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1 Introduction

The crucial rôle played by symmetries in three-dimensional gravity becomes obvious from

the intriguing possibility to write gravity in a gauge theory formulation. The Chern-Simons

(CS) action based on either of the gauge algebras iso(2, 1), so(3, 1), so(2, 2), is classically

equivalent to the Einstein-Hilbert action in its first-order formulation with zero, positive or

negative cosmological constant, respectively [1, 2]. Since three-dimensional gravity does not

allow for propagating degrees of freedom, the solutions of the respective theories are conse-

quently locally three-dimensional Minkowski, de Sitter (dS), or anti-de Sitter (AdS), with

the gauge algebras corresponding to the symmetries of the respective spacetime. Gravity

on AdS3 in particular has received a great amount of attention as one finds that, imposing

the right boundary conditions [3], the asymptotic symmetries of AdS3 yield the infinite-

dimensional symmetries of a two-dimensional conformal field theory (CFT). This set-up

presents one of the best studied instances of the AdS/CFT duality [4–6]. The intimate

relation of CS theories to Wess-Zumino-Witten (WZW) models [7, 8] is a reason the gauge

formulation of AdS3 gravity appears to be particularly suited for a better understanding

of the correspondence [9].

The above mentioned symmetry algebras, iso(2, 1), so(3, 1), so(2, 2), are examples of

kinematical Lie algebras, that are associated to three-dimensional homogeneous spacetimes

on which they act transitively; for the above mentioned these spacetimes are precisely

three-dimensional Minkowski, dS3, and AdS3, respectively.1 From the action on the ho-

mogeneous spacetime the generators of a kinematical algebra inherit an interpretation of

rotations, boosts, spatial and temporal translations. In fact, any homogeneous spacetime

is completely specified by a kinematical algebra k and a choice of subalgebra b that singles

out the transformations associated to boosts and rotations. For instance, for all three sym-

metry algebras mentioned above, the subalgebra b is the three-dimensional Lorentz algebra

so(2, 1). The pair (k, b) determining the homogeneous space is called Klein pair. Assuming

K and B are the simply connected Lie groups with Lie algebra k and b, respectively, the

homogeneous spacetime is then given by the quotient K/B.

1For precise definitions and further details see appendix B.
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In this work we want to define CS theories for all possible three-dimensional spatially

isotropic homogeneous spacetimes. These homogeneous spacetimes can be regarded as

generalization of maximally symmetric spacetimes dropping the assumption of the existence

of a nondegenerate tangent space metric. The resulting CS theories are consequently

gravitational theories that may not allow for a description in terms of a metric, i.e., they

are non- or ultrarelativistic theories of gravity that have instead of the metric a galilean or

carrollian structure on the tangent space.

The interest in gravitational theories based on galilean symmetries has been rekindled

recently due to their relevance for holographic correspondences [10–17] and effective field

theories [18–21] for condensed matter systems. Ultrarelativistic gravity theories on the

other hand could help to elucidate the structure of field theories with carrollian symmetries,

which appear at event horizons [22, 23] and at null infinity (and arguably also at spatial

infinity [24–26]).2 Given the simplicity of gravity in three dimensions, it suggests itself as

an interesting testing ground for the study of gravitational theories with non-lorentzian

symmetries; see [30–32] for CS theories of the Carroll group and [33–37] for works on the

(AdS-)Galilei group and supersymmetric extensions thereof.

A CS theory for a homogeneous spacetime is defined by two ingredients

• a Klein pair (k, b) with k a kinematical Lie algebra and b a subalgebra determining

boosts and rotations;

• a symmetric, invariant, nondegenerate bilinear form, i.e., an invariant metric on k.

In order to write down a CS theory for all three-dimensional homogeneous spacetimes one

has to, firstly, classify all Klein pairs giving rise to a three-dimensional spacetime and,

secondly, specify an invariant metric for all of them.

A first classification of kinematical Lie algebras and their associated homogeneous

spacetimes was provided in a seminal paper by Bacry and Lévy-Leblond [38] (see also [39])

where they showed how these algebras can be obtained by successive Inönü-Wigner (IW)

contractions starting from the symmetry algebra so(D + 1, 1) [so(D, 2)] of (D + 1)-

dimensional [anti-]de Sitter space.3 In this way one recovers the well-known Poincaré

algebra iso(D, 1), the nonrelativistic galilean algebras, and the ultrarelativistic carrollian

algebras. In summary, they find a cube of kinematical algebras connected by limiting

procedures. One of the main results of the present work is a lift of the cube of kinemat-

ical algebras of Bacry-Lévy-Leblond to a cube of three-dimensional gravity theories (cf.

figure 1) connected by various limits.

More recently, the classification of homogeneous spacetimes was generalized to include

spacetimes that do not arise as limits from (anti-)de Sitter space as well as aristotelian

spacetimes, which lack boost invariance [40]. We include these non-contracting spacetimes

in our discussion of all possible three-dimensional CS theories.

2More precisely: the structure at null infinity is only a conformal carrollian structure. This structure is

left invariant by the infinite-dimensional Bondi-van der Burg-Metzner-Sachs (BMS) group [27–29].
3The authors of [38] restricted to 3+1 dimensions. It was only recently shown that there is no change for

higher dimensions [40] (a property that is not true if solely the kinematical Lie algebras are considered [41]).
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Let us now turn to the second ingredient in the definition of a CS theory. The existence

of an invariant metric is guaranteed for [semi]simple Lie algebras such as the [A]dS algebra

so(3, 1) [so(2, 2)]. However, apart from the (A)dS algebra none of the other kinematical

algebras appearing in the cube of Bacry-Lévy-Leblond are semisimple. In line with this,

one finds that the galilean algebras do not allow for an invariant metric. Yet the three-

dimensional Poincaré algebra iso(2, 1) while not being semisimple allows for an invariant

metric, in contrast to all higher dimensions; a fact that was crucial in the construction of [2].

This raises the question which Lie algebras (or, for our purpose, kinematical Lie al-

gebras) allow for an invariant metric. The answer is provided by a theorem of Medina

and Revoy [42, 43] stating that all such Lie algebras are either abelian, simple, or so-

called double extensions (or direct products of these ingredients). We will show that the

Poincaré algebra allows for an invariant metric precisely because it can be understood as

a double extension.

Given the fact that the galilean algebras do not allow for an invariant metric it appears

that our program to define a CS theory for all three-dimensional homogeneous spacetimes

is already doomed to fail. However, the theorem of Medina and Revoy also provides us with

the tools to circumvent this conclusion. We find that the double extension structure can be

used as a bootstrap to construct out of any kinematical algebra without invariant metric

a new extended algebra that has one by construction. The new algebra and the original

kinematical algebra share the same homogeneous spacetime. However, this extension might

not be unique, and one of the central goals of this work is to find the one with minimal

additional generators.

With this tool at our disposal, together with the classification of all three-dimensional

kinematical spacetimes [40], we arrive at our main result which is a classification of all

Chern-Simons theories based on the gauging of three-dimensional kinematical Klein pairs.

As mentioned above, we will also show that all CS actions based on the kinematical

algebras of the cube of Bacry-Lévy-Leblond can be obtained as limits of the trivially twice

centrally extended (A)dS algebra. These central extensions become nontrivial after the IW

contraction and lead to kinematical algebras having the form of double extensions with

invariant metric.4 A similar approach for the case of the galilean algebras was pioneered

in [33, 34] and has recently been revived [35, 36]. Remarkably these limits are not only a

limit of the equations of motion, but also generalize to the action principle, which might

be crucial for going beyond the classical level.

Having discussed three-dimensional homogeneous spacetimes, we will turn to higher-

dimensional kinematical algebras. We will not discuss gauge theories based on these al-

gebras. Nevertheless, we find that the construction of metric Lie algebras out of these

higher-dimensional kinematical algebras, using the double extension bootstrap, will lead to

interesting Lie algebras, some of which appear to be novel while others are well-known in

the literature. We finally provide a version of the cube of Bacry-Lévy-Leblond for metric

Lie algebras in any dimension. This means that we find a particular double extension of

the (A)dS algebra that allows to take a well-defined limit, both on the level of the algebra

4In order to avoid possible confusion we want to stress that, despite the similar name, a double extension

is a priori completely unrelated to a Lie algebra with two central extension.
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and on the level of the invariant metric, to a double extension of any other kinematical Lie

algebra that can be reached by a contraction. Again, all of this extended algebras have the

same homogeneous space as the original algebra.

A busy reader or somebody only interested in the final results could consider to look

at our summary in section 8 and figure 1 and the discussion in section 9.

This paper is organized as follows. In section 2 we recall the reformulation of the

Einstein-Hilbert action in its first-order form as a CS gauge theory. We will emphasize

in particular the rôle of the Klein pair and the choice of invariant metric. Section 3

contains one of the main results of this work. We discuss the possible IW contractions of

the (A)dS algebra to other three-dimensional kinematical algebras, their nontrivial central

extensions, and finally present the CS action based on the twice trivially extended (A)dS

algebra from which all other actions of the cube 1 can be obtained as a limit. In section 4

we define the concept of a double extension and show how the appearance of a metric

for the three-dimensional kinematical algebras of the cube can be understood from this

perspective. Section 5 discusses the three-dimensional kinematical algebras that do not

arise as limits from the (A)dS algebra, which finishes our classification of kinematical CS

theories. In section 6 we apply the double extension bootstrap of section 4 to higher

dimensional kinematical algebras. Section 7 presents then a generalization of the cube

of Bacry-Lévy-Leblond for metric Lie algebras. Following our summary and discussion

in sections 8 and 9, respectively, we include in appendix A our conventions concerning

Lie algebra contractions. In appendix B we discuss concepts regarding kinematical Lie

algebras, homogeneous spacetimes, and Cartan connections. In appendix C we display the

full action constructed in section 3 with its equations of motion and gauge transformations.

Before starting, a word on terminology: We stress throughout this work that the

specification of a kinematical algebra k without providing also a subalgebra b for the Klein

pair (k, b) is not enough to define the homogeneous spacetime it acts on. Nevertheless,

our use of terminology will be more loose in the sense that we will often refer to the

homogeneous spacetimes by their kinematical algebras. The reason for this is that often

only this structure only is relevant for the problem at hand. The choice of subalgebra b

necessary for the Klein pair will be obvious from our choice of basis for k.

2 Chern-Simons theory and homogeneous spacetimes

We briefly review the reformulation of the Einstein-Hilbert action as a gauge theory of

Chern-Simons type (for more details see [2]). In section 2.2 we will then frame the discussion

in terms of homogeneous spacetimes. We argue that it is possible to write equations of

motion for any three-dimensional spatially isotropic spacetime as classified in [38, 40] and

explain what is necessary to also provide an action principle.

2.1 Three-dimensional gravity as a Chern-Simons theory

It is well-known that the first order form of the Einstein-Hilbert action in three dimensions

can be written as a Chern-Simons theory [1, 2]

SCS[A] =

∫
〈A ∧ dA+

1

3
[A,A] ∧A〉 , (2.1)

where a wedge product is understood in the commutator.

– 4 –
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3
(Anti-)de Sitter

3
Poincaré

3
(A)dS-Galilei

3

3
(A)dS-Carroll

3
Galilei

3
Para-Galilei

3
Carroll

3
Static

0← Λ

c
i

=
1c
→

0

0← τ

0←
α,
β

Figure 1. This tesseract describes the limits starting with the (anti-)de Sitter theories extended by

two (trivial) central extensions. They are added such that they are nontrivial in the nonrelativistic

(ci → 0) limit and render all theories well-defined (3) in the flat (Λ → 0) and ultrarelativistic

(τ → 0) limit. This spans the outer cube which is described in table 2. The α, β → 0 limit

trivializes the central extensions and leads to the inner cube. The nonrelativistic theories are,

unlike the carrollian, not well-defined anymore. This is due to degeneracy of their invariant metric

as indicated by a cross (7) and can be seen in table 1. See also table 10 for a summary of the

properties of the algebras appearing in the tesseract.

In the first order formulation of general relativity the fundamental fields are the vielbein

e and the dualized spin-connection ω, which can be combined into the connection A of the

Chern-Simons theory

A = e+ ω = eµP̂µ + ωµĴµ . (2.2)

The connection A is then a Lie algebra valued one form with the Lie algebra given by

ads = so(2, 2) ' sl(2,R) ⊕ sl(2,R) ' so(2, 1) ⊕ so(2, 1), ds = so(3, 1) ' sl(2,C) (where

sl(2,C) is understood as a real Lie algebra) and poi = iso(2, 1), for negative, positive and

vanishing cosmological constant, respectively. These algebras are explicitly given by

[
Ĵµ, Ĵν

]
= ε ρ

µν Ĵρ (2.3a)[
Ĵµ, P̂ν

]
= ε ρ

µν P̂ρ (2.3b)[
P̂µ, P̂ν

]
= ±Λ2ε ρ

µν Ĵρ . (2.3c)

– 5 –
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The upper sign refers to ads, the lower sign to ds and poi is given by the Λ → 0 limit.5

Indices are raised and lowered with a mostly plus metric (our conventions are summa-

rized in appendix A). In each case the Lie algebra corresponds to the isometry algebra of

the maximally symmetric spacetime of the theory given by anti-de Sitter, de Sitter, and

Minkowski space.

Having chosen a gauge algebra, the Chern-Simons theory is not completely defined

without choosing a “trace”, which was denoted by 〈 〉 in (2.1). We will call this symmetric,

invariant, nondegenerate bilinear form on the Lie algebra an invariant metric where by

invariance we mean that

Z · 〈X, Y〉 ≡ 〈[Z, X], Y〉+ 〈X, [Z, Y]〉 = 0 (2.4)

for all Lie algebra elements X, Y, Z.6 For simple complex Lie algebras it is given up to a

normalization by the Killing form. But, as discussed, ads is semisimple as is the complexi-

fication of ds (as a real Lie algebra ds is of course simple). Therefore, the invariant metric

of the real Lie algebras is parametrized by two parameters µ and χ

〈Ĵρ, Ĵλ〉χ = χηρλ (2.5a)

〈P̂ρ, Ĵλ〉µ = µ ηρλ (2.5b)

〈P̂ρ, P̂λ〉χ = ±Λ2 χηρλ . (2.5c)

This is the most general invariant metric and it is nondegenerate for µ2 ∓ Λ2χ2 6= 0. In

particular, the metric is nondegenerate even in the Λ → 0 limit provided µ 6= 0, even

though poi is not semisimple.

