fforalli=0,...,d.
If F is considered as differential field with the zero derivation, then the morphisms s, ¢ : F — 9H(F) obviously
coincide. Therefore, a linearly recursive sequence over F (in the classical sense) is the same as a differentially
recursive sequence over (F, 0) (in the sense of the present paper). Thus, the notion of differentially recursive
sequence does not add anything new to the picture when the base field is differential with zero derivation.

In general, for a differential field (K, ), the spaces Dling and Ling are related by the following
commutative diagram of k-algebras

H(K)

where, as usual, k is the field of constants of (K, d) and all the morphisms are injective. In the forthcoming
Example [3.29 we show that, in general, Dling and Ling have different images inside H(K).

RemARrk 3.28. Consider the assignment A, : K — Endg(H(K)) sending every x € K to the endomorphism
Asiy : HIK) = HEK), a = s(x)a = (xa,),en. Itis a morphism of k-algebras satisfying N o Ay = Ao N
for every x € K. Therefore, it extends to a unique k-algebra morphism A : K[Z] — Endy(H(K)) which
makes of H(K) a left K[Z]-module with action

P(Z)> a = L(),
where £ = Z?:o s(ppN’if P(Z) = Z;LO p;Z’. With this interpretation, @ € Ling if and only if P(Z)> @ =0
for some P(Z) € K[Z]. However, this procedure does not convert H(K) into a (K[Z], K)-bimodule, as
Zo(a<ax)=Z>x)-a) = N{tx) -a) =t(0x)) a+1tx) N (o)
while
Zra)<x=1tx)-N(a)
for all x € K, @ € H(K). In particular, H(K) is not a (K[Z], K[Y; ])-bimodule.

ExampLE 3.29. In general, there is no evident relation between Dling and Ling. Consider, for example, the
case K = C(z) with the usual derivative 9, = d/0z. If we pick 1/z € C(z), then

! w12 6
t(Z)_((_l) z"”)_(z’ 23 )GW(C(Z))

and satisfies 7(1/z) < (9,(1/z) — Y(1/z)) = 0, whence it belongs to Dlinc(,. However, let us show that it
cannot belong to Ling(; by mimicking the proof of [AES2, Lemma B.6]. Observe that if we assume that

d d N d (_qyn+i N d—i
o= S () -[Srorizzs) (Bherery
i=0 < i=0 < 120 < n20

then, in particular, the set of elements {cozd, ey Cd-12, cd} C C(z) satisfy the (d + 1) X (d + 1) linear system:
0! ~1! 2! (-1)4d! coz?
-1! 2! -3! o (DA D | !
2! -3! 4! o (DA +2) . . -0
. . . . oz

Ddl (D™ @+ 1) (=12 +2)! - (=1)M(2d)! ca
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The matrix of this system is T = ((—l)""" @i+ j)!) , for i, j that run from O to d and its determinant satisfies
j

i,

d d
det(T) = det ((~1)*/(i + j)!) = det ((~1)*/i!j!gy;) = (ﬂ(—l)"i!] []—[(—1)~’j!]det(Qd)
i=0 j=0

d 2
= ((—1)4“?” ]_[ i!] det(Qy) = (01! ---d!)* det(Qy)

i=0

where g;; = (’f’) and Qy is the d-th Pascal matrix. In view of [BP, Discussion preceding Theorem 4], we
know that det(Q,) = 1, whence det(T") # 0 and hence T is invertible. As a consequence, the only solution
turns out to be ¢; = 0 forall i = 0, ..., d, and so there is no non-trivial relation of the form (32).

In the other way around, consider the sequence @ = (z*) = (1, z, 72,...) € C(z)N. This is linearly recursive
since it satisfies (z — Z) » @ = 0, but it cannot be differentially recursive because of the following argument.
Assume, by contradiction, that there exists P(Y) = Z:»j:() Yic; € C(2)[Y;d,] with ¢z # 0 such that @ <P(Y) = 0.
This implies that

. (i 3 (Z) , (Ci)zn_w)nzo _ [ S (Z) [zd(; a’;(c»zf]zn_k]

i=0 k=0 k=0 i 20

By induction on m, one deduces from this that 27:0 (')ff(c,')z" = 0 for all m > 0. Now, from Z?:o a7 (c;) =0
we deduce that

d

0=20, [Zd: 07 (ci) zi] = zd: 6;”” ()7 + Zd: 07" (¢;) 771 = Z i07" (¢;) 7!
i=0 i=0 i=1

i=1

and hence Zf:l 07" (ci) 77=! = 0 for all m > 0. In the same way,

d d d
0=0, [Z i (c;) z“] = Z R () P Z i(i — DA™ ()72,
i=2

i=1 i=1

so that 27:2 i(i — DAY (c;) 7i=2 = 0 for every m > 0. By proceeding inductively, after d steps one concludes
that 4107 (c4) = 0 for every m > 0. In particular, for m = 0 we find d!c, = 0, which contradicts the choice of
c4. Thus, there does not exist P(Y) # 0 such that @ < P(Y) = 0.

Summing up, there exist linearly recursive sequences that are not differentially recursive and conversely.
In addition, there exist sequences which are linearly and differentially recursive but that are not coming
from Linc. The easiest example is s(z) = (z,0, ...): it satisfies N (s(z)) = 0, which identifies it as a linearly
and a differentially recursive sequence (Z > s(z) = 0 = s(z) < ¥), but it is not an element of C"'. In fact, any
sequence with compact (finite) support would be linearly and differentially recursive without being in C™.

