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Abstract

A programming project for undergraduate students in physics is proposed in this work. Its
goal is to check the Snell–Descartes law of refraction using the Fermat principle and the ant
colony optimization algorithm. The project involves basic mathematics and physics and is
adapted to students with basic programming skills. More advanced tools can be used (but are
not mandatory) as parallelization or object-oriented programming, which makes the project
also suitable for more experienced students. We propose two tests to validate the program.
Our algorithm is able to find solutions which are close to the theoretical predictions. Two
quantities are defined to study its convergence and the quality of the solutions. It is also shown
that the choice of the values of the simulation parameters is important to efficiently obtain
precise results.
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1 Introduction

For almost 40 years, computers have been introduced into schools to help students learning
science, with more or less success. It has been shown that computers can improve their perfor-
mance compared to traditional instruction[1]. In physics, computers have considerably changed
the everyday life of the researchers, allowing them to process experimental data more quickly,
solve equations which do not have analytical solutions or simulate very complex systems. More
specifically, computing has become essential in molecular dynamics, statistical physics, fluid
dynamics, quantum physics, etc[2]. The introduction of programming in physics courses seems
essential nowadays to most physicists[3, 4] and helps graduated students to find jobs or do their
research in a more efficient way [2, 5, 6]. It also provides new ways to understand physics[5]
and new motivation for students who seem more involved when they can ‘numerically test’ the
theories[7]. It is thus natural that computing has been introduced into physics curricula using
several approaches[5, 8]:

• Built-in software programs can illustrate physical phenomena using graphics or 3D ani-
mation and help students to understand it in a more intuitive way[9]
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• Independent programming courses (which can be common with mathematics or computer
sciences students)

• Solving physics exercises by programming

• Computational physics courses given in advanced Master or Undergraduate programs

• Creation of Majors/Masters in Computational Physics.

In our Physics Department, a pure programming course has been introduced in the second
year of undergraduate courses. The next year, students follow a numerical analysis course and a
small simulation course. A student project week is also organized during this year: our research
unit often proposed small coding projects, which allow students to apply their programming
skills in physics problems for the first time. Indeed, it has been proved that one of the most
efficient ways to improve programming skills and student motivation is to use a project-based
approach[10]. Such programming projects are similar to research projects in the way that they
are open-ended problems with no straight answer, but have the disadvantage of being very
time-consuming[11]. Our students write the codes from scratch using the smallest number of
libraries (only random number generator libraries are used), which forces them to understand
all the details of their algorithm without using any ‘black boxes’[4]. The project presented in
this article was proposed to one student during this project week.

A lot of physics problems can be formulated as optimization problems: mechanics with
the principle of least action, equilibrium states, which minimizes the energy of the studied
system, general relativity which constrains light to follow the geodesics of space-time, etc.
Optimization algorithms are thus very useful tools for the physicist. Classical optimization
algorithms are not always suitable for complex problems as they require computation of all the
possible configurations. The processing time of these algorithms exponentially increases with
the system size. Other optimization algorithms introduce a random factor in the search for the
optimal solution, which increases the performance of the computation.

The ant colony optimization (ACO) algorithm was originally proposed as an optim- ization
algorithm to solve the traveling salesman problem. Based on the behavior of an ant colony
searching for the shortest path between its nest and a source of food, this method presents
several advantages from a pedagogical point of view: it is intuitive and easily understood, easy
to program and to parallelize, does not require advanced mathematical knowledge and uses
random walk to converge to the solution. The structure of the algorithm encourages the use of
object-oriented programming.

In this work, we present a project which can be proposed to undergraduate students in
physics, which consists of applying the ACO to the Fermat principle—more specifically, to
refraction—in classical optics. Fermat principle postulates that the light path connecting two
points is the path that takes the least time[12]. In other words, the Fermat principle postulates
that light always minimizes its optical path. A consequence of this principle is that light is
refracted when it strikes the interface of two media characterized by different refractive indexes
ni = c/vi where c is the speed of light in the vacuum and vi is the speed of light in the medium
i. This phenomenon is described by the Snell–Descartes law

n1 sin θ1 = n2 sin θ2 (1)

where θ1 and θ2 are the incidence and refraction angles (figure 1). This law can easily be derived
from the Fermat principle by minimizing the light duration from a defined initial position and
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Figure 1: Refraction of light between two media with refractive indexes n1 and n2.

a defined final position. The goal of the proposed project is to use the ACO to minimize the
light duration path between an initial and final positions. The obtained numerical solution
can then be compared to the prediction 1. Interestingly, the idea to check the Snell–Descartes
law on real ants has already been carried out[13]: it has been observed that when the ants
cross two media which modify their speed, a ‘refraction’ of their path occurs and obeys the
Snell–Descartes law.

