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Abstract

Simulated Annealing (SA) is one of the oldest metaheuristics and has been adapted to solve many
combinatorial optimization problems. Over the years, many authors have proposed both general
and problem-specific improvements and variants of SA. We propose to accumulate this knowledge
into automatically configurable, algorithmic frameworks so that for new applications that wealth of
alternative algorithmic components is directly available for the algorithm designer without further
manual intervention. Here, we describe SA as an ensemble of algorithmic components, and describe
SA variants from the literature within these components. We show the advantages of our proposal
by (i) implementing existing algorithmic components of variants of SA, (ii) studying SA algorithms
proposed in the literature, (iii) improving SA performance by automatically designing new state-of-
the-art SA implementations and (iv) studying the role and impact of the algorithmic components
based on experimental data. Our experiments consider three common combinatorial optimization
problems, the quadratic assignment problem and two variants of the permutation flow shop problem.

1. Introduction

Metaheuristics are a method of choice when dealing with computationally hard problems from a
wide range of application areas [1, 2]. They can be described as problem-independent general rules
to follow to derive effective heuristic optimization algorithms. The field of metaheuristics has a long
and often successful history that can be traced back to the 1960s and 1970s with the first proposals
of evolutionary computation techniques [3, 4, 5, 6] or ideas related to search intensification and
diversification [7] that later lead to tabu search or scatter search. Despite the successes, a critical
review of the history of the field given in [10] argues that “It is not an exaggeration to claim that
the field of (meta)heuristics [...] has yet to reach a mature state”. One reason can be summarized
as a focus on competition rather than on knowledge, with unfortunate side-effects such as the
proliferation of dubiously novel methods, generally based on natural metaphors [11] and “high” or
“promising” performance claims sometimes backed with poor scientific practices (see e.g. [12, 13])
and lacking insights on how and why such methods work.

The main objective of this work is to propose an alternative way of addressing such issues. In-
stead of proposing yet another metaheuristic, we aim at exploiting the enormous body of knowledge
available in specific metaheuristics and identifying the basic ideas that are available for the design
of new variants of the known metaheuristics. For this purpose, we see a metaheuristic algorithm
not as a monolithic procedure that is proposed as one block, but as being composed of a set of
algorithmic components for each of which a number of different alternative instantiations exist. In
other words, we take a component-based view of metaheuristics and we collect many options avail-
able in the literature into an algorithmic framework, classifying them according to their purpose
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for the metaheuristic under concern. From this point of view, algorithm design turns into the task
of choosing the right set of basic component from the framework.

To make these ideas concrete, we build a framework for Simulated Annealing (SA), which is
one of the oldest and most studied metaheuristics. In fact, at the time of writing this article,
the Scopus bibliographic database indexes more than 6 000 articles with the keyword “Simulated
Annealing” in the title, a number that increases to 30 000 if we expand the search to abstracts and
keywords. SA also has shown to result in high-performing heuristics for many problems [14, 15].
Over the years, authors have proposed many variants of SA for different problems, offering by now
a large number of implementation choices to be taken by an algorithm designer who would like
to use SA. We build this framework by taking a component-wise perspective on the design of SA
algorithms. We classify the algorithmic components (including alternative algorithm options and
numerical parameters) we extract from proposed variants of SA algorithms according to their usage
and alternative choices are offered for each main class of components.

From the point of view of algorithm configuration, each component can be seen as a categorical
parameter, whose values are the various options provided in the framework; each of these compo-
nents may have associated additional numerical parameters. By choosing the right options and the
respective numerical parameters, one can re-instantiate existing algorithms; by choosing different
options, instead, it is possible to build new variants. This point of view allows to exploit the re-
cent developments in automatic algorithm configuration techniques, which, given a set of training
instances of the problem to be solved, search without manual algorithm designer interaction for
the best parameter settings using computer experiments [16]. This task of automated algorithm
configuration is supported by recent tools such as ParamILS [17], SMAC [18], or irace [19]. In this
perspective, our work follows other proposals for the generation of automatically configurable algo-
rithm frameworks such as Satenstein, a framework for local search algorithms for the satisfiability
problem in propositional logic [20, 21], frameworks for multi-objective ACO algorithms [22], ACO
algorithms for continuous optimization [23], or multi-objective evolutionary algorithms [24].

This automated process offers at least four advantages. First, it avoids the often applied manual
trial-and-error process, which is time-consuming and biased by the personal experience of the
algorithm developper. Second, in the framework typically many more algorithm components are
made available than even an experienced developer of metaheuristic algorithms may be aware of
due to the vast literature. Third, it allows to configure algorithms for a specific computational
environment or application context in a transparent (and reproducible) way. Fourth, the data
generated during the algorithm configuration process may be further analyzed and so insight into
the importance of specific algorithm components can be obtained these data. We experimentally
show the advantages of our approach studying SA algorithms for three well-known combinatorial
optimization problems, the the quadratic assignment problem (QAP) and the permutation flow-
shop scheduling problem (PFSP) under the makespan and total completion time objectives.