4. CONNECTIONS WITH LINEAR DIFFERENTIAL MATRIX EQUATIONS

This section is devoted to explain how differential linear matrix equations can be approached by means
of differentially recursive sequences. Firstly we show that the space of these sequences can be seen as a
direct limit of all spaces of formal solutions of linear homogeneous differential equations (that is, it is a
kind of “universal formal solution”). Secondly we comment on how Picard-Vessiot ring extensions can be
constructed from the Hopf algebroid of all differentially recursive sequences by analysing, for the sake of
simplicity, the case of two-dimensional differential vector spaces.

As before we fix a differential field (K, d) with (non-trivial) sub-field of constants k and we consider its
differential algebra of Hurwitz series (H(K), N) and its algebra of differential operators K[d].

4.1. Dliny as the universal algebroid of solutions. Consider a differential operator £ = Z?:o Hc)N' and
set P,(Y) = Zid:() Y'c;, the associated element in K[0]. For any @ € H(K) solution of £(a) = 0, we have
that the map f, of equation (20) vanishes on the right ideal P,(Y)K[d] and conversely. Therefore, the
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following correspondences are bijective

L. ( K@
k — K
1 (£) — (P(1KID (PL(Y)K[G]) ’ 33)
at fr fa

where (P(Y)K[OD" = (f : K[0] = K | f (P-(Y)K[3]) = 0}.
In light of this, we refer to M* = (K[d]/Pr(Y)K[d])" as the space of solutions of the differential
equation L(a) = 0. It is a differential module itself with
Oup Mg — M's = [m df0m) = £ (0u,(m))]
and a left K[0]°-comodule with coaction
deg(Pr)-1
pup Mg S KA@M, fr— > (F8, ey (34)
i=0
ExampLE 4.1. Here are some basic examples. Let R be the field of real numbers with zero derivation.
(1) Consider the differential equation d (y) = yx for x € R. To it, one assigns the operator £ = N — #(x)
on H(R) which corresponds to the polynomial P,(Y) = Y — x € R[Y;0]. The space of solutions
of £ is the one-dimensional vector space (R[Y]/P,(Y)R[Y])*, which means that any solution is a
scalar multiple of the one associated with the linear functional R[Y]/P,(Y)R[Y] — R, 1 1. By
pre-composition with the canonical projection, we find R[Y] — R, Y" — x", corresponding to the
sequence (1, x,...,x",...), which in turn can be seen (via the algebra isomorphism R[Y]* = R[[T]]) as
the power series 2,0 fl—"!T” = exp(xT). It is well-known that the solutions of y’ = yx are of the form
y = cexp(xT) for c e R.
(2) Consider the equation 9% (y) + w*y = 0 with w # 0. The space of solutions of the associated operator

L=N>- t(a)z) is (R[Y] / (Y2 - wz)R[Y])*, which is 2-dimensional. Therefore, any solution is a
linear combination of those corresponding to the morphisms yj and yj. Now, by pre-composition
with the canonical projection, y; corresponds to (1, 0,-w?0,w*,0,—-w®, .. ) while y} corresponds to
(0, 1,0, -w?,0,w*, 0, —?, .. ) One would easily recognize the power series expansions of cos(wT')
and i sin(wT), as expected from the theory of ordinary differential equations.
Analogously, one may consider a differential polynomial P(Y) € K[d] and set Mp = K[9]/P(Y)K[J]. If
Lp= 2?:0 t(c;)N' denotes the associated differential operator then Mp* = Homg (Mp, K) = ker (Lp) can
be seen as a sub-space of Dling.

RemaArk 4.2. Let us introduce, for the sake of brevity, the componentwise derivation
ViHEK) — HE), V() = (0BMm)),so
and observe that the inverse of (33)) is explicitly given by M* — ker (L), f — (f(1))us0- Thanks to this,
one may endow ker (£) with a structure of differential K-module with
aker(.[,')(a) = V(a) - N(a)

for every a € ker (£).

The following proposition shows why K[d]°, or Dling, can be referred to as the universal space of
solutions.
ProposiTiON 4.3. The family {Mp* = Homy (Mp, K) | PY) € K[ﬁ]}, where Mp = K[0]/P(Y)K[0], forms a
directed system of left K[0]°-comodules with morphisms ntpp* : Mp* — My* induced by the canonical right
K[0]-linear projections wpg : Mg — Mp for Q(Y) € P(Y)K[3]. Moreover, we have the following directed
limit

lim (Mp") = KO
PeK[a]

of left K[9]°-comodules with canonical injections being the comodule maps Mp* <— K[0]°, f — f @, 1,
where K[8]° is a comodule over itself via the comultiplication A, (see §3.2).



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 21

Proof. The morphisms mpp* : Mp™ — Mp* are colinear because of the following direct computation

deg(Q)-1 deg(0)-1 deg(P)-1
Z 7p0*(f) ®ryy, Vi ®c & Z f ®r,, o (i) B y; w Z I ®r,, yi® o (v7)
i=0 i=0 i=0
where (*) follows from the fact that 7p is a morphism of differential modules and hence it belongs to
Tyry,m» and (=) from the fact that the dual basis map K — Mp* ®, Mp, 1x — Z?:ﬁ(m*l yi ®y y; satisfies
deg(Q)-1 deg(P)-1
Z mpo (i) ®c y; = Z Yi®«mpo" (7).
i=0 i=0

Let us show that K[]° satisfies the universal property of the stated colimit. First of all, for every P(Y) € K[d]
consider the assignment ¢p : Mp* — K[0]°, f — f ®r,, 1. For all x € K and for all f € Mp*, we have that

Yp(x-f)=gpof) =0 f&, 1=x-(f&, 1)
whence p is K-linear and
deg(P)~1 _ degp)-1

Ac@r(f) = Y, F®n, 3y &, 1= > Fo, 3 yr0))
i=0 i=0
whence it is left colinear. Moreover

Wo (rpo’ (M) = o (f omtpg) = f ompg @, 1= f &, 7po(T) = f@, T=vr(f)

for all P(Y) € K[9], Q(Y) € P(Y)K[0], f € Mp*. Thus, the ¥ p’s are compatible with the morphisms of the
directed system, and by the isomorphism of Theorem [3.20| they are all injective.

