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Inversionless amplification and propagation in an electronuclear level-mixing scheme
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We study the propagation of a drive and probe bichromatic field in a compound electronuclear[€)stem
Commun.179, 525(2000] from the viewpoint of inversionless amplification. In the regimes of adiabatic pulse
and steady-state propagation, part of the ground-state population is trapped in a dark state thereby reducing the
absorption of a probe field. This is reinforced by spontaneous emission for the steady-state case, for which the
optimal amplification length is calculated. Beyond this length, the medium becomes absorbent for the probe
field. In the complementary limit of ultrashort pulses, the medium reducesvtscheme in which the drive
field can self-induce transparency.
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[. INTRODUCTION into an absorbing medium. The knowledge of this length is
therefore crucial to set up an experiment. We analyze the
The hope to realize laser amplification grtransitions is ~ propagation of both continuous and pulsed beams. We shall
at the origin of much theoretical and experimental researchise the terms “adiabatic pulse” if the polarization can be
(see the recent review4,2]). The main difficulty that arises eliminated on the pulse time scale and “short pulse” other-
in this context is the impossibility of creating an inversion of Wise. Two mechanisms of inversionless amplification are
popu|ation between adequate pairs of levels. |In princip]eidentiﬁed. If the drive field is a continuous beam or an adia-
this obstacle can be overcome by exploiting quantum interbatic pulse, the ground-state population is irreversibly driven
ference. Amp"ﬁca’[ion without popu|ation inversic(AWD into the dark state. COﬂVEI’SE'y, if the drive field is a short
was predicted [3-5] and demonstrated experimentally Pulse, it can create a temporal window of inversion through
[6_13| on atomic transitions. For app“cation of these ideasthe mechanism of Rabi oscillations. Therefore, the ampllfl—
to y optics, it was proposed to use a radio-frequent field toeation of a probe field in this second situation rests on the
couple the hyperfine levels of a nuclear ground state to crea@Xploitation of this temporal window of inversion.
the necessary Cohereném]_ However, due to the equa| This paper is Organized as follows. In Sec. Il we introduce
population of all hyperfine levels for a sample at room tem_the electronuclear model and present the semiclassical equa-
perature, this coherence cannot be realized for the ensemt#éns for the light-matter interaction. In Sec. Il we study the
of all nuclei[15], so that the extension of the principles of Propagation of adiabatic pulses and continuous waves. More
atomic AWI to nuclear transitions remains problematic. Inbriefly, we discuss the propagation of short pulses in Sec. IV,
response to this problem, ways to couple atomic and nucleand then we conclude in Sec. V.
transitions were proposed if16,17. The investigated
schemes involve Mssbauer nuclei, i.e., nuclei that emit or Il. THE MODEL
absorb electromagnetic radiation without re¢a]. In [17], . . o . .
an electronuclear%ystem was considered where the nuclei are We consider Mesbauer nuclei distributed in a noncubic

embedded in a noncubic crystal and immersed into a dc ma Tystal with densiN. A dc magnetic field is applied almost

netic field of critical strength and orientation. It has been arallel to thec axis. The total static Hamiltonian describing

shown that, under certain conditions, the ground state of thg1e Zegman effect and the nupleus—electron-shell hyperfine
electronuclear system can be moved into a nonabsorbing— rptergchon hear the Igvel_cross@g?] possesses the follow-
“dark”—state by an intense optical field. AWI for the Ing eigenstate¢see Fig. )

nuclear transitions of this scheme is thus theoretically pos- 11)=(S,|g,m= —3/2),+ S,|lg.m=—1/2))®|g)s,

sible. However, as the field propagates in the crystal, part of

the optical intensity is lost, being used for the creation of the |2y =(s,|g,m=—3/2),—S;|g,m=—1/2),)®|g)s,

dark state, which progressively alters the quality of AWI. We

address this issue in this paper.[i8], a similar study was 13)=]g,m=—3/2),®|e)s,
done for aV scheme in rubidium, with special attention to
Doppler broadening in vapor cells. |4)=]e,m=—1/2),®|g)s,

