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Abstract

In this article we propose a new geometrization of the radiative phase space of asymptot-
ically flat space-times: we show that the geometry induced on null-infinity by the presence of
gravitational waves can be understood to be a generalisation of the tractor calculus of confor-
mal manifolds adapted to the case of degenerate conformal metrics. It follows that the whole
formalism is, by construction, manifestly conformally invariant. We first show that a choice
of asymptotic shear amounts to a choice of linear differential operator of order two on the
bundle of scales of null-infinity. We refer to these operators as Poincaré operators. We then
show that Poincaré operators are in one-to-one correspondence with a particular class of tractor
connections which we call “null-normal” (they generalise the normal tractor connection of con-
formal geometry). The tractor curvature encodes the presence of gravitational waves and the
non-uniqueness of flat null-normal tractor connections correspond to the “degeneracy of gravity
vacua” that has been extensively discussed in the literature. This work thus brings back the
investigation of the radiative phase space of gravity to the study of (Cartan) connections and
associated bundles. This should allow, in particular, to proliferate invariants of the phase space.

1 Introduction: motivations and main results

1.1 The “radiative phase space” of asymptotically flat space-times

The geometry of asymptotically flat space-times has been traditionally studied from two comple-
mentary point of views: On the one hand, the Bondi-Sachs formalism, which was originally designed
in [1, 2] to clarify the physics of gravitational waves, makes use of an especially well chosen set of
coordinates in a neighbourhood of null-infinity (see [3–5] for reviews and modern presentations).
In this context, properties of asymptotically flat space-times are studied by performing an asymp-
totic expansion in the “radial coordinate” r−1 = Ω. This is especially convenient since one can
work in a very explicit way and it is mainly in this form that the recent developments [6–9] on
the infrared structure of the S-matrix of perturbative quantum gravity and related memory-effects
have been studied. On the other hand, the classical results obtained in the Bondi-Sachs coordi-
nates were given a coordinate-free description in the work of Penrose [10–12] (see also [13, 14] for
comparisons between the two formalisms). This invariant point of view is essential to be able to
precisely phrase questions of global nature (see [15–17] for modern reviews). From this perspective,
asymptomatically flat space-times are understood to be particular case of conformally compact
Lorentzian manifold. Practically, the “physical” space-time is taken to be conformally isometric
to the interior of a compact manifold M ( the “unphysical” space-time) with boundary ∂M = I

(“null-infinity”). The “radial coordinate” Ω then plays the role of a boundary defining function
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for I (Generically the boundary ∂M will be disconnected, we are here really interested by the
behaviour of the metric near one of the connected components I ).

An especially interesting (and classical) question in this context is to understand the “asymp-
totic” or “radiative” phase space of gravity i.e the subset of the phase-space corresponding to grav-
itational waves. In the Bondi-Sachs coordinates this amounts to the choice of fields parametrizing
the very first terms in the expansion:

gµν =
1

Ω2

(
2dΩdu+ hAB +ΩCAB +O

(
Ω2
))
. (1.1)

Here hAB is a two-by-two non-degenerate symmetric tensor and CAB is a two-by-two symmetric
trace-free (with respect to hAB) symmetric tensor. In this sense these two fields parametrize the
radiative phase space of gravity and it was indeed the realisation that CAB could effectively be
interpreted as the flux of energy at null infinity through Bondi’s mass loss formula which was one
of the most (rightfully) celebrated result of BMS’s work. From the conformal compactification
point of view, and since general relativity intrinsically is a geometrical theory, one naively expect
the “radiative” phase space to correspond to a, reasonably standard, geometric moduli space.
Considering that hAB and CAB appear at very low order in the Bondi-Sachs expansion, it is
tempting to think that they should amount to a particular geometrical structure on I and indeed
one can show [18–24] that the leading order terms (i.e the first two) in this expansion equip I with
a “universal null-infinity structure”

Definition 1.1. Universal null-infinity structure
We will say that a n-dimensional manifold I is equipped with a universal null-infinity structure

if

• it is the total space of a trivial bundle I
π
−→ Σ over an (n−1)-dimensional orientable manifold

Σ,

and it is equipped with

• a conformal class [hAB ] of metric on Σ i.e hAB ∼ ω2hAB with ω ∈ C∞ (Σ)

• an equivalence class of (nowhere vanishing) vertical vector fields (na, hAB) ∼ (ω−1na, ω2hAB)
with dπAb n

b = 0.

Our convention is that lower case Latin indices are abstract indices for tensors on I while upper
case Latin indices are abstract indices for tensors on Σ. We call null-infinity manifold a manifold
I equipped with a universal null-infinity structure.

This can be directly obtained by restricting the suitable tensors to I :

hAB = Ω2gµν
∣∣
Ω=0

, na = Ω−2 dΩνg
µν
∣∣
Ω=0

. (1.2)

There is however nothing unique about the boundary defining function Ω, one could just have
well have considered instead ωΩ and this fact leads to the appearance of equivalence classes in the
definition.

So far so good, in particular the symmetry group of this universal structure is known [23,25,26]
to be the celebrated BMS group

BMS (I → Σ, [hAB ], [n
a]) = C∞ (Σ)⋊ Conf (Σ, [hAB ]) (1.3)

where Conf (Σ, [hAB ]) is the space of conformal isometries of Σ and C∞ (Σ) parametrize “super-
translations” along the fibres.
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Things get more intricate when considering the sub-leading order in the Bondi-Sachs expansion
i.e the “asymptotic shear” CAB, which is known to encode the radiative information of asymptoti-
cally flat 4D space-times. One might consider the idea that CAB induces a tensor on I , however
there is once again nothing unique about the coordinates used to represent the metric (1.1) which
means that CAB is subject to what might appear as strange transformation rules: If one applies
the change of coordinates

Ω̂ = ωΩ+O
(
Ω2
)

û = ω (u− ξ) +O (Ω) x̂A = xA +O (Ω) (1.4)

(with ω, ξ ∈ C∞ (Σ) and the sub-leading terms in Ω chosen to be such that this change of coordinates
preserve the form of the metric (1.1)) we obtain

ĥAB = ω2hAB

n̂a = ω−1na (1.5)

ĈAB = ω
(
CAB − 2 ∇A∇B

∣∣
0
ξ − 2 û ∇A∇B

∣∣
0
ω−1

)

where
∣∣
0
stands for “trace-free part of”. The complicated transformation rules for the asymptotic

shear should leave no doubt that CAB induces on I nothing like a tensor.
In the beautiful pieces of work [18–22] (see [23,24] for modern reviews) huge steps were realised

in the geometrization of this radiative phase space. It was understood that the asymptotic shear
could be interpreted as the coordinates of a “covariant derivative” D on I compatible with the
“universal” structure, DhAB = 0, Dna = 0. Due to the fact that the metric on null-infinity is
degenerate these conditions do not determined the “connection” uniquely, rather we obtain an affine
space modelled on trace-free symmetric tensor on Σ. The beauty of the construction resides in the
fact that presence of gravitational waves then correspond to the non-vanishing of the “curvature”
of this “connection”. In particular, the non-uniqueness of Minkowski vacuum was very elegantly
interpreted as the existence of a whole family of “flat connections” (i.e “connections” with vanishing
“curvature”) with the BMS group acting transitively on this space of vacuum configurations (each
of the stabilisers then corresponding to a different copy of the Poincaré group).

Despite the undeniable progress that this work represented we however believe that there is
still room for improvement because of the following unappealing features : On the one hand we
had to put the words “connection” and “curvature” between inverted comas for, due to conformal
invariance, one is really here working with an equivalence class of connections and indeed from the
conformal compactification point of view this is quite clear that there is no invariant notion of affine
connection defined on I . It follows that there is nothing straightforward about the related notion
of curvature, in fact the construction appear as rather unnatural from the point of view of I itself.
More generally, it is a really non-trivial guess game to be able to construct any kind of invariants
from these equivalence class of connections. Since the whole point of a geometrical approach
is to be able to work invariantly this state of affair is quite unsatisfactory. Another sign that
this approach misses some part of the underlying geometrical structure is that “flat connections”,
i.e those associated with the absence of gravitational waves, are only remotely related with the
existence of four-parameter families of “good-cuts” [27–31] which have been understood to be a
crucial feature of flat space-times.

The aim of this article is to propose an intrinsic description of the geometry of null-infinity
avoiding the drawbacks that we just listed. As a bonus, our formalism will be versatile enough
to allow to work in a generic dimension n ≥ 2 for I . Our main result is that any n-dimensional
manifold equipped with a universal null-infinity structure as in definition 1.1 can be equipped with
a compatible null-normal tractor connection. For n + 1 = 4 these connections are not unique but
rather form an affine space modelled on symmetric trace-free tensors on Σ (here n = 3 is the
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dimension of the null-infinity manifold, see the core of the article for results in other dimensions).
As opposed to previous works, these tractor connections are bona fide (Cartan) connection on I .
Their curvature (now defined in the standard way) then naturally encodes the gravitational degrees
of freedom. These connections naturally act on an (n + 2)-dimensional vector bundle canonically
constructed from the universal structure, the tractor bundle. In this way we obtain a “tractor
calculus” on I which allows to easily proliferate invariants. Finally, solutions of the good-cuts
equations are in directly related with tractors which are covariantly constant on I and therefore
the existence of a (n+1)-parameters family of good-cuts is straightforwardly related to the vanishing
of the curvature (equivalently the existence of (n + 2) linearly independent covariantly constant
tractors) and thus to the absence of gravitational radiation .

In the rest of this article, and as opposed to the point of view taken in this introduction, the
whole geometry will be discussed intrinsically, i.e solely in terms of the intrinsic (tractor) geometry
of null-infinity manifold (as in definition 1.1). In a future work [32] we plan to detail how this
geometry can be naturally derived from the tractor geometry of asymptotically flat space-times.

As this article was in preparation, the author has become aware of the upcoming work [33]
that should share some common features with this present work and [32]. These results have been
obtained independently with motivations coming from holographic dualities.

1.2 Degenerate conformal geometries and tractors

As we just explained the main motivation for this work is to provide new tools to study the
radiative phase space of gravity. Another important motivation, however, is to lay the basis of
the investigation of the geometry of degenerate conformal manifolds through the means of Cartan
connections.

Our main inspiration for starting this work indeed came from the conformal (more generally
parabolic) geometry literature [34–37] and especially recent works of R.Gover and collaborators
[38–44] which started the systematic investigation of the geometry of conformally compact manifolds
through the use of tractors: this is especially satisfying as results can be then be stated in manifestly
conformal invariant forms. Most of the difficulties appearing in the work [18–24] can indeed be
traced back to the inherent complication of working with an equivalence class of metric: each metric
representative defines its own Levi-Civita connection and this makes the construction of conformal
invariants a non-trivial task. In the conformal geometry literature, two main sets of tools have
been developed to circumvent this inherent difficulty: These are the ambient metric of Fefferman
and Graham [45,46] and tractor calculus [34] (the two being in fact closely related see [47]). They
both allow to study conformal geometry in an essentially manifestly conformally invariant way.
In effect, the tractor calculus of conformal geometry acts as an equivalent of Ricci calculus for
Riemannian geometry. We here briefly recall the basics of tractor calculus and describe the kind of
modifications which are needed to adapt to the situation where the conformal metric is degenerate.

Let (M, [hAB ]) be a n-dimensional conformal (Riemannian, i.e of Euclidean signature) manifold.
The starting point is to convert the “equivalence class of metric” description in a more geometrical
picture making use of the “bundle of scale” L → M . If x is a point on M then the fibre Lx at x
correspond to all possible choice of representative hAB ∈ [hAB ] at x. Accordingly, each choice of
metric representative correspond to a choice of section of L. Choosing a representative h ∈ [hAB ]
then amounts to choosing a trivialisation of L i.e amounts to work in a particular coordinate system:
Conformal invariants are the geometrical objects that do not depend on (or transform covariantly
under) this choice of coordinate. The tractor bundle T →M is then a (n+ 2)-dimensional vector
bundle canonically constructed from the 2-jet bundle of L and is naturally equipped with a metric
of signature (n+ 1, 1).

Just like the starting point of Ricci calculus is the fact that their is a unique torsion-free
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metric-compatible connection on the tangent bundle, the starting point of tractor calculus is the
realisation that for n > 2 there is a unique normal connection on the tractor bundle compatible
with the metric. Here “normal” refers to a natural set of conditions that one needs to impose on
the curvature to obtain unicity (this plays a similar role in spirit to torsion-freeness for the Levi-
Civita connection). This “normal tractor connection”, canonically constructed from [hAB ], really
is a Cartan connection modelled on the conformal sphere

(Sn, [hSn ]) = SO(n+ 1, 1)�Iso (n)⋊R (1.6)

where Iso (n)⋊R ⊂ SO(n+ 1, 1) is the stabiliser of a null line in R(n+1,1).
By construction the tractor bundle and the tractor connection do not rely on a choice of rep-

resentative hAB ∈ [hAB ], rather each choice of such representative amounts to picking a particular
“splitting” of the tractor bundle. More precisely a section of L (equivalently a choice of represen-
tative hAB ∈ [hAB ]) gives an isomorphism

T → L⊕
(
TM ⊗ L−1

)
⊕ L−1. (1.7)

The equivalence class of Levi-Civita connections associated with the equivalence class of metrics
[hAB ] then correspond to an equivalence class of “components” describing the (invariant) tractor
connection in each of these splittings. We here purposely use the same type of terminology as
in [18–24] to emphasise the similitude: in this article we wish to suggest that the equivalence class
of connections used in these works is best thought as an equivalence class of components for an
(invariant) tractor connection.

The comparison of null-infinity with conformal geometry in dimension n > 2 however breaks
here for there is no such a thing as the normal Cartan connection for a degenerate conformal
geometry. On the other hand, a very illuminating parallel can be drawn with two-dimensional
conformal geometry.

When n = 2, a strange phenomenon appear: the unicity of normal tractor connections fails to
be true. Rather there is an infinite family of compatible normal connections forming an affine space
over quadratic differentials. This is directly related to the fact that the local conformal group for
Riemann surfaces are holomorphic transformations rather than PSL(2,C) transforms. The exact
geometrical structure needed to regain unicity of normal tractor connections has been extensively
described in [48,49] under the name of Möbius structures:

Definition 1.2. Möbius structure
Let (M, [hAB ]) be a conformal manifold. A compatible Möbius operator

M : Γ [L] → Γ
[
S2
0 T

∗M ⊗ L
]

(1.8)

is defined to be a linear differential operator of order two such that, in the trivialisation of L given
by a choice of representative hAB ∈ [hAB ] it takes the form

ℓ 7→

(
∇A∇B

∣∣
0
−

1

2
NAB

)
ℓ. (1.9)

where ℓ are the coordinates of a section ℓ ∈ Γ [L], ∇A is the Levi-Civita connection of hAB , ∇A∇B

∣∣
0

is the trace-free part of the Hessian and NAB is a trace-free symmetric tensor. A Möbius struc-
ture (M, [hAB ],M) is a two-dimensional conformal manifold equipped with a compatible Möbius
operator. The definition might seem to depend on a choice of representative hAB ∈ [hAB ] but it
actually does not: if M takes the form (1.9) for hAB ∈ [hAB ] it will have the same form for any
other ĥAB ∈ [hAB ] with a non-trivial transformation rule NAB 7→ N̂AB.
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Möbius operators form an affine space modelled on trace-free symmetric tensor (i.e quadratic
differential) and by the results from [48,49] are in one-to-one correspondence with choice of normal
tractor connections modelled on the conformal two-sphere (1.6). What is more flat tractor connec-
tions (corresponding to holomorphic quadratic differentials) are in one-to-one correspondence with
complex projective structure. In other terms a choice of Möbius operator effectively reduces the
(infinite dimensional) group of holomorphic transformations to PSL (2,C):

holomorphic maps
Möbius operator
−−−−−−−−−−→ PSL (2,C) . (1.10)

This vividly resemble the situation at null infinity where the BMS group is reduced to the
Poincaré group by a choice of asymptotic shear,

BMS group
Poincaré operator
−−−−−−−−−−−→ Iso(n, 1). (1.11)

We will prove there is indeed a precise sense in which both phenomenon are related: just like two-
dimensional conformal geometry is not rigid enough to allow for a description in terms of Cartan
geometry (while Möbius structures are) degenerate conformal geometry needs to be complemented
by an extra geometric structure (which we call a Poincaré structure) to become rigid. More precisely,
while Möbius structures are equivalent to choices of normal Cartan connection modelled on the
conformal sphere (1.6), we will show that Poincaré structures are equivalent to choices of “null-
normal” Cartan connection modelled on a realisation of null-infinity as an homogeneous space,

I(n,1) =
Iso (n, 1)�Carr (n)⋊R (1.12)

where Carr (n) ⊂ SO(n+ 1, 2) is the stabiliser of two (non-parallel) null vectors in R(n+1,2) (alter-
natively Carr (n) is the Carroll group from [50,51]).

Before we come to a more detailed description of these results, let us already point the following
shortcoming of our work: From the point of view that we just discussed, it is clear that the definition
1.1 of “universal null-infinity structures” assumes to much. Apart from the topological requirements
(which can be easily lifted) the main assumption here is that one assumes the metric to be invariant
along the integral line of the vector fields. A more satisfying starting point would be to only
assume a degenerate conformal metric [h] together with a vertical vector field [n] without any extra
requirement (this structure has been discussed as a “conformal Carroll structure” in [25, 26, 51]).
One would then expect the invariance of [h] along [n] to only appear as part of the integrability
condition for the Cartan connection. In this article, we however restrict ourselves to the “universal
null-infinity structure” of definition 1.1 : Since conformal boundaries of asymptotically flat space-
times must have an induced structure of this type (this is imposed by Einstein’s equations) this is
all one really needs for discussing the physics of gravitational waves. On the other hand, and as
far as a systematic description of degenerate conformal geometries is concern, this article can be
thought as laying down the basis for future work.

1.3 Summary of the main results

Let (I → Σ,hab,n
a) be a n-dimensional null-infinity manifold as in definition 1.1. In line with the

standard practice in the conformal geometry literature we introduce the bundle of scales L → I

and the conformal class of metric [hab] is now thought as a section hab of S2T ∗I ⊗ L2 while the
equivalence class of vector field amounts to a section na of TI ⊗L−1. See the preceding discussion
for a heuristic definition or [41] for a gentle introduction, for completeness all concepts of conformal
geometry which are not standard in the mathematical physics community will also be reviewed in
the bulk of this article.
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A first, elementary, result is that null-infinity manifolds are naturally equipped with a vertical
derivative on L that we will note ∇n : L → R. This allows to define the set of scales with constant
vertical derivatives Γk [L] as

σ ∈ Γk [L] ⇔ ∇nσ = k. (1.13)

In usual conformal geometry (Σ,hAB) sections of LΣ serve as trivialisations. In the context of
null-infinity manifold (I → Σ,hab,n

a) we really have two bundles I → Σ and LΣ → Σ and the
equivalent of the trivialisations of conformal geometry will be given by well-adapted trivialisations:

Definition 1.3.
A well-adapted trivialisation (σ, u) is a choice of trivialisation of LΣ → Σ (given by a nowhere

vanishing section σ ∈ Γ [LΣ]) together with a trivialisation of I → Σ (given by u ∈ C∞ (I ) such
that u× π : I → R× Σ is a trivialisation) satisfying the compatibility relation: nadua = σ−1.

