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We investigate and we review the formation of two-dimensional dissipative rogue waves in cavity nonlinear optics with
transverse effects. Two spatially extended systems are considered for this purpose: the driven Kerr optical cavities
subjected to optical injection and the broad-area surface-emitting lasers with a saturable absorber. We also consider a
quasi two-dimensional system (the two dimensions being space and time) of fiber laser described the complex cubic-
quintic Ginzburg-Landau equation. We show that rogue waves are controllable by mains of time-delay feedback and
optical injection. We show that without delay feedback transverse structures are stationary or oscillating. However,
when the strength of the delay feedback is increased, all the systems generate giant two-dimensional pulses that appear
with low probability and suddenly appear and disappear. We characterize their formation by computing the probability
distribution which shows a long tail. Besides, we have computed the significant wave height which measures the mean
wave height of the highest third of the waves. We show that for all systems the distribution tails expand beyond two
times the significant wave height. Furthermore, we also show that optical injection may suppress the rogue wave
formation in a semiconductor laser with saturable absorber.

Rogue waves are observed in many natural systems and
they consist of large-amplitude pulses that appear with
low probability, unexpectedly and suddenly. In the ocean,
rogue waves appear on the surface of the water and may
provoke tragic accidents. The long tail probability dis-
tribution is the fundamental characteristic of accounting
for the generation of rogue waves. The theory of rogue
waves either in time or in space has been mainly estab-
lished in one-dimensional systems in the framework of the
nonlinear Schrodinger equation. However, this paradig-
matic equation suffers from collapse dynamics and unfor-
tunately, no bounded solution is possible in two or more
dimensions. In this contribution devoted to honoring Pro-
fessor Enrique Tirapegui on the occasion of his 80th an-
niversary, we investigate the formation of two-dimensional
rogue waves in cavity nonlinear optics. Two dissipative
systems are considered: the driven Kerr optical cavities
subjected to optical injection and the broad-area surface-
emitting lasers with saturable absorber. We investigate the
control of rogue waves in these systems by the optical in-
jection and time-delayed feedback. We also show that that
rogue waves are controllable by mains of time-delay feed-
back in a quasi two-dimensional system (the two dimen-
sions being space and time) of fiber laser described the
complex cubic-quintic Ginzburg-Landau equation.

I. INTRODUCTION

Spatial and/or temporal nonlinear optical cavities support
dissipative structures with the explosive growth of the dissi-
pative soliton or localized structures theme, as witnessed by

recent overviews1–13. In the temporal regime, frequency comb
generation in microresonators has witnessed a sudden accel-
eration in recent years thanks to applications in metrology and
spectroscopy14,15. Frequency comb generated in Kerr cavity
is nothing but the spectral content of stable localized structure
occurring in the cavity on the top of low background.

This paper is intended to report on recent progress in con-
trol of rogue waves in nonlinear optics. Indeed, during last
decade, the studies of rogue waves (RWs) in optics has expe-
rienced exponential growth after their first demonstration in
fiber optics in 200716. Recent reviews on optical RWs may be
found in17–24,29. RWs are statistically rare pulses of giant am-
plitude, much greater with respect to the averaged amplitude
of the surrounding waves. They are often called extreme or
abnormal events and are characterized by a long tail probabil-
ity distribution16,19–21. RWs in fiber optics are easy to gener-
ate in a controlled way experimentally and are well described
by the Nonlinear Schrodinger Equation (NLSE)30 as are also
the deep ocean waves31. Therefore, they have provided many
insight in the origin and properties of ocean RWs - the pri-
mary field of RWs interest31. The interplay of dispersion and
nonlinearity in the NLSE gives rise to modulational instabil-
ity, i.e. an exponential growth of small perturbations. Mod-
ulational instability is an important mechanism for creation
of ocean and optical RWs as shown by Peregrine32. Indeed,
Peregrine solitons have been found experimentally in water
wave tank33,34 and in optical fiber35,36. Complicated wave
dynamics may also appear as a result of nonlinear interac-
tion between unstable frequencies. For example, interaction
between two solutions of the NLSE in the form of Akhme-
diev breathers and their collision has been studied analyti-
cally in37. However, NLSE does not admit two-dimensional
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solutions due to collapse dynamics. The overwhelming part
of optical RW research is in nonilinear fiber optics with re-
cent numerous studies on RWs in fiber lasers20,21,29,38. As a
matter of fact, RWs are quite universal phenomenon and oc-
cur in many fields of optics21. Recent studies have shown
that spatially extended systems may also exhibit RWs40–47.
Fiber lasers are an example of dissipative systems that can-
not be described by the NLSE. Often, mode locking and RW
dynamics in fiber lasers is achieved by inserting a saturable
absorber (SA) in the cavity or utilizing nonlinear polariza-
tion evolution followed by intensity discrimination in a po-
larization splitter27–29,38,39. Semiconductor lasers with SA
also display complex temporal dynamics48–57. Alternatively,
mode-locking may be achieved by crossed-polarization gain
modulation caused by the reinjection of a polarization-rotated
replica of the laser output after a time delay58,59. Recently,
an analysis of rogue waves supported by experimental data in
a semiconductor microcavity laser with intracavity saturable
absorber has been reported52,56.