It is clear that this metric for poi cannot come from its Killing form, that is degenerate

due to Cartan’s criterion, which shows that semisimplicity is not a necessary criterion for

the existence of an invariant metric. Rather, the poi algebra has the specific form of a

double extension which guarantees the existence of an invariant metric [42, 43]. We will

return to the topic of double extensions in section 4. For now let us note only that the

double extension structure of the Poincaré algebra in three dimensions does not generalize

to higher dimension. On the other hand, the invariant metric proportional to χ, coming

from the Killing form of the semisimple (a)ds algebra, is generic.

Having defined a metric on the Lie algebra one can now plug the connection (2.2) into

the Chern-Simons action (2.1) and use (2.3) and (2.5) to obtain

SCS[e, ω] =

∫
〈2e ∧R+

1

3
[e, e] ∧ e− d(ω ∧ e)〉µ +

∫
〈e ∧ T + ω ∧ dω +

1

3
[ω, ω] ∧ ω〉χ

= SEH + SEχ , (2.6)

where the dualized curvature two-form is given by R = dω + 1
2 [ω, ω] and the torsion two-

form by T = de + [ω, e]. The first term, with coupling µ, is proportional to the standard

5The above mentioned splitting of the ads algebra is made explicit by the basis change L̂±µ =
1
2

(
Ĵµ ± Λ−1P̂µ

)
.

6We will often abuse terminology and refer to a degenerate invariant symmetric bilinear form by de-

generate (invariant) metric. If not indicated otherwise, we mean by an invariant metric a nondegenerate

bilinear form.
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Einstein-Hilbert action of general relativity in the first order formulation. The second

“exotic” term with coupling χ, has the interesting feature that it does not change the

equations of motion [2], as we will now show explicitly

δSCS =

∫
〈2F ∧ δA〉 −

∫
d〈A ∧ δA〉 (2.7)

=

∫
〈(2R+ [e, e]) ∧ δe+ 2T ∧ δω〉µ −

∫
d〈e ∧ δω + ω ∧ δe〉µ

+

∫
〈2T ∧ δe+ (2R+ [e, e]) ∧ δω〉χ −

∫
d〈e ∧ δe+ ω ∧ δω〉χ . (2.8)

Thus, in each case the Chern-Simons flatness condition

F = dA+
1

2
[A,A] = 0 (2.9)

implies, for generic µ and χ, the equations of motion

Rλ = ∓Λ2

2
ελνρe

ν ∧ eρ T λ = 0 . (2.10)

The resulting geometries are therefore quotients of three-dimensional Minkowski or (A)dS.

While the addition of the exotic term leaves the equations of motion inert, let us

emphasize that this change of the action has repercussion on the thermodynamics of the

solutions [44–46] and, consequently, might change the quantum theory [2]. We will therefore

try to be as general as possible when providing invariant metrics for other Lie algebras.

We parametrize the gauge transformations δA = dε+ [A, ε] by ε = ζµP̂µ + λµĴµ which

leads us to

δe = dζ + [ω, ζ] + [e, λ] , δω = dλ+ [ω, λ] + [e, ζ] . (2.11)

The remarkable feature that makes three dimensional gravity special is invariance of the

action, up to a boundary term, under local Lorentz transformations and local translations.

Diffeomorphisms ξ are on-shell just gauge transformations given by ε = ξµAµ [2].

Furthermore, one can construct a metric being invariant under local Lorentz transfor-

mations λ by

g = ηµνe
µ ⊗ eν . (2.12)

This quantity characterizes lorentzian geometries and will in general be lost in the kinemat-

ical limits. This metric on the tangent space of the spacetime M should not be confused

with the earlier introduced invariant metric of the Lie algebra.

2.2 Chern-Simons theories for three-dimensional homogeneous spacetimes

Let us discuss the reformulation of Einstein gravity presented in the previous section from

the point of view of homogeneous spacetimes; for a summary of relevant concepts consult

appendix B. The three algebras ads, ds, and poi are examples of a kinematical Lie algebra

k. In order to define a homogeneous spacetime associated to a kinematical algebra k we

– 7 –
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need in addition the choice of a subalgebra b ⊂ k that determines the subalgebra of boosts

and rotations. For all of the three algebras this subalgebra is the three-dimensional Lorentz

algebra so(2, 1) in equation (2.3a) generated by the elements {Ĵµ}. Writing down the gauge

connection A, the elements along the b direction are associated with the spin connection

ω, whereas elements along the remaining directions k/b are associated with the dreibein e.

Choosing an invariant metric one can then write the CS action (2.1) for the connection A.

Projecting the equation of motion (2.9) along the b direction yields the curvature equation,

while projecting along the remaining generators k/b yields the torsion of the spacetime.

Since the homogeneous spacetimes obtained from the pair (k, so(2, 1)), with k being any

of ads, ds, or poi, can be equipped with a lorentzian structure ηµν we can write down the

spacetime metric g according to equation (2.12).

Framing the derivation of the last section in this way, we see that it is possible to write

down equations of motion for all of the three-dimensional homogeneous spacetimes classified

in [40]. One simply replaces the Klein pair of, say, (ads, so(2, 1)) by the corresponding Klein

pair (k, b). The equations of motion (2.9) provide a theory for the gauge field A of the

underlying symmetry algebra. More precisely, the connection A is the Cartan connection

for a Cartan geometry. These geometries describe manifolds that are locally modeled on

a particular homogeneous spacetime, in the same way (pseudo-)riemannian manifolds are

locally modeled on euclidean (Minkowski) spacetime (for more details and references see

appendix B). Of course, the equation of motion (2.9) tells us that, on-shell, all solutions

are quotients of the model homogeneous spacetimes, i.e., the Cartan geometry is flat.

Since a generic homogeneous spacetime does not allow for a lorentzian structure ηµν ,

equation (2.12) is replaced by the corresponding carrollian, galilean or static structure.

With the appropriate replacements one can write down a Cartan connection and the equa-

tions of motion F = 0 for all higher-dimensional kinematical algebras.

However, there is an additional nontrivial ingredient that is needed to construct the

CS action, which is the existence of an invariant metric on the kinematical Lie algebra. In

fact, in addition to the choice of homogeneous spacetime this is the only nontrivial (local)

ingredient in order to define a CS theory.

For the (semi)simple algebras (a)ds the existence of this metric is guaranteed, while

for poi it is only due to its special form as a double extension; we will return to this point

in section 4. In contrast, most kinematical algebras k on which the spacetimes appearing in

the classification of [40] are based, do not allow for an invariant metric. In order to obtain

a CS theory for these kinematical algebras we will have to extend these algebras, i.e., we

will have to add additional generators and corresponding fields to the gauge connection A

such that the resulting algebra can be endowed with an invariant metric. These extensions

will be modeled to have the structure of a double extension with the minimal number

of additional generators. This choice guarantees, e.g., compared to a deformation, that

the geometries do not loose their kinematical structure and interpretation. Note that this

is a choice and there might be other ways to realize CS theories for these homogeneous

spacetimes. Nevertheless, using our approach we will be able to construct CS theories for

all three-dimensional homogeneous spacetimes.

– 8 –
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3 Kinematical limits of three-dimensional gravity

In the previous section we have reviewed the Chern-Simons formulation of three-

dimensional gravity and subsequently generalized the discussion to include Chern-Simons

theories based on any three-dimensional homogeneous spacetime provided they admit an

invariant metric on their Lie algebra.

Kinematical spacetimes have been classified in the seminal work of Bacry and Lévy-

Leblond [38, 39] with a recent generalization presented in [40]. Among these spacetimes

there is a class that arises as a limit from (A)dS space. In this section we focus on this

family. The remaining so-called non-contracting kinematical spacetimes will be dealt with

in section 5.

For interesting Chern-Simons theories that go beyond or generalize the kinematical

setup, see, e.g., [35–37, 47–49].

3.1 Kinematical limits

Since the (semi)simple (a)ds algebras cannot arise as nontrivial contractions,7 they present

a natural starting point in the search for limits. We will call a limit or action well-defined

if the invariant metric remains nondegenerate after the limit, which means that each field

has a kinetic term 〈A ∧ dA〉 in the CS action.

In the following, it will be convenient to introduce a time-space splitting of the (a)ds

Lie algebra (2.3). We assume the following conventions for the generators of rotations J,

dualized boosts Ba, time translation H, and spatial translations Pa

J ≡ Ĵ0 Ba ≡ Ĵa H ≡ P̂0 Pa ≡ P̂a , (3.1)

where a = 1, 2 (for a summary of our conventions see appendix A.1). The subalgebra b of

the kinematical algebra is always assumed to be generated by the set {J, Ba}.
Besides the already introduced flat or vanishing cosmological constant limit

parametrized by Λ → 0 we have two further independent options to introduce contrac-

tion parameters when we restrict to kinematical spacetimes [38] (which is also true under

less restrictive conditions [40]):

• The nonrelativistic or galilean limit corresponds intuitively to the limit where the

light cone opens up and is parametrized by sending the speed of light to infinity. We

will introduce a contraction parameter that is the inverse of the speed of light ci ≡ 1
c

so that we can send all the limits uniformly to zero. One ends up with (A)dS galilean

spacetimes, also known as Newton-Hooke spacetimes or expanding/oscillating uni-

verses [38]. For the case of vanishing cosmological constant, the ci → 0 limit leads to

the galilean spacetime.

7This follows from the fact that there exists for any Lie algebra contraction an inverse operation given by

a Lie algebra deformation. This implies that a Lie algebra that is the result of a nontrivial contraction should

allow for deformations. However, semisimple Lie algebras, like the (a)ds algebras, cannot be deformed (they

are rigid) and can therefore not arise from a limit (see, e.g., [50, 51] for further details).
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• The ultrarelativistic or carrollian limit corresponds to the limit where the light cone

closes. It is an independent and inequivalent contraction parametrized by τ which we

also send to zero in the limit. This leads to the (A)dS-carrollian spacetimes, which

were called para-Poincaré and inhomogeneous SO(4) in [38]. Taking both Λ → 0,

τ → 0 limits leads to the carrollian spacetime. These carrollian spacetimes are null

surfaces of (A)dS and Minkowski space [40] (see also [52]).

Notice that seen as an abstract Lie algebra the AdS-Carroll algebra is isomorphic

to the Poincaré algebra. However, the associated Klein pairs, and consequently the

associated homogeneous spacetimes, differ due to a different choice of subalgebra b

for the same kinematical algebra. This example emphasizes the physical importance

of considering Klein pairs instead of kinematical algebras only.

• Keeping the cosmological constant but sending τ, ci → 0 (in any order) leads to

the so-called para-Galilei algebra. As in the above case, the para-Galilei algebra is

isomorphic to the Galilei algebra. The homogeneous spacetimes associated to the

two algebras are different due to a different choice of subalgebra b. We want to

mention the following subtlety: since the boosts Ba in the para-Galilei algebra do not

act effectively on Pa, H, they can be quotiented out of the algebra (cf. appendix B).

Consequently, the homogeneous spacetime of the para-Galilei algebra is the same

static aristotelian spacetime as for the static algebra, cf. below.8

• Sending all contraction parameters to zero Λ, τ, ci → 0 leads to the static algebra with

all brackets identically zero, except for the commutators of angular momentum with

boosts and spatial momentum. The static algebra belongs to the class of aristotelian

kinematical algebras, which we will analyze in more detail in section 5.3.

These limits can be implemented in the following way. Starting from the generators (3.1)

that are appropriate for the relativistic algebras we will change to a new basis by a three-

parameter (ci, τ,Λ) family of linear transformations gci,τ,Λ

gΛ,τ,ciJ = J gΛ,τ,ciBa = (τci)
−1Ba gΛ,τ,ciPa = (Λci)

−1Pa gΛ,τ,ciH = (Λτ)−1H ,

(3.2)

simultaneously transforming the metric (2.5)

gΛ,τ,ciµ = (Λτ)−1µ gΛ,τ,ciχ = χ , (3.3)

where we have for completeness also added the cosmological constant that was already used

in section 2. The resulting generators on the right hand side are taken to be the generators

for the contracted algebras. The replacements of algebra (2.3) and invariant metric (2.5)

lead to table 1. The invariant metric is nondegenerate for

ci(µ
2 ∓ Λ2τ2χ2) 6= 0 . (3.4)

8For the CS theories this question of equivalence is more subtle and the reason we keep the para-

galilean theory.
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(a)ds(−)
+

[J, Ba] εamBm

[J, Pa] εamPm

[Ba, Bb] −εabτ2c2
i J

[Ba, H] −εamτ2Pm

[Ba, Pb] −εabc2
i H

[H, Pa] ±εamΛ2Bm

[Pa, Pb] ∓εabΛ2c2
i J

(a)ds(−)
+

〈H, J〉 −µ
〈Pa, Bb〉 c2

iµδab

〈J, J〉 −χ
〈Ba, Bb〉 c2

i τ
2χδab

〈H, H〉 ∓Λ2τ2χ

〈Pa, Pb〉 ±c2
iΛ

2χδab

Table 1. The (anti-)de Sitter spacetimes (left) and their most general invariant metric (right). The

upper signs correspond to ads and the lower to ds. The invariant metric remains nondegenerate

when ci(µ
2 ∓ Λ2τ2χ2) 6= 0.

From the degeneracy criterion (3.4) we see that the invariant metric is non-singular in

the limit τ → 0 if µ 6= 0. Since also all Lie brackets are well-defined in this limit, this means

that the ultrarelativistic limit τ → 0 of the Chern-Simons action (2.1) is well-defined. This

has first been shown for the Λ = 0 case in [31, 32], to the best of our knowledge.

On the other hand, in the nonrelativistic limit the bilinear form is degenerate regardless

of the choice of µ and χ; the treatment of this degeneracy is the subject of section 3.3. The

different limits relating the kinematic theories presented in this section are summarized in

the inner cube of the tesseract of figure 1. The check marks on the upper face of the inner

cube signify that the limiting procedure leads to a nondegenerate invariant metric and thus

to a well-defined theory.

A comment concerning the contractions and invariant metrics is in order. It might

happen that a contraction leads to a degenerate bilinear form even though the contracted

Lie algebra permits an invariant metric. A straightforward example is the contraction of

an arbitrary algebra with invariant metric to an abelian one; a contraction that is always

available. Any abelian algebra permits an invariant metric, still the contracted invariant

metric might be degenerate.

The situation for the case at hand is that, using the contractions of table 1, we arrive

at the most general invariant metric for the lorentzian and carrollian theories. For the

Galilei, (A)dS-Galilei, para-Galilei and static case we have the freedom to add 〈H, H〉 = χH,

but the invariant metric is still degenerate.

