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Abstract This contribution presents an assessment of computational techniques
enabling automated simulations of complex porous rocks microstructures based
on 3D imaging techniques. A subset of a CT-scanned sandstone sample is used
to compare the results obtained by two advanced discretization frameworks. Raw
scan results are processed by a level set-based segmentation technique to produce
smooth geometries prone to finite element discretizations. A recently developed
technique is outlined for conforming mesh generation for complex porous geome-
tries described implicitly by functions. This allows generating high quality tetra-
hedral meshes with selective refinement. Next to this, a technique that uses a
kinematic enrichment by incompatible modes to represent the heterogeneous ge-
ometry is explained. Both techniques use the same implicit geometry as main input
for the simulations. Mechanical simulations are conducted on a subset of a scanned
sample of a sandstone under triaxial loading conditions for isotropic compressive
loading and for loading conditions involving a stress deviator. The results are com-
pared and discussed based on local stress distributions and on a Mohr-Coulomb
criterion with tensile cut-off. The results show that both discretization strategies
yield complementary tools and allow envisioning automated simulations based on
raw CT scan data for porous rocks exhibiting complex pore space morphologies.
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1 Context

The mechanical and fluid transport behaviour of porous geomaterials is strongly
dependent on their microstructure, and in particular on the morphological proper-
ties of their pore or fracture networks. Furthermore, these microstructural features
may evolve as a result of mechanical loading, which induces further couplings be-
tween the mechanical response and the transport properties.

As a result, many research efforts have been devoted in the past to investigate
the link between the microstructure of geomaterials (in the broad sense) and their
overall properties. Initially, many of these contributions dealt with the effect of
degradation and cracking evolution on the mechanical response of geomaterials.
This was achieved using various techniques such as micromechanically-inspired
models [1], discrete element modelling [2] or RVE computations [3]. Fluid trans-
port properties and their link to cracking evolution were also scrutinized using
micromechanically-inspired models [1] and multiscale techniques [4, 5].

With the development of experimental imaging techniques at different scales,
the investigations on the effect of microstructural features on the overall behaviour
received even more attention.

Focusing on scanning techniques allowing to obtain the microstructural phase
arrangement, computed tomography (CT) nowadays allows addressing a variety
of scales (micro-tomography or at higher scales) and of geomaterials such as soils
[6], rocks [7] or mixtures [8]. Such investigations are devoted to their mechanical
behaviour [7, 8], to their transport properties [9]; or to coupled processes [10].

Early efforts in the use of 3D images for analysis and modelling of rocks be-
haviour started with an effort reconstructing a 3D granite mesostructure (at the
scale of a full lab specimen), based on an iterative milling and scanning system pre-
sented in [7]. The procedure was used to conduct 3D Brazilian test simulations on
a real mesostructural geometry by means of a finite difference scheme. Subsequent
efforts at similar (large) scales were devoted to jointed rocks (sandstone) [11], in
which computed tomography was used to analyse and model the effect of joints
shape on the mechanical behaviour; and to feed soil-rock mixture 2D simulations
[8].

Experimental efforts in the field of rock mechanics to capture microstructural
features used micro-tomography (µCT) to investigate the microstructural changes
in the pore space during unconfined compression tests in Gosford sandstone [12].
This was achieved by scanning samples at different loading levels prior to failure
in order to link the pore structure evolution to the macroscopic energy dissipa-
tion. In situ µCT observations of porosity evolutions under triaxial tests were also
investigated for calcarenite in [13]. The relationship between specific surface and
porosity in ten different types of sandstone was scrutinized in [14] by µCT in or-
der to build modified Carman-Kozeny equations for sandstones; and real time (in
situ) µCT triaxial experiments were performed in sandstone to assess the effect of
chemical corrosion in [15].

With the availability of the detailed 3D microstructural geometry, µCT also
allowed feeding microstructural mechanical computations making direct use of the
image information. Such observations were mostly used to feed 3D DEM simula-
tions on sandstones at the RVE and at the sample scales [3]. Strength anisotropy
was scrutinized in Berea sandstone together with an µCT assessment of the poros-
ity levels to feed 2D DEM simulations [16]. Additional efforts addressed the up-
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scaling of transport properties by using multiscale approaches using finite element
macroscopic computations fed by a lattice Boltzmann framework based on 3D
µCT images [9, 17].

Next to the direct use of 3D images, µCT observations were also exploited
to reconstruct equivalent geometrical models which can subsequently be used in
finite element simulations. Such a reconstruction strategy was proposed in [18] for
porous rocks (sandstone). It was next extended in [19] using simulated annealing,
leading to models that do not consist of the scanned geometry itself, but rather
of equivalent geometries reproducing the essential features identified in the scans.
These techniques were also applied in [20] to triaxial tests with comparisons to
experiments.

These previous contributions in the literature show that there is an interest
in addressing the simulation of microstructural processes in porous rocks using
directly the 3D images obtained by µCT. However, the discretization of such
geometries may quickly become extremely complex. The purpose of the present
contribution is to compare two novel discretization strategies that allow building
models in an automated way based on a raw 3D µCT image. The first of these
discretization strategies consists of a recent extension of the meshing tool rely-
ing on the Persson-Strang analogy [21, 22] to build a high quality conforming
tetrahedral mesh. It relies on an implicit description of the geometry of the solid
phase and of the pore space of a porous rock. The second strategy is based on
the projection of such an implicit geometry on an unstructured tetrahedral mesh,
with an incompatible kinematic enrichment defined at the element level to account
for the heterogeneity of phases. The comparison will here be performed through
mechanical simulation on a subset of the CT-scanned image of a sandstone [23].

To build this comparison, this contribution will be structured as follows. Sec-
tion 2 will outline the pre-processing required from the raw µCT scan data (seg-
mentation and smoothing) to provide the implicit geometrical information for the
discretization tools. Section 3 will next detail the procedures followed by each
strategy to construct the discretization based on the implicit geometry devised
in Section 2 from the raw µCT scan data. Section 4 will compare the results ob-
tained by both strategies for a sandstone µCT scan sample subjected both to a
pure isotropic triaxial stress state and to a triaxial stress state involving a stress
deviator. Finally the results will be discussed in Section 5, before conclusions are
drawn in Section 6.