The paper is structured as follows. In the next section we review SA, and, in Section 3, we
describe its component-based formulation and the set of components we have implemented. Section
4 describes the methodology and the experimental setup for the experiments reported in Sections
5 and 6. Additional analysis in given in Section 7 and we conclude in Section 8. Supplementary
material for this work is available at [25].

2. Simulated Annealing

In a nutshell, SA is a stochastic local search algorithm that, starting from some initial solu-
tion, iteratively explores the neighbourhood of the current solution. It always accepts improving
solutions and worsening solutions probabilistically in dependence of the amount of deterioration
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and a parameter called temperature. SA is inspired by the work of Metropolis et al. [26], who
proposed a Monte Carlo integration for solving equations of state of physical systems composed
of particles in statistical mechanics. At high temperatures, the particles are rather free to move,
and the structure is subject to substantial changes. The temperature decreses over time, and so
does the probability for a particle to move, until the system reaches a state of lowest energy, its
ground state. Kirkpatrick and co-authors [27], and independently Černy [28], turned these ideas
into a heuristic method for tackling combinatorial optimization problems. The physical tempera-
ture is translated into a “temperature” parameter, the state of the physical system corresponds to
a candidate solution, the ground state corresponds to the globally optimal solution, and a change
of state corresponds to a move to a neighbouring candidate solution.

Let us first introduce the formal notation used in the remainder of this work. Let s ∈ S be a
candidate solution in the set S of all possible candidate solutions and f : S → R be the objective
function; thus, f(s) is the objective function value of candidate solution s. An optimal solution
s∗ is a candidate solution for which holds f(s∗) ≤ f(s) ∀s ∈ S. With N (s) we denote the
neighbourhood of s. ∆(s, s′) is the objective function difference of two candidate solutions s and
s

′ ; we will also refer with ∆i,j to the difference f(sj) − f(si) of objective function values of two
candidate solutions in two different instants i and j for brevity. We denote the temperature as
T ; T0 and Tf are, respectively, the initial and final temperature, while Ti is the temperature at a
generic instant i. Without loss of generality, we assume the objective function to be minimized.

The distinguishing characteristic of SA at its inception was the possibility of probabilistically
accepting worsening moves. The most commonly used acceptance criterion is the so-called Metropo-
lis condition [26, 27], which always accepts a neighboring candidate solution if it is better or
equal to the current one; a worse neighboring candidate solution is accepted with a probability of
exp (−∆(s, s′)/T ). Hence, a worsening solution is accepted with a probability that depends both on
the amount of worsening and T . With an equal worsening of the objective function value, a solution
is more likely to be accepted when the temperature is high (that is, typically in the beginning of
the search), while when the temperature is low (typically towards the end the search), improving
candidate solutions are prioritized. The probabilistic acceptance of worsening moves makes SA
able to reach the globally best solution when certain conditions are met. Several authors have
studied these conditions, especially focusing on the cooling scheme, the function that controls the
temperature iteration after iteration [29, 30, 14, 31]. Unfortunately, these analysis usually prove the
convergence to the global optimum in time tending to infinity making the implications in practice
less clear. As in this work we focus on SA from an empirical perspective, we do not delve into
theoretical analyses but refer the reader for such to [14, 15] and cited works therein.

There are several reasons that make SA ideal for the approach outlined in Section 1. Deriving
from a simple idea, in its original formulation it is also a simple algorithm, making it possible
to clearly identify its components and their scope. It does not require complex operations, so
its behaviour is easy to understand. The role and the impact of the numerical parameters is
well understood: the temperature, transitioning from its initial value to its final one, controls the
transition from an initial exploratory behaviour to a final exploitative one; if its values are too high,
the algorithm will fail to converge towards good solutions, but for too low values it will be likely
trapped in suboptimal regions, missing the chance to escape. At the same time, the task of making
the right design choices amd choosing the right values of numerical parameters is often tedious and
error-prone; hence, in practice it is difficult to find the best setup.

In the literature there are several algorithms that can be related to SA. For example, keeping the
same temperature value throughout the whole execution turns SA into an algorithm known under
several names, such as Metropolis Algorithm [32], Generalized Hill Climbing [33], Static Simulated
Annealing [34], or simply fixed temperature schemes [35, 36]. Replacing the probabilistic acceptance
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criterion with a deterministic one, it is possible to generate a new class of local search algorithms,
such as the Threshold Acceptance [37, 38], Great Deluge Algorithm and Record-to-Record Travel
[39], or the more recent Late Acceptance Hill Climbing [40, 41]. All these variants are described
in the next section. A discussion about the similarities and differences with other metaheuristics
can be found in [42, 14]. Outside the optimization field, SA is also akin to the Markov chain
Monte Carlo (MCMC) method that is extremely popular in several fields such as machine learning,
statistics, physics, or economics [43].

Our analysis is limited to SA as a stand-alone search algorithm. Therefore, we do not consider
the use of SA as a component within other hybrid algorithms such as the local search in a memetic
algorithms. Also, technology-driven improvements such as parallelization techniques or GPU-based
implementations are beyond the scope of this article.