3.2 Central extensions of kinematical algebras

We saw in the last subsection that the nonrelativistic theories do not inherit a nondegen-

erate metric in the limit ci → 0. However, this should not come as a surprise as it is

straightforward to show that none of these algebras permits an invariant metric.

In order to see this it is enough to realize that the center Z(g) of any Lie algebra g

that allows for an invariant metric is orthogonal to the first derived ideal [g, g]. This is

implied by the following chain of equivalences

[Z(g), g] = 0 ⇐⇒ 〈[Z(g), g], g〉 = 0 ⇐⇒ 〈Z(g), [g, g]〉 = 0 , (3.5)
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where the first arrow follows from nondegeneracy of the invariant metric and the second

from invariance. The last equation gives us the simple necessary criterion

dim g = dim [g, g] + dimZ(g) (3.6)

for the existence of an invariant metric for a given algebra g. This is trivially fulfilled for

semisimple Lie algebras, where g = [g, g], and abelian Lie algebras, since g = Z(g).

Applying equation (3.6) to the nonrelativistic algebras we find that the criterion is not

obeyed as all of them have no or (as in the case of the static algebra) not enough central

elements. From this we conclude that further generators, e.g, in the form of central ele-

ments have to be added to the nonrelativistic algebras if we require these algebras to have

a nondegenerate invariant metric. Our aim in section 3.3 will be to include these central

extensions before taking the nonrelativistic limit, in such a way that after the contraction

the resulting algebras have a well-defined metric; partial results of this contraction pro-

cedure (sometimes implicitly) can be found in [31, 33–35, 37, 48]. Before we turn to the

contraction procedure we study all possible central extensions of the kinematical algebras

and their invariant metrics that appear in the cube of Chern-Simons theories. Central

extensions are trivial if they can be removed by a redefinition of the basis elements. Non-

trivial central extensions of the algebra are in one-to-one correspondence with the elements

of the second cohomology group of the Lie algebra (for details cf., e.g., [53]). We mention

that (semi)simple Lie algebras can only have trivial central extensions.

The (A)dS-Galilei algebra and its flat limit, the Galilei algebra, allow for three central

extensions [54]

[J, H] = ZJH [Ba, Pb] = εabM [Ba, Bb] = εabS [Pa, Pb] = ±Λ2εabS (3.7)

of which only the “mass” M generalizes to higher dimension. The Galilei algebra with the

central extension M included is called the Bargmann algebra. Its importance lies in the fact

that its corresponding Lie group is isomorphic to the symmetry group of galilean systems

as described, e.g., by the Schrödinger equation. The three-dimensional Galilei algebra with

both central charges M, S is sometimes called extended Bargmann algebra.

The Lie algebra central extension [J, H] = ZJH does not exponentiate to an extension

of the group [54] and is therefore often omitted. Furthermore, from the point of view that

H should be a scalar under rotations this central extension seems obscure. Let us check

the necessary criterion (3.6) for the Galilei algebra again but now with the central exten-

sions (3.7) included. We find that the dimension of the first derived ideal {Ba, Pa, M, S, ZJH}
and the dimension of the center {S, ZJH, M} do not add up to the dimension of the algebra,

thus disallowing an invariant metric, unless one of the central extensions is dropped. In-

deed, the presence of ZJH renders any invariant metric degenerate, whereas the other two

central extensions are needed for a nondegenerate metric. We will see this in more detail

in sections 3.3 and 4.3.

For para-Galilei we merely exchange B↔ P in (3.7) and send Λ→ 0, so infinitesimally

it also has three central extensions given by

[J, H] = ZJH [Ba, Pb] = εabM [Pa, Pb] = εabZP . (3.8)
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For the relativistic algebras, i.e., the upper face of the cube, we do not need central

extensions in order to get an invariant metric, as we showed in the last section. However, in

order to be complete we mention the possible central extensions for these algebras as well.

The Lie algebras of the Poincaré and (A)dS-Carroll spacetimes permit, like their higher

dimensional analogs, no nontrivial central extension. The flat Carroll spacetime permits,

again only in 2 + 1 dimensions, three central extensions given by

[Ba, Pb] = δabZ̃BP [Ba, Bb] = εabZB [Pa, Pb] = εabZP . (3.9)

Adding any combination of these to the algebra renders the metric degenerate.

Finally, the static Lie algebra has five nontrivial central extensions (see, e.g., [55])

given by combining all of the above mentioned to

[J, H] = ZJH [Ba, Pb] = εabM + δabZ̃BP [Ba, Bb] = εabZB [Pa, Pb] = εabZP . (3.10)

Applying criterion (3.6) again, we see that it is obeyed if only one central extension is

added. In fact, the only central extensions that allow the extended static algebra to have

an invariant metric are either Z̃BP or M. We will recover the latter of these extensions when

studying the contraction of the centrally extended (A)dS algebra which is the topic of the

following section.

3.3 The tesseract of Chern-Simons theories

In the previous section we have not dealt with the (a)ds algebra, as it is a (semi)simple alge-

bra with trivial second cohomology group. Thus, all central extensions of the (a)ds algebra

can be eliminated by a redefinition of the generators. However, trivial central extension

may turn nontrivial under contractions. This will allow us to obtain a nondegenerate metric

for the nonrelativistic algebras.

We extend the (a)ds algebra by two u(1) algebras with generators S and M. The Lie

brackets of the extended algebra are summarized in table 2 (for details see appendix A.2).

Let us emphasize that it is essential to add these two central extensions, as well as to

consider them as independent elements of the vector space.

Notice that in the limit α, β → 0 which “turns off” the central extensions the brackets

and metric of table 1 are reproduced. Furthermore, the central extensions generated by

M and S are trivial so that the algebra displayed in table 2 is related to the previous one

by a shift of generators. Since we added two new u(1) generators we are free to choose an

arbitrary nondegenerate symmetric bilinear form as invariant metric for these generators

providing us with three parameters µS, µM, µMS. The other components of the metric are

then fixed by the above mentioned shifts of generators. For an explicit display of the

necessary replacements consult appendix A.2.

As before, the algebra is well-defined for all contractions Λ, τ, ci but in contrast to the

non-extended algebra of table 1 the invariant metric is now nondegenerate if both of the

following conditions are fulfilled:

c4
i

(
µ2 ∓ Λ2τ2χ2

)
+ α2β2µ2

MS ∓ β4Λ2τ2µ2
S + 2c2

i β
(
αµµMS ∓ βΛ2τ2χµS

)
6= 0 (3.11a)

(µSµM − µ2
MS) 6= 0 . (3.11b)
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(a)ds(−)
+
⊕ u(1)2

[J, Ba] εamBm

[J, Pa] εamPm

[Ba, Bb] −εabτ2(c2
i J− βS)

[Ba, H] −εamτ2Pm

[Ba, Pb] −εab(c2
i H− αM)

[H, Pa] ±εamΛ2Bm

[Pa, Pb] ∓εabΛ2(c2
i J− βS)

(a)ds(−)
+
⊕ u(1)2

〈H, J〉 −µ
〈Pa, Bb〉 (c2

iµ+ αβµMS)δab

〈J, J〉 −χ
〈Ba, Bb〉 τ2(c2

iχ+ β2µS)δab

〈H, H〉 ∓Λ2τ2χ+ 1
c2i

(α2µM ∓ Λ2τ2β2µS)

〈Pa, Pb〉 ±Λ2(c2
iχ+ β2µS)δab

〈M, M〉 c2
iµM

〈S, S〉 c2
iµS

〈M, S〉 c2
iµMS

〈J, M〉 βµMS

〈J, S〉 βµS

〈H, M〉 αµM

〈H, S〉 αµMS

Table 2. Rescaled and trivially centrally extended (a)ds algebra (left) and invariant metric (right).

For a well-defined nonrelativistic limit of the invariant metric we demand that α = β and µM =

±Λ2τ2µS. Under these conditions the limits to all theories are well-defined and lead to the outer

cube of the tesseract of figure 1. The upper sign represents AdS, the lower dS.

Let us discuss the limits separately:

• For the relativistic theories with ci 6= 0 already the non-extended metric of table 1

was nondegenerate. Furthermore, the central elements M, S are trivial from the point

of view of these algebras.9

Consistent with this we see from (3.11a) that it is possible to turn off the central

extensions by setting α = β = 0 while keeping the metric nondegenerate. This limit

also turns off the metric elements “coupling” the two u(1) generators to the remaining

generators of the kinematical algebras. The resulting Chern-Simons theories therefore

consists of two decoupled parts: one term associated to the respective relativistic

kinematical algebra, the other one being two u(1) Chern-Simons actions coupled to

each other depending on the choice of µMS.

• The algebra obtained in the nonrelativistic limit is again the (A)dS-Galilei algebra for

Λ 6= 0, or the Galilei algebra with Λ = 0, with the two nontrivial central extensions

denoted by M and S in (3.7). As mentioned above, precisely these two central exten-

sions are needed in order to obtain a nondegenerate metric [33, 34].10 Consequently,

equation (3.11a) shows that the invariant metric is now nondegenerate given that

9Although we saw before that the flat Carroll algebra allows for nontrivial central extensions the ex-

tension by M which is the only one surviving the limit Λ, τ → 0 is not the same as the extension by Z̃BP in

equation (3.9).
10We note in passing that the AdS-Galilei algebra is decomposable, in a similar fashion as ads decomposes

into sl(2)⊕ sl(2) [34] (see also [48]).
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the central extensions are not turned off, α, β 6= 0. However, due to our choice of

parametrization the metric element 〈H, H〉 generically blows up in the nonrelativistic

limit. In order to avoid this, we set

α = β µM = ±Λ2τ2µS (3.12)

thus restricting to a four-parameter family of possible metrics. The invariant metric

of the limit is the most general one if we add the term

〈H, H〉 = χH (3.13)

which does not arise from the limit.

• The static algebra and its corresponding metric are obtained, again demanding (3.12),

in the limit Λ, ci, τ → 0. The metric is nondegenerate provided that α, µMS 6= 0. From

the two possible central extensions M and Z̃BP that allow the static algebra to have

a nondegenerate metric the contraction procedure realizes the former option. The

central extension S trivializes. Notice, however, that it is not possible to decouple the

field along the S direction while preserving a nondegenerate metric. The action based

on the metric and algebra of table 2 in the static limit Λ, τ, ci → 0 thus describes the

aristotelian spacetime of the nontrivially centrally extended static algebra coupled to

a u(1) field.11

We have thus succeeded in providing a nondegenerate metric — and therefore also well-

defined Chern-Simons theories — for all theories based on kinematical spacetimes that can

be obtained from the three-dimensional (A)dS spacetimes as a limit. The situation is

summarized in the tesseract of Chern-Simons theories in figure 1. The inner cube of the

tesseract corresponds to the limit in which the (from the (A)dS perspective) trivial central

extensions M, S are turned off. In this case, only the theories based on the relativistic

algebras are well-defined, as designated by check marks on the respective corners. On the

other hand, with the help of the two central extensions all algebras can be equipped with

nondegenerate metrics.

3.4 The most general action

Based on the algebra and invariant metric for the trivially centrally-extended (a)ds algebra

of table 2 we are now able to construct the Chern-Simons action (2.1) that allows to obtain

all other theories of the tesseract of figure 1 by taking various limits.12

The gauge field for this action

A = A(0) +A(u(1)2) (3.14)

11This means this is strictly speaking not the theory with solely the M central extension we discussed in

section 3.2, which is due to our choice of contraction and invariant metric.
12This action should be considered the most general one given the most general invariant metric and

given our construction, which identifies the vielbein and the spin-connection (which we choose in the case

of symmetric spaces to be based on the canonical connection of the symmetric space, see section XI.3 in [56])

according to the underlying (symmetric) homogeneous spacetime. For a complementary perspective we refer

to [57–60] and the discussions in [61].

– 15 –



J
H
E
P
0
7
(
2
0
1
9
)
1
1
8

is given by a sum of the so(2, 2) or so(3, 1) gauge field (2.2) denoted by A(0) and gauge

field A(u(1)2) with generators S and M. Written explicitly we have

A = h H + pa Pa + j J + ba Ba + s S +m M . (3.15)

The most general action can then be separated into three parts

S = SCS[A] = SCS[A(0)] + SCS[A(u(1)2)] + S
(α,β)
I . (3.16)

The action SCS[A(0)] contains contributions of the fields h, pa, j, ba with the invariant metric

taken to be the one given in table 2 with α, β → 0. When written in terms of e and ω

this is the same as (2.6). The second term is the abelian Chern-Simons action based on

A(u(1)2) = s S +m M, explicitly given by

SCS[A(u(1)2)] =

∫
〈A(u(1)2) ∧ dA(u(1)2)〉 = c2

i

∫
(µS s ∧ ds+ µMm ∧ dm+ 2µMSm ∧ ds) .

(3.17)

The term S
(α,β)
I contains all the fields together with the α, β dependent terms of the

invariant metric in table 2, that induce couplings between the u(1) fields and the fields

associated to the vielbein e and the spin-connection ω.

Even though specifying the Lie algebra and the invariant metric is sufficient to extract

the equations of motion and gauge transformations, we still present them fully decomposed

and for completeness in appendix C.

4 Double extensions

The fact that the Poincaré algebra in D+ 1 spacetime dimensions iso(D, 1) does not have

a nondegenerate invariant bilinear metric has been one of the obstacles for attempts of

constructing a theory of gravity invariant under the full Poincaré group.13 This is related

to iso(D, 1) not being semisimple, in contrast to the (A)dS algebra in D + 1 dimensions.

The magic of three dimensions, as observed by Witten in his seminal paper [2], lies in

the observation that only in this case it is possible to find a metric for iso(2, 1) although

this algebra is still not semisimple. As all other magic phenomena this one too does

not defy comprehension, in this particular case coming under the mundane term double

extended algebra.

An algebra belonging to the class of double extensions comes automatically with a

nondegenerate invariant metric. In the last sections we have seen a number of examples

already in the form of the above mentioned iso(2, 1), but also the Carroll algebras and the

centrally extended galilean algebras belong to this class. In fact, any Lie algebra with a

nondegenerate invariant metric that is not a direct sum of semisimple and abelian algebras

is a double extension; we will make this statement more precise below.

In the following we will first introduce the concept of double extensions in section 4.1

and present the structure theorem of metric Lie algebras by Medina and Revoy. In sec-

tions 4.2 and 4.3 we will then show how the existence of invariant metrics for the kinematical

algebras appearing in the tesseract of Chern-Simons theories can be understood from the

perspective of double extensions.