This definition has the advantage to fit with the notation of the gravitational wave literature
in the BMS formalism where one typically work with a fixed coordinates system given by u and a
fixed representative hAB = σ−2hAB, the compatibility condition then ensures that “∂u = σna”.
One can however prove that, in this context, a choice of well adapted trivialisation is equivalent to
choosing two independent sections of LΣ → Σ and I → Σ (since I → Σ is not assumed to be a
vector bundle this is not an immediate equivalence, rather it makes use of the extra structure given
by na.)

With this preliminaries, one can define strong (or “radiative”) null-infinity structures

Definition 1.4. Strong null-infinity structure
Let (I → Σ,hab,n

a) be a null-infinity manifold. A compatible Poincaré operator

P : Γk [L] → Γ
[
S2
0 T

∗Σ⊗ L
]

(1.14)

is defined to be a linear differential operator of order two such that, in a well adapted trivialisation
(σ, u), it takes of the form

P(l)AB = σ

(
∇A∇B

∣∣
0
+

1

2
[CAB , ∂u]

)
l (1.15)

where l = σ−1l, “∂u” stands for σLn, ∇A is the “horizontal derivative” given by u and the
Levi-Civita connection of hAB = σ−2hab, ∇A∇B

∣∣
0
is the trace-free part of the Hessian, CAB is a

trace-free symmetric tensor and [CAB , ∂u]l := CAB∂ul − (∂uCAB)l .
A strong1 null-infinity structure (I → Σ,hab,n

a,P) is a universal null-infinity structure to-
gether with choice of compatible Poincaré operator.

Proposition 1.1.

• Definition 1.4 does not depend on a choice of well-adapted trivialisation: if P takes the form
(1.15) in (σ, u) then it will have the same form in any other well-adapted trivialisation (σ̂, û)
with a transformation rule CAB 7→ ĈAB given by the next point.

• Well-adapted trivialisation (σ̂, û) are parametrised by two functions ω ∈ C∞ (I ) and ξ ∈
C∞ (I ) such that

(
σ̂ = ω−1σ, û = ω (u− ξ)

)
and the transformation rules for CAB are the

one given by (1.5).

We will in fact prove the following

1We refrain to call these “radiative” structures in the spirit of [23] for they only describe gravitational radiations
on 3-dimensional null-infinity manifolds.
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Theorem 1.1. Asymptotic shear and Poincaré operator
Choices of asymptotic shear for an asymptotically flat space-times of dimension n + 1 ≥ 4 are in
one-to-one correspondence with choices of Poincaré operators on the null-infinity manifold at the
conformal boundary.

Note that, when restricted to sections in Γ0 [L] (i.e such that ∂ul = 0) the Poincaré operator
(1.15) gives a differential operator formally similar to Möbius operators (1.9) (with NAB = ∂uCAB).
One can show that when ∂u∂uCAB = 0 this indeed defines a Möbius operator on (Σ,hAB).

Apart from the nice relations to physical quantities, the introduction of Poincaré operators
will be justified by their equivalence with a certain class of Cartan connections. These are Cartan
connection modelled on the realisation of flat null-infinity I(n,1) as the homogenous space (1.12).
In the bulk of this paper we will review in details this homogenous space construction. For this
introduction, this will however be enough to say that flat null-infinity I(n,1) can be embedded in a

null hyper-surface of R(n+1,2). The tractor bundle of a null-infinity manifold is then an infinitesimal
version of this embedding:

Proposition 1.2. Tractor bundle of a null-infinity manifold
Let (I → Σ,hab,n

a) be a null-infinity manifold as in definition 1.1. It is canonically equipped with
a (n + 2)-dimensional vector bundle T → I , the “tractor bundle”. This bundle comes with the
following structure

• a degenerate metric gIJ with one-dimensional kernel and signature (n, 1),

• a preferred null section XI ∈ Γ [T ⊗ L] i.e gIJX
IXJ = 0,

• a preferred section II ∈ Γ [T ] such that gIJI
J = 0 and XII

I 6= 0.

What is more the “reduced tractor bundle” defined as the quotient T /I is canonically isomorphic
to the pull-back of TΣ, the standard tractor bundle of (Σ,hAB),

T /I = π∗ (TΣ) . (1.16)

Well-adapted trivialisations (σ, u) splits the tractor bundle of a null-infinity manifold in the same
way that trivialisations of L splits the standard tractor bundle of conformal geometry:

Proposition 1.3. A well-adapted trivialisation (σ, u) gives an isomorphism

T → L⊕
(
π∗ (TΣ)⊗ L−1

)
⊕ L−1 ⊕ R, (1.17)

with the last term in this direct sum corresponding to the degenerate direction of the tractor metric.

We are now in position to state our main result.

Theorem 1.2. Poincaré operators and Null-normal connections
Let (I → Σ,hab,n

a) be a null-infinity manifold of dimension n.

• If n = 3, choices of null-normal tractor connection are in one-to-one correspondence with
choices of Poincaré operator.

• If n ≥ 4, choices of null-normal tractor connection are in one-to-one correspondence with
choices of Poincaré operator inducing the canonical Möbius structure on (Σ,hAB).

Here “null-normal” is a natural condition on the curvature that generalise the normality condition
of conformal geometry and will be discussed in details in the bulk of the paper. By “canonical
Möbius structure” we mean the one given by the Schouten tensor, in particular in dimension n ≥ 4
null-normal connections restricted to the reduced tractor bundle must be the pull-back of the normal
Cartan connection on (Σ,hAB).
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These tractor connections can also be directly understood to be Cartan connections for the ho-
mogenous space (1.12). In particular flatness gives a local identification with the model.

Altogether, theorem 1.1 and theorem 1.2 means that, in the physically relevant dimension
n+1 = 4, a choice of asymptotic shear (characterising gravitational radiations) precisely correspond
to a choice of null-normal tractor connection.

The reader might fear that this result is too abstract for practical purpose. However, and even
thought we believe that one of the main advantage of the formalism presented here is its conceptual
clarity, any choice of well-adapted trivialisation will actually enable to work very concretely. As
an example, the following proposition can be taken to be a practical definition for null-normal
tractor connections (this is here given for n + 1 = 4, see the core of the paper for results in other
dimensions).

Proposition 1.4. Let (I → Σ,hab,n
a) be a 3-dimensional null-infinity manifold . Then, in the

splitting (1.17) given by a well-adapted trivialisation (σ, u) we have

DbY
I =




∇b −θbC 0 0
−ξb

A ∇b θb
A 0

0 ξbC ∇b 0
−ψb −1

2CbC dub ∇b







Y +

Y C

Y −

Y u


 (1.18)

where θBb : TI → TI /n is the canonical projection, ∇ is the tensor product of the Levi-Civita
connection of hAB = σ−2hAB with the connection on L given by the scale σ and

CbA = CAB θBb , ξbA =

(
1

2
∂uCAB −

R

4
hAB

)
θBb , ψb =

1

4
R dub −

1

2
∇CCBC θBb . (1.19)

Here R is the scalar curvature of hAB and “the asymptotic shear” CAB is a trace-free symmetric
tensor.

In particular, by covariant differentiations and contractions of the curvature tensor of this
connection one can in principle construct non-trivial invariants in an very explicit way.

The conformal boundary of 3D asymptotically flat space-times
In the bulk of this article we will also treat the case n = 2, corresponding to the conformal bound-

ary of a three-dimensional asymptotically flat space-times. The geometry of the null-boundary then
also relates very naturally to the physics: a choice of null-normal Cartan connection amounts to a
choice of 3D “Mass aspect” and “Angular momentum aspect”. In particular choices of 3D “Mass
aspect” correspond to a choice of (generalised) Laplace structure as defined in [48,49]. Even thought
things are really close in spirit to the higher dimensional cases, the details are however significantly
different and it would take us too far to describe them in this introduction.

1.4 Organisation of the article

In order to make this article self-contained we first review the elements of conformal geometry that
will be needed in the rest or the article. We then take some time describing the flat model i.e the
realisation of null-infinity as an homogeneous space for the Poincaré group. This is essential since
tractors will be modelled on this homogeneous space. We then review the “universal” or “weak”
structure of null-infinity in a form that will be suited to describe our results. The “strong” (or
“radiative”) structure of null-infinity is related to a choice of Poincaré operators and the geometry
of these operator is described, along the way we review essential results on Möbius structures. We
then come to the tractor bundle of a null-infinity manifold: we first define the bundle and describe
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its properties before discussing tractor connections and their equivalence with Poincaré operators.
Finally we discuss gravity vacua i.e flat null-normal tractor connections on R×Sn−1 and transition
between two such vacua.
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2 Elements of conformal geometry

We here review standard elements of conformal geometry, see [41] for a nice introduction. This will
serve mainly to fix the conventions that we will use in the following sections.

2.1 Conformal manifolds and the bundle of scales

2.1.1 Bundle of scales and abstract index conventions

Let X be a d-dimensional manifold. The bundle of 1-densities |
∧

|X is the real line bundle associ-
ated to the frame bundle of X with respect to the representation M 7→ |det(M)|−1 of GL(d). This
bundle is always trivial. If X is orientable, 1-densities coincide with n-forms but on non-orientable
manifold 1-densities (not d-forms) are the right type of objects needed for integration.

The bundle of scales is defined by taking the dual of the positive d-root L = (|
∧

|X)−
1

d . We
will take L+ ⊂ L to be the bundle of positive scales. In what follows however we will only consider
orientable manifolds and make the identification

L =
(
Λd T ∗X

)− 1

d

. (2.1)

This is only for convenience and all results extend straightforwardly to non-orientable manifolds.
Everywhere in this article we will use an extended version of Penrose’s abstract indices notation

[52] where weighted-valued sections are represented by bold letters e.g αa ∈ Γ [T ∗X], f ∈ Γ
[
Lk
]
,

V a ∈ Γ [TX ⊗ L].

2.1.2 Conformal manifolds

We will say that (X,gab) is a conformal manifold if it is equipped with a non-degenerate symmetric
bilinear form gab with values in L2, i.e gab is a section of S2T ∗X ⊗L2. The volume form µ(g)a1...ad

is then a section of
∧

d T ∗X ⊗ Ld and therefore gives an isomorphism L−d →
∧

d T ∗X. We will
always suppose gab to be such that this isomorphism is the tautological one (2.1) (this can always
be achieved by multiplying gab by the correct function).

Therefore, if V a is a tangent vector at x ∈ X, its “length” (evaluated with the conformal metric)
is
√

|gabV aV b| ∈ Lx. One can think of this in physical terms : generically there is no natural scale
for length measurements and one needs to choose an arbitrary unit system (centimetres, or inches)
to convert a measurement into a number. The situation is similar here, only once we make a
choice of scale σ ∈ Lx can we convert our length into a number σ−1

√
|gabV aV b| ∈ R. Conformal

geometry corresponds to the curved version of this everyday experience in that scales have to be
chosen independently at every point of the manifold X.

2.2 Choice of scale

2.2.1 Choice of trivialisation

An essential difficulty in conformal geometry is that there is no canonical covariant derivatives
on the tangent bundle. One way to deal with this problem is to work in a given trivialisation.
This amounts to picking a global (nowhere zero) section σ ∈ Γ [L]: if f ∈ Γ

[
Lk
]
is a section

of Lk, its coordinate is then given by σ−kf ∈ C∞ (X). In particular choosing a scale σ ∈ Γ [L]
amounts to a choice of representative metric gab = σ−2gab ∈ Γ

[
S2 T ∗X

]
in the “conformal class”

gab ∈ Γ
[
S2 T ∗X ⊗ L2

]
.

11



Had we considered another trivialisation σ̂ ∈ Γ [L] such that σ̂ = σΩ−1 we would however have
obtained

gab = σ̂
2ĝab = σ

2gab ⇒ ĝab = Ω2gab (2.2)

f = σ̂kf̂ = σkf ⇒ f̂ = Ωkf.

2.2.2 Weyl connection associated with a choice of scale

Once we have made a choice of scale σ ∈ Γ [L], we can use the Levi-Civita connection ∇(σ) of
gab = σ

−2gab to differentiate tensors. A choice of scale σ ∈ Γ [L] also defines a connection ∇(σ) on
Lk as

∇(σ)
a l = σkda

(
σ−kl

)
. (2.3)

In what follows, when the context clearly suggests that we have a preferred scale we will simply
write∇ for the above connections: E.g if Ua, ωa and l are sections of TX , T ∗X and Lk respectively,
we note their covariant derivatives ∇aU

b, ∇aωb and ∇al.
However, since we are interested by conformal invariants, we will have to check at each step that

our statements do not depend on this choice of trivialisation, i.e that we could have used another
section σ̂ and obtain equivalent results. If σ̂ = Ω−1σ is any other scale and ∇̂ the associated
connection, we have the transformation rules

∇̂al = ∇al + kΥal

∇̂aU
b = ∇aU

b +ΥaU
b − UaΥ

b + U cΥc δ
b
a (2.4)

∇̂aωb = ∇aαb −Υaωb − ωaΥb +Υcωc gab

where Υa = Ω−1 daΩ.

2.2.3 Curvature tensors

Whenever one has a preferred scale σ and therefore a preferred metric gab = σ−2gab it will be
useful to define the Schouten tensor Pab as

Pab =
1

d− 2

(
Rab −

R

2(d − 1)
hab

)
(2.5)

=
1

d− 2
Rab

∣∣
0
+

R

2d(d − 1)
gab

where Rab is the Ricci tensor and R the Ricci scalar. Here and everywhere in this article |0 will
also indicates the “trace-free part of” the tensor. We also define the trace of the Schouten tensor
as

P =
1

2(d− 1)
R. (2.6)

It will also be important for us that, even thought the Schouten tensor is only defined in dimension
d ≥ 3, its trace makes sense in any dimensions d ≥ 2. If σ̂ = Ω−1σ is any other scale, we have the
transformation rules

P̂ab = Pab −∇aΥb +ΥaΥb −
1

2
Υ2gab. (2.7)

In any dimension d ≥ 3, the Weyl tensor is obtained as

W a
bcd = Ra

bcd − 2P a
[c gd]b − 2ga[c Pd]b (2.8)
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and is conformally invariant
Ŵ a

bcd =W a
bcd. (2.9)

Finally the Cotton tensor is defined in any dimension d ≥ 3 as

Cab
c = 2∇[aPb]

c (2.10)

it follows from Bianchi identity ∇[aRbc]de = 0 that we have the identities

(d− 3)Cab
c = ∇dW

dc
ab, Cba

b = ∇bPa
b −∇aP = 0. (2.11)

3 The flat model

In this section we review in full details the conformal compactification of Minkowski space. We do
so in such a way that the homogeneous space structure is manifest: The essential point here is to
emphasis that flat null-infinity naturally is an homogenous space for the Poincaré group. Readers
which are familiar with the homogenous space structure of null-infinity can therefore safely skip
this section.

This description of flat null-infinity will serve as the model for the geometry discussed in the
rest of this article. In particular, in this presentation flat null-infinity is naturally embedded in a
null hyper-surface I⊥ of R(n+1,2) (where n is the dimension of flat null-infinity as a manifold). The
tractor bundle of a null-infinity manifold will be modelled on this null hyper-surface.

Here d = n+ 1 is the dimension of Minkowski space.

3.1 The conformal compactification of Minkowski space

3.1.1 Minkowski space

Let us consider R(d,2) as a vector space equipped with the flat metric q of signature (d, 2). We pick
a basis on this vector space such that any point V ∈ R(d,2) is written as

V =



U
V i

W


 ∈ Rd+2 (3.1)

with Y i ∈ Rd and the inner-product q is given by

q = 2 dUdW + ηij dV
idV j (3.2)

where ηij is the flat metric of signature (d− 1, 1).
Let L+ be the null cone in R(d,2) passing through the origin

L+ =
{
V ∈ R(d,2)| V 2 = 0

}
. (3.3)

Let the “infinity tractor” I ∈ R(d,2) be a choice of null vector, I2 = 0 and let us adapt our
coordinates such that I is given by

I =



0
0
1


 . (3.4)
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Minkowski space M (d−1,1) can then be isometrically embedded in L+ as

M (d−1,1) =
{
V ∈ L+ | V.I = 1

}
. (3.5)

In coordinates, this is given by

R(d−1,1) → M (d−1,1)

xi 7→




1
xi

−1
2 |x|

2


 .

(3.6)

The stabiliser of I in SO(2, d) is isomorphic to the Poincaré group Iso(d−1, 1) = Rd ⋊ SO (d− 1, 1)
and can be parametrised as 


1 0 0

− ri mi
j 0

1
2r

krk rkm
k
j 1


 (3.7)

where ri is in Rd, mi
j is in SO (d− 1, 1) and lower case Latin indices are raised and lowered with

the flat metric ηij . The action of (3.7) on (3.6) then gives the usual action of the Poincaré group
on Minkowski space.

3.1.2 Conformal compactification

Since R+ acts on L+ ⊂ R(d,2) by multiplication, the null cone L+ is the total space of a R+-principal
bundle

L+ → M̃ (d−1,1) (3.8)

over the projectivised null cone

M̃ (d−1,1) := L+/R+ ≃ Sd−1 × S1. (3.9)

Each section of L+ → M̃ (d−1,1) gives a different metric on M̃ (d−1,1), obtained by pull-back of the
metric (3.2). All these metrics are conformally related to the round metric on Sd−1 × S1 and

consequently M̃ (d−1,1) = Sn−1 × S1 comes equipped with the conformal round metric g(n−1,1).
Finally, L+ → M̃ (d−1,1) identifies with the bundles of positive scales over M̃ (d−1,1).

It follows from this discussion that we have a conformal embedding of Minkowski space into the
projectivised null-cone M̃ (d−1,1),

R(d−1,1) → M̃ (d−1,1)

xi 7→




1
xi

−1
2 |x|

2


 (3.10)

(the squared brackets indicate homogeneous coordinates on the projective space).

