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Computational fluid dynamics (CFD) has become a reference tool for the investigation of pollutant emission and
dispersion in urban areas, and for the assessment of the associated risk. In this framework, specific focus is given
to the estimation of the downwind and ground level concentration of air pollutants coming from emission
sources such as vehicular traffic, industrial plants or accidental events. Pollutant dispersion in the Atmospheric
Boundary Layer (ABL) is strongly impacted by the turbulence. This leads to a complex coupled problem, considering the reciprocal influence of the two phenomena. A key role in pollutant dispersion is played by the
turbulent Schmidt number Sct which directly affects the turbulent dispersion coefficient and, consequently, the
concentration field. No universally-accepted formulation for the turbulent Schmidt number exists in the literature, although its impact on the prediction of pollutant dispersion is recognised. Stemming from a brief
review of the existing literature and knowledge on the topic, this paper aims to propose a novel approach for the
optimal determination of Sct , also through the use of uncertainty quantification. The proposed Sct is based on the
local turbulece level, and is validated on different idealized test cases, representative of typical urban configurations.

1. Introduction
In the last decades, the framework of gaseous dispersion in urban
context has witnessed the conception and development of different
modelling methodologies [1,2]. According to Rota and Nano [3], three
main approaches are available: Gaussian, Integral and Computational
Fluid Dynamics (CFD) models. Among them, CFD represents the best
performing solution [3–7].
Focusing on hybrid wind tunnels, Meroney [8] proposed a review of
CFD simulations of micro-scale pollutant dispersion. Similarly, Canepa
[9] re-visioned different approaches for building wake downwash.
In CFD dispersion modelling, the proper definition of turbulent
Schmidt number Sct is imperative [10]. As indicated by Gorlé et al.
[11,12], this term needs to be properly computed as it deeply affects the
concentration field.
However, an assessment of the existing literature on the subjects
still indicates significant uncertainty concerning the correct

∗

specification of Sct .
As for the real nature of the turbulent Schmidt number, Gualtieri
et al. [5] carried out an in-depth review of previous studies on Sct ,
analyzing its available formulations. Considering the data obtained
from a wind tunnel experiment, Koekltzsch [18] confirmed the existence of a correlation between Sct and the altitude inside the boundary
layer. Driven by the evidence of the experiments, other studies focused
on the case of local variability of the Sct [19–21]. Still, no universal
formulation has been proposed, as Sct is varying according to the specific flow nature. Moreover, no conclusing finding about the parameters
controlling its variability was reported. A step forward in this direction
was made by Gorlé et al. [11], who proposed a new formulation for the
turbulent Schmidt number, consisting in computing it locally, depending on Cµ (k
turbulent constant) and on Re (Reynolds number
at the Taylor micro-scale).
Moreover, several studies confirmed that a requirement for reaching
accurate predictions of the concentration field is the correct
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Nomenclature

rh
Re
S
S

Symbol Description

AS
characteristic source area, m2
B
diffusion coefficient
C
proportional time-scale parameter
C0
positive diffusion constant
C1, C2
constant in the k inlet profile
Ck
substance concentration, ppm
Cm
measured tracer concentration, ppm
Cs
source tracer concentration, ppm
Cµ, C 1, C 2,
constants in the k
model
D
molecular diffusivity, m2s 1
D1, D2 , m , n constants in Sct formulation by Reynolds
Dt
turbulent diffusivity, m2s 1
E˜ , E
wall function constants
FS
safety factor
H , W , L building's dimensions, m
k
turbulent kinetic energy, m2s 2
K
dimensionless concentration
Qs
total source flow rate, m3s 1

Sct
TL
U
u*
x , y, z
y˜+ , y+
z0
u, k ,
ε
κ
µt
ν

h

t

ρ

reproduction of the velocity and turbulent quantities [5,11]. Turbulence modelling becomes then a target of focal relevance when dealing
with dispersion phenomena. In this regard, to guarantee more accurate
results for the flow-field, the turbulence approach developed by Parente
et al. [22] and Longo et al. [23] represents a valuable alternative to
standard RANS approaches. It improves the performance of the standard k
model, with the adoption of a homogeneous approach for the
undisturbed flow-field zones, switching to higher order term closures of
the stress-strain relation in the proximity of obstacles. These higher
order closures, labelled as Non-Linear Eddy-Viscosity (NLEV) models,
proved to outperform the ordinary eddy-viscosity closures [23–26],
reproducing more accurately the effects of the streamline curvature and
swirl.
Moreover, the NLEV Cµ formulation strictly depends on the strainrate and vorticity invariants, directly relating this parameter to the local
turbulence level [24,25]. This is an important aspect, considering that
Sct shows a direct relation with the local turbulence level and the flow
characteristics [5,11,12] and that previously proposed formulations
[11,27] directly relate Sct to Cµ .
The present paper is structured as follows: Section 2 introduces the
turbulence models and the boundary conditions adopted in steady,
neutral ABL. Section 3 is centered on the analysis of the relevant dispersion parameters and on the development of a new Sct formulation.
Section 4 introduces the test cases: the CEDVAL A1-5 and B1-1, from
the BLASIUS Wind Tunnel of Hamburg University [28] and the Isolated
Cubic Model from the boundary layer wind tunnel of the University of
Tokyo [29,30] (Fig. 1). Section 5 focuses on the use of Uncertainty
Quantification (UQ) for the identification of an optimal Sct formulation.
Section 6 deals with the results and, finally, Section 7 discusses the
conclusions and the future works.