3. Component-based formulation of SA

For our purposes, we divide SA into nine different components, seven of which are algorithm-
specific and two are problem-specific. These components define, respectively, how an SA algorithm
can be specialized to tackle a specific problem. The two problem-specific components are the
construction of an Initial Solution, and the generation of a new candidate solution in the
Neighbourhood. While the choice of these two components has an important impact on algorithm
performance [42], we delay any discussion about them to the following sections, where the specific
problems are introduced and tackled.

We give a generic outline of an SA algorithm in Algorithm 1. The seven components that in
our framework define an SA algorithm are:

• the choice of the Initial Temperature (line 3 of Algorithm 1);

• the Stopping Criterion, which determines when the execution is finished (line 4);

• the Exploration Criterion, which chooses a solution in the Neighbourhood (line 5);

• the Acceptance Criterion, which determines whether the new solution replaces the in-
cumbent one (line 6);

• the Temperature Length, which indicates whether the temperature is updated (line 12);

• the Cooling Scheme, which updates the temperature (line 13);

• the Temperature Restart, the component responsible for resetting the temperature to its
original or another, high value (line 15).

While these seven components are the ones particular for SA, they may also be based on
problem-specific settings, such as the initial temperature adopted in [44]. We will describe these
problem-dependent algorithmic components only if they are used in our experiments.

An SA algorithm starts by taking as input the Initial Solution, the Neighbourhood, a
problem instance π and the control parameters. It proceeds by initializing its internal status, in
particular setting a value for the Initial Temperature. Starting from the initial solution, SA
iteratively selects one candidate solution in the Neighbourhood according to the Exploration
Criterion. The new candidate solution is evaluated against the incumbent candidate solution
using the Acceptance Criterion; if it also improves over the best solution found so far (global-
best), it becomes the new global-best candidate solution. The Temperature Length component
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Algorithm 1: Component-based formulation of SA. The components we have identified for
our analysis are written in Smallcaps.

Input: a problem instance π, a Neighbourhood N for the solutions, an Initial
Solution s0, control parameters

Output: the best solution s∗ found during the search
1 best solution s∗ := incumbent solution ŝ := s0;
2 i := 0;
3 T0 := initialize temperature according to Initial Temperature;
4 while Stopping Criterion is not met do
5 choose a solution si+1 in the Neighbourhood of ŝ according to Exploration

Criterion;
6 if si+1 meets Acceptance Criterion then
7 ŝ := si+1;
8 end
9 if ŝ improves over s∗ then

10 s∗ := ŝ;
11 end
12 if Temperature Length is met then
13 update temperature according to Cooling Scheme;
14 end
15 reset temperature according to Temperature Restart scheme;
16 i := i+ 1;
17 end
18 return s∗;

determines whether the temperature parameter has to be updated; if yes, the Cooling Scheme
sets the temperature to its new value. To favour a new phase of exploration, the Temperature
Restart scheme controls whether the temperature should be reset to a higher value. At each
iteration, the Stopping Criterion is checked–if met, the algorithm terminates returning the best
candidate solution found. We next describe the options for the seven algorithm-specific components
we identified in the literature and which we make available in our framework.

3.1. Initial Temperature (line 3)
This component sets an initial value for the temperature parameter. The methods available

may take into account some problem instance related information or not. The instance-based
schemes can be based either on syntactical information, or on a limited exploration of the search
space, typically by a random walk, from which some statistics are computed. Some of the following
schemes also propose a final temperature value related to the initial one, but these are rather
proposals than mandatory rules. A variation that we apply here is to include a multiplicative
scaling user-defined constant k to make the methods more flexible.

Here and in the following we enumerate the available options we implemented for ease of later
reference. Options for initial temperature are refered to as ITx, where x is a number. Other
references are defined analogously in the text.

Fixed value. The simplest option IT1 is to choose a fixed initial temperature T0 = k. Another
option IT2 is to set an initial temperature proportional to the objective function value of the initial
candidate solution T0 = k × f(s0) as in [45].
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Random walk-based methods. Other criteria perform a random walk in the search space creating
a sequence of candidate solutions s0, s1, s2, . . . , sl, where l is the length of the random walk. The
resulting objective function values f(s0), f(s1), f(s2), . . . , f(sl) are treated as a time series and
the temperature is set as a statistic of the time series. One simple option (IT3) is to take a
value proportional to the maximum gap between two consecutive candidate solutions as initial
temperature, and the minimum non-zero gap as final temperature, as for example in [46]:

T0 = k × max
1≤i≤N

|∆i,i+1| (1)

Tf = k × min
1≤i≤N,>0

|∆i,i+1|. (2)

As the maximum value of a set can be unrepresentative or highly skewed, we also include (IT4) the
possibility of choosing a value proportional to the average of the absolute gaps between candidate
solutions in the random walk

T0 = k/N ×
N∑
i=1
|∆i,i+1| (3)

or a more elaborated scheme, as for example in [47] (IT5):

Tf = k × min
1≤i≤N,>0

min∆i,i+1 (4)

T0 = Tf + k × ( max
1≤i≤N

∆i,i+1 − Tf )/10, (5)

thus relating the initial temperature value to its supposed final one.
As the initial temperature is used to control the initial acceptance probability of worsening

moves, the initial temperature can be determined such that it yields a desired initial acceptance
probability, as done in [48, 49, 50]. This component (IT6) performs a random walk in the search
space and computes the value T0 = |(k×∆avg)/ log p0|, which gives an initial probability p0, where
∆avg is the average gap between two solutions in the random walk and k is a scaling coefficient.
Equation IT6 is derived from the Metropolis acceptance condition.