Assume now that there exist a left K[d]°-comodule V and K[d]°-colinear morphisms op : Mp* — V for
all P(Y) € K[d] such that og o mpp* = op for all Q(Y) € P(Y)K[0]. Now, for every finite-dimensional right
K[d]-module M pick an element of the form ¢ ®,, m € M* ®, M. Since M is finite-dimensional over K, m
satisfies a relation of the form m < P,,,(Y) = 0 for a certain monic P,,(Y) € K[d] (see Proposition [3.18). Thus
the (unique) right K[d]-linear morphism ®,, : K[d] — M mapping 1 to m factors (uniquely) through a right
K[0]-linear morphism ¢,, : Mp — M, 1+ m. Define By : M* &, M — V,o®;, m op, (¢ o dy). This

m

is well-defined because if i € T, then
0=h(m<Py,(Y))=h(m) «Py,Y)
and so P, (Y) € Py (Y)K[J]. The induced morphism 7p,,, p, : K[0]/ P (Y)K[3] — K[]/Ppumy(Y)K[]

satisfies then h o ¢, = @um) © 7p,,,,p, and hence

m

m

T, (@ 0 h) © $) = T, (9 © Brim) © Ty p) = (Tp, © Ty 2, ") (8 © Bhiam) = Thy (90 i) -
The family of morphisms ), for M varying over all finite-dimensional right K[d]-modules induces a unique
morphism
B: P me, M-V
M € mod-K[d]

which factors through g : K[0]° — V by an argument similar to the one used to show that By, was well-
defined. Of course, B(Wp(f)) = B ( f e, T) — op(f) for all P(Y) € K[d] and all f € Mp*. In addition, 8 is
the unique satisfying this property because we know that

‘70®TM m=@ody, ®TMPm 1= ’;Z’P,,, (90 © ¢m)

for all ¢ ®,, m € K[0]°. We are then left to check that § is left K[0]°-colinear. To this aim, for every
¢ ®;,, m € K[J]° pick a dual basis {e,», erli=1,..., d} of M and compute

pv (B(¢®r, m)) = pv (op, (¢ © $u)) © (KIO) ® op,) (o1, (@0 dw)
deg(P,,)—1 deg(P,)—-1

@ Z (P o ¢m) @y, yi®: o, () = Z @ ®r,, ¢ () ®c op,, (v})
i=0 i=0
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d deg(P,,)—1 d
= Z Y&, B Op, [ Z ez (& 1) yf] = Z Y&, kB 0p, (6; o ¢m)
k=1

i=0 k=1

= (KI9]° ®. B) (A. (9 &y, m)). O

The subsequent result provides a constructive method for finding these solutions, given d initial conditions
ap, . ..,aq4-1 € K. It is noteworthy the role played in this by the universal coring structure on Dliny.

ProposiTioN 4.4. A solution a € H(K) of the equation L = Zf:o t(c;)N' = 0, subject to the initial conditions
ao, . ..,aq4-1 € K, is explicitly given by a(i) = a; fori =0,...,d — 1 and
d-1
a(m) = )" ay; ()
i=0
forall n > d, where {yl’f}l —0....d-1 S the basis of the space of solutions (K[0]/Pr(Y)K[d])" dual to the basis
{yi = Y1+ PrOVKION,y gy of My = KIO)/PL(Y)KID).

Proof. In view of Theorem [3.27] we know that

ath+ k) = £@) (Y"™) = 3" £ () (€ (@) (Y") ¥)
(@)
k 4 kL (k 4
= ( )E () (Y1) (£ (@) (")) = ( .)am () 8 () ().
=0 =
By writing this relation with k = 0, & = n and by resorting to the explicit description of A() given in (23)
we find out that

d-1 d-1
a(n) = > E(N(@) (D EG] 0D) (M = ay ()
i=0 i=0
as claimed. |

ReMARK 4.5. An useful consequence of Proposition [4.4]is the following iterative method to construct formal
solutions to homogeneous linear differential equations. Consider an equation of the form

0=LY) ="~ (ca10"" )+ + 10 () + coy)
over a differential field (K, d) as usual, and consider its extension
0=Ly)=N"Q) =t N" ')+ -+ + 1) N) +1(co) )

to (H(K), N). Its space of solutions Mz is an n-dimensional vector space over K with basis {yg, e y;‘H}
and we know, from Proposition that a full set of linearly independent formal solutions to £(y) = 0 in
H(K) (in fact, in Dling) is provided by the sequences

=07 (0.), fori=0,...,n—-1
and where we recall that y; = Y* + P(Y)K[0] € K[0]/P(Y)K[O], for all k > 0. For every k > O consider

the column vector (og (k) , 01 (k) , ..., 0,1 (K))T € K" and consider the matrix
00 -+ 0 ¢
10 -+ 0 ¢
A=]0 1T - 0
00 - 1 ¢y
Then the solutions o; satisfy the recursive formula
oo(k + 1) d (0o(k)) 0o(k)
o1k +1) d(01(k)) o1(k)
. = . +A-| .

otk + 1)) 8(0ni (k) Ont (k)
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for all k > n — 1, subject to the initial conditions

00(0) oo(1) -+ op(n—1)
a® o) - om-D |
001 0gr(l) - opi(n—1)

where I, is the identity n X n matrix.