13Nevertheless, there exist higher rank invariant forms on the Poincaré algebra that can be used to

construct Chern-Simons theories in dimensions higher than three, see, e.g., [62–64].
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4.1 Definition of double extensions

In our definition of double extensions we will follow [42, 43] but stick to a discussion in

terms of basis elements. For a basis-independent definition consult the original works.

Suppose (g, 〈 , 〉g) is a Lie algebra with nondegenerate invariant metric, i.e., we have

the relations

[Gi, Gj ] = f k
ij Gk 〈Gi, Gj〉 = Ωg

ij f k
ij Ωg

kl + f k
il Ωg

kj = 0 (4.1)

where Ωg
ij denotes the nondegenerate symmetric matrix of metric elements and f k

ij the

structure constants of the algebra.

Let h be a Lie algebra with generators Hα and structure constants f γ
αβ that act on

(g, 〈 , 〉g) via antisymmetric derivations, i.e., we have the relations

[Hα, Gi] = f j
αi Gj (4.2)

and

f k
αi Ωg

kj + f k
αj Ωg

ki = 0 . (4.3)

Let h∗ denote the dual of h. Then the Lie algebra d = D(g, h) defined on the vector space

direct sum g+̇h+̇h∗ (spanned by Gi, Hα and H∗α, respectively) by

[Gi, Gj ] = f k
ij Gk + f k

αi Ωg
kjH
∗α (4.4a)

[Hα, Gi] = f j
αi Gj (4.4b)

[Hα, Hβ ] = f γ
αβ Hγ (4.4c)

[Hα, H
∗β ] = −f β

αγ H∗γ (4.4d)

[H∗α, Gj ] = 0 (4.4e)

[H∗α, H∗β ] = 0 (4.4f)

is called a double extension of g by h. It permits the invariant metric

Ωd
ab =


Gj Hβ H∗β

Gi Ωg
ij 0 0

Hα 0 hαβ δ β
α

H∗α 0 δαβ 0

 (4.5)

where hαβ is some arbitrary (possibly degenerate or zero) invariant symmetric bilinear

form on h.

Thus, double extensions provide another class of Lie algebras with nondegenerate met-

ric, in addition to semisimple and abelian ones. In a sense to be made more precise below,

these classes are the building blocks for all Lie algebras with nondegenerate metric.

Given two Lie algebras with invariant metric (g1, 〈 , 〉1) and (g2, 〈 , 〉2) a new Lie alge-

bra with invariant metric can be obtained by taking their direct sums and the orthogonal

direct product metric

(g1 ⊕ g2, 〈 , 〉1+̇〈 , 〉2). (4.6)
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A Lie algebra that can be written in this way is called decomposable otherwise inde-

composable. An example of a decomposable Lie algebra is the ads algebra so(2, 2) =

sl(2,R)⊕ sl(2,R).

The proof that all metric Lie algebras can be obtained by direct sums and double

extensions of simple and one-dimensional Lie algebras is due to the following structure

theorem of Medina and Revoy [42] (with refinements due to [43]).

Theorem 1. Every indecomposable Lie algebra which permits an invariant metric is either:

1. A simple Lie algebra.

2. A one-dimensional Lie algebra.

3. A double extended Lie algebra D(g, h) where:

(a) g has no factor p for which H1(p,R) = H2(p,R) = 0.

(b) h is either simple or one-dimensional.

(c) h acts on g via outer derivations.

Since every decomposable Lie algebra can be obtained from the indecomposable ones this

theorem describes how all of them can be generated.

In the following we will use the double extension structure in a more constructive

way to answer the question: given a Lie algebra without invariant metric is it possible to

add new generators, largely preserving the commutation relations, such that the resulting

new algebra has an invariant metric? The double extension structure yields a method to

bootstrap a new algebra out of the original one. Suppose the generators of the original

algebra can be grouped in two subalgebras g, h with commutation relations

[g, g] ⊂ g [h, g] ⊂ g [h, h] ⊂ h (4.7)

such that g has a metric Ωg invariant under the action of both g and h. Using the double

extension structure we can then construct a new algebra with nondegenerate metric by

adding new generators Hα ∈ h∗. We will thus add dim(h) additional generators. Notice

that these additional generators will be central extensions for the original algebra if h

is abelian.

In general, there will exist several choices to group the generators of the original algebra

into g and h. A choice that is always possible is to take g the trivial algebra and let h

contain all the generators. The resulting double extension, that is twice as large as the

original algebra, is called coadjoint algebra. However, we will usually be interested in the

case where h has the smallest dimension. In the next sections we will see this procedure at

work for the kinematical algebras of section 3.

Let us note already here that the extensions arrived at using the procedure outlined

above will be a mild extension of the original kinematical algebra in the following sense:

although in general the new generators Hα are not central they always form an ideal of the

resulting extended algebra; cf. equations (4.4d)–(4.4f). Since our definition of homogeneous
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spacetime requires the action of all generators to be effective (cf. appendix B), one should

quotient by this ideal when determining the Klein pair of the spacetime. The double

extension procedure therefore does not change the underlying homogeneous spacetime but

adds only additional generators, such that the metric is well-defined. In the following,

we will tacitly assume that a corresponding number of additional fields is included in the

CS action.

The interpretation for these additional fields will depend on the details of the model,

which we will therefore leave for future work. Let us nevertheless add some general com-

ments. Even though, as we just argued, our changes are rather mild, we want to emphasize

that, due to the different field content, different boundary conditions might be required

for different extensions. These change the physics, for example in nonrelativistic setups

by adding a central element related to mass. Since boundary conditions should reflect

the physical solution space, which might differ drastically for different theories (see, e.g,

asymptotically flat, dS or AdS boundary conditions) or applications, general statements

beyond required consistency requirements are hard to come by.

4.2 (A)dS, Poincaré, and carrollian algebras

Let us now investigate how the metric Lie algebras of section 3 that underlie the kinematical

gravitational theories can be understood as double extensions.

For the (semi)simple (a)ds algebras there is not much to say, except that they are

naturally equipped with an invariant metric given by the Killing form and can be seen as

a trivial double extension D((a)ds, 0). The fact that their invariant metric is given by a

two parameter family (see (2.5) for Λ 6= 0) is due to the fact that the Lie algebra splits

over the complex numbers.

Since the Poincaré algebra in three dimensions is neither semisimple nor abelian but

permits an invariant metric the above mentioned theorem guarantees that it is a double

extension. In order to see this from the definition of section 4.1, take g to be the trivial

algebra and h to be spanned by Ĵµ and h∗ by P̂µ. The commutation relations (4.4c), (4.4d)

and (4.4f) reproduce the ones of (2.3) with Λ = 0 when indices are raised and lowered

with ηµν . Thus, we have poi = D(0, {Ĵµ}), i.e., it is the coadjoint extension of the Lorentz

algebra so(2, 1). It is crucial for this to work that there are as many rotations and boosts

as there are time and spatial translations. This, being the real magic of three dimensions,

is not the case in higher dimensions.

Since AdS-Carroll is isomorphic to the Poincaré algebra upon exchange of Ba and Pa

what we just said easily generalizes to this case, as well as to the dS Carroll case.

For the Carroll case we take again g as the trivial algebra and consider h to be generated

by rotation J and boosts Ba. Introducing the generators Pa = B∗a and H = J∗ one reproduces

the Carroll algebra. The Carroll algebra is symmetric under the exchange of boosts and

spatial momenta. Thus, one can equally well consider it as the double extension of the

trivial algebra with h generated by J and P.

4.3 Double extended (A)dS-Galilei and Galilei

Let us now turn to the nonrelativistic algebras. This will provide us with the first nontrivial

example of the double extension bootstrap which we will treat rather explicitly.
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By our recipe outlined at the end of section 4.1 we should group the generators of the

galilean algebras into two subalgebras g, h compatible with the double extension structure.

Looking at the suggestively ordered three dimensional (A)dS Galilei algebras in

[J, Ba] = εabBb [J, Pa] = εabPb (4.8a)

[H, Ba] = εabPb [H, Pa] = ±Λ2εabBb (4.8b)

one recognizes that {J, H} acts on {Ba, Pa} as antisymmetric derivations. Since the commu-

tators of {Ba, Pa} are abelian we can define an invariant metric Ωg
kj on this subalgebra and

identify it as g ' {Ba, Pa} which implies f k
ij = 0 in (4.4a). The action of h = {J, H} on g

fixes f j
αi in (4.4b), and the commutation relations in equation (4.8) show that f γ

αβ = 0

in (4.4c). The elements of h∗ will therefore play the rôle of central extensions of the origi-

nal algebra.

In order for this choice of g, Ωg
kj , and h to be admissible for a double extension one has

to check that condition (4.3) is satisfied. Invariance under the action of J restricts Ωg
kj to

〈Pa, Pb〉 = µPδab 〈Ba, Bb〉 = µBδab 〈Ba, Pb〉 = µBPδab + µ̃BPεab . (4.9)

From invariance under the action of H we find the conditions

µ̃BP = 0 µP = ±Λ2µB . (4.10)

Note that there exist two more options for grouping the generators into g and h ac-

cording to (4.7). The choice g = {H, Pa, Ba} would result in a smaller number of additional

generators, however one cannot define a nondegenerate metric Ωg on g, thus excluding this

case. The other choice g = {0} corresponds to the coadjoint extension that is possible

for any algebra but leads to a doubling of the algebra. The case g = {Ba, Pa} is therefore

preferred due to the smaller number of additional generators.

Based on the two-parameter family (µBP, µB) we can now start the double extension

procedure. Since the algebra h generated by H and J is again an abelian algebra any

two-dimensional metric will be invariant. We choose the metric to be of the form

〈H, J〉 = −µ 〈J, J〉 = −χ 〈H, H〉 = χH . (4.11)

The dual elements that we denote by h∗ = {J∗, H∗} have the metric

〈J, J∗〉 = 1 〈H, H∗〉 = 1 . (4.12)

The double extension structure now dictates via equation (4.4a) the following change in

the commutation relations of g:

[Ba, Pb] = εab(µBPJ
∗ ± Λ2µBH

∗) [Ba, Bb] = εab(µBJ
∗ + µBPH

∗) (4.13a)

[Pa, Pb] = ±Λ2εab(µBJ
∗ + µBPH

∗) . (4.13b)

From comparison with the metric of the galilean algebras that we obtained in section 3.3

we find that we should identify

µBP = α2µMS µB = α2µS . (4.14)
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Setting now

αM = µBPJ
∗ ± Λ2µBH

∗ αS = µBJ
∗ + µBPH

∗ (4.15)

in (4.13) and (4.12), we reproduce together with (4.8) and (4.11) precisely the commutation

relations and metric elements in table 2 of the galilean theories. The freedom in choosing

χH in (4.11) corresponds to the term in (3.13) that is an additional freedom in the choice

of invariant bilinear form for the galilean theories not apparent from table 2.

5 Non-contracting theories

In the last section we were concerned with kinematical Lie algebras that arise as contrac-

tions of the simple (a)ds algebra. These kinematical algebras are well-known since the

seminal work of Bacry and Lévy-Leblond [38]. However, there exist kinematical algebras

that do not arise as a limit but nevertheless lead to well-defined kinematical spacetimes.

These have been classified only recently [40], and some of them are based on kinematical

Lie algebras that are special to 2 + 1 dimensions [55]. In this section we want to study if it

is possible to construct Chern-Simons theories based on these algebras, i.e., if these alge-

bras, or any of their possible central extensions, allow for a nondegenerate invariant metric.

If the centrally extended algebras do not allow for an invariant metric, we will examine

whether there exists a double extension based on these algebras with an invariant metric

by construction. In case double extensions with fewer additional generators do not exist

the coadjoint extension is always possible. Applying these three tools to construct met-

ric extensions of a given algebra we analyze the remaining three-dimensional kinematical

algebras in the following.

5.1 Torsional galilean theories

As our first class of non-contracting kinematic Lie algebras we treat the so-called torsional

galilean theories. All of them share the commutators

[J, Ba] = εabBb [J, Pa] = εabPb [H, Ba] = εabPb . (5.1)

For the torsional galilean-dS algebra we add

[H, Pa] = γεabBb + (1 + γ)Pa , (5.2)

while for the torsional galilean-AdS algebra we add

[H, Pa] = (1 + χ2)εabBb + 2χPa . (5.3)

The free parameters are constrained by γ ∈ [−1, 1), χ > 0. For χ = 0, the interpolating

algebra reduces to galilean AdS, while γ = −1 corresponds to galilean dS. Let us empha-

size that the spacetimes associated to these algebras differ for different γ and χ which

means that these parameters should not be understood as contraction parameters. The

algebras (5.2) and (5.3) exhibit the same invariant structure common to all galilean theo-

ries given by invariant one-form and invariant co-metric. Different from the usual (A)dS-

galilean or flat galilean algebras, the invariant connection associated to the homogeneous

spacetimes of (5.2) and (5.3) exhibits torsion, hence their name [40].
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While these torsional galilean algebras exist in any dimension, in 2 + 1 dimensions one

has an additional two-parameter family interpolating between the two of them, labelled

S12 in the classification of [40], which is given by (5.1) and

[H, Pa] = (1 + γ)Pa − χεabPb + γεabBb + χBa , (5.4)

where the parameters γ, χ are restricted to the same range as above.

All torsional galilean Lie algebras have a unique central extension given by

[J, H] = Z. (5.5)

Applying the necessary criterion of (3.6) to the torsional galilean algebras we see

that none of them comes equipped with a nondegenerate invariant metric, regardless of

the presence or absence of the central charge. Indeed, they all share, irrespective of the

presence of the central extension (5.5), the same most general degenerate invariant metric

given by

〈J, J〉 = χJ 〈J, H〉 = χJH 〈H, H〉 = χH . (5.6)

Thus, it is not possible to have well-defined Chern-Simons theories based on the above

(centrally extended) algebras.

Let us therefore turn to double extensions. We will proceed as we did for the galilean

algebras in section 4.3 by splitting the algebra into subalgebras g and h, adding new

generators corresponding to the dual of h. In particular, we want to find the double

extension with the smallest number of additional generators.

We treat the cases of torsional galilean (A)dS algebra and the interpolating algebra at

once by writing the second commutator of equations (5.2), (5.3), and (5.4), respectively, as

[H, Pa] = αεabBb + βPa + β̃εabPb + α̃Ba, (5.7)

with constant α, β, α̃, β̃ according to the respective algebra.

