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Abstract
Linearized supergravity in arbitrary dimension is reformulated into a first
order formalism which treats the graviton and its dual on the same footing
at the level of the action. This generalizes previous work by other authors
in two directions: (1) we work in arbitrary space-time dimension, and (2)
the gravitino field and supersymmetry are also considered. This requires the
construction of conformally invariant curvatures (the Cotton fields) for a
family of mixed symmetry tensors and tensor-spinors, whose properties we
prove (invariance; completeness; conformal Poincaré lemma). We use these
geometric tools to solve the Hamiltonian constraints of the graviton and
gravitino through the introduction of prepotentials (two tensor fields for the
graviton, one tensor-spinor for the gravitino) enjoying (linearized) conformal
invariance. The action and equations of motion take a geometrically simple
form in terms of the Cotton tensor(-spinors) of the prepotentials. In particular,
the equations of motion of the graviton are equivalent to twisted self-duality
conditions. We express the supersymmetric transformations of the graviton
and gravitino into each other in terms of the prepotentials. We also reproduce
the dimensional reduction of supergravity within the prepotential formalism.
Finally, our formulas in dimension five are recovered from the dimensional
reduction of the already known prepotential formulation of the 6D N = (4,0)
maximally supersymmetric theory.
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1. Introduction

Electric-magnetic duality of vector and p-form fields has been the object of growing interest,
as it appears in a large variety of theories. Initially observed at the level of the equations of
motion and Bianchi identities, the field and its dual can be made to appear on an equal footing
at the level of the action [1-9] by going to the first order formalism in terms of unconstrained
Hamiltonian variables. This rewriting of the action entails a loss of explicit space-time cova-
riance, which could be complementary to duality [10]. The action is nevertheless covariant.
A similar duality arises for linearized gravity [11-17]. In space-time dimension D, the
‘dual graviton’ is a tensor of mixed Young symmetry type (D — 3, 1) (see [18] for early work
on mixed symmetry gauge fields). Gravitational duality invariance is involved in the infinite-
dimensional Kac—Moody algebras E;; [14] or Ejo [19] which are conjectured to be the funda-
mental symmetries of supergravity and (for E}¢) the zero tension limit of string theory [20].



Class. Quantum Grav. 36 (2019) 045012 V Lekeu and A Leonard

Understanding the role played by the dual of the graviton could be a step toward unravelling
of these ‘hidden’ infinite-dimensional symmetries. It can also be understood geometrically
from the dimensional reduction on a torus of the exotic 6D models of [11, 13]. Unfortunately,
this duality is so far only understood at the linearized level [21]. Moreover, no-go theorems
exists for local self-interactions of the dual graviton, see [22, 23]. We therefore only consider
the linearized theory in this paper.

Generally speaking, a formalism which treats the fields and their dual on the same footing
is the rewriting of the equations of motion as twisted self-duality conditions [24—27] which, in
the case of electromagnetism, equate the electric field of the potential vector to the magnetic
field of its dual, and reciprocally (up to a sign)>.

As in the case of electromagnetism, duality invariance can be realized at the level of the
action by going to the first order formalism and working with unconstrained Hamiltonian vari-
ables: these are the prepotentials, which appear in pair. Linearized gravity has been brought to
this form in dimension four and five in [28-30]. In this paper, we generalize this reformulation
to arbitrary dimension and give it a systematic geometric base.

As was observed before, the prepotentials are always found to enjoy a larger gauge invari-
ance than the corresponding covariant fields used in second order formalism: their gauge
transformations include both linearized diffeomorphisms and local Weyl rescalings. This
observation leads us to investigate the associated conformal geometry and the construction of
a complete set of invariant conformal curvatures, which are the Cotton tensors, whose proper-
ties we establish (invariance, completeness, conformal Poincaré lemma). The Hamiltonian
analysis and the rewriting of the equations of motion as twisted self-duality conditions are
greatly clarified by the use of these conformal techniques. Our treatment gives a formulation
of linearized gravity that treats the graviton and its dual on an equal footing in arbitrary dimen-
sion. In particular, this can be applied to 11D supergravity, where it could help exhibiting the
infinite-dimensional symmetry this theory is speculated to enjoy.

We also apply this treatment to the gravitino, for which the appropriate conformal geome-
try is built in arbitrary dimension. This allows us to write its first order action and equations of
motion in terms of a prepotential enjoying Weyl invariance—as usual, at the cost of explicit
space-time covariance. Finally, we express the supersymmetry transformations of the graviton
and the gravitino in linearized supergravity using these prepotential variables, generalizing the
work of [31]*. Of course, in dimensions different than four, these variations do not satisfy the
supersymmetry algebra due to the mismatch of the bosonic and fermionic degrees of freedom.
The inclusion of the necessary other fields in this first-order formalism poses no difficulty,
however, and we therefore focus only on the graviton-gravitino sector (see appendix E of [33]
for the explicit example of maximal supergravity in 5D).

As far as supergravity is concerned, a covariant action principle is available for the non-
linear theory. However, this is not the case for the intriguing A" = (4,0) maximally super-
symmetric theory in 6D [11, 13], whose 6D action was only recently obtained and involves
prepotentials [34, 35]. We show that it reduces in 5D to the actions obtained in this paper for
linearized supergravity.

This paper is organized as follows. We begin, in section 2, by developing our conformal
tools. We consider tensor and tensor-spinor fields of specific types of mixed symmetry which
are endowed with an invariance under both generalized gauge transformations (linearized

31t is to be observed that in dimension greater than four the field and its dual no longer share the same symmetry
type, so that the invariance under SO(2) duality rotations is absent in higher dimensions, where only the twisted
self-duality subsists.

4 A similar reformulation was already carried out for the 4D linearized ‘hypergravity’ (a supermultiplet combining
the graviton and a spin 5/2 field), without systematic use of conformal tools, in [32].
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diffeomorphisms) and local Weyl transformations, and build a complete set of curvatures
invariant under these transformations.

This geometric apparatus is then used to carry out the Hamiltonian analysis of linearized
supergravity in arbitrary dimension: section 3 treats the bosonic field and section 4 the fer-
mionic field. In both cases, the Hamiltonian constraints are obtained from the space-time
break-up of the covariant action (enjoying a diffeomorphism invariance), and their resolu-
tion is shown to be expressed with the fields whose conformal geometry was analysed in
section 2: these are the prepotentials, indeed found to enjoy a gauge invariance combining
diffeomorphism and Weyl transformations. Two prepotentials naturally appear in the bos-
onic case, associated to the field and its conjugate momentum, and only one in the fermionic
case.

We then turn, in section 5, to the supersymmetric invariance. We begin with the
covariant form of the supersymmetry transformations and rewrite them in terms of the
prepotentials.

The appendices contain a series of additional details. Appendix A gathers the proofs of the
key properties of the Cotton tensor(-spinor). In appendix B, we review the analogous treat-
ment of the scalar, Dirac and vector fields. This is used in appendix C, in which we perform
the Kaluza—Klein dimensional reduction (from D + 1 to D dimensions) of linearized super-
gravity in our formalism, reproducing the well-known results. Appendix D derives the dimen-
sional reduction of 6D self-dual fields appearing in the A" = (4, 0) maximally supersymmetric
theory of [11, 13]. Finally, appendix E contains conventions and useful identities involving
gamma matrices in arbitrary dimension.

2. Conformal geometry

The goal of this section is to analyse the properties of certain conformal fields in d Euclidean
dimensions. In addition to their gauge transformations, those fields also enjoy local Weyl
symmetries (hence the name ‘conformal’ by abuse of teminology). The geometric tensors for
those symmetries are systematically constructed.

The cases we analyse here are those relevant for the prepotentials of the graviton and gravi-
tino in D = d + 1 spacetime dimensions. The pattern is by now well established and follows
references [29, 30, 34-37]. The main feature of these cases is that the analogue of the Weyl
tensor (the traceless part of the curvature tensors) identically vanishes: one must therefore
construct the analogue of the Cotton tensor of 3D gravity. These generalized Cotton tensors
satisfy two important properties:

1. They completely control Weyl invariance: the Cotton tensor is zero if and only if the field
can be written as a the sum of a gauge and a Weyl transformation.

2. They are divergenceless and also obey some appropriate trace condition. Conversely, any
traceless, divergenceless tensor with the symmetries of the Cotton tensor can be written
as the Cotton tensor of some field. (The ambiguities in determining this field are precisely
the gauge and Weyl transformations that we consider.)

The first of these properties is equivalent to the fact that any function of the fields that is invari-
ant under gauge and Weyl transformations can be written as a function of the Cotton tensor
only. The second property is the one that allows us to solve the constraints appearing in the
Hamiltonian formulation of linearized supergravity. The proofs of those two properties are
presented in appendix A. They strongly rely on the generalized Poincaré lemmas of [38—41]
for tensors of mixed Young symmetry.
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2.1. Bosonic (d — 2, 1)-field

We first consider a bosonic field ¢;,. ;, ,; with the symmetries of the two-column (d — 2, 1)
Young tableau’, i.e.
Gir.ig—zj = Plir.cia_s)jp Plir..ia—aj] = 0 2.1)

with the local gauge and Weyl symmetries
5¢il~--id—2j _ 8[1'1Mi2~-id—2}j + 8],Ail~--id—2 + 8[i'Aji2"'i"*2] + 6}i1Biz...id—2]’ (2.2)

where M has the (d — 3, 1) mixed symmetry and A, B are totally antisymmetric. The tensors
M and A are the usual gauge parameters for a mixed symmetry field while B is the parameter
for the local Weyl transformations of ¢.

2.1.1. Einstein tensor. The Einstein tensor is obtained by taking a curl of ¢ on both groups of
indices,

Ghmid_zj[(ﬂ _ akamd)l]...ld,zngmnil Midizsjkll iy (23)

It is invariant under the gauge symmetries parametrized by M and A. It is identically diver-
genceless (on both groups of indices) and also has the (d — 2, 1) Young symmetry. The con-
verse of these properties is also true and is easily proven using the generalized Poincaré lemma
of [41] for mixed symmetry fields:

e The condition G[¢] = 0 implies that the field is pure gauge,

Gil-uiafzj[qﬁ] —0 < ¢il~--id—2j _ a[i‘Miz“'i”’*ﬂj + ainl~--id—2 + 8[i'Aji2”'i‘/’2] (2.4)

for some A and M with the appropriate symmetry.
e Any divergenceless tensor of (d — 2, 1) symmetry is the Einstein tensor of some (d — 2, 1)
field,

O T""" % =0 < T =Glg| forsome ¢. (2.5)

(The divergencelessness of T'in the j index follows from the cyclic identity ;. ;,_,; = 0.)