Misevicius [51] proposed an initial temperature scheme (IT7) for QAP, again based on a random
walk in the search space. It extends IT5 by taking into account also the average gap in the random
walk. IT7 is defined as

T0 = k × ((1− λ1 − λ′1)∆min + λ1∆avg + λ′1∆max) (6)
Tf = k × ((1− λ2 − λ′2)∆min + λ2∆avg + λ′2∆max), (7)

where the real-valued weights λ1, λ
′
1, λ2, λ

′
2 ∈ [0, 1] are chosen to satisfy the conditions λ1 +λ′1 ≤ 1,

λ2 + λ′2 ≤ 1. By choosing λ1 = 0, λ′1 = 0.1, λ2 = 0, λ′2 = 0 we obtain IT5. Misevicius also uses a
simplified version (IT8) of his scheme, by setting λ′1 = λ′2 = 0. By varying the λ1 and λ2 values,
the behaviour of the search will differ, resulting in faster or slower cooling.

Problem-dependent schemes. While some of the previous schemes were introduced for some
specific problems, they are general. In [44], the authors propose an initial temperature for an SA
algorithm for the Permutation Flowshop Scheduling Problem (PFSP), which uses specific features
of a problem instance. We consider this scheme as the PFSP is one of the problems we use in this
work. The scheme IT9 is defined as

T0 = k ×
n∑
i=1

m∑
j=1

pij/(m× n), (8)

where n is the number of jobs, m is the number of machines, pij is the processing time of job i on
machine j and parameter k is set to 1/5 in the original work.
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3.2. Stopping Criterion (line 4)
The stopping criterion controls the termination of the SA algorithm. The schemes can be based

either on some predetermined value, the actual outcome of the search, or considerations when
continuing the search is deemed too expensive or unlikely find further improvements.

Fixed termination. One possible choice for termination (SC1) is a fixed maximum amount of
time [50, 45]. Another possible choice (SC2) is a fixed number of candidate moves [47]. The
search can be terminated also when a certain minimum temperature value has been reached (SC3)
[44]; such value can be either determined by the chosen Initial Temperature scheme, in case it
computes also a final value, or given as input by the user. Other possible criteria include having
a maximum number of cooling steps (SC4) [52], or a maximum number of temperature restarts
(SC5) [46].

Adaptive termination. To provide more flexibility, criteria based on the observation of the actual
algorithm execution have been implemented. One such criterion (SC6) is to stop the execution
after a fixed number of candidate moves that did not result in accepted solutions. SC7 terminates
the execution as soon as the total acceptance rate falls below a certain threshold; another one
(SC8) stops the search when the acceptance rate for the last k candidate moves is below a given
threshold [48, 49]. Finally, criterion SC9 stops the algorithm when none of the last k candidate
moves found a new best solution. The number of candidate moves to be considered by the adaptive
criteria can be expressed either in terms of an absolute value or proportional to the neighborhood
size.

Note that except for the termination criterion SC1, with the other termination criteria the
computation time used by an SA algorithm is not determined a priori but depends on the search
progress, making the running time an independent variable.

3.3. Exploration Criterion (line 5)
The role of the Exploration Criterion is to choose one candidate solution to evaluate from

the neighbourhood N (s). The first SA algorithm [27] explores the neighborhood randomly, that
is, it generates and evaluates a randomly generated neighbour at every step (NE1). This kind of
default behaviour of SA is used in the vast majority of SA implementations.

Connolly [47] claims this approach to be inefficient, because for lower temperatures (that is,
lower acceptance probabilities, see the next component) potential improvements might be missed,
and at the same time it might be difficult to escape local optima. He proposes to compute and evalu-
ate the neighbours in some sequential order (NE2), which guarantees at leasy to identify a solution
as a local optimum in case no worsening move is accepted after scanning the full neighbourhood.

Ishibuchi et al. [53] propose two other schemes to propose a solution in the neighbourhood. In
the first one (NE3), k solutions are randomly generated in the neighbourhood, and the best of the
k is then compared with the current incumbent. This scheme is modified to (NE4), which follows
NE3 but stops the process of generating neighboring candidate solutions as soon as one candidate
solution is found that improves on the current incumbent, which is then immediately accepted.

3.4. Acceptance Criterion (line 6)
This is the component that determines whether the solution s′ ∈ N (s) generated by the Ex-

ploration Criterion is accepted. The traditional Metropolis criterion [26, 27] is the best known
example for this component. Almost all criteria described here follow one simple pattern: always
accept improving or same quality solutions and occasionally accept worsening solutions depending
on a specific criterion. The acceptance of worsening moves allows to move the search away from the
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current area of the search space being explored, in the hope of finding regions with better solutions.
It is, however, crucial to find a good balance between search intensification and diversification,
which is managed by setting appropriately the temperature parameter.