coarsening ratio
Reynolds at the Taylor micro-scale
strain-rate invariant
sum of squared residuals
molecular Schmidt number
turbulent Schmidt number
Lagrangian time scale, s
mean streamwise wind speed, m s 1
ABL friction velocity, m s 1
stream-wise, width and height coordinates, m
non-dimensional wall distances
aerodynamic roughness length, m
local deviation of turbulent properties
turbulent dissipation rate, m2s 3
von Karman constant
dynamic turbulent viscosity, kg m 1s 1
kinematic molecular viscosity, m2s 1
kinematic turbulent viscosity, m2s 1
vorticity invariant
density, kg m 3

and they are not consistent with the wall treatment.
model has been developed by
For these reasons, a specific k
Parente et al. [22], guaranteeing the reduction of the horizontal inhomogeneity in the profiles, together with the correct representation of
the various roughness elements.
2.1. Undisturbed and disturbed flow-field treatment
The set of inlet conditions for the k
model proposed by Parente
et al. [22] and Balogh et al. [33] replaces the standard ones by Richard
& Hoxey [34], with the addition of proper source terms in the ε
transport equation.
The so-obtained model is referenced as comprehensive approach and
is displayed in Table 1. The values of C1 and C2 are determined through
a fitting with the measured profiles of k [23,35]. This set of inlet
boundary conditions, coupled with a proper wall treatment [22,23,33]
suppresses the onset and progression of the horizontal inhomogeneity,
improving the model accuracy in open-field simulations. The use of the
comprehensive approach has to be limited whenever obstacles are involved. Under these conditions, the adoption of more accurate methodologies is recommended [23]. One possible route to achieve such an
outcome is to refer to Non-Linear Eddy-Viscosity models [24,26]. These
models better catch the streamline curvature and swirl of the flow-field,
through the inclusion of quadratic and cubic terms to the stress-strain
relation, without critically impacting the computational cost. The NLEV
Cµ adopted in this study is the one proposed by Ehrhard and Moussiopoulos [25]:

Cµ = min

1
0.9S1.4 + 0.4

1.4

+ 3.5

, 0.15 ,

(1)

with S and
being the strain-rate and vorticity invariants. In agreement with Longo et al. [23], this formulation proved to be the most
accurate among the available NLEV models.

2. Turbulence modelling
In Reynolds-averaged Navier–Stokes (RANS) modelling, the governing equations are solved in ensemble-averaged form. Amongst the
existing closures, the k
is one of the most popular, thanks to its good
compromise between accuracy and computational cost. One traditional
problem, associated with the implementation of RANS methodologies
in ABL, lies in the selection of the boundary conditions [31,32]. Indeed,
the rise of stream-wise gradients in the vertical profiles of turbulent
quantities is generally observed if the latter are not properly selected

2.1.1. Building influence area
The Building Influence Area (BIA) [22,23,36,37] is an automatically
detected area where the turbulence model is gradually blended from a
formulation appropriate for the undisturbed flow-filed (comprehensive
approach) to one more suitable for disturbed flow regions (NLEV
models). To attain this goal a local deviation from the undisturbed ABL
conditions is introduced. This is based on relevant turbulence properties
337
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Fig. 1. Cedval A1-5 single building (a–b), B1-1 array of buildings (c–d) and isolated cubic obstacle (e–f) test cases. The Subfigures b-d-f display a zoomed view of the
source buildings and the pollutant emitting sources (red squares/rectangles) from a downwind perspective. It is possible to notice four sources on the leeward side of
the emitting buildings for the test cases A1-5/B1-1 and one source downwind in the wall for the isolated cubic building. (For interpretation of the references to colour
in this figure legend, the reader is referred to the Web version of this article.)

specific wall function constant:

Table 1
Set of inlet conditions and turbulence variables for the “comprehensive approach” [23].
Intet Conditions

U=

u*
ln

( )
z + z0
z0

k (z ) = C1 ln (z + z 0) + C2
(z ) =

u*3
(z + z 0)

Up

Turbulence model

µt = Cµ
S (z ) =
Cµ =

(C 2

1

˜ ˜+),
ln (Ey

(2)

Depending on the wall characteristics, ỹ + and Ẽ take different
forms. For smooth walls, E and y+ are retrieved:

k2
u*4
(z + z 0 )2

=

u*

C 1) Cµ
2

E˜ = E

y˜+ = y +

1

u*4
k2

(3)

Table 2
BIA metric for the pure blending, based on the local deviation of velocity or
turbulent kinetic energy, and hybrid blending, stemming from a proper combination of the pure blending approaches. The blending configuration employed in this study is the hybrid one, as it was found to deliver the most accurate predictions of velocity and turbulence quantities [23]. Further
information about the BIA can be found in the supplementary material.

