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Analytical determination of the structure of the outer crust of a
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A very fast iterative method is presented to calculate the internal constitution of the outer crust of a cold
nonaccreted neutron star, making use of very accurate analytical formulas for the transition pressures between
adjacent crustal layers and their density. In addition to the composition of the different crustal layers, their depth
and their baryonic mass content can be simultaneously estimated using an approximate solution of Einstein’s
general relativistic equations. The overall computing time is drastically reduced compared to the traditional
approach, thus, opening the door to large-scale statistical studies and sensitivity analyses.

DOI: 10.1103/PhysRevC.101.032801

Introduction. Formed in the aftermath of gravitational core-
collapse supernova explosions, neutron stars are among the
most compact stars in the Universe. A few meters below
their solid surface, atoms are fully ionized by the tremendous
gravitational pressure: Matter, thus, consists of bare atomic
nuclei arranged on a crystal lattice in a charge compensating
background of highly degenerate relativistic electrons. The
deeper regions are expected to be stratified into different lay-
ers (see, e.g., Ref. [1] for a recent review). At some pressure
P = Pdrip, neutrons drip out of nuclei, thus, delimiting the
boundary between the outer and inner crusts (see, e.g., Ref. [2]
for a recent discussion).

Although the outer crust of a neutron star represents a
small fraction of the stellar mass, it may be dynamically
ripped off by tidal and pressure forces during the collision
of two neutron stars or a neutron star and a black hole. The
subsequent decompression of this neutron-rich material pro-
vides suitable conditions for the rapid neutron capture process
so-called r process at the origin of stable and some long-lived
radioactive neutron-rich nuclides heavier than iron [3]. The
final nuclear abundances depend on the initial composition of
the neutron-star crust [4,5]. This scenario has been recently
confirmed by the monitoring of the kilonova following the
detection of gravitational waves from the binary neutron-star
merger GW170817 [6]. The analysis of the electromagnetic
emission indicates that the entire outer crust was ejected and
disseminated in the interstellar medium.

Since the pioneer studies of Refs. [7,8], the composition
of the outer crust of a cold nonaccreted neutron star has
been numerically determined under the cold-catalyzed matter
hypothesis [9,10] by minimizing the Gibbs free energy per
nucleon g at zero temperature and for a finite set of pressure
values (see, e.g., Refs. [11–19]). The only input are the
masses of all possible nuclei, most of which have not been
experimentally measured but can be calculated using various
nuclear models [20]. As shown in Ref. [15], some crustal
layers can be easily missed if the pressure step is not small
enough. However, such layers may still represent a sizable

fraction of the crustal mass, especially if they lie in the densest
regions. A fine enough pressure grid is, therefore, required
to properly calculate nuclear abundances. The computational
cost of such calculations can, thus, become prohibitive, espe-
cially for large-scale statistical studies as recently undertaken
in Ref. [21]. For the same reason, early studies made use
of semiempirical mass formula and were restricted to a very
small subset of nuclei. For instance, only 130 nuclei were
considered in the minimization performed in the seminal work
of Ref. [8] whereas about 104 nuclei are expected to exist [22].
Moreover, those 130 selected nuclei were all made of even
numbers of neutrons and protons. Although even-even nuclei
are generally more stable than their neighbors in the nuclear
chart due to pairing, the presence of odd nuclei in neutron-star
crusts cannot be ruled out a priori since the equilibrium state
is also determined by the electron gas and its interactions with
ions. As a matter of fact, odd nuclei, such as 79Cu and 121Y,
have been predicted by some models [14–16]. Early results,
which are still popular today (especially those of Ref. [8]),
should, thus, be employed with some care.

In this paper, a very fast and accurate iterative method
is presented to calculate analytically the stratification of the
outer crust of a cold nonaccreted neutron star.

Transition between adjacent crustal layers. In the follow-
ing, the crustal region at densities ρ above the ionization
threshold and below the neutron-drip point will be consid-
ered. Although various multinary ionic compounds might
be present in the crust of accreted neutron stars (see, e.g.,
Ref. [23]), their existence in a nonaccreted neutron star is
expected to be marginal [24]. It is, thus, assumed that each
crustal layer is made of a single nuclear species (A, Z) with
mass number A and atomic number Z in thermodynamic equi-
librium at temperatures T below the crystallization tempera-
ture Tm. Because Tm is typically much lower than the electron
Fermi temperature [25], the electron gas is highly degenerate
(for all practical purposes, one can, thus, set T = 0 K).