Metropolis-based criteria. The Metropolis condition (AC1) [26] is the criterion proposed in the
original SA formulation [27]. It always accepts moves to improving and same quality solutions, and
accepts worsening moves with a probability that depends on the increase ∆(s′, s) of the objective
function value and the temperature T :

pMetropolis =
{

1 if ∆(s′, s) ≤ 0
exp (−∆(s′, s)/T ) otherwise.

(9)

As the exponential function is relatively expensive from a computational point of view, Johnson
et al. AC2 [48] proposed to pre-compute the exponentials for a sequence of values in the interval
where ∆(s′, s)/T results in probabilities between 1 and ∼ 0.0067. Worsening moves that entail
probabilities lower than this latter value are immediately discarded. The actual values during the
search are mapped to the closest values in this array. In their experiments, they estimate a saving
of 1/3 on the total runtime.

Chen and Hsieh [54] proposed a bounded version AC3 of the Metropolis criterion, that rejects
a move whose solution quality is worse with respect to the incumbent by a given parameter φBM :

p =


1 if ∆(s′, s) ≤ 0
exp (−∆(s′, s)/T ) if f(s) < f(s′) ≤ f(s)× φBM
0 if f(s′) > f(s)× φBM .

(10)

Another acceptance criterion was proposed in [55] (AC4) as part of the Generalized Simulated
Annealing (GSA) variant. It includes (a power of) the cost of the currently accepted solution in
the probability calculation. The formula proposed is

pGSA =
{

1 if ∆(s′, s) ≤ 0
exp (−βf(s′)g∆(s′, s)) otherwise,

(11)

where β and g are control parameters. GSA makes no explicit use of temperature, but following to
their notation the original SA employs β = 1/T , g = 0.

Geometric criterion. A criterion proposed in [56] (AC5) always accepts an improving solution,
and accepts a worsening solution with a probability that decreases in a geometric way1:

pkGeom =
{

1 if ∆(s′, s) ≤ 0
p0 × rk−1 otherwise,

(12)

where p0 is the initial acceptance probability, r < 1 is the reducing factor, and k is the number of
update steps. This criterion, thus, does not use the temperature in the evaluation of a solution. In
fact, it is rather related to randomized iterative improvement as defined in [1].

1We describe this component as proposed in the original paper, even though this formulation combines the
acceptance criterion with the Cooling Scheme.
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Deterministic criteria. While the probabilistic acceptance of worsening moves is the distinctive
feature of SA, some authors have questioned whether the stochasticity introduced by the acceptance
criterion is necessary to obtain good results [57, 37, 38, 58]. In these works, the authors have
proposed a deterministic version of the Metropolis criterion, called Threshold Accepting (TA, AC6)
by [38], which accepts every worsening solution whose difference in objective function value is lower
than a threshold φ̄:

pTA =
{

1 if ∆(s′, s) ≤ φ̄
0 otherwise.

(13)

φ̄ is a parameter whose value decreases during the search process, just as the temperature in SA. In
[38] the authors do not provide any guidance in how to initialize and update φ̄, while the authors
of [37] explicitly use SA terminology such as “temperature” and “cooling”.

Starting from Threshold Accepting, Dueck proposed two alternative deterministic acceptance
criteria under two different metaphors [39]. The first one (AC7, originally called Great Deluge
Algorithm – GDA) accepts every move leading to a solution with objective function value f(s) less
than a threshold φ̄k, therefore moving away from the idea of comparison between solutions:

pkGDA =
{

1 if f(s) ≤ φ̄k

0 otherwise,
(14)

with φ̄k+1 = φ̄k − λ, where λ is a fixed parameter.
The second criterion (AC8, in the original work, Record–to–Record Travel – RTR) accepts only

solutions whose value is not larger than that of the best solution found so far plus a threshold γ
(note that, differently, TA compares the new solution with the current one, which might already
not be the best one found):

pRTR =
{

1 if φ ≤ f(s∗) + γ

0 otherwise,
(15)

where γ is a fixed parameter.
A more recent work by Burke and Bykov [40, 41] proposes another deterministic criterion called

Late Acceptance Hill Climbing (LAHC, AC9). The idea of LAHC is to use the history of the search,
by comparing the candidate solution also with an incumbent solution of the past. LAHC therefore
can accept worsening moves, but it cannot accept a solution whose objective function value is not
at least as good as the one of another solution that was already accepted. The acceptance of a
solution s is therefore controlled according to the formula

plLAHC =
{

1 if f(sl) ≤ max{f(sl−1), f(sl−κ)}
0 otherwise,

(16)

where f(sl), f(sl−1) and f(sl−κ) are, respectively, the cost of the solution at move l, l − 1, l − κ,
for a fixed κ, which is a parameter of LAHC.

The baseline for comparisons, and simplest deterministic acceptance criterion fitting in the
algorithmic outline given in Algorithm 1 is to accept only improving or same quality solutions
(AC10), discarding worsening ones:

pdet =
{

1 if ∆(s′, s) ≤ 0
0 otherwise.