2.1.2. Schouten tensor. The Einstein tensor is not invariant under the Weyl symmetries
parametrized by B, under which it transforms as

5Gi| ...idfzj[gb] _ akamBlz...ld,zé.mnil...id,zé.jknlzmld_z _ —(d _ l)lakamBlzld,zéj’Zgg;liz (26)

For the trace Gi4-2[¢] = G’ iz"'i"’zj[gz&], this implies

G2 g) = 0k, Bl gy = 2(d — 2)10F 0, B 2.7)
From the Einstein tensor and its trace, one can define the Schouten tensor
g g d—2 (i i
§" 0] = G ] - S5 6 Gl g) 2.8)

which has the important property of transforming simply as

5In our conventions, the integers ( p, g) indicate the heights of the columns.
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88" [g] = —(d — 2)! ;0 B+ (2.9)

under a Weyl transformation, as follows from (2.6) and (2.7).
The relation between the Einstein and the Schouten can be inverted to

Gil...idfzj[(b] _ Sil...idfzj[d)] _ (d _ 2) 6][i1Si2...id_2] [(ﬂ, (2.10)

where §72--2[¢] = s/ iz‘“i"’zj is the trace of the Schouten tensor. The divergencelessness of G
is then equivalent to

81'1 Si]..-i¢{—2j[¢] _ ajsiz...id,Z — 0‘ (2'1 1)
It also implies the identity
o182 ] — (d — 2)0lh gl = 0 (2.12)

because G is divergenceless on its last index.

2.1.3. Cotton tensor. The Cotton tensor is defined as

Di| cedg—2J1--Ja—2 [(b] —_ Ei] ...id,zklaijl---jd—zl [¢] (213)

Because of the transformation law (2.9) of the Schouten tensor, it is invariant under the full
gauge and Weyl transformations (2.2). Moreover, D[¢] = 0 implies that the field takes the
form (2.2) (see appendix A). It also satisfies the following properties:

o It has the (d — 2,d — 2) Young symmetry,

D[ilu'id—zjl]jZnJ'd—Z [¢] = O’ (214)
e [t is divergenceless,
8ilDil'~~id—2jl~‘~jzl—2 [¢] =0, (2.15)

e [ts complete trace vanishes,

D”""””ziln_id_z[qb] =0. (2.16)

The first of these properties is equivalent to the identity (2.11). The second is evident from
the definition of D; divergencelessness on the second group of indices then follows from the
cyclic identity (2.14). The last property follows from the cyclic identity for the Schouten ten-
sor. Conversely, any tensor that satisfies these three properties must be the Cotton tensor of
some (d — 2, 1) field.

Note that the transformation property (2.9) of the Schouten implies that the tensor

Djj[¢] = einy..0,_, 0" (] (2.17)

is also invariant under Weyl transformations of ¢. (With respect to definition (2.13), D’ is
obtained by taking the curl of S on the other group of indices.) Therefore, it must be a function

of the Cotton tensor. Indeed, using the cyclic identity Sj;,. ;,_,}; = 0, one finds

D'g] = (d—2)D" 2 (4. (2.18)
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2.2. Bosonic (d — 2, d — 2)-field

We consider now a bosonic field P;,.
Young tableau, i.e.

with the symmetries of the (d — 2, d —2)

cld—2 J1--Ja—2

Pii iy ajiega = P[iln-id—z] [J1--da—2]> P[il<~~id—2jl]j2--<jd—2 =0. (2.19)
This field has the gauge symmetries
il...iq—2 g [i1---ia—3.ia—2]
opP Jreda—s = & [J1+edd—3ja—2) + R TR T
ip.edg—
+0; 8, (2.20)

where a has the (d — 2, d — 3) Young symmetry and the comma denotes the derivative. The
o transformations are the usual gauge tranformations for a (d — 2, d — 2) mixed symmetry
field, while the ¢ transformations are the local Weyl symmetries in this case.

2.2.1. Einstein tensor. The Einstein tensor of P is defined as

Glj[P] = 6l‘km],..md_zsjln]...ng[_zakall)wn“‘md?znl.”ndiz' (2'21)

It is invariant under the o gauge symmetries. It is also symmetric and divergenceless.
Conversely, the condition G;[P] = 0 implies that P is pure gauge, and any symmetric diver-
genceless tensor is the Einstein tensor of some field P with the (d — 2, d — 2) symmetry. These
two theorems are easily proven using the Poincaré lemma of [39, 40] for rectangular Young
tableaux.

2.2.2. Schouten tensor. Under a Weyl transformation, we have

6Gy[P] = (d — 2)/(6; A — 9,06) (2.22)
and 6G[P] = (d — 1)! A¢ for the trace G[P] = G';[P]. The Schouten tensor is then defined as
1
SilP] = GylP] — -— 9; GIP]. (2.23)
It transforms in a simple way under Weyl transformations,
68;[P] = —(d — 2)! 9. (2.24)

It is also symmetric. One can invert the relation between the Schouten and the Einstein as
G = S;j — 6;S. Therefore, the Schouten tensor satisfies

d'S; =08 (2.25)

because G; is divergenceless.

2.2.3. Cotton tensor. The Cotton tensor is then defined as
D;, i, Pl = €i1.‘.i4,,2klakSlj[P]. (2.26)

It is invariant under all the gauge symmetries (2.20) as a consequence of (2.24), and the condi-
tion D[P] = 0 implies that P is of the form (2.20). It is a tensor of (d — 2, 1) mixed symmetry,

Dii. iy_rj = Dli.iysljp Dlireiz—aj) = 0- (2.27)

The second of these equations is equivalent to (2.25). Moreover, because the Schouten is sym-
mmetric, the Cotton is traceless,
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D’ =0. (2.28)

i..ig—2]
Lastly, the Cotton is also identically divergenceless on the first group of indices,
ailDil..Aid,zj = O (229)

The divergencelessness on the last index, &/D;, _;,_, ; =0, is then a consequence of this and
the second of (2.27). Conversely, any (d — 2, 1) field that is traceless and divergenceless is the
Cotton tensor of some P.

2.3. Fermionic (d — 2)-form

We consider now an antisymmetric tensor-spinor ;.
transformations

with the gauge and Weyl

g2’

OXirwig—r = (d = 2)001,Miy..iy_s) + Virwia—a P (2.30)

where 7, ;. and p are spinor fields (see appendix E for our gamma matrix conventions).

2.3.1. Einstein tensor. The invariant tensor for the 7 transformations is of course the curl

GilX] = €ty kg, X1 K2, (2.31)

which we also call ‘Einstein tensor’ by analogy with the previous cases. It satisfies the fol-
lowing properties, which are easily proved using the usual Poincaré lemma with a spectator
spinor index:

e It is invariant under the 5 gauge transformations. Conversely, G;[x] =0 implies that

Xir . ig is pure gauge,
Glx]=0 < Xi..i,=(d—2)0n,..,_, forsomen. (2.32)
o It is identically divergenceless, &'G; = 0. Conversely, any divergenceless vector-spinor is
the Einstein tensor of some antisymmetric tensor-spinor x;, ;. .,
dT;=0 <« T;=G[x] forsome x. (2.33)

2.83.2. Schouten tensor. The Einstein tensor is not invariant under Weyl transformations. We
have

5G'[x] = ellti=2yy 1 0ip = " (d — 2)1 707 90 (2.34)

where m = |(d + 1)/2] and the dimension-dependent matrix ¥ is defined in appendix E.
The Schouten tensor is then defined as

Sl = = (i — (= 2)) G, (239)

Using the gamma matrix identity (E.4), one can see that it transforms simply as a total deriva-
tive under Weyl rescalings,

5Si[x] = o, v =i""(d - 2)!% p. (2.36)

The Einstein can be written in terms of the Schouten as
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Gilx] = 787 [x). (2.37)

which implies that the Schouten identically satisfies
7;0'S/[x] = 0. (2.38)
2.3.3. Cotton tensor. The invariant tensor for Weyl transformations is the Cotton tensor

Dilnjd—z [X] = Eilmid—zikajsk[X]' (239)
It is identically divergenceless. Its complete gamma-trace also vanishes,

il =0, (2.40)

as follows from (2.38) and identity (E.11). Conversely, D[x] = 0 implies that x takes the
form (2.30), and any divergenceless, rank d — 2 antisymmetric tensor-spinor satisfying the
complete gamma-tracelessness condition (2.40) is the Cotton tensor of some . The proof of
those properties is done in appendix A.

3. Graviton

The results of the previous sections allow us to solve the constraints appearing in the Hamiltonian
formulation of linearized gravity. In doing so, the dynamical variables are expressed in terms
of two fields ¢;, ,;, ,j and P;_;, i i, , of respective (d —2,1) and (d —2,d — 2) Young
symmetry, called ‘prepotentials’. This generalizes to arbitrary dimension the work of [28, 29]
and [30], to which our results reduce in D = 4 and 5 respectively. A further improvement over
that previous work is the complete rewriting of the action in terms of the relevant Cotton ten-
sors, which makes its gauge and Weyl invariance manifest®.