[23,33,36,38], as briefly expressed in Table 2.
Further information about the BIA can be found in Longo et al. [23].
2.2. Wall functions

Pure blending

The wall treatment employed in this study is the one proposed by
Parente et al. [22,38,39]. Briefly, the approach preserves the universal
form of the law of the wall and it is extended to rough wall case through
the introduction of a generalised non-dimensional wall distance and a

Hybrid blending

V
u

338

TKE

= min

u

uABL
uABL

,1

k

= min

k

kABL
kABL

,1

V & TKE
h = max [ u,

k]
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while for rough walls:

y˜+ =

u * (z + z 0 )

E˜ =

z0 u*

.

turbulence variables.
One interesting approach to improve the Sct based on the solution
obtained for the flow-field, was proposed by Gorlé et al. [11]. Referring
to Oesterlé [41] and considering the hypothesis of homogeneous, isotropic and stationary turbulence, the turbulent diffusion coefficient can
be expressed as:

(4)

The non-dimensional distance, ỹ +, is a y+ shifted by the aerodynamic roughness, while the new wall function constant, Ẽ , varies
according to the local surface roughness. The friction velocity u * is
computed locally as u * = Cµ0.25 k 0.5.

When considering a constant property flow, the general equation for
the transport of the scalar Ck (substance concentration) is expressed by:

+ Ck 0,

(5)

TL

with D being the molecular diffusivity. Ck0 is a potential source term. In
the RANS framework, this transport equation can be reformulated according to the Reynolds averaging. Through this operation a scalar flux
term emerges, namely u i C k . Considering the Standard Gradient
Diffusion Hypothesis (SGDH) it is possible to assume the turbulent
transport of the scalar in the direction of the mean scalar gradient
[5,11]. Consequently, introducing the turbulent diffusivity Dt , the
scalar flux term can be expressed as:

ui Ck =

Dt

Ck
xi

xi

ui Ck

(6)

= Ck 0.

Sct =

t

Sct

(7)

(8)

analogously to the molecular diffusion coefficient, defined as:

D=

Sc

k

(11)

2Cµ
(12)

C0 C 2

From equation (15) it is evident that the turbulent Schmidt number
is now directly related to Cµ , a relevant turbulence parameter.
Moreover, the Cµ employed in the present study depends both on the
distance from the wall and the strain-rate/vorticity invariants [22,23],
accounting for the position within the flow and the local turbulence
intensity. This is clear from Table 1, where Cµ depends on k, directly
related to the height z. The strong dependence on S and can be easily
located in the NLEV Cµ (formulation 1) employed inside the BIA. As
previously stated, the coefficients C0 and C are very uncertain. For this
reason the use of uncertainty quantification (UQ) can be particularly
attractive to improve the current state of knowledge concerning the
definition of this parameter.

Where the turbulent diffusivity is defined as:

Dt =

C

where C is a relevant proportional time-scale parameter. However, on
the real value of the C coefficient there is still a great deal of uncertainty
and its acceptable numerical values range between C = 0.135 and
C 0.6. An analogous uncertainty concerns the C0 parameter from relation 10, whose admissible values are within C0 = 2 and C0 = 7.
Substituting relation 11 into 10 and combining the resulting equation with 8 and with the turbulent kinematic viscosity relation
2
t = Cµ k / , the turbulent Schmidt number is finally calculated as:

Under the steady state hypothesis, the following mean conservation
equation is obtained:

C
(D + Dt ) k
xi

(10)

where B is a parameter linked to the rate of averaged dissipation and C0
is a positive constant. This formulation is a direct consequence of the
Langevin equation for homogeneous and isotropic turbulence, assuming Brownian motion. As stated by Oesterlé [41], a generic correlation for expressing the Lagrangian time scale TL and accounting for its
dependence on k and ε, is:

3. Dispersion modelling

C
Ck
(ui Ck ) =
+
D k
t
xi
xi
xi

1 2 2
1
B TL = C0 TL2
2
2

Dt =

(9)