2 Problem statement and segmentation

In the context of image-based modelling of heterogeneous porous rocks, the porous
microstructure can be obtained either by reconstruction of equivalent geometrical
models from the exploitation of 3D images or by virtual generation according to
morphological quantitative features [24, 25]. When dealing with image-based mod-
els, the interfaces separating the pore space from the solid phase can be described
either explicitly by means of triangulated surfaces in 3D, or implicitly by means of
level-set functions and/or distance fields. The latter approach offers the ability to
model and handle geometries with arbitrarily complex features. When using level
sets, a curve Φ in 2D, respectively a surface in 3D, can be represented implicitly
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Fig. 1: Subset of Vosges sandstone sample obtained by X-ray tomography from Cong Hu’s
thesis [23] : solid part (left) and pore space (right) of the sandstone

by means of the level sets of functions of spatial coordinates x denoted LS(x, ...) :

Φ ≡ LS(x, ...) = k (1)

where k represents the iso-value of the function.
A well-known example of level set function consists of the gray-scale density

map obtained by X-ray CT scans increasingly used in the context of rock mechan-
ics. To exploit properly imaging techniques, the segmentation process is however
a crucial step. Indeed, it must accurately reflect the complexity of the geometry at
hand, be able to identify the different phases of the material, and make the results
usable in the subsequent processes. The sample used in this paper to illustrate the
comparison between the two selected discretization methods is a subset of the CT
scan of a dry Vosges sandstone obtained by X-ray tomography as part of Cong
Hu’s PhD thesis [23]. The scan resolution is 5 microns per voxel for a geometry
size of 100x100x100 voxels (see Figure 1).

Since the pore space (18.04% of total porosity) of the studied sandstone sample
is very strongly connected (about 99%), the occluded porosities represent only very
small cavities. These may require a high level of refinement in the discretization
step if they are still taken into account in the segmentation process. Therefore,
assuming that their impact on the simulation results discussed in this paper will
be negligible, they will be removed from the voxel grid before segmentation in
order to reduce computation times. To achieve this, a geodesic reconstruction [26]
is applied to the given grayscale image using as a mask the 6 boundaries of the
scan sample, so that only the connected porosities remain.

For the image segmentation, an automated thresholding by Otsu’s method [27]
is suitable when the histogram of the grayscale of the images shows two distinct
normal distributions. Otherwise, overlapping will induce thresholding management
that may atrophy part of the information. In addition, this method often requires
the application of a Gaussian filter to smoothen the interfaces, a required step to
obtain a mesh-prone resulting geometry. Among the other available segmentation
techniques, the level-sets-based methods correspond to a class of deformable mod-
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Fig. 2: (a) Histogram of the geometry, (b) Decomposition of the histogram in two phases
taking into account the overlapping with the level-set segmentation method

Fig. 3: Comparison between : (a) a slice of the micro-CT scan, (b) thresholding process
obtained by Otsu’s method at 76 grayscale value, (c) level-set segmentation

els in which the desired shape is obtained by propagating an interface represented
by 2D iso-contours (3D iso-surfaces) [28, 29, 30] giving thereby smoothed contours.

Even if in this case two peaks can be distinguished relatively clearly, a level-set
segmentation method based on Bernard’s work [31] will be used. In this chosen
method, the implicit function is modeled as a continuous parametric function
expressed on a B-spline basis, that allows obtaining a smooth level-set function
and a satisfactory segmentation result of the image given in input; even if it is
noisy. Figure 3 illustrates a comparison between an image built from the raw
micro-CT scan data, using the thresholding by the Otsu method, and using the
level-set segmentation for a 2D slice.

The segmentation process was applied here for each of the slices of a raw 3D
CT scan, before being stacked to form the whole result in 3D as illustrated in
Figure 4.

The discretization methods presented in the following sections require the use of
signed distance functions which is a particular choice for level-set functions [32, 33].
The signed distance function of Φ is a function DS(Φ(x)) with the value of the
signed euclidian distance from x to Φ. Here, the RVE domain Ω is divided into
two sub-domains Ω+ and Ω− representing respectively the solid phase and the
pore space, and Φ representing their interface. A negative value of the distance
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Fig. 4: Resulting segmentation of the solid part (left) and pore space (right) of the subset of
sandstone micro-CT scan

Fig. 5: Signed distance field of the sandstone sample where Ω+ is the positive part corre-
sponding to the solid part and Ω− the negative part corresponding to the porous space

function is attributed by convention to the domain Ω− as illustrated in Figure 5.
Practically, this distance function is evaluated on a discrete grid of points regularly
placed on the spatial domain of interest of the scanned sample.

In order to maintain a sufficient accuracy without requiring excessive refine-
ment of the background grid, the signed distance function is computed from an
exact Euclidean signed distance field evaluation from discretized geometries [24]
extracted with a Marching Cube process [34]. Other methods exist such as for
instance the fast marching method [32] that features interesting execution times.
However, it generally only yields an approximation of the signed distance, while
the discretization processes require an accurate definition of the euclidean distance.
Figure 5 right illustrates the signed distance field of the segmented micro-CT of
the sandstone geometry obtained using an exact distance computation. This dis-
tance function will be used as a basis for the discretization procedures used in the
next section.
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3 Image-based modelling for heterogeneous geomaterials

3.1 Conforming discretization of implicit geometries

The discretization approach explained here is based on the generation of conform-
ing meshes for complex heterogeneous geometries, based on their implicit descrip-
tion by signed distance functions. The methodology was originally proposed by [21]
for homogeneous structures and extended to heterogeneous structures by [22].

The conforming mesh generation strategy is subdivided into four main steps
as follows :

1. Definition of a size function h(x) based on specific geometrical characteristics
2. Generation of a nodes distribution based on an octree decomposition using this

size function
3. Optimized surface meshing of the internal pore space surface and of the exter-

nal structure boundaries (i.e. the external faces of the scan sample)
4. Optimized volume meshing based on a Constrained Delaunay Tetrahedraliza-

tion (CDT) starting from the enclosed surface mesh generated during step 3.