ExampLE 4.6. For a differential operator of degree two £ = N? — t(c;)N — t(cp), the basis of the K-vector
space of solutions inside Dling is computed as follows. Consider the attached differential polynomial
Pr(Y) = Y> — Yc; —cp. Setyg = T=1+ Pr(MK[O], y1 =y =Y+ Pp(VK[J] = A(1) (the basis as in
Proposition and for higher degree y, = Y" + P,(Y)K[0] = 6"(T), n > 2. Inside K[0]° we have the
following four elements

Yo ®ry Yoo Vo ®ry Y1» Y ®r, yo and ¥ ®, yi,

which, respectively, correspond to the following four sequences:

a” = (1,0,¢0,0(co) + coct, -+, N(@®) = (0, 0,0 (co) + coct, ),
a' =0, L, ci+co+d(cr),-+), N@)=(lerci+co+d(cr), ).

In matrix form, we have that
a° 1 0 c¢g 0O(cp)+cocy e dmy -
a'! 0 1 ¢ c+co+dcr) -+ a'm) -
with the following matrix recursive relations:

°(n) a(ao(’l—l)) 0 co\(a®(n-1)
[ ] i +[ ][ ]’ " ) 2

a'(n) d(@'n-1)) I c)le'n-1)

We know from Proposition that {@°, @'} leads to the full set of solutions of £(y) = 0. We also know that
B° = N(@°) and B! = N(a') generate the space of solution of a differential equation of the same degree that
we want to determine now. For this reason, we will analyse the two cases: ¢y = 0 and ¢y # 0.

For the case ¢ = 0, we have that o® = (1,0,0,---) = s(1) and so N(a®) = 8° = 0, thus Y5 ®r,, y1 =0in
K[d]°. On the other hand, we know that d(y;) — y1¢; = 0 and hence ﬂl satisfies N(B8') — z‘(cl)ﬁ1 =0.

For the case ¢y # 0, we follow explicitly the argument of the proof of Proposition [3.18] Since yo =
y2/co — yic1/co, we have that

d(c

€o

0)) +y1(6(6‘1) +co—

Cl).

0
y3 = 0(y2) = yaler + ECO)

Therefore,

0 0
(CO)CI, b] =cC1 + ECO).
0

*(y1) = d(y1)by —yibg = 0,  with by =d(c)) +co -

As a consequence, yj, ®;,, yi and y; ®;, y; (and so 8° and B' as well) satisfy the equation

N2(y) = tb)N () = t(by)y = 0

with by, by as above. Observe that if ¢, c; € k (i.e., they are constant elements), then by = ¢g and b = ¢y,

and so 8%, B! satisfy the same recursive relation as a?, a’!.

ExampLE 4.7. Let (K, 0) = (C(z), 3/0z) be the field rational functions on C with the differential induced by
the formal derivation with respect to z. On K, consider the general homogeneous linear differential equation
of order one

LO)=0()—ay=0 (35)
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for a = u(z)/v(z) € C(z), u(z),v(z) € Clz]. Observe that the space of solutions of (33) in a differential
extension of C(z) is one-dimensional, because @ is of order one. In particular, if a non-zero solution
belongs to some differential extension (R, dg) 2 (K, d), then R contains a full set of solutions of (33).

Being C algebraically closed, v(z) = Hﬁ , (z— r;)" and hence, by the division algorithm in C[z], we have
that a can be rewritten as its partial fraction decomposition

=22 oy T

i=1 j=1

for certain p(z) € Clz], ¢;; € C. It can be checked directly, by elementary arguments, that admits a
non-zero solution in C(z) if and only if ¢;; € Zforalli=1,...,N,¢;; =0foralli=1,...,N and for all
Jj = 2 and p(z) = 0. It admits a non-zero solution which is algebraic over C(z) (i.e., it satisfies a polynomial
equation with coefficients in C(z)) if and only if ¢;; € Qforalli=1,...,N,¢;;=0foralli=1,...,N and
forall j =2,...,n; and p(z) = 0 (check [vPS| Exercise 1.14(3)]).

Now, extend to (H (C(z)), N) via the differential morphism ¢ : C(z) — H (C(z)). It becomes

L(y) =N(@y) - t(a)y = 0. (36)
Consider the associated polynomial P,(Y) = Y — a € K[d], the differential module
K[0]

£ 7 PLDEID)
with (right) K-basis yg := 1 + P,(Y)K[J] and differential
Or (u+ Pr(Y)K[I]) = (u+ Pp(Y)K[J]) «Y =uY + Pp(Y)K[3],
and the associated left K-vector space (K[d]/P-(Y)K[d])" = Ky of dimension one. If we set y, =
Y"+ P o(Y)K[0] for all n > 0, then there exists 0, € C(z) (in fact, 0, = y; (v»)) such that y, = o0, + P £(Y)K[I]
and hence
Y0Ous1 = Vst = Y"1+ Pr(VK[O] = (Y" + PL(Y)K[D]) <Y = (0, + PL(V)K[I]) <Y

= (Yon + Pr(Y)K[O]) + (8 (0,) + Pc(V)K[F]) = (Y + P(Y)K[B]) <0, + (8 (0,) + P(Y)K[I])

= (ao, + 0(0,)) + P (Y)K[0]

= yo (a0, + 0 (0,)) .