Analysing relations 8 and 9, it becomes evident that Sct is a property
of the turbulent flow, while is a property belonging to the fluid and to
the substance being diffused. The value of Sct significantly influences
the results of dispersion simulations [5,11,15] and it is not easily related to any independent criteria. A large variability of “optimal” values
is found in literature.
Some studies [13–15] showed that an improvement of the concentration field can be obtained through a reduction of the turbulent
Schmidt number from 0.7 to 0.4. Tominaga and Stathopoulos [16] indicated as admissible values of Sct the wide range of 0.2 1.3 and that,
generally, the smaller the Sct the better the results [17].
However, the choice of a constant value for the turbulent Schmidt
number implies partially neglecting the relation between turbulence
and dispersion phenomena. In fact, a recurring behaviour of Sct can be
traced from experimental measurements, showing its strong dependence on a number of turbulence quantities and consequently supporting the evidence of a locally variable Sct .
Reynolds [19] analyzed the dependency of Sct on a number of
physical properties and turbulence parameters and summarized these
observations in the following formulation: Sct = D1 exp [ D2 Sc m ( t / )n].
This correlation accounts for the most significant dependencies detected in his measurements but relies on a number of empirical constants, whose determination is not straightforward. Different methodologies have been developed to estimate Sct locally. Table 3 includes
some of them. Most of the aforementioned dependencies are recurring
in these formulations, showing the attempt to correlate Sct to typical

4. Computational method and boundary conditions
Considering the complexity of the dispersion phenomena in urban
context, many CFD studies on micro-scale pollutant dispersion have
focused on three idealized configurations: the isolated building, the
isolated street canyon and the array of buildings [15,42,43]. Even if
these configurations are a simplification of reality, the resulting flow
and the dispersion processes are considerably complex, involving most
of the relevant features that characterize the urban environment [44].
As a consequence, the availability of experimental wind tunnel data is
crucial for testing and validating the employed CFD methodologies
Table 3
Some of the most relevant turbulent Schmidt formulations.
Author
Reynolds [19]
Rosén et al. [40]

Sct = C1 exp
Sct =

C2 Sc m

C1 , C2 , m, n

( )
t

n

1/2 / 2)]
exp ( Rem
0.001 242Sc 0.112

Rem = 10

9
8

C0 =

Sct = Cµ C0

Shi et al. [20]

Sct = h (t ) =

Sct =

Parameters

0.0014[1

Gorlé et al. [11]

Present work
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Formulation

2Cµ
C0 C2

0

+

1t

+

2t

2

+…

i

3 (Re

3000)

C0
1 + 7.5C02 Re 1.64

model coefficients

C, C0
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[45].
The current Section is meant to introduce the test-cases selected,
shown in Fig. 2. The first one is the Cedval A1-5 single building from
the BLASIUS Wind Tunnel of Hamburg University [28]. The abundance
of experimental data available for this case allowed to carry out an
uncertainty quantification study aimed at the optimal determination of
the C0 and C coefficients in the Sct formulation. The resulting optimal
formulation was then validated on two additional cases, the Cedval B11 array of building and the isolated cubic model from the institute of
Industrial Science of the University of Tokyo [29,30].
Simulations were performed with ANSYS Fluent 19.0. The steady,
3D, double precision, pressure based solver was used with second order
schemes for momentum, turbulence quantities and concentration. The
coupled algorithm was selected for pressure-velocity coupling. A
transport equation approach was used for the dispersion study, focusing
on a toxic pollutant, sulfur dioxide, and a flammable one, methane.
Further information on these two pollutants is provided in the supplementary material.
For all test cases analyzed, the inlet conditions for the main turbulence quantities were specified according to Table 1, namely with a
logarithmic profile for the incoming wind velocity and turbulent kinetic
energy.
Velocity and turbulence fields were already validated in Longo et al.
[23] and the best performing model was selected for the present study.
Its corresponding results can be found in the supplementary material.

after a grid sensitivity analysis [23]. Boundary conditions were set
analogously to the A1-5 case study, as well as z 0 , u * , C1 and C2 .
4.3. Isolated cubic building model
An additional test case was selected to validate the pollutant dispersion approach based on the A1-5 case, the cubic building model
from the Institute of Industrial Science in the University of Tokyo [29]
(Fig. 2 (b)). This is a significant validation case for two main reasons.
First, the pollutant is not dispersed from the leeward facade of the
building but from a source term placed downwind in the wall. Moreover, the flow conditions are drastically different in respect to the
CEDVAL case, with significantly lower velocities. The origin of the
coordinate system is placed at the center of the bottom face of the
building. The side of the cubic building is H = 0.2m while the squareshaped gas source, placed 0.1m downstream the building leeward