3.1.1 Size function definition

The procedure starts by defining a size function h(x), where x represents the
spatial coordinates, that is used to control the elements sizes. Dealing with complex
microstructures can quickly lead to a large number of degrees of freedom in the
simulation process due to important mesh refinements. In fact, complex shapes
of the microstructure motivate taking into account local features such as narrow
gaps (nar), high curvatures (curv) or initial interface sizes (iis), thereby requiring
a local increase of the nodes density. The size function is constructed based on the
distance function to generate such non-uniform meshes refined only locally where
it is necessary. The size function is thus the starting point of the optimization
process and of the initial nodes generation. The minimum initial imposed size
values h0 depending on the three geometrical parameters iis, curv and iis are first
computed as expressed in Equation (2). In the present context, a low sensitivity
to curvature is used to avoid too large differences in the element sizes that can
cause a conditioning problem of the stiffness matrix in FEM simulations.

h0(x) = min({hiis(x), hnar(x), hcurv(x)}) (2)

To avoid poor quality elements due to significant element size variations on
small distances, a smooth evolution of the size function is enforced using a gradient
limiting factor g [35] expressed as

‖∇h(x)‖ = g (3)

Figure 6 illustrates the size function h(x) of the segmented sandstone sample.

3.1.2 Optimization by means of extended Persson-Strang truss analogy

Dealing with complex geometries makes it difficult to reach an ideal mesh in which
only quasi-regular tetrahedra are present. The objective of the optimization pro-
cess is to minimize the magnitude of the difference between the lengths of the edges
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Fig. 6: 2D slices of size function h(x) based on the segmented sandstone

in an element, and this over the entire mesh, in order to reach an optimal element
quality for a given triangulation. This is achieved by finding an optimal configura-
tion of the nodes positions for a given connectivity. The mesh quality optimization
is based on an iterative technique that uses a simple mechanical analogy between
the optimal mesh for a given connectivity and the equilibrium configuration of
a 3D truss of elastic bars of stress-free lengths, or equivalently a structure made
of springs [35]. In this analogy, the edges of tetrahedral elements and the mesh
nodes correspond respectively to the bars and joints of a truss system. To this end,
an attractive/repulsive force field f(l, l0) is defined on each bar, depending on its
current length l and its desired length l0 set by the size function h(x). This force
field steers the nodes positions towards optimal elements shapes. By assuming an
appropriate force-elongation relationship for the bars, the final nodes positions
(x) for a set of fictitious forces (F) can be found iteratively by solving for static
equilibrium according to

F(x) =
∑

i Fint,i(x) + Fext,i(x) = 0 (4)

where Fint and Fext are respectively the internal forces present in the bars and the
external forces coming from boundary constraints defined by fixing nodes on the
boundary of the domain to be meshed (enclosing surface for a 3D mesh, enclosing
contour for a surface mesh).

The fictitious force vector F(x) acting on each node depends on a chang-
ing topology of the truss system (i.e. if a new triangulation is produced during
the node relocation process). This renders F(x) not continuous accross arbitrary
x variations, thereby inducing difficulties to solve the system. When large node
movements arise, such Delaunay retriangulations are indeed performed to improve
the truss topology. The non-linear equations system can be simply resolved asymp-
totically by introducing an artificial time dependency (5) and using a forward first
order Euler time integration scheme (6) starting from an initial Delaunay trian-
gulation. Such a scheme is used until a stationary state is reached according to a
pre-defined tolerance. The resulting fictitious mechanical equilibrium is achieved
when the nodes movements tend to vanish.
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The following system of ordinary differential equations (ODEs) is considered
(in non physical units), with the initial condition x(0) = x0 being the initial node
distribution :

dx

dt
= F(x), t ≥ 0 (5)

x(tn+1) = x(tn) + ∆t F(x(tn)) (6)

Practically, the expression (7) is used for the internal repulsive/attractive forces
field, allowing internal forces Fint(x) to reach the equilibrium state in a configu-
ration matching the size function h(x)

f(l, l0) = k (l0 − l) where k =
l + l0
2 l0

≈ 1 (7)

To accelerate the convergence and get rid of slivers (zero volume elements)
which may cause finite element computations to fail [36, 37, 35], an adapted ball-
vertex spring method [38, 39] is used during the optimization process by introduc-
ing additional (linear) springs on badly-shaped elements resisting the movements
of a node of an element towards its opposite face in the element.

Each meshing step, namely the pore space surface meshing, the external struc-
ture boundary faces meshing and the 3D bulk meshing (of the solid phase and the
pore space) implies an optimization process of the initial triangulation using this
extended version of the principle of the described Persson-Strang truss analogy.

3.1.3 Initial node distribution

The mesh generation process starts with the initialization of an unconnected nodes
distribution. A recursive refining process starting from the 8 corners of the struc-
ture is applied, in such a way that the local nodes density is related to the defined
size function giving an octree decomposition [40, 41, 42]. The advantage of such
a method is to obtain a smoothly distributed initial nodes set controlled by h(x),
placing nodes close to their equilibrium position in the optimization process, and
thereby reducing the number of retriangulations needed to get high quality FEM
meshes.

3.1.4 Surface Meshing

The main difficulty with Delaunay-based mesh generators remains the enforcement
of mesh conformity at material boundaries for heterogeneous materials, especially
in 3D. In the present case this arises at the interface between the solid phase
and the pore phase. Ensuring the conformity when nodes are present on both
sides of the material boundaries before triangulation is a tricky task and is still a
challenging problem both in theory and practice [43, 44]. This is the reason that
motivates the decomposition of the meshing process by meshing first the inter-
nal pore space surface and the external structure boundaries, in order to form
the enclosed discretized surface that can be given as an input to 3D constrained
Delaunay triangulation (CDT). As illustrated in Figure 7, a Marching Cube al-
gorithm [34] is applied to extract the iso-surface corresponding to the internal



10 Karim Ehab Moustafa Kamel et al.

Fig. 7: Subset of the whole surface mesh - Left : Initial non optimized surface triangulation
obtained by the Marching Cube algorithm [34], Right : Optimized mesh based on extended
Persson-Strang truss analogy

pore space surface, giving an initial uniform ill-shaped surface triangulation (bad
quality elements). This surface triangulation is then optimized by extended Pers-
son truss analogy and refined locally according to the size function, generating a
discretization appropriate for finite elements simulations.