3.1.3 Bondi-Sachs coordinates in a neighbourhood of null-infinity

We now take “ future null infinity” (or simply “null-infinity” in what follows) I(d−1,1) to be

I(d−1,1) =
{
V ∈ M̃ (d−1,1)| V.I = 0 and s.t V i is future directed

}
. (3.11)
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It follows from the preceding sections that I(d−1,1) is part of the boundary of (the conformal

compactification of) Minkowski space in the null cone L+ ⊂ R(d,2). Bondi-Sachs coordinates are
convenient to describe a neighbourhood of I(d−1,1) in L

+:


σ




Ω
1 + uΩ
θa

u+ 1
2u

2Ω





 ∈ M̃ (d−1,1) (3.12)

where Ω ∈ R+, u ∈ R while θa ∈ Rd−1 parametrizes the d−2 sphere,
∑d−1

a=1(θ
a)2 = 1. In this chart,

null-infinity I(d−1,1) is given by Ω = 0. The conformal metric g(d−1,1) induced on M̃ (d−1,1) from
the ambient metric (3.2) then reads,

g(d−1,1) = σ2
(
2dΩdu− Ω2du2 + dθ2

)
. (3.13)

In particular, the isometric embedding of Minkowski space is given by σ = Ω−1.

3.2 Homogenous space structure of null-infinity

From now-one we take d = n+ 1. This is such that, everywhere in this article n is the dimension
of a null-infinity manifold.

3.2.1 Adapted coordinates on I⊥

In order to match our tractor notation, it will be useful to think of I(n,1) as a sub-manifold of the

null hyper-surface I⊥ = {V ∈ R(d,2)
∣∣V.I = 0}: The tractor bundle of null-infinity will indeed be a

vector bundle whose fibres are modelled on I⊥.
As a null hyper-surface, I⊥ = Rn+2 is fibred by null-lines and therefore the total space of a line

bundle I⊥ → Rn+1 over Rn+1. We will pick adapted coordinates on I⊥: If V I is in I⊥, these are
such that

V I =

(
V i

u

)
∈ I⊥ = Rn+2 (3.14)

where V i ∈ Rn+1 parametrize the space of null lines foliating I⊥. The induced metric (from (3.2))
is then the degenerate metric

q
∣∣
I⊥

= ηijdV
idV j, (3.15)

with degenerate direction spanned by the preferred vertical vector field,

n = ∂u. (3.16)

We now come to null-infinity I(n,1) itself. It is embedded in I⊥ as

I(n,1) =

{
V ∈ I⊥

∣∣V 2 = 0 and s.t V i is future directed
}
�R+. (3.17)

We have the following homogeneous coordinates on I(n,1) = R× Sn−1,


σ




1
θa

u




 (3.18)

where u ∈ R and θa ∈ R(n) parametrise the (n − 1)-sphere,
∑n

a=1(θ
a)2 = 1. These amounts to

taking Ω = 0 in the Bondi-Sachs coordinates (3.12).
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3.2.2 Weak (or universal) structure of I(n,1)

As a sub-manifold of I⊥, null-infinity I(n,1) has the structure of a line bundle

I(n,1) → Sn−1 (3.19)

(with adapted coordinates (u, θa)).
It also inherits a degenerate conformal structure gI ∈ Γ

[
S2T ∗I ⊗ L2

I

]
(obtained by the

restriction of (3.15) ). In our set of coordinates,

gI = σ2 dθ2 (3.20)

This metric then descends to the conformally round metric on Sn−1 and, all in all, I has the
structure of a line bundle I → Sn−1 over the (n− 1)-dimensional conformal round sphere.

The structure inherited by I(n,1) as a sub-manifold of M̃ (n,1) does not stop here. Recall that

I⊥ also comes with a preferred vector field (3.16), it induces on I(n,1) a weighted vertical vector

field nI ∈ Γ
[
TI ⊗ L−1

I

]
. In our adapted coordinate system,

nI = σ−1 ∂u. (3.21)

Altogether
(
I(n,1) → Sn−1,gI ,nI

)
form the weak (or universal) structure of I(n,1).

3.2.3 Homogeneous space structure

The Poincaré group Iso (n, 1) acts linearly on I⊥ as

(
mi

j 0
rkm

k
j 1

)
(3.22)

with ri ∈ Rn+1 and mi
j ∈ SO (n, 1). Accordingly, this induces an action of the Poincaré group on

null-infinity. This action is transitive and therefore I(n,1) naturally is an homogeneous space

I(n,1) =
Iso (n, 1)�Carr (n)⋊R (3.23)

Where we denote by Carr (n) the subgroup of SO (n+ 1, 2) stabilizing two (non parallel) orthogonal
null vectors, we will soon see that it isomorphic to the Carroll group from [50,51]

In order to have a concrete realisation of Carr (n)⋊R ⊂ Iso (n, 1) we take null coordinates on
R(n,1), i.e we pick a basis of R(n,1) such that

V i =



V +

V A

V −


 ∈ Rn+1 (3.24)

where V A ∈ Rn−1 and the metric reads

ηijdV
idV j = 2dV +dV − + hABdV

AdV B (3.25)

(with hAB the flat metric on Rn−1). Together with our coordinates (3.14) this parametrizes I⊥ as:

V I =




V +

V A

V −

V u


 ∈ I⊥ = Rn+2. (3.26)
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Accordingly, we have the stereographic coordinates on I(n,1):




1
yA

−1
2y

2

u


 ∈ I(n,1) (3.27)

where u ∈ R is the coordinate along the fibres of I(n) → Sn−1 and yA ∈ R(n−1) are stereographic

coordinates on Sn−1.
Let X be a null vector in I⊥ such that X and I are orthogonal (but not proportional). We can

always adapt our set of coordinates (3.26) such that

XI =




0
0
1
0


 (3.28)

Then Carr (n)⋊R, the subgroup of Iso (n, 1) stabilizing the line generated by X, is parametrised
as 



λ 0 0 0
−tA mA

B 0 0
λ−1 1

2 t
CtC λ−1 tCm

C
B λ−1 0

f rCm
C
B 0 1


 (3.29)

where f and λ are in R, rA and tA are elements of Rn−1 and mA
B is a matrix in SO (n− 1). In

particular Carr (n) = Rn ⋊ Iso (n− 1), the subgroup of SO (n+ 1, 2) stabilising two orthogonal
(non-parallel) null vectors is obtained by taking λ = 1. In this form one can also see that (taking
λ = 1) the action of (3.29) on the quotient I⊥/X directly identifies with the representation of the
Carroll group used in [51].

We close this subsection with a few remarks related to the construction that will be presented
in the rest of this article: The tractor bundle over a null-infinity manifold is naturally an associated
bundle for Carr (n) ⋊ R in the representation given by (3.29): Fibres of the tractor bundle are
modelled on I⊥ and “well-adapted trivialisations” will be shown to give coordinates of the form
(3.26). Finally, null-normal tractor connections will we be a class of Cartan connections modelled
on (3.23).

3.2.4 Good cuts

By construction the action of the Poincaré group (3.22) on I(n,1) must preserve the (weak) structure

of null-infinity:
(
I(n,1) → Sn−1,gI ,nI

)
. This is because this structure was obtained on I(n,1)

solely from its realisation as a sub-manifold and quotient in R(n+1,2).
However the subgroup of diffeomorphism preserving

(
I(n,1) → Sn−1,gI ,nI

)
is well-known

[23, 25, 26] to be the (infinite-dimensional) BMS-group and therefore the fact that null-infinity is
an homogeneous space for the Poincaré group (rather than the BMS-group) points to the fact that
is is equipped with more structure.

This extra structure is a set of “good cuts” [27–31] i.e a preferred set H of sections (or cuts) of
I(n,1) → Sn−1. It will be convenient to represent these in stereographic coordinates:

yA 7→




1
yA

−1
2y

2

u (y)


 . (3.30)
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The section ya 7→ u (y) = 0 is then an example of good-cut and all others are obtained by the
action of translations (realised by taking mi

j = δij in (3.22)): If ri =
(
r+, rA, r−

)
is a vector of

R(n,1) expressed in null coordinates (3.24) it sends the cuts yA 7→ u = 0 to

yA 7→ u = r− + rAyA + r+
(
−
1

2
y2
)
. (3.31)

Good cuts have the following interpretation: The image of yA 7→ u (y) = 0 is the intersection
of null-infinity I(n,1) with the null cone emanating from the origin of Minkowski space M (n,1) (this
makes sense because null-conformal geodesics are conformally invariants). As we act with the group
of translations we span all the points in Minkowski space-times and good-cuts correspond to all
the possible intersections of the associated null-cones.

Alternatively, the good-cuts can be obtained as the space of solutions to the “good-cuts equa-
tions” on S(n−1). In stereographic coordinates, these reads

∇A∇Bu
∣∣
0
= 0. (3.32)

Zeros of Poincaré operators will generalise these good cuts for a generic null-infinity manifold.

4 Universal (or weak) structure of null-infinity

We here review from [18–26] the “weak”2 structure of null-infinity (and its symmetry group). We
do so with an insistence on the (degenerate) conformal geometry of this structure. We also derive
some elementary results that will be useful later on.

4.1 Null-infinity manifold

4.1.1 Conformal Carroll manifolds

Let I be a n-dimensional manifold and L→ I its bundle of scales. We will first need the notion
of conformal Carroll manifolds (taken from [25,26])

Definition 4.1. Conformal Carroll manifolds
A conformal Carroll structure (I ,hab,n

a) on a n-dimensional manifold I consists of

• a degenerate conformal metric hab ∈ Γ
[
S2T ∗I ⊗ L2

]
with one dimensional kernel

• a weighted vector field na ∈ Γ
[
TI ⊗ L−1

]
generating this kernel, nahab = 0.

A conformal Carroll manifold is a manifold equipped with a conformal Carroll structure.

4.1.2 Vertical connection on L

Let (I ,hab,n
a) be a conformal Carroll manifold. Let V = Rn ⊂ TI be the 1-dimensional

distribution (the “vertical distribution”) given by the kernel of hab. Let us consider the (n − 1)-
dimensional vector bundle TI /V obtained by taking the quotient, we will use upper-case latin
indices A,B, etc as abstract indices on this bundle. By construction, hab induces a non-degenerate
inner-product hAB on TI /V . Let (TI /V )∗ be the dual of TI /V , the “volume form” µ(h)A1...An−1

of hAB then is a section of
∧n−1 (TI /V )∗ ⊗ Ln−1.

2We here use the terminology “weak” rather than “universal”: The terminology “universal structure” should
probably be kept to refer to the particular case of a “weak structure” over the conformal sphere. The weak/strong
terminology also nicely fits with the one from [25,26,51].
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From this few remarks we can define a “vertical connection on L”

∇ : Γ [V ⊗ L] → Γ [L] . (4.1)

In order to construct this connection explicitly, let us take l ∈ Γ [L] a section of L and note that

l
(
µ(h)

)− 1

n−1 is a section of
(∧n−1 (TI /V )∗

)− 1

n−1

. If v ∈ Γ [V ], one defines the covariant derivative

∇vl through

Lv

(
l
(
µ(h)

)− 1

n−1

)
= ∇vl

(
µ(h)

)− 1

n−1 (4.2)

and one can check that it satisfies the property of a connection (see also below for a local coordinate
description).

Since na ∈ Γ
[
V ⊗ L−1

]
, one has ∇nl ∈ C∞ (I ) and one can define sections with constant

vertical derivative to be such that ∇nl = cst.

Definition 4.2. We will say that a section l ∈ Γ [L] has constant vertical derivative k ∈ R and
write l ∈ Γk [L] if and only if ∇nl = k,

l ∈ Γk [L] ⇔ ∇nl = k. (4.3)

Sections with zero vertical derivative act as distinguished trivialisation of L and for this reasons,
will be very important: if σ ∈ Γ0 [L] and l ∈ Γ [L] with l = σ−1l, we must have

∇nl = σ n
adla, (4.4)

and in particular l ∈ Γk [L] if and only if

σ nadla = k. (4.5)

If I → Σ is a fibre bundle, scales in Γ0 [L] are very natural for another reason: they correspond
to scales of the base.

Proposition 4.1. Let I be the total space of a fibre bundle I → Σ with fibres given by the integral
lines of n there is then a canonical isomorphism

Γ0 [L] ≃ Γ [LΣ] (4.6)

Proof. By definition, the map l 7→ l−(n−1)µ(h) takes sections with zero vertical derivatives to

sections of π∗
(∧n−1 T ∗Σ

)
) whose Lie derivative in the vertical direction vanishes and thus with

sections which are the pull-back of sections of
∧n−1 T ∗Σ. Since we have the tautological identifi-

cation LΣ =
(∧n−1 T ∗Σ

)− 1

n−1

this gives the required isomorphism.

Local coordinates description
For the convenience of the reader, we here provide a local coordinate description of the above

construction. This can be safely skipped if one feels at ease with the abstract description.
Let us pick up local coordinates on I ,

(
u, yA

)
∈ R × Rn−1, together with a section σ ∈ Γ [L].

We take these coordinates to be adapted to the conformal Carroll structure i.e

σ−2hab = hAB dyAdyB , σna = ∂u, (4.7)

σ−(n−1)µ(h)A1...An−1
=
√
det(h) dn−1y (4.8)

where hAB is a symmetric (n − 1)-dimensional matrix..
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Consider l ∈ Γ [L] a section of L and l = σ−1l ∈ C∞ [I ] its representative in the trivialisation
σ. Its vertical derivative reads

∇nl =

(
∂u −

1

n− 1

∂u
√
det(h)√
det(h)

)
l. (4.9)

In particular, σ is covariantly constant (i.e σ ∈ Γ0 [L]), if and only if ∂udet(h) = 0.

4.1.3 Null infinity manifolds

Let (I ,hab,n
a) be a conformal Carroll manifolds. Making use of the Bondi-Sachs expansion

one could try to take this manifold as some initial data for an asymptotically flat space-times.
However, not all conformal Carroll manifolds can be the conformal boundary of an asymptotically
flat space-time, rather Einstein equations (to order minus one in the expansion in the boundary
defining function Ω) impose that the degenerate conformal metric must be independent of the “u”
coordinates. In this context it is also very natural, see [23], to require that I is foliated by the
null lines generated by na such that I → Σ is a fibre bundle (with Σ the space of null lines). This
considerations justify to introduce the following definition:

Definition 4.3. Null-infinity manifold
A weak null-infinity structure (I → Σ,hab,n

a) consists of a fibre bundle I → Σ over an (n− 1)-
dimensional manifold Σ together with a conformal Carroll structure (I ,hab,n

a) on the total space
satisfying the compatibility conditions:

• na is tangent to the vertical direction of I → I , dπAb n
b = 0

• hab is the pull-back of a conformal metric hAB on Σ, hab = π∗ (hAB).

A null-infinity manifold is a line bundle equipped with a weak null-infinity structure.
In the following we will also suppose that I → Σ is trivial and Σ is orientable. (This is just for

convenience as most results are local.) As a convention, we will use lower-case Latin indices of the
beginning of the alphabet as abstract indices on I and upper-case Latin indices of the beginning
of the alphabet as abstract indices on Σ.

Some remarks are in order about the second point in this definition. Strictly speaking π∗hAB is
a section of S2T ∗I ⊗(π∗LΣ)

2 however, making use of the isomorphism given by proposition 4.1, we
can turn it into a section of S2T ∗I ⊗ L2 with zero vertical derivative. In other words, the second
compatibility condition can be rephrased as ∇nhab = 0 where ∇n stands for the combined action
of Lie derivative and the vertical covariant derivative on L. Finally, let us note for concreteness
that if σ ∈ Γ [L] is a scale and

(
u, yA

)
∈ R × Rn−1 are local coordinates on (an open subset of)

I → Σ satisfying (4.7) then the second condition in definition 4.3 reads

∂uhAB =
2

n− 1

∂u
√
det(h)√
det(h)

hAB . (4.10)

Which is the constraint familiar from the Bondi-Sachs formalism see e.g [3].

4.2 Well-adapted trivialisations

From now on we will make a systematic use of the isomorphism (4.6) and identify σ ∈ Γ [LΣ], its
pull back σ ∈ Γ [π∗LΣ] and the section σ ∈ Γ0 [L] given by proposition 4.1.
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4.2.1 Well-adapted trivialisations

Definition 4.4. Well-adapted trivialisations
We will say that (σ, u) ∈ Γ [L]×C∞ (I ) is a well-adapted trivialisation for a null-infinity manifold(
I

π
−→ Σ,hab,n

a
)

if and only if σ is vertically constant, σ ∈ Γ0 [L] ≃ Γ [LΣ], and u ∈ C∞ (I )

defines a trivialisation
(u, π) : I → R× Σ (4.11)

such that
σnadua = 1. (4.12)

In particular both σ and u must be globally3 defined on I .

Well-adapted trivialisation in the above sense will be very useful for they allow for a direct com-
parison with the literature written in the BMS formalism: there, a conjoint choice of representative
hAB = σ−2hAB and trivialisation u : I → R is always assumed. Accordingly, when a choice of
well-adapted trivialisation (σ, u) is clearly understood we will abuse notation and write ∂u := σLn

for the Lie derivative in the vertical direction. For the reason that we just stated, definition 4.4
will be our working definition, it will however be useful to keep in mind the following equivalent
definition:

Proposition 4.2. A choice of well-adapted trivialisation (σ, u) is equivalent to a choice of sections
(l0, l1) of Γ0 [L]⊕ Γ1 [L]. The isomorphism is given by

(l0, l1) 7→
(
σ = l0, u = σ−1l1

)
. (4.13)

Proof. As discussed in the previous section, vertically covariantly constant section l0 ∈ Γ0 [L] are
canonically identified l0 = π∗σ with section π∗σ of π∗LΣ which are the pull-back of a section of
LΣ. On the other hand, if l1 is a section of L and u = σ−1l1 its coordinates then l1 ∈ Γ1 [L] if and
only if ∇nl1 = σ n

adua = 1.

An elementary fact that will play a crucial role for us is the equivalence between elements of
Γ1 [L] and sections of I → Σ.

Proposition 4.3. Sections of I → Σ are in one-to-one correspondence with sections of L in
Γ1 [L]:

If G : I → L is a section of L in Γ1 [L] there is a unique section sG : Σ → I such that
G ◦ sG = 0. The other way round, a section G of Γ1 [L] is uniquely defined by its zero-set and this
zero-set always define a section of I → Σ. In a well-adapted trivialisation (σ, u) the isomorphism
is given by

Γ [I ] → Γ1 [L]

u ◦ sG

∣∣∣∣
Σ → R

x 7→ G
7→ G = σ (u−G) .