By Proposition[4.4] we have that, for a given initial condition &(0) = py € C(z), the unique solution a of (36)
is given by a(n) = pgo, for all n > 0 where o, satisfies the recursion

oo = 1,
Op+l = A0y + a(on) P
that is to say,
a= s(po)(l,a,a2 +0(a),a’ +3ad(a) +3* (a),. )

Set o = (0,) = (y(’; (y.)) = (1, a,a®> +9d(a),.. .), the solution corresponding to the initial condition py = 1.
In this more general framework, observe that (33) admits a solution f € C(z) if and only if d (f) = af, which
is equivalent to say that 0" (f) = o, f for all n > 0 (one implication is trivial, for the other one proceeds by
induction on n > 1). Thus, if and only if #(f) = s(f)o.

Let us analyse the case a = ¢/z for the sake of brevity, for some ¢ € C. A direct computation by induction
on n > 1 shows that

-1 —1)(c-2 -1 (c— 1
0=(0.) = (1,5,6(" D ez Demd) | dezDelemny )) (37)
z V4 V4 z"
Moreover, since o satisfies N (0) = t(a)o, it follows that
N(0") = ko" "N (0) = t(ka)o*,
for all k € Z \ {0}, whence, by the same argument used to prove (37),
ok = (1’ IE kC(kCz_ 1)’ ke(ke — 13)(kc— 2)’.“, ketke —1)---(kc —n+ 1)’“.). (38)
z z z z"
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If ¢ € N then

c clc—1 c! 1,,. . : o .
0:(17_’¥3“-’_C909-'-):_C(ZL,CZL_17C(C_1)ZL_2,...,C!,O,-..):S(ZL) lt(ZL)
< Z < Z

and d (y) — cy/z = 0 has general solution f = Az° € C(z) for A € C. If ¢ = —k for k € N then

k k(k+1) G+ 1) (k+n—-1)
o=|1,—-, s (=1 -
z z b4
1 k kk+1) 1nk(k+l)-~-(k+n—1)
= Z_k’_zk+1’ Zk+2 seees (5D Zkn v

-st(3)

and 0 (y) — cy/z = 0 has general solution f = Az € C(z) for A € C. If c = p/q € Q with p € Z, g € N\ {0},
then

Oq@(lBP(P—l) p(p—-D(p-2) p(p=1---(p-n+1) )
o2 2 yeres e I

whence either 09 = s (z?)~' 1 (z?) (if p>0)oro? =s(zP) t(z")7! (f p < 0). In both cases, o is a solution of
0 (y) — cy/z = 0 algebraic over C(z).

Remark 4.8. The following is a noteworthy relation arising from the computations performed in Example
A7) For every c € C and for every k € N, set formally

(c) _cle=D(c=2)--(c—k+1)
Kkl k! '

ng (Z)(n - k) ) (2;)

for all n > 0. Indeed, it is enough to compare term by term the explicit computation of 0?, by using the
Hurwitz product, with formula (38) for k = 2. Even more general, for all ,n € N,

2l 6)=C)

ExampLe 4.9. Let (K, 9) := (C(z), 8/0z) as in Example[d.7} Consider the following homogeneous differential
equation:

Then

1 1
8 (y) - (o + (Z__1)2y = 0. (39)

Denote by ¢ = Z_L] € K, so we have that d(c) = —c*. The differential operator associated with (39) is

L = t(c?) — t(c)N + N? with corresponding polynomial P,(Y) = Y*> — Yc + ¢* € K[d]. By Proposition
a solution @ € H(K) of equation (39) subject to the initial conditions g, a; € K has the form
a(n) = aOya(yn) + alff()’n)-

From the definition of the differential K-vector space M, = K[d]/P(Y)K[J], we have the following

recursive relation:
(yi‘)(yn+1)) _ (3(y3(yn))) N (0 —cz) (y?)(yn))
Vi One1) i) \1 ¢ J\yjow)"

In matrix form, the fundamental solutions (i.e., those generating (K[d]/P (Y)K[A])*) can be expressed by:
[1 0 - & =2 67 - (D" m-=-2lc" - J

(40)
01 ¢ = 23 -6¢4 -+ (-D)'(n-2)!
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The general solution & € H(K) is then

w1 (m=2)(ag — ar(z - 1))
(z—1)" '

a(n) = (-1) n>?2

a(0) = ag, a(l) = ay.
ReEMARK 4.10. In Exampleobserve that, since 9 (¢) = —c2, we have
PrY) = Y —Ye+ P = Y —Ye-dc) = Y= (Ye+ () D Y2 —cv = (Y- o).

Therefore, any g such that N (8) — #(c)B = 0 satisfies L(8) = 0 as well. Thanks to Example 4.7} we know that
B = s(by) (1, Z_Ll, 0,.. ) for some initial condition by € K. Now, by looking at (@0) the reader may easily
convince himself that

B = sbo)yy ) +cyi 0w)) . boeK.

neN
as expected.

4.2. Comments on the Picard-Vessiot ring extension. In this section, we discuss the relation between
the Picard-Vessiot differential ring extension of a given differential module and the Hopf algebroid of
differentially recursive sequences. For simplicity, we only treat the case of a differential module of rank two
(that is, a differential K-vector space (M, d),) of dimension two). We will often implicitly refer to notations
and constructions from [EG].