Then, the 6 boundary faces of the sample microstructure are extracted, meshed
and optimized with the extended Persson truss analogy, simplifying the problem by
transforming the 3D boundary nodes on the six planes to deal with 2D problems.
The external contours of material boundaries and the boundary nodes coming from
the octree decomposition are extracted to mesh independently the 6 boundary
faces as a 2D problem as illustrated in Figure 8.

Fig. 8: Left : Extraction of external contours of sandstone sample and octree nodes belonging
to the choosen face, Right : Optimized external structure boundary face mesh using extended
Persson-Strang truss analogy
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Fig. 9: Exploded view of merged internal material boundaries and external structure bound-
aries constituting the enclosed constrained facets taken as input in CDT

The process ends by merging the 6 optimized structure boundary faces meshes
with the optimized internal pore space surface meshes; that will constitute the
constrained facets providing a closed surface mesh to the CDT to ensure the mesh
conformity as illustrated in Figure 9.

3.1.5 Volume meshing

The last step aims at generating the volume mesh for the solid phase volume
and for the pore space volume, applying an efficient method that can generate
boundary-conforming tetrahedral meshes such as CDT [45]. The constrained facets
are given as input to the CDT module of the well-known and robust mesh generator
TetGen [44], while the octree nodes distribution constitutes the background grid on
which the CDT is applied. Finally, the extended Persson truss analogy process is
applied to improve low quality elements appearing near the constrained facets due
to the geometrical complexity and the imposed conformity. Figure 10 illustrates
the optimized conforming mesh generated for the segmented sandstone sample.

3.2 Embedded weak discontinuity models

Regarding the problem of heterogeneous medium meshing, the most natural ap-
proach is to turn to conforming meshes as presented previously. Although being
very efficient, the whole process may still suffer from poor quality elements for
intricate geometrical configurations. More importantly, it may be difficult to con-
sider evolving morphologies resulting of the development of cracks.

An alternative consists of building the approximation from non-adapted meshes.
The main difference then lies in the fact that the nodes are positioned indepen-
dently of the interfaces between the solid phase and the pore space. This avoids
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Fig. 10: Final optimized conform mesh of the RVE (# Nodes=256 303/# Elements=1 525
220) - Left : Global view of the optimized mesh for both phases (Solid phase/Pore space),
Center : Solid phase meshed only, Right : Pore space meshed only

the need for relocating these nodes according to the heterogeneous geometry. This
aspect is a major advantage towards some applications, such as probabilistic nu-
merical studies with materials with a fine scale geometry that is not controlled. As
a result of the use of a non conforming mesh, many elements - potentially all of
them - are, for a given geometry, cut in two parts by a physical interface between
the solid and the pore phase. Each of the two sub-domains of these elements de-
fined by such an interface is included in a material phase, the properties of which
are assumed to be known and different from the neighboring one. In order to allow
these elements to represent this contrast of properties, it is necessary to enrich
their kinematics by adding discontinuities in the interpolation of the strain field -
so-called ”weak” discontinuities. Figure 11 shows a typical 4 noded element with
such a discontinuity.

Fig. 11: Four noded element enriched by a strain discontinuity: left undeformed; right de-
formed.

Hence the kinematic enrichments constitute the keystone of this methodology.
Originally developed to assess the problems posed by cracking in Finite Element
models, such an enrichment is also advantageous in the context of the explicit con-
sideration of heterogeneity. The methods of practical implementation of kinematic
enhancements within a Finite Element model can be classified into two broad cat-
egories. Global approaches, on the one hand, are essentially based on the Partition
of Unity. The enrichment then consists of the addition of interpolation functions
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and thus consists of adding global unknowns and global equations. The XFEM -
eXtended Finite Element Method [46] - belongs to this first category and has been
used, for example, to describe three-dimensional arrangements of non-overlapping
spheres [47]. An enrichment can be also be built, on the other hand, from a purely
local point of view, leading to the family of methods called EFEM - Embedded
Finite Element Method [48]. Also originally developed to tackle the problem of
cracking - in particular the numerical localization induced by the use of softening
laws - these approaches lead to an enrichment by means of local functions at the el-
ement level. Each of these added functions leads to an additional unknown and an
additional scalar equation. The local character of those equations however makes
it possible to condense them at the element level, thus preserving the size of the
assembled discrete problem. Within this second family of methods of enrichment,
the Method of Incompatible Modes is chosen here [49].

The theoretical framework of the Incompatible Modes Method is based on the
three fields variational form from Hu-Washizu [50]. In this form, the potential
energy writes:

ΠHW (u, ε, σ) =

∫
Ω

Ψ(ε) dΩ−
∫

Ω

σ · (ε−∇su) dΩ−
∫
∂ΩvN

u · t̄ dS (8)

According to the basic principle of EFEM methods [51], the strain field ε can
be enriched according to the form ε = ∇su+ ε̃. This gives an expression depending
on the displacement field u, the enrichment ε̃ and the stress field σ:

ΠHW (u, ε̃, σ) =

∫
Ω

Ψ(∇su+ ε̃) dΩ−
∫

Ω

σ · ε̃ dΩ−
∫
∂ΩvN

u · t̄ dS (9)

The stationary character of ΠHW leads to the three-field formulation of the
enriched mechanical problem:

Knowing: t̄ : ∂ΩvN → R
For all: u ∈ U0, ε̃ ∈ L2(Ω) and σ ∈ L2(Ω)
Find: u ∈ U, ε̃ ∈ L2(Ω) and σ ∈ L2(Ω)
Such that:∫

Ω

∇su · ∂Ψ

∂ε
dΩ−

∫
∂ΩvN

u · t̄dS +

∫
Ω

ε̃ ·
(
∂Ψ

∂ε
− σ

)
dΩ−

∫
Ω

σ · ε̃ dΩ = 0 (10)

A compact spatial discretization for each of these fields can be defined. The
Incompatible Modes Method - from which its name derives - provides, for the
enriched deformation field, a base of orthogonal functions in L2(Ω) to the ones
chosen for the interpolation of the stress field.