In order to bootstrap a new double extended algebra out of this we have to choose

subalgebras g and h. The only choice, apart from the coadjoint extension, compatible

with the double extension structure is g = {Ga, Pa} and h = {J, H}. However, this choice

of g and h is not compatible with a nondegenerate metric. Since h is abelian, the new

generators appearing through h∗ are necessarily central. Yet, we discussed already in

section 5.1 that adding central extensions is not enough to get a nondegenerate metric.

Thus, the only option left is to take h to contain all the generators so that we end up with

the coadjoint algebra of the torsional galilean theories. More explicitly, we introduce the

elements {H∗, J∗, B∗a, P∗a} together with the brackets summarized on the left hand side of

table 3, which leads to the coadjoint metric on the right hand side.

5.2 Carrollian light cone

Among the non-contracting kinematical Lie algebras the carrollian light cone algebra ap-

pears to be the most elusive one. Its commutation relations are given, in addition to the

usual brackets [J, Ba] = εabBb and [J, Pa] = εabPb, by

[Ba, Pb] = −Hεab − Jδab [H, Pa] = −Pa [H, Ba] = Ba . (5.8)
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torsional galilean

[J, X∗a] εabX
∗
b

[H, B∗a] −α̃P∗a + αεabP
∗
b

[H, P∗a] εabB
∗
b − βP∗a + β̃εabP

∗
b

[Ba, B
∗
b ] εabJ

∗

[Pa, P
∗
b ] εabJ

∗ + βδabH
∗ + β̃εabH

∗

[Pa, B
∗
b ] αεabH

∗ + α̃δabH
∗

torsional galilean

〈J, J∗〉 χ

〈H, H∗〉 χ

〈Ba, B∗b〉 χδab

〈Pa, P∗b〉 χδab

〈J, J〉 µJ

〈J, H〉 µJ

〈H, H〉 µH

Table 3. Coadjoint extension of the torsional galilean algebras. X∗a stands for B∗a, P
∗
a. The metric

is nondegenerate for χ 6= 0.

Although not obvious from this choice of basis, the carrollian light cone algebra is a simple

Lie algebra. In three dimensions it is isomorphic to so(3, 1). We conclude that all central

extensions are necessarily trivial and that a nondegenerate invariant bilinear form for the

carrollian light cone is provided by the Killing form. More explicitly, the most general

invariant metric is

〈J, J〉 = −〈H, H〉 = χ 〈J, H〉 = µ 〈Ba, Pb〉 = −µ δab + χ εab , (5.9)

which becomes degenerate for χ = µ = 0. The two-parameter family of metrics is again

due to the fact that so(3, 1) splits as a complex Lie algebra. From the fact that both the

carrollian light cone algebra and the ds algebra are isomorphic to so(3, 1) one should not

conclude that both lead to identical gravitational Chern-Simons theories. The point of view

that we aim to stress throughout this work is precisely that the specification of an abstract

algebra is not enough to define the gravitational Chern-Simons theory. In particular, note

that the subalgebra b = {J, Ba} is different in both cases.

A puzzling feature of the Lie algebra (5.8) is the fact that it is not reductive. This

means that it does not have a decomposition as g = b ⊕ m such that both subspaces

transform as adjoint b-modules. Acting with a boost thus mixes up the separation of the

different subspaces. Some aspects of a Chern-Simons theory based on this kinematical

algebra are discussed in [65]. We will have further comments on potential applications in

the discussion.

5.3 Aristotelian

The remaining cases of kinematical algebras that do not derive from a contraction of AdS

belong to the class of aristotelian algebras. An example for members of this class, that

we saw earlier, is given by the static algebra (once it is quotiented by the boosts). These

aristotelian algebras and their associated spacetimes have been classified only recently [40,

table 2] and have therefore evaded a systematic study of their metric properties. They arise

due to the fact that the action of the boosts on the spacetime is not effective, which makes

it natural to quotient by them. From this point of view, the aforementioned para-Galilei
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spacetime is then equivalent to the aristotelian static spacetime.14 Let us also note that

all aristotelian spacetimes contract to the aristotelian static one.

All aristotelian Lie algebras are spanned by J, H and Pa with only

[J, Pa] = εabPb (5.10)

remaining of the usual kinematic brackets. Before we examine the various options for the

remaining commutators let us emphasize that in a CS interpretation the field ω in the

connection A does only have a component along the J direction.

5.3.1 Aristotelian static and torsional static

For the aristotelian static spacetime the only nonzero commutator is given by (5.10). For

the torsional static spacetime we need to add the commutator

[H, Pa] = Pa . (5.11)

Both permit no nondegenerate invariant metric, as can be checked by criterion (3.6).

Their most general symmetric, invariant bilinear form is again given by (5.6).

The unique central extension for the torsional static spacetime is

[J, H] = ZJH . (5.12)

For the aristotelian static there is a second central extension given by

[Pa, Pb] = εabZP . (5.13)

The aristotelian static algebra does have a nondegenerate invariant metric if only the

central extension ZP is added.15 It is given by (5.6) with the addition of

〈Pa, Pb〉 = δabχP 〈ZP, ZP〉 = χP (5.14)

under the condition that χP, χH 6= 0.

The torsional static spacetime on the other hand does not have an invariant metric

even if the central extension ZJH is added.

In order to construct a nondegenerate metric for the torsional aristotelian static algebra

we therefore turn again to the double extension construction. The only permissible choice

of subalgebra g compatible with the double extension structure is g = {Pa}. However, any

possible choice of invariant metric 〈Pa, Pb〉 is disallowed by the condition

〈[H, Pa], Pb〉+ 〈Pa, [H, Pb]〉 = 0 . (5.15)

14This construction does not necessarily generalize once the invariant metric is also taken into account,

as we saw, e.g., for the static theory in section 3.3. To distinguish theories based on the static spacetime

with boosts from the ones without, we have added the specification “aristotelian” to the latter.
15This can be understood as a double extension with respect to J.
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Thus again, the only viable double extension is the coadjoint extension given explicitly by

[J, Pa] = εabPb [H, Pa] = Pa (5.16a)

[J, P∗a] = εabP
∗
b [H, P∗a] = −P∗a (5.16b)

[Pa, P
∗
b ] = εabJ

∗ + δabH
∗ . (5.16c)

The most general invariant metric consists of a part given by (5.6) (which is irrelevant for

the nondegeneracy), the usual coadjoint invariant metric 〈Xa, X∗b〉 = µδab (µ 6= 0) for all

elements of the original algebra Xa and their dual X∗b , and a second invariant metric (χ 6= 0)

given by

〈H, J∗〉 = χ 〈J, H∗〉 = −χ 〈Pa, P∗b〉 = εabχ . (5.17)

5.3.2 R × H2 and R × S2

Besides (5.10) the other nonzero commutators for R × H2 (minus sign) and R × S2 (plus

sign) are given by

[Pa, Pb] = ±εabJ . (5.18)

We note in passing that the case R× S2 corresponds to the Einstein static universe in 2+1

dimensions.

Since they are a direct sum of a simple and abelian factor it can be anticipated that

they do not posses nontrivial central extensions. From the above follows that one can

construct an invariant metric given by

〈J, J〉 = χ 〈Pa, Pb〉 = ∓χδab 〈H, H〉 = χH (5.19)

which is nondegenerate for χ, χH 6= 0.

5.3.3 A24

This spacetime is special to 2 + 1 dimensions as can be seen by the commutator

[Pa, Pb] = εabH (5.20)

which has no higher dimensional analog. It does not permit central extensions, but has an

invariant metric given by

〈P, P〉 = ∓χδab 〈J, H〉 = χ 〈J, J〉 = χJ . (5.21)

which is nondegenerate for χ 6= 0.

6 Generalization to higher dimensions

Until this point our discussion was centered around the necessary data to define Chern-

Simons theories based on the kinematical spacetimes of [38, 40]. The double extension
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structure turned out to be a useful tool in this endeavor as it allows us to construct metric

Lie algebras as (not necessarily central) extensions of a given kinematical Lie algebra.

In this section we want to push this program to higher dimensions, i.e., given a kine-

matical Lie algebra without nondegenerate metric we aim to construct a double extension

using the smallest number of additional generators. We will apply this program again to

all kinematical Lie algebras associated to the homogeneous spacetimes of [40].

While extensions of some of these Lie algebras have already been studied in the liter-

ature [66] we analyze it with emphasis towards invariant metrics and double extensions.

Since the Lie algebras considered in theories of three-dimensional gravity, at least in the

Chern-Simons formulation, are necessarily metric Lie algebras our construction can be re-

garded as a starting point for a natural generalization of the gauge theory formulation of

three-dimensional gravity to higher dimensions.

Since we work in generic dimensions we employ a somewhat different notation sum-

marized in appendix A. In particular, the dualization of angular momentum and boosts by

the three-dimensional epsilon tensor is not implied anymore and the Greek indices µ, ν, . . .

run over space and time.

Finally let us emphasize that even though we will refer in the following to the Lie

algebras, we are interested in their interpretation as spacetimes. Isomorphic Lie algebras

differ due to different choices of associated Klein pairs.

6.1 (Anti-)de Sitter algebras

The (A)dS algebra in D+1 dimensions is given in table 4. We refer to appendix A for further

details on the rescaling and space-time split of the (A)dS algebra. The generator M is the

single element of the trivial central extension u(1) of the simple (A)dS algebra that can be

reabsorbed in the algebra by a shift of H. However, we have included this central extension

for later use in section 7. There we will find that, as in the three-dimensional case presented

in section 3, the central extension will cease to be trivial in the nonrelativistic limit. More

precisely, after the nonrelativistic limit the resulting algebra is the Bargmann algebra.

For generic dimension the simple (anti-)de Sitter algebras still permit an invariant met-

ric which is proportional to the Killing form. Since the split of the algebra to a semisimple

(complex) one is special to 2 + 1 dimensions the invariant metric in generic dimension is

parametrized by the single constant χ (and an arbitrary choice of normalization for M given

by χM). Since the (A)dS algebra already has an invariant metric in any dimension we do

not employ the double extension bootstrap.

6.2 Metric Poincaré algebra and the Maxwell algebra

As was mentioned at several points already, the Poincaré algebra in arbitrary dimensions

does not permit an invariant bilinear metric. Yet it is possible to add new generators to the

algebra while preserving most of its commutation relations such that the resulting algebra

has an invariant metric.

The Poincaré algebra is contained in table 4 in the Λ → 0 limit setting all other

contraction parameters to unity and quotienting by M.
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[(a)ds⊕ u(1)]ci,τ,Λ

[Jab, Jcd] 4δ[a|[cJd]|b]

[Jab, Bc] −2δc[aBb]

[Jab, Pc] −2δc[aPb]

[Ba, Bb] τ2c2
i Jab

[Ba, Pb] c2
i δabH + αδabM

[Ba, H] τ2Pa

[Pa, H] ∓Λ2Ba

[Pa, Pb] ±c2
iΛ

2Jab

[(a)ds⊕ u(1)]ci,τ,Λ

〈Jab, Jcd〉 2χδa[cδd]b

〈Ba, Bb〉 −χτ2c2
i δab

〈H, H〉 τ2Λ2(±χ+ α2χM)

〈Pa, Pb〉 ∓χc2
iΛ

2δab

〈M, M〉 (Λτc2
i )

2χM

Table 4. Commutation relations and invariant metric for the trivially centrally extended ads (upper

sign) and ds (lower sign) algebras in dimension D + 1.

Maxwell[
Pµ, Pν

]
−χPM∗µν[

Mµν , Pρ
]

−2ηρ[µPν][
Mµν , Mρλ

]
4η[µ|[ρMλ]|ν][

Mµν , M
∗
ρλ

]
4η[µ|[ρM

∗
λ]|ν]

Maxwell

〈Pµ, Pν〉 χPηµν

〈Mµν , M∗ρλ〉 2ηµ[ρηλ]ν

〈Mµν , Mρλ〉 2χM ηµ[ρηλ]ν

Table 5. The double extension of the Poincaré algebra is the Maxwell algebra. We have lowered

the indices of M∗µν by ηµν . The invariant metric is nondegenerate for χP 6= 0.

Switching back to relativistic notation for the moment, we find that the only choice

compatible with the double extension structure is g = {Pµ}, and h = {Mµν}. The abelian

subalgebra generated by Pµ has a Lorentz-invariant metric given by the Minkowski metric.

With these ingredients we can construct a double extension by introducing the generators

h∗ = {M∗µν}. The double extension then dictates the commutation relations in table 5.

Remarkably, the double extension leads us to the so called Maxwell algebra. This

long-known algebra describes the symmetries of a particle in a classical homogeneous elec-

tromagnetic field [67, 68]. The existence of an invariant metric for this algebra has been

noted in the literature (see, e.g., [69]); here we want to emphasize that the Maxwell algebra

is the most natural extension with an invariant metric of the Poincaré algebra from the

point of view of double extensions.

Our construction also perfectly agrees with Theorem 1, since we double extend the

abelian translations g = {Pµ} (which has no factor p for which H1(p,R) and H2(p,R) are

vanishing) by the simple Lorentz algebra h = {Mµν} ' so(D − 1, 1).

6.3 Metric carrollian algebras

Let us now turn to the ultrarelativistic algebras whose commutation relations are given by

the ultrarelativistic limit, τ → 0, of table 4 where we ignore the trivial central extension

and set ci = 1.

– 27 –



J
H
E
P
0
7
(
2
0
1
9
)
1
1
8

The carrollian algebras do not support a nondegenerate metric in any dimension other

than three, see, e.g., [70]. Due to rotational invariance the only nonvanishing metric element

of H is with itself. But the invariance condition implies

0
!

= Ba · 〈H, Pb〉 = 〈H, [Ba, Pb]〉 = δab〈H, H〉 , (6.1)

which renders the metric degenerate. In order to obtain a nondegenerate metric we will

employ again the double extension procedure.

Starting with the flat Carroll-algebra (Λ→ 0) the first step is to determine a subalgebra

g with nondegenerate metric. Due to the above argument we see that this subalgebra

cannot be {Pa, H}. The only other option allowed by the structure of the algebra is {Ba, H}.
However, the flat Carroll algebra is symmetric under the exchange of Ba and Pa which

excludes the second option, as well. Thus, the Carroll algebra cannot be the starting point

for a double extension apart from the coadjoint extension (in which H is taken to lie in h).16

Let us turn now to the (A)dS-carrollian algebras. The argument of equation (6.1) still

applies, thus {Pa, H} is no option for the subalgebra g of the double extension. Since the

(A)dS-Carroll algebra is not symmetric under the exchange of boosts and spatial transla-

tions, one can choose g = {Ba, H}. A rotational-invariant metric for g is given by

〈Ba, Bb〉 = χBδab 〈H, H〉 = χH . (6.2)

Invariance under the action of Pa implies the condition

χH = ∓Λ2χB . (6.3)

Using these as our starting point for a double extension process we find, introducing the

generators h∗ = {J∗ab, P∗a}, the double extension algebra (a)dscar
(E)
Λ and its invariant metric

summarized in table 6. Here and in the following, we raise and lower indices of the dual

elements using δab and its inverse. Notice that our extension is precisely of the form

discussed in Theorem 1, with h being simple and g an abelian algebra.