The pressure P1→2 associated with the transition from a
crustal layer made of nuclei (A1, Z1) to a denser layer made
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of nuclei (A2, Z2) is determined by the equilibrium condition,

g(A1, Z1, P1→2) = g(A2, Z2, P1→2) . (1)

As shown in Ref. [24], this condition can be solved ana-
lytically by expanding the Gibbs free energy per nucleon
to first order in the fine-structure constant α = e2/(h̄c) (e
being the elementary electric charge, h̄ is the Planck-Dirac
constant, and c is the speed of light). Following the same
approach but now taking into account electron exchange and
charge polarization corrections given in Ref. [26], P1→2 can
be accurately calculated from the solution of the following
equation:

μe

(
1 + α

2π

)
+ Cαh̄cn1/3

e F (Z1, A1; Z2, A2) = μ1→2
e , (2)

where μe is the electron Fermi energy, ne is the electron
number density, C is the crystal lattice structure constant,

F (Z1, A1; Z2, A2) ≡
(

4

3

Z2/3
1,eff Z1

A1
− 1

3

Z2/3
1,eff Z2

A2
− Z2/3

2,eff Z2

A2

)

×
(

Z1

A1
− Z2

A2

)−1

, (3)

μ1→2
e ≡

[
M ′(A2, Z2)c2

A2
− M ′(A1, Z1)c2

A1

]

×
(

Z1

A1
− Z2

A2

)−1

+ mec2, (4)

M ′(A, Z ) denoting the mass of the nucleus (A, Z ), me is the
electron mass, and

Zeff = Z

(
1 + α

124/3

35π1/3
b1(Z )Z2/3

)3/2

, (5)

b1(Z ) = 1 − 1.1866Z−0.267 + 0.27Z−1. (6)

The singular case Z1/A1 = Z2/A2 needs not be considered as it
leads to much higher pressures than any other transition (see,
e.g., the discussion in Appendix A of Ref. [24]).

Unlike the density ρ, the pressure P varies continuously
throughout the star. At the interface between the two layers,
the pressure is given by

P1→2 = Pe(ne)
(

1 + α

2π

)
+ C

3
αh̄cZ2/3

1,eff n
4/3
e , (7)

where Pe denotes the pressure of an ideal electron Fermi gas
(see, e.g., Ref. [27] for general expressions). The associated
baryon chemical potential μ1→2, which coincides with the
Gibbs free energy per nucleon, reads

μ1→2 = M ′(A1, Z1)c2

A1

+ Z1

A1

[
μe

(
1 + α

2π

)
− mec2 + 4

3
Cαh̄cn1/3

e Z2/3
1,eff

]
.

(8)

The transition is generally accompanied by a discontinuous
change in the mean nucleon number density,

n̄max
1 = A1

Z1
ne, (9)

n̄min
2 = A2

Z2
ne

×
{

1+ 1

3
Cαh̄cn1/3

e

(
Z2/3

1,eff −Z2/3
2,eff

)[dPe

dne

(
1+ α

2π

)]−1
}

.

(10)

The bottom of the outer crust is marked by the onset of
neutron emission by nuclei. Ignoring neutron-band-structure
effects [28], this transition is determined by the condition
g = mnc2, where mn is the neutron mass [2]. This condition
translates into the following equations:

μe

(
1 + α

2π

)
+ 4

3
Cαh̄cn1/3

e Z2/3
eff = μdrip

e , (11)

μdrip
e ≡ −M ′(A, Z )c2 + Amnc2

Z
+ mec2. (12)

Equation (2) reduces to a quadratic polynomial equation,
which can, thus, be solved analytically for any degree of
relativity of the electron gas [24]. Introducing the dimension-
less relativity parameter xr = λe(3π2ne)1/3 = √