Consider, as before, (K, d) a differential field with k = K9 C K its non-trivial sub-field of constant ele-
ments (assumed now to be algebraically closed of characteristic zero). Let us consider a linear homogeneous
scalar differential equation

3*(y) — c10(y) — coy = 0, 1)

with ¢g, c; € K. After extending the latter equation to (H(K), N) via the differential algebra homomorphism
t, it corresponds to £(a) = 0 where the differential operator is given by £ = N? — t(c;)N — t(co) and the
associated differential polynomial by P(Y) = Y — Y¢; — ¢o. Set M := K[0]/P(Y)K[0]. It is a differential
module (M, dy;) of dimension two over K with dual basis {yo, yi, Y5, Y1} and differential oY) = Yntls
where y, = Y" + P(Y)K[0] for all n > 0. Therefore, dy;(yo) = y; and 3 (y1) = coyo + c1y1. By considering
the column expression (with the usual minus), the matrix of the differential ), computed as in [vPS| page

7] is then of the form _CO). Recall from Remark [4.2|that ker (£) = M* as differential K-modules. The

-1 —C1

matrix of the differential module (M*, dy-) is then the opposite of the transpose of the previous one. That is,
we have dy+(v) = —coy| and 9y (y]) = =y — c1y}. By Remark the dual basis for the solution space
M of L(a) = 0 over H(K) satisfies the recursive relation:

yS(VnJrl) 5()’3(%:)) 0 o ya()’n)

= + , forn=>0.
Vi Ons1) o)) 1 ci)\y;On)

In what follows, we will implicitly identify M with (M*)* in the rigid symmetric monoidal category of
differential modules over K. Consider, as in Example the following four elements

X00 = Yo @, Yoo Xo1 = Yo ®ry. ¥ X10 = V1@, ¥y and xyp =y @ ¥y
in the Hopf K-algebroid K[d]°, that is, the differentially recursive sequences
@* = (p0m)errs @' = 010W),ers N(@°), and N(a').

Following [EG| Lemma 5.4.2], the element det(M*) = xgoXx11 — Xo1X10 is invertible in K[d]° and it inverse is
given by

det(M*)™" = (o Ay1)* ®, (o Ay1) € K[I]°,

A2 M

where /\2 M is the two-exterior power differential K-module of (M, dy).
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We denote by U ("M*) the Hopf K-sub-algebroid of K[9]° generated by the set of elements {x;;, det(M* )~ Josi,j<1-

It turns out that U (°M*) is in fact the universal Hopf algebroid constructed from the rigid monoidal full sub-

category {{M *}]m consisting of those differential K-modules that are sub-quotient generated by (M*, 97,).
More precisely, given two positive integers k, [, we denote by

TEOM) =M @, M) =M@ M, & M & M & M ® - @ M

[-times k-times

which we consider canonically as a differential K-vector space. A differential K-vector space (X, 0) belongs
to the sub-category {{M*}} if it is a quotient of the form X = X,/X;, where X; C X, C & ;T*?(M) (finite
direct sum). Since the category of all differential K-vector spaces is in fact an abelian category, a differential
module (X, d) belongs to {{M*}} if and only if it is a sub-object of an object finitely generated by those
T®D(M)’s (see, for instance, [EG] §5.4]).

Moreover, since we know that d, o s =0 and d, o t = t o 0 (see Remark , the (K ® K)-algebra UE’M*)
is (via the target map) a differential extension of (K, d) with differential the restriction of d,.

Let us denote by # the total isotropy Hopf K-algebra U(,.,/(s — 1), where (s — ) denote the Hopf

ideal generated by the set {s(u) —tu)|u e UFM*)}. In light of [EG| Proposition 5.5.2], P is generated as a
K-algebra by the elements:

fi=xj+(s—10, 0<ij<1, and (foofir — forfio) "

Moreover, it is a differential K-algebra whose differential § :  — P can be expressed by the rule

6((f0° fm)):( Sio S ):(0 1)(f00 f(n)
fio  fi cofoo +cifio cofor +cifi co ciJ\fio fu)’

Therefore the matrix F = (f;)o<i j<1 is a fundamental matrix (in the sense of [vPS| Definition 1.9]) for the
linear differential matrix equation attached to (M*, dy), with entries in $. Furthermore, one can adapt
the proof of [EGl Proposition 5.5.2] to show that (P, 6) is in fact a Picard-Vessiot ring of the differential
K-vector space (M*, dy+). Notice that, as a differential K-algebra, (P, 0) is not an extension of the differential
K-algebra (U, (C’M*), 0,), because the Hopf ideal (s — ) is not necessarily d,-stable.

Consider now the differential K-vector space (P ®; M*, dpg, p+) With Opg, - = 6 @ M* + P &, I+ (see
[vPS| page 44]). A direct check shows that the two elements

Po = foo ®« Yo + fio ®« ¥} and  pi = for ® ¥+ fil ],

in P ®. M* are k-linearly independent. Notice that {py, p;} generates the two dimensional k-vector space
ker (Opg,m+) € P ®. V, which is the solution space (in the sense of [VPS| page 13]) of the linear differential
matrix equation defined by (M™, dy-).