The purpose of this paper is to present the recent progress
on theoretical studies of RWs in two-dimensional nonlinear
dissipative systems: driven optical cavities subjected to opti-
cal injection and broad-area surface-emitting lasers with sat-
urable absorber. In section II we characterize the formation
of 2D rogue waves in broad-area surface-emitting laser with
a saturable absorber and their control by optical injection and
time-delayed feedback. In section III we discuss the occur-
rence of 2D RWs in the Lugiato-Lefever Model with a delay
feedback. In section IV we consider a quasi two-dimensional
system (the two dimensions being space and time) of fiber
laser described the complex cubic-quintic Ginzburg-Landau
equation and show that rogue waves in this system are con-
trollable by mains of time-delay feedback. We conclude in
section V.

II. SURFACE-EMITTING LASER WITH A SATURABLE
ABSORBER

It has been numerically demonstrated that a broad-area
surface-emitting laser with a saturable absorber is capable
of generating two-dimensional spatial rogue waves either by
strong pumping54 or by optical feedback57. Experimentally,
spatiotemporal chaos and extreme events have been demon-
strated in an extended microcavity laser in 1D configuration52.
Here, we demonstrate that optical injection and time-delayed
optical feedback can strongly impact the spatiotemporal dy-
namics and either suppress or help RW formation. We con-
sider the mean field model describing the space-time evolu-
tion of light generated by a broad-area vertical-cavity surface-
emitting laser (VCSEL) with saturable absorption49. We sup-
plement this model by adding a term f (Ein j,∆ω,η ,τ,φ ,E)
to the equation for the slowly varying electrical field that de-
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FIG. 1. (colors online) Homogeneous steady state solutions: (a) soli-
tary laser with saturable absorber (Eqn. (7) with parameters A (red)
and B (blue); (b) laser with optical injection with ∆ω = 0 and pa-
rameters (A) with Ei = 1.3 (blue) and (B) with Ei = 3.2 (green) cal-
culated by Eqn. (15). Also shown are bifurcation diagrams (plot of
maxima and minima of intensity time-trace) obtained by integration
of Eqn. (2)-(3) without the Laplacian: in red - parameter set A and
in magenta -parameter set B. (c) Laser with optical feedback with
η = 0.1, τ = 50, φ = 0 and parameters (A) red color; parameters (B)
blue color.

scribes either optical injection or optical feedback

dE
dt

=
[
(1− iα)N +(1− iβ )n−1+(i+δ )∇2

⊥
]

E (1)

+ f (Ein j,∆ω,η ,τ,φ ,E),
dN
dt

= b1

[
µ−N

(
1+ |E|2

)]
, (2)

dn
dt

=−b2

[
γ +n

(
1+ s |E|2

)]
. (3)
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Here E is the slowly varying mean electric field envelope. N
(n) is normalized carrier density, α (β ) is the linewidth en-
hancement factor and b1 (b2) is the ratio of photon lifetime
to the carrier lifetime in the active layer (saturable absorber)
(normalization is the same as in49). µ is the normalized in-
jection current in the active material, γ measures absorption
in the passive material and s = a2b1/(a1b2) is the saturation
parameter with a1(2) the differential gain of the active (ab-
sorptive) material. The diffraction of intracavity light E is
described by the Laplace operator ∇2

⊥ acting on the transverse
plane (x,y) and complex coefficient in which δ accounts for a
phenomenologically introduced diffusion of the electric field
that accounts for the final gain bandwidth48,60. Carrier dif-
fusion and bimolecular recombination are neglected. Time
and space are scaled to the photon lifetime τp and diffraction
length, respectively.