γ 2
e − 1 with

the electron Compton wavelength λe = h̄/(mec) and γe =
μe/(mec2), and considering1 γ 1→2

e > 1, the solution reads

xr = γ 1→2
e

{(
1 + α

2π

)√
1 −

[(
1 + α

2π

)2
− F̃ (Z1, A1; Z2, A2)2

]/(
γ 1→2

e

)2 − F̃ (Z1, A1; Z2, A2)

}

×
[(

1 + α

2π

)2
− F̃ (Z1, A1; Z2, A2)2

]−1

. (13)

1The transition from the outermost layer made of 56Fe to the
layer beneath made of 62Ni, which is completely determined by
experimental measurements, corresponds to γ 1→2

e ≈ 1.9 MeV, see
Table I.

with γ 1→2
e ≡ μ1→2

e /(mec2), and

F̃ (Z1, A1; Z2, A2) ≡ Cα

(3π2)1/3
F (Z1, A1; Z2, A2). (14)

This solution exists only if F̃ (Z1, A1; Z2, A2) � −1. In
principle, Eq. (2) has two positive distinct roots if
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F̃ (Z1, A1; Z2, A2) > 1. However, Eq. (13) yields the lowest
transition pressure, which is given by

P1→2 = mec2

8π2λ3
e

[
xr

(
2

3
x2

r − 1

)√
1 + x2

r + ln(xr +
√

1 + x2
r )

]

×
(

1 + α

2π

)
+ Cα

3(3π2)4/3
x4

r

mec2

λ3
e

Z2/3
1,eff . (15)

The associated baryon chemical potential is given by

μ1→2 = M ′(A1, Z1)c2

A1
+ Z1

A1
mec2

[√
x2

r + 1
(

1 + α

2π

)
− 1

+ 4Cα

3(3π2)1/3
xrZ2/3

1,eff

]
. (16)

The densities of the adjacent crustal layers are

n̄max
1 = A1

Z1

x3
r

3π2λ3
e

, (17)

n̄min
2 = A2

Z2

Z1

A1
n̄max

1

[
1 + Cα

(3π2)1/3

(
Z2/3

1,eff − Z2/3
2,eff

)

×
√

1 + x2
r

xr

(
1 + α

2π

)−1
]

. (18)

The neutron-drip pressure Pdrip and density n̄drip can be
readily obtained from the expressions of P1→2 and n̄max

1 ,
respectively, replacing γ 1→2

e by γ
drip
e ≡ μ

drip
e /(mec2) and

F̃ (Z1, A1; Z2, A2) by (4/3)Cα/(3π2)1/3Z2/3
eff .

Global structure and nuclear abundances. The determina-
tion of the nuclear abundances in the outer crust of a neutron
star requires the calculation of the global structure of the star.
In hydrostatic equilibrium, Einstein’s equations of general
relativity reduce to the well-known Tolman-Oppenheimer-
Volkoff (TOV) equations [29,30],

dP(r)

dr
= −GE (r)M(r)

c2r2

[
1 + P(r)

E (r)

]

×
[

1 + 4πP(r)r3

c2M(r)

][
1 − 2GM(r)

c2r

]−1

, (19)

where G is the gravitational constant, and

M(r) = 4π

c2

∫ r

0
E (r′)r′2dr′. (20)

Here, E (r) is the mass-energy density of matter at the radial
coordinate r. The gravitational mass of the star is given by
M(R), where R is the radial coordinate at which the pressure
vanishes, P(R) = 0.

In the outer crust, the mass-energy density is approxi-
mately given by the mass density E ≈ ρc2 and P � ρc2.
Since the mass �M contained in the outer crust is typically
very small, on the order of 10−5 M�, where M� is the mass of
the Sun, the TOV equations can be approximately expressed
in a Newtonian form as [14]

dP

dz
≈ gsρ, (21)

where z is the proper depth below the surface defined by

z(r) =
∫ R

r
dr′

(
1 − 2GM(r′)

c2r′

)−1/2

, (22)

the surface gravity gs is given by

gs = GM
R2

(
1 − rg

R

)−1/2
, (23)

and rg = 2GM/c2 is the Schwarzschild radius.
The baryonic mass of nucleons contained in a crustal layer

of inner and outer radii r1 and r2 is given by

δMB = 4π

∫ r2

r1

r2	(r)1/2ρ(r)dr, (24)

with the metric function,

	(r) =
(

1 − 2GM(r)

c2r

)−1

. (25)