(17)

The effect of this choice is turning SA into a Hill-Climbing search [59], with its drawback of quickly
getting stuck in local optima.
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3.5. Cooling Scheme (line 13)
The cooling scheme is the component that governs the temperature updates, that is, it computes

the temperature value Ti+1 at instant i+ 1 as a function of the previous value Ti at instant i. The
default desired behaviour in SA is a monotonic decrease of the temperature, making the acceptance
of worsening solutions more and more unlikely. Since the inception of SA, cooling schemes have been
the most studied components, both from a theoretical and an experimental point of view. Many
schemes that we review adhere to this decreasing behaviour; the option of raising the temperature is
governed by the Temperature Restart component. The possibility of having multiple proposed
moves evaluated at the same temperature is defined by the Temperature Length scheme. In
the literature there are, however, some non-decreasing schemes, that we also consider in this study.

Geometric schemes. In the original SA paper [27], the authors propose two decreasing geometric
schemes, Ti+1 = α× βTi (CS1) and Ti+1 = α× Ti (CS2), where 0 < α, β < 1 are constant control
parameters. Typically, these parameters are set to high values (e.g. ≥ 0.9), implying a slow decrease
of the temperature.

Logarithmic schemes. In [60], the authors use a logarithmic cooling scheme (CS3) Ti+1 =
a/ log(b + i) (CS3) with b = 1 in the original work. We also implement the scheme Ti+1 =
a/(b+ log i) (CS4) [61].

Lundy-Mees and variants. A popular cooling scheme is the one proposed by Lundy and Mees
in [29] (CS5), in which Ti+1 = Ti/(a + b × Ti). a and b have to be chosen as a + b × Ti > Ti to
guarantee final convergence.

Connolly in [47] develops a variant of the Lundy-Mees scheme called Q8-7 (for: seventh variant
of the eighth scheme tested) (CS6) for the QAP. It is a two-step scheme, that initially decreases the
temperature (using the Lundy-Mees formula (CS5), until too many consecutive candidate moves
m are discarded. Then, the next move is accepted, the cooling is stopped and the temperature is
set to the value at which the best solution was found. Connolly sets parameters as a = 1 and b,
m in dependence of the initial and final temperature and the size of the neighbourhood. Another
scheme (CS7) is proposed in [62] and uses Ti+1 = a/(1 + b× Ti) with a = b = 1.

Quadratic schemes. Andersen, Vidal and Iversen [63] developed a quadratic cooling scheme
(CS8) for a network design problem. The formula proposed is

Ti+1 = a×K2 + b×K + c, where (18)

a = T0 − Tf
I2 , b = 2× Tf − T0

I
, c = T0,

and K is the current iteration, T0 the initial temperature, Tf = 0 the final temperature and I the
maximum number of iterations.

Arithmetic scheme. Another simple cooling scheme proposed in [39] uses an arithmetic decrease
of the temperature value (in this case, of the threshold) Ti+1 = Ti − a for some fixed value a.
The implementation of this criterion (CS9) requires a more careful control about the update, as
the temperature value cannot drop below zero. We therefore choose to implement the criterion
according to Ti+1 = max{Ti − a, 0}.
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Non-decreasing schemes. Since the inception of SA, various authors have studed variants that
keep the same temperature values throughout the whole search [64, 31, 58, 32, 65, 35, 36, 34] under
different perspectives: SA variants, theoretical studies about convergence behaviours, different
algorithmic paradigms; and different names, such as Metropolis algorithm, Static SA, Generalized
Hill Climbing, Probabilistic Iterative Improvement or simply fixed-temperature SA. All these works
essentially (re)propose and study the scheme Ti+1 = Ti = T0 ∀i (CS10). Here, T0 is a supposedly
optimal temperature value that can obtain superior results with respect to cooling schemes that
reduce the temperature parameter. The Q8-7 cooling scheme CS6 of [47] may also be seen as a
scheme where a fixed temperature value is discovered by the algorithm at runtime.

As non-decreasing schemes are dependent on good initial settings, a more robust scheme (CS11)
sets a temperature band [T0, a×T0], a > 1, and, at each update, randomly chooses a value from it.

Another scheme is the Old Bachelor Acceptance (OBA) [66]. It was originally proposed as a
variation of Threshold Acceptance, which is discussed as a special case; it lowers the temperature if
a solution is accepted, and raises it if the candidate solution is discarded. While OBA is conceived
to be used with AC6, it can be paired with any acceptance criterion, and we describe it here
as such, considering the two variants presented in the original paper. OBA1 (CL12) adjusts the
temperature “symmetrically” according to the formula

Ti+1 =
{
Ti + ((age/a)b − 1)×∆× (1− i/M)c if si is discarded
Ti − ((age/a)b − 1)×∆× (1− i/M)c if si is accepted,

(19)

where a, b, c are control parameters,M is the total number of candidate moves, ∆ is the granularity
of the update and age is the number of consecutively rejected moves. OBA2 (CL13) instead uses
a “steepest descent, mildest ascent” strategy [9] that makes acceptance of a solution more likely in
the first d proposed moves after an accepted move:

Ti+1 =
{
Ti + (∆/d)× (1− i/M) if si is discarded
Ti − count×∆× (1− i/M) if si is accepted,

(20)

where d and count are control parameters, which are updated by incrementing count by one if age
is smaller than d; in the othe case, age is set to 1.