A. Spatiotemporal dynamics and rogue waves in a solitary
laser

Without optical injection or feedback,
f (Ein j,∆ω,η ,τ,φ ,E) = 0, the systems of this type have
a trivial off solution49,53

E = 0 , N = µ , n = γ , (4)

that becomes unstable in a pitchfork bifurcation at the lasing
threshold µth = 1+ γ . The nontrivial spatially homogeneous
steady state solution (HSS) is obtained by using E = Aeiω0t ,
I0 = A2 and equating the time derivatives to zero

N =
µ

1+ I0
, n =− γ

1+ sI0
, (5)

iω0 =
µ(1− iα)

1+ I0
− γ(1− iβ )

1+ sI0
−1. (6)

From the real and imaginary parts of the Eqn. (6) we obtain

µ

1+ I0
− γ

1+ sI0
= 1, (7)

ω0 =
µα

1+ I0
− γβ

1+ sI0
or ω0 = α +

γ(α−β )

1+ sI0
. (8)

Here ω0, the lasing frequency for the solitary laser, depends
on the intensity I0 if the linewidth enhancement factors for the
active and saturable absorber regions are different. At thresh-
old ω0,th = α + γ(α−β ).

Due to the saturable absorption the pitchfork bifurcation is
subcritical for s > 1 with the branch folding in a saddle-node
bifurcation at µfold =

(√
s−1+

√
γ
)2
/s. This gives rise to a

typical S-shape light vs current characteristics, where lasing
solutions coexist with a stable off solution - see the red-color
curve in Fig. 1(a).

We consider two sets of laser parameters: set (A) α = 2,
β = 0, b1 = 0.04, b2 = 0.02, γ = 0.5, s = 1051 and set (B)

(a)

(b)

FIG. 2. Snapshots of optical intensity in logarithmic scale for the
2D model of a solitary laser with saturable absorber with an extreme
event captured. (a) and (b) correspond to parameter sets (A) and (B)
with µ = 1.6 and µ = 3.2, respectively.

α = 2, β = 1, b1 = 0.04, b2 = 0.04, γ = 2, s = 154. In-
jection current µ is control parameter. We integrate numer-
ically Eqs. (1)-(3) by using the standard split-step method
with periodic boundary conditions and setting δ = 0.01. It
has been shown in54 that, for the parameter set (B), a stable
cavity soliton solution may coexist in a certain region of in-
jection currents with a stable spatiotemporal chaotic solution,
a stable nonlasing solution and unstable homogeneous lasing
solution. Typical 2D spatial profiles of the chaotic state with
apparent extreme events are displayed in Figs. 2(a) and 2(b)
for the sets (A) and (B) and µ = 1.6 and µ = 3.2, respectively.
The appearance of RWs is also confirmed by the correspond-
ing maximum intensity probability distributions in Fig. 3(a)
and 3(b) (red dots): both distribution tails expand beyond the
red-dashed lines denoting two times the respective Significant
Wave Height (SWH). The SWH is defined as the mean height
of the highest third of waves.

B. Optical injection control of spatiotemporal dynamics and
rogue waves

The case of optical injection is described by Eqs. (1)-(3)
with

f (Ein j,∆ω,η ,τ,φ ,E) = Ein jei(ωi−ω0,th)t , (9)

where Ein j is the strength of the optical injection and
ωin j −ω0,th = ∆ω is the frequency detuning of the injected
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monochromatic light with angular frequency ωin j with respect
to the solitary laser frequency at threshold ω0,th = α + γ(α−
β ). The explicit time dependence in Eqn. 9 can be removed
by subsisting E = Ẽei(ωi−ω0,th)t resulting in

dẼ
dt

+ i(ωi−ω0,th)Ẽ = [(1− iα)N +(1− iβ )n−1] Ẽ +Ein j,

(10)
or

dẼ
dt

= [(1− iα)N +(1− iβ )n−1− i∆ω] Ẽ +Ein j, (11)

where ∆ω = ωi −ω0,th. HSS of the laser when subject to
optical injection is found by substituting Ẽ = AeiΨ, equating
the time derivative to zero and using Eqn. 5[

(1− iα)
µ

1+A2 − (1− iβ )
γ

1+ sA2 −1− i∆ω

]
(12)

×A(cosΨ+ isinΨ)+Ein j = 0.