Using Eq. (21), replacing M(r) and r by M and R, respec-
tively, the baryonic mass of the layer can be approximately
expressed as

δMB ≈ 4πR2

gs

(
1 − rg

R

)
δP, (26)

with δP = P(r1) − P(r2). The nuclear abundance ξi of a layer
i is defined by the ratio of the baryonic mass δMB to that of
the outer crust �MB, defined by

�MB = 4π

∫ R

rdrip

r2	(r)1/2ρ(r)dr, (27)

where rdrip is the radial coordinate at the neutron-drip tran-
sition, defined by P(rdrip) = Pdrip. Within the approximation
(26), the nuclear abundance of the layer i is independent of
the global structure of the star and is simply given by

ξi = δMB

�MB
= δP

Pdrip
. (28)

With this definition, the sum of the abundances of all crustal
layers is normalized as ∑

i

ξi = 1. (29)

Given the relative abundances, the baryonic mass contained in
any layer i can be calculated as

δMB ≈ ξi
8πR4Pdrip

rgc2

(
1 − rg

R

)3/2
. (30)

Using the analytical expression of Ref. [31] for the thick-
ness δr = R − r, the depth z at radial coordinate r can be
written as

z ≈ δr√
1 − rg/R

= φR
√

1 − rg/R

1 − φ(1 − rg/R)
, (31)

where

φ = R

rg

[(
μ(r)

μ(R)

)2

− 1

]
. (32)
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At the surface of the star, the baryon chemical potential is
simply given by the mass m0 per nucleon of 56Fe,

μ(R) = m0c2 ≡ M ′(56, 26)c2

56
≈ 930.412 MeV , (33)

using the data from the 2016 Atomic Mass Evaluation (AME)
[32,33]. The baryon chemical potential at the bottom of the
outer crust (neutron-drip transition) is given by

μ(rdrip) = mnc2 ≈ 939.565 MeV. (34)

Therefore, φ varies from 0 at r = R to about 0.02R/rg � 1
at r = rdrip. Since φ is very small, the depth z can be further
approximated by

z(r) ≈ zdrip
[μ(r)/(m0c2)]2 − 1

(mn/m0)2 − 1
, (35)

where zdrip ≡ z(rdrip) is the depth at the bottom of the outer
crust, given by

zdrip ≈ R2

rg

[(
mn

m0

)2

− 1

]√
1 − rg

R
. (36)

The precision of Eqs. (30) and (31) for typical neutron-
star masses and radii is a few percent and less than 1%,
respectively [31]. These analytical approximations may actu-
ally be more accurate than the numerical solution of the full
TOV Eqs. (19) that is usually obtained using an interpolated
equation of state for which density discontinuities between
adjacent layers are smoothed out.

Stratification of the outer crust. The equilibrium composi-
tion of an outer crust layer at given pressure P has been tradi-
tionally determined by calculating numerically the minimum
of the Gibbs free energy per nucleon g(A, Z, P) among all
possible nuclides (A, Z). This procedure is numerically costly
because g does not explicitly depend on the pressure P but is
given by

g(A, Z, P) = M ′(A, Z )c2

A

+ Z

A

[
μe

(
1+ α

2π

)
− mec2+ 4

3
Cαh̄cn1/3

e Z2/3
eff

]
.

(37)

For any given pressure P, the electron density ne must first be
calculated by solving the following equation:

P = Pe(ne)
(

1 + α

2π

)
+ Cαh̄cZ2/3

eff n4/3
e . (38)

Such inversion must be performed for all possible nuclides (of
order 104). Moreover, the minimization must be repeated for a
sufficiently large number of pressure values until the neutron-
drip transition is reached.

