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Abstract—In practice, the subspace-based algorithms
such as Multiple Signal Classification (MUSIC) suffer from
sensitivity to antenna-array response errors and therefore
they require the assessment of the calibration gain and
phase perturbations. This paper evaluates experimentally
the accuracy of Angle-of-Arrival (AoA) estimation based on
the MUSIC algorithm only coming from these perturba-
tions in the context of Internet-of-Thing (IoT) applications.
First of all, a new Over-the-Air (OTA) calibration method is
proposed and gain and phase uncertainties are investigated.
The impact of these uncertainties on the accuracy of
AoA estimation is then studied and compared with the
theoretical analysis. The experimental results show that the
calibration errors coming from hardware imperfections can
cause some degrees of uncertainty in AoA estimation.

I. INTRODUCTION

The subspace-based algorithms for narrowband
Angle-of-Arrival (AoA) estimation have received more
attention due to their high accuracy. These algorithms
are suitable for Internet-of-Thing (IoT) applications [1].
Bluetooth Low Energy (BLE) is the most popular wire-
less connection technology for IoT sensor networks
thanks to its low power consumption, low cost, and
high availability [2]. The direction of the received sig-
nal is determined by processing the signal impinging
on an antenna-array [3]. Multiple Signal Classification
(MUSIC) algorithm is one of the well-known subspace-
based algorithms [4] in terms of practical use and ease
of implementation.

MUSIC algorithm provides a high AoA estimation
accuracy for narrowband antenna array-based systems
under far-field conditions [5]. However, in practice, finite
sample sets, a perturbed antenna-array response (gain
and phase perturbations) and an imprecisely known noise
covariance are sources of error in AoA estimation using
the MUSIC algorithm. The performance of the MUSIC
algorithm based on a finite number of the samples has
been analyzed in [6]. This effect is negligible when
the number of the samples is large or the Signal-to-
Noise Ratio (SNR) is high. In [7], the uncertainty of
the MUSIC algorithm is evaluated under the perturbed

noise covariance and antenna-array response. Moreover,
the effects of calibration gain and phase perturbations
on the AoA estimation performance of the MUSIC
algorithm have been investigated in [8]. The gain and
phase errors are caused due to measurement errors,
environment change, and sensor misplacement.

Recently, we experimentally validated the accuracy of
AoA estimation based on the MUSIC algorithm when
the BLE signal transmitted by a beacon device [9].
The antenna array-based systems have been implemented
with Universal Software Radio Peripheral (USRP) plat-
form. The experimental results demonstrated a promising
accuracy of the MUSIC algorithm, although the impact
of hardware imperfections has not studied carefully.
To the best of authors’ knowledge, no experimental
investigation of the MUSIC algorithm performance is
found in the literature under calibration perturbations.
Therefore, the aim is to experimentally demonstrate and
assess the uncertainty of the MUSIC algorithm under
these perturbations. At first, we propose a new Over-
the-Air (OTA) calibration method which is easier and
more flexible than cable calibration in terms of imple-
mentation. Later a detailed experimental demonstration
is performed to precisely assess the calibration error
and estimate the resulting uncertainty of the MUSIC
algorithm. The validation of the experimental measure-
ments is then thoroughly tested in comparison with the
theoretical results.

This paper is organized as follows. Section II briefly
introduces a theoretical model of the calibration gain
and phase perturbations and provide explicit expression
to predict the variance of the angle estimation with the
MUSIC algorithm originating from these perturbations.
Section III describes the experimental demonstration and
proposed OTA calibration method implemented with a
USRP platform. Accordingly, the experimental results
are given to show the uncertainty of the MUSIC al-
gorithm due to calibration perturbations. Finally, the
conclusion is presented in Section IV.



II. MUSIC ANALYSIS WITH CALIBRATION GAIN
AND PHASE PERTURBATIONS

Consider a Uniform Linear Array (ULA) of M an-
tennas with half-wavelength inter-antenna spacing (d =
λ/2). The waveforms received at each antenna are linear
combinations of additive noise and the narrow-band
signal from a source, centered at frequency fc, located
in the far-field of the ULA. The signal and the additive
noises at each antenna are zero-mean stationary random
variables. It is assumed that the noises are independent
between antennas and are uncorrelated with the signal.
The antenna-array response of the m-th antenna am(θ)
can be expressed by gain and phase responses of each
antenna as αm(θ) and φm(θ), respectively, for the signal
impinging from direction θ. In practice, there is some
tolerance in gain and phase responses. We assume a
zero-mean random gain error ∆αm and phase error
∆φm at the m-th antenna with variances σ2