3.1. Hamiltonian action

The Pauli-Fierz Lagrangian for linearized gravity is

Lpr = f%@ihl,pa“h”” + %5‘uh“”8”hpy - %@Lh’“’&,hpp + %@Lh”yal‘hpp. (3.1)
It can also be written as

Lor = —25"0.0,h,0°h? 3.2)

5 %apo Oty p

and is invariant under the gauge transformations

Ol = O(uu)- (3.3)
The conjugate momenta are given by

= a(;l’; F_ % (h/ _ 5,,-/'1) — Q) + S0t (3.4)

The momenta conjugate to n; = ho; and N = hy vanish identically. The trace m = ', is
T = % (—h + 28knk), where d is the space dimension. From this, the relation (3.4) can be

inverted to get

6 References [29, 30] already contain this rewriting of the kinetic term in four and five dimensions, but not the
rewriting of the Hamiltonian.
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. s

The canonical Hamiltonian density is then
. o1
chan = 7T,'jhlj — ACPF = H + 271,'01 + ENC, (36)
where the Hamiltonian density is

2
T 3ijk

H=He+Hp Hp=mym’ - 1 M= 50 Oh O h’, (3.7
and the constraints are

C = 0;0;h" — Ah, (3.8)

C'=—gnY. (3.9)

Finally, the Hamiltonian action Sy = [df d% (m;h¥ — H") is
SH[h,'j, 7le,n,',N] = /dtddx <7T,Jhlj —H — ZniC’ — ZNC) . (310)

The dynamical variables are the space components /;; and their conjugate momenta 7. The
other components of h,,,,, namely n; = hy; and N = hyo, only appear as Lagrange multipliers
for the constraints C' = 0 (momentum constraint) and C = 0 (Hamiltonian constraint).

3.2. Hamiltonian constraint

Up to a gauge transformation dh;; = 20,;§;), the constraint C = 0 is solved by
Iy
hij = 2¢er, 1, k600", 3.11)

where ¢ is a mixed symmetry field with the symmetries of the two-column (d — 2, 1) Young
tableau’, as is easily checked by direct substitution. The prepotential ¢ is determined up to a
gauge and Weyl transformation of the form (2.2). Indeed, when it is plugged in equation (3.11),
the second term of (2.2) reproduces the gauge transformation of 4;; with gauge parameter

& = e 1, 1O Al (3.12)

and the other terms drop out. Remark also that the expression (3.11) is traceless because of the
symmetry of ¢ (the trace of the graviton is pure gauge).

Equation (3.11) implies that the spatial components of the linearized Riemann tensor are
given in terms of ¢ by

1 1 i
B gharaiag,, ba 2Dy, 4..a(172b] S [¢]. (3.13)

RV [hlg]] = 3[i3[khj]1] [¢] = R

Using the properties of the previous section, it is easily proved that formula (3.11) is unique
(up to overall factors and gauge transformations). Let us spell out the proof:

1. The constraint C = 0 is equivalent to the tracelessness condition

"Note that in D = 5, this definition differs by a sign from [30]. The choice we make here is more convenient in
arbitrary dimension.

10
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RUU =0 (3.14)
on the linearized Riemann tensor of 4. We can dualize this Riemann tensor on both groups
of indices to get a tensor with (d — 2, d — 2) Young symmetry (because R itself has the
(2,2) symmetry). The constraint C = 0 is then equivalent to the complete tracelessness of
this tensor; it must therefore be equal to the Cotton tensor of some ¢. Dualizing back to R
(and adjusting factors), this is equation (3.13).

2. We have established that the relation (3.13) between the Riemann tensor of /[¢] and the
Cotton tensor of ¢ must hold. Because of gauge invariance, any expression h;; = h;;[¢] for
hy; differs from (3.11) only by a gauge transformation of h;;, i.e. a term of the form 9;§).
Moreover, invariance of the Cotton tensor implies that a gauge and Weyl transformation
of ¢ must induce a gauge variation of A;;.

3.3. Momentum constraint
The resolution of the momentum constraint C' = 0 is straightforward. It gives

T = Eikml.A.mdfzgjlm.A.ndfzakalpmlMmd?znlmnd?z = GU[P]’ (.15

where the (d — 2,d — 2) field P is determined up to the gauge and Weyl symmetries (2.20).
This follows from the construction of the Einstein tensor of P carried out in the previous
section.

3.4. Prepotential action

We can now plug back these solutions in the Hamiltonian action (3.10). The dynamical vari-

ables h;; and 7 are expressed in terms of their prepotentials ¢ and P respectively. The con-

straints vanish identically, so the Lagrange multipliers n and N disappear from the action.
The kinetic term is

myh' =2 Gy[P] "k, . (3.16)
Integrating by parts, this can be written as
mht = —2Dy, i, yj[P] "= (3.17)
= 2Dy iy aji oo [ @] PR (3.18)
= Diy g jija o [@] P Dy [P (3.19)
For the Hamiltonian terms, we find
H. = G;[P|SY[P] (3.20)
_ Pil...idfzjl.‘.jdfz Ei]...id,zklaijl~--jd—ZZ[P] (3.21)
and
1 iteeig—aj
Hy = 1Gir iy 0] S [g] (3.22)

(d-2)

1
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1

= Gyt ADN (3.23)

again up to total derivatives.
All in all, the action for linearized gravity becomes

S[¢’ P] = /df ddx <D51~--id—2j1~~-jd—2[¢} Pilmidfzjlmjd?z - Dil»~-id—2j[P] éilmid?zj

. . X . [1...id_zkl j]---jd—z
- Pl]...l,j,z“...]d,z € 8](D I[P]

1

.. dgojk i..dd—2
- méﬁil...u,gf oD 11...zd,2[¢])~ (3.24)

It is manifestly invariant under gauge and Weyl transformations of the prepotentials.

3.5. Equations of motion

The equations of motion coming from the variation of P are

Di].,.id_z‘j]...jd_z[d)] — _gi],..id_zklaijl-~~jd721[P]’ (3'25)
while the variation of ¢ yields the equation

: bodg

Dil-»-id—z\j[P] = 511,,,11,72,-;(8"Di1__.l-d_2 b 2[¢] (3.26)

They are equivalent to the linearized Einstein equations written in their twisted self-duality
form. The proof of this fact for D = 4 and 5 appears in [29, 30]. It is done there already with
the ‘Cotton tensor technology’; therefore, the generalization of their proof to arbitrary D is
direct and we will not repeat it here.

4. Gravitino

In this section, we rewrite the action of the free Rarita—Schwinger field (gravitino) in terms of
an antisymmetric rank d — 2 tensor-spinor, which we also call the ‘prepotential” of the gravi-
tino. This generalizes the result of [31] to dimensions different that four, with the improve-
ment of writing the action in terms of the appropriate Cotton tensor of section 2.3. This has the
advantage of making the Weyl invariance of this action more transparent.

4.1. Hamiltonian action

The action is

S=- /dezZWWPamp,
“4.1)

where the Dirac adjoint is 1% = iwjﬂo. It is invariant under the gauge transformation
§iby = O 4.2)

where v is an arbitrary spinor.
This action is already in first-order (Hamiltonian) form: splitting space and time indices,
it is equal to

12
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Sy = / drde (nfy —H — D — Dl 4.3)
where the conjugate momentum, the Hamiltonian density and the constraint are

=iyt H =g . D= —inon (4.4)
respectively. The momentum conjugate to 1y identically vanishes, and 1y only appears as a

Lagrange multiplier for the constraint D = 0.

4.2. Solving the constraint

The constraint D = 0 is equivalent to

0 (v"4y) = 0. (4.5)
Application of the standard Poincaré lemma (with a spectator spinor index) then gives
V= M (4.6)

for some fermionic field x;, , , with d — 2 antisymmetric indices. Using the gamma matrix
identity (E.4), we then get ¢; as

Vi = ﬁ (5 = (d = 2)dy) ™2 0,1y, = SiX] @7
where we recognize the Schouten tensor of x as defined in section 2.3. This expression repro-
duces the result of [31] for d = 3 (we also remark that this result was already obtained for
d = 4, albeit in a different context and in Lorentzian rather than Euclidean dimension, in the
early work [42]). Again,  is called the ‘prepotential’ of the gravitino field. It is determined
up to the local gauge and Weyl transformations (2.30). Indeed, as discussed in section 2.3, the
transformation properties of the Schouten are exactly such that a gauge and Weyl transforma-
tion of x produces a gauge transformation of .

4.3. Prepotential action

We can now plug back the prepotential expression ¢; = S;[x] into the action (4.3). The kinetic
term is

—iST YIS [x] = —ix{ D"y (4.8)

where D;, ;. ,[x] is the Cotton tensor of x defined in (2.39) and equality holds up to a total
derivative. The Hamiltonian is

_ . C(=i)mtl o
SV oSix] = —i E 7 f 3 G Xt A DM ] (4.9)
(=) iy eiaajk

g M A5 D0 D @10)

where m = |D/2| = |(d + 1)/2] and we used identity (E.12) and integration by parts. The
constraint D and its Lagrange multiplier vy disappear, since now D = 0 identically. Putting
things together, the action is

13
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. . —jymt .
S[x] = i / dedoxf 4, (D""""*Z[x] - ﬁe’“"d*ﬂ"v’“"ﬂ*w akaz]...z,,,z[x]> @1

It can also be written in a slightly more aesthetic way as

SIx] = —i / drdhex) ., (D] = e D) (4.12)
where we define D;[x] as the contraction

D (7l)m+1 Leodg—3 2

Dl[X] = (d—?))' Y ’yDil]...ld73|:X]’ (413)

which fulfills 'D; = 0 and &'D; = 0.

4.4. Equations of motion
The equations of motion following from the action (4.12) are
Dty = iR gD x]. (4.14)

It is interesting to show explicitly the equivalence between this equation and the Rarita—
Schwinger equation, even though it was already proven in the previous sections at the level
of the action.

The Rarita—Schwinger equation is

VPF,, =0, (4.15)

where F,,, = 20,1, is the field strength of the gravitino. Taking = 0 and p = i, it is is
equivalent to the two equations

VIF; =0, 7"Fy —27"9"Fo; = 0. (4.16)

The first of those is the constraint D = 0, and the second is the dynamical equation.
On the other hand, it follows from definition (4.7) that the Cotton tensor is related to the
field strength Fj; as
1

. ~ 1 .
Diiix] = Eeil...id,y-ka", D= EVO’Yiijjk- (4.17)

Using these relations in (4.14), one finds that (4.14) is equivalent to the equations
Fyj ="0puF",  +'Fy = 0. 4.18)

One must keep in mind that F; is expressed in terms of the prepotential x in (4.17): this is
equivalent to the constraint v/F;; = 0, which therefore must supplement the first of (4.18) if
we write it in terms of 1),,.