Denoting SR(A) =
(

µ

1+A2 −
γ

1+ sA2 −1
)

A and SI(A) =(
− αµ

1+A2 +
βγ

1+ sA2 −∆ω

)
A we obtain a system of two

nonlinear algebraic equations for the two variables A and Ψ

SR cosΨ−SI sinΨ+Ein j = 0, (13)
SR sinΨ+SI cosΨ = 0. (14)

Expressing tanΨ = −SI/SR from Eqn. 14 and replacing it in
Eqn. 13 leads to a nonlinear algebraic equation of a single
variable A

SR +
S2

I
SR
±Ein j

√
1+

S2
I

S2
R
= 0. (15)

Due to the optical injection the previously stable off-branch
disappears - see Fig. 1(b). The typical S-shape of the light
vs current characteristics for the parameter set (A) - the red-
color curves in Fig. 1(a) - also disappears while a Hopf bi-
furcation leading to time-periodic dynamics becomes evident
from the bifurcation diagram (plot of maxima and minima of
intensity time-traces) obtained by integration of Eqn. (2)-(3)
without the Laplacian - see Fig. 1(b). On the contrary, a re-
versed hysteresis (switching from high to low intensity with
injection current) appears for the parameter set (B) - see the
magenta/green-color curves in Fig. 1(b).

Optical injection may also considerably alter the spatiotem-
poral chaos behavior. In Fig. 3, we demonstrate that optical
injection can eliminate the RWs for specific injection parame-
ters. As shown by the blue dotted curves, the pulse maximum
amplitude distributions shrink and withdraw in front of the
respective 2SHW (dashed blue) lines. Optical injection has
been shown to lead to RW generation in small-area (emitting
on the fundamental transverse mode) vertical-cavity surface-
emitting laser61. This happens after the injection locking re-
gion is exited for increased injection strength through a re-
gion of periodic oscillations, which undergo period doubling
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FIG. 3. (color on line) Statistical distributions of pulse height of
spatiotemporal chaos in the model of a broad-area surface-emitting
laser with a saturable absorber and parameter set: (a) set (A) with
µ = 1.6, Ein j = 0 (red) and Ein j = 1.3, ∆ω = 0 (blue); and (b) set
(B) with µ = 3.2 and Ein j = 0 (red) and Ein j = 1.2, ∆ω = 0 (blue).
The dashed 2SWH lines (twice the significant wave height) denote
the corresponding criteria for RWs appearance.

sequence towards chaos. Events with extreme amplitude are
observed close to the border but inside the chaotic region.

The impact of the frequency detuning ∆ω of the injected
light with respect to the solitary laser frequency at threshold
is illustrated in Fig. 4 for the two sets A and B of parame-
ters. For the parameter set (A), µ = 1.6 and Ein j = 1.3 chosen
so that the RWs formation is suppressed, introducing a small
detuning of ∆ω = 1 (blue curve) or ∆ω = 2.5 (green curve)
leads to a restoration of the RWs. However, for the param-
eter set (B) with µ = 3.2 and Ein j = 1.2, depending on the
detuning the system can either stay in a regime of RW forma-
tion (the green curve for ∆ω = −10) or can exit this regime
(the blue curve for ∆ω = −5). In all case, introducing fre-
quency detuning between the injected light and the broad-area
laser impacts strongly the observed spatiotemporal dynamics
and can efficiently control the RWs formation. For stronger
injection and/or larger frequency detuning the spatiotempo-
ral chaos disappears and the laser switches to a homogeneous
state stabilized by the optical injection.



5

0 2 4 6 8

Pulse amplitude

10
0

10
2

10
4

N
u
m

b
e
r 

o
f 
e
v
e
n
ts

2 SHW 2 SHW2 SHW

(a)

0 1 2 3 4 5 6 7

Pulse amplitude

10
0

10
2

10
4

N
u
m

b
e
r 

o
f 
e
v
e
n
ts

2 SHW2 SHW

(b)

FIG. 4. (color on line) Statistical distributions of pulse height of
spatiotemporal chaos in the model of a broad-area surface-emitting
laser with a saturable absorber and optical injection illustrating the
role of the frequency detuning: (a) set (A) with µ = 1.6 and Ein j = 0,
∆ω = 0 (red); Ein j = 1.3, ∆ω = 1 (blue); and Ein j = 1.3, ∆ω = 2.5
(green).(b) set (B) with µ = 3.2 and Ein j = 0, ∆ω = 0 (red); Ein j =
1.2, ∆ω =−5 (blue) and Ein j = 1.2, ∆ω =−10 (green).