The assignment ker (dpg, -) — M*, p; + y;, clearly defines a monomorphism of k-vector spaces.
Moreover, when ¢ # 0 one can show that the k-vector space ker (Opg, p+) is isomorphism to the following
k-subspace of P:

{ peP

ExampLE 4.11. Assume that ¢; = 0 and that ¢y # 0 is a constant element of K. Take any non zero element p
in the sub-space described by equation @2), that is, 0 # p € P such that 6*(p) = cop. Then the element
u = 8(p)p~" in the field of fractions of P is a solution of the equation 0 (u) + u*> = ¢,. The converse is also
true when K = C(z) with the differential d/9z. In this case the equation 9 (u) + u? = ¢y is the so called
Riccati equation. Assume now that K = C(z) and ¢; # 0. Denote by ¢ the differential on the field of fractions
of P as well. More generally, if p € P is a non-zero element of the Picard-Vessiot ring P, then u = 6(p)/p
satisfies

5(p)\_ A(pp—8(py® _ cop” + (1 + Z)ps(p) — 6(p)? dco)\o(p) (6(p)\
(o) gt LSO (S (s
)4 p p Co P p

) = cop+ (1 + 2 (CO))a(m}. “2)
co

() Another notation that can be found in the literature for this category is (M)g. See, for instance, [D| §6.16]
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that is to say, u satisfies the (generalized) Riccati equation 6(u) = a(z) + b(z)u — u*> where a(z) = ¢y and
b(z) =c + @ (see [Rl §I1.1]). Conversely, assume that u is a solution of the Riccati equation and consider
y a solution of 6(y) = uy. Then, we have

d(co)
co

82(y) = S(w)y + ud(y) = a(z)y + b(x)uy — i’y + ud(y) + u*y = coy + (cl + )6(y).

ReMARK 4.12. Since (M*, dy-) is the dual of (M, dj) in the category of differential modules, we have the
bijective correspondences
Homg g (M, ), (P,6)) = Homgg) (K, 9), (P ® M*,dpg, m+)) = ker (dpg, m+) (43)

(see, for example, [vPS| page 45]). The distinguished differential morphisms in Homg s, (M, P) correspond-
ing to the basis {pg, p1} of ker (dpg, p+) under the isomorphism @3) are

qo:M© Ul P q:M ¢ Ui P
Yo't Xoo | Joo Yo't Xor | Jor -
Vil X190t Jio Vil Xy b Ji

Notice that the first one is induced by the canonical maps of Proposition {.3]

Remark 4.13. Under certain assumption (mainly on the generators f;; of the algebra #), one can connect
the group of automorphisms of the differential vector space (M, d,7) (which, in the sense of [KSI, is the dual
space of solutions of equation (I]), see Remark {4.2) with the differential group of the differential ring (P, 6),
i.e., the group of K-algebras automorphisms of $ that commute with the derivation ¢, which we denote by
Autygqif((P, 0)). Precisely, if we assume that any invertible matrix (07;);,; € GL>(K) induces a K-algebra
automorphism of ¥ defined on the generator f;; by

oo oo\ (foo Jor
P — P, i)o<i i<l F— , 44
7 ((f”)os’]gl (0'10 0’11)(f10 fll)) “4)
then one shows that the group of automorphisms of the differential K-module (M, dy) is in fact identified
with a subgroup of the group Auty,.gig((P,6)). Specifically, let g be a K-linear automorphism of M such
that g o 9y = 9y o 3. We use the above dual basis {yg, y;} of M, and we set g(y;) = goivo + g1:y1, i = 0, 1, for
some (g;)o<i,j<1 € GL»(K). Then, one can easily check that the matrix (g;;)o<; j<1 satisfies

1[0 &) @il = @

where the bracket stands for the Lie bracket (compare with [KS| Theorem 3.5]). Now under the above
assumption, we have a well defined monomorphism of groups given by:

Autgig(M*, 0p+)) — Autygai((P, 9)), ((gij)i,j — (gij)l?:j)7

where the matrix (g; j)g <ij<1 is the transpose of (g;;)o<i j<1, and stands for an automorphism as in #4).
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APPENDIX A. SOME TECHNICAL DETAILS

This appendix contains some results that we used along the paper but that we considered too technical
for the main body. We report them here for the sake of completeness and of the unaccustomed reader.

LemMA A.1. Let a € Dling be a differentially recursive sequence of order d (see Definition[3.9). If there
exists an operator L such that L(a)(n) = 0foralln =0, ...,d — 1, then L(a) = 0. In particular, L(a@) =0
if and only if L(a)(n) =0 foralln =0,...,d - 1.



THE HOPF ALGEBROID STRUCTURE OF DIFFERENTIALLY RECURSIVE SEQUENCES 29

Proof. If @ € Dlink is a differentially recursive sequence of order d, then there exists an operator £, =
>4, ta)N' such that 0 = £, (@) = @ < Po(Y), where P,(Y) = 3 Yia;. Assume that £ = 3% t(c)N" is
another operator such that
0=L'()(n) = (<P (Y))(n) forall n=0,...,d—-1. 45)

Consider f, = ® () € K[d]* and f, € (K[0]/P,(Y)K[d])*. Equation (@3], together with (T9) and (20),
entails that

LEP®Y +PE) = o, POY) 2o @ P P L@ BP0 @6
foralln =0,...,d — 1. Let us prove by induction on k > 0 that £'(@)(d + k) = 0 as well. For the sake of
simplicity, write P,(Y) = Y — Q,(Y), with deg(Q.(Y)) < d. Fork = 0,

L@@ fri0 (v) 2 £, (POY) = J, (P (Y + Pu(DKII])
d-1

= Jo (P(NQu(X) + Po(NEIB) = Y o (POY + PouVEID]) 0 2 0

Now, assume that L' (a)(d + k) = O holds forall k = 0,...,h— 1. Then

L(a)d +h) = fo (P OY*" + Pu(NEKIAN) = fo (P (1) Qu(V)Y" + Po(V)KIS])
d—1 d-1 h
=3 R (PMYqy" + Purkio)) @ (i’)f (POOY™ + P(V)KIST) " ()
i=0 i=0 j=0
d-1

h
Z( )L’m)(z + 3" () =
J=

i=0

and so, by induction, L' (a)(n) = 0 for every n € N. O

ProposiTioN A.2. Let @ € H(K) be a sequence and d > 1. The (non-linear) system of d equations