3.6. Temperature Length (line 12)
This component controls the number of candidate moves L that are evaluated at a certain

temperature.

Fixed temperature length. The options in this category include the following. The first is to
update the temperature after a fixed number of candidate moves L = k (TL1) with a value of
L = 1 meaning that the temperature is updated after every move. The second is to update after
a number of candidate moves proportional to the size of the neighbourhood N (s), L = k × |N (s)|
(TL2), or proportional to the square of neighbourhood size L = k × |N (s)|2 (TL3) [52]. Also the
size n of the problem instance is used L = k×n (TL4) e.g. in [45], or its square L = k×n2 (TL5)
[47].

Adaptive temperature length. Instead of fixed temperature lengths, it is possible to set these
depending on the search progress. Abramson [67] updates the temperature after a certain number
of accepted moves (TL6). In [52] the authors combine this approach with a maximum number of
total candidate moves at a given temperature (that might be fixed or proportional to |N (s)|), to
avoid spending too many candidate moves at a certain temperature (TL7).
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Variable temperature length. Other proposals [68, 69] update the temperature length according
to some functions, to compensate the increased strictness in accepting worsening moves at low
temperatures with an increased number of evaluations. We test arithmetic (Li+1 = Li + k TL8),
geometric (Li+1 = k × Li TL9), logarithmic (Li+1 = k/Li TL10) and exponential (Li+1 = L

1/α
i

TL11) updates for temperature lengths, respectively, where k and 0 < α < 1 are fixed numerical
parameters and Ti is the temperature at iteration i.

3.7. Temperature restart (line 15)
As most cooling schemes decrease the temperature, it eventually happens that the acceptance

of worsening solution is very rare, resulting in a Hill-Climbing type behavior. Therefore, authors
have proposed to reset the temperature to the initial or another level once it reaches a critically low
value [64], allowing in this way effective escapes from local optima. The reset of the temperature
to its initial value is called temperature restart, while setting it to a possibly different value is called
reheating. Of course, one may also choose to never reset the temperature value (TR1).

Restarting, fixed settings. The most immediate option is to reset the temperature value to the
initial one, once some conditions are met. For example, once it reaches a minimum absolute value
(TR2), when it reaches a certain percentage of its initial value (TR3), after a certain number
of proposed moves (TR4, this number being fixed, proportional to the size (or its square) of the
neighbourhood) or after a certain number of cooling steps (TR5).

Restarting, adaptive settings. In this category, options are to restart when the overall accep-
tance rate falls below a certain threshold (TR6), when the acceptance rate of the last l candidate
moves is below a certain threshold (TR7), or when the search is not progressing (no accepted
moves in the last l iterations, TR8).

Reheating. Alternatively to restarting the temperature, it is also possible to set it to a higher
value Ti+1 = Ti/k, 0 < k < 1. We can perform this operation once the acceptance rate falls below
a given threshold, overall (TR9) or in the last k candidate moves (TR10), or the search has not
accepted any new solution in the last k candidate moves (TR11). We also consider reheating after
a certain number of candidate moves (TR12, again this number can be fixed or proportional to the
size (or its square) of the neighbourhood) or cooling steps (TR13). A different version of reheat,
called Enhanced Reheat (TR14 [70]) performs a reheat according to the usual formula Ti+1 = Ti/k,
but at every reheating the parameter k gets reduced by a constant value ε. To prevent k to become
negative, we actually update k using the formula max{ε, k − ε}. The idea is to restart the search
every time at a higher temperature, to increasingly push the algorithm towards an explorative
behaviour.

Another option for reheating is to set the temperature value not to its original value or to another
“generic” higher value, but to the temperature at which the best solution has been found, assuming
that value being a good one in terms of acceptance probability. We can reset the temperature
to this supposedly “optimal” value when the acceptance rate drops below a threshold (TR15) or
when k consecutive candidate moves have been rejected (TR16).

4. Material and method

We have collected the algorithmic components described in Section 3 into an algorithmic frame-
work, from which it is possible to instantiate, following the outline of Algorithm 1, a fully working
algorithm. This outline also defines the ways the algorithmic components can be combined. The

12



implementation itself is done in the EMILI framework [71], which aims at a flexible combination
of algorithm components that makes it particularly amenable to automatic configuration.

In the following, we illustrate the possible uses of the framework at various levels of automatic
configuration ranging, which we distinguish between three levels:

Level 1: instantiate known SA algorithms for algorithm comparisons (no configuration);

Level 2: tune known SA algorithms for fair comparisons;

Level 3: automatically configure the full SA framework.