C. Optical feedback control of spatiotemporal dynamics and
rogue waves

The case of optical feedback is given by53,62,63

f (Ein j,∆ω,η ,τφ) = ηeiφ E(t− τ). (16)

The optical feedback is described by its strength η , phase
φ and time delay τ . It is provided by a distant mirror in
a self-imaging configuration, i.e. light diffraction in the ex-
ternal cavity is compensated51. The time delayed feedback
can shift both the threshold pitchfork and the folding bifur-
cation points. It may also lead to a drift bifurcation so that
solitons begin to move53,64,65,67–69 and to RW formation as
recently demonstrated for one-dimensional21,70,71 and two-
dimensional systems57. Optical feedback may also induce
RWs in small area (single mode) semiconductor lasers in the
short-cavity regime, such that the external cavity round-trip
time is shorter than the laser relaxation oscillation period72.

HSSs for the carrier densities in the active medium and sat-
urable absorber sections are the same as Eqns. 5. For the
electric field we substitute in Eqn. 2 with the feedback term
as given by Eqn. 16, E → Aei∆ωt with ∆ω = ω −ω0,th and
dA/dt = 0 resulting in

i∆ω = (1− iα)N +(1− iβ )n−1+ηeiφ e−i∆ωτ . (17)

Separating the real and imaginary parts, we obtain two real
equations for two variables I0 and ∆ω

µ

1+ I0
− γ

1+ sI0
−1+η cos(∆ωτ−φ) = 0, (18)

−∆ω−α
µ

1+ I0
+β

γ

1+ sI0
−η sin(∆ωτ−φ) = 0. (19)

These equations are quadratic with respect to I0. From the first
one we obtain

µ(1+ sI0)− γ(1+ I0) = (1+ sI0)(1+ I0)ζ , or (20)

ζ sI2
0 +(ζ +ζ s+ γ− sµ)I0 +ζ + γ−µ = 0

with ζ = 1−η cos(∆ωτ−φ). Its solutions are

I0 =−b±
√

D , b = (ζ +ζ s+ γ− sµ)/(2ζ s), (21)

D = b2− (ζ + γ−µ)/(ζ s).

These analytical solutions when plugged in Eqn. 19 lead to
nonlinear transcendental equations for a single variable ∆ω .
Due to the external cavity multiple solutions of Eqns. 18 and
19 appear, called external cavity modes, which number in-
creases with the delay time τ and feedback strength η62,63.
Examples of the HSSs for the parameter sets (A) and (B) are
shown in Fig. 1(c) for time delay of τ = 50 and η = 0.1. The
single curves from Fig. 1(a) are now split in multiple inter-
twined curves corresponding to the different external cavity
modes.

We consider optical feedback with a time-delay of τ = 50,
phase φ = 0 and three feedback strengths: η = 0.1, η = 0.3
and η = 0.5 shown in, respectively, red, blue and green color
in Fig. 5. The currents of µ = 1.6 and µ = 3.2 for the (A) and
(B) set of parameters are chosen such that the laser operates in
the RWs generation regime. In this case, the optical feedback
leads to a strong increase of the amplitude of the pulses - see
the blue and green curves in Fig 5. Furthermore, the probabil-
ity of events with amplitude beyond two times the SWH also
increases: it changes as 5.5×10−5, 4.9×10−5 and 5.3×10−5

for the red, blue and green curves, respectively for the param-
eter set (A) and as 3.7× 10−5, 1.33× 10−4 and 1.31× 10−4

for the parameter set (B). Alternatively, when the solitary laser
is operating in a regime devoid of RWs, the optical feedback
may lead to appearance of RWs. In Fig. 6(a) the laser without
optical feedback exhibits a subcritical Turing type of bifur-
cation allowing for the formation of cavity soliton. When the
laser is subject to time-delayed feedback the cavity soliton ex-
periences a period-doubling bifurcation to spatially localized
chaos51. For stronger feedback it enters a regime of spatiotem-
poral chaos with RWs present - see Fig. 6(b). Statistical anal-
ysis of pulse height distribution of spatial-temporal chaos is
presented in Fig. 6(c). The long-tailed statistical contribution
serves as a signature of the presence of rogue waves: rogue
waves with pulse heights more than twice the SWH appear in
the system.