∇suh = BT · U (11)

ε̃h = GT · υ (12)

σh = PT · s (13)

This type of interpolation leads to two sets of - potentially nonlinear - equations
to solve that can be grouped as a vector of residual equations r. On the one hand, a
set of global coupled equations rFE is stemming from the FEM assembly operation;
while on the other hand, a set of decoupled local equations re associated with each
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of the new parameters of incompatible modes is introduced. These parameters are
the additional unknowns associated with the enrichment of the kinematics.

r =


rFE

[re]e

 =


∫

Ω

B · ∂Ψ

∂ε
dΩ−

∫
∂ΩvN

N · t̄ dS[∫
Ω

Ge · ∂Ψ

∂εe
dΩ

]
e

 (14)

The key point of the Incompatible Modes Method lies in its local character,
and thus in the re decoupled equations. Even in a nonlinear case, their solving is
very fast and the incompatible mode parameters can be easily condensed at the
local level [52].

Using the Incompatible Modes Method, in order to construct the enrichments,
the CT scan sample 3D image is projected on a tetrahedral unstructured mesh
generated using the GMSH software [53]. This projection is a feature offered by the
python library SPAM [54, 55, 56, 57]. This allows identifying tetrahedra from each
phase (solid phase and pore space) and the tetrahedra crossed by the interface
that are enriched kinematically. For the considered scan, this results the model
illustrated in Figure 12.

Fig. 12: Embedded weak discontinuity models (# Nodes=234 996/# Elements=1 329 159)
obtained from the CT scan with solid elements (grey), pore space elements (blue), enriched
elements (red)

4 Comparison of FEM and EFEM methods based on a segmented
sandstone sample

To illustrate the ability of the models to conduct image-based finite element sim-
ulations, and to build the comparison between their results, the models derived
from the CT scans are now subjected to two triaxial mechanical loading condi-
tions as illustrated in Figure 13. First, a purely isotropic triaxial compression. The
considered sample being isotropic (because of its limited size, unlike the overall
material [23]), this matches an almost isotropic triaxial macroscopic strain state.
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Second, the sample is subjected to a deviatoric state to assess the magnitude of
the local stress concentrations obtained in typical scenarii of triaxial testing.

Unlike in conforming finite element simulations, the Embedded Finite Element
method requires considering a second phase in the pore space, described by solid-
like constitutive laws. To comply with this requirement, the simulations use a
second phase in the pore space with properties close to water (Poisson coefficient
and the shear modulus tend towards 0.5 and 0 respectively). Preferring to avoid
any consideration of fluid flow, the test is assumed undrained in the simulation.

The simulations are conducted with linear elastic materials. The model consists
of a solid phase with properties E = 10 GPa and ν = 0.2. The pore space is
filled with a medium with properties E = 0.13 GPa and ν = 0.49 to simulate
the presence of an interstitial fluid (water). It is obvious that the values of the
parameters used in simulations are somewhat arbitrary in the sense that they
are values of macroscopic parameters used in a microscopic context. As a matter
of facts, microscopic parameters in rock mechancis are difficult to identify and
require advanced methods such as micro-indentation tests [58, 59] or micro-scratch
tests [60] to determine them. Even with such tests, microstructural simulations are
useful to derive values of actual model parameters and for interpretations, which
motivates investigating the effect of their variation as performed in the sequel.

Fig. 13: Sandstone sample of size [500µm, 500µm, 500µm] subjected to a purely isotropic
compression

For the interpretation of the numerical results, a classical Mohr-Coulomb fail-
ure criterion is considered, associated with a cut-off criterion for the tensile strength.
In this composite criterion, the tensile cut-off aims at representing conditions giv-
ing rise to local cracking, while the Mohr-Coulomb part represents local conditions
for the onset of local plasticity. It writes in σ3 − σ1 plane:

{
compression σ1 = Kp σ3 + σc

tension σ3 = −σt
(15)
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in which σc is the uniaxial compressive strength, σt is the tensile strength and

Kp =
1 + sinφ

1− sinφ (16)

where φ is the friction angle. With a Mohr-Coulomb failure criterion, the uniaxial
compressive strength can be expressed in terms of the cohesion c and friction angle
as:

σc =
2 c cosφ

1− sinφ (17)

The macroscopic cohesion c and friction angles φ of the Vosges sandstone
are deduced from shear strength data obtained from triaxial tests and reported
in [61]. They are equal to 10 MPa and 37°respectively. Those values are also
consistent with the ones reported by Hu [23]. A uniaxial compressive strength
σc of 60 MPa is therefore considered. No direct experimental data are available
on the tensile strength of the Vosges sandstone. Recent efforts showed that the
tensile strength values obtained by different techniques can differ significantly [62].
Practical estimates for the tensile strength of different sandstones were reported
in [63], with a link to the uniaxial compressive strength given by

σt =
σc
R

(18)

The value of the ratio R was found to range from 8 to 26 (with exceptionally
even larger values). As a result, there is an interest to consider different values for
the post-processing of computational results in the sequel, and tensile strengths
considered from 2 to 6 MPa will be considered.

For the interpretation of the failure mechanisms, a plastic state parameter
(PP) is computed locally based on the local stress state. It represents in a way the
normalized distance to the nearest failure line of the composite criterion (Mohr-
Coulom or cutoff). It writes:

PP =



max


∣∣∣∣ σ1

Kp σ3 + σc

∣∣∣∣︸ ︷︷ ︸
MC

;
−σ3

σt︸ ︷︷ ︸
Tension

 if σ3 > −σt

−σ3

σt︸ ︷︷ ︸
Tension

if σ3 ≤ −σt

(19)

A local value above one of this ratio indicates that the onset of material non-
linearity is reached. A parametric variations of the plastic parameters (PP) is
equivalent to changing the properties of the material.

Only the solid phase of interest is reported on the figures of the next sections.
For the embedded discontinuity model, the solid phase value of the enriched ele-
ments is plotted for the entire element for simplicity, hence the jagged aspect of
the boundary.

Finally, the choice was made here to compare the methods based on models
generating a comparable simulation cost. In other words, the assembly and system
solving is made similar by using meshes containing comparable numbers of nodes
(256300 and 235000 for FEM and EFEM respectively) and elements (1525000 and
1329000 for FEM and EFEM respectively).
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4.1 Conforming model

The application of a triaxial isotropic compression of 50 MPa is first considered.
This stress level matches the ones of classical tests [64]. This stress state is imposed
by means of imposed deformations through applied kinematically uniform bound-
ary conditions on the sample (uniform displacement of the model boundaries).
The subset of the CT scan considered shows a isotropic behaviour, leading to a
triaxial isotropic compression. Note that the base material is not fully isotropic
[23], and the isotropy of the considered sample is caused by its limited size (lack
of representativity).