An alternative approach is proposed, based on the follow-
ing idea. Given a crustal layer made of nuclide (A1, Z1), the
composition of the layer beneath can be found by merely
determining the nuclide (A2, Z2) yielding the lowest transition
pressure P1→2 and such that n̄min

2 � n̄max
1 as required by hydro-

static equilibrium [24]. Moreover, the transition must be such

that

1 � γ 1→2
e �

√(
1 + α

2π

)2
− F̃ (Z1, A1; Z2, A2)2, (39)

so as to ensure that the real solution (13) for the relativity
parameter xr exists. Starting from 56Fe at the stellar surface,
the sequence of equilibrium nuclides can, thus, be determined
iteratively. Once the composition has been found, the detailed
structure of the crust and the nuclear abundances can be
readily calculated using the analytical formulas (15) and (16)
for the pressure and baryon chemical potential at the interface
between adjacent layers. As discussed in Refs. [24,26], the
relative errors in the transition pressures and densities amount
to about 0.1% at most. Higher precision can be easily achieved
once the composition is known by solving numerically the
equilibrium condition (1). The whole procedure is computa-
tionally extremely fast since numerical calculations at each
pressure are avoided entirely.

To illustrate the method, the internal constitution of the
outer crust of a cold nonaccreted neutron star has been cal-
culated using experimental data from the 2016 AME [32,33]
supplemented with the microscopic nuclear mass table HFB-
27 available on the BRUSLIB database [34]. These masses
were obtained from self-consistent deformed Hartree-Fock-
Bogoliubov calculations using the Skyrme effective interac-
tion BSk27 [35]. The very recent measurements of copper
isotopes [36] have been also taken into account. Nuclear
masses were estimated from tabulated atomic masses after
subtracting out the electron binding energy using Eq. (A4) of
Ref. [20] (in units of MeV),

M ′(A, Z )c2 = M(A, Z )c2 + 1.443 81 × 10−5Z2.39

+ 1.554 68 × 10−12Z5.35. (40)

The crystal structure constant was taken from Ref. [37],
considering that nuclei are arranged in a body-centered-cubic
lattice [24]. Results are summarized in Table I. The over-
all computations took about 0.06 s using an Intel Core i7-
975 processor. For comparison, the standard approach using
about 18 000 different pressure values between P = P0 =
9 × 10−12 MeV fm−3 (ensuring a mass density ρ greater than
106 g cm−3, a sufficient condition for complete ionization
and degeneracy of the electron gas [1]) and P = Pdrip with
a pressure step δP = 10−3P (errors, thus, being on the same
order as for the analytical method) took about 37 min, i.e.,
≈4 × 104 times longer (counting only the time spent in the
minimization without solving Einstein’s equations for deter-
mining the abundances and the depths of the different layers).
To better assess the precision of the new method, Eq. (1) has
been solved directly using (37) and (38). Because P depends
not only on ne, but also on Z, ne varies discontinuously
at the interface between two adjacent layers with different
proton numbers Z1 and Z2. The electron densities n1

e and
n2

e of the two layers as well as the transition pressure P1→2

can be obtained from the mechanical equilibrium condition
P(n1

e, Z1) = P(n2
e, Z2) = P1→2 together with (1). The relative

deviations between the essentially exact results and the ana-
lytical formulas are indicated in Table II. The errors on the
pressures and densities can reach 0.25% but are in most cases
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TABLE I. Stratification of the outer crust of a cold nonaccreted neutron star as obtained using recent experimental data supplemented with
the nuclear mass model HFB-27 [35]. In the table are listed: the atomic numbers Z1 and Z2 of adjacent layers, the corresponding mass numbers
A1 and A2, the maximum and minimum mean nucleon number densities n̄max

1 and n̄min
2 at which the nuclides are present, the transition pressure

P1→2, the electron Fermi energy μ1→2
e , the baryon chemical potential μ1→2, the relative abundance ξ1 of nuclide (A1, Z1) and its relative depth

z1/zdrip. Units are megaelectronvolts for energy and femtometers for length. See the text for details.