Instead of proving (4.14) < (4.15) directly, we will prove that (4.16) is equivalent to (4.18).
Notice that (4.16) contains the time components v of the field v,,, while (4.18) does not but
has one more derivative. This is not a problem but the usual feature of the prepotential formal-
ism: the extra components 1y come from (4.18) using the Poincaré lemma.

e (4.16) = (4.18):
Contracting the second equation with +; and using the constraint, the Rarita—Schwinger
equation also implies

14
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iFo = 0. (4.19)

(Another, equivalent way to show this is by contracting the covariant equation (4.15) with
7,.: this gives 0 = y*?F,,, = Y/F; + 2+°yFy;, which implies (4.19) using the constraint.)
This then gives the identity

VIFy = (v'y! = 8")Fo; = —F'. (4.20)
Using this in the dynamical equation and multiplying by v°, we get

7o,yijkl.;jk =2F,. 4.21)
This equation still contains the time component v, while (4.14) does not; we can get rid
of them by taking an extra curl,

08l Eyy = 20l F, 7. (4.22)
The right-hand side is equal to 20li)/) = FU | which then proves (4.18).

e (4.18) = (4.16):

Using F¥ = 2017, the first equation of (4.18) becomes

0u(2n) = O(y ). (4.23)

The usual Poincaré lemma then implies that 24); = 4%7F¥ + 29, for some spinor A
that we are free to call . This gives

2Fy; = Y yuFY. (4.24)

Now, contracting this equation with 4/ and using the constraint, we get v/ Fo; = 0; this in
turn implies

Foj = (6; — %) Fy' = viiFy'- (4.25)

We then recover (4.16) by putting this back in (4.24) and multiplying by ~°.

5. Supersymmetry transformations

The sum of the actions (3.1) and (4.1) is invariant under the rigid supersymmetry transformations

1_ 1_ 1 -

(5hm, = 3 6’7@1/1,,) +hec. = 3 E’Y(#wu) 5 1&@%,)6, 6.1
1 17

6'(/);4 = Z aphm/'y Pe, (5.2)

where € is a constant spinor parameter. In this section, we prove that the corresponding varia-
tions of the prepotentials are

1 _
5(251]..,1[1,2,- =1 ]P(d—z,l) (E'Ylel...ld_z) + h.c. (5.3)

15
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l-m+1

OPiy cig—ajioja—s = TR Pla—24-2) (€YYo i Xir-ia—») T hec (5.4)

for the bosonic prepotentials and §x = 64X + dp), With

(7l)m+l J k. dg—n
§¢Xi1--~id—2 = _Z(d — 2)’ €jkll~--ld—26 ¢i1...i,1_2 vy
(d—2)(d-3 C okt ke R
+ )2( )E[il\]’klmkdfz\ajqﬁl ‘ 2i27i3~~id—2] 7706 (5.5)
and
1 i ;
OPXi.ig—r = _Eappil...id_qu o zgqulqu_ﬂj’yoﬁ (5.6)

for the fermionic one. This is the generalization of the transformations found in [31] ford = 3
to arbitrary dimension. (Note that the second line of (5.5) is absent in d = 3.)

5.1. Variation of the first bosonic prepotential ¢

The spatial components of the covariant expression give

1
Ohj = 5@y +hee. (5.7)
By expressing ¢); in terms of its prepotential, one gets
1
Ohy = Seyyy +he. (5.8)
! € mi
= 5@ =116 (k= (@ = 2)8) & Oy s + e 5.9
1

= mg (657 — (d — Dde( 7)) €201,y + hec (5.10)

! mly ...l
= mgam (6l:f7k5kmllwld72X11...ldfz - (d - 1)7(151) fi-la ZXll...Id,z) + h.c..
(5.11)

By noting that a full antisymmetrization over all the indices of the € and the j of the J vanishes
identically, we can rewrite the first term as

0" iy tmiy..1, X" = €0 Sy ey 1y X
+ €0 S ey gy X
+(d = 2) €06, 7 ettt X (5.12)

= €™ YiCjmiy..1q X"
+ €0 enjn 1o X
+ (d = 2) @V ermi. 1o x> (5.13)

16
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Since this expression is already symmetric in ij, we can explicitly symmetrize it again. The

second term then appears as a gauge variation of /;; and can be discarded. We then obtain up

to a gauge transformation
d—2

_ kmly...ly— m
(Wll-j = meam (’ka‘?(i 2o ZXj)lz...ld_z — ’V(,-E-Zj)

ll.nld72X11~..ld—2) + h.c.. (514)

On the other hand, carrying out the projection in (5.3),
1 _
0Py 1y s)j = ZP([,,M) (€%xn..10-) +hec.
1

[t = VX1 1,0 ] + e,

4
d—2 _
- m [GWXII‘..I[,,Z + E’VUIXUUZ»--M—Z]] +he, (.15)
our ansatz gives
5h[j _ 2&_11“.147216(!.| 8k§¢l|4..ld,2|j)
_ d - 2 _8 l..dy—om kly...ly_om (5 16)
= mﬁ 'm [5 (@ V)X da—2 +e @l ’)’kX|j)lz...ld,z} ) :

which is the same expression as (5.14).

5.2. Variations of the fermionic prepotential

Splitting time and space, one has d1); = 9,1; + 6,1; for the spatial components of the
gravitino, with

1 .
Sy = Zﬁkhmf"e, (5.17)

1 us -
i =3 (”J - 51511) e (5.18)

Expressing this in terms of prepotentials, it follows that the variation dx = dgx + dpx of the
fermionic prepotential must be such that

1 . 1 .
Sildpx] = Z&hg[(ﬁh’ke, Silopx] = ESij[P]’YJ’YOG. (5.19)

5.2.1. Variation 64X containing the first prepotential. First, it follows from (5.19) that the
variation of the Cotton tensor of x is

1
Di1~~~i472[6¢X] = _Zgil~~~i1172k1Rklpq[h[(b]]’ypqe (5.20)
1 Ji--Ja—2 Pq
= 4(d — 2)!Di1...id72 [¢]E.i1---jd—zpq7 € (5.21)
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where we used the relation (3.13) between the Riemann of h[¢] and the Cotton of ¢. Writing
both sides as the curl of the respective Schouten tensors, this gives
Sj1~~jd—2

iBlei . jusr e (5.22)

Sildsx] = ﬁ

up to a total derivative that can cancelled by adding the appropriate Weyl transformation to
dgx. (This is more convenient than (5.19) because it involves directly the Schouten tensors on
both sides.) We now write this in terms of the Einstein tensors: this gives

(=i (d—2)(d-3)

Gildpx] = T3d—2) <Gjl-~-jd—2i[¢]’yjlmjd72 + 3 Gkij3‘..jd,zk[¢hj"“'jd’2) A7Ve.
(5.23)
The computation uses relations (2.37), (2.8) and the gamma matrix identity (E.5). From there,

the variation 0 is found by writing the right-hand side as a curl: this yields expression (5.5).

5.2.2. Variation §px containing the second prepotential. Using the identity v;S7[x] = Gi[x],
we must have for the Einstein tensor

1,

Gilorx] = 58" [Plyir'+ e (5.24)
The variations dp) can the be identified up to a gauge transformation by writing the right-
hand sides as a curl. Using the identity ;7" = ;% + 76} — ~;0f and the fact that S;/P] is
symmetric, we get

1 . 1 .
—=(85[P] — 658 [P))v/~ e = — =GPl € (5.25)

1 .
7Sjk [P]/YU’yk’YOE = 2 2

2

1 )
= e, ...kd,zak (_ Eequl quizapph i -.-‘Zd—z,yj,.)/()€>
(5.26)

from which we deduce the expression (5.6).

5.3. Variation of the second bosonic prepotential P

We now determine the variation of P from the invariance of the kinetic term of the prepotential
action. Equation (5.21) implies for the hermitian conjugate

i o
(Di,.iu s [0sX])T = 7m€:}/7j‘172...ﬁ D, . el
: (5.27)
where we used the gamma matrix identity (E.11). The variation of the kinetic term of  is then
readily computed. It cancels with the variation of the bosonic kinetic term (more conveniently
written in the form ‘PD[QS]’, see (3.18)) provided the variation of P is given by (5.4).
Checking directly that (5.4) reproduces the supersymmetry variation of the momentum
m;; is cumbersome because of the many terms contained in the projection. However, it is not
necessary since, if the variations of the other fields are known, the variation of 7; is uniquely
determined by the invariance of the kinetic term in the Hamiltonian action.

18
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6. Conclusions

We have obtained a formulation of linearized gravity in terms of prepotentials valid in arbitrary
dimension, based on a systematic use of conformal geometry, whose appropriate tools we have
developed for the relevant fields. The action principle and the equations of motion of the gravi-
ton and gravitino and the supersymmetry variations rotating them into each other have been
rewritten in terms of our new variables in a geometrically transparent way. The dimensional
reduction has also been reproduced using the prepotentials and the consistency with the similar
treatment of the maximally supersymmetric A/ = (4, 0) 6D theory has been confirmed.

A natural extension of these results would be to consider the interacting case. However, there is
no clear path to the resolution of the non linear constraints and, as mentioned in the Introduction, the
persistence of duality invariance is excluded for fully interacting gravitation [21] and no-go theo-
rems exist for local self-interactions of the dual graviton (Curtright) field [22, 23]. Notwithstanding
these difficulties, see [43] for an introduction of sources and [44—47] for the inclusion of a cos-
mological constant. Let us also mention that duality was clarified for the massless, massive and
‘partially-massless’ gravitons in the recent paper [48], including arbitrary dimension and cosmo-
logical constant. The actions they use include both the graviton and dual graviton fields in a mani-
festly Lorentz-invariant manner, but they are not on the same footing (see also [17, 49]): it would
be interesting to understand how they relate to the actions of the present paper®.