A first analysis of the effect of heterogeneity induced by the presence of the
pores can be performed by extracting the locations in the sample where tensile
stresses are present (tensile stresses are considered here negative according to the
usual convention in rock mechanics). Such stress states are represented in Figure
14. The left part of Figure 14 depicts the histogram of the most negative local
principal stresses σ3 in the mesh (lowest principal stress value when considering
tensions as negative). The right part of Figure 14 represents the negative part
of this histogram. It can be seen here that the presence of the pore space has
a negligible effect on the presence of local tensions in the microstructure when
considering a macroscopically isotropic stress state.

Fig. 14: Finite elements - Isotropic loading - Left : Histogram of σ3 values obtained by FEM
(red line isolates the tensile values), Right : Elements undergoing tension in the 3D volume
predicted by FEM

The composite criterion (15) for the detection of the onset of cracking and
plasticity can be further exploited to examine the local conditions for the pres-
ence of local material nonlinear response. Figure 15 left depicts the local stress
states in the sample together with the assumed composite criterion for R = 15
(σt = 4 MPa). All points located outside the criterion are indicating that the
cracking/plasticity onset is reached inside the microstructure. It can be seen that
the macroscopic isotropic compression state (no macroscopic deviatoric stress) is
translated into a set of stress states that significantly deviates from a isotropic
stress state locally. For most of the points representing the stress states in this fig-
ure, the largest compressive principal stress exceeds the lowest compressive stress
by a factor that ranges from 1 to 3. Yet, the number of points exceeding the
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criterion remains rather limited. Most of the points located outside the criterion
activate mainly the Mohr-Coulomb part of the criterion. Note that this assessment
is purely based on the assumption that the fine scale material parameters values
are comparable to the ones identified macroscopically. Figure 15 left also allows
assessing to what extent a change of fine scale material strength parameters with
respect to the macroscopic ones would affect the development of local plasticity.
It can be seen from Figure 15 left that only a decrease of the angle of friction
would significantly affect the number of stress state points exceeding the criterion.
This is also reflected in Figure 15 right that represents the value of the local plas-
tic state parameter (PP) according to the minor principal stress. The horizontal
dashed line represents the threshold above which local failure/plasticity would be
activated. From this figure, it can be seen that an important number of points are
located above PP = 0.5.

Fig. 15: Finite elements - Isotropic loading - Left: Stress state representative points in σ3 −σ1

plane. In red, failure line expressed with a Mohr-Coulomb criterion with the parameters defined
above (c = 10 MPa, φ =37°) and with tensile cut-off at σt = 4 MPa, Right: Plasticity state
parameter (PP) with points exceeding the tensile part of the criterion in green and the Mohr-
Coulomb criterion in red

Fig. 16: Finite elements - Isotropic loading - Plasticity state parameter : PP ≥ 0.5 (Left),
PP ≥ 0.7 (Center), PP ≥ 1 (Right)
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Further illustrations of the results can be given in order to understand the link
between the microstructural geometry and the presence of stress states for which
the failure criterion is reached. To this end, the PP defined above is depicted on
cuts in the sample in Figure 17, where a PP value of 1 is attributed to the points
exceeding the composite failure criterion. Note that such higher values are also
located in positions closer to the external faces of the sample as a result of the
stiff boundary conditions applied.

Fig. 17: Finite elements - Isotropic loading - Plasticity indicator PP in the 3D volume, for two
cuts (x = 0 on the left and x = 82 on the right) in the sample. Elements exceeding composite
failure criterion match (in red) are characterised by a PP of 1.

As a second illustration, a triaxial loading with an important deviator is ap-
plied on the sample. Based on the data reported in [61], the loading considered
is determined such that it matches a stress state at which the macroscopic fail-
ure is not yet reached, but for which an increase of the deviator would reach the
macroscopic shear strength criterion in its linear part. This loading is taken as
σ1 =50 MPa, σ2 = σ3 =20 MPa. To apply those boundary conditions, the prin-
cipal (compressive) stress values are translated into principal (contraction) strain
values, using the homogenized stiffness of the material. The homogenized stiffness
of the material was obtained from simulations, and was assumed isotropic for the
sample used here (homogenized values from computations showed a deviation of
less than 2.3% with respect to isotropy for the stiffness components).This of course
may have an impact on the isotropic or anisotropic nature of a real sandstone. But,
as mentionned in Section 2, this subset was taken as such essentially for numerical
considerations (i.e. computational cost), and not to assess the degree of isotropy
of the material.

Figure 18 represents the local stress states in the sample for the above de-
viatoric macroscopic loading. Clearly, the deviatoric loading further expands the
range of the local major principal stress. A significant number of representative
points exceed the criterion, showing that plasticity and failure are locally extended
within the sample. Note of course that the simulation remains elastic, and that
stress redistributions have to be expected as from the first plastification. The corre-
sponding spatial distribution of points having exceeded the criterion in the sample
is given in Figure 19. It is clear from this figure that the local material nonlin-
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Fig. 18: Finite elements - Deviatoric loading - Stress state representative points in σ3 − σ1

plane of the deviatoric case with elements activated by the tensile parts in red and MC parts
in green. In red, failure line expressed with a Mohr-Coulomb criterion with the parameters
defined above (c = 10 MPa, φ =37°) and with tensile cut-off at σt = 4 MPa

.

earity is reached through both parts of the criterion. It also illustrates that the
tension part of the criterion is increasingly reached for decreasing tensile strength
as expected.

Fig. 19: Finite elements - Deviatoric loading - Elements where the PP is above 1 depending
on whether the tensile (red) or MC parts (green) are activated for different value of σt : 6 MPa
(Left), 4 MPa (Center), 2 MPa (Right)

4.2 Embedded discontinuity model

Like for the finite element model, the embedded discontinuity approach is first
tested using the the triaxial compression case. This is achieved using the mesh
presented in Figure 12.