Methods and algorithm

An ant colony can find the optimal path to a source of food thanks to the pheromones that
each ant leaves on its way. Initially, the ants walk randomly to find food and drop pheromones
on their way. The more concentrated at one position the pheromones are, the more the ants
tend to choose the corresponding position. As the time to make a return trip on the shortest
path for an ant is lower than all the others, this optimal path will be characterized by a more
concentrated quantity of pheromones than any other paths. Thus, after a while, the optimal
path contains the greatest amount of pheromones and most of the ants of the colony follow it.

The ACO algorithm is based on this ant collective behavior to find the optimal solution of
a problem[14]. It was introduced during the 1990s by Dorigo et al [15] to solve the traveling
salesman problem: in this problem, a salesman must find the shortest route that links all the
cities he has to visit. The ACO belongs to the class of the swarm intelligence algorithms in
which ‘agents’ must cooperate to find optimal solutions—mimicking the collective behavior of
some natural species such as birds, bees or ants[16, 17]. Although quite new, this algorithm has
been mathematically proved to converge[18] and can be applied to a wide variety of problems
such has scheduling elaboration, geometrical optimization, network communication, protein
conformation, etc.
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The ACO algorithm used in this work is inspired by the one introduced by Dorigo et al[15]
and the one by Angus[19]. Pechac has also used the ACO algorithm for light travelling[20] in
more complex systems. The ACO algorithm was adapted for our simple refraction problem and
is composed of the following steps:

1. Our rectangular simulation space is composed of nx × ny nodes (i, j) homogeneously
distributed along the x (horizontal) and y-axis (vertical) and is divided into two media:
every node above (resp. below) yint is characterized by a refractive index n1 (resp. n2).

2. At the beginning of the algorithm, each transition (i, j) → (i′, j′) is associated to an
initial quantity of pheromones τi,j→i′,j′ . If a transition is forbidden, the initial quantity of
pheromones is set to zero.

3. For each walking session, n A ants choose their path:

(a) For each ant:

i. The ant is initialized at the defined initial position (iinit, jinit)

ii. Until the ant reaches the defined final position (ifinal, jfinal): The new position
(i′, j′) of the ant is chosen with a probability pi,j→i′,j′ ∝ τi,j→i′,j′ where (i, j) is
the current position and τi,j→i′,j′ is the pheromone associated to the transition
(i, j) → (i′, j′). The ant is not allowed to leave the simulation space: reflecting
boundaries are imposed.

(b) At the end, the path duration of each ant is calculated thanks to the refraction
indexes. The duration of a whole path is the addition of the duration of each
transition that composes the path. The duration of a transition (i, j)→ (i′, j′) in a
medium of refractive index n (normalized by c) is given by n

√
(i− i′)2 + (j − j′)2.

(c) If the duration of the optimal path of the walking session is smaller than the one of
the previous session, it is saved.

(d) All the pheromones are evaporated by updating each value τi,j→i′,j′ ← (1−ρ)τi,j→i′,j′
where ρ is a positive evaporation constant lower than 1.

(e) The pheromones are updated considering all the ant paths achieved during the walk-
ing session. If a transition (i, j)→ (i′, j′) occurred for a path characterized by a du-
ration λ, the associated pheromone τi,j→i′,j′ ← (1 − ρ)τi,j→i′,j′ is updated according
to the rule τi,j→i′,j′ ← τi,j→i′,j′ + Q

λ
where Q is a simulation parameter defined by the

user.

When not explicitly mentioned, the default values used for the parameters are

• nA = nx × ny

• Number of walking sessions: 50 000

• ρ = 0.02

• Q = (n1+n2)(nx+ny)

2nA

• Initial pheromone value for each transition: 1
(n1+n2)(nx+ny)
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• An ant is only allowed to update its position up to 2 units in each x, y-axis i.e. (x(t +
∆t), y(t+∆t)) = (x(t)+∆x, y(t)+∆y) with |∆x| ≤ 2 and |∆y| ≤ 2. Care has to be taken
when an ant crosses the medium interface: the associated duration has two contributions
— one from the medium n1 and one from the medium n2.

• The simulation space was a square grid composed of 10× 10 nodes.