Z1 A1 Z2 A2 xr n̄max
1 n̄min

2 P1→2 μ1→2
e μ1→2 ξ1 z1/zdrip

26 56 28 62 1.57 4.92 × 10−9 5.06 × 10−9 3.35 × 10−10 0.966 930.6 6.93 × 10−7 0.0207
28 62 28 64 5.01 1.63 × 10−7 1.68 × 10−7 4.34 × 10−8 2.50 931.3 8.92 × 10−5 0.0985
28 64 28 66 8.42 8.01 × 10−7 8.26 × 10−7 3.56 × 10−7 4.16 932.0 6.47 × 10−4 0.177
28 66 36 86 8.61 8.83 × 10−7 9.00 × 10−7 3.89 × 10−7 6.21 932.1 6.89 × 10−5 0.181
36 86 34 84 11.0 1.87 × 10−6 1.93 × 10−6 1.04 × 10−6 5.13 932.6 1.35 × 10−3 0.234
34 84 32 82 16.8 6.83 × 10−6 7.08 × 10−6 5.62 × 10−6 7.84 933.7 4.83 × 10−4 0.357
32 82 30 80 22.3 1.68 × 10−5 1.74 × 10−5 1.78 × 10−5 10.5 934.8 2.52 × 10−2 0.473
30 80 28 78 28.2 3.51 × 10−5 3.66 × 10−5 4.53 × 10−5 13.3 935.8 5.69 × 10−2 0.591
28 78 44 126 34.7 6.85 × 10−5 7.12 × 10−5 1.05 × 10−4 24.4 937.0 1.23 × 10−1 0.717
44 126 42 124 36.8 8.37 × 10−5 8.62 × 10−5 1.29 × 10−4 16.9 937.3 5.15 × 10−2 0.752
42 124 40 122 42.1 1.29 × 10−4 1.34 × 10−4 2.23 × 10−4 19.4 938.2 1.92 × 10−1 0.847
40 122 38 120 44.7 1.60 × 10−4 1.66 × 10−4 2.84 × 10−4 20.7 938.6 1.27 × 10−1 0.893
38 120 38 122 49.8 2.29 × 10−4 2.33 × 10−4 4.38 × 10−4 24.2 939.4 3.19 × 10−1 0.980
38 122 38 124 50.9 2.49 × 10−4 2.53 × 10−4 4.78 × 10−4 24.7 939.5 8.22 × 10−2 0.998
38 124 51.1 2.55 × 10−4 4.83 × 10−4 24.8 939.6 1.12 × 10−2 1.00

much smaller of order 10−3% or even less. The errors on
the baryon chemical potentials do not exceed 6.4 × 10−5%.
The depths are determined with an error of 5.8 × 10−2% at
most. As expected, the relative abundances being obtained
from pressure differences exhibit larger deviations, up to 2%.
However, these deviations remain within the precision of the
thin-crust approximation. In view of this detailed analysis, the
full minimization has been repeated with a pressure step δP =
10−5P for a more relevant comparison with the new method.
With a number of pressure points N ≈ ln(Pdrip/P0)/ ln(1 +
δP/P) ≈ 106, the computing time increased to about 59 h
28 min. To achieve a precision on the transition pressures
and densities on the order of 10−3%, the traditional approach,

thus, requires ≈3.6 × 106 more computing time than the new
method.

As expected, the most abundant elements (hence, the most
relevant for the r-process nucleosynthesis) are found in the
densest and deepest region of the outer crust where experi-
mental nuclear mass measurements are not available [16]. In
particular, the most abundant element is 120Sr representing
about 32% of the crustal mass, even though it is present in
a thin layer, whose extent represents only 8.7% of the depth at
the outer crust bottom. Although the shallower layer made of
64Ni has a similar extent, its contribution to the crustal mass
is negligibly small—0.065%—because of its much lower den-
sity. The baryonic mass of each crustal layer and their absolute

TABLE II. Precision of the calculated properties of the outer crust of a neutron star as listed in Table I. The relative deviation δq (in
percent) of a quantity q is calculated as δq = 100(q − qexact )/qexact , where qexact is the exact value whereas q denotes the value calculated using
the analytical formulas. Zero means that the deviation lies within the machine precision. See the text for details.