One could have arrived at the double extension of (A)dS-Carroll also by exchanging

the rôle of boosts and spatial translations in the Maxwell algebra of table 5.

The algebra (a)dscar
(E)
Λ appears to have gone unnoticed in the literature. We will add

some remarks concerning possible interpretations of the algebra in the discussion, section 9.

6.4 Metric galilean algebras

Let us now turn to the (non-torsional) galilean algebras. These do not admit an invariant

metric for any value of the cosmological constant Λ. This is straightforward to check by

applying the criterion (3.6) to the commutation relations obtained in the limit ci → 0

from table 4, setting contraction parameter τ to unity and disregarding the trivial central

extension M.

In order to initiate the double extension process we have to choose a subalgebra g. The

smallest subalgebra that can be equipped with an h invariant metric is the abelian algebra

16The Carroll algebra can have a nondegenerate metric in three dimensions precisely because it is a

coadjoint extension.
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(a)dscar
(E)
Λ

[Jab, Xc] −2δc[aXb]

[Jab, Xcd] 4δ[a|[cXd]|b]

[Ba, Pb] δabH

[Pa, H] ∓Λ2Ba

[Pa, Pb] ±Λ2Jab

[Pa, P
∗
b ] −J∗ab

[Pa, J
∗
bc] ∓2Λ2δa[bP

∗
c]

[Ba, Bb] −χBJ∗ab
[Ba, H] ±Λ2χBP

∗
a

(a)dscar
(E)
Λ

〈Ba, Bb〉 χBδab

〈H, H〉 ∓Λ2χB

〈Jab, J∗cd〉 2δa[cδd]b

〈Pa, P∗b〉 δab

〈Jab, Jcd〉 2χδa[cδd]b

〈Pa, Pb〉 ∓χΛ2δab

Table 6. Double extension based on the AdS-carrollian (upper sign) and dS-carrollian (lower sign)

algebra. The vector Xa stands for Ba, Pa, P
∗
a; Xab for Jab, J

∗
ab. The metric is nondegenerate for χB 6= 0.

spanned by boosts and spatial translations. From invariance with respect to the rotations

and nondegeneracy follows that the invariant metric on g = {Ba, Pa} is either

〈Ba, Bb〉 = χBδab 〈Pa, Pb〉 = χPδab χB 6= 0 6= χP (6.4)

or

〈Ba, Pb〉 = χBPδab χBP 6=0 , (6.5)

or a combination of both.

Checking for invariance under the action of H, we find that the antidiagonal choice (6.5)

is not a viable option. The diagonal option (6.4) on the other hand, obeys condition (4.3)

provided that

χP ∓ Λ2χB = 0 . (6.6)

As in the case of the carrollian algebras this means that this extension exists only

for nonvanishing cosmological constant. After double extending we obtain the metric Lie

algebra (a)dsgal
(E)
Λ with commutators and nondegenerate metric summarized in table 7.

This can be regarded as a generalization of the three-dimensional centrally extended

(A)dS-Galilei algebra of table 2 or, more precisely, a generalization of the double extension

procedure discussed in section 4.3. Since a non-diagonal metric µBP is not allowed in higher

dimensions the linear transformation in equation (4.15) is not necessary.

We want to stress the intriguing observation that the element H∗ plays the same rôle

as the central extension in the Bargmann algebra, usually called M. We are unaware of

previous appearance of this algebra in the literature. We will postpone further comments

and interpretations to the discussion section 9.

6.5 Metric para-galilean and static algebra

Even though their Klein pairs and consequently their physics differ, the para-galilean Lie

algebra is isomorphic to the Galilei algebra. Thus, the discussion of section 6.4 applies, we
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(a)dsgal
(E)
Λ

[Jab, Xcd] 4δ[a|[cXd]|b]

[Jab, Xc] −2δc[aXb]

[Ba, H] Pa

[Pa, H] ∓Λ2Ba

[Ba, Bb] −χBJ∗ab
[Pa, Pb] ∓Λ2χBJ

∗
ab

[Ba, Pb] ∓Λ2χBδabH
∗

(a)dsgal
(E)
Λ

〈Ba, Bb〉 χBδab

〈Pa, Pb〉 ±Λ2χBδab

〈Jab, J∗cd〉 2δa[cδd]b

〈H, H∗〉 1

〈H, H〉 χH

〈Jab, Jcd〉 2χJδa[cδd]b

Table 7. Double extension based on the AdS-galilean (upper sign) and dS-galilean (lower sign)

spacetimes in D+ 1 dimensions and its invariant metric. The vector Xa stands for Ba,Pa; the tensor

Xab for Jab, J
∗
ab. The bilinear form is nondegenerate if χB 6= 0.

st(E)

[Jab, Xcd] 4δ[a|[cXd]|b]

[Jab, Xc] −2δc[aXb]

[Ba, Bb] −χBJ∗ab
[Pa, Pb] −χPJ∗ab
[Ba, Pb] −χBPJ∗ab

st(E)

〈Ba, Bb〉 χBδab

〈Pa, Pb〉 χPδab

〈Ba, Pb〉 χBPδab

〈H, H〉 χH

〈Jab, J∗cd〉 2δa[cδd]b

〈Jab, Jcd〉 2χJδa[cδd]b

Table 8. Double extension based on the static spacetimes in D + 1 dimensions and its invari-

ant metric. The vector Xa stands for Ba, Pa; the tensor Xab for Jab, J∗ab. The bilinear form is

nondegenerate if χH and (χBχP − χ2
BP) are nonzero.

merely need to exchange the boosts and spatial translations. This means the metric para-

galilean algebra is given by the coadjoint extension, for which we again refer to section 7.

For completeness we also provide the double extension of the static algebra in table 8,

where g = {Ba, Pa, H} and h = {Jab}. This is the choice with the smallest number of

additional generators.

6.6 Non-contracting algebras

For completeness, let us also study higher-dimensional generalizations of the non-

contracting algebras of section 5 regarding the existence of invariant metrics. For those

algebras without invariant metric we construct again the double extension with the smallest

number of additional generators.

6.6.1 Torsional galilean algebras

We saw in section 5.1 that the three-dimensional torsional galilean theories do not support

a nondegenerate metric, and the only possible double extension is the coadjoint extension.

We will find that this pattern generalizes to higher dimensions.
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The commutation relations of the torsional galilean algebras are given by

[Jab, Jcd] = 4δ[a|[cJb]|d] [Jab, Pc] = −2δc[aPb] [Jab, Bc] = −2δc[aBb] , (6.7a)

[H, Ba] = −Pa [H, Pa] = αBa + βPa (6.7b)

with α = γ, β = (1+γ), γ ∈ [−1, 1) for torsional galilean-dS and α = (1+χ2), β = 2χ, χ > 0

for torsional galilean-AdS. These algebras do not have an invariant metric.

The only subalgebras compatible with the double extension structure are either g =

{H, Pa, Ba} or g = {Pa, Ba}. However, in both cases the requirement of invariance under

H and Ja leads to a degenerate metric Ωg. As in 2+1 dimensions, the only possibility

is therefore the coadjoint extension, which we refrain from writing, with its associated

nondegenerate metric.

6.6.2 Carrollian light cone algebra

The carrollian light cone algebra in D + 1 is given by

[Jab, Jcd] = 4δ[a|[cJb]|d] [Jab, Pc] = −2δc[aPb] [Jab, Bc] = −2δc[aBb] , (6.8a)

[H, Ba] = Ba [H, Pa] = −Pa [Ba, Pb] = H δab + Jab . (6.8b)

This is isomorphic to so(D+1, 1). A one-parameter family of nondegenerate metrics exists

due to existence of a nondegenerate Killing form.

6.6.3 Aristotelian algebras

As in the three-dimensional case, for these algebras the boosts do not act effectively on the

underlying homogeneous space. We have therefore quotiented by the boosts such that the

kinematical algebra is spanned only by {Jab, Pa, H}, and the kinematical brackets common

to all aristotelian algebras are given by

[Jab, Jcd] = 4δ[a|[cJb]|d] [Jab, Pc] = −2δc[aPb] . (6.9)

Let us summarize the results for these algebras:

• The static aristotelian algebra that is completely defined by the commutation re-

lations (6.9) has no nondegenerate invariant metric. However, one can perform a

double extension choosing the abelian algebra g = {H, Pa}. Introducing the elements

J∗ab dual to the rotations Jab, we obtain a Lie algebra, we denote by arst(E), with the

additional brackets

[Jab, J
∗
cd] = 4δ[a|[cJ

∗
b]|d] [Pa, Pb] = −µPJ∗ab . (6.10)

and invariant metric

〈H, H〉 = µH 〈Pa, Pb〉 = µPδab 〈Jab, J∗cd〉 = 2δa[bδc]d . (6.11)

This is the generalization of the three-dimensional case in section 5.3.1 where J∗

becomes central.
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• The torsional static aristotelian algebra, having the additional bracket

[H, Pa] = Pa (6.12)

has no invariant metric. In contrast to the static case, but again similar to all other

cases with torsion, the only possible double extension is based on the coadjoint algebra

since the bracket (6.12) is incompatible with having a nondegenerate bilinear form.

We find the additional brackets

[Jab, J
∗
cd] = 4δ[a|[cJ

∗
b]|d] [Pa, P

∗
b ] = −J∗ab [H, P∗a] = −P∗a [Jab, P

∗
c ] = −2δc[aP

∗
b]

(6.13)

and the invariant metric induced from the coadjoint extension structure.

• The aristotelian algebras R×HD and R× SD are defined by

[Pa, Pb] = ±Jab , (6.14)

with the upper sign for the former algebra. These algebras are isomorphic to a direct

sum of an abelian factor generated by H and the simple factor so(D, 1) and so(D +

1), respectively. The kinematical algebra has therefore a two-parameter family of

invariant metrics, the metric of the simple part being proportional to the Killing form.

7 The coadjoint kinematical algebras and their limits

In the previous section we examined all higher-dimensional kinematical spacetimes regard-

ing the existence of an invariant metric for their kinematical algebra. For those algebras

without invariant metric we found appropriate double extensions that have an invariant

metric by construction. However, the resulting metric Lie algebras do not all have the same

dimension, in particular those of the cube of Bacry-Lévy-Leblond. If we are interested in

considering limits for these higher-dimensional kinematic algebras with invariant metric

and putative theories based on them, we have to consider the coadjoint extensions for all

algebras. This way we obtain limits for which the invariant metric stays nondegenerate and

which generalizes the outer cube of figure 1 to higher-dimensional kinematical algebras.

As we mentioned in section 4.1 the coadjoint Lie algebra is coad = D(0, h) defined on

the vector space h+̇h∗ (spanned by Hα and H∗α, respectively) by

[Hα, Hβ ] = f γ
αβ Hγ (7.1a)

[Hα, H
∗β ] = −f β

αγ H∗γ (7.1b)

[H∗α, H∗β ] = 0 (7.1c)

and the invariant metric

Ωcoad
ab =


Hβ H∗β

Hα hαβ δ β
α

H∗α δαβ 0

 . (7.2)
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D(0, (a)dsτ,ci,Λ)

[Jab, X
∗
c ] −2δc[aX

∗
b] [H, P∗a] τ2B∗a

[Jab, J
∗
cd] 4δ[a|[cJ

∗
d]|b] [H, B∗a] ∓Λ2P∗a

[Ba, J
∗
bc] −2τ2c2

i δa[bB
∗
c] [Pa, J

∗
bc] ∓2Λ2c2

i δa[bP
∗
c]

[Ba, P
∗
b ] −τ2δabH

∗ [Pa, B
∗
b ] ±Λ2δabH

∗

[Ba, B
∗
b ] −J∗ab [Pa, P

∗
b ] −J∗ab

[Ba, H
∗] −c2

i P
∗
a [Pa, H

∗] c2
i B
∗
a

[Ba, M
∗] −αP∗a [Pa, M

∗] αB∗a

D(0, (a)dsτ,ci,Λ)

〈Jab, J∗cd〉 2µ∗δa[cδd]b

〈Ba, B∗b〉 µ∗δab

〈H, H∗〉 µ∗

〈Pa, P∗b〉 µ∗δab

〈M, M∗〉 µ∗

Table 9. Additional commutation relations to table 4 for the coadjoint extension of the AdS (upper

sign) and dS (lower sign) algebra in D + 1 dimensions. The vector X∗a stands for B∗a and P∗a; Xa for

Ba and Pa. The algebra and its metric stay regular for all possible contractions.

We take h to be the centrally extended (A)dS algebra of table 4 with its associated

metric hαβ , that becomes degenerate in the various limits. Introducing the dual generators

of h∗ and using the coadjoint construction one arrives at the coadjoint algebra summarized

in table 9. We display only the additional relations coming from the double extension, all

other commutators and matrix elements are identical to those in table 4.

Even though the metric hαβ becomes degenerate in the IW contractions the full in-

variant metric (7.2) stays nondegenerate. The reason for this is that the rescalings of

equation (A.5) that were used to arrive at table 4 are counterbalanced by the inverse

rescalings for the dual elements. This guarantees both nondegeneracy of the metric and

regularity of the contraction [71]. This inverse rescaling of the dual elements is already

accounted for when starting directly from the commutation relations in table 4.

The invariant metric is nondegenerate for µ∗ 6= 0. Due to our construction all limits

are well-defined. Notice that the element M∗ dual to M is trivial as it can be absorbed in a

shift of H∗. However, in the nonrelativistic limit it is nontrivial.

These contractions can be seen as the generalization of the cube of Bacry-Lévy-

Leblond [38] to metric Lie algebras and spacetimes. Indeed, the contractions commute

and the invariant metric stays nondegenerate.

8 Summary of results

This work concerns the classification of gravitational theories in 2 + 1 dimensions and

limits of their actions. We analyzed the underlying structure and the possibility for higher-

dimensional generalizations.