4.1. Cedval A1-5 single building
The Cedval A1-5 is a 1: 200 scaled rectangular single building, as
shown in Figure (a) 2. The building's dimensions are: length L = 0.1m ,
width W = 0.15m and height H = 0.125m . Four pollutant source elements are located on the leeward side of the obstacle. The origin of the
coordinate system is set at the center of the bottom face of the building.
The z-axis points upwards while the x-axis points downstream. The
domain inlet is set 1m upstream of the centroid of the building while the
outlet is located 3m downstream (according to the guidelines [46,47]).
The width and height of the domain are 0.75m and 1m , respectively.
Considering the symmetry with respect to the plane y = 0m , only half
of the domain was simulated. A structured mesh consisting of approximately 2.4 million hexahedral cells was used.
A grid independence study was carried out and documented in Refs.
[22,23]. Concerning the boundary conditions, the tunnel sides and the
ground-mounted building were modelled as stationary smooth walls,
while the tunnel ground as a rough wall. The domain outlet was treated
as a pressure outlet condition. Also the tunnel top was modelled as
velocity inlet. As for the pollutant dispersion, a fixed velocity of
U = 0.024 [m/s] was imposed at the 4 source elements with a characteristic source area As = 0.00046m2 . The roughness length and friction velocity were specified equal to 0.0007m and 0.3777m / s respectively, while C1 and C2 from the k profile were set equal to 0.038 and
0.5155.
4.2. Cedval B1-1 array of building
According to Dai et al. [48], there is still a lack of dispersion CFD
studies focused on building arrays, even if the resulting flow and concentration fields are of great interest. An array of obstacles was analyzed to validate the Sct formulation developed based on the Cedval A15 case. As shown in Fig. 2 (b), the B1-1 displays an array of 3 × 7
obstacles, each of which has the same dimensions of the A1-5 building.
The origin of the Cartesian coordinate system is set at the center of the
bottom face of the blue building. The computational domain extends for
6.3m , 1.5m and 1m in the x, y and z directions. The inlet boundary is set
1m upstream of the first array of buildings, whereas the outlet is located
4m downstream of the last array of buildings. A structured mesh consisting of approximately 3.5 million hexahedral cells was generated,

Fig. 2. Test cases under study, including the profile lines taken into consideration (white and black for the vertical and horizontal profiles respectively)
for concentration measurements: (a) Cedval A1-5 [23] (the red line represents
the intersection of the ground with the symmetry plane). (b) Cedval B1-1. (c)
Isolated cubic building. (For interpretation of the references to colour in this
figure legend, the reader is referred to the Web version of this article.)
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Fig. 3. Extent of the “cloud” of monitors adopted for the uncertainty quantification study for the Cedval A1-5 test-case. The data are spread on top and
around the building, with a peak of profiles in the downwind regions.

Fig. 4. Response surface of the sum of squared residuals (S) with respect to
parameters C0 and C. The black dots represents the sample points form the DoE
which were used to create the response surface.
Fig. 6. Comparison of experimental and numerical predictions of non-dimensional concentration for the A1-5 test case at different vertical locations, in the
symmetry plane (a–e) and in the y = 0.06m plane (f), as displayed in Fig. 2 (a).
The models used are: the standard k
with Sct = 0.4 (green dashed line), the
ABL turbulence model with the Sct by Gorlé et al. [11] (light blue dotted line)
and the ABL turbulence model coupled to the proposed variable Sct formulation
(red dashed line). (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)

0.0016 and 0.0018. A
respectively. C1 and C2 were set equal to
structured mesh consisting of 2.6 million hexahedral cells was used.
Analogously to the previous test cases, a grid sensitivity analysis was
carried out, building one additional grid, consisting of 1.7 million cells
(coarsening ratio rh = 1.17 ). When comparing two meshes instead of
one, a more conservative safety factor, namely FS = 3, is advised
[49–51]. This higher factor is conservative of the actual errors. A grid
convergence index of 1% was determined both for velocity and turbulent kinetic energy, with respect to the finest grid.

Fig. 5. Scattering of the concentrations at x = 0.3m vertical location, in the Sct
range 0.1 − 1.3, resulting from the analyzed C and C0 combinations. The Figure
gives a clear idea of the relevant role played by the Sct on the concentration
field.

5. Uncertainty quantification study for the relevant dispersion
parameters on the A1-5 case study

facade, has a side length equal to 0.025H . The dimensions of the computational domain are 4.2m , 1.94m and 1.08m in the x, y and z directions. The inlet is set 1m upstream of the cubic building and the outlet is
located 3m downstream of the leeward side. The vertical source speed is
WS = 0.5UH with UH = 0.4m / s while the characteristic source area is
As = 0.000025m2 . z 0 and u * were specified equal to 0.0004m and 0.03m / s

The present Section presents a methodology for the determination
of an optimal combination of the Sct parameters C0 and C introduced in
Section 3. The proposed approach is based on the exploration of the
uncertainty range for C0 and C, its effect on the Sct and concentration
341
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Fig. 7. Comparison of experimental and numerical predictions of non-dimensional concentration for the A1-5 test case at different horizontal locations,
along the y direction (a–b) and in the x one (d), as shown in Fig. 2 (a). The
with Sct = 0.4 (green dashed line), the ABL
models used are: the standard k
turbulence model with the Sct by Gorlé et al. [11] (light blue dotted line) and
the ABL turbulence model coupled to the proposed variable Sct formulation (red
dashed line). (For interpretation of the references to colour in this figure legend,
the reader is referred to the Web version of this article.)