(4.14)

Proof. Let G : I → L be a section of Γ1 [L] and let (σ, u) be a well-adapted trivialisation. Then
G − σu must have zero vertical derivative, G − σu ∈ Γ0 [L] and therefore G = σ (u−G) where
G ∈ C∞ (Σ) is a function on Σ. Let s : Σ → I be a section of I → Σ and let S = u ◦ s : Σ → R

be its coordinates in the trivialisation given by u. We must have

G ◦ s = σ (S −G) (4.15)

3We suppose that I → Σ is trivial but all results extends to non-trivial bundle by taking u to be a local
trivialisation.
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and therefore the section sG obtained by taking S = G parametrises the zero set of G, G ◦ sG =
0.

Finally making use of both proposition (4.2) and (4.3) we obtain our last equivalent definition
of well-adapted trivialisations.

Proposition 4.4. A choice of well-adapted trivialisation (σ, u) on a null-infinity manifold is equiv-
alent to choosing simultaneously a section of LΣ → Σ and a section of I → Σ.

Proof. By proposition (4.2) a well-adapted trivialisation is equivalent to two sections l0 ∈ Γ0 [L]
and l1 ∈ Γ1 [L]. By proposition (4.1) l0 is equivalent to a section of LΣ and by proposition (4.2) l1
is equivalent to a section of I → Σ which concludes the proof.

This last definition is especially satisfying from a geometrical point of view. The main advantage
of definition 4.4 is however the fact that it exactly correspond to the “gauge choices” which are
typically made in the literature written in terms of BMS coordinates. In this article we are interested
in geometrical quantities which do not depend on these choices.

4.2.2 Change of well-adapted trivialisation

Let (σ, u) be a well adapted trivialisation and let (σ̂, û) be any other. Then there must exists two
functions Ω and ξ on Σ such that

σ̂ = Ω−1σ, û = Ω(u− ξ) . (4.16)

This either directly follows from the definition of well-adapted trivialisations (in particular from
σ̂nadûa = 1) or from proposition 4.2 and proposition 4.3.

What will be important for us are the transformation rules for sections l of Γk [L]: Let l ∈ Γk [L]
with k 6= 0 then l − σku must be in Γ0 [L] and there thus exists a function ℓ ∈ C∞ (Σ) on Σ such
that

l = σ (ku+ ℓ) (4.17)

The same reasoning holds for (σ̂, û) i.e there exists ℓ̂ ∈ C∞ (Σ) such that

l = σ̂
(
kû+ ℓ̂

)
(4.18)

and we have the transformation rule

ℓ 7→ ℓ̂ = Ω(ℓ+ kξ) . (4.19)

4.3 The BMS group

The symmetry group of a null-infinity manifold (I → Σ,hab,n
a) is the subgroup of automorphism

Φ of I → Σ preserving both hab and n
a. If σ ∈ Γ [LΣ] is choice of trivialisation and hab = σ

−2hab,
na = σn are the associated representatives, this amounts to

Φ∗hab = Ω2hab, Φ−1
∗ na = Ω−1na (4.20)

with Ω−1 = σ−1Φ∗σ a function on I . We will call this group a BMS group and writeBMS (I → Σ,h,n).

Proposition 4.5. Let (σ, u) be a well-adapted trivialisation. The BMS group BMS (I → Σ,h,n)
is realised by automorphism Φ of I such that

φ∗hAB = Ω2 hAB , u ◦ Φ = Ω (u− ξ) (4.21)

with Ω and ξ two functions on Σ and where φ = π ◦Φ ◦ π−1 : Σ → Σ is the diffeomorphism on the
base induced by Φ.
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Proof. Since Φ: I → I is an automorphism of I → Σ and hab = π∗hAB, it is clear that
Φ∗hab = Ω2hab with Ω−1 = σ−1Φ∗σ (now a function on Σ) if and only if the induced map on
the base φ : Σ → Σ satisfies φ∗hAB = Ω2 hAB . Then φ−1

∗ (∂u) = Ω−1∂u can be rewritten as
∂u
(
u ◦Φ−1

)
= Ω−1 ◦ φ−1 and this implies that there exists ξ a function on Σ such that u ◦ Φ =

Ω (u− ξ).

It follows from the above proposition that all diffeomorphisms Φ: I → I such that

π ◦ Φ ◦ π−1 = IdΣ, u ◦ Φ = u− ξ (4.22)

form a subgroup T of the BMS group. These are the so-called “super-translations”. Clearly,
once we fix a well-adapted trivialisation, super-translations are parametrised by functions on Σ.
There might or might not be any further symmetry depending on whether (Σ,h) admits conformal
diffeomorphisms (f : Σ → Σ such that f∗h = Ω2h). Each of these conformal transformations indeed
parametrise, in a fixed well-adapted trivialisation, a symmetry:

π ◦ Φ ◦ π−1 = f, u ◦ Φ = Ωu. (4.23)

All in all we have,
BMS (I → Σ,h,n) = T ⋊ Conf(Σ,h). (4.24)

where Conf(Σ) is the group of conformal diffeomorphisms of Σ. If one further suppose that
(Σ,h) =

(
Sn−1,hSn−1

)
is the conformal (n−1)-sphere then the resulting symmetry is the celebrated

BMS group from [1,53], BMSn+1 = T ⋊ SO (n, 1).
It now follows from proposition 4.5 that the action of the BMS group (4.21) effectively sends a

well-adapted trivialisation to another:

Proposition 4.6. The BMS group naturally acts on the space of a well-adapted trivialisations via
pull-back:

(σ, u) 7→ (σ̂ = Φ∗σ, û = Φ∗u) (4.25)

where Φ∗σ = Ω−1σ and Φ∗u = Ω(u− ξ).

5 Radiative (or strong) structure of null-infinity

In this section we present our first main set of results: We define the “strong”4 structure of null-
infinity as a choice of Poincaré operator and show that the transformation rules for the tensor
parametrising this operator are the same as those of the asymptotic shear of the BMS or Newman-
Penrose formalism. We then show that the zeros of this operator are related to good-cuts. For
completeness we also review from [48,49] how Möbius structures are related to complex projective
structures.

5.1 Strong null-infinity structures (n ≥ 3)

5.1.1 Asymptotic shear and Poincaré Operators

Definition 5.1. Poincaré operator
Let (I → Σ,hab,n

a) be a null-infinity manifold. A compatible Poincaré operator P : Γk [L] →

4We try to refrain to use the term “radiative” structure too loosely since strong null-infinity structures will only
correspond to gravitational radiations on 3-dimensional null-infinity manifolds.
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Γ
[
S2
0 T

∗Σ⊗ L
]
is defined to be a linear differential operator of order two such that, in a well

adapted trivialisation (σ, u), it takes the form

P(l)AB = σ

(
∇A∇B

∣∣
0
+

1

2
[CAB , ∂u]

)
l (5.1)

where l = σ−1l, “∂u” stands for σLn, ∇A is the “horizontal derivative” given by u and the
Levi-Civita connection of hAB = σ−2hab, ∇A∇B

∣∣
0
is the trace-free part of the Hessian, CAB is a

trace-free symmetric tensor and [CAB , ∂u]l := CAB∂ul − (∂uCAB)l .

Note that in this definition the trivialisation of I → Σ given by u is absolutely needed to make
sense of the “horizontal derivative” ∇Al.

Definition 5.2. Strong null-infinity structure
A strong null-infinity structure (I ,hab,n

a,P) is a choice of weak null-infinity structure (I → Σ,hab,n
a)

together with a compatible Poincaré operator P.

An important remark is that the image of a Poincaré operator does not necessarily have constant
vertical derivative, rather

∇nP (l)AB = − l
1

2
∂u∂uCAB. (5.2)

Here ∇n stands for the combined action of Lie derivative and the vertical covariant derivative on
L. The above result immediately follows from the fact that since σ ∈ Γ0 [L] and l ∈ Γk [L] then
∂uhAB = 0 and ∂ul = k is a constant.

Definition 5.1 for Poincaré operators naively seems to depend on a choice of well-adapted triv-
ialisation (σ, u). It actually does not:

Proposition 5.1. Let P : Γk [L] → Γ
[
S2
0 T

∗Σ⊗ L
]
be a differential operator such that in a well-

adapted trivialisation (σ, u) it takes the form (5.1). If (σ̂, û) is any other well-adapted trivialisation
then there exists a trace-free symmetric tensor ĈAB such that

P(l)AB = σ̂

(
∇̂A∇̂B

∣∣
0
+

1

2
[ĈAB, ∂̂û]

)
l̂. (5.3)

Proposition 5.2. Let (σ, u) and
(
σ̂ = Ω−1σ, û = Ω(u− ξ)

)
be well-adapted trivialisations. We

have the transformation rule

CAB 7→ ĈAB = Ω

(
CAB − 2∇A∇B

∣∣
0
ξ − 2û ∇A∇B

∣∣
0
Ω−1

)
. (5.4)

.

Proof. Let l ∈ Γk [L] be a scale with constant vertical derivative and let (σ, u) be a well-adapted
trivialisation we must have l := σ−1l = ku+ ℓ with ℓ ∈ C∞ (Σ). We can therefore rewrite P (l) as

P(l)AB = σ

(
1

2
k (CAB − u∂uCAB) +

(
∇A∇B

∣∣
0
−

1

2
∂uCAB

)
ℓ

)
(5.5)

Recall from section 4.2.2 that if
(
σ̂ = Ω−1σ, û = Ω(u− ξ)

)
is any other well-adapted trivialisation

we have l̂ = kû + ℓ̂ with ℓ̂ = Ω(ℓ+ kξ). Making use of the transformation rules (2.4) for the
connection, it is then a direct computation to show that we have

P(l)AB = σ̂

(
1

2
k
(
ĈAB − û∂̂ûĈAB

)
+

(
∇̂A∇̂B

∣∣
0
−

1

2
∂̂uĈAB

)
ℓ̂

)
(5.6)

where ∇̂A is the Levi-Civita connection of ĥAB = σ̂−2hAB and ĈAB is given by the transformation
rule (5.4).
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From the previous results we obtain immediately the following

Proposition 5.3. Poincaré operators form an affine space over S2
0T

∗Σ⊗L: if P0 is a fixed Poincaré
operator, any other can be written as

P = P0 +
1

2
[C̃AB ,∇n] (5.7)

where C̃AB ∈ Γ
[
S2
0T

∗Σ⊗ L
]
is a genuine tensor.

There isn’t, however, any distinguished origin to this affine space.

Finally, noting the identity of the transformation rules for the asymptotic shear that can be
found in the literature [54] and the transformation rules (5.4) we have our first theorem:

Theorem 5.1. Asymptotic shear and Poincaré operator
Choices of asymptotic shear for an asymptotically flat space-times of dimension n + 1 ≥ 4 are in
one-to-one correspondence with choices of Poincaré operators on the null-infinity manifold at the
conformal boundary.

At this stage the reader might wonder if the identity of transformations rules as stated is
enough to justify the above result. In what follows we will show that the coefficient CAB appearing
in Poincaré operators correspond to a choice of affine connection D compatible with the conformal
Carroll structure DhAB = 0, Dna = 0 and thus match the definition of radiative structure of
[18–24]. This equivalence will thus fully justify theorem 5.1. In a future work [32] we will show how
the Poincaré operator can be derived directly from the geometry of asymptotically flat space-times,
thus establishing the relationship between both geometries in a more direct way.

5.1.2 News and Möbius structures

Let P be a Poincaré operator. In this sub-section we want to consider its restriction to sections
l ∈ Γ0 [L] which are vertically constant. By proposition 4.1 these sections are identified with
sections ℓ of LΣ via pull-back, l = π∗ℓ. Let us write the operator obtained by this restriction as
M : LΣ → S2

0T
∗Σ⊗ L. In a well-adapted trivialisation,

M(ℓ)AB = σ

(
∇A∇B

∣∣
0
−

1

2
∂uCAB

)
ℓ (5.8)

and thus M is completely parametrised by the “Bondi News”, NAB := ∂uCAB. Under change of
well-adapted trivialisation the transformation law for the Bondi News is

∂̂ûĈAB = ∂uCAB − 2 Ω ∇A∇B

∣∣
0
Ω−1 (5.9)

= ∂uCAB − 2 (ΥAΥB −∇AΥB)
∣∣
0
.

Let us suppose for a moment that ∂u∂uCAB = 0 (this condition is equivalent to the vanishing
of (5.2) and thus independent of the choice of well-adapted trivialisation). Then M is a differential
operator on sections of LΣ,

M :

∣∣∣∣
LΣ → S2

0T
∗Σ⊗ LΣ

ℓ 7→ σ
(
∇A∇B

∣∣
0
− 1

2∂uCAB

)
ℓ

(5.10)

As discuss in the introduction, the above data (Σ,h,M) is known in the conformal geometry
literature as a Möbius structure see [48, 49] and operators of the type of M as Möbius operators.
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Möbius operators form an affine space modelled on S2
0T

∗Σ. In dimension n ≥ 4 there is a natural
origin to this space given by

M(0) (ℓ)AB = σ (∇A∇B + PAB)
∣∣
0
ℓ. (5.11)

where PAB

∣∣
0
= 1

n−3RAB

∣∣
0
is the trace-free Schouten tensor of hAB = σ−2hAB. (Note that the

transformation rules for the trace-free Schouten tensor (2.7) indeed matches the transformation
rules (5.9) for −1

2∂uCAB.)
In dimension n = 3, Σ is a Riemann surface: There is no canonical equivalent to the Schouten

tensor in this case and thus no (local) origin to the space of Möbius operators. However in this
dimension there is still a preferred Möbius operator of global nature: It is given by the uniformiza-
tion theorem, see [48,49] for a more detailed discussion. This natural origin of global nature to the
space of Möbius structures is also the “rho tensor” from [18–24]. When needed, will write (5.11)
as well for the coordinates of this preferred global Möbius operator in dimension two.

All this justifies to introduce generalised Möbius operators.

Definition 5.3. Generalised Möbius operators
Let (I → Σ,hab,n

a) be a null-infinity manifold. A compatible generalised Möbius operator
M : Γ [LΣ] → Γ

[
S2
0 T

∗Σ⊗ L
]
is defined to be a linear differential operator of order two such

that, in a well adapted trivialisation (σ, u), it takes of the form

M (ℓ)AB = σ

(
∇A∇B

∣∣
0
−

1

2
NAB

)
ℓ. (5.12)

where ℓ = σ−1ℓ, ∇A is the Levi-Civita connection of hAB = σ−2hab, ∇A∇B

∣∣
0
is the trace-free part

of the Hessian and NAB is a trace-free symmetric tensor.

Any Poincaré operator as in definition (5.1) then induces a generalised Möbius operator by
restriction to sections with zero covariant derivative Γ0 [L] = π∗LΣ. Just like Poincaré operators,
generalised Möbius operators form an affine space modelled on π∗

(
S2
0T

∗Σ
)
. As opposed to Poincaré

operators however generalised Möbius operator have a natural origin for n ≥ 3:

Proposition 5.4. In dimension n ≥ 3 any generalised Möbius operator M can be written as

M = M(0) −
1

2
ÑAB (5.13)

where M(0) is the preferred Möbius operator (5.11) and ÑAB is a section of π∗
(
S2
0T

∗Σ
)
. If n ≥ 4,

the operator M(0) is of local nature while if n = 3 it is given by the uniformization theorem of
Riemann surfaces.

The name “generalised Möbius structure” is justified by the following.

Proposition 5.5. When ∇nM = ∂uNAB vanishes (equivalently when LnÑAB = 0 ), M defines a
genuine Möbius operator on Σ. Generically however, ∇nM is not zero (and thus M (ℓ) is typically
not in Γ0 [L]) and M does not descend to a Möbius operator on Σ.

All this leads to our second theorem

Theorem 5.2. Bondi-News and Generalised Möbius operators
Choices of Bondi-News for an asymptotically flat space-times of dimension n + 1 ≥ 4 are in
one-to-one correspondence with choices of generalised Möbius operators on the null-infinity man-
ifold at the conformal boundary. Stationary Bondi-News (i.e “u independent”) are in one-to-one
correspondence with genuine Möbius structures on the celestial sphere.

Depending on ones needs the Bondi news can either be represented, in a well-adapted triviali-
sation, by NAB = ∂uCAB or, more invariantly, by a genuine tensor ÑAB = ∂uCAB + 2PAB

∣∣
0
.

26



Once again this can be justified by the identity of the transformation rules (5.9) and the trans-
formation rules for the news tensor of the literature [54]. See also the discussion after theorem
5.1.

5.2 Good cuts and the geometry of Poincaré operators (n ≥ 3)

Let (I → Σ,hab,n
a,P) be a strong null-infinity structure, we note M the generalised Möbius op-

erator given by restriction of P to Γ0 [L]. Let (ω, u) be a well-adapted trivialisation, by proposition
4.2 it is equivalent to a couple of sections (ω,G = ωu) in Γ0 [L] and Γ1 [L]. We will say that the
well-adapted trivialisation is flat if the related sections are zeros of the Poincaré operator:

Definition 5.4. Flat well-adapted trivialisation
Let (ω,G) be sections of Γ0 [L]⊕ Γ1 [L]. We will say that the well-adapted trivialisation given by
proposition 4.2 is flat if and only if

M (ω) = 0, P (G) = 0. (5.14)

We remark that flat trivialisations might not exists (in fact this is the generic situation for we will
see that existence of flat well-adapted trivialisation impose strong constraint on the curvature of
the related tractor connection).

In this section, we investigate the geometry of these flat trivialisations.

5.2.1 The generalised good-cut equations

Let us here consider G ∈ Γ1 [L]. Recall from proposition 4.3 thatG is in one-to-one correspondence
with a section sG : Σ → I of I . Let us choose a well-adapted trivialisation (σ, u), we have

G = σ (u−G) (5.15)

where G is a function on Σ. By definition (or proposition 4.3) G ∈ C∞ (Σ) is the coordinate of sG
in the trivialisation given by u i.e G = u ◦ sG.

Proposition 5.6. We will say that sG is a good-cut or that is “satisfies the (generalised) good-cut
equations for” for P if and only if the associated section G ∈ Γ1 [L] is a zero of the Poincaré
operator. In a well-adapted trivialisation (σ, u):

P(G)AB = σ

(
1
2 (CAB − u∂uCAB)−

(
∇A∇B

∣∣
0
− 1

2∂uCAB

)
G

)
= 0

⇔

∇A∇B

∣∣
0
G = 1

2CAB[G] and ∂u∂uCab = 0.

(5.16)

In this proposition the vanishing of ∇nP = −1
2∂u∂uCab really is an “integrability” condition

on P i.e a necessary condition for P to have any zeros. Before we come to the proof let us
clarify that we are not abusing terminology and that for n = 3 the above really correspond to
the good-cut equations familiar from the literature (see [27–31]): In this dimension Σ is a two-
dimensional manifold and the conformal metric hAB amounts to a choice of complex structure.