0= L(a/)(n)—ZZ()a ()am—k+i), 0<n<d-1,

i=0 k=0
in the d + 1 unknowns x, . . ., x4 is equivalent to the homogeneous (linear) system
d n n
le‘ Z()(—l)kak(oz(n—k+i)) =0, O<n<d-1.
= T\«

Proof. For every n € N, denote by E, the expression

n

= iZ( )(9k(x,)oz(n k+1i)

i=0 k=0
and by F,, the expression
d n
F,:= Z Xi (Z (n)( 16" (a(n — k + z))]
i=0 k=0
Let us prove by induction on n > O thatif F; =0 foralli =0,...,n, then E,;; = F4;. Forn =0,

d
Zx,a/(t) —Ey=Fy=0
i=0

and

d d d
Z xa(i+ 1)+ Z d(x)a() = Z xia(i+1) - Z x;0 (a(i)) + (Ey) =

i=0 i=0 i=0 i

d
xi(a(i+1) -0 (a@@) = Fi.
i=0
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Assume that the claim holds for k = 0, ..., n — 1 and let us prove it for k = n. Since Fy = 0 for s < n,
0" (Fy) = 0, that is to say,

d n—s

0=d""(F)=) 22, (;)(” ; s)(—l)kaf (x) 8" (s — k + i) . (47)

i=0 j=

Therefore, a very technical but otherwise straightforward computation shows that

n—1
@@&—Z«VWN

=0

L u

d n " n-1 d n-s s Nn— s ] ]
= 0 (x)an—k+1i DR () T T R (s =k +
;M@<M )ZZ%%XXJ%)() (( )
S C n ak k ISES - n\(s lk an—s+k k . |
> @uMn+0 )y MJJM (a(s = k+ ) +
_ i=0 k=0 s=0 i=0 k=0
n-1 d n-s s
-2, 2 (n)(s)(n )( D' () @ (als = k + 1))
I =0 =0 j=1 k=0 \* K\
rd n n a . n—-1 d s B | . an_ﬁ-k . . h
)y @um%+o > WJAM (s —k+i) +
| =0 k=0 s=0 i=0 k=0
L - nyfsy(n-— k n—s— j+k
> ()(k)( )( DAY () 8" (als — k + 1))
21 520 =0 k=0 \3 J
d n—-1 s
" [a/(n +i)— (’;)(z)( DR (as — k + i))] +
i=0 s=0 k=0
= d n " n—-k s _
+ Z o (x;) [( k)a/(n —k+i)— Z Z ( )( )( B )(—1)’16“’”” (a(s —h+ i))]
i=0 k=1 s=0 h=0
d n—-1 s
> [a(n +i)— ’Z (;)( R84 (a(s — k + i))] +
i=0 5s=0 k=0
= d n " n—-k s n— k '
+Z ( k)a (x,)[a(n—k+ i) — Z ( )( )( DRGSR (s — b+ i))]
i=0 k=1 5s=0 h=

Let us focus first on

n—k

an—k+i)-y ) (" ; k)(;)(—l)ha”‘s‘“h (a(s —h+i)) =

§=

9 s q s
=alg+)- ) (3)(;)(—1)”3‘/-“’1 (a(s—h+D) =alg+)- ) Z (S)(s )( 1)1 (k + i))
s=0 h=0 s=0 k=0
9 4 g 9 (9K t+ k
= a(g +i) - ZZ(S)(S k)( D9 @k + i) = alg + i) — Z( Hk ) ( 1)f]aqk (a(k + i)
k=0 s=k k=0 \ 1=

q—k

= a(g+i) - ; (Z) {ZO: (q; )(—1)’] 8 (alk + 1) = alg+i) —alg+i) = 0

and then on
n=1 s n=1 s
. M\(S\ ok anstk B N N P\[S ) \s—tgn—t ;
a(n + i) 2, kO(S)(k)( D5 (a(s = k + 1)) = an + i) ;[:o (S)(s_t)( D (et + i)
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' n—1 n—1 n s R . ' n—1 (n—1-t n htt ., - .
= an+i) - ) ;(s)(s_t)(—l) " (alt + i) = a(n+l)—; ;1 (hﬂ)( X )(—1) " (alt + 1))
n—1 n—1-t
=an+-y (”) > (" - t)(—l)h & (alt + i)
t=0 t h=0 h
n—1 n—t
= a(n+i) - (’:) (Z (”}: t)(—l)” - (—1)’”) & (ol + 1)
=0 h=0
n—1 n
—a(n+i)+ > (’Z )(—1)"—fa"—’ (alt + 1)) = ; (’:)(—1)"—’0"—1 (a(t +10)).
Thus,

d n
E, = Z x; [Z (’:)(—1)”’6”’ (alt + i))] =F,.

i=0 t=0

This implies the following. If {x;} is a solution of E,, = 0 forn = 0,...,d — 1 then Fy = Ey = 0 and, by the
inductive argument above, F,, = E, = 0forn =0,...,d — 1. Conversely, If {x;} is a solution of F,, = O for

n=0,...,d— 1 then, by the same argument, E, = F, =0forn=0,...,d - 1. m]
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