The starting point was the restriction to spatially isotropic spacetimes, i.e., spacetimes

with rotational, spatial and temporal translations, with boosts (kinematical) and without

boosts (aristotelian) [38, 40]. This is the natural generalization of the maximally symmetric

(A)dS and Minkowski spacetimes, when the necessity of an invariant tangent space metric

is dropped. The spacetime provides us with a Lie algebra k and a subalgebra b, the Klein

pair (k, b), which fixes the physical interpretation of the generators of the algebra. This is
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Limit Kinematical CS Theories (table 1) Extended (table 2) d > 2 + 1

(→ 0) 〈 , 〉 ND H2 M, S Sec. Tab.

(Anti-)de Sitter µ, χ 3 µ2 (−)
+ Λ2χ2 6= 0 3 6.1 Simple 4

Poincaré Λ µ, χ 3 µ 6= 0 3 6.2 Maxwell 5

(A)dS-Carroll τ µ, χ 3 µ 6= 0 3 6.3 (a)dscar
(E)
Λ 6

Carroll τ,Λ µ, χ 3 µ 6= 0 3, (3.9) 3 6.3 coad 9

(A)dS-Galilei ci µ, χ, χH 7 3, (3.7) 3 6.4 (a)dsgal
(E)
Λ 7

Galilei ci,Λ µ, χ, χH 7 3, (3.7) 3 6.4 coad 9

Para-Galilei τ, ci µ, χ, χH 7 3, (3.8) 3 6.5 coad 9

Static τ, ci,Λ µ, χ, χH 7 5, (3.10) 3 6.5 st(E) 8

Table 10. Chern-Simons theories that arise from a limit of (A)dS.

the starting point for the gauging of our theories. The gauging provides us with equations

of motion for the vielbein and connection of our gravitational theory. It does however not

provide us necessarily with a well-defined Chern-Simons action principle, which, among

other useful properties, is the most bullet-proof starting point for the quantization of

a theory.

This led us to analyze the existence of invariant metrics and central extensions of

the underlying Lie algebras, both of which we provide in full generality (which closes the

remaining gaps in the literature). Since, e.g., the nonrelativistic theories do not provide us

with such a well-defined theory, and motivated by earlier work [31, 33–35, 37, 48], we also

fully analyzed the existence of invariant metrics when the central extensions are added.

For the theories which follow as a limit of (A)dS3 gravity we then show that, when two

central extensions are carefully added in the right way, all limits are well defined also for the

action and organize themselves as a tesseract presented in figure 1. The (A)dS-carrollian

theories and their limit seem to have been unnoticed so far.

For the remaining non-contracting cases we introduced the structure that organizes

the non-reductive Lie algebras with invariant metrics, double extensions. This demystifies

the existence of the nondegenerate “Killing form” for non-semisimple algebras and made

it possible for us to analyze the detailed structure and paved the way to our main result:

We provide for every kinematical and aristotelian spacetime a well-defined Chern-Simons

theory (with the minimal number of additional fields).

We then analyzed if these metric Lie algebras generalize to higher dimensions (sec-

tion 6), recovering the well-known Maxwell algebra [67, 68] as a double extension, and

various novel ones, most notably the metric (A)dS-galilean and (A)dS-carrollian algebras.

Finally, we provide a generalization of the cube to any dimension (section 7).

Before we move on to a more detailed discussion of our results let us emphasize that our

results can be easily adapted to also include the riemannian “spacetimes”, see appendix A.3.

Let us now provide an overview of the theories that admit a limit from (A)dS3 gravity.

The vertical rules of table 10 separate the Chern-Simons theories without central extensions

(table 1) from the ones with two, in some cases trivial, central extension (table 2). The

last column concerns the higher-dimensional generalization.
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Non-contracting CS Theories (section 5) d > 2 + 1

Sec. 〈 , 〉 ND H2 Extended Sec.

Torsional Galilei 5.1 χJ, χH, χJH 7 1 3, coad 6.6.1 coad

Light cone 5.2 µ, χ 3 µ 6= 0 or χ 6= 0 6.6.2 Simple

Aristotelian static 5.3.1 χJ, χH, χJH 7 2 3, 1 CE 6.6.3 arst(E)

Torsional static 5.3.1 χJ, χH, χJH 7 1 3, coad 6.6.3 coad

R×H2 and R× S2 5.3.2 χ, χH 3 χ, χH 6= 0 6.6.3 Reductive

A24 5.3.3 χ, χJ 3 χ 6= 0 Only 2 + 1

Table 11. Non-contracting Chern-Simons theories.

For the nonextended theories the limits of table 1 provide the most general theory

except for the freedom to add a 〈H, H〉 = χH term for the nonrelativistic theories. In the

ND column we have marked the theories that admit a nondegenerate (3) or degenerate

(7) invariant metric and the condition for nondegeneracy. This aligns with the inner cube

of figure 1. H2 denotes how many nontrivial central extensions are possible and a link to

their commutators. In section 3.2 the possible invariant metrics for the centrally extended

cases are discussed in detail.

Adding two central extensions (M and S) leads to the limits of table 2, for which all

theories admit a nondegenerate invariant metric as long as (3.11) is fulfilled. This is also

represented in the outer cube of figure 1.

In section 6 we analyzed if the underlying metric Lie algebras generalize to higher

dimensions. We again describe how each Lie algebra needs to be altered (if at all) so that

we are able to equip it with an invariant metric. Some correspond precisely to the higher-

dimensional analog of the lower dimensional case ((A)dS, and (A)dS-Galilei, static) some

are a generalization (Maxwell, (A)dS Carroll), while for the remaining cases we need to

fall back to the trivial solution of providing them with the coadjoint Lie algebra.

Table 11 provides the information concerning the Chern-Simons theories that do

not arise from a limit (middle column) and their higher-dimensional generalizations

(right column).

The Chern-Simons theories for the light cone, R×H2, R×S2 and A24 are well-defined

from the start (3), whereas for the aristotelian static case the addition of one central

extension suffices. For the remaining ones we have to resort to the coadjoint Lie algebras

(coadj). With H2 we again indicate the existence of nontrivial central extension of which

the precise form can be found in the respective sections.

For the higher dimensional metric Lie algebras the only nontrivial case is the aris-

totelian static Lie algebra which is a true generalization of the lower dimensional one.

More details can be found following the links to the respective sections (denoted

by sec.).
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9 Discussion

We want to finish by drawing attention to some intriguing aspects of our classification,

mostly focusing on the non-lorentzian theories or generic features.

9.1 Three-dimensional kinematical theories

From the (2 + 1)-dimensional point of view it is interesting to investigate the limit with

the AdS/CFT correspondence in mind, i.e., the limit from AdS3 to AdS-Carroll or AdS-

Galilei. One might hope that the presence of the cosmological constant again translates

into beneficial infrared regulating properties, similarly to AdS. In this sense these theories

also present themselves as interesting testing ground for the calculations of partition func-

tions [72, 73] (see also [74–76], or [77] for the flat case) and for sharpening our understanding

of entanglement entropy, following, e.g., [78, 79], in more general set-ups.

Important for this endeavor would be a deeper understanding of the solution space,

boundary conditions and their asymptotic symmetries, i.e., hints of possible dual theories.

While there has been a lot of progress for the lorentzian theories, less has been done for their

non-lorentzian cousins, see however [31, 80] for the carrollian and [31, 33–35, 48] for the

galilean case (see also for related boundary conditions beyond the kinematical set-up [48]).

Concerning possible boundary conditions let us add that following [2, 8] all models with

an invariant metric can be equipped with boundary conditions leading to WZW theories on

the boundary (for recent work see also [81]). Remarkably, similar to the well-known WZW

models based on simple Lie algebras, also the ones based on the metric Lie algebras permit

a Sugawara construction [82] and are therefore conformal field theories. For the calculation

of the central charge in terms of the level of the WZW model the double extension structure

plays a fundamental rôle [83] and should be tractable.

It is interesting that the carrollian Chern-Simons theories are, like their lorentzian

cousins, well-defined from the start. Certainly, the connection of the ultrarelativistic limit

to the strong coupling limit of general relativity and the Hamiltonian formulation [84]

deserves further attention.

Since the homogeneous carrollian spacetimes are null surfaces of Minkowski or (A)dS

spaces [40] (see also [52]), it is tempting to speculate that these carrollian 2 + 1 Chern-

Simons theories (in particular the theory based on the carrollian light cone) are connected

to edge states and BMS symmetries [27, 28] in 3 + 1 dimensions. An intriguing hint is

that the invariant tensors of the tangent space of these theories, given by the carrollian

degenerate metric and a carrollian vector field, provide the right carrollian structure [29].

These theories might also yield an interesting set-up, with manifest carrollian symmetries

in the bulk, for fluid/gravity holographic models [85].

An obvious generalization is to consider supersymmetric CS theories. The tools em-

ployed here and in [31], should translate to the supersymmetric case and could clarify the

rôle of the nonrelativistic supergravity theory of [35].17

17While the Medina-Revoy theorem has not been proven for Lie superalgebras, double extensions still

work [43].
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Furthermore, the double extension structure underlying metric Lie algebras can be

helpful in understanding Chern-Simons theories based on algebras that do not belong to

the class of kinematical Lie algebras discussed in this work, e.g., [49, 86].

Similar to the way we classified all three-dimensional Chern-Simons theories in this

work it is possible to carry this framework to two dimensional dilaton gravity theories.

For linear dilaton potentials these gravity theories can be written as BF theories. Given

the classification of two-dimensional kinematical spacetimes in [40] it should be straight-

forward to similarly classify all two-dimensional BF theories for these spacetimes. Since

the BF formulation of the Jackiw-Teitelboim model makes apparent the connection to

the Schwarzian action [87, 88], that rose to prominence due to its relation to the SYK

model [89], these models could have potentially interesting applications regarding general-

izations of the SYK model.

9.2 Higher dimensions

Due to their connection to Newton-Cartan/Hořava-Lifshitz gravity [35, 36] there has been

interest in higher-dimensional generalizations of the double extended galilean Chern-Simons

theory [90, 91]. It was argued, from rather different angles, that the actions of [90, 91],

provide exactly that.

Here we provide another complementary point of view: while the metric Lie algebra for

the flat galilean Lie algebra does not generalize, it is intriguing that it does for nonvanishing

cosmological constant to the novel (a)dsgal
(E)
Λ algebras (table 7). Let us also emphasize

that the double extension enforces the existence of the central Bargmann element exactly

at the right place for it to be the “mass”. We find these observations to be an intriguing

and surprising result.

Another place where one might hope for this symmetries to emerge, due to the fact

that they arise in a similar way to the Maxwell algebra, is for galilean or carrollian elec-

trodynamics in a homogeneous field [92].

Let us finally note that for the flat galilean metric Lie algebra, like [90], we also

need to double the dimension of the algebra. However, as can be easily checked by the

criteria of section 3.2, the algebra in [90] is not metric, which does not prevent the authors

from writing an action principle. For a natural generalization of a Chern-Simons theory,

i.e., a theory that is invariant under the full galilean symmetries, our model might be an

interesting candidate, e.g., in the BF theory formulation.
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A Conventions

For our kinematical Lie algebras and spacetimes we use the following conventions. Upper

case Latin indices denote spacetime indices, while lower case ones denote spatial indices:

A = (

µ,ν,...︷ ︸︸ ︷
0, 1, . . . , D︸ ︷︷ ︸

a,b,...

,

\︷ ︸︸ ︷
D + 1) ηAB = diag(

ηµν︷ ︸︸ ︷
η00, δab, η\\) . (A.1)

and ε012···D+1 = 1.

Depending on the sign of η00 we are considering either lorentzian (η00 = −1) or Eu-

clidean geometries (η00 = +1). Throughout the main text we discuss only the former, but

see appendix A.3. The sign of η\\ determines the sign of the cosmological constant with

anti-de Sitter for η\\ = −1 and de Sitter for η\\ = +1. We will discuss these two cases in

parallel, which leads to ± and ∓ signs, of which the upper sign always refers to anti-de

Sitter and the lower to de Sitter. The Lie algebras are, if not said otherwise, real and their

vector space elements are denoted in typewriter font, like, e.g., X, Y.

The algebra that leaves ηAB invariant is then given by

[MAB, MCD] = 4η[A|[CMD]|B] = ηACMDB − ηADMCB − ηBCMDA + ηBDMCA (A.2a)

〈MAB, MCD〉 = 2µηA[CηD]B = µ(ηACηDB − ηADηCB) (A.2b)

and can also be written, using Ĵµν ≡ Mµν and P̂µ ≡ Mµ\, as

[Ĵµν , Ĵρλ] = 4η[µ|[ρĴλ]|ν] (A.3a)

[Ĵµν , P̂ρ] = −2ηρ[µP̂ν] (A.3b)

[P̂µ, P̂ν ] = ±Ĵµν (A.3c)

with invariant metric

〈Ĵµν , Ĵρλ〉 = 2µηµ[ρηλ]ν (A.4a)

〈Ĵµν , P̂ρ〉 = 0 (A.4b)

〈P̂µ, P̂ν〉 = ∓µηµν . (A.4c)

In order to take the contractions leading to the kinematical algebras of [38], we find

it useful to decompose the generators further, and introduce the contraction parameters

ci, τ , and Λ. We define Jab ≡ Ĵab, Ba ≡ Ĵ0a, Pa ≡ P̂a, H ≡ P̂0 and introduce an additional
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(central) element M. The generators appropriate for the contracted algebras are obtained

after the following isomorphism:

gΛ,τ,ciBa = (τci)
−1Ba gΛ,τ,ciPa = (Λci)

−1Pa (A.5a)

gΛ,τ,ciH = (Λτ)−1(H + αc−2
i M) gΛ,τ,ciM = (Λτc2

i )
−1M , (A.5b)

which leads to commutation relations and invariant metric summarized in table 4.

A.1 Conventions for 2 + 1 dimensions

For 2 + 1 dimensions (D = 2) and restricting to η00 = −1 we have

ηµν = diag(−,+,+) ηab = δab = diag(+,+) . (A.6)

For the Levi-Civita symbol we define

εab ≡ ε0ab ε012 = ε12 = 1 εab = εab . (A.7)

We dualize using

Ĵµ = −1

2
ε νρ
µ Ĵνρ ⇐⇒ Ĵµν = ε ρ

µν Ĵρ (A.8)

to arrive at (2.3) (ε ρ
µν = εµνλη

λρ). This implies that Jab = −εabJd and Ba = εabB
d
b , where

on the left-hand side one has the non-dualized generators. In sections 2, 4, and 5 we use

the dualized operators only and consistently drop the superscript d.