Let us pick local complex coordinates ζ. Let σ be a scale and let us write σ−2hAB = 4dζdζ̄

P 2(ζ,ζ̄)
and

CAB = 2Re
(

4
P 2dζdζ σ

0
)

5. The first equation of (5.16) can then be rewritten as

Re

(
dζdζ

(
∂ζ
(
P∂ζ

)
G− 2σ0[G]

))
= 0 (5.17)

5The factor of 4

P2 appearing here is such that σ0 is the coordinate of CAB evaluated in an orthonormal basis i.e

σ
0 = CABm

A
m

B with m
A
m̄A = 1.
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which are the generalised good-cut equations from [30].
Equations (5.16) are therefore generalisation to arbitrary dimensions of the good-cuts equations.

In this sense one can think of the Poincaré operator P as selecting among all possible “cuts” of
I → Σ the “good” ones. We now come to the proof of proposition 5.6.

Proof. Let us suppose that G = σ (u−G) ∈ Γ1 [L] is a zero of the Poincaré operator:

P(G)AB = σ

(
1

2
(CAB − u∂uCAB)−

(
∇A∇B

∣∣
0
−

1

2
∂uCAB

)
G

)
= 0. (5.18)

Taking as well-adapted trivialisation (σ̂ = σ, û = u−G) we have G = σû i.e Ĝ = 0 and thus

P(G)AB = σ̂
1

2

(
ĈAB − û∂ûĈAB

)
= 0 (5.19)

and, making use of the transformation rules (5.4),

Ĉab = Cab − 2

(
∇a∇b

∣∣
0
G

)
. (5.20)

Equation (5.19) implies that Ĉab is homogenous degree 1 in û, Ĉab = û Ĉ
(1)
ab . Together with (5.20)

this gives

Cab[u] = 2

(
∇a∇b

∣∣
0
G

)
+ (u−G)Ĉ

(1)
ab (5.21)

or equivalently

∂u∂uCab = 0, Cab[G] = 2

(
∇a∇b

∣∣
0
G

)
. (5.22)

From the proof, one sees that if P has a zero then in any well-adapted trivialisation we must
have ∇nP = −1

2∂u∂uCab = 0. Thus a generic Poincaré operator P will have no zero at all. On
the other hand, if G ∈ Γ1 [L] and G

′ ∈ Γ1 [L] are two zeros of P (i.e define good-cuts) then, by
linearity of P, their difference G−G′ ∈ Γ0 [L] must be a zero of M:

Proposition 5.7. The space of good-cuts for a Poincaré operator P form an affine space over the
space of zeros of the associated Möbius operator M.

With this in mind we come to studying zeros of a Möbius operator.

5.2.2 Möbius structures and complex projective coordinates

Since our generalised Möbius operators are really just a straightforward extensions of Möbius
operators of conformal manifolds to the context of null-infinity manifold all results we will need are
already present in the literature, see [34], [48], [49]. For completeness and the convenience of the
reader we review those which are most helpful in this context.

Let us consider a section ω ∈ Γ [LΣ] and let us further suppose that it is a zero of the generalised
Möbius operator M. Let (σ, u) be a well adapted trivialisation and ω = σ−1ω we must have

M(ω)AB = σ

(
∇A∇B

∣∣
0
−

1

2
∂uCAB

)
ω = 0 (5.23)

We thus immediately have the following:
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Proposition 5.8. A scale ω ∈ Γ [LΣ] is a zero of the Möbius operator M if and only if, in a
generic well-adapted trivialisation (σ, u), we have

−
1

2
∂uCAB = ω−1 ∇A∇B

∣∣
0
ω. (5.24)

where ω = σ−1ω.

In particular if M has a zero we must have ∂u∂uCAB = 0 in any well-adapted trivialisations.

Möbius operator and Einstein’s equations (n ≥ 4)
As we already discussed, when n ≥ 4 there is a natural origin M(0) (of local nature) to the space

of Möbius operator. Any generalised Möbius structure can then be written as M = M(0) − 1
2ÑAB

where ÑAB is a genuine trace-free symmetric tensor. In a well-adapted trivialisation (σ, u),

M = (∇A∇B + PAB)
∣∣
0
−

1

2
ÑAB (5.25)

where PAB

∣∣
0
= 1

n−3RAB

∣∣
0
is the trace-free Schouten tensor of hAB .

Let us suppose that ω is a zero of M. In the well-adapted trivialisation given by (ω, u) we
must have

M (ω) = ω

(
1

n− 3
RAB

∣∣
0
−

1

2
ÑAB

)
= 0 (5.26)

and we therefore have

Proposition 5.9. (from [34], [49]) Let M = M(0) − 1
2ÑAB be a generalised Möbius operator on a

null-infinity manifold of dimension n ≥ 4. Then ω ∈ Γ [LΣ] is a zero of M if and only if the Ricci
tensor RAB of the associated metric hAB = ω−2hAB satisfies

RAB

∣∣
0
=
n− 3

2
ÑAB. (5.27)

Möbius operator as choices of complex projective structure (n = 3)
In dimension n ≥ 4 a choice of generalised Möbius operator is not much more than a choice

of trace-free symmetric tensor. However when n = 3 and Σ is a Riemann surface the geometry of
Möbius operators is richer: A choice of integrable Möbius structure then amounts to a choice of
complex projective structure on Σ. As we already discussed there still exists a preferred Möbius
structure of global nature: it corresponds to the complex projective structure given by the uni-
formization theorem and pull-back of the natural complex projective structure of the model. We
here briefly recall from [48] how this arises.

Let us pick local complex coordinates ζ and define the (local) scale σ(ζ) ∈ Γ [LΣ] as the scale

such that σ−2
(ζ)hAB = dζdζ̄. In this scale the generalised Möbius operator reads,

M (ω) = σ(ζ) Re

(
dζ̄dζ̄

(
∂ζ̄∂ζ̄ −

1

2
∂uCζ̄ ζ̄

))
ω(ζ) (5.28)

where σ(ζ)ω(ζ) = ω. Let w be another set of complex coordinates and σ(w) = |∂ζw|
−1 σ(ζ) the

associated scale. In this scale,

M (ω) = σ(w) Re

(
dw̄dw̄

(
∂w̄∂w̄ −

1

2
∂uCw̄w̄

))
ω(w) (5.29)
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and the transformation rules (5.9) can be rewritten as

−
1

2
∂̂ûCw̄w̄ = −

1

2
∂uCζ̄ζ̄ − Sζ(w) (5.30)

where Sζ(w) is the standard Schwartzian derivative of w with respect to ζ,

Sζ(w) =

(
w′′

w′

)′

−
1

2

(
w′′

w′

)2

. (5.31)

In particular, since M
(
σ(ζ)

)
= σ(ζ) Re

(
dζ̄dζ̄

(
− 1

2∂uCζ̄ζ̄

))
, we have the following:

Proposition 5.10. If ζ and w are local complex coordinates such that the associated local scales
σ(ζ) and σ(w) are zeros of a Möbius operator M then Sζ(w) = 0 and these complex coordinates
must therefore be related by a Möbius transformation.

Definition 5.5. A Möbius structure (Σ,hAB,M) is said to be integrable if, for every point x ∈ Σ
there exists exists a neighbourhood Ux and a zero of the Möbius operator σx ∈ Γ [LUx

] which is
the scale of a metric (σx)

−2hAB with constant scalar curvature.

Integrable Möbius structures are useful because they amount to giving Σ a complex projective
structure:

Proposition 5.11. (from [48], [49]) M is integrable if and only if there exists a set of local complex
coordinates (ζ)i covering Σ such that M

(
σ(ζ)i

)
= 0. By Proposition 5.10 on each intersection these

complex coordinates must be related by Möbius transformations.

Proof. Let x ∈ Σ and ζ be complex coordinates in a neighbourhood of x such that M
(
σ(ζ)

)
= 0.

If ω is any scale then, in the trivialisation given by σ(ζ), we must have:

M (ω) = σ(ζ) Re

(
dζ̄dζ̄ ∂ζ̄∂ζ̄

)
ω(ζ) (5.32)

In particular local scales of the form ω(ζ) =
1+Rζζ̄

2 (with R ∈ R) must be zeros of the Möbius oper-
ator. On the other hand, if ω is a scale with constant scalar curvature defined in a neighbourhood
of x ∈ Σ there must exists local complex coordinates ζ such that ω−2hAB = 4

(1+Rζζ̄)
2dζdζ̄. From

eq (5.28) we obtain M (ω) = σ(ζ) Re

(
dζ̄dζ̄

(
− 1

2∂uCζ̄ ζ̄

))
ω(ζ) = M

(
σ(ζ)

)
ω(ζ) and therefore if ω

is a zero of the Möbius structure so is σ(ζ).

Finally, integrability of a Möbius structure can be locally characterised by the vanishing of its
“curvature”:

Proposition 5.12. (from [48])
Let M =

(
∇A∇B

∣∣
0
− 1

2NAB

)
be a Möbius operator represented in a scale σ ∈ Γ [L]. Its “curvature”

KA (M) = −
1

2

(
∇CNA

C +
1

2
∇AR

)
(5.33)

is a genuine section of T ∗Σ⊗ L−2. What is more M is integrable if and only if KA (M) = 0.

Proof. This will directly follow from the equivalence between Möbius operators and tractor con-
nections.
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5.3 Symmetries

Definition 5.6. Let (I → Σ,hab,n
a,P) be a strong null-infinity structure and let Φ: I → I be

a diffeomorphism of I . We define Φ∗P, the pull-back of P by Φ as

(Φ∗P) (l) :=
(
Φ∗ ◦ P ◦ (Φ−1)∗

)
(l) . (5.34)

Definition 5.7. We will say that a diffeomorphism Φ of I is a symmetry of the strong null-infinity
structure (I → Σ,hab,n

a,P) if and only if Φ ∈ BMS (I → Σ,h,n) and Φ∗P = P.

Let (I → Σ,hab,n
a,P) be a strong null-infinity structure and let (σ, u) be a well-adapted

trivialisation. Let Φ be an element of the BMS group, by proposition 4.5, Φ sends (σ, u) to another
well-adapted trivialisation (σ̂ = Φ∗σ, û = Φ∗u). There must exists Ω and ξ two functions on Σ
such that

Φ∗σ = Ω−1σ, Φ∗u = Ω(u− ξ) . (5.35)

Proposition 5.13. Let (I → Σ,hab,n
a,P) be a strong null-infinity structure and let (σ, u) be a

well-adapted trivialisation.
Let Φ be an element of the BMS group, Φ ∈ BMS (I → Σ,h,n), we have

Φ∗P − P =
1

2

[
Ω−1 Φ∗CAB − CAB + 2 ∇A∇B

∣∣
0
ξ + 2 û ∇A∇B

∣∣
0
Ω−1, ∂u

]
(5.36)

where ξ and Ω are given by (5.35).
In particular, if we suppose that (σ, u) is a flat well-adapted trivialisation (see def 5.4) then Φ

is a symmetry if and only if

∇A∇B

∣∣
0
ξ = 0, ∇A∇B

∣∣
0
Ω−1 = 0. (5.37)

Remarks: If hab is taken to be conformally flat, the first of the two equations (5.37) are the
well-known conditions reducing super-translations T ≃ C∞ (Σ) to the group of usual translations
Rn+1 while the second is automatically satisfied in dimension n ≥ 4. In dimension n = 3 and
if σ is taken to be a constant scalar curvature scale then these equations can be rewritten as a
Schwartzian derivative and selects a (local) copy of PSL (2,C) inside the space of holomorphic
transformations. Therefore a choice of Poincaré operator selects inside the infinite dimensional
BMS group a copy of the Poincaré group (thus the name of the operator). We will in fact see that
the conjoint requirements that hab is conformally flat ( in dimension n = 3 this is automatic and
one instead require the integrability of the Möbius structure) and P admits a zero is equivalent to
the vanishing of the curvature of the associated Cartan connection.

Proof. Let (σ, u) be a well adapted trivialisation. If l ∈ Γk [L] is a scale and σ
−1l = l its coordinates

we have

P (l) = σ

(
∇A∇B

∣∣
0
+

1

2

[
CAB, ∂u

]
ℓ

)
. (5.38)

Now since Φ∗σ = σ̂, we have (Φ−1)∗l = (Φ−1)∗
(
σ̂ℓ̂
)
= σ (Φ−1)∗ℓ̂ and

Φ∗P (l) = Φ∗
(
P
(
(Φ−1)∗ℓ

))
(5.39)

= Φ∗

(
σ

(
∇A∇B

∣∣
0
+

1

2

[
CAB , ∂u

])
(Φ−1)∗ℓ̂

)

=

(
σ̂

(
∇̂A∇̂B

∣∣
0
+

1

2

[
Φ∗CAB, ∂û

])
ℓ̂

)

= σ

(
∇A∇B

∣∣
0
+

1

2

[
Ω−1Φ∗CAB + 2 ∇A∇B

∣∣
0
ξ + 2 û ∇A∇B

∣∣
0
Ω−1, ∂u

])
ℓ
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where one goes from the second to the third line by making use of ĥab = Φ∗hab, û = Φ∗u and from
the second to the third by the conformal invariance of P and transformation rules (5.4) for CAB .
All in all we have

Φ∗P − P =
1

2

[
Ω−1 Φ∗CAB − CAB + 2 ∇A∇B

∣∣
0
ξ + 2 û ∇A∇B

∣∣
0
Ω−1, ∂u

]
(5.40)

which concludes the proof.

5.4 Strong null-infinity structure in dimension n = 2

Let (I → Σ,hAB,n
a) be a null-infinity manifold of dimension n = 2. It follows that Σ has

dimension n = 1 and since a trace-free symmetric tensor on Σ must be zero all definitions of
the previous sections are vacuous. We therefore need to devise specific formulas adapted to this
dimension.

5.4.1 Generalised Laplace operators

We recall from [41] that, on any d-dimensional conformal manifold (Σ,hAB) with d ≥ 2, if l is a

section of L1− d

2 , we can define its conformal Laplacian as follows: let σ ∈ Γ [LΣ] be a choice of

scale and l = σ−1+ d

2 l its coordinate, the conformal Laplacian is

∆

∣∣∣∣∣∣∣

Γ
[
L1− d

2

]
→ Γ

[
L−1− d

2

]

l 7→ σ−1− d

2

(
∆+ 2−d

2 P
)
l,

(5.41)

where ∆ = hab∇a∇b is the Laplacian of hab = σ−2hab and P = 1
2(d−1)R is the trace part of its

Schouten tensor. If σ̂ = Ω−1σ, the transformation rules for P ,

P̂ = Ω−2

(
P −∇AΥA +

2− d

2
Υ2

)
(5.42)

(with ΥA = Ω−1dAΩ) are such that (5.41) does not depend on the choice of σ. In particular
if (I → Σ,hab,n

a) is a n-dimensional null-infinity manifold with n ≥ 3 it defines a differential
operator

∆ : Γ0

[
L1− d

2

]
→ Γ0

[
L−1− d

2

]
(5.43)

through the identification Γ0 [L] = π∗Γ [LΣ].
If Σ is a 1-dimensional manifold however ( equivalently if I → Σ is a (n = 2)-dimensional

null-infinity manifold), the “trace of the Schouten tensor” is ill-defined and there is no canonical
conformal Laplacian. Following [48,49] we define (generalised) Laplace structure as follows.

Definition 5.8. Generalised Laplace structure
Let (I → Σ,hab,n

a) be null-infinity manifold of dimension 2. A compatible generalised Laplace

operator is a choice of linear differential operator of order two L : Γ0

[
L

1

2

]
→ Γ

[
L−

3

2

]
such that in

a well-adapted trivialisation (σ, u) it takes the form

L (l) = σ−
3

2

(
∆−

1

4
M

)
l (5.44)

where l = σ−
1

2 l and M is a function on I . A Laplace structure (I → Σ,hab,n
a,L) on a null-

infinity manifold (I → Σ,hab,n
a) is a choice of compatible generalised Laplace operator L.
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The only reason why generalised Laplace operators in definition 5.8 differ from the Laplace
operators of [48,49] is that in general the image of a generalised Laplace operators L might not lie
in Γ0 [L]. In fact the obstruction is

∇nL (l) = − l
1

4
∂uM. (5.45)

However if ∂uM = 0, a generalised Laplace operator on I → Σ induces a genuine Laplace structure

L : Γ

[
L

1

2

Σ

]
→ Γ

[
L
−

3

2

Σ

]
on Σ through the identification LΣ = Γ0 [L].

Since (generalised) Laplace structure on null-infinity manifolds are a straightforward generali-
sation of the Laplace structures from [48,49] we have the

Proposition 5.14. Definition 5.8 does not depend on the choice of well-adapted trivialisation: If(
σ̂ = Ω−1σ, û = Ω(u− ξ)

)
is any other well-adapted trivialisation, there exists M̂ a function on

I such that

L (l) = σ̂−
1

2

(
∆̂−

1

4
M̂

)
l̂. (5.46)

We have the transformation rules

−1
2M 7→ −1

2M̂ = Ω−2
(
−1

2M −∇AΥA + 1
2Υ

2
)

(5.47)

with ΥA = Ω−1dAΩ.

By construction the scalar function −1
2M behaves like the “missing” trace of the Schouten

tensor of 1-dimensional manifolds, one can indeed check that its transformation rules (5.47) mimics
that of P for d = 1. Accordingly, any conformally invariant formula involving P in dimension n ≥ 3
can be extended to n = 2 at the cost of making a choice of generalised Laplace structure: then all
the formula holds straightforwardly by replacing P by −1

2M .
In the end, comparing the transformation law of M under change of well-adapted trivialisation

with the transformation rules of the 3D mass-aspect of [54] we have a version of theorem 5.2 for
n = 2.

Theorem 5.3. 3D Mass-aspect and Generalised Laplace operators
Choices of mass-aspect M for an asymptotically flat space-times of dimension n + 1 = 3 are in
one-to-one correspondence with choices of generalised Laplace operators on the null-infinity man-
ifold at the conformal boundary. Stationary mass-aspect (i.e “u independent”) are in one-to-one
correspondence with genuine Laplace structures on the celestial sphere.