field and the definition of a least square point with respect to the
available experimental data. This study is carried out on the Cedval A15 single building test-case (Fig. 1 (a)) and subsequently validated on
two cases, the Cedval B1-1 array of building and the cubic building
(Fig. 1(b and c)).
Uncertainty quantification can be effectively used to quantify and
reduce uncertainties in numerical simulations [52]. This work combines a forward Uncertainty Quantification (UQ) study to quantify the
effect of C0 and C on the Sct variability, and the resolution of an inverse
problem for the optimal determination of C0 and C. The latter is formulated in terms of a cumulative error functions, measuring the discrepancy between numerical predictions and measurements (Fig. 3) of
concentrations.
Concentration data are available at nearly 1200 points that define
the planes y = 0m , y = 0.06m , y = 0.076m , z = 0.01m , z = 0.035m and
x = 0.051m , predominantly spread in the downwind region. As specified by the CEDVAL guidelines [28], measured concentrations are expressed as dimensionless K-values.

(
K=

Cm
U
Cs ref

H2

)

Fig. 8. Comparison of experimental and numerical predictions of non-dimensional concentration for the A1-5 test case at different vertical locations, in the
symmetry plane (a–e) and in the y = 0.06m plane (f), as shown by the white
lines in Fig. 2 (a). The models used are: the ABL turbulence model coupled to
the proposed variable Sct formulation (red dashed line) and the ABL turbulence
model with a constant Sct = 0.04 (dark blue circle). (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web
version of this article.)

systematic methodology to determine the relationship between factors
that are hypothesized to influence a process and the output of the same
process. A full DoE was designed (Pavelic and Saxena [53]), considering
6 levels for each parameter: C0 between 2 and 7 with steps of size 1, and
C between 0.1 and 0.6 with steps of size 0.1. This resulted in 62 = 36
possible designs. Only the 26 designs leading to a Sct in the range
0.1 1.3 were retained and used to run CFD simulations using the approach described in Section 2.
For each of the 26 simulations, the deviation between the prediction
and experimental values of the non-dimensional concentration, K, was
evaluated and a sum of squared residuals was computed for each
parameter combination as:

(13)

Qs

with:

• C : measured tracer concentration in ppm
• C : source tracer concentration in ppm
• U : reference wind speed in m/s measured at H
• H: model building height H = 0.125m
• Q : total source strength/source flow rate in m /s
m

s

ref

s

ref

= 0.66m

3

The reliability/resolution of the dimensionless concentration data
was estimated as equal to 0.018 [28].
Primarily, a set of simulations was performed, changing C0 and C
according to a Design of Experiments (DoE) sampling procedure and
considering the uncertainty ranges reported in the literature for C0
(2 7 ) and C (0.135 0.6 ). Combinations of C0 and C leading to Sct
values below 0.1 and above 1.3 were discarded. DoE consists in a

S=

(K exp, n
n

Ksim, n)2

(14)

where S is the sum of the squared residuals, K exp, n is the experimental
dimensionless concentration value in point n and Ksim, n is the corresponding simulated value. These S-values were then used to generate a
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Response Surface (RS), to relate the sum of squared residuals and the
different combinations of C0 and C. The RS was built using the Matlab
toolbox ooDACE [54,55], which implements Kriging interpolation. The
resulting response surface can be visualised in Fig. 4.
The RS provides a surrogate model that can be used to explore, at a
lower computational cost, a large number of parameter combinations
and find an optimum [56]. Different combinations of C0 and C were
explored to find the optimal set leading to the minimum value of S. The
optimum was found for C0 = 2 and C = 0.35.
The resulting C0 and C, together with Cµ varying according to the
local turbulence level, complete the set of variables employed in the
new Sct formulation:

Sct =

at six different vertical locations along the x axis in the symmetry plane
(a-e) and in the y = 0.06m plane (f). The first set of models tested
includes the standard k
coupled with a constant Sct = 0.4 , the ABL
turbulence model discussed in Section 2 coupled with the variable Sct
formulation by Gorlé et al. [11] and the ABL turbulence model coupled
with the current Sct formulation, based on the optimal values of C0 and
C discussed in Section 5.
As a general remark, the standard k
model coupled with constant Sct = 0.4 underestimates the concentration field in all the locations of the domain. This erroneous behaviour is magnified in the
proximity of the pollutant sources and it is kept when moving downwind (green dashed line in Fig. 6 (d-e-f)). When switching to the ABL
turbulence treatment, the velocity and the turbulence properties prediction is improved (as demonstrated by Longo et al. [23]). Coupling
the ABL turbulence model with the Sct by Gorlé et al. [11] permits
limiting the underestimation of the concentration in respect to the
standard k
model. This is due both to the increased accuracy in
reproducing the velocity field and to the variable Sct number distribution. The turbulent Schimdt number formulation proposed in this study
is shown with the red dashed line. The under-prediction is further reduced in all domain, and a general better match between the experiments and the numerical results is observed at all downwind locations
(Fig. 6 (c-d-e)). The profile at y = 0.06m (Fig. 6 (f)) indicates a slightly
overestimated concentration close to the wall (average deviation equal
to 8% ). This could be linked to the misrepresentation of the velocity
field at this location by the RANS modelling approach [23]. However,
this is rapidly damped down when moving at higher z locations.
As for the horizontal distribution of the concentration, Fig. 7 displays the dimensionless concentration at three different locations, as
shown by the black lines in Fig. 2 (a). These profiles confirm the higher
accuracy of the variable Sct formulations in respect to the standard
methodology. The proposed variable approach leads to improved predictions especially at x = 0.4 and z = 0.5, as indicated in Fig. 7 (b,c).
To estimate the improvement associated uniquely to the variable Sct
formulation, the variable and constant Sct are compared, keeping the
same ABL turbulence model. For the constant Sct approach, a value of
0.4 is chosen for Sct . The dimensionless concentration profiles are
shown in Fig. 8.
It is possible to observe that the ABL turbulence model coupled to
the constant Sct still shows non-negligible inaccuracy throughout the