III. LUGIATO-LEFEVER MODEL

Another problem which produces stable localized struc-
tures in one and in two-dimensional setting73,74 is a ring cav-
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FIG. 5. (color on line) Statistical distributions of pulse height of
spatiotemporal chaos in the model of a broad-area surface-emitting
laser with a saturable absorber and optical feedback with time delay
of τ = 50, phase φ = 0 and three feedback strengths: η = 0.1 (red);
η = 0.3 (blue) and η = 0.5 (green). (a) set (A) with µ = 1.6 and (b)
set (B) with µ = 3.2.

ity filled with a Kerr media and driven coherently by an ex-
ternal injected signal. This simple device is described by
the paradigmatic Lugiato-Lefever equation (LLE,75), and it
is one the most studied equation in nonlinear optics and in
laser physics. Due to the richness of its spectrum of dynamical
behaviors, this simple model has attracted considerable theo-
retical studies. Periodic pattern such as hexagons76,77, ape-
riodic localized patterns73,74,78, fronts propagation79,80, Eck-
haus instability affecting the pattern wavelength81, and spa-
tiotemporal chaos82–84 are among the phenomena that have
been predicted. In terms of applications, the LLE is the best
model for the theoretical investigation of Kerr optical fre-
quency comb generation using integrated ring resonators or
whispering gallery mode cavities (see an excellent review on
this issue by Lugiato and collaborators85).

We propose to investigate the formation of two-dimensional
spatial rogue waves based on the time delayed feedback con-
trol scheme. To this aim, we implement in the LLE an
optical time-delayed feedback57,64–66 as a single round-trip
delay term, i.e. as suggested by Rosanov86 and Lang and
Kobayashi62

dE
dt

= ia∇
2
⊥E−(1+ iθ)E+ i|E|2E+Ei+ηeiφ E(t−τ). (22)

Here E =E(x,y, t) is the normalized mean-field cavity elec-
tric field, θ is the frequency detuning parameter and losses are
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FIG. 6. (color on line) Laser with saturable absorber for injection
current of µ = 1.45: snapshots of optical intensity (a) cavity soliton
in a solitary laser; (b) laser with optical feedback - an extreme event
is captured; (c) statistical distributions of pulse height demonstrating
RW generation. Feedback parameters are: time delay τ = 50, phase
φ = 0 and feedback strength η = 0.3.

normalized to unity. Diffraction is modeled by the Laplace op-
erator ∇2

⊥ with diffraction coefficient a. Ei is the input field
amplitude assumed to be real and homogeneous, i.e. inde-
pendent of the transverse coordinates. The delay feedback
is modelled by an external cavity operating in a self-imaging
configuration64,65 and is characterized by the time-delay τ ,
feedback strength η and phase φ .

In the absence of delay feedback, the LLE has been de-
rived from other systems such as all-fiber cavities87 and whis-
pering gallery mode resonators88. In these two systems, the
diffraction term modeled by the Laplace operator is replaced
by a chromatic dispersion effect modeled by a second deriva-
tive for the retarded time ξ (slow time) in the reference frame
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FIG. 7. (color online) (a) Localized structure in the 2D Lugiato-
Lefever model without optical feedback. Parameters are θ = 1.65
and Ei = 1.18. (b) Spatiotemporal chaos induced by optical feed-
back: a snapshot of the intensity in the x-y plane with an extreme
event captured. (c) Statistical distribution of the pulse height in
the spatiotemporal chaos regime with SWH denoting the significant
wave height and the dashed line indicating 2 x SWH. Optical feed-
back parameters are η = 0.2, τ = 10, and φ = 0.

moving with the group velocity of light. When considering
the combined influence of diffraction and chromatic disper-
sion, the spatiotemporal dynamics of broad area cavities are
ruled by the 3D LLE where the Laplace operator acts on the
3D Euclidean space (x,y,ξ )89–91. The LLE has also been re-
covered for a cavity with left-handed materials92–95 where the
diffraction coefficient is negative. More recently, the LLE has
been derived from a chain of closely coupled silver nanopar-
ticles embedded in a glass96.

In the absence of delay feedback, i.e. η = 0, a single or
multipeak stationary localized structures are formed. The ex-

istence of stable stationary localized structures does not re-
quire a bistable homogeneous response curve. They can be
generated in the monostabe regime. The prerequisite condi-
tion for their formation is the coexistence between a single ho-
mogeneous flat solution and the spatially periodic pattern73,78.
This coexistence occurs in the monostable regime 41/30 <

θ <
√

3. An example of a single stationary localized struc-
ture in the monostable regime is shown in Fig. 7(a). The LLE
parameters are θ = 1.65, Ei = 1.18 and a = 1−0.1i. The rel-
ative stability analysis has shown that the only stable periodic
pattern in two-dimensions are hexagons, other symmetries are
unstable77. The interaction of well-separated bright localized
structures has been also discussed97,98.