Z1 A1 Z2 A2 xr n̄max
1 n̄min

2 P1→2 μ1→2 ξ1 z1/zdrip

26 56 28 62 2.1 × 10−3 6.4 × 10−3 −3.4 × 10−3 9.5 × 10−3 6.9 × 10−7 −1.4 × 10−2 3.4 × 10−3

28 62 28 64 5.1 × 10−12 1.5 × 10−11 1.5 × 10−11 2.1 × 10−11 0 −2.3 × 10−2 0
28 64 28 66 3.6 × 10−8 1.1 × 10−7 1.1 × 10−7 1.5 × 10−7 7.0 × 10−11 −2.3 × 10−2 4.0 × 10−8

28 66 36 86 3.3 × 10−2 1.0 × 10−1 7.0 × 10−2 1.4 × 10−1 6.4 × 10−5 1.6 3.6 × 10−2

36 86 34 84 1.2 × 10−3 3.6 × 10−3 1.1 × 10−2 4.9 × 10−3 2.9 × 10−6 −9.7 × 10−2 1.3 × 10−3

34 84 32 82 1.1 × 10−3 3.4 × 10−3 1.1 × 10−2 4.6 × 10−3 4.0 × 10−6 −1.9 × 10−2 1.1 × 10−3

32 82 30 80 1.1 × 10−3 3.2 × 10−3 1.0 × 10−2 4.3 × 10−3 4.9 × 10−6 −1.9 × 10−2 1.1 × 10−3

30 80 28 78 1.0 × 10−3 3.0 × 10−3 1.0 × 10−2 4.0 × 10−3 5.6 × 10−6 −1.9 × 10−2 9.6 × 10−4

28 78 44 126 6.2 × 10−2 1.9 × 10−1 1.2 × 10−1 2.5 × 10−1 4.0 × 10−4 4.1 × 10−1 5.8 × 10−2

44 126 42 124 1.2 × 10−3 3.6 × 10−3 1.2 × 10−2 4.8 × 10−3 7.9 × 10−6 -1.0 1.1 × 10−3

42 124 40 122 1.1 × 10−3 3.4 × 10−3 1.2 × 10−2 4.6 × 10−3 8.4 × 10−6 −1.9 × 10−2 1.0 × 10−3

40 122 38 120 1.1 × 10−3 3.3 × 10−3 1.1 × 10−2 4.4 × 10−3 8.3 × 10−6 −1.0 × 10−1 9.5 × 10−4

38 120 38 122 2.9 × 10−14 8.3 × 10−14 7.0 × 10−14 7.4 × 10−14 0 −3.1 × 10−2 0
38 122 38 124 0 0 2.1 × 10−14 2.0 × 10−13 0 −2.3 × 10−2 0
38 124 5.8 × 10−3 1.7 × 10−2 2.3 × 10−2 2.0
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depth can be easily calculated for any given neutron-star mass
M and radius R using Eqs. (30) and (35), respectively.

Conclusions. A computationally very fast method for de-
termining the structure and the composition of the outer
crust of a cold nonaccreted neutron star have been presented.
Instead of carrying out numerically the full minimization of
the Gibbs free energy per nucleon, very accurate analytical
formulas for the pressure and baryon chemical potential at
the interface between adjacent layers and their density are
used to find iteratively the sequence of equilibrium nuclides
starting from the stellar surface down to the neutron-drip tran-
sition. The nuclear abundances and the depth of the different
layers can be calculated simultaneously using approximate
analytical solutions of Einstein’s equations. Results for any
neutron-star mass and radius can be easily obtained. The
new scheme is found to be tremendously faster than the full
numerical minimization and is, therefore, particularly well
suited for large-scale statistical studies and sensitivity anal-
yses involving computations over a very large set of different
nuclear mass tables.

Such a fast and accurate analytical scheme would also
be highly desirable for the inner crust of a neutron star

where nuclear clusters coexist with free neutrons in addi-
tion to relativistic electrons. Indeed, full three-dimensional
quantum calculations of the inner crust are computation-
ally extremely expensive, and, for this reason, have, thus,
been limited to a few layers in the densest part of the
crust considering fixed proton fractions instead of full β

equilibrium (see, e.g. Ref. [38] and references therein). The
Wigner-Seitz approximation reduces significantly the com-
puting time but becomes unreliable at densities above about
0.02 fm−3 [39]. An alternative approach, originally developed
for finite nuclei [40] and later adapted to neutron-star crusts
[41–43], is to employ the extended Thomas-Fermi method
with consistent shell corrections added perturbatively. This
semiclassical approach provides a fast and fairly accurate ap-
proximation of the Hartree-Fock-Bogoliubov equations [44],
thus, opening the door to systematic studies of neutron-star
crusts, treating consistently both the outer and the inner
parts.
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