The present analysis is linear in the field (hereafter
referred to as the “probe” fiel[dand nonlinear in the optical where the subscript® and s refer, respectively, to the
field (hereafter referred to as the “drive” fieldOur aim is  nucleus and electron-shell parts of the state vector, while the
to estimate the optimal length of amplification as a functionlettersg and e indicate, for each of these parts, the ground
of the input drive field intensity and the rate of incoherentand excited states, respectively, and S, are parameters
excitation. Beyond this length, the amplifying medium turnsadjustable via the misalignment of the dc magnetic field with
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where c.c. means complex conjugafey and (), are the
Rabi frequencies associated with the driving and probe
fields, respectively. The driving field is nearly resonant with
the |1)—|3) and|2)—|3) transitions, which are character-
ized by the same dipole matrix elemanj. Conversely, the
probe field is coupled to the nuclear transitiohs— |4) and
|2)—|4) via the same dipole matrix elemept,. In the
rotating wave and slowly varying envelope approximations,
the spatiotemporal evolution of the two fields is governed by
the wave equations

!

np . Kp
(?Z+ ?&t Qp:_l?Ppy (1)

!

5 Pa. @

Ny .
(92+ ?&t Qd: —1
Pq,p are the microscopic polarizations rescaled to the dipole
matrix elementsp, 4 are the refractive indices at the two
frequenciesw, and wy while Ké‘p are the propagation con-
stants:

,_N"L’d|:U~d|2 ,_pr|:U~p|2
Kg=——F ——— Kp=————F .
gohngc " P gohingc

Equations(1) and (2) are completed by the semiclassical
density-matrix equationgl7]

P4=S51013t 023, Pp=S1014t S04, (3

dp
Gt =~ RPuyT Vippast Yjapa

+iS,(Qp04,+Qgo3,—C.C), 4)

dps3 .
i —2yjap3z— i (2qP§ —c.C), 5)

dpaa ;
W:_23,”pp44+R > Py~ 1 (QpP—c.c), (6)
n=12

(b)

FIG. 1. Energy diagram of the nucleus interacting with the
probe and laser pumga) Level-crossings scheme of the spin sub-
levels of the ground-state nucleus. Nuclear spin is 1/2 in the excited
state and 3/2 in the ground state. The arrow indicatesythansi-
tion. (b) States|1), |2), |3), and|4) as defined in the text and
allowed transitions.

respect to the axis of the crystal andh is the projection of
the nuclear spin on this axis. Fgrquanta propagating along
this ¢ axis, only transitions witAm= =1 are allowed, so
that the statég,m=—1/2),®|g)s=S,|1) — S;1|2) is nonab-
sorbing for thaty radiation. We let this system interact with
a bichromatic field

hAQy . ),
E(zt)= 0 gilogt—kg2) ¢ TP iwpt—kpd) g ¢
Md Mp

dlz;[n' =—(y12Hi @, )Py +1S,(Qpos, +Qgog,)
—i8,(Qpog,tQqos,)*, 7
dgtan =—(y1qT16,)03,+iQ§(S,n,3+S,p,,)
—iS,Q5 034, )
dg;w == (yptiA,) o4, +1Q5(S,Nu+S,p,,)
_iSan 043, (9)
%1: —[yasti(81— A1) ]oaati(QGP,— QpPF).

(10
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TABLE I. List of parameter values. general steady-state response of the system in the weak
probe limit can be found ifl7]. If J4<7ys4, the polariza-
Parameter Symbol Value tions are
Relaxation rate oPg4 Y4 3.0x10°s?t Nis— Repys
Relaxation rate oP,, Yip 10° st Pi=—iQq————, (12
Relaxation rate ops; 294 108 st Yid
Relaxation rate of 4, 2% 10°s? n—Re
Incoherent excitation Of, 2R <10*s?! Py=— iQp“—’)lfl' (13
Relaxation rate o, Vi 150 st Yip(1+3gds )
Frequency separation betwefr) and|2)  wy; 108 st
Relaxation rate ofr, yas 3.0x10° st Js= 73471_[)71(} : (14
Drive-field Rabi frequency Qq4 ~10"s?