αm
and σ2

φm
,

respectively. These errors are assumed to be independent
of each other and between antennas. The received signal
is given by [8]

r̃m(t) = ãm(θ)s(t)e−j2πfcτm(θ) + nm(t), (1)

where τm(θ) is propagation delay between the source
and the m-th antenna, nm(t) is additive noise at the m-th
antenna and ãm(θ) refers to the perturbed antenna-array
response, i.e.,

ãm(θ) = (αm(θ) + ∆αm) ej(φm(θ)+∆φm). (2)

Assuming small ∆αm and ∆φm,

ãm(θ) ≈ am(θ) + (∆αm + j∆φm)am(θ). (3)

The antenna-array covariance matrix is perturbed and
consequently it affects the AoA estimation performance.
Therefore, the MUSIC spectrum is represented by [8]

P̃(θ) = vH(θ)ŨnŨH
n v(θ), (4)

where v(θ) is normalized direction vector which is
defined as

v(θ) =
1√
M

[1, ejπ sin(θ), · · · , ej(M−1)π sin(θ)]T , (5)

and Ũn = [ũ2, · · · , ũM ] is known as the perturbation
noise subspace, where ũm is corresponding to m-th
perturbation eigenvector when λ̃1 ≥ λ̃2 = · · · = λ̃m
are the eigenvalues of perturbed covariance.

From [8], the mean-square error (MSE) of AoA
estimation is approximated by first order Taylor series
expansion of MUSIC spectrum as follows

E [∆θ2] ≈ E
[(

P̃′(θ)
)2]

/
(
P′′(θ)

)2
, (6)

where ∆θ = θ̂ − θ, and E [·] denotes the expectation
over ∆αm and ∆φm. The second derivative of P(θ)
with respect to θ is computed as

P′′(θ) = 2v′
H

(θ)UnUH
n v′(θ), (7)

where v′(θ) is the first derivative of v(θ). Therefore, the
denominator of (6) can simplified as

(
P′′(θ)

)2
=

(M2 − 1)2

36
(π cos θ)4. (8)

Applying the orthogonality condition of eigenvectors and
approximation of the perturbed covariance matrix by
collecting the second order terms [8], we obtain the
numerator of (6) as follows

E
[(

P̃′(θ)
)2] ≈ 4

M
v′
H

(θ)UnUH
n Σφv

′(θ), (9)

where

Σφ = diag
{
σ2
φ1
, · · · , σ2

φM

}
. (10)

Using UnUH
n = I − vvH , where I is identify matrix,

(9) is simplified as

E
[(

P̃′(θ)
)2] ≈ 4

M

(
v′
H

(θ)Σφv
′(θ)

− v′
H

(θ)vvHΣφv
′(θ)
)
, (11)

=
4

M
(π cos θ)2

( M∑
m=1

(m− 1)

·
(
m− (

M + 1

2
)
)
σ2
φm

)
. (12)

Substituting (8) and (12) into (6), we compute the
MSE of the AoA estimation under the calibration uncer-
tainties as follows

E [∆θ2] ≈
( 12

M(M2 − 1)π cos θ

)2

·

M∑
m=2

σ2
φm

(m− 1)
(
m− (

M + 1

2
)
)
. (13)

The variance of the gain does not appear in this equa-
tion which means that the gain uncertainty does not
impact AoA estimation of the MUSIC algorithm. When
the phase calibration errors are identically distributed
between antennas (Σφ = σ2

φI), the summation in the
numerator of (13) can be simplified to

M∑
m=2

σ2
φm

(m− 1)
(
m− (

M + 1

2
)
)

= σ2
φ

M(M2 − 1)

12
.

(14)

Therefore, the variance of AoA estimation is expressed
in closed-form as [8]

σ2
θ ≈

12σ2
φ

M(M2 − 1)(π cos θ)2
. (15)

In the following, we assess the theoretical model of AoA
uncertainty with experiments.
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Fig. 1. Experimental setup for AoA measurements.

III. EXPERIMENTAL DEMONSTRATION

We build an experimental setup to study the impact
of the calibration phase uncertainty on the AoA mea-
surements. Figure 1 illustrates the experimental setup
with one anchor and one beacon in a clear Line of Sight
(LoS) channel. The setup is implemented with the USRP
platform. The anchor is equipped with a ULA consisting
of four vertical dipoles antennas with half-wavelength
inter-antenna spacing (d = 6 cm). The ULA is created
by two USRPs X310 which are synchronized by an
OctoClock timing reference [10]. A beacon periodically
broadcasts BLE advertising packets with a data rate of
1 Mb/s according to the Bluetooth core specification [2].
The advertising packets are modulated using Gaussian
Frequency Shift Keying (GFSK) with BT = 0.5 and
modulation index h = 0.5, so the maximum frequency
is fd = 250 kHz. A USRP B205mini-i with a vertical
dipole antenna is used to build the beacon. The beacon
position should fulfill the far-field condition which ap-
plies at distances greater than one meter from the ULA.
All USRPs are connected to a host computer via the
Gigabit Ethernet cables and configured by GNU Radio
Companion.