For the isotropic compression, the histogram of the lowest principal stress val-
ues in the model is depicted in Figure 20. Unlike for the finite element case, no
element in the mesh is found to be subjected to local tensile stresses. This differ-
ence may be related to the local level of discretization. The embedded discontinuity
model makes use of a uniform element size, while the classical finite element model
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uses selective refinement/unrefinement depending on the local features of the ge-
ometry. In view of the limited amount of tensile stressed elements found based on
the finite element model, this is however not a problematic difference.

Fig. 20: Embedded discontinuity model - Isotropic loading - Histogram of σ3 values obtained
by the embedded discontinuity model

Points representing the stress states with respect to the assumed criterion are
represented in Figure 21 left. This distribution of points in the σ3 − σ1 space is
quite different from the similar graph obtained by classical finite elements (Fig-
ure 15). With the embedded discontinuity model, the translation of the macro-
scopic isotropic compression state into local stress states exhibits a significantly
lower deviation from a isotropic stress state. For most of the points representing
the stress states in Figure 21, the largest compressive principal stress exceeds the
lowest one by a factor that ranges from 1 to 2 (rather than 3 for the conforming
finite element simulation). Like deduced from the finite element model, only a de-
crease of the angle of friction would significantly affect the number of stress state
points exceeding the criterion, but in lower proportions than with the conforming
finite element simulation. This is also reflected in Figure 21 right. The horizontal
dashed line represents the threshold above which plasticity would be activated.
From this figure, it can be seen that much lower values of PP should be considered
to embed points representing stress states inside the sample. As a consequence,
Figure 16 remains quite different from the equivalent figure for finite elements.
Much less points are found in the range of PP above 0.7, even though the figure
corresponding to PP=0.5 is rather similar to the classical finite element case.

These examples show that the model results differ due to their essential fea-
tures. The classical finite element model is defined such that local geometrical
features are captured by selective refinement. Small pores are strongly refined,
while large solid components are discretized by coarser elements. Conversely, the
embedded model has the objective to allow discretizing any microstructures (here
any subset of a full CT scan) with the same uniform mesh. The small features are
thus less well captured in the latter, while it shows a much improved flexibility
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Fig. 21: Embedded discontinuity model - Isotropic loading - Left: Stress state representative
points in σ3 − σ1 plane. In red, failure line expressed with a Mohr-Coulomb criterion with
cut-off in tension σt = 4MPa, Right: Plasticity state parameter (PP) with points exceeding
the tensile part of the criterion in green and the Mohr-Coulomb criterion in red

Fig. 22: Embedded discontinuity model - Isotropic loading - Plasticity state parameter : PP ≥
0.5 (Left), PP ≥ 0.7 (Center), PP ≥ 1 (Right)

for studying many configurations with the same mesh. This is further illustrated
when comparing the cuts given in Figure 23 with their conforming finite element
counterpart in Figure 17.

When subjected to the same deviatoric loading as the classical finite element
model, the identified trends are confirmed. Figure 24 represents the local stress
states in the σ1 − σ3 plane. Like for the isotropic compression case, the range
of variation of the most compressive principal stress remains more restricted in
the embedded discontinuity model than for classical finite elements, as can be
appreciated by comparing Figure 24 with Figure 18. The number of points having
exceeded the tensile part of the criterion is also much lower. This translates directly
in the spatial distribution of points having exceeded the criterion represented in
Figure 25. When comparing Figure 25 with Figure 19, it can be noticed that
the tensile failure is much less detected in the embedded discontinuity model,
irrespective of the level of tensile strength considered. Some detailed zones having
reached the Mohr-Coulomb part of the criterion are also less detected (see for
instance the top-left-back part of the sample in Figures 25 and 19). These latter



Advanced discretization techniques for image-based modelling of porous rocks 23

Fig. 23: Embedded discontinuity model - Isotropic loading - Plasticity indicator in the 3D
volume, for two cuts (x = 0 on the left and x = 82 on the right) in the sample. Points
undergoing plasticity match (in red) are characterised by a PP of 1

Fig. 24: Embedded discontinuity model - Deviatoric loading - Stress state representative points
in σ3 − σ1 plane of the deviatoric case with elements activated by the tensile parts in red and
MC parts in green. In red, failure line expressed with a Mohr-Coulomb criterion with the
parameters defined above (c = 10 MPa, φ =37°) and with tensile cut-off at σt = 4 MPa

differences seem to be concentrated in the smallest pores, a fact that points again
to the local refinement levels as explained above.

4.3 Comparison of FEM and EFEM results

To have a clearer comparison between the results of both models on detailed views,
a cut of the 3D results is provided here for the lowest compressive stress and for
the value of PP.

For the isotropic loading case, Figure 26 compares the values of the lowest
principal stress in a slice at x = 82 for both methods, while Figure 27 compares
the plasticity indicator PP. Some boundary effects appear at the surface of the
solid phase in the embedded discontinuity model. They may be related to the
use of strongly differing properties between the solid phase and the pore fluid-like
phase. Yet, the stress distribution plot illustrates that the overall stress distribution
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Fig. 25: Embedded discontinuity model - Deviatoric loading - Elements where the PP is above
1 depending on whether the tensile (red) or MC parts (green) are activated for different value
of σt : 6 MPa (Left), 4 MPa (Center), 2 MPa (Right)

Fig. 26: FEM (left) and EFEM (right) results of σ3 values on a slice in plane x = 82 for the
isotropic loading case. Only the solid phase is represented for the sake of clarity

is similar for both models, with only a more accurate estimation of the stress
concentrations as a result of the selective mesh refinement in the classical finite
element model. It can also be seen that the smallest pores (or the position at
which the pore throats are smallest) are better reproduced by the classical finite
elements for the same reason. An identical conclusion can be drawn from the map
of the PP parameter. Note that as presented above, the levels of stress in this cut
induced by the triaxial isotropic compression do not trigger plasticity/failure as
indicated by the level of PP reached.