The real part of the low-frequency coherencepBe ac-
counts for quantum interference and should be maximized in

In these equations, we have notgg=p;; — p;; . The indices order to obtain inversionless amplification. As we shall
n and 5’ designate the ground state 1 or 2 wight '. R~ ShOW, R@s, tends to a maximum value equal g under
quantifies the incoherent pumping rate of statp starting ~ the influence of the drive field. The absorption of the drive
from the ground stateld) and|2). Conversely,yjq and y;, field is 'ghus sup_pressed while 'ghe probe polarization l?ecomes
are spontaneous decay rates of the excited levels. An impoProportional toi(ps—ps3). This means that the ultimate
tant parameter in the present analysis is the ratio condition on+y amplification rests on population inversion
=R/yj,: r<1 means that there is no population inversionP€tween stateg3) and|4). From this fact, the spontaneous
between level4) and the ground levels. The dephasing ratesi€cay 0fpsz acts in favor ofy amplification by increasing
of the optical and nuclear transitions are denojeg and  the population inversiop4—p33.

Yip, respectively;yq, is the decay rate of the quantum co-

herence between the ground levels. The fatds associated A. Adiabatic pulses

with the coherence between levgB) and [4) and equals We first examine the dynamical response of the medium

Yiat yip- The relaxation transition probabilities betweentg 3 drive pulse of durationr and average input intensity
the state$1) and|2) are assumed to be small and hence argyy=r"11"_J4(0t")dt’ such that

disregarded in the equations. Typical values of the relaxation

rates are given in Table[lL7]. The detuning parameters are ¥12.012,Yd» Yp<T H{(Ia)<V.id:Yip V3 (19
A,=wy,—w,andd,= w3, — wy. From now on, we restrict . _ '

the analysis to the most favorable conditions to reach inverPrior to the arrival of the drive and probe pulses, the atoms
sionless amplification, i.eS;= —S,= —1/J2 and the fields are distributed according tp9;=p%=(2+r)"*, p2,=(2
are detuned halfway between their corresponding transitionst r) ~r, p3s=p3,= aﬁzo. In the weak probe limit, the
Ay=—A,=8,=—5,=w»/2. Consequently, by symmetry, population in level4) is unaffected by the probe field and
if p1, and p,, are initially equal, they remain equal for all remains constant. Substituting EG2) in Egs.(4)— (10) and
times. We therefore sgi;;=p,, in the remainder of this making use of approximatiof15), one finds that the real part
paper. Moreover, we assume that the detunings are neglpf the low-frequency coherence Rg tends ton;; as

gible compared to the polarization decay rates,

nl3_—Re’”2=exp(—4ft J (zt’)dt’)=l€(zt)
1A,1=18,1<vid.70p- (11) 0 —Rep’, Jdlz 1)

. . . . 16
Finally, we consider a weak probe field, meaning that we (16
neglect its nonlinear contribution in Eqgl)—(10). The functionk measures the degree of quantum coherence

produced by the driving field. It indicates that the system
1. CONTINUOUS WAVE AND ADIABATIC PULSES tends to a stationary state where gRg=n;3 at a rate

) ) ] - K Y9KIat=—4J4(z,t). In this sense, the creation of the
In the continuous-wave and adiabatic pulse propagatioRark state is similar to a stimulated process, since its rate is
regimes, the field intensities are best described by the WBroportional to the number of photons in the drive field.

stimulated transition rates Maximum quantum interference is producedkit<1. The
) ) details of this process are most easily understood in the basis

J= |Qy] J= |2 formed by the dark state-)=S,|1) — S;|2) and its orthogo-

a7 g P Yip nal counterpart+)=S;|1)+S,|2). Initially, there is equi-

partition of the population in the two stat¢s ) and|+).
As it will appear further in this section]y is the rate at The drive fieldJy excites population from stater) to state
which population is trapped in the dark st8g1)—S,|2)  |3), leaving |—) unaffected. As the+)—|3) transition
under the influence of the driving field. Population trappingsaturates, the fraction of the ground-state population pre-
is therefore a stimulated process in the present situation. Theared in the dark state-) is maximized. This induces an
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increase of the low-frequency coherencepRBe By substi- 67
tuting the time-dependent solution of E¢4)—(10) into Egs.
(1) and(2), one finds )