A.2 Most general centrally extended (A)dS

In order to arrive at table 2 we write the commutation relations (2.3) using the space-time

split (3.1) (this is equivalent to table 1 setting all contraction parameters to unity) and

add two u(1) generators M and S commuting with all other elements of the algebra. The

invariant bilinear form for the (A)dS part is taken to be given by (2.5), and we introduce

the additional parameters µS, µM, µMS for the metric elements between 〈S, S〉, 〈M, M〉, and

〈S, M〉, respectively.

The appropriate generators for the contracted algebras are obtained after applying the

transformations

gΛ,τ,ciJ = J− βc2
i S gΛ,τ,ciBa = (τci)

−1Ba gΛ,τ,ciPa = (Λci)
−1Pa (A.9a)

gΛ,τ,ciH = (Λτc2
i )
−1(c2

i H− αM) gΛ,τ,ciS = c−2
i S gΛ,τ,ciM = (Λτc2

i )
−1M , (A.9b)

while the new metric elements are given by

gΛ,τ,ciµ = µ+ αβµMS gΛ,τ,ciχ = χ+ β2µS (A.10)

and

gΛ,τ,ciµM = (ciτΛ)−2µM gΛ,τ,ciµS = c−2
i µS gΛ,τ,ciµMS = (τΛc2

i )
−1µMS , (A.11)

which leads us to table 2.
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A.3 Riemannian spacetimes

While our analysis was focused on the lorentzian case, it also applies to riemannian

spacetimes. One may reintroduce the sign of the metric η00 (see (A.1)) by substituting

τ2 → −η00τ
2 in table 4. With this change one obtains for η00 = +1 the sphere (η\\ = +1)

and hyperbolic space (η\\ = −1), which both lead to euclidean space in the Λ → 0 limit.

The analysis in this work generalizes for the three spaces and mirrors the results of their

lorentzian counterparts. Otherwise, and connected to the fact that the remaining space-

times are not lorentzian, the sign η00 is irrelevant and does not lead to new spacetimes that

have not yet been discussed. For the riemannian spaces the “boosts” are compact, which

makes their interpretation as a proper spacetime questionable [38].

B Kinematical algebras, homogeneous spaces, and Cartan geometries

In this appendix we collect relevant background on kinematical algebras and their relation

to homogeneous spacetimes. Furthermore, introducing the framework of Cartan geometries

clarifies the geometric idea behind the formulation of gravity as a gauge theory. Consult [38,

40, 93] for information on kinematical algebras and homogeneous spacetimes and [94, 95]

for background (and hamsters) on Cartan geometries.

Homogeneous spaces. The idea of characterizing geometries by their symmetry groups

goes back to Felix Klein and his Erlangen program. Consider a manifold M and a Lie group

K acting transitively on it.18 Assume further that there exist “geometrical structures” on

M that are left invariant by a subgroup B̃ of K. Then one can regard the quotient K/B̃ as

“the space of geometric structures of type B̃ on M” (see, e.g., [95]). In particular, assume

the geometrical structures of interest are the points of the manifold and the subgroup Bx

of K leaves a point x invariant. The quotient K/Bx is then K-equivariantly diffeomorphic

to M. Since a change of base point changes Bx by a conjugation with an element of K,

the choice of base point is essentially arbitrary. The manifold M is therefore equivalently

described in terms of the pair (K,B). The space K/B ' M is called Klein geometry or

homogeneous space.

Disregarding global properties, homogeneous spaces can be characterized as well by a

pair of two Lie algebras (k, b), called Klein pair where b is a subalgebra of k. The dimension

of the homogeneous space is given by the difference in dimensions of k and b.

A Klein geometry is called effective if gx = x for all x ∈ M implies g = e. In other

words, the normal subgroup N of K must be the identity.19 Equivalently, the Lie algebra

k must not have a non-zero ideal. Any non-effective Klein geometry can be made effective

by replacing (K/B) with ((K/N)/(B/N)) where N is the largest normal subgroup of B.

Kinematical spacetimes. Not every Klein pair will lead to a Klein geometry that has

a sensible interpretation as a possible stage for physical theories, i.e., as a kinematical

spacetime [38].

18Let K×M→M : (g, x) 7→ gx be the action of a group on a manifold. The action is called transitive if

for any points x, y ∈M there exists an element g ∈ K such that gx = y.
19A Klein geometry is called locally effective if N is a discrete group.
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In order to have this interpretation it appears reasonable to demand that the spacetime

be smooth, connected and isotropic. The latter property implies that the group K on which

the homogeneous space is based must contain the rotation group as a subgroup.

We employ the following definition [40]: a kinematical Lie algebra (with D-dimensional

space isotropy) is a real Lie algebra k with the following two properties:

• k contains a Lie subalgebra r ' so(D), the Lie algebra of rotations of D-dimensional

Euclidean space;

• k decomposes as k = r ⊕ 2V ⊕ S as a representation of r, where 2V are two copies

of the D-dimensional vector irreducible representation of so(D) and S is the one-

dimensional scalar representation of so(D).

A kinematical Lie group is a Lie group whose Lie algebra is a kinematical Lie algebra.

The decomposition of k corresponds to the fact that boosts and spatial translations

transform as vectors while time translations transform as scalars. Notice, however, that

the identification of the generators in k with boosts or spatial momenta cannot be made

from the abstract Lie algebra alone. They acquire this interpretation only in the context

of a homogeneous kinematical spacetime on which K acts. We quote the definition of [40]:

A homogeneous kinematical spacetime is a homogeneous space M of a kinematical Lie

group K, satisfying the following properties:

• M is a connected smooth manifold;

• K acts transitively and locally effectively on M with stabilizer B;

• B is a closed subgroup of K whose Lie algebra b contains a rotational subalgebra so(D)

and decomposes as b = r ⊕ V as an adjoint r −module, where V is an irreducible

D-dimensional vector representation of so(D).

The kinematical spacetime is then given by K/B and has the dimension D+1. Its

properties are equivalently defined by the kinematic Lie pair (k, b).

A classic example of a homogeneous spacetime is (D+1)-dimensional Minkowski space.

The Poincaré group ISO(D, 1) acts transitively on this space. Points are left invariant by

the Lorentz group SO(D, 1). Thus, Minkowski space can be described as the homogeneous

space ISO(D, 1)/SO(D, 1). Working on the infinitesimal level, Minkowski space is char-

acterized by the pair (iso(D, 1), so(D, 1)). The Poincaré algebra can be read off from the

Λ→ 0 limit of table 4. The Lorentz algebra so(D, 1) is generated by the set {Ba, Jab} which

are consequently interpreted as boosts and rotations, respectively.

The subalgebra b in the kinematic Lie pair thus determines which generators of k are

to be interpreted as boosts and rotations when acting on the homogeneous spacetime. The

remaining generators in k/b are then identified with spatial translations and time transla-

tions. In this work we always assume the following basis for the kinematical algebra k:

k = {Jab, Ba, Pa, H} . (B.1)
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In order to clarify the importance of the choice of subalgebra b in the kinematical Lie

pair, take again the Poincaré algebra k = iso(D, 1) but quotient now by the subalgebra

generated by {Jab, Pa}, that is not isomorphic to the Lorentz algebra. Consequently, the

resulting homogeneous spacetime is not Minkowski but the AdS-carrollian spacetime, where

now the Pa are interpreted as boosts and the Ba act as spatial translations on the spacetime.

In order to make explicit the choice of subalgebra b, the basis (B.1) is assumed to be

transformed such that b = {Jab, Ba}, i.e., the generators Ba always denote boosts.

Depending on the form of the kinematical Lie pair a homogeneous spacetimes may

admit additional geometrical structure invariant under the subgroup B. Accordingly, ho-

mogeneous spacetimes can be classified by these invariant structures. For instance, if the

homogeneous spacetime M admits an invariant metric on the tangent space20 it is called

lorentzian or riemannian depending on the signature of the metric. If a spacetime admits

an invariant one-form and “spatial” co-metric, it is called galilean; if it admits an invari-

ant vector and “spatial” metric it is called carrollian. The qualifier “spatial” means that

the (co-)metric is degenerate along the invariant (vector) one-form. For even more details

concerning the invariants see section 6.1. in [40].

Additional geometric properties of a homogeneous spacetime can be derived from an

invariant connection and its curvature and torsion. A sufficient criterion for the existence

of an invariant connection is reductiveness of the Lie pair. This means that there exists a

split of (k, b) as

k = m⊕ b (B.2)

such that both parts transform as adjoint B-modules. This means that the action of

rotations and boosts does not turn translations into boosts, and vice versa. Notice that

the carrollian light cone algebra discussed in section 5.2 is not reductive and does not have

an invariant connection. For further details we refer to [40, 93].

Cartan geometries. In the last section we introduced the notion of Klein geometries

and homogeneous spacetimes based on the kinematical Lie pair (k, b). The k-valued field

A appearing in the Chern-Simons action, or any other “gauge theory of gravity” for that

matter, can be qualitatively understood as “gauging” of this underlying Lie pair. This

notion is made precise by the concept of Cartan geometry. Roughly speaking, a Cartan

geometry modeled on the homogeneous space K/B is a manifold M on which the linear

tangent space is replaced by the homogeneous space K/B at every point. These geometries

are therefore generalizations of riemannian geometries, as summarized in the following

diagram (from [94, 95]).

We will refrain from giving the precise definition of a Cartan geometry modeled on K/B

which is most naturally phrased as a principal B-bundle P → M with a k-valued 1-form

on P , the Cartan connection. It is precisely this connection that becomes the dynamical

20This is not to be confused with an invariant metric on the kinematical Lie algebra of the homogeneous

spacetimes.
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Klein

Geometry

Cartan

Geometry

Riemannian

Geometry

Euclidean

Geometry allow

curvature

allow

curvature

generalize

symmetry group

generalize

tangent space

Figure 2. Cartan geometry is a generalization of both Riemannian geometry, by allowing the

tangent spaces to be different from Rn, and of Klein geometry, by nontrivially gluing together Klein

geometries.

quantity in a gauge theory of gravity. In particular, the Chern-Simons connection (2.2) is

recognized as a Cartan connection A.21

The curvature F of the Cartan connection, which is a k-valued two-form, determines

the amount by which the Cartan geometry deviates from the homogeneous space on which

it is modeled. In particular, the curvature vanishes if the Cartan geometry itself is a

homogeneous space (or a quotient thereof). Even if the Cartan geometry is flat, i.e., the

curvature vanishes, the homogeneous space on which the geometry is modeled can have

curvature. The curvature of the homogeneous space is given by projecting F to b, whereas

the projection of F to k/b calculates the torsion of the geometry. Both of these statements

are easily checked using the classic example of AdS3 gravity.

C The full action and equations of motion

While the following formulas might seem intricate let us emphasize that the presentation

is rather economic since we are describing the theories of figure 1 all at once. The most

general action (3.16) can be fully decomposed to take the following form

S =

∫ [
2R̂ ∧ h+ 2

(
c2
iµ+ αβµMS

)
R̂a ∧ pa + Λ̂ + L(ω)

+T̂ ∧ h± Λ2
(
c2
iχ+ β2µS

)
T̂a ∧ pa + c2

iLM,S + LI

]
, (C.1)

where we have dropped various boundary terms and use

R̂ = −µdj +
1

2

(
c2
iµ+ αβµMS

)
τ2εabba ∧ bb (C.2a)

R̂a = dba + εabbb ∧ j (C.2b)

21Note that this is a crucial difference to the concept of an Ehresmann connection on a principal B-bundle

over M which would be given by a b-valued one-form. Ehresmann connections are the dynamical variables

in usual gauge theories as, e.g., Yang-Mills. Thus, gauge theories of gravity are a priori different from gauge

theories of Yang-Mills type. Nevertheless, given some requirements the principal bundles with Ehresmann

connections and Cartan connections can be shown to be equivalent [94].
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Λ̂ = ±Λ2
(
c2
iµ+ αβµMS

)
εabpa ∧ pb ∧ h (C.2c)

L(ω) = −χj ∧ dj + τ2
(
c2
iχ+ β2µS

)
(ba ∧ dba + εabba ∧ bb ∧ j) (C.2d)

T̂ =

[
∓ Λ2τ2χ+

1

c2
i

(
α2µM ∓ Λ2τ2β2µS

) ]
dh± τ2Λ2

(
c2
iχ+ β2µS

)
εabba ∧ pb (C.2e)

T̂a = dpa + τ2εabbb ∧ h+ εabpb ∧ j (C.2f)

LM,S = µMm ∧ dm+ µSs ∧ ds+ 2µMSm ∧ ds (C.2g)

LI = 2α (µMh ∧ dm+ µMSh ∧ ds) + 2β (µMSj ∧ dm+ µSj ∧ ds) . (C.2h)

The equations of motion F (XA) ≡ 〈F, XA〉 that follow from the variational principle are

then given by

F (H) = −2µdh+ 2
(
c2
iµ+ αβµMS

)
εabba ∧ pb − 2χdj + τ2

(
c2
iχ+ β2µSεabba ∧ bb

)
± Λ2

(
c2
iχ+ β2µS

)
εabpa ∧ pb + 2β (µMSdm+ µSds) = 0 (C.3a)

F (Pa) =
(
c2
iµ+ αβµMS

)
T̂a + τ2

(
c2
iχ+ β2µS

) (
R̂a ± Λ2εabpb ∧ h

)
= 0 (C.3b)

F (J) = R̂± Λ2
(
c2
iµ+ αβµMS

)
εabpa ∧ pb + 2T̂ + 2α (µMdm+ µMSds) = 0 (C.3c)

F (Ba) = ±Λ2
(
c2
iχ+ β2µS

)
T̂a +

(
c2
iµ+ αβµMS

) (
R̂a ± Λ2εabpb ∧ h

)
= 0 (C.3d)

F (S) = c2
i (µSds+ µMSdm) + αµMSdh+ βµSdj = 0 (C.3e)

F (M) = c2
i (µMdm+ µMSds) + αµMdh+ βµMSdj = 0 . (C.3f)

Under an infinitesimal gauge transformation δA = dε + [A, ε] spanned by a parameter

ε = ω H+ λa Pa + ξ J+ σa Ba + ω∗ S+ ξ∗ M valued in the algebra in table 2, the components

of the gauge field transform according to

δh = dω + c2
i εab(−baλb + paσb) (C.4a)

δpa = dλa − εabjλb + εabpbξ + τ2εab(bbω − hσb) (C.4b)

δj = dξ − c2
i εab(τ

2baσb ± Λ2paλb) (C.4c)

δba = dσa − εabjσb + εabbbξ ± Λ2εab(pbω − hλb) (C.4d)

δm = dξ∗ + αεab(baλb − paσb) (C.4e)

δs = dω∗ + βεab(τ
2baσb ± Λ2paλb) . (C.4f)
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