5.4.2 Poincaré operators in dimension n = 2

Definition 5.9. Poincaré structure
Let (I → Σ,hab,n

a,L) be a null-infinity manifold of dimension n = 2 equipped with a Laplace
structure. A compatible Poincaré operator P : Γk [L] → Γ

[
T ∗Σ⊗ L−1

]
is defined to be a linear

differential operator of order three such that, in a well adapted trivialisation (σ, u), it takes of the
form

P(l)A = σ−1
(
∇A ∆+NA ∂u −M ∇A −

1

2
∇AM

)
l (5.48)

where l = σ−1l, ∇A is the Levi-Civita connection of hAB = σ−2hAB and ∆ = hAB∇A∇B and NA

is a 1-forms on I and L =
(
∆− 1

4M
)
.
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Proposition 5.15. Let P : Γk [L] → Γ
[
T ∗Σ⊗ L−1

]
be a differential operator such that in a well-

adapted trivialisation (σ, u) it takes the form (5.48). If
(
σ̂ = Ω−1σ, û = Ω(u− ξ)

)
is any other

well-adapted trivialisation then there exists N̂A and M̂ such that

P(l)A = σ̂−1

(
∇̂A ∆̂ + N̂A ∂̂u − M̂ ∇̂A −

1

2
∇̂AM̂

)
l̂ (5.49)

We have the transformation rules

−
1

2
M 7→ −

1

2
M̂ = Ω−2

(
−

1

2
M −∇AΥA +

1

2
Υ2
)

(5.50)

NA 7→ N̂A = Ω−1

(
NA − (∇A∆−M∇A) ξ + û

(
(∇A − 2ΥA)

(
∇CΥC +

1

2
Υ2

)
+MΥA

))

In order to prove this transformation rules it will be useful to remark that Poincaré operators
can be recast the following alternative form:

Proposition 5.16. In a well-adapted trivialisation (σ, u) we have

PA (l) = 2l−1∇A

(
l
3

2L
(
l
1

2

))
+ σ−1NA∇nl (5.51)

Proof. Proposition 5.16 can be checked directly by expanding equation (5.51) and comparing with
equations (5.48).

Let us now establish the transformation rules. Let l ∈ Γk [L] be a scale with constant vertical
derivative and let (σ, u) be a well-adapted trivialisation we must have l = ku+ ℓ and P (l) can be
rewritten as

P(l)A = σ−1
((

∇A ∆−M ∇A −
1

2
∇AM

)
ℓ+ k

(
NA −

1

2
u∇AM

))
(5.52)

Let
(
σ̂ = Ω−1σ, û = Ω(u− ξ)

)
be another well-adapted trivialisation, making use of proposition

5.16 (and the covariance of the Laplace operator), the above can be rewritten as

P(l)A = 2ℓ−1∇A

(
ℓ

3

2L
(
ℓ

1

2

))
+ σ−1 k

(
NA −

1

2
u∇AM

)
(5.53)

= σ̂−1

((
∆̂ ∇̂A − M̂ ∇̂A −

1

2
∇̂AM̂

)
(Ωℓ) + k Ω−1

(
NA − u

1

2
∇AM

))
(5.54)

making use of l̂ = kû+ ℓ̂ with Ωℓ = ℓ̂− kΩξ (see eq (4.19)) and using proposition 5.16 again for ξ
one can derive the following transformation rule

N̂A − û
1

2
∇̂AM̂ = Ω−1

(
NA − u

1

2
∇AM

)
− Ω−1

(
∇A∆−M∇A −

1

2
∇AM

)
ξ. (5.55)

Finally making use of the transformation rules (5.47) for M the above can be put in the form
(5.50).

6 The tractor bundle associated to the weak structure of null-
infinity

In this section we show that null-infinity manifolds are canonically equipped with a vector bundle
which is the equivalent of the tractor bundle of conformal geometry [34]. However, since we are
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dealing with degenerate conformal metrics, one cannot directly export results from the literature,
rather one needs to make use of the structure at hand to adapt the construction. Just as its
non-degenerate counterpart the tractor bundle will be useful to produce geometrical objects and
operators which are manifestly conformally invariant. Note that this will only make use of the weak
structure of null-infinity, the strong structure being related to a choice of tractor connection.

6.1 The Tractor bundle at I

We would like to define the tractor bundle associated to a null-infinity manifold (I → Σ,hab,n
a).

Since hab is a degenerate conformal metric standard techniques from [34] do not apply but we can
instead consider the following.

Let J2L be the bundle of 2-jets of sections of L → I . Let σ ∈ Γ0 [L] be a vertically constant

scale, it gives local coordinates on J2L. Let (l, ∂al, ∂a∂bl) be these coordinates. Let J̃2L ⊂ J2L be
the sub-bundle of the 2-jet bundle given by

σna∂al = cst, na∂a∂bl = 0. (6.1)

A first remark is that the above conditions are meaningful, i.e do not depend on the choice of scale
σ ∈ Γ0 [L]: Had we chosen σ̂ = Ω−1σ ∈ Γ0 [L] (implying naΩ = 0) then l̂ = Ωl would also satisfy
the above constraints.

Now there is a canonical injection π∗
(
S2T ∗Σ⊗ L

)
→ J̃2L given by αAB 7→ (0, 0,αAB). The

conformal metric hAB allows to define π∗
(
S2T ∗Σ

) ∣∣
0
, the space of trace-free symmetric tensors and

the injection

π∗
(
S2T ∗Σ⊗ L

) ∣∣
0

→ J̃2L

αAB 7→ (0, 0,αAB)
. (6.2)

We define the dual tractor bundle T ∗ → I as the quotient of J̃2L by the image of (6.2).

Definition 6.1. The dual tractor bundle T ∗ → I on a null-infinity manifold (I ,hab,n
a) is

T ∗ =
J̃2L

�π∗
(
S2T ∗Σ

∣∣
0
⊗ L

). (6.3)

where J̃2L is the sub-bundle of the 2-jet bundle defined by (6.1).

By construction, the dual tractor bundle is a vector bundle over I with (n + 2)-dimensional
fibres. The tractor bundle T → I is (evidently) taken to be the dual of T ∗ → I .

Note that in this definition we do not use the extra structure of a null-infinity manifold and it
therefore also make sense for any conformal Carroll manifolds. It is very likely that all the tractor
construction presented in this article extends (may be with some generalisations) to any conformal
Carroll manifolds but we will not try to achieve this here.

6.2 Well-adapted trivialisations

The preceding definition is conceptually useful but ill-suited for practical purpose. We however
have the following proposition which can be considered as an alternative definition:

Proposition 6.1. Thomas’ splitting
Let (σ, u) be a well-adapted trivialisation on a n-dimensional null-infinity manifold (I ,hab,n

a)
with n ≥ 3 (if n = 2 we also need to suppose that I is equipped with a generalized Laplace structure,
see section 5.4) it defines an isomorphism

T(σ,u)

∣∣∣∣∣
T → L ⊕ TΣ⊗ L−1 ⊕ L−1 ⊕ R

Y I 7→
(
Y + , Y A , Y − , Y u

) (6.4)
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We will call this isomorphism the splitting associated with (σ, u).
If
(
σ̂ = Ω−1σ, û = Ω(u− ξ)

)
is any other well-adapted trivialisation on I we have the trans-

formation rules



Ŷ +

Ŷ A

Ŷ −

Ŷ u


 =




1 0 0 0
ΥA δAB 0 0

−1
2Υ

2 −ΥB 1 0
σ

n−1

(
∆ξ + (Υ2 −∇CΥ

C) (u− ξ)
)
σ
(
ΥB (u− ξ)− dξB

)
0 1







Y +

Y B

Y −

Y u


 (6.5)

where ΥA = Ω−1(dΩ)A and all upper-case Latin indices of the beginning of the alphabet (A,B, etc)
are raised and lowered with the conformal metric hAB.

Proof. Let σ ∈ Γ0 [L] and hAB = σ−2hAB the corresponding metric. It defines a connection on
Lk as σ−k∇l := d

(
σ−kl

)
. We use ∇ for tensor product of this connection with the Levi-Civita

connection of hAB and ∆ = hAB∇A∇B the associated Laplacian. We also note R the scalar
curvature of hAB . The Thomas’ splitting associated with (σ, u) is given by

T(σ,u)

∣∣∣∣∣∣∣∣∣∣

T ∗ → R⊕ L⊕ T ∗Σ⊗ L⊕ L−1




l
∂al

hab∂a∂bl


 7→




∇nl

l

∇Al

−σ−2 1
n−1 (∆ + P ) l




(6.6)

Note that σ is needed to make sense of both the coordinates on the left-hand side, the covariant
derivatives and the trace of the Schouten tensor P = 1

2(n−2)R on the right-hand side, on the other

hand u : I → R (which amounts to a trivialisation of I → Σ) is needed to make sense of the
“horizontal” derivative ∇A. Finally in the case where n = 2 the trace of the Schouten tensor
tensor is ill-defined and so is the last line of equation (6.6). However, if we suppose that I has
been equipped with a Generalised Laplace structure L = ∆ − 1

4M (see section 5.4 for more on
generalised Laplace structure) then one can make sense of the formula by replacing P by −1

2M .
The transformations rules for the dual tractor bundle T ∗ are obtained by a direct computation.




Ŷu
Ŷ+

ŶA

Ŷ−


 =




1 0 0 0
0 1 0 0

σ (dξA −ΥA (u− ξ)) ΥA δBA 0
− σ

n−1

(
∆ξ + (n − 1)ΥAdξA −

(
∇AΥ

A + (n− 2)Υ2
)
(u− ξ)

)
−1

2Υ
2 −ΥB 1







Yu
Y+

YB

Y−




(6.7)
In order to obtain these transformation rules it helps to make use of the fact that the definitions of
the dual tractor bundle and well-adapted trivialisations implies that σ−1l = ku+ℓ (where ∂uℓ = 0)
with the transformation rules (4.19). It then considerably simplifies the computation to remark
that for k = 0 one is effectively brought back to computing the usual tractor transformation rules
which was done in detail in [34] or [40].

The transformation rules (6.5) for the tractor bundle are then obtained from (6.7) and the
pairing

YIW
I = Y−W

+ + Y+W
− + YAW

A + YuW
u (6.8)

between a tractor W I and a dual tractor YI .

6.3 Geometry of the tractor bundle

Fibres of the tractor bundle effectively are copies of the hyper-surface I⊥ of the flat model (see
equation (3.26) for coordinates on I⊥ making this identification manifest).
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In fact, the transformation rules (6.5) for the tractor bundle can be seen to be matrix elements
belonging to the Carroll group Carr (n) (see equation (3.29) for a concrete realisation of this group).
The tractor bundle is thus an associated bundle for Carr (n)⋊R.

We here discuss the geometrical structure that this induces.

The tractor metric and the infinity tractor The tractor bundle on I is equipped with a
degenerate metric of signature (n, 1). If (σ, u) is a well-adapted trivialisation in the associated
splinting the tractor metric reads

gIJY
IY J = 2Y +Y − + YAY

A. (6.9)

It also comes with a preferred tractor the “infinity tractor” II , spanning the degenerate direction
of the tractor metric gIJI

J = 0. In any splitting of the tractor bundle given by a well-adapted
trivialisation,

II =




0
0
0
1


 . (6.10)

Proof. It is straightforward to see that the transformation rules (6.5) preserve the infinity tractor
(6.10). A longer but straightforward computation then also shows that (6.9) is invariant under
(6.5). Alternatively, this follows from the properties of the flat model, see section 3.2.

The reduced tractor bundle Since T is equipped with a preferred tractor II we can consider
the bundle T /I → I obtained by taking the quotient. We call this bundle the reduced tractor
bundle on I . By construction it is a vector bundle with (n+1)-dimensional fibres equipped with a
(non-degenerate) metric of signature (n, 1). It is in fact canonically isomorphic with the pull-pack
of TΣ → Σ, the tractor bundle of Σ:

Proposition 6.2.
T�RI = π∗ (TΣ) (6.11)

and we thus have the short sequence of bundle

0 → RI → T → π∗TΣ → 0. (6.12)

Proof. The most immediate way to see the isomorphism is to note that the transformation rules of
the reduced tractor bundle are precisely the standard transformation rules for the tractor bundle
of a non-degenerate conformal metric (see [34]). Alternatively, one can see the isomorphism from

the jet bundle definition as follows: the dual of the reduced tractor bundle
(
T�RI

)∗
identifies with

the sub-bundle of T ∗ such that ∂uℓ = 0. From definition 6.1 one then sees that
(
T�RI

)∗
identifies

with the pull-back of a quotient of the 2-jet bundle on Σ. This quotient is just the tractor bundle
on Σ (as defined e.g in [40]).

Filtration The tractor bundle is also equipped with a preferred “position tractor” XI ∈ T ⊗ L.
In a splitting of the tractor bundle:

XI =




0
0
1
0


 . (6.13)
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The position tractor is null with respect to the tractor metric (6.9), XIXI = 0, and can be thought
as a preferred inclusion L−1 → T , we note L−1X ⊂ T the image of this inclusion. The position
tractor also gives a preferred projection T → L obtained by contraction: if Y I ∈ T is any tractor,
its projection is Y IXI ∈ L. We note X⊥ the orthogonal subspace to L−1X. X⊥ is a vector bundle
over I with (n+ 1)-dimensional fibres. Let Y I ∈ X⊥ be a section of this bundle, in a splitting of
the tractor bundle we have:

Y I =




0
Y A

Y −

Y u


 ∈ X⊥. (6.14)

The tractor metric restricted to this sub-bundle is degenerate of rank 2 with degenerate directions
spanned by XI and II . We have the filtration:

L−1X ⊂ X⊥ ⊂ T . (6.15)

Proof. This immediately follows from the triangular form of the transformation rules (6.5).

Finally, the quotient of X⊥ by X is canonically isomorphic to TI ⊗ L−1: Let Y I ∈ X⊥ be
parametrised as in equation (6.14) we will write,

Y a =

(
Y A

Y u

)
∈ TI ⊗ L−1. (6.16)

where

Y A := Y aθAa , Y u := Y adua. (6.17)

Here θAa is the projection from TI to the quotient TI /n = π∗TΣ

Proof. It suffices to check that the transformation rules (6.5) restricted to X⊥/X are the trans-
formation rules for the splitting of the tangent bundle TI ⊗ L−1 → π∗TΣ ⊗ L−1 ⊕ Rn given by
Y a = Y AθaA + Y una where θaA is defined by θaAθ

b
a = δBA , θ

a
Adua = 0.

Thomas operator Thomas’ operator is a differential operator T : L → T ∗ which associates to

any scale τ a dual tractor T
(τ )
I . It can be defined in a well-adapted trivialisation (σ, u) as

T
(τ )
I =




∇nτ

τ

∇Aτ

−σ−2 1
n−1 (∆ + P ) τ


 . (6.18)

Here the trace of the Schouten tensor P = 1
2(n−2)R only really make sense in dimension n > 2.

In dimension n = 2, and once a generalised Laplace structure L = ∆ − 1
4M has been chosen, one

can make sense of the above formula by simply replacing P by −1
2M (see section 5.4 for more on

generalised Laplace structures).

6.4 Some remarks on the notation

Tractors are efficient to produce formulas which are conformally invariants, however the notation
might appear intricate at first encounter. We here remind the reader of our conventions for abstract
indices.
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If (I → Σ,hab,n
a) is a null-infinity manifold, lower case Latin indices of the beginning of the

alphabet a, b, etc will denote tensors on I , upper case Latin indices of the beginning of the alphabet
A,B, etc will denote tensors on Σ but also more frequently sections of the related pull-back bundles
on I . For example V a and Ua are sections of TI and T ∗I while V A and UA might represent a
sections of TΣ and T ∗Σ or ,more likely, sections of π∗TΣ = TI /n and π∗T ∗Σ. The projection
operator from TI to the quotient TI /n will be denoted by θAa and we will write for example:

V A = V aθAa . (6.19)

In the same vein, we will write
Uu = naUa (6.20)

for the contraction of a 1-form Ua with na.
If u : I → R is a trivialisation of I → Σ it defines a decomposition Γ [TI ] = Γ [π∗TΣ]⊕Γ [L],

we will then write

V a =

(
V A

V u

)
(6.21)

and
Ua = θAa UA +Uu σdua. (6.22)

In particular, with these conventions the identity on TI is

δab =

(
θAb
σdub

)
. (6.23)

A couple of remarks about “lowering” and “raising” indices: Upper case indices of the middle
of the alphabet I, J, etc denote tractor indices, e.g V I ∈ Γ [T ], UI ∈ Γ [T ∗], they are raised and
lowered with the tractor metric gIJ . Upper case indices of the beginning of the alphabet A,B, etc
denoting sections of π∗TΣ are raised and lowered using the conformal metric hAB e.g V A ∈ Γ [TΣ],
VA ∈ Γ

[
T ∗Σ⊗ L2

]
. The only exception is for the Laplacian (when a choice of scale σ ∈ Γ [L] is

understood); we will both use ∆ = hAB∇A∇B and ∆ = hAB∇A∇B depending on the context.
Finally, whenever a choice of scale σ ∈ Γ [L] is understood, ∇ denotes the tensor product of the

Levi-Civita connection of hAB = σ−2hAB with the connection on Lk given by ∇ (l) := σkd
(
σ−kl

)
.

7 The tractor connection associated to the strong structure of
null-infinity

This section present our second main set of results: Poincaré operators are in one-to-one correspon-
dence with a certain class of connection on the tractor bundle which we call null-normal Cartan
connections.

7.1 Tractor connections

7.1.1 Definition

Let D : TI ⊗ Γ [T ] → Γ [T ] be a connection on the tractor bundle T → I . We suppose that
it preserves both the tractor metric gIJ and the infinity tractor II . If (σ, u) is a well-adapted
trivialisation, we have in the associated splitting:

σDb

(
σ−1XI

)
=




0
φAb

σ ∇
(τ)
b σ−1

φu
b


 ∈ T ∗

I ⊗X⊥ ⊗ L. (7.1)
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Where φAb ∈ Γ [T ∗I ⊗ π∗TΣ] is a 1-form with values in TI /n, ∇
(τ)
b is a connection on L (extended

to any Lk by tensoriality) and φb ∈ Γ [T ∗I ⊗ L] is 1-form with values in L.
We recall from section 6.3 that we have a canonical identification of X⊥/RX with TI ⊗ L−1.

Consequently, taking the quotient of (7.1) by XI , we obtain an endomorphism of TI :

φab =

(
θAb
φu
b

)
∈ Γ [End (TI )] . (7.2)

Definition 7.1. Tractor connection
Let D : TI ⊗Γ [T ] → Γ [T ] be a connection on the tractor bundle preserving both the tractor metric
gIJ and the infinity tractor II . Let (σ, u) be a well-adapted trivialisation, and let D

(
σ−1XI

)
be

given by (7.1). We will say that D is a tractor connection if the two following properties hold:

• φab is the identity on TI i.e φab = δab

• ∇(τ) : TI ⊗ Γ [L] → Γ [L] is the connection ∇ on L given by the scale σ: ∇l := d
(
σ−1l

)
. In

particular ∇
(τ)
b σ−1 = 0.

Proposition 7.1. The above definition does not depend on a choice of well-adapted trivialisation:
if it holds for a particular well adapted trivialisation (σ, u), it must holds for any other (σ̂, û).