Ny K 5 — max(Jg 1)
9+ ?f?t)Jd:—Kdem, 7 i
n 2r—1—(1-233ysH)K 4 —
9+ —pat)Jp=KpJp il il
c 2(2+r)(1+343.7) i
2r=1-K ]
:Kpme’ (18) 3 __
wherexq= 4/ 7y, g andk,=ky/ v, p. The propagation equa- j (g, /")
tion for the driving fieldJy was analyzed in4]. It has the 5
solution 4
J4(0t—nyz/c) i
3oz = 0L e , .
1+ EX[{mKdZ) —1|K(0t—ngyz/c) E
(19 ]
which is used to solve Eq18). If the refractive indicesy 0 T T T T T T T T T T
and n, are equal, one has the analytical solution for the Y 20 40 60 80 100 120
probe pulse
Kd 2
Jp(z,1) FIG. 2. Peak intensity as a function of the propagation distance
J,(0t—nyz/c) in the adiabatic pulse regime. Incoherent excitatien0.6, propa-
P P gation constants are taken equal,=«xq. Input condition:
r—1/2 7234(0)dt=10. The other parameters are defined in Table I.
ex o+r KpZ
= 1 KpT(2Kg) - B. Continuous wave
+1+ ex;{ > KdZ) -1 K(O,t—ndz/c)] Under approximatior§l1) and in steady-state, the ground
state coherence and the population inversion of the atomic
(200 transitions are related 7]
We illustrate this solution in Fig. 2. If the coherence between Rep,=(1—G)ny3, (21
the ground levels is maximuniC<1, it follows from Eq.
(20) that where
r—1/2 2
Jn(2)=J3,(0 ex;{—x z). Y12datJ12
p(2)=Jp(0) 2+r 7P g=———""—""—, Jio= \/7212-1- wzzl_ (22

J5+2y12dq+ 3%,
Therefore,r must at least exceed 1/2 in order to obtain am-
plification, which means),>0.2. Although this result is If the drive field increases, the value @fdecreases from 1 to
significant from the point of view of lasing without inver- O, eventually leading to a maximum low-frequency coher-
sion, it might not be sufficient in practice. Indeed, if one canence Rg;,=n;3. To haveG<1 requiresly>J;, or, equiva-
bring 20% of the population in level 4 without damage for lently, J4> vy;, andJ4> w,;. These are necessary conditions
the amplifying medium, then one can probably create an infor the populating rately to balance the depopulating rate
version of population, too. However, the situation can bey;, of the dark state and compensate the optical detunings
improved if the pulse duration is long enough for the popu-8; ,. The propagation equation for the drive and probe inten-
lation in level 3 to decay spontaneously to the ground levelssities are obtained by substituting the steady-state solution of
as already pointed out in the beginning of this section. InEgs.(4)—(10) in the right-hand sides of Eqél) and (2),
deed, a stronger reduction gfabsorption can be reached if
the level 3 population contributes to quantum interference dJy G
between they transitions. This motivates us to study the ——=—KgJg
limit of continuous-wave propagation. dz

: 23
241+ (3+1)GJgvjd 23
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%_ r—-G—(1- f)QJdYHd
dz (1+JdJS HI2+r+(3+1)Gdgvjd']

(29)

Considering the numerator of E(R4) and noting thaG—
v12/J4 in the strong driving-field limitJ4>J4,, the mini-

mum incoherent excitation needed for the probe amplifica-

tion is deduced,

lim [ pin—G—(1-1)Gdq7}4'1=0,

‘]d~>:>c
hence

Y12

=, 25
Y12t ¥Y|d @9

The value ofr ,;, decreases with increasingy, which con-
firms the beneficial role of level3) spontaneous decay in

inversionless amplification. Alternatively, one can consider
propagation in a medium subjected to uniform incoherent

excitationr and calculate the minimum value of the drive
intensity JT™ such that the probe field is amplified,

1+k2

r_g (1—r)ngy”d —O—)Jd Jm'”(r)— 3

with
2

‘]12

— Y12,
Y 12

klz(l_r)<

ko= r—(l—r)y—lz}J

‘]izr} 112
r)_ 1
d

ke=2r—2(1-r)—.
3 (1 )'de

4(1 —r)[

H(2r=1)y— (1=

In addition,dz/dJy anddJ,/dJy are analytically integrable
with respect toJy. The maximum amplification lengtk*
and the corresponding probe mtensng) can thus be de-
duced from the input intensitiek;’, J;', and the incoherent
excitationr,