Duality is also closely related to Eo, which was argued [19] to be the infinite-dimensional
symmetry of the tensionless limit of string theory. This limit contains an infinite tower of
massless higher spin modes. The manifestly duality invariant rewriting of higher spin gauge
fields is therefore of closely related interest and has already been the object of extensive invest-
igation [17, 36, 37, 54, 55]. In the bosonic case, the free theory has been expressed in terms
of prepotentials which enjoy the usual conformal invariance, the equations of motion being
again equivalent to twisted self-duality conditions. With a view toward obtaining a manifestly
duality invariant form of higher spin supermultiplets, an upcoming paper [56] will extend
our findings to fermionic higher spins (construction of conformal curvatures, resolution of
Hamiltonian constraints and rewriting of the action and equations of motion).

Four-dimensional gravitational duality arises geometrically from toroidal reduction of the
6D models of [11, 13]. The construction of a self-contained action principle is a first step
towards a better understanding of these exotic theories and relies on the introduction of pre-
potentials. This was done for the (2, 2) chiral tensor and its ' = (4, 0) supersymmetric exten-
sion in [34, 35]; the upcoming paper [33] will extend these results to the chiral (2, 1) tensor
appearing in the A" = (3, 1) maximally supersymmetric theory.

Finally, the prepotential formalism for the gravitino field developed in this paper should
provide an avenue for exploring the dual formulations of supergravity alluded to in [18]. It is
planned to return to this question in the future.
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Appendix A. Properties of the Cotton tensors

In this appendix, we prove the two important properties of the Cotton tensors presented in
section 2.

A.1. Gauge and Weyl invariance

The first property is that the Cotton tensor completely captures gauge and Weyl invariance.

A.1.1. Bosonic(d -2, 1) field. We want to prove the implication

Diy iy g a[6] =0 = @77, = (gauge) + 6" B>~ for some B. (A1)

(The opposite implication is true by construction.) The proof goes in two steps:

1. First, D = 0 implies that the curl of the Schouten tensor on both groups of indices van-
ishes,

glisiml =0, gst =0, (A2)

Indeed, the second of those equations follows from the definition of the Cotton tensor,
and the first from the relation (2.18) between this curl and the trace of the Cotton. The
generalized Poincaré lemma of [41] then implies that S is itself a double curl, i.e.

Silmidfzj[qs] _ 7(d . 2)| 8j8[ilBi2...id,2] (A3)

for some antisymmetric B. This is precisely the variation of the Schouten induced by a
Weyl transformation of ¢.

2. Then, using the inversion relations between the Einstein and Cotton tensors, this implies
that

Gil...idfzj[(b _ 63] — akam <¢ll...ld,2n _ 6][ilBi2...id,2]> Emnil.”idizgjkll...l[,,z =0 (A4)

where dB stands for the tensor 6}ilBi2"'id*2]. The Poincaré lemma of [41] (property (2.4)
of the Einstein tensor) now implies that ¢ — dB is pure gauge, which is what we wanted
to prove.

A.12. Bosonic (d — 2,d — 2) field. The implication to be proven is now

Dil'“i‘i’?[P] =0 = p'i = (gauge) + S ¢ for some €. (A.5)

J JieeJa—2 Jieeja—2
The proof goes as before:
1. First, D = 0 implies that the curl of S;[P] vanishes,
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The Poincaré lemma of [39, 40] applied to symmetric tensors implies then that
S;[P] = —(d — 2)!10,0,¢ (A7)
for some &, which is again the form induced by a Weyl transformation of &.
2. Then, this implies that the Einstein tensor of P — §¢~2¢ vanishes, where 6¢~2¢ stands for

(5]’]‘;::2 €. The combination P — §972¢ is therefore pure gauge, which proves the proposi-

tion.

A.1.3. Fermionic (d — 2) field. 'We now should prove
Dil.‘-l'dfz [X] = O = Xil‘..idfz = (gauge) + ’7i14..i472P fOI‘ some p. (AS)

We take the same steps:
1. First, D = 0 is equivalent to 9;;S;[x] = 0, which by the usual Poincaréé lemma with a
spectator spinorial index implies
Si[x] = Ow (A.9)

for some v that can always be written as v = i"*!(d — 2)!vy p. This is the form of the
Schouten induced by a Weyl transformation of .

2. This implies that the Einstein tensor of x;, ;. ., — ¥, i,
therefore pure gauge, which is what had to be proven.

p is zero. That combination is

A.2. Conformal Poincaré lemma

The second property is a ‘conformal version’ of the Poincaré lemma: any divergenceless ten-
sor field with the same symmetry and trace properties as the Cotton tensor can always be writ-
ten as the Cotton tensor of the appropriate field.

A.2.1. Bosonic (d —2,1) field. We need to prove that, for any (d —2,d —2) tensor
Ti . iu_sjr..ju_» that is divergenceless and completely traceless, there exists a (d—2,1) field
" ”'i"’zj such that T = D[¢]. Moreover, ¢ is determined from this condition up to gauge and
Weyl transformations of the form (2.2).

1. First, the divergencelessness of T and the usual Poincaré lemma implies that 7" can be
written as the curl of some other tensor U,

Ti] ---id—Zjl ---.jd—Z — ai] ...id_zklakUjl---jd—Zl‘ (A'IO)

The tensor U is determined up to U’ 77, — U= 4 §,Vir-di=2 where V is totally
antisymmetric.

2. At this stage, U is not of irreducible Young symmetry (d — 2, 1), but could have a
completely antisymmetric component. However, the condition that 7 is completely
traceless implies that this component satisfies O U;,. j,_,5 = 0, i.e. is of the form
Ulj,..ju) = OuWj,.. ju_, for some antisymmetric W. Now, the ambiguity in U described
above can be used to precisely cancel this contribution. We can therefore assume the U
has the (d — 2, 1) symmetry from now on.

3. We now use the fact that T has the (d — 2,d — 2) symmetry. This implies that

Eirigajym T =2 = ) (A.11)
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which, using the expression (A.10), is equivalent to the differential identity
ail Uu...tdfzj [¢] _ @Uiz"'id’z =0 (Al2)
on U. We now define another tensor X of (d — 2, 1) symmetry by the equation

Xl‘]...idfzj — Ul’]...idfzj _ (d _ 2) 6j[il Uiz...id,z]kk‘ (A13)

The identity (A.12) is then equivalent to the fact that X is divergenceless.

4. We are now ready to conclude. Because X is a divergenceless (d — 2, 1) tensor, it must
be the Einstein tensor of some (d — 2, 1) field ¢, X = G[¢]. The relation between U and
X then implies that U is the Schouten tensor of ¢, U = S[¢], and equation (A.10) gives at
last T = D[¢], which was to be proven.

5. The ambiguity in ¢ is easily determined from the first property of the Cotton tensor.
Indeed, by linearity, the condition D[¢'] = D|¢] is equivalent to D[¢’ — ¢] = 0. The first
property of the Cotton then implies that ¢’ — ¢ takes the form ‘Weyl + gauge transforma-
tion’.

A.2.2. Bosonic (d —2,d — 2) field. For the (d —2,d — 2) field, we now prove that, for
any divergenceless, traceless (d —2,1) tensor T ; ,;, there exists a (d —2,d —2) field
Pi,. iy sji...ju_r Such that 7= D[P]. This field P is determined from this condition up to a
gauge and Weyl transformation of the form (2.20). The proof goes as before:

1. First, the divergencelessness of 7 implies that it can be written as a curl,
Tivela—2 — Ell...ld,zklakUjl. (A14)

The tensor U is determined up to Uj, — Uj, + V.

2. The tensor U is not necessarily symmetric. However, the condition that T is trace-
less implies that the antisymmetric component satisfies IUjy = 0, i.e. is of the form
Ul = 9y W) for some vector W. By using V, we can precisely cancel this contribution
and we can assume that U is symmetric.

3. We now use the fact that 7 satisfies T};, . ;,_,; = 0. This is equivalent to

oU; — Uk = 0. (A.15)
Defining the symmetric tensor X by
Xy = Uy — 0;Uf, (A.16)

that identity is equivalent to the fact that X is divergenceless.

4. We can now conclude: because X is a symmetric divergenceless tensor, it must be the
Einstein tensor of some (d —2,d — 2) field P, X = G[P]. The relation between U and
X then implies that U is the Schouten tensor of P, U = S[P], and equation (A.14) gives
T = Dlg].

5. The ambiguity in P is given by the first property of the Cotton tensor. Indeed, the condi-
tion D[P’] = D|P]is equivalent to D[P’ — P] = 0, which shows that P’ and P differ by a
gauge and Weyl transformation.

A.2.3. Fermionic (d — 2) field. 'We fnish this appendix by proving the analogous property for
the fermionic antisymmetric field, namely: For any divergenceless, completely gamma-trace-

less rank d — 2 tensor-spinor T; ;, ., there exists an antisymmetric tensor-spinor y; ;. ,
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such that T = D[x]. Moreover,  is determined from this condition up gauge and Weyl trans-
formations of the form (2.30). We follow the same steps as before, but without the complica-
tions of Young symmetries

1. The divergencelessness of T implies that it can be written as

Tl = ghlakg ), (A.17)

where U is determined up to a total derivative 0,V for some spinor field V.
2. Using the gamma matrix identity (E.11), the complete gamma-tracelessness

/_yil...id_z Til,..id,Z — 0 (Alg)

of T'is equivalent to the differential equation ;0'U/ = 0, which is in turn equivalent to
0'X; = 0if we define X; = ;5.

3. Because X is a divergenceless vector-spinor, it is the Einstein tensor of some antisym-
metric tensor-spinor x, X = G[x]. As before, the relation between U and X then implies
that U is the Schouten tensor of x, U = S[P], and the relation between 7 and U then gives
T = D|g].

4. The ambiguity in  is given by the first property of the Cotton tensor: D[x'] = D[x] is
equivalent to D[y’ — x| = 0, which shows that x” and x differ by a transformation of the
form (2.30).

Appendix B. Lower-spin fields

We recall here the Hamiltonian formulation of the free fields of spin 0, 1/2 and 1 in our nota-
tions. In the case of spin I, the constraints associated to the gauge invariance dA, = J,A
can be solved, yielding an action with another (d — 2)-form potential but no constraint [27].
These are the actions that naturally appear by dimensional reduction of the graviton and gravi-
tino actions in the prepotential formalism. For completeness, we also review the dimensional
reduction of the free vector action.