A. OTA calibration method

USRPs introduce a hardware phase difference between
antennas during the acquisition of signals, although
all USRPs are sharing the same external clock and
Pulse-per-Second (PPS) timing signal. The phase drift
is caused by hardware manufacturing tolerances in the
Radio Frequency (RF) feeding network, thermal effects
in the Power Amplifiers (PAs) and Low Noise Amplifiers
(LNAs), and group delay variations in the filters. Hence,
gain and phase calibration has to be applied on the
receiver side of the antenna-array.

We propose a new OTA calibration method which is
easy and flexible to implement in comparison with a
cable calibration. Since the cable calibration should be
implemented by connecting the antenna ports of USRPs
with power splitter [10], the phase calibration should be
performed every time before starting the experiments and
it is highly inconvenient to move cables every time to
perform calibration.

Fig. 2. Anchor setup with the near-field OTA calibration method.

In the proposed OTA calibration, another USRP
B205mini-i with a vertical dipole antenna is used in near-
field distance located with a = 10 cm from the middle
of the antenna-array as a Reference Transmitter (Ref
Tx). The anchor setup with proposed OTA calibration is
shown in Figure 2. The periodic pulses of sine wave are
transmitted from the single antenna port and receive by
antennas with a phase shift which needs to be compen-
sated. The phase calibration defines the reference direc-
tion. This method can be performed simultaneously with
AoA measurements and allows the accurate estimation
of AoA uncertainty under the calibration errors. The gain
levels of both calibration and BLE signals are settled by
USRP power adjustment in GNU Radio. Hence, BLE
TX, Ref TX, RX Gains of USRPs are fixed to 60 dB,
30 dB and 20 dB, respectively. Note that when the Ref
Tx is not far away from the antenna-array, the phase
shift Φ = 2πfcb

c due to the near-field distance needs to
be compensated where c is the free-space propagation
velocity and b can be simply calculated by euclidean
distance, i.e, b =

√
a2 + ( 3d

2 )2 −
√
a2 + (d2 )2.

In this calibration method, the antenna-array can si-
multaneously be calibrated during the AoA measure-
ments. In order to avoid the conflict between BLE Tx and
Ref Tx, BLE and sine waveforms should be generated
with an appropriate frequency spacing. Therefore, the
whole bandwidth should be monitored by ULA and
related filters have to be applied to recover both signals.
Figure 3 shows the Welch estimation [11] of Power
Spectral Density (PSD) of received signal as a function
of frequency with window length of L = N/2 = 500
samples.

B. Experimental results

Two kinds of experiments are performed to assess the
AoA uncertainty due to the calibration phase error as
follows
• First of all, two ULAs are calibrated separately

within 24 hours every 1 min and the phase differ-
ence between two USRPs in each ULA has been
measured periodically. The variance of phase error
is obtained from the phase measurements. We can
then derive theoretically the variance of AoA from
Eq. 13.
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Fig. 3. Estimated PSD with the Welch method.
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Fig. 4. Phase difference between two USRPs within 24 hours.

• Later on, AoA is directly estimated by evaluating
the calibration and received signals from different
pre-defined directions within 24 hours every 1 min
in the same experimental conditions. We can then
compute the variance of AoA from the measure-
ments for each direction and validate this result in
comparison with the result of the first experiment.

In order to omit the effect of the finite sample set,
the SNR is assumed to be high such that only a limited
amount of samples (N = 100) are enough to guarantee
the hypothesis of the low number of samples.

In Fig. 4, the phase difference between two USRPs
(∆φ) is shown within 24 hours for two ULAs. Note
that the phase difference error between two antennas
of one USRP is approximately constant. As can be
seen, there is a phase drift over time and significantly
during the warming-up period of USRPs. Additionally, a
considerable change in phase difference occurs between
two ULAs due to the different hardware manufactures.
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Fig. 5. Cumulative Distribution Function of the phase error for
different time delays from calibration for ULA1.
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Fig. 6. Probability Density Function of the phase error for different
time delays from calibration for ULA1.

The Cumulative Distribution Function (CDF) of the
phase error is shown in Fig. 5 for different time delays
from calibration (∆τc). To derive the CDF of the phase
error, we assume a sliding window with a size of time de-
lay from the calibration on the phase difference obtained
from the previous figure. Fig. 6 illustrates Probability
Density Function (PDF) of the phase error. It shows that
the calibration phase error has a Gaussian distribution.
The mean of the distribution is not null due to the drift
with time. By increasing the delay from the calibration
time, the accuracy of the calibration method is less
reliable since the PDF is wider.