Proof. The first property clearly does not depend on the choice of well-adapted trivialisation. One
can check from the transformation rules (6.5) that the second is invariant as well.

If D is a tractor connection and Y I ∈ Γ [T ] is any tractor field we have, in the splitting given
by a well-adapted trivialisation (σ, u),

DbY
I =




∇b −θbC 0 0

−ξAb ∇
(ω)
b δAC θAb 0

0 ξbC ∇b 0
−ψb −1

2CbC σdub ∇b







Y +

Y C

Y −

Y u


 . (7.3)

Where ∇
(ω)
a is a metric-compatible connection on TΣ, ∇ is the connection on L given by σ, CaB

is a 1-form on I with values in π∗ (T ∗Σ) ⊗ L, ξbA is a 1-form on I with values in π∗ (T ∗Σ) and
ψb is a L

−1-valued 1-form on I .

7.1.2 Torsion

Let Db be a tractor connection and F I
Jcd its curvature. In the splitting given by a well-adapted

trivialisation (σ, u), it reads:

1

2
F I

Jcd =




θ[c
E ξd]E −∇[c

(ω) θd]B 0 0

− ∇[c
(ω)ξd]

A 1
2 F(ω)

A
Bcd + ξ

A
[c θd]B + θ[c

A ξd]B ∇ω
[c θd]

A 0

0 ∇[c
(ω) ξd]B − θ[c

E ξd]E 0

−∇[cψd] +
1
2 C[c

E ξd]E −1
2∇[c

(ω) Cd]B + σdu[c ξd]B +ψ[c θd]B −1
2 C[c

E θd]E 0


 .

(7.4)
We will say that a tractor connection is torsion-free if T I := F I

JX
J vanishes. Let us write

ξbA = ξBA θb
B + ξuA σdub and CbA = CBA θb

B + CuA σdub, the torsion-free condition on D is
equivalent to

ξ[AB] = 0 ξuA = 0 C[AB] = 0 CuA = 0 (7.5)

together with
∇[c

(ω) θd]
A = 0.

In particular this implies that ∇(ω) is the Levi-Civita connection ∇ of hAB = σ−2hAB.
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7.1.3 Relation with Ashtekar/Geroch connections

We here discuss how the equivalence class of connections that have been discussed in [18–24]
naturally appear in our description as an equivalence class of coordinates for the tractor connection.

Let (σ, u) be a well adapted trivialisation and let D be a torsion-free tractor connection. This

defines an affine connection on I as follows: Let V a =

(
V A

V u

)
∈ Γ [TI ] be a vector field. Mak-

ing use the expression (7.3) of the tractor connection and the torsion-free condition, we define a

connection D
(σ,u)
b on TI as:

D
(σ,u)
b V a =

(
∇bδ

A
C 0

−1
2θ

B
b CBC ∇b

)(
V C

V u

)
. (7.6)

This connection is torsion-free and preserves both σna and the metric hab = σ−2hab. The sym-
metric tensor CAB appearing as a coefficient of the tractor connection (7.3) therefore precisely

correspond to a choice of connection D
(σ,u)
b on I as in [20–24]. This construction however ex-

plicitly relies on the choice of well-adapted trivialisation (σ, u) and therefore a tractor connection

really defines an equivalence class of connections {D
(σ,u)
b

∣∣ (σ, u) ∈ well-adapted}. For example,
we leave as an exercise to the reader to verify that, by going from (σ, u) to (σ, û = u− ξ) and
making use of (6.5) one has the transformation rules

(
V̂ A

V̂ u

)
=

(
V A

V u − σdξCV
C

)
, −

1

2
ĈAB = −

1

2
CAb +∇A∇B

∣∣
0
ξ (7.7)

and that this gives

D
(σ,u−ξ)
b V a = D

(σ,u)
b V a +

1

n− 1
∆ξ hbcV

c σna. (7.8)

From the above discussion it should appear clearly that a torsion-free tractor connection defines
an equivalence class of connections on I and that these correspond precisely to the equivalence
class discussed in [20–24]. We will now show that by restricting to a reasonably natural class of
tractor connections (which we call “null-normal”) one can turn this relation into an equivalence.

7.2 Null-normal tractor connections

Everywhere in this section D is a torsion-free tractor connection.

7.2.1 Compatibility with Thomas operator

Let YI be a dual tractor and DbYI be its covariant derivative. Consider the equation DYI = 0. In
the splitting given by well-adapted trivialisation (σ, u):

DbYI =




∇b 0 0 0
−σdub ∇b −θb

C 0
1
2CbA −ξbA ∇b δ

C
A θbA

ψb 0 ξb
C ∇b







Yu
Y+

YC

Y−


 = 0. (7.9)

The first two lines can readily be solved as

YA = ∇AY+, Yu = ∇nY+ = k (7.10)

where k ∈ R is a constant. The third line then is equivalent to

(∇A∇B − ξAB)Y+ +
1

2
CABk + hABY− = 0 (7.11)
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where we made use of the torsion-free conditions (7.5). Taking the trace (with respect to hAB) we
obtain

Y− = −
1

n− 1

((
∆− ξCC

)
Y+ +

1

2
CC

Ck

)
(7.12)

In the end, we obtain a map from Γk [L] to T ∗,

τ 7→




k
τ

∇Aτ

− 1
n−1

((
∆− ξCC

)
τ + 1

2C
C
Ck
)


 (7.13)

this map is pretty close to Thomas operator (6.18). We will say that D is compatible with the
Thomas operator if these two maps coincide. This is equivalent to

ξCC = −σ−2P CC
C = 0. (7.14)

7.2.2 Reduced null-normal Cartan connection

Let D be a torsion-free tractor connection compatible with the Thomas operator. Since the torsion
F I

JX
J vanishes, we can meaningfully restrict the curvature to X⊥/X = TI ⊗ L−1. In a well-

adapted trivialisation (σ, u) this restriction reads

F a
bcd =

(
RA

Bcd + 2 ξ[c
A θd]B + 2 θ[c

A ξd]B 0

∇[c Cd]B + 2 σdu[c ξd]B + 2 ψ[c θd]B 0

)
. (7.15)

where RA
Bcd = RA

BCD θCc θDd is the Riemann tensor of hAB = σ−2hAB.
Let us consider the equation

nc F a
bcd =

(
0 0(

−1
2∂uCDB + ξDB +ψuhDB

)
θd

D 0

)
= 0 (7.16)

where CAB := σ−1CAB, ∂uCAB := LnCAB , ψu := naψa and we made use of the torsion-free
equations (7.5). We will call equations (7.16) the first null-normal equations. They are solved as

ξAB

∣∣
0
=

1

2
∂uCAB, ψu = −

1

n− 1
ξCC =

1

n− 1
σ−2P. (7.17)

where
∣∣
0
means “trace-free part of” and we made use of equations (7.14) given by the compatibility

with Thomas operator.

Definition 7.2. Reduced Null-Normal Cartan connection
Let (I → Σ,hab,n

a) be a null-infinity manifold. We will say that a connection D̃ on the reduced
tractor bundle T /I = π∗TΣ is a reduced null-normal Cartan connection if it is the restriction of a
connection D on T such that

• D is a tractor connection, see definition 7.1

• D is torsion free i.e satisfies equation (7.5)

• D is compatible with Thomas operator i.e satisfies equation (7.14)

• D satisfies the first null-normality equations i.e (7.16).
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If n ≥ 4 we will say that D̃ is the normal Cartan connection if it is the pull-back of the normal
Cartan connection on (Σ,h) (see [34] or proposition below for the definition of the normal Cartan
connection of a conformal manifold).

Proposition 7.2. Let (I → Σ,hab,n
a) be a n-dimensional null-infinity manifold. Then, in a

well-adapted trivialisation, reduced null-normal Cartan connections D̃ must be of the form

D̃bY
I =




∇b −θbC 0
−ξb

A ∇b θb
A

0 ξbB ∇b





Y +

Y C

Y −


 (7.18)

where ∇ is the tensor product of the Levi-Civita connection of hAB = σ−2hAB with the connection
on L given by the scale σ and

• if n ≥ 3,

ξbA =

(
1

2
NAB −

P

n− 1
hAB

)
θb

B

where P = 1
2(n−2)R is the trace of the Schouten tensor and “the Bondi news” NAB is a

symmetric trace-free tensor.

• if n = 2 and splittings of the tractor bundle are given by a Laplace operator L = ∆− 1
4M ,

ξbA =
1

2
M hAB θb

B

where “the 3D mass aspect” M is a function on I .

If n ≥ 4 a reduced null-normal Cartan connection is the normal Cartan connection if −1
2NAB = PAB

∣∣
0

where PAB

∣∣
0
= 1

n−3RAB

∣∣
0
is the trace-free Schouten tensor.

7.2.3 Null-normal Cartan connections

Let D be a connection on T satisfying all the conditions of definition 7.2. The curvature F I
J

∣∣
X⊥/X

must be of the form

F a
bcd = θCc θDd




0 0 0
RA

BCD + 2 ξ[C
A hD]B + 2 δ[C

A ξD]B 0 0

∇[C CD]B + 2 ψ[C hD]B 0 0


 . (7.19)

contracting with hbc we obtain the second null-normal equations:




0 0 0
−σ−2RA

B − (n− 3)ξAB − ξCC δAB 0 0
−1

2∇CC
C
B − (n− 2)ψB 0 0


 = 0. (7.20)

Making use of (7.17), this is solved as

(n− 3)

(
−
1

2
∂uCAB

)
= RAB

∣∣
0
, (n− 2) ψA = −

1

2
∇CC

C
A. (7.21)

Note that for n ≥ 4 equations (7.14), (7.17) and (7.21) imply that ξAB = −PAB . In particular
this implies that the restriction of the connection to the reduced tractor bundle T /I = π∗TΣ is the
pull-back of the normal Cartan connection on (Σ,h).

We now summarize the results of this section.
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Definition 7.3. Null-Normal Cartan connection
Let (I → Σ,hab,n

a) be a null-infinity manifold. We will say that a connection D on the tractor
bundle is a Null-Normal Cartan connection if it satisfies all the items listed in definition 7.2 together
with the second normality equations (7.20).

Proposition 7.3. Let (I → Σ,hab,n
a) be a n-dimensional null-infinity manifold. Then, in the

splitting given by a well-adapted trivialisation, a null-normal tractor connection must be of the form

DbY
I =




∇b −θbC 0 0
−ξb

A ∇b θb
A 0

0 ξbC ∇b 0
−ψb −1

2CbC dub ∇b







Y +

Y C

Y −

Y u


 . (7.22)

where ∇ is the tensor product of Levi-Civita connection of hAB = σ−2hAB with the connection on
L given by the scale σ and

• if n ≥ 4,

CbA = CAB θBb , ξbA = −PAB θBb , ψb = σ
−1

(
1

n− 1
P dub −

1

2(n − 2)
∇CCBC θBb

)

where PAB, P are the Schouten tensor and its trace as defined by equations (2.5),(2.6) and “the
asymptotic shear” CAB = σ−1CAB is a trace-free symmetric tensor satisfying −1

2∂uCAB = PAB

∣∣
0
.

In particular the restriction to the reduced tractor bundle is the normal Cartan connection.

• if n = 3,

CbA = CAB θBb , ξbA =

(
1

2
∂uCAB −

P

2
hAB

)
θBb , ψb = σ

−1

(
1

2
P dub −

1

2
∇CCBC θBb

)

where “the asymptotic shear” CAB = σ−1CAB is a trace-free symmetric tensor. In particular the
restriction to the reduced tractor bundle is obtained by setting NAB = ∂uCAB in proposition 7.2.

• if n = 2, and the splitting of the tractor bundle is defined in terms of a Laplace operator
L = ∆− 1

4M ,

CbA = 0, ξbA =
1

2
M θAb, ψb = σ

−1

(
−
1

2
M dub −NA θAb

)

where “the 3D mass aspect” M is a function on I and “the 3D angular momentum aspect” NA is
a section of π∗T ∗Σ.

For the most physically relevant dimension n+1 = 4 this proposition implies that a null-normal
connection is in one-to-one correspondence with a choice of “asymptotic shear” CAB and thus
(from the discussion of section 7.1.3) with a choice of equivalence class of connection as in [18–24].
The radiative degrees of freedom therefore exactly amounts to a choice of null-normal tractor
connection. We will now prove that “asymptotic shear”, “mass aspect” and “angular momentum
aspect” correspond to the same objects as in section 5 i.e the equivalence of null-normal tractor
connections with Poincaré operators.
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7.3 Equivalence with the strong Null-infinity structure

7.3.1 Poincaré operators and null-normal Cartan connections, n ≥ 3

Let (I → Σ,hab,n
a) be a null-infinity manifold of dimension n ≥ 3. Let D be a null-normal

Cartan connection on its tractor bundle. Let YI be a dual tractor and let l ∈ Γ [L] be the scale
given by l =XIYI . Let us consider the equation DbYI = 0, by proposition 7.3 one has

DbYI =




∇b 0 0 0
−dub ∇b −θCb 0
1
2CbA −ξbA ∇b δ

C
A θbA

ψb 0 ξb
C ∇







Yu
l

YC

Y−


 = 0. (7.23)

(where C, ξ and ψ are functions of hAB and CAB as in proposition 7.3) solving for the first two
lines and the trace of the third, one finds YI = TI (l) where l 7→ TI (l) is Thomas operator, see
equations (6.18) and finally

DbYI = DbTI (l) =




0
0

θBb
(
∇A∇B

∣∣
0
+ 1

2 [CAB ,∇n]
)
l

⋆


 . (7.24)

Therefore DATB (l) coincides with a Poincaré operator (5.1). It follows that the symmetric tensor
CAB from proposition 7.3 coincides with the symmetric tensor parametrising Poincaré operators.
In particular the transformations laws under change of well-adapted trivialisations must be the
same.

Theorem 7.1. Poincaré operators and Null-normal connection
Let (I → Σ,hab,n

a) be a null-infinity manifold of dimension n.

• If n = 3, choices of null-normal tractor connection are in one-to-one correspondence with
choices of Poincaré operator. Choices of generalised Möbius structure are in one-to-one cor-
respondence with choices of null-normal tractor connection on the reduced tractor bundle.

• If n ≥ 4, choices of null-normal Cartan connection are in one-to-one correspondence with
choices of Poincaré operator inducing the canonical Möbius structure on (Σ,hAB).

The discussion that lead to equation (7.24) implies that if YI is covariantly constant with respect
to a null-normal Cartan connection D then l = XIYI must be a zero of the related Poincaré
operator. It is natural to ask about the converse statement. The answer is given by the proposition
below and closes this section.

Proposition 7.4. Let (I → Σ,hab,n
a) be a null-infinity manifold of dimension n. Let P be a

Poincaré operator on I and D be the associated null-normal Cartan connection given by Theorem
7.1. Let YI ∈ Γ [T ∗] be a dual tractor and l =XIYI the associated scale, then

• if n ≥ 4, covariantly constant dual tractors are in one-to-one correspondence with scales
l ∈ Γk [L] which are zeros of P i.e

DYI = 0 ⇔ P (l) = 0. (7.25)

• if n = 3, covariantly constant dual tractor DYI = 0 such that XIYI ∈ Γ0 [L] are in one-to-one
correspondence with constant curvature scale l ∈ Γ0 [L] which are zeros of P i.e

DYI = 0 s.t XIYI ∈ Γ0 [L] ⇔ P (l) = 0 and ∇bR (l) = 0. (7.26)

It there exists such a scale then the equivalence (7.25) holds for all k.
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Proof. The reasoning that lead to (7.24) shows that DbYI = 0 if and only if YI = TI (l) with
l ∈ Γk [L] and

DAYB = PAB (l) = 0, DbY− = ∇bY− +ψbk + ξb
C∇Cl = 0 (7.27)

where ξbA , ψb are given by proposition 7.3. Since YI = TI (l) implies

Y− = −σ−2 1

n− 1
(∆ + P ) l (7.28)

and l ∈ Γk [L] one can check that ny (DY−) = 0 holds identically. We thus only need to understand
the implication of

DAY− = ∇AY− +ψAk + ξA
B∇Bl = 0. (7.29)

This will be a straightforward generalisation of standard results in tractor calculus (see [34] and
[41]): let us consider

DAYB = ∇A∇Bl +
1

2
CABk − ξABl+ hABY− = 0 (7.30)

taking covariant derivative and trace we have

∇ADAYB = ∆∇Bl+
1

2
∇AC

A
Bk −∇Aξ

A
B l − ξ

A
B∇Al +∇BY− = 0 (7.31)

∇BD
AYA = ∇B∆l −∇Bξ

A
A l − ξ

A
A∇Bl + (n− 1)∇BY− = 0 (7.32)

taking the difference and making use of [∇A,∆] = −RAB∇
B and RAB = (n − 3)PAB + PhAB we

obtain

(n−2)
(
∇BY− − σ−2PAB∇

Al
)
−
1

2
∇AC

A
B k+σ−2 (ξAB + PAB − (ξ + P ) hAB)∇

Al+
(
∇Aξ

A
B −∇Bξ

)
l = 0

(7.33)
where ξ = ξCC .

If n ≥ 4, by making use of proposition 7.3 this last equation can be recast as

DAY− = σ−2 1

n− 2

(
∇BPAB −∇AP

)
l (7.34)

however ∇BPAB−∇AP holds identically (see equation (2.11)) which concludes the proof for n ≥ 4.
If n = 3, by making use of proposition 7.3 we can rewrite equation (7.33) as

DAY− = σ−2 1

2

(
∇B∂uCAB +

1

2
∇AR

)
l (7.35)

Let us suppose that l ∈ Γ0 [L] and let us take (σ̂ = l, u) as well adapted trivialisation then P (l) = 0
implies that we must have ∂uĈAB = 0 and the vanishing of DAŶ+ is equivalent to

DAŶ− =

(
1

4
∇AR̂

)
l−1 = 0 (7.36)

i.e σ̂ = l is a scale of constant scalar curvature. Now, suppose that there exists a constant curvature
scale σ ∈ Γ [LΣ] such that P (σ) = 0. In any well-adapted trivialisation of the form (σ, u) we must
have ∂uCAB = 0 (because σ is a zero of P) and ∇AR = 0 (because σ has constant scale curvature).
Therefore if such a scale σ exists and YI is any section such that DbY+ = 0, DbYu = 0, DbYA = 0
(equivalently P (l) = 0 with l = YIX

I ∈ Γk [L]) then DbY− = 0 is automatically satisfied as a
result of (7.35). This concludes the proof.
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7.3.2 Poincaré operators and null-normal Cartan connections, n = 2.