B.1. Scalar field

The Hamiltonian action for a free scalar field is

1 1 i
Sy = /dl d’x (7‘((,0 — Hg‘) , Hs= §7T2 + 58,(,0 6’@, (B.1)

where m = ¢ is the momentum conjugate to ¢.

B.2. Dirac field

The action for a Dirac field is alrady in first-order form. It is

S, =— / AP p Ao, = i / dr dx ot (y} - 707"3,-1/1) . (B.2)

1
2

B.3. Vector field

For a free vector field, the Hamiltonian action is

SH = /dtddx (’ﬂ','Al — Hv —Aog) , Hv = E’R',"]Tl + ZF,'J‘FU, g = —8,'7Tl, (B3)

23



Class. Quantum Grav. 36 (2019) 045012 V Lekeu and A Leonard

where F,,,, = 0,A, — 0,A,, is the field strength and 7; = Fy; = A; — iAo is the momentum
conjugate to A;. The time component Ay only appears as a Lagrange multiplier for the con-
straint G = 0 (Gauss constraint).

Following [27], the constraint G = 0 can be solved by

i 1 ij i
"= G 0% = B2 (B4)
where we defined the magnetic field of a (d — 2)-form Z. We define in a similar manner
Bl] cdg—n [A] _ 5511 ...ld_zijjk _ 8” ”""—Z’k(')jAk. (BS)
The action (B.3) then takes the form
S = /dt d'x (K, — Hy) (B.6)
where the kinetic term K, can be written in several different ways up to integration by parts,
K, = Bi[Z]A!
1 il ...
= T @y B A2
-1 Bi[Z]A" - B [A]Z]1- a2 (B.7)
2 i (d—Z)! eolg—2 ’ .
and the Hamiltonian density is
1 i 1 i
M= 5 (BB + gy B ®8)
1 itedg—aj ijki ...
= m (Zil-“ideg 1---d—2]kaj8k[z] +Ai51kl kd_zajBklmkdfz[A]) - (B.9)

B.3.1. Dimensional reduction. We reduce from D + 1 =d + 2to D = d + 1 dimensions and
write the extra coordinate as z. The two higher-dimensional potentials A and Z split as

Ar = A Ay Ziay = Ziyies g (B.10)

with gauge transformations
6A; = O, 6Zi iy, = (d— 1)8[51/11'2.“,;1,1], (B.11)
0A, =0,  6Ziy iy =(d—2)0p Ny iy - (B.12)

The potentials A; and Zi...i,_,- are those of a vector field in D dimensions, and the other two
correspond to a free scalar field. We therefore write

A=A Ziiv e =iy Ac=00 Zipiy = (=1D)Ud— Dlwiy iy,
(B.13)

The magnetic fields of A and Z then reduce as
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Bil-uid—l [A] = Eiln-id—lja](p’ Bi1~~~id—ZZ[A] = Bil-nizl—z [A} (B14)
and
B2 = Bi[Z], B.[Z]=ej, j, 0wt = rlw] (B.15)
respectively. The action then becomes
_ d . Al 1 X i _ 1 . X i]...dg—2
SIA Z, o] = / ard'x (BIAA ~ JBI2B17) ~ 5o B A

1 , 1 ;

+ mwlp — Eﬂ'[w] — 58,-90890), (B.16)
which is indeed the sum of a free vector action and a free scalar action. Remark that the
momentum 7 is written as the curl of a rank (d — 1) antisymmetric tensor in this reduction.
This is always allowed and does not restrict 7 (this is also discussed in [27]).

Appendix C. Dimensional reduction for the graviton and gravitino

In this section, we perform the dimensional reduction on S! of the actions of sections 3
and 4, recovering familiar results in the prepotential formulation. We reduce from D + 1
dimensions to D dimensions along the last spatial coordinate, which we denote by z. Only
the massless Kaluza—Klein mode is kept, i.e. all derivatives with respect to z are set to
Zero.

Just like for the reduction of the vector field recalled above, a simple counting of deriva-
tives shows that some of the lower-dimensional fields will be written as derivatives of a more
basic quantity. It is indeed what we find and brings no loss of generality.

C.1. Graviton

C.1.1. Lagrangian formulation. We take the higher-dimensional graviton as

hyw = hyy + 200000, fz#z =Au, fzzz =28¢ C.1)
for some constants «, 3. This ansatz can be inverted to
~ ~ A 1 .
huu = huu - thzn/ﬂ/’ Au = hp.za Y = %hzz- (C2)

Therefore, it is a good parametrization of the higher-dimensional metric as long as 3 # 0.
Then, the Lagrangian (3.1) reduces to the sum of the free Lagrangians for A, A, and ¢:

- 1 1
L V] = £ [ - 2 FuF" = 50,000, (C3)
provided the constants «, 3 are given by
1
iy T =—a(D —-2).
“=so-pm-1 P P2 (C4)

This is of course consistent with the usual KK ansatz at the non-linear level (see for
example [25]).
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C.1.2. Hamiltonian variables. From equation (C.1), we get the reduction formulas

l:lij = h,J + 2a<p5,»j, ljliz = A,’, ]:lzz = 26()0, (CS)
7 = gl A2 = l’ﬂi % = L(7T —2a 5»477’7) (C.6)
9 2 9 2/8 lj .

with inverse relations

. o . 1.
hij = hij — E(sijhzz, A; = hi, = ﬁhzz, (C.7)
7l — 7 = 27", T = 2B7% + 2a6,7Y. (C.8)

Plugging this in the higher-dimensional Hamiltonian action (3.10), direct computation shows
that it indeed reduces to the sum of the Hamiltonian actions (B.1), (B.3) and (3.10) for a scalar
field, a vector field and linearized gravity in D = d + 1 dimensions.

C.1.3. Reduction of the first prepotential. The prepotential &, ., splits into four pieces,

(bil-uid—lj’ (bZiln-ide]" ¢il~-id—lz’ ¢il-~~id—2zz' (C.9
It is convenient to do the following field redefinition:
Qil~--id—lj = (pil-uid—lj - (d - 1)(I)[i1~~~l}172|ZZ\5id71]j’ (C.10)
M, igsi = Pra—21)(Paiyig—) = Paivviasj — Pofiyiaaf]s (C.11)
Ai sy = Pofiy g (C.12)
Bii. iy = Pii iy sz (C.13)
This change of variables is invertible: explicitely, one can express the quantities in (C.9) as
Qi igj = Qiyigj + (d = 1)Bji, i, (C.14)
D oigenj = My ig_sj +Ab iy oy (C.15)
Oy iy = (D)= DA s (C.16)
q)il...idfzzz = Bi]...id,z’ (C17)

where we used the identity

(
Qi igaf) = 41 Pieiaaz

|
—_
Nawt
=
i

(C.18)
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which follows from ®; . ;,_,i1 = 0. The new variables have the irreducible Young symmetry
suggested by their indices: Q has the (d — 1, 1) symmetry, M the (d — 2, 1) symmetry, and A
and B are totally antisymmetric. Equation (C.15) corresponds to the split of & ;. into its
irreducible components.

The reduction of the gauge symmetries of the higher-dimensional prepotential are give the
usual gauge symmetries for Q, M, A, B according to their Young symmetry. For the reduction
of the local Weyl transformations, one finds that

id—aj

e (O has no Weyl transformation (this motivates its definition);

e M has the same Weyl symmetries (2.2) as the first prepotential of linearized gravity;
e A has no Weyl symmetry;

e B can be set to zero.

The link between these fields and the appropriate prepotentials for the lower-dimensional
fields is done by using equation (C.7). This gives

hy = 2(=1)(d = 1) &y, j, @M, (C.19)

A = 5j1..‘j,1,1kaij]mjd?li’ (C.20)
1 _ j pinei

w= %(71)‘1 l(d - 1) 5j1~»-jd—1jaJA e (€21

Therefore, we identify the lower-dimensional prepotential ¢ as

¢i1...id_zj _ (*l)d(d _ I)Mil'“id—zj_ (C22)

C.1.4. Reduction of the second prepotential. The prepotential P; ;. ;.. ;,_, splits into
three pieces,

P;

iedd—1j1--Ja—12

Pil-nid—ljl-ujd—zz’

Pi]...id_zzjl...jd_QZ' (C.23)

As before, it is useful to introduce a combination that has no Weyl symmetry,

T, gy = P = (d = 1) P (€24
The lower-dimensional momenta are then
= Gy[P]
= (d = 1) N Oz (C25)
7' = 2G*[P]
1 ikmy...m, n...n nn.n
= Mé‘k e d_zak (2(_1)d(d - 1)!61 e d_]alP [EXE d_]ml_“md721> (C26)
7 = 2BG¥[P] + 2a6;,G [P
[P] G"[P] o

kmy...mg_y _jny...ng—
= 265 : d=tgm. - lakalel...md,lnl...nd,l-

And we identify the potentials as
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Pmlu.m"{,znl‘..ndfz = (d - 1>2Pm1...md722n1.‘.n472Z9 (C28)
Znoomgy = 2= d = teM=mmrglpret, L (C29)

C.2. Gravitino

C.2.1. Covariant form. It is useful to first write the reduction in covariant form. We have the
three terms

—U M0, 0, = —W A4 0, W, — U,4M420,0, — U ,41P0, 0, €30
= 7]’7” 8H\IJV - \Il//)/u 81/’7 - \I/u'yuypau\llp, ’

where in the second line we defined 7 = 4°W_. (This definition implies 77 = —¥_4%.) We now
take the ansatz

n=a\, Y, =1v,+DbYA\ (C.31)
where a and b are constants. Requiring that the cross-terms between A and ) vanish first gives
a= —b(D — 2). The constant b then gives the normalization of the part containing A: we

choose b*(D — 1)(D — 2) = 1 for convenience. This gives the constants a, b as

D—2 1
a=—\/——, b= : (C.32)

D—1 (D—-1)(D-2)

The action for the gravitino then reduces to

SIA Y] =~ / &% (A" O + AP0, ) (C.33)
The ansatz above can be inverted to
D—1 1
— T AR /\ Az
A= D2 V., Y,= D 2 AU, (C.34)

Note that the action (C.33) is not quite the action for a free Dirac field and a free gravitino in
D dimensions, since it still contains the higher-dimensional gamma matrices 9,,. To go further,
we must specify the link between gamma matrices in D + 1 and D dimensions.