• The initial position is taken at the bottom left of the grid (coordinate (0,0)) and the final
position is taken at the top right of the grid (coordinate (9,9)).

These values, which result from a compromise between the precision of the computed results
and the processing time, are discussed further in section 3.3. Our program was written in C++,
used the GNU Scientific library and was parallelized in OpenMP.

2 Results and discussion

2.1 Validation

As for every program, a testing phase is necessary to ensure its validity. It can be interesting to
let students elaborate their own tests. In our work, the program was tested by considering the
case n1 = n2. In that case, the optimal solution is a straight line between the initial and final
position. Our results followed the theoretical predictions with a coefficient of determination
R2 = 1.

Another interesting way to check the program is to evaluate the pheromone value when all
the ants converge to the same path. Indeed, in this case, the pheromone associated to one
transition is given by

τ(t+ ∆t) = (1− ρ)τ(t) + nA

(
Q

λ

)
When the algorithm converges (i.e. when most of the ants of the walking session choose the

same path), the transition pheromones of the path followed by all the ants take a stationary
value τ ∗ given by

τ ∗ = (1− ρ)τ ∗ + nA

(
Q

λ

)
i.e.

τ ∗ =
nA
ρ

(
Q

λ

)
This expression can be easily compared to the values provided by the simulation and should

be approximately equal to them at the end of the simulation. The other transitions not taken
by the ants should be approximately equal to zero.

2.2 Refraction law

Simulations were performed for different refraction indexes n2 ranging from 1–5 (and fixing
n1 = 1). A typical example is shown in figure 2 where the optimal path found by the algorithm
and the theoretical one are shown. Considering the discretization of the simulation space, the
obtained solution is qualitatively close to the theoretical one. This optimal solution has been
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Figure 2: Simulation for n1 = 1 and n2 = 2. The number of times the ants reach a position
is also indicated. The optimal trajectory found by the algorithm is good compared to the
theoretical one considering the simulation space discretization (only ten nodes on each axis).

found after 100×50000 = 5 106 calculated paths, which should be compared to the 100! ≈ 10158

paths that should be computed by a näıve algorithm.
Several methods can be proposed to students to quantitatively evaluate the quality of the

numerical solutions: for example, computing the coefficient of determination R2 of the solution,
the duration of the path, evaluating the refractive angle and comparing it to the Snell–Descartes
law, or evaluating the intersection x cross of the light ray and medium interface.

The coefficient of determination of the simulation results is defined as

R2 = 1−
∑

i(yi − ŷi)2∑
i(yi − ȳ)2

where yi are the y-coordinates of the optimal path obtained by simulation, ȳ their average and
ŷi are the y-coordinates of the theoretical path. Its value characterizes the quality or closeness
of the obtained solution compared with the theoretical one and is close to 1 when the two curves
are close to each other. Our obtained R2 were close to 0.99 for all our simulations except for
n2 = 4 and 5 with 10× 10 grids. In that case, the poor resolution of the simulation space does
not allow the ants to follow a line which is too sloping (see figure 3). Indeed, it is a typical
problem of numerical resolution: as shown in figure 5, when the ant is allowed to jump a distance
|∆x|, |∆y| ≤ 2, the minimum angle θ which it can make is 27◦. Any line that is more sloping,
i.e. with θ < 27◦, will be difficult for the ant to reproduce: which is the case when n = 4 where
this angle must be equal to 24◦. Increasing the resolution of the simulation solves the problem
(figure 4): for a 20×20 grid with |∆x|, |∆y| ≤ 4, θ = 14◦ and the coefficient determination is also
close to 0.99 for n2 = 4 and 5. Those cases illustrate one of the main disadvantages of numerical
tools (the numerical precision) and provide a good opportunity to discuss with students the
importance of the numerical parameters of their simulations and other possible alternatives
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to solve the Fermat principle: root finding or maximization algorithms as a bisection method,
gradient method or shortest-path algorithms such as Dijkstra or Bellman–Ford algorithms.

Figure 3: Simulation for n1 = 1 and n2 = 5 with a 10× 10 resolution grid using |∆x|, |∆y| ≤ 2.
The numerical solution is less close to the theoretical one, with a vertical line in the part below
the interface. It is confirmed by its R2 = 0.46.