3+r 2+r .
K z*=(— —) JIN— M)+ (2+r)
d Y|d Y12 (Jd
Jn o w? l+72J
X('” r:in__s1 : dln 12 ! (26)
Jd Y12 1+ 71234"5
Kd Jmax i +3703.1 1+ 108357
_llln min |2|P minq—1 13N minq—2"
Kp  Jp d 1+347 3 1+ v12dg 917
(27)

The coefficientd; in Eq. (27) are given by
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10.0

Jd/Jm

807 n(J, /7,

6.0 —

4.0 —

0.0 T | T T T T T T T |
80 100

X2

FIG. 3. Steady-state intensity versus the distance of propagation.
The drive-field intensity is rescaled td,. Input condition:Jy'
=10J,,. Same parameters as in Fig. 2.

J
1- —S) +
V)

J2—Jyy
|1:_1+r, |2=(1—r)( S s712

2 7
Jsy1o— 912

rd Swgl
[3=— —
Y12 Jsy12—J10)

This solution is illustrated in Fig. 3. Since the criterion of an
efficient driving isJ4>J,,, the stimulated transition rat#,

is scaled tal;,. To interpret the formulag26) and (27), let

us suppose that the input drive-field intensity is much larger
thanJd,, andJg" . The first term in the right-hand side of Eq.
(26) is then dominant, indicating that the optimal length
scales linearly with the input drive intensity. This results
from the fact that each segment of the medium requires a
certain amount of optical intensity in order to be trapped in
the dark state. Once in the dark state, the medium does not
interact with the drive beam anymore. However, it still am-
plifies the probe beam through the population that is not
trapped in the dark state. Supposing also for simplicity that
Jy'<Js, the right-hand side of the probe propagation equa-
tion (24) becomes independent 8§ and the probe intensity
grows exponentially up ta=z*. This yields

r 1—r

K . .
Jmax J J 0 - |n_Jm|n .
p(z ™ p( )exr{Kd(le Y|d )(Jd d )}
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This last formula shows that the total gain on the probe fieldoulse depends on its peak intensity, light can be expected to
depends exponentially on the input drive intensity, in theexit the amplifying medium in a very irregular fashion.
weak-probe limit.

IV. SHORT PULSES V. CONCLUSION

Another regime of propagation exists if the pulse durationth We hhave Istu?|ed trlle prongatlotig otf_a b|chr§|matf|c f|elﬁ
is shorter than all other characteristic times. The electrog 'ou9n an €lectronuciear medium that 1S capable o qr'np.|-
nuclear scheme then becomes an effectivecheme. The f|cat|_0n without inversion. Three regimes were identified:
propagation of short pulses in such a scheme was reported ntmuou_s wave, adiabatic pul_se, a_nd short pulse propaga-
[20]. To be more specific, let us introduce the bright statetlon- Continuous waves and adiabatic pulses share the same

|+>:(|1>_|2>)/\/§ The population in this state is given by mechanism of inversionless amplification. However, ampli-
P =(purt porp ) .12, Neglecting all incoherent fication in the continuous-wave regime is more efficient be-
++=—\P11 227 P127 P2 .

terms in Eqs(4)—(10), the density-matrix equations reduce cause itis reinfo_rced.by the spontqneogs dgcay from the stgte
to |3) whereas adiabatic pu'lse ampl|f|c§t|on is not. The maxi-
mum extractable power in the-radiation scales exponen-
d tially with the input drive intensity, the optimal amplification
a(p33—p++)= —4Q4ImPy, length bein_g proportioqal to this input intensi';y.
Comparing the continuous-wave propagation to the short
d pulse propagation, the ultimate amplification condition is in
—IMPy=Q4(paz—p++)- both cases to have a population inversion between the upper
dt stateg3) and|4). While population is driven irreversibly to
F_he dark state in the cw regime at the rdte it flows peri-
odically between statelst ) and|3) in the latter regime, at
the frequency(),;. The exchange of population between
states|+) and|3) in the course of Rabi oscillation tempo-
rarily establishes an inversigif,— p3; on the probed transi-

dynamical regime is the lossless and distortion-free propag4io"- Although short pulse propagation benefits from the dis-
tion of the drive pulse if it has the appropriate shape fortortionless law of SIT propagation, the maximum amount of

self-induced-transparendsIT). It was numerically shown €nergy that can be obtained in a single probe pulse is limited
in [20] that eventually all the drive photons can be converted®Y the 2 area of the drive pulse. This limitation does not
into probe photons, with the conservation of energy beingXiSt in the cw regime.