2Cµ
C0 C 2

(15)

To further demonstrate the relevance of the turbulent Schmidt
number on the prediction of the concentration field, Fig. 5 shows the
scattering of the concentration outcomes at one vertical location of the
domain varying the C C0 (and consequently Sct ) values. The improvement obtained using the optimum set of parameters is shown by
the red dashed line.
6. Results and discussion
Given the dimensionless nature of the concentration data and the
low mole fraction ( x i = 0.005) specified at the source inlet, the released
pollutant mixture can be considered neutral with air, leading to analogous results for SO2 and CH4. The average relative difference of
concentration is lower than 0.5% , therefore the dimensionless results are
shown just for sulfur dioxide.
Supporting information, including contour plots and profiles of dimensionless concentration can be found in the supplementary material.
6.1. Verification on the Cedval A1-5 single building
For the A1-5 test-case, concentration data are extracted from 6
vertical locations, as shown in Fig. 2 (a).
6.1.1. Comparison of the results for the concentration field
Fig. 6 shows the dimensionless concentration K measurements taken

Fig. 9. Contour plots of variable turbulent Schmidt number for the Cedaval A1-5 test case in the horizontal plane z = 0.035m (a), in the vertical plane y = 0m (b).
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ones by Craft [24] and Lien [26]. No major differences in the results
were observed, with an average relative difference of the concentration
values lower than 5% with respect to the NLEV closure by Ehrhard and
Moussiopoulos [25]. This confirms the robustness of the proposed Sct
formulation and is briefly shown in the supplementary material.
6.2. Validation on the Cedval B1-1 array of buildings
In the current Section, the variable turbulent Schmidt formulation is
assessed on the B1-1 test case. Referring to the CEDVAL documentation
[28], special attention is drawn on the effects of the highly intermittent
behaviour of the flow and concentration fields for this test case, especially in reference to the absence of steady recirculation areas. As a
consequence, long averaging times were required to assure a repeatability of the tests better than 5% both for the flow and concentration
fields.
As a general remark, the experimental concentration profiles for the
B1-1 test case are less abundant than in the case of the A1-5. Data are
available around the source building (the blue building in Fig. 2 (b)) on
one horizontal plane, at 7.5mm from the ground.
No information is available for concentration at other locations or in
vertical planes. Still, such a case is very significant to assess the validity
of the proposed approach in a more complex configuration.
6.2.1. Comparison of the results for the concentration field
Fig. 10 shows the results obtained for the array of building, at 6
different horizontal locations.
As done for the A1-5 test case, the optimum Sct formulation is
compared to the standard k
model coupled to a constant Sct = 0.4 ,
and to the formulation proposed by Gorlé et al. [11].
Once again, the trend of the standard k
model (green dashed
lines) is that of underestimating the concentration field in almost all the
considered locations. The proposed Sct formulation (red dashed line)
and the one developed by Gorlé et al. [11] (light blue dotted line)
coupled to the ABL turbulence modelling provide a more accurate
prediction of the experiments. The proposed Sct formulation enhances
the accuracy of the results with respect to the standard k
model,
while minor differences can be observed with the formulation by Gorlé
et al. [11]. For the present case, the model overestimates the concentration field at x = 0.02m and x = 0.03m , as soon as getting away
from the source building, with an average deviation of 7% and 14%
respectively. A similar overestimation is witnessed at x = 0.055m , in the
locations close to the source building, (Fig. 10 (b-c-f)).
Fig. 11 shows the contour plots at different planes of the variable
Sct . As discussed for the single building, Sct is ranging according to the
local turbulence level, directly depending on the Cµ number, showing
steep variations around the perturbed areas, close to the groundmounted buildings.