The standard deviation of phase error as a function
of the time delay from calibration is depicted in Fig. 7
for two ULAs. It confirms that increasing the time delay
from calibration adds more uncertainty on phase cali-
bration. Furthermore, it displays the impact of hardware
change on the standard deviation of phase error.
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Fig. 7. Standard deviation of phase error as a function of the time
delay from calibration for two ULAs.
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Fig. 8 finally compares the variance of AoA obtained
from the experiment to that obtained from theory as
a function of the angle-of-arrival for ULA1. Knowing
approximately constant phase difference error between
two antennas of one USRP and substituting the ex-
tracted phase variance from Fig. 7 into Eq. 13, we can
compute the variance of AoA due to the phase error
for different directions of arrival. For the next part of
the experiment, we conducted the test for pre-defined
angles of 0◦, 15◦, 30◦, and 45◦. The AoA is estimated
for each direction within 24 hours every 1 min with
different time delays from calibration. Note that the
mismatch between the theory and experiment comes
from the fact that in theory, the AoA estimation errors
are approximated when the phase errors are distributed
as zero-mean Gaussian random variables, although, for
experimental demonstration, phase errors follow a non-
zero-mean Gaussian distribution. In both experiment and

theory, the variance of AoA estimation is increased with
the increment of the direction-of-arrival and the delay
between measurements and calibration time. The phase
uncertainty comes from hardware manufactures, as in
this case, it introduces up to 2 degrees uncertainty to
AoA measurements.

IV. CONCLUSION

In this paper, an experimental demonstration of the
AoA estimation uncertainty under the calibration er-
rors is presented. We propose a new OTA calibration
method to investigate precisely the calibration errors
and their impact on the AoA estimation uncertainty.
We experimentally study the accuracy of the calibration
method which is less reliable by increasing the delay
from the calibration time. We also show that the phase
uncertainty depends on the hardware manufactures and
this uncertainty can lead to AoA estimation error which
is not negligible for higher angles of the incident signal.

ACKNOWLEDGMENT

The authors would like to thank the financial supports
of the Copine-IoT Innoviris project, the Icity.Brussels
project and the FEDER/EFRO grant.

REFERENCES

[1] N. BniLam, G. Ergeerts, D. Subotic, J. Steckel, and M. Weyn,
“Adaptive probabilistic model using angle of arrival estimation
for IoT indoor localization,” in 2017 International Conference
on Indoor Positioning and Indoor Navigation (IPIN), Sapporo,
Japan, September 2017.

[2] S. Bluetooth, “Bluetooth core specification v5. 0,” Bluetooth
Special Interest Group: Kirkland, WA, USA, 2016.

[3] R. Kumaresan and D. W. Tufts, “Estimating the angles of arrival
of multiple plane waves,” IEEE Transactions on Aerospace and
Electronic Systems, vol. 19, no. 1, pp. 134–139, 1983.

[4] R. O. Schmidt, “A signal subspace approach to multiple emitter
location and spectral estimation.” Ph.D. thesis, Stanford Univer-
sity, 1981.

[5] Y. Han, H. Meng, Y. Shen, and Y. Liu, “Fundamental localization
accuracy in narrowband array-based systems,” in IEEE Interna-
tional Conference on Acoustics, Speech and Signal Processing
(ICASSP), Florence, Italy, May 2014.

[6] F. Li, H. Liu, and R. J. Vaccaro, “Performance analysis for DOA
estimation algorithms: unification, simplification, and observa-
tions,” IEEE Transactions on Aerospace and Electronic Systems,
vol. 29, no. 4, pp. 1170–1184, 1993.

[7] A. L. Swindlehurst and T. Kailath, “A performance analysis of
subspace-based methods in the presence of model errors. I. the
MUSIC algorithm,” IEEE Transactions on Signal Processing,
vol. 40, no. 7, pp. 1758–1774, 1992.

[8] H. Srinath and V. Reddy, “Analysis of MUSIC algorithm with
sensor gain and phase perturbations,” Signal Processing, vol. 23,
no. 3, pp. 245–256, 1991.

[9] S. Monfared, T. Nguyen, L. Petrillo, P. De Doncker, and F. Hor-
lin, “Experimental demonstration of BLE transmitter positioning
based on AOA estimation,” in IEEE 29th Annual International
Symposium on Personal, Indoor, and Mobile Radio Communica-
tions (PIMRC), Bologna, Italy, September 2018.

[10] M. Jokinen, M. Sonkki, and E. Salonen, “Phased antenna array
implementation with USRP,” in 2017 IEEE Globecom Workshops
(GC Wkshps), 2017, pp. 1–5.

[11] P. Welch, “The use of fast Fourier transform for the estimation
of power spectra: a method based on time averaging over
short, modified periodograms,” IEEE Transactions on Audio and
Electroacoustics, vol. 15, no. 2, pp. 70–73, 1967.