C.2.2. Choice of gamma matrices. We now set up our choice of gamma matrix representa-
tions. Starting from a given representation (that we do not need to specify) in even dimension
D = 2m, we go up in dimensions and give representations in dimensions 2m + 1 and 2m + 2.

In odd dimensions D = 2m + 1, we can take the first 2m matrices to be exactly those in
dimension D = 2m, and the last one to be ~,. Indeed, because of the first two equations of
(E.8), the set

(:)/u) = ('YO’ Vs - s V2m—1,"Y2m = '7*) (C35)
satisfies the defining property (E.1) in dimension 2m + 1. (Note that we could also take
Y2m = —7«: this gives an equivalent representation.)

In dimension D = 2m + 2, one can take the gamma matrices in the block form
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R 0 7#)
=01 ® = =0,...,D—-2),
Tu 1 &Y ('Y;L 0 (,U' )

. (0 i
p-1 =02 Q1 = g0 ) (C.36)

The first are given in terms of the D — 1 =2m + 1 gamma matrices (in particular,
Yam = (=)' Y0y1 . . . Yam—1 is the chirality matrix in D — 2 = 2m dimensions). In this rep-
resentation, the 4, matrix is diagonal,

. (1 0
=y _,)- (C.37)

C.2.3. Odd to even dimension.

Covariant formulation. The gamma matrices in D + 1 and D dimensions have the same size,
and so do the spinors. The lower-dimensional fields are, using 4, = ~y,, and J; = 7,

D—-1 1
= —\/;fy*\llz’ Y, =V, + ) VY« Yz (C.38)

The action (C.33) is just the sum of the free action for a Dirac field A and a Rarita~Schwinger
field v, in D dimensions. Note also that redefinitions of the fields by a phase may be required
to accommodate for (Majorana or symplectic-Majorana) reality conditions in D dimensions;
this poses no difficulty and will not be done here.

Prepotential formulation. The prepotential reduces to two pieces,

Xll-uld—l - Xiln-id—l > Xil--«id—ZZ’ (C.39)
with the associated gauge and Weyl transformations

0Xiy.igey = (d = D)0 Mgy iy ) + Vi W (C.40)

5Xil~~»id—22 = (d - 2)8[1'1Ai2--4i¢172]z + Viveocia—a V= w. (C41)

To identify those prepotentials with those of the D-dimensional fields, one must compare with
(C.38). For that, one first needs the reduction of the Schouten tensor of X (indeed, the higher-
dimensional gravitino is determined by X through the equation ¥; = S;[X]). One finds

S = 5 (i — (d = 1)5) GIX] + 37 GoIX], (C42)
$.1X] = 3 (3-G'X] + (d — G [X)) (€43

in terms of the Einstein tensor. The lower-dimensional fields are then

1
Y = SilX] + ﬁ’y,-’y*Sz[X] =

- (vij — (d —2)d;) G'[X] (C.44)

A= TS = s (G (- 10X) - 4
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The Einstein itself reduces as

GilX] = (d — Veyyy..1, ,0' X1 H=22 G X] = g, j, , O'XTI1=1. (C.46)
Therefore, (C.44) is exactly the formula v; = S;[x] relating the lower-dimensional gravitino to
its prepotential, that we identify as

Xl'l...l'd72 = (d - I)Xil‘..idfzz (C.47)
(the gauge and Weyl symmetries also match, see (C.41)). For the Dirac field A, one finds

it i d—1
A= Eil-uida ICZM ‘ Cilu-id—l = T (rY*Xil-uid—l =+ ’Y[ilxiz-uid—l]Z) . (C48)
The gauge transformation of the right-hand side is easily checked to give A = 0, as it should.
Note also that the change of variables from the two X’s to the pair (), ) is invertible.

This identification of the fields now implies the reduction of the action (4.11) as above.
C.2.4. Even to odd dimension.

Covariant formulation. This case is a bit more involved, since the gamma matrices in even
dimension D + 1 now have twice the size of those in 1D below. Accordingly, we write the
higher-dimensional gravitino in the block form

g+
W, = ( H! ) (C.49)

Note that a chirality condition I', ¥, = ¥, on the higher-dimensional gravitino corresponds
to keeping only the component ¥+ in this decomposition.
According to (C.34), the D-dimensional fields are then

+ i
Y = ( wg > U = o T (C.50)
and
+ D—1
A= < ’A\_ > A = 4 m\pj. (C.51)

The action (C.33) then reduces to the sum of two Dirac and two gravitino actions,
SIAE, ¢t = — / d% (AT A ONT + AT O AT + PO + 0 A PO, ) . (C.52)

Again, phases can be incorporated in the various fields to accommodate for reality conditions
in D dimensions.

Prepotential formulation. 'We write the prepotential for ¥, in the block form

Xpdyy = ( X’j“’d*‘ ) . (C.53)
X
One has therefore four fields after reduction,
+ + +
X, = X X (C.54)

with the associated gauge and Weyl transformations
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0X; 4y = (d =D AL A+ Vi W (C.55)
X\ iy = (d =20 AL 1 F i W, (C.56)

where A* and W are defined from the higher-dimensional parameters by a block form analo-
gous to (C.53).

To identify those prepotentials with those of D-dimensional fields, one must compare
with equations (C.50) and (C.51). For that, one first needs the reduction of the Schouten
tensor of X (indeed, the higher-dimensional gravitino is determined by X through the equa-
tion ¥; = S;[X]). One finds

1 . i
St IX) = 5 (o — (@ = 1)dy) GFX] & —%GT[X], (C57)
1, . ;
SE[X] = y (FinGHX] — (d — 1)GF[X]) (C.58)
in terms of the Einstein tensor. The lower-dimensional fields are therefore
. | ‘
U = SEX) £ 5 uSEN) = = (- (@=28) GIX] (€©59)

AE = +iy d;ilsj[x] = d(;_l) (—G¥X] Fi(d — 1)GF[X]).

The Einstein itself reduces as (C.60)

Gl:l: [X} = (d - l)gijkl-»~kd—2aniklmkdizz’ Gzi [X] = Z':ijlmjd—]aiXijlmjdil'
(C.61)
Therefore, (C.59) is exactly the formula ’(/Jli = S;[x*] relating the lower-dimensional graviti-
nos to their prepotentials
Xijlt,,,id,z =(d- I)XijTL

cdg—22

(C.62)

(the gauge and Weyl symmetries also match with the appropriate identifications, see (C.56)).

For the Dirac fields AT, one finds
o d—1
+ i i .0 + .
AT = ail“‘idalc e iedg—1 T (:FIXiTHid—] +’y[i1Xl‘2¥~.-id—l]Z> :
(C.63)

Appendix D. Dimensional reduction of self-dual fields in 6D

In this appendix, we derive the dimensional reduction of some 6D fields whose curvature
satisfies a self-duality condition. Those fields appear in the intriguing N = (4,0) maximally
supersymmetric theory in 6D [11, 13]. Their 6D actions were written with prepotentials in
[34, 35] and directly reduce to the actions considered in this paper for linearized supergravity.
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D.1. The exotic graviton
The exotic graviton is a bosonic field T}, With the (2,2) symmetry
Tywwpo = Thuvipe = Tuvlpol>  Tiuvple =0 (D.1)

Its curvature tensor

RO (T] =0V, T, (D.2)
satisfies the self-duality equation
1
R aras 818,85 [T] = §€a1aza3>\1>\2)\3R)\1>\2>\3,315253 [T] (D.3)

The gauge invariances of T are 6T+, = 8[“(1ng] + 3[,)04“”0], where the gauge parameter

has the (2, 1) symmetry.

D.1.1. Prepotential formulation. The action yielding the equations of motion (D.3) was first
written in [34], and it involves prepotentials in an essential way. The prepotential is a (2,2)
tensor Zjkz, determined up to the local gauge and Weyl transformations

0Zpxr = Suik.n) + EkLira) + Sk AL (D.4)

where £k is a (2, 1) tensor parametrizing the gauge transformations and Ay is a symmetric
tensor parametrizing the Weyl rescalings.
The Einstein, Schouten and Cotton tensors of Z are

1
GY . 2] = ﬁEUABCEKLPQRaAapzABQR, (D.5)
1
$"kulz) = GV [2] - 206" 2] + 38167, GL2), (D.6)
1
DykL[Z) = yf‘:HABCaA SBC . 12], (D.7)

where the traces of the Einstein tensor are defined by G'; = G’ ; and G = G”,. The action
is
1 . 1
S[Z] = 3 / d% Zynrs <DMNRS [Z] - 5gMN”Ka,(D,,RS [z]) . (D.8)

D.1.2. Reduction of the field and gauge transformations. The prepotential Z;k; and its gauge
parameters split into several pieces,

Zykr — Ziju, Zijis, Zisjs, (D.9)
Euk — i Eisi» ijso isss (D.10)
Ay — Aij» Ais, Ass. (D.11)
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The transformation of Z;5;5 under Weyl rescalings is

1

5Zi5j5 = Z()\U + 611)‘55) (D12)
Therefore, one can gauge away Z;s;5 by a Weyl transformation. We will set Z;5;5 = 0 from now
on. To preserve the condition, one must then set &;55 = 0 and \;; = —J;;Ass. Also, we can split
&isj = —&s;j into its symmetric and antisymmetric parts,

Esij = sij+ay, s =&, ay = Espy- (D.13)
The cyclic identity 3 §jx) = &k + &k + Ekw = 0 implies that the &5 component is not
independent: {;;5 = —2a;;. The gauge transformations of the remaining fields are then

1
0Zijr = &ijikay + ki) — §(5ik5j1 — 0irdjk) Ass (D.14)
1
5Zijk5 = 8kaij + 3[isj]k — 8[i[lj]k + E(Sk[i)\j]y (D.15)

Those are exactly the gauge transformations (2.2) and (2.20) for the prepotentials of linearized
gravity in 5D, provided we identify the fields and gauge parameters as

P = Zij,  Gijk = Zijis (D.16)

1
ik = ik, Ay = ay, My =55, = —XAss, Bi= §>\i5. (D.17)

D.1.3. Reduction of the curvature tensors. The Einstein, Schouten and Cotton tensors of
Zjk1 reduce as follows:

e Einstein:
1 1
GijulZ] =0, GyuslZ] = —ﬁGijk (@], Gisjs[Z] = ﬁGij[P], (D.18)
e Schouten:
1 1 1
SijulZ] = —55[1‘[1(5111'} [P], Sis(Z) = —Esijk[éﬁ], Sisis|Z] = TWSU[P]’
' (D.19)
e Cotton:
D7 = _LD.. D:n<|Z] = LD.. Pl. Di«<<[Z] = LDk 2
ialZ] = =5 Dimldl. DiislZ] = 53 DilPl. - Disis[Z] = 5o Diglél.  (D.20)

where the right-hand sides are given by the corresponding tensors of sections 2.1 and 2.2 for
the graviton prepotentials.