The delay feedback may be at the origin of a drift bifur-
cation leading to motion of a stationary localized structure in
variety of optical systems64,65,67 when the product ητ reaches
the value of +1 for φ = π . This is also the case for the LLE
as demonstrated in68. It is also shown in68, that with increas-
ing the strength of the optical feedback the drift bifurcation
is followed by an Andronov-Hopf bifurcation, leading to un-
damped oscillations of the drifting soliton; and latter on by
a well-developed spatiotemporal chaotic regime. The appear-
ance of rogue waves in the OF-induced spatiotemporal chaotic
dynamics in the LLE is demonstrated in21.

In high-intensity regime, experiments show evidence of
complex spatiotemporal dynamics in whispering gallery mode
resonators99,100 and in all fiber cavities with a Kerr-type
media99,101. The theoretical characterization of spatiotem-
poral dynamics have been achieved by computing Lyapunov
exponents. From dynamical systems theory, Lyapunov ex-
ponents constitute adequate tools that allow not only for the
characterization but also for the classification of various com-
plex spatiotemporal behavior such as spatiotemporal chaos,
low dimensional chaos, and turbulence. In the former case, the
spectrum has a continuous set of positive Lyapunov exponents
indicating that the complex behavior observed belongs to the
class of spatiotemporal chaos. Two routes to spatiotemporal
chaos have been identified either through a period-doubling
scenario82 or through an extended quasiperiodicity83. Be-
sides, the Kaplan-Yorke dimension, as an extensive quan-
tity which increases with the system size, has also been
estimated82,83.

Figs. 7(b) and (c) present an example of RWs in a spa-
tiotemporal chaos regime caused by optical feedback in LLE,
which, without optical feedback, supports cavity solitons as
shown in Fig. 7(a). Optical feedback parameters are η = 0.2,
τ = 10, and φ = 0. Fig. 7(b) shows a snapshot of the inten-
sity in the x-y plane with an extreme event captured. Fig. 7(c)
shows a statistical distribution of the pulse height. This figure
shows a non Gaussian statistics of the wave intensity, with a
long tail of the probability distribution typical for rogue waves
formation. Extreme events with amplitude beyond twice the
SWH are apparent. This is a remarkable spatiotemporal prop-
erty found in spatially extended dynamical systems.

Alternatively, RWs can be generated by strong optical in-
jection in LLE without optical feedback85. This is demon-
strated in Fig. 8(a-b) for Ei = 2. Fig. 8(a) shows a snap-
shot of the intensity in the x-y plane with an extreme event
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FIG. 8. (color online) RWs generation in spatiotemporal chaos
regimes induced by strong optical injection with Ei = 2: (a) a snap-
shot of the intensity in the x-y plane with an extreme event captured
and (b) statistical distribution of the pulse height. (c) Comparison
of the statistical distribution of the pulse height for the case of opti-
cal injection acting alone and optical injection and feedback acting
simultaneously: Ei = 1.18 η = 0.2 (red curve); Ei = 3 η = 0 (blue
curve); and Ei = 4 η = 0.5 (green curve).

captured and Fig. 8(b) shows a statistical distribution of the
pulse height. Fig. 8(c) shows how the statistical distribution
of the pulse height in this case is modified if we add opti-
cal feedback. It presents a comparison of the statistical dis-
tribution of the pulse height for the case of optical injection
acting alone and optical injection and feedback acting simul-
taneously: Ei = 1.18 η = 0.2 (red curve); Ei = 3 η = 0 (blue
curve); and Ei = 4 η = 0.5 (green curve). Strong modification
of the shoulder of the distribution responsible for high ampli-
tude events clearly occurs when optical injection and feedback
act simultaneously.
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FIG. 9. (color online) Complex cubic-quintic Ginzburg-Landau
equation with parameters: δ = −0.1, D = 1, β = 0.3, ε = 0.3,
µ = −0.001 and ν = 0.1. (a) a space-time maps of intensity distri-
bution and (b) the corresponding statistical distributions of the pulse
height. A laser without optical feedback.