A similar set of figures are produced below for the deviatoric loading tested.
For the isotropic loading case, Figure 28 compares the values of the most tensile
principal stress in a slice at x = 82 for both methods, while Figure 29 compares
the plasticity indicator PP. Here also, the overall distributions of the stress field
and the PP values are globally matching, with only deviations related to the
selective refinement present in the finite element model, but not in the embedded
discontinuity model. Note that the PP value color bar was capped to a unit value.
Dark red values therefore include elements in which PP is larger than unity, and
in which local failure/plasticity is indeed triggered. In these zones, the refined
elements of the conforming finite element model have a clear impact on their
extent with respect to the embedded discontinuity model.
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Fig. 27: FEM (left) and EFEM (right) results of PP values on a slice in plane x = 82 for the
isotropic loading case. Only the solid phase is represented for the sake of clarity

Fig. 28: FEM (left) and EFEM (right) results of σ3 values on a slice in plane x = 82 for the
deviatoric loading case. Only the solid phase is represented for the sake of clarity

Fig. 29: FEM (left) and EFEM (right) results of PP values on a slice in plane x = 82 for the
deviatoric loading case. Only the solid phase is represented for the sake of clarity
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5 Discussion

The computations performed in this contribution based on a 3D image of a sand-
stone show that automated computational models can be set up to exploit raw
CT scan data. The detailed comparison of two discretization schemes able to pro-
cess such raw data showed that the overall behaviour can be captured by both
approaches that deliver complementary features. The finite element mesh genera-
tion with selective refinement allows capturing detailed geometrical features of the
microstructure. However, it requires a pre-processing stage to produce tetrahedral
meshes with high quality elements. The embedded discontinuity-based models re-
produce the overall mechanical effects. Being based on uniform size meshes, they
are not designed to capture all the geometrical details, but present the advantage
that their non conforming mesh can be projected on any microstructural geometry
without change.

Next to these direct comparisons of results reached by both methods, some
additional comments can be given, related to the selection of the methodology to
use depending on the objectives targeted.

The first comment relates to the computational cost of the methods. The rep-
resentation of the heterogeneous geometry by means of embedded weak disconti-
nuities induces a marginal computational preprocessing cost that consists of the
detection of elements cut by the boundary surface of the pore network. A simple
unstructured mesh can be used, which allows efficient simulations pre-processing.
The kinematic enrichment is computed at the element level, and can be condensed
before assembly, which does not cause any additional cost in terms of the gener-
ated system of discretized equations. Post-processing would however require an
additional implementation of tetrahedra cutting for vizualization purposes (not
implemented here). With respect to these features, the generation of a conforming
mesh incurs the pre-processing cost associated with the generation of the target
size function, and with the mesh optimization step for surface meshes and 3D
meshes. These operations can however be optimized to reach a situation in which
the set-up of model could be reached in a few minutes. Secondly, the use of a
conforming mesh with element sizes constrained by local features leads to rather
fine discretizations with the associated assembly and solving cost. This should be
balanced with respect to the intended accuracy, but more importantly requires a
careful understanding of the effects of the size functions parameters (dependency
of element sizes to curvatures, to narrowness of pore channels, etc.). Finally, post-
processing of the results is fully standard as a result of the use of regular finite
element meshes. Existing standard or dedicated FE packages with existing dedi-
cated constitutive laws and formulations can also be used.

Other features remain different between both methodologies as a result of the
construction of the approximation. The embedded discontinuity methodology has
the benefit of being extendable towards strong discontinuities for representing
cracking. This is not the case for regular finite elements that require additional
ingredients for the modelling of cracks (XFEM, embedded strong discontinuities,
gradient regularization ...). Conversely, the consideration of an empty pore space
(drained tests) can be more directly addressed by the conforming approach (no el-
ements generated in the pore space) than by the embedded discontinuity approach
that assumes the presence of a second phase in the definition of the discretization.
A voided material therefore has to be approximated by a low stiffness material
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in the latter case, which may cause conditioning problems in the limit of a van-
ishing stiffness of the pore phase. Also, the extension to a quadratic interpolation
of the displacement field is immediate for the conforming mesh generation (even
though costly in terms of solving), while this is not straightforward in the case of
embedded discontinuities.

From a physical viewpoint, the material properties of the solid phase were taken
equivalent to the macroscopic material parameters as determined by [23] and by
data from literature [61]. This choice can of course be debated, and as illustrated
in Section 4, the resulting locations affected by tensile stresses can affect results.
Any decrease of the tensile strength may have a considerable effect on the regions
affected locally. The same reasoning holds to a lower extent for the Mohr-Coulomb
part of the criterion. These facts bear significance for estimations of stress-induced
permeability variations. As described in [64, 5], isotropic and deviatoric triaxial
loading on rocks can lead to permanent alterations of the permeability, potentially
as a result of local material nonlinearities induced by the heterogeneity associated
with the pore space structure. The results illustrated here show that 3D image-
based models would allow investigating such potential microstructural effects.

6 Conclusion

This contribution presented the assessment of computational discretization strate-
gies allowing to conduct automated simulations based on raw CT scan data for
porous rocks with complex pore space morphologies. Both methods rely on pore
and solid phase geometrical descriptions based on implicit functions and distance
fields. Such a description can be obtained by level set-based segmentation tech-
niques that were used here. Based on such implicitly described heterogeneous
geometries, two discretization schemes were outlined. The first one makes use of
the implicit description of the geometry to produce a conforming finite element
discretization of the solid and pore phases. Based on the geometrical information,
it allows generating selectively refined tetrahedral meshes to capture the complex
geometry of the porous network and the corresponding solid boundaries. Com-
plementarily, a second strategy based on a kinematic enrichment by incompatible
modes is used to account for material boundaries based on a non-conforming mesh
with uniform element sizes.

Mechanical simulations conducted on the CT scan pre-processed geometry
show that the main feature of the behaviour can be captured by both methods.
The conformal finite element procedure allows capturing the effect of more de-
tailed geometrical features, while the incompatible mode-based framework is more
flexible as it allows using the same (non conforming) mesh for potentially vari-
able geometries. It is again emphasized that the simulations remain elastic, and
that stress redistributions that have to be expected as from the first plastification
cannot be captured by such simulations.

Future works are envisioned to exploit the benefit of both approaches. Some
local geometrical information of the microstructure (translated as the target ele-
ment size function defined in Section 3.1) could be used to produce tailored non
conforming meshes with selective refinement by octree meshing at a marginal pre-
processing cost. Finally all the tools that have been developed in this paper are
adapted for simulations with a non linear mechanical behaviour of the solid phase
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(plasticity and tension cutoff), which allow considering the stress redistribution
within the microstructure.

Acknowledgements The first author acknowledges the support of FRIA under Grant No.
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