Figure 4: Simulation for n1 = 1 and n2 = 5 with a 20× 20 resolution grid using |∆x|, |∆y| ≤ 4.
With this resolution, the numerical solution is closer to the theoretical one compared to figure
3, characterized by an R2 = 0.99.
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Figure 5: The highest slope (characterized by the θ angle) that can be achieved by an ant
depends on the resolution of the grid: with |∆x|, |∆y| ≤ 2 (figure on the left), θ is larger than
the one corresponding to the |∆x|, |∆y| ≤ 4 case.

The intersection (xcross, ycross) was also compared to theoretical predictions using the ana-
lytical expression of the light path duration:

light duration =n2

√
(iinit − xcross)2 + (jinit − ycross)2 (2)

+ n1

√
(ifinal − xcross)2 + (jfinal − ycross)2

More precisely, the root of the partial derivative of equation 2 with respect to xcross was
numerically computed using the bisection method. Figure 6 shows that the simulation results
follow qualitatively the theoretical predictions and are closer to them when the resolution of
the grid is taken higher.

2.3 Simulation parameters

It can be interesting for students to study how the simulation results depend on the simulation
parameters: it emphasizes the importance of finding the right and optimal simulation para-
meters to make the search for solutions efficient. It also shows that bad simulation parameters
can lead to wrong numerical solutions. A quantitative discussion about the quality of the
numerical solutions or the convergence rate of the ant paths requires defining the appropriate
coefficients. In our work, we defined two coefficients:

εth =

√√√√ ∑
nodes (i, j) of

the optimal path

(j − jth(i))2

εspread =

√ ∑
nodes (i, j)

(nA(i, j)(j − 〈j(i)〉)2) where 〈j(i)〉 =

∑
j nAi,jj∑
i,j nAi,j

where nA(i, j) is the number of ants that passed through the position (i, j), jth(i) is the the-
oretical path. εth evaluates the quality of the solution by comparing its deviation from the
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Figure 6: Comparison between the intersection between the light ray and medium interface for
two different simulation grid sizes. The grid with the highest resolution predicts the value with
more precision than the lowest one, as expected. For 20 × 20 grids, transitions with ∆x and
∆y up to four units were accepted.

theoretical one. εspread evaluates the convergence of the ants by computing the ‘spread’ of their
position (compared to their average path) on the simulation grid. For 10× 10 grids, a solution
with |εth| ≤ 0.7 was considered as good and we considered the convergence was good when
|εspread| ≤ 1.

These coefficients allow us to study the importance of the values of some of the simu- lation
parameters: as can be expected, an increase in the number of walking sessions and ants leads
to a more precise and better convergence of the solution: decreasing the number of walking
sessions leads to ant paths which are more scattered in the simulation space (figure 9). We also
observe the same trend for the value of Q even if the variations are less significant.

The value of the evaporation parameter ρ is decisive for the convergence of the solution: if it
is too low, all the paths found by the ants will contribute to the pheromones and the algorithm
converges slowly to the right solution (figure 8). If it is too high, every walking session only
depends on the previous one and the algorithm can converge to a wrong solution (figure ??).

We also studied the influence of the transition values ∆x and ∆y: as expected the larger
they are, the more precise the proposed solution is (figures 3 and 4). Note that if this value
is equal to one, the precision is too low and the solutions found by the simulations can be
completely wrong (figure 10).

3 Conclusion

Computers and programming have become inevitable for a physicist and it is therefore im-
portant for students in physics to learn these skills during their studies. Programming skills
can only evolve by exercising and developing projects. We proposed a simple physics problem,
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Figure 7: Simulation for n1 = 1 and n2 = 2, with a number of walking sessions equal to 50.
Compared to figure 2, ant walks are more scattered in the simulation space and the quality of
the optimal solution found by the algorithm is very poor.

which can be numerically solved with different tools that a physicist will encounter in his or her
career: random process, parallelization or object-programming. It is shown, as in all modern
physics problems, that the solutions found by the algorithm must be interpreted with care
by considering how the simulation parameters or the resolution of the simulation space can
influence the results.
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Figure 8: Simulation for n1 = 1 and n2 = 2, with ρ = 0.0002. Compared to figure 2, the ants
converge more slowly to the optimal solution (dull green squares).

Figure 9: Simulation for n1 = 1 and n2 = 2, with ρ = 1. In this case, the ants converge to a
solution (intense green squares), which does not correspond to the theoretical optimal solution.
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Figure 10: Simulation for n1 = 1 and n2 = 2, with ∆,∆y = 1. In this case, the discretization
of the ant paths is too poor and a straight line has a smaller optical length than a path that
would follow the theoretical one.
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