D.1.4. Reduction of the action. We can now use those formulas to reduce the 6D action (D.8).
This gives

S[(b, P dr d5x ((bijkbijk [P] — Pijleijkl [¢])

=336
1

P N
~5¢ | & dx <¢,-jksk“bfaaD,,cf + gp,-jk,s’f“b [¢]0.D",, [P]) . (D.21)
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This is the action of section 3.4, up to the redefinitions Py = 12v/3 Py, and ¢y = 3V3 Bl
This result was annoucend in [34]° but is made more transparent by using the appropriate
Cotton tensors in 5D.

D.2. The exotic gravitino

The exotic gravitino is a left-handed fermionic 2-form ¥,,,,
\I,,u,u = \Ij[yu], P*\IJ/,J,V = q]uu- (D.22)
It satisfies the generalized Rarita—Schwinger equation
F;wocﬂ'yHaﬁ’y — 0’ (D23)
where H,,,, = 30,¥,,is the field strength of W . It is invariant under the gauge transfor-
mation 6, = 20, )\, -
D.2.1. Prepotential formulation. In [35], it was shown that the equation of motion (D.23) is
equivalent to the self-duality equation H = xH on the field strength, i.e.

1 oT
Hyp = 318umporrH A, (D.24)

supplemented by the purely spatial constraint

I"BCH, ge = 0. (D.25)

Again, this constraint can be solved by the use of prepotentials; one finds that the appropriate
prepotential is an antisymmetric left-handed spinor Xjy, i.e.

Xu = X[I]]» F*XU = Xu, (D26)

just like the spatial components ¥;; themselves. It is determined by ¥;; up to a gauge and
Weyl transformation

0X1y = Oy + T Wy, (D.27)
where the gauge parameters satisfy I'uA; = A; and I',W; = —W} in order to preserve the
chirality condition I', X;; = Xj;. The Einstein, Schouten and Cotton tensors of X are given by

GulX] = ek XM, (D.28)

1
SylX] = — (551“]]” + 61“,,1“’“) G [X], (D.29)
Dy[X] = ek d* S™M[X]. (D.30)

The spatial components Wy, are given in terms of the prepotential by ¥;; = Sj;[X]. The action
for ¥,,,, can then be written as

S[X] = —2i / drdx X}, (D” [X] — %HJKLMG‘KDLM [X]) ) (D.31)

9 The sign discrepancy with respect to the appendix C of that reference comes from the fact that the prepotential Dijk
we use here differs by a sign from the one of [30] (see also footnote 7 on page X0XO0).
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D.2.2. Reduction of the field and gauge transformations. For the dimensional reduction, we
use the form (C.36) of the 6D gamma matrices. In particular, the block-diagonal form of T',
implies that the prepotential X;; only has components in the first block,

Xy = (Xé’) . (D.32)

The field x;; then splits into two parts, X; and X;s. From (D.27), we find their gauge
transformations

OXij = Oty +Yiby.  OXis = 5(35775 + ips + ipi), (D.33)

where 7); and p; are given from the 6D gauge parameters by the block form

A (0
A= (0>, W = (ﬁ;) . (D.34)

Using p;, the field x;s can be set to zero. The residual gauge transformations must satisfy
dxis = 0 to respect this choice; this imposes p; = i(9if)s + vips). The gauge transformations
of X;; are then

N . ... o
dXij = 20[mj + Yiips with 7 = 3 () — i), p =1ips. (D.35)

They have exactly the form (2.30) of the gauge transformations of the prepotential for the SD
gravitino.

D.2.3. Reduction of the curvature tensors. The various curvature tensors of X;; reduce as
follows:

e Einstein:

Gj=0. Gis=—-Glxl. (D.36)
e Schouten:

- . . . |

S = ivuSyxl,  Sis = ESi[X]v (D.37)
e Cotton:

Dy =Dy[X], Dis = iV*"Dy[X]. (D.38)

where the left-hand sides are defined by the block forms

GylX] = (i”), SylX] = (Séf>, DylX] = <D0,,)’ (D.39)

and the right-hand sides are given by the appropriate tensors of section 2.3.
D.2.4. Reduction of the action. Using the above formulas, the action (D.31) reduces to

Si] = —2i / drd' 3} (D[R] — i7" Dy[X]) | (D.40)
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which is exactly the action (4.11) for the gravitino in 5D in the prepotential formalism, up to
the redefinition X;; = %;;/v/2. This result was announced in [35].

D.2.5. Supersymmetry transformations. The sum of actions (D.8) and (D.31) is invariant
under a supersymmetry transformation mixing the exotic graviton and gravitino, written
explicitely in [35]. Direct reduction of that variation does not reproduce the supersymmetry
variations of section 5: this is because the formula written in [35] does not preserve the gauge
condition x;5s = 0 in 5D. However, a pure gauge term may be added to the variation dX;; in 6D
to ensure dX;5 = 0 upon reduction to SD. Once this is done, we recover correctly the formulas
of this paper for the supersymmetry variations of the prepotentials in SD'°.

D.3. The chiral two-form
For completeness, we also review the reduction of the chiral two-form. The field is a two-form

Ay = A[;w]’ whose field strength F,,, = 38[MAVP] satisfies the self-duality equation

F = la FHvP (D.41)
uyp 31 pypoafBy . .

The field strength is invariant under the gauge transformations 6A =20\ -

D.3.1 Quadratic action. The action for this field was first written in [3]; it is expressed in
terms of the spatial components A;; only and reads

N 1 X N ~ ~
S[A] = 3 / dr dx (A,,B”[A] - By [A]B”[A]) , (D.42)
where BY[A] is the magnetic field

A 1 A
B[j [A] = EE[JKLMaKALM. (D43)

D.3.2. Reduction of the field and gauge transformations. The field A 7 reduces to two pieces,
A[J — Aij? Ai5~ (D44)

Their gauge transformations are 521,7 = 20;;\j and §A;s = O:\s. Those are exactly the poten-
tials and gauge transformations of the two-potential formulation of a free Maxwell field in 5D
(see [27] and appendix B.3). We therefore write

Ay =2Z; As=A (D.45)

from now on.

D.3.3. Reduction of the magnetic field. The magnetic field splits as

BylA] = By[A].  BisA] = —B;[Z, (D.46)
where the right-hand sides are given by the 5D magnetic fields defined in appendix B.3.

10 This procedure also allows us to fix the overall constant a; that appears in [35] to o = 31/6: this gives the usual
factors of section 5 for the variation of the 5D metric and gravitino.
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D.3.4. Reduction of the action. The action the becomes

S[A,Z] = % / dr d*x (z;B7[A] — 2A;B'[Z] — B;{A|BY[A] — 2B;(Z]B'(Z]) .
(D.47)

Up to the rescalings A; = A}/ V2, Zj= —Z{j / V/2, this is the two-potential action for a free
vector field.

Appendix E. Gamma matrices

We follow the conventions of [57, 58]. Gamma matrices are defined by

Ay =29, (E.1)

where the flat metric 7),,,, is of ‘mostly plus’ signature, n = diag(— + - - - +). Useful identities
on the spatial gamma matrices are

¥y =5+ 0 E2)
’Yi"}’ijlmj" — (d _ n),yjlmjn (E.3)

1 jk _ sk
i—1 (v = (d = 2)63) " = 6 (E4)
,yij,ykl...k,, _ %jkl...k,l — o 5[[fl,yj]kzmkn] —n(n—1) 5i[j(<1kz,yk3mkn]. (E.5)

(They are of course also valid when the indices are space-time indices, provided 9 is repaced
by i and d by D.) We have the hermiticity properties

(v")F =091, (E.6)
ie. (v°)" = =% and (y')" = 4. In even dimensions D = 2m, we can introduce the chirality
matrix

Yo = (=) yom (E.7)
which satisfies

() =1L {rer} =0 (1)'=7. (E8)
It makes the link between rank r and rank D — r antisymmetric products of gamma matrices,

M1 or (_i)m+l M- 1V1-. . VD—r
Y = —mf Yor.vp—, V= (E.9)

(notice the index ordering). In odd dimensions D = 2m + 1, there is no ~, and the analogue
of this relation is

im+1
= T e (E.10)
We use the convention g2, (p—1) = +1 = —012--(D=1) for the totally antisymmetric € ten-
sor. Using these relations, one can prove the identities
_— _— L
ghhla—ny =" (d — 2) 1977, (E.11)
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0. ijk _ (=)™t Sk da . (E.12)
"= Woda—s s :

where m = |D/2] and where we define 4 to be the chirality matrix -, in even space-time
dimension and the identity matrix in odd space-time dimension,

R « 1fDi
m=|D/2| =[(d+1)/2], 4= {7 ;fD;z z;zn (E.13)

The spatial € tensoris ez, g = +1 = g!2-d and spatial indices are contracted with the spatial
metric ¢;;. With these definitions, equations (E.11) and (E.12) are valid in all dimensions. The
4 matrix satisfies

W'=4 =L A%=CED"" %4 =(1)"4 (E.14)

Using relation (E.11) and its dual, the following identity can also be proved:

. 1 B
Eiria V= 5(—1)‘1 Nd = 1) 8 € iaipg? ™ (E.15)

It is the generalization of equation (C.22) of [35] to arbitrary dimension.
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