Let (I → Σ,hab,n
a) be a null-infinity manifold of dimension n = 2. Let

L = ∆−
1

4
M : Γk

[
L

1

2

]
→ Γk

[
L−

3

2

]
(7.37)

be a generalised Laplace operator and let D be a null-normal Cartan connection on its tractor
bundle. Let YI be a dual tractor and let l ∈ Γ [L] be the scale given by l = XIYI . From
proposition 7.3 one has

DbYI =




∇b 0 0 0
−σdub ∇b −θCb 0

0 −σ−2 1
2MθbA ∇b δ

C
A θbA

σ−1
(
−1

2Mdub −NAθ
A
b

)
0 σ−2 1

2MθCb ∇b







Yu
l

YC

Y−


 = 0. (7.38)

solving for the three first lines one finds YI = TI (l) where l 7→ TI (l) is Thomas operator, see
equations (6.18) (Recall that in this context our convention is to replace P by −1

2M) and finally

DbYI = DbTI (l) = θA




0
0
0

−σ−1
( (

∇A∆−M∇A − 1
2∇AM

)
l +NAk

)


 . (7.39)

i.e DAY− = −P (l). This therefore proves the following:

Theorem 7.2. Poincaré operators and Null-normal connections.
Let (I → Σ,hab,n

a) be a null-infinity manifold of dimension 2. Choices of null-normal Cartan
connections are in one-to-one correspondence with choices of Poincaré operators.

Proposition 7.5. Let P be a Poincaré operator on I and D be the associated null-normal Cartan
connection given by the Theorem 7.2. Let YI ∈ Γ [T ∗] be a dual tractor and l =XIYI the associated
scale, then covariantly constant dual tractors are in one-to-one correspondence with scales l ∈ Γk [L]
which are zeros of P i.e

DYI = 0 ⇔ P (l) = 0. (7.40)

7.4 Tractor curvature

7.4.1 Curvature tensor, n ≥ 4.

From proposition 7.3 one obtains that, for any dimension n ≥ 4 and for any well adapted triviali-
sation (σ, u), the curvature of a null-normal tractor connection must be of the form

F I
Jcd = θc

Cθd
D




0 0 0 0
CCD

A WA
BCD 0 0

0 −CCDB 0 0
1

n−2∇[C∇
EC(0)

D]E +C(0)
[C

E PD]E −∇[CC
(0)

D]B − 1
n−2∇

EC(0)
E[ChD]B + σ−1u CCDB 0 0




Where the Cotton tensor CABC and the Weyl tensor WA
BCD of hAB are defined as in section 2.2.3

and the “zero mode” of the asymptotic shear C
(0)
AB is a tensor on Σ that we take to be defined by

the relation
CAB = C

(0)
AB − 2σ u PAB. (7.41)

The first three lines of the curvature tensor are the coefficients of the tractor curvature of the
normal Cartan connection of (Σ,hAB) and their vanishing is equivalent to local conformal flatness
of hAB. The last line could be called “the curvature of the zero mode” and encodes the information
which is specific of the null-normal connection.
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7.4.2 Curvature tensor, n = 3.

From proposition 7.3 one can derive that, for n = 3 and for any well adapted trivialisation (σ, u),
the curvature of a null-normal tractor connection must be of the form

F I
Jcd =




0 0 0 0
ǫcd KE ǫ

AE + 2 du[c θd]
D ∂uND

A 0 0 0

0 −ǫcd KE ǫB
E − 2 du[c θd]

D ∂uNDB 0 0
1
2 ǫcd K − 2σ du[c θd]

D KD 0 0 0




Here ǫcd = θc
C θd

DǫCD where ǫAB ∈ Λ2T ∗Σ⊗L2
Σ is the volume form on Σ and ǫAB its inverse. The

news tensor NAB is defined as NAB = ∂uCAB. Finally the curvature elementsKA ∈ Γ
[
T ∗Σ⊗ L−2

]

and K ∈ Γ
[
L−3

]
are given by

KA = −σ−2 1

2

(
∇CNA

C +
1

2
∇AR

)
(7.42)

and

K = ǫCD

(
∇[C∇

ECD]E −
1

2
C[C

E ND]E

)
(7.43)

Both ∂uNAB and KA parametrize the curvature of the generalised Möbius operator (equiv-
alently of the reduced null-normal tractor connection): as we already discussed, ∂uNAB is the
obstruction for this operator to be a genuine Möbius operator on (Σ,hAB) and KA is the obstruc-
tion for this Möbius structure to be integrable. When these two tensors vanish, the whole tractor
curvature is parametrized by a section of L−3 only:

K = ǫCD

(
∇[C∇

EC(0)
D]E −

1

2
C(0)

[C
E ND]E

)
(7.44)

hereC(0)
AB is the “zero mode of the asymptotic shear” CAB = C(0)

AB−
1
2σu NAB . The “curvature

of the zero mode” (7.44) is then the obstruction to existence of solutions to the good-cut equations.

7.4.3 Curvature tensor, n = 2.

Finally, from proposition 7.3 one can derive that, for n = 2 and for any well adapted trivialisation
(σ, u), the curvature of a null-normal tractor connection must be of the form

F I
Jcd =




0 0 0 0
−σ−2 du[c θd]

A ∂uM 0 0 0

0 σ−2 du[c θd]B ∂uM 0 0

4σ−1 du[c θd]
E
(
∂uNE − 1

2∇EM
)

0 0 0


 (7.45)

As we previously discussed ∂uM is the obstruction for the associated generalised Laplace operator
L to induce a genuine Laplace operator on Σ.

The vanishing of this curvature has a nice physical interpretation: Let us suppose that I → Σ is
the boundary of a 3D asymptotically flat space-times then Einstein’s equations implies (see e.g [3])
that the 3D mass aspect and angular momentum aspect must satisfy

∂uM = 0, ∂uNA =
1

2
∇AM. (7.46)

From the intrinsic perspective that we take in this article, one sees that these equations amount to
the flatness of the associated tractor connection.
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8 Gravity vacua degeneracy, “soft modes” and memory effect

In this section we restrict to the most physically relevant case where (I → Σ,hab,n
a) is a null-

infinity manifold over the conformal sphere (Σ,hAB) =
(
Sn−1,hAB(S

n−1)
)
. We wish to show how

the formalism that we presented in this article allows to reproduce, in a completely geometrical
manner, the results from [18–24].

8.1 Gravity vacua

Let
(
I → Sn−1,hab,n

a
)
be a null-infinity manifold over the conformal sphere, we will call the

space of compatible flat strong null-infinity structures the space of “gravity vacua”. Here “flat
strong null-infinity structures” are defined, through theorem 7.1, as strong null-infinity structures
corresponding to flat null-normal tractor connections.

The space of gravity vacua is not a point, there is a whole moduli which is closely related to the
BMS group. In particular, a choice of gravity vacuum amounts to choosing a copy of the Poincaré
group inside the BMS group:

Proposition 8.1. Let
(
I → Sn−1,hab,n

a
)
be a null-infinity manifold. The BMS group acts transi-

tively on the space of flat null-normal tractor connections with stabilisers isomorphic to the Poincaré
group Iso (n, 1) = Rn+1 ⋊ SO(n, 1).

Proof. Let D1 and D2 be two flat null-normal tractor connections. They induce on Sn−1 a normal
tractor connection, however there is a unique normal tractor connection defined on the whole of
Sn−1 so these connections must coincides. In particular, we can pick the scale σ corresponding to
the round sphere metric on Sn−1 and it is a zero of the Poincaré operators associated to both D1

and D2. Since the connections are flat their must exists flat well-adapted trivialisation of the form
(σ, u1) and (σ, u2) for each of these connections. Let us note u2 = u1 − ξ and let us consider the
automorphism of I → Sn−1 inducing the identity on the base and such that Φ∗u1 = u1 − ξ = u2.
Let us write l1 = σu1, l2 = σu2, in particular Φ∗l1 = l2. Let P1,P2 be the Poincaré operator
associated with D1, D2. We have

Φ∗P1 (l2) := Φ∗
(
P1

(
(Φ−1)∗l2

))
(8.1)

= Φ∗ (P1 (l1))

= 0.

Thus (σ, u2) is a flat well-adapted trivialisation for both Φ∗P1 and P2. This implies that the
operator must be the same (in this well-adapted trivialisation they both have zero asymptotic
shear) and thus

Φ∗D1 = D2. (8.2)

This proves the transitivity of the action of the BMS group.
Elements of the BMS group stabilising a gravity vacua correspond to symmetries of the Poincaré

operator: By proposition 5.13 these are isomorphic to the Poincaré group.

An interesting property of the space of gravity vacua is that their behaviour on a well-chosen
open set defines them completely:

Proposition 8.2. Let
(
I → Sn−1,hab,n

a
)
be a null-infinity manifold. Let U be a connected open

set of I such that π (U) = Sn−1 and let DU be a flat null-normal tractor connection on U . Then
there exists a unique flat null-normal tractor connection D on I which coincides with DU on U .
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Proof. The existence of a connection D on I extending DU follows from the fact that vanishing of
the curvature is a PDE. Suppose that D1 and D2 are two flat null-normal connections extending
DU . By proposition 8.1 there must exist a diffeomorphism Φ: I → I such that Φ∗D1 = D2. Let
P1 and P2 be Poincaré operators associated with D1 and D2. Let (σ, u) be a flat well-adapted
trivialisation for P1 and let Ω, ξ be two functions on Sn−1 given by

(
Φ∗σ = Ω−1σ,Φ∗u = Ω(u− ξ)

)
.

By proposition 5.13 we must have

P2 − P1 = Φ∗P1 −P1 (8.3)

=
1

2
Ω−1

[
2 ∇A∇B

∣∣
0
ξ + 2 û ∇A∇B

∣∣
0
Ω−1, ∂u

]
.

It follows from this last relation that if P2 − P1 coincide on U = (α, β) × Sn−1 with α, β ∈ R they
must coincide everywhere.

8.2 Memory effect

We now want to study simple properties of a class of null-normal tractor connections related to
the passage of a finite gravitational wave. Let us consider a (n+1)-dimensional asymptotically flat
space-time with conformal boundary

(
I → Sn−1,hab,n

a
)
.

As we already discussed, in dimension n + 1 = 3 Einstein’s equations imply that null-normal
tractor connections on I must be flat, this correspond to the fact that there is no gravitational
waves in three dimension. In dimension n + 1 ≥ 4 it is known that the information about the
radiation is not encoded in the asymptotic shear and thus not in the tractor connection at null-
infinity. From the intrinsic picture presented here this appears in the following way: by proposition
7.3 the only free parameter in the choice of null-normal tractor connection is the zero mode of the
asymptotic shear: In these dimensions, there is therefore no dynamics that could be related to the
presence of gravitational waves.

However, in the most physically relevant dimension n+1 = 4, the asymptotic shear is completely
unconstrained and by proposition 7.3 parametrizes null-normal tractor connections. The presence
of curvature, where the second derivatives in u for the asymptotic shear appear, correspond to the
presence of gravitational waves: If T I

J cd is a tensor parametrizing the presence of radiations, then
the equation

F I
J cd = T I

J cd (8.4)

can be effectively thought of as an evolution equation for the asymptotic shear.
In particular, tractor connections corresponding to a burst of gravitational waves must be such

that “far in the future” and “far in the past” the tractor connection is flat. For this reason we
will now restricts ourselves to tractor connections which are such that their curvature has compact
support. We will call “neighbourhood of I∞” (resp of I−∞) open subsets U of I such that in
a trivialisation of I → Σ we have U = (ǫ,∞) × Σ (resp (−∞, ǫ) × Σ) with ǫ ∈ R. If D is a
null-normal tractor connection with a curvature of compact support then there must exists U±∞

two neighbourhoods of I±∞ such that the curvature of D vanishes. By proposition 8.2 this defines
two flat null-normal connections D(±∞) on the whole of I such that

(
D −D(±∞)

) ∣∣
U±∞

= 0. (8.5)

In this sense a burst of gravitational waves realizes the transition between two gravity vacua: a
“soft mode” has been excited by the passage of the radiation. By proposition 8.1 there must exists
an element Φ of the BMS group such that

Φ∗D(−∞) = D(∞). (8.6)
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Finally let (σ, u) be a flat well-adapted trivialisation for D(−∞), by proposition 5.13 their must

exits two functions ξ and Ω on Sn−1 such that

Φ∗D(−∞)b −D(∞)b = θBb




0 0 0 0
0 0 0 0
0 0 0 0

−1
2∇CδC

C
B −1

2δCAB 0 0


 (8.7)

with δCAB = σ Ω−1 ∇A∇B

∣∣
0
ξ.

9 Conclusion and outlook

We described a tractor calculus for null-infinity manifolds (I → Σ,hab,n
a) as a generalisation of

the standard tractor calculus of conformal geometry. The essential difference is that there is no
equivalent of the normal Cartan connection, rather we found a infinite family of null-normal tractor
connections in one-to-one correspondence with a particular class of second order differential that
we called “Poincaré operators”.

From the physics point of view, i.e when (I → Σ,hab,n
a) is taken to be the conformal bound-

ary of an asymptotically flat space-times, null-normal tractor connections then correspond to all
possible choices of “asymptotic shear”. In the particular case of four dimensional asymptotically
flat space-times, the asymptotic shear is known to encode the radiative degrees of freedom at null-
infinity. Therefore, in this physically relevant dimension, the picture is especially compelling: the
gravitational radiation then precisely correspond to a choice of null-normal tractor connection.

Tractor calculus is an especially powerful tool to construct conformal invariants [37,41,55]: as
an example, it was explained in [56] how to obtain tractor expressions (i.e manifestly conformally
conformally invariants expressions) for the conformally invariant powers of the Laplacian known as
GJMS operators (after [57]) and similarly for Q-curvature. Since the tractor calculus described in
this work is in all respect similar one can therefore expects to produce, by applying the same algo-
rithms, similar invariants. In particular, when applied to three-dimensional null-infinity manifolds,
this should allow to obtain invariants of the radiative phase space of gravity which would otherwise
be very difficult to guess. As a distinctive example of this phenomenon, we remark that the Poincaré
operators described in this article have, to the best knowledge of the author, never been discussed
previously in the literature, this is despite the fact that this should be one of the simplest possible
differential invariant. From this perspective it also seems that the symplectic form on the phase
space and the BMS charges that have been extensively discussed in the literature [58–62] should
also have tractor expressions (in particular these would be manifestly conformally invariant). It
would also be very illuminating to relate the intrinsic geometrical description that was given in this
article to the geometric action described in [63].

Another aspect which is worth emphasising is the flexibility of the formalism: it can be formu-
lated in a generic dimension and, in particular, naturally encompass the geometry of both 3D and
4D asymptotically flat space-times. Considering how different these two examples might naively
appear, this is a nice surprise. What is more it is known that the (usual) tractor calculus is very
well adapted to studying asymptotically AdS and asymptotically dS space-times (see e.g [41]), it
therefore suggests that results described in this work could serve as a unifying framework to deal
with the difficult question of understanding gravitational wave physics when the cosmological con-
stant is non-zero (see [64–71]). It also seems very likely that a similar geometrical description of the
radiative phase-space should exists for Cauchy surface at finite distance as is for example considered
in the “edge mode” literature [72–80] or when studying symmetries of black-hole horizons [81–83].
There is also certainly a sense in which the result described in this paper must encompass as a
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particular case the geometry of Carroll manifold [51,84–87]. Finally, another intriguing possibility
is to formulate a quantum theory of gravity’s radiative degrees of freedom as a quantum theory on
null-infinity, see [22,88–91] for works in this direction.
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[36] A. Čap and H. Schichl, “Parabolic geometries and canonical Cartan connections,” Hokkaido
Mathematical Journal, vol. 29, pp. 453–505, Feb. 2000.

[37] A. Cap and J. Slovak, Parabolic Geometries I: Background and General Theory. Providence,
R.I: American Mathematical Society, Sept. 2009.

[38] A. R. Gover, “Almost conformally Einstein manifolds and obstructions,” pp. 247–260, 2005.

[39] A. R. Gover, “Conformal Dirichlet-Neumann Maps and Poincaré-Einstein Manifolds,” SIGMA.
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mathématique de France, 1985.

[46] C. Fefferman and C. Graham, The Ambient Metric. Princeton University Press, 2012.
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l’I.H.P. Physique théorique, vol. 3, no. 1, pp. 1–12, 1965.

[51] C. Duval, G. W. Gibbons, P. A. Horvathy, and P. M. Zhang, “Carroll versus Newton and
Galilei: Two dual non-Einsteinian concepts of time,” Classical and Quantum Gravity, vol. 31,
p. 085016, Apr. 2014.

[52] R. Penrose and W. Rindler, Spinors and Space-Time Volume1. Cambridge Monographs on
Mathematical Physics, Cambridge University Press, 1984.

[53] R. K. Sachs, “Asymptotic Symmetries in Gravitational Theory,” Physical Review, vol. 128,
no. 6, pp. 2851–2864, 1962.

[54] G. Barnich and C. Troessaert, “Finite BMS transformations,” Journal of High Energy Physics,
vol. 2016, p. 167, Mar. 2016.

[55] A. R. Gover, “Invariant Theory and Calculus for Conformal Geometries,” Advances in Math-
ematics, vol. 163, pp. 206–257, Nov. 2001.

[56] A. R. Gover and L. J. Peterson, “Conformally Invariant Powers of the Laplacian, Q-Curvature,
and Tractor Calculus,” Communications in Mathematical Physics, vol. 235, pp. 339–378, Apr.
2003.

[57] C. R. Graham, R. Jenne, L. J. Mason, and G. A. J. Sparling, “Conformally Invariant Powers
of the Laplacian, I: Existence,” Journal of the London Mathematical Society, vol. s2-46, no. 3,
pp. 557–565, 1992.

[58] G. Barnich and C. Troessaert, “BMS charge algebra,” Journal of High Energy Physics,
vol. 2011, p. 105, Dec. 2011.

[59] M. Henneaux and C. Troessaert, “BMS group at spatial infinity: The Hamiltonian (ADM)
approach,” Journal of High Energy Physics, vol. 2018, p. 147, Mar. 2018.

[60] E. De Paoli and S. Speziale, “A gauge-invariant symplectic potential for tetrad general rela-
tivity,” Journal of High Energy Physics, vol. 2018, p. 40, July 2018.

[61] M. Henneaux and C. Troessaert, “The asymptotic structure of gravity at spatial infinity in
four spacetime dimensions,” arXiv:1904.04495 [gr-qc, physics:hep-th], Apr. 2019.

[62] G. Barnich, P. Mao, and R. Ruzziconi, “BMS current algebra in the context of the New-
man–Penrose formalism,” Classical and Quantum Gravity, vol. 37, p. 095010, Apr. 2020.
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