assured by the incoherent excitation. Accordingly, the ampli-
fication condition is again that there is a population inversion
between level$3) and|4). However, SIT limits the amount
of energy that can be transferred to the probe in a single This research was supported by the Fonds National de la
pulse. If the drive pulse area well exceeds,2the drive  Recherche Scientifique, the Inter-University Attraction Pole
pulse will break up in multiple 2 pulses, each giving rise to program of the Belgian government, FWO-Vlaanderen, and
a separate probe pulse. As a result, since the velocity of eadNTAS.

These equations show that the drive field induces Rabi osci
lations between leve|3) and the effective ground state

|+). In the weak probe limit, a temporal window of inver-

sion is opened which is exploitable by probe pulses of suit
able shapes, as fully described[20]. An advantage of this

ACKNOWLEDGMENTS

[1] G.C. Baldwin and J.C. Solem, Rev. Mod. Phy9, 1085 [9] J.A. Kleinfeld and D.A. Streater, Phys. Rev. 49, R4301

(1997. (1994.
[2] 3. Mompart and R. CorbaiaJ. Opt. B: Quantum Semiclassi- [10] A.S. Zibrov, M.D. Lukin, D.E. Nikonov, L. Hollberg, M.O.
cal Opt.2, R7 (2000. Scully, V.L. Velichansky, and H.G. Robinson, Phys. Rev. Lett.
[3] S.E. Harris, Phys. Rev. Let62, 1033(1989. . 75, 1499(1995.
[4] O.A. Kocharovskaya and Ya.l. Khanin, Pis’'ma Ztkdp. Teor.  [11] G.G. Padmabandu, G.R. Welch, I.N. Shubin, E.S. Fry, D.E.
Fiz. 48, 581 (1988 [JETP Lett.48, 630(1989]. Nikonov, M.D. Lukin, and M.O. Scully, Phys. Rev. Left6,
[5] M.O. Scully, S.-Y. Zhu, and A. Gavrielides, Phys. Rev. Lett. 2053(1996.
62, 2813(1989. [12] C. Peters and W. Lange, Appl. Phys. B: Lasers @gt.221
[6] A. Nottelmann, C. Peters, and W. Lange, Phys. Rev. [7é}t. (1996.
1783(1993. [13] C. Fort, F.S. Cataliotti, T.W. Hssch, M. Ingucio, and M.

[7] E.S. Fry, X. Li, D. Nikonov, G.G. Padmabandu, M.O. Scully, Prevedelli, Opt. Commuri39, 31 (1997.
A.V. Smith, F.K. Tittel, C. Wang, S.R. Wilkinson, and S.-Y. [14] R. Coussement, M. Van den Bergh, G. S’heeren, G. Neyens,

Zhu, Phys. Rev. Lett70, 3235(1993. R. Nouwen, and P. Boolchand, Phys. Rev. L&, 1824
[8] W.E. van der Veer, R.J.J. van Diest, A. ixzelmann, and (1993.

H.B. van Linden van den Heuvell, Phys. Rev. L&, 3243 [15] J. Odeurs, R. Coussement, and G. Neyen®rioceedings of

(1993. the International Conference on Laseeglited by V.J. Corco-

013810-6



INVERSIONLESS AMPLIFICATION AND PROPAGATION . .. PHYSICAL REVIEW /64 013810

ran and T.A. Goldmar{STS Press, McLean, VA, 1997p. [18] N.N. Greenwood and T.C. Gibhyiossbauer Spectroscopy
266. (Chapman and Hall, London, 19171

[16] O.A. Kocharovskaya, R. Kolesov, and Y. Rostovstev, Phys[19] J. Mompart, V. Ahufinger, R. Corbaiaand F. Prati, J. Opt. B:
Rev. Lett.82, 3593(1999. Quantum Semiclass. O, 359 (2000.

[17] R.N. Shakhmuratov, G. Kozyreff, R. Coussement, J. Odeurs}20] V.V. Kozlov, P.G. Polynkin, and M.O. Scully, Phys. Rev. A
and P. Mandel, Opt. Commut79, 525 (2000. 59, 3060(1999.

013810-7