These three levels correspond to different degrees of advancement in algorithm comparisons. In
fact, in most current publications on metaheuristics, a new algorithm is compared to previously
proposed ones using only published results. At Level 1, we instantiate all algorithms from a same
code base and execute them in a same environment; such procedure already removes (noise) factors
such as different implementation languages, implementation skills, and different computing envi-
ronments. Level 2 advances over Level 1 by tuning the numerical parameters of each algorithm
by automatic algorithm configuration techniques, reducing the side-effect of uneven tuning of the
methods or using parameters fine-tuned for possibly other experimental conditions (e.g. short versus
long computation times). Level 3 improves over Level 2 by a modern view on metaheuristic algo-
rithm engineering as seeing these algorithms composed of different algorithm components [72, 16].
In fact, given the possibility of generating new, previously unseen SA algorithms potentially better
performance may be reached. From an automatic configuration perspective, this is obtained by
appropriate choices for the categorical parameters through automatic configuration. For the auto-
matic configuration, we consider two setups. The first one configures the algorithm to reach the
best solution quality within a given maximum computation time. While this is the most common
setup when comparing metaheuristic algorithms, it has the disadvantage that minor changes in the
available computation time or the computing environment (slower or faster machines) may have a
major impact on algorithm performance. Therefore, in a second setup, we automatically configure
SA algorithms for anytime behavior, which tries to obtain as good solutions as early as possible
during the search [73]. To do so, we follow the methodology proposed in [74].

The data obtained during the automatic configuration process can be exploited to obtain insight
into the importance of the various algorithm components and the numerical parameters. As a final
step, we analyze the importance of the algorithm components from the data that are recorded
during the configuration with irace by training a random forest model [75].

4.1. Experimental setup
As mentioned above, we implemented the SA components within the EMILI framework [71].

As the automatic algorithm configuration tool we use irace [76, 19], which is an R implementation
of the Iterated Racing algorithm [77, 78]. irace begins with a set of uniformly sampled candidate
parameter configurations and tests them on a set of training instances. Configurations that are
statistically worse get discarded during this process to save computational budget for the most
promising candidates and to evaluate them on more instances. The best configurations are then
used as seeds to sample new candidates, with a distribution skewed around the best performing
ones. This process is iterated until the configuration budget is exhausted. The final configurations
returned are the ones that performed best during the training phase. For the configurations to
generalize to production environments or simply to an independent test set, it is responsibility of
the user to provide a set of training instances that is representative for the desired use case. The
random forest model is computed using the ranger R package [79].
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For our experiments we consider two types of problems, the Quadratic Assignment Problem
(QAP), and the Permutation Flow Shop Problem (PFSP), details on which we present below. We
tune the numerical parameters 30 times, with a budget of 2000 experiments per tuning; the tuning
of the whole framework is instead done 15 times, with a budget of 60000 experiments due to the
much larger number of parameters. The tuning for anytime behaviour is performed three times.
The possible values for the numerical parameters are reported in the Supplementary Material.
The maximum time limit depends on the problem, and is specified in the following sections. The
comparison between algorithms is always performed using common random seeds. All experiments
have been run on a machine equipped with two Intel Xeon E5-2680 v3 CPUs running at 2.5GHz,
with 16MB cache and 2.4 GB of RAM available per algorithm execution. Each algorithm execution
is single-thread.

4.2. QAP setup
The QAP is an assignment problem that models a variety of real world problems [80, 81]. Each

QAP instance of size n has n facilities and n locations, and associated costs commonly referred
to as flow between two facilities i and j, fij , and distance between two locations k and l, dkl.
An assignment of facilities to locations can be represented by a permutation π, where π(i) gives
the location to which facility i is assigned. The goal in the QAP is to find a permutation π that
minimizes the objective function

n∑
i=1

n∑
j=1

fijdπ(i)π(j). (21)

As per the problem-specific components, the initial solution is a permutation that is generated
uniformly at random, while the neighbourhood is the exchange neighbourhood defined as

N (π) = {π′ | π′(j) = π(h) ∧ π′(h) = π(j) ∧ ∀l /∈ {j, h} : π′(l) = π(l)} (22)

for a solution π. The size of this neighbourhood is n(n− 1)/2.
The QAP is a “difficult” NP-hard problem for which exact solutions can be found only for

instances of small size: apart from few exceptions for very specially structured instances [82],
instances of size n = 40 are often already out of reach for exact methods. We consider two sets
of QAP instances. One is composed by instances whose data matrices are generated uniformly
at random [45], and one where the matrices are generated randomly according to an Euclidean
structure, closer to real-life instances [83]. When no ambiguity can arise we will refer to these
two sets as random and structured instances, respectively. Each instance set is composed by 300
instances, equally divided in sizes 60, 80 and 100. Of each size, 50 instances are reserved for
the training set in the configuration phase and 50 instances as the independent test set for the
evaluation of the configured algorithms. The anytime behaviour is evaluated also on larger random
and structured instances of size 500 from the same benchmark [45]. Unless otherwise specified, the
runtime limit for QAP is 10 seconds.

4.3. PFSP setup
The PFSP is a scheduling problem that arises in various industrial environments [84, 85, 86].

It is very well studied with many variants existing in the literature. We consider two of the most
common variants, namely the PFSP under the Makespan objective (PFSP