Fig. 10. Comparison of experimental and numerical predictions of non-dimensional concentration for the B1-1 test case at different horizontal axial locations (a–f) (Fig. 2 (b)), using the standard k
with Sct = 0.4 (green dashed
line), the ABL turbulence model with Sct by Gorlé et al. [11] (light blue dotted
line) and the ABL turbulence model coupled to the proposed variable Sct formulation (red dashed line). (For interpretation of the references to colour in this
figure legend, the reader is referred to the Web version of this article.)

considered locations, resulting in a relevant under-prediction (up to
57%) of the concentration levels with respect to the variable Sct formulation Fig. 8(b–f). However, a certain discrepancy between results
and experiments is still visible at some locations. In the wake region,
close to the wall and to the source terms, the concentration is still
underestimated. This is probably due to the slight under-prediction of
velocity magnitude at these locations, related to the intrinsic limitations
of RANS turbulence modelling [23].
To appreciate the local dependency of Sct , Fig. 9 displays its distribution on the horizontal plane z = 0.035m , and the vertical plane
y = 0m . The Sct values change according to the location in the domain
and the local turbulence intensity, following its dependence on turbulence parameters such as the local Cµ . This is especially evident in the
vicinity of the building and in the wake, where the flow-field is strongly
disturbed.
Finally, the proposed turbulent Schmidt number formulation was
tested against two additional NLEV turbulence models for the BIA, the

6.3. Validation on the isolated cubic building
Finally, the variable Sct formulation is tested on the cubic model
from the institute of Industrial Science of the University of Tokyo [29].
This configuration differs from the CEDVAL A1-5 case, for the geometry
of the release and the turbulence level. Data are extracted from 3 vertical profiles on the symmetry plane and 3 horizontal profiles at
z = 10cm , as shown in Fig. 2 (c).
6.3.1. Comparison of the results for the concentration field
Fig. 12 displays the results obtained for the cubic single building.
Once again the proposed Sct is compared to the standard k
model
with Sct = 0.4 and to the formulation proposed by Gorlé et al. [11].
The standard k
model with the constant Sct under-estimates the
concentration field all over the domain. The under-predicting behaviour becomes more evident when approaching the downwind locations.
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Fig. 11. Contour plots of variable turbulent Schmidt number for the Cedaval B1-1 test case in the horizontal z = 0.035m plane (a) and in the vertical y = 0m plane
(b).

This trend further advises against the employment of the standard
model especially when studying the last, downwind phase of pollutant
dispersion.
A similar underestimation is witnessed with the variable formulation proposed by Gorlé et al. [11] coupled to the improved turbulence
model, with a slight worsening of the prediction at x = 0.3m (Fig. 12
(b)).
The proposed turbulent Schmidt number formulation ensures a
good agreement between predictions and experiments at all locations,
and particularly downwind, with slight discrepancies at locations (d-e)
in Fig. 12 (average deviation of 8% and 5% ). These results indicate that
the optimal coefficients C0 and C, appearing in the definition of Sct ,
determined from the UQ study on the CEDVAL A1-5 case, can be applied to cases differing in terms of geometry (of obstacles and pollutant
sources) and flow-field.

generated, to determine an optimal combination of C0 and C leading to
the minimum sum of squared residuals between predictions and experiments. The optimal combination of the parameters C0 and C was
determined based on the CEDVAL A1-5 case and tested on two additional configurations, the CEDVAL B1-1 case and the isolated single
building from the institute of Industrial Science of the University of
Tokyo. Results indicate that the proposed Sct formulation can determine an improvement of pollutant concentration prediction, suggesting the potential of a locally variable approach.
The new Sct relates the turbulence and concentration fields through
Cµ , a relevant turbulent variable. In particular, the Cµ employed in this
study varies according to the location and it depends on the strain-rate
and vorticity invariants. These are two relevant flow-field parameters,
indicative of the local turbulence level. Considering that the variable Sct
depends on turbulent quantities and on stochastic variables (Langevin
equation), this approach can be potentially applied to different environmental flows and to more heterogeneous urban landscapes.
As for the range of the Sct , the present work confirms that its optimum values vary in the range 0.3 1.2 , and that the availability of
approaches able to locally identify the most suited Sct value are of
crucial importance.
Future work will investigate the applicability of the variable Sct
formulation to more complex cases, considering also real scale urban
districts and non-neutral atmospheric classes. Efforts will focus on the
further generalization of the turbulent Schmidt number formulation to
other turbulence models. Finally, the implementation of the present Sct
in the context of Detached Eddy Simulations and Large Eddy
Simulations will be investigated.

7. Conclusions
The present study stems from the consideration that accurate prediction of pollutant dispersion phenomena requires modelling accounting for the strong interaction between the turbulence and the
concentration fields. These relations become even more relevant when
complex geometries are involved and they can be parametrised by the
turbulent Schmidt number. Sct can be defined both for RANS and Large
Eddy Simulation using the gradient diffusion hypothesis.
A new variable Sct formulation was proposed in the present work,
based on Uncertainty Quantification study focused on two parameters
appearing in the definition of the turbulent Schmidt number. Based on
the uncertainty range reported in the literature for C0 and C, a full
Design of Experiments was carried out and a Response Surface was
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