IV. OPTICAL FEEDBACK CONTROL OF EXTREME
EVENTS IN FIBER LASER

One of the optical systems in which RWs have been exten-
sively studied both experimentally and theoretically are fiber
lasers29. Fiber lasers are not only employed in many ap-
plications as excellent sources of ultrashort pulses but have
led to many discoveries in soliton dynamics; such as, soli-
ton molecules102, soliton explosion103, soliton rain104, rogue
waves39, etc. Often, fiber lasers are modeled by the complex
cubic-quintic Ginzburg-Landau equation (CGLE)103,105–107.
Recently, the CGLE has predicted the existence of dissipa-
tive solitons with spikes on top of them that can take ex-
tremely large amplitudes108. Oscillating and chaotic dissipa-
tive soliton have been predicted for the CGLE in109. Here, we
show that an oscillating soliton dynamics can be substantially
impacted by optical feedback converting it to spatiotemporal
chaotic dynamics accompanied by rogue wave generation. To
this aim, we introduce optical feedback to the CGLE in a simi-
lar way as we have done for the case of a nonlinear fiber cavity
described by the LLE71. The cubic-quintic CGLE with optical
feedback reads

∂E
∂ z

= δE +(β + i
D
2
)

∂ 2E
∂ t2 +(ε + i)|E|2E (23)

+ (µ + iν)|E|4E +ηeiφ E(t− τ).



9

(a)

0 10 20 30 40 50

Pulse amplitude

10
-1

10
0

10
1

10
2

10
3

10
4

N
u
m

b
e
r 

o
f 
e
v
e
n
ts

2 SHW

(b)

FIG. 10. (color online) Same as Fig. 9 but for a laser with optical
feedback with η = 0.5, tau = 1 and φ = 0.

Here, t is the retarded time in the frame moving with the pulse,
z is the propagation distance, D is the dispersion, ν is the the
saturation coefficient of the Kerr nonlinearity, δ is linear gain-
loss difference, ε is the nonlinear gain, β accounts for the
spectral filtering and µ is the saturation of the nonlinear gain.
Figs. 9 and 10 show the calculations performed by the spilt-
step method on Eqn. (24) with parameters: δ =−0.1, D = 1,
β = 0.3, ε = 0.3, µ =−0.001 and ν = 0.1. Fig. 9(a) and Fig.
10(a) show snapshots of intensity distribution along the fast
time variable t and Fig. 9(b) and Fig. 10(b) show the corre-
sponding statistical distribution of the pulse height. Fig. 9is
the case without optical feedback and Fig. 10 is with optical
feedback with η = 0.5, tau = 1 and φ = 0. Without feedback
the dissipative soliton is oscillating in time as shown in Fig.
9(a). In this case no extreme events are generated as evident
by the statistical distribution of the pulse height shown in Fig.
9(b). Applying optical feedback converts the oscillating soli-
ton to spatiotemporal chaos as illustrated in Fig. 10(a). In
this case, RWs are generated as evident in Fig. 10(b) by the
long-tail of the pulse-height statistical distribution extending
beyond the two-time the significant wave height.

RWs in fiber lasers were experimentally studied since
2011110. So far, rogue waves with different pulse durations
in fiber lasers have been observed29. Motivated by soliton
study in 2D material-based fiber lasers111, experimental study
on rogue wave also turns to 2D-material based fiber lasers.
Moreover, algorithm-controlled fiber lasers are considered as
the next generation platform for the study on rogue waves112

. It is believed that the generating mechanism of rouge waves

will be further investigated in pulse fiber lasers with different
mode lockers through the intelligent methods in the future.

V. CONCLUSION

We demonstrate generation of two-dimensional optical
rogue waves in two generic broad-area nonlinear cavity sys-
tems: surface-emitting lasers with a saturable absorber and
nonlinear optical resonator subject to optical injection. First,
we discussed the modification of the homogeneous steady
state solutions by introducing time-delayed optical feedback
and optical injection. Next, we have demonstrated that rogue
waves can be generated by introducing optical feedback to
these systems: while in the absence of delayed feedback the
spatial pulses are stationary, for sufficiently strong feedback
the systems enter a regime of spatiotemporal chaos leading to
formation of rogue waves. Clearly, these rogue waves are ex-
ited and controlled by the feedback. For the case of laser with
saturable absorber, we have also shown that optical injection
may considerably alter the spatiotemporal chaos behavior so
that to eliminate the rogue wave generation for specific injec-
tion parameters. Finally, we consider a quasi two-dimensional
system (the two dimensions being space and time) of fiber
laser described the complex cubic-quintic Ginzburg-Landau
equation. We demonstrate that time-delay feedback can con-
vert the pulsating soliton dynamics to spatiotemporal chaos
with appearing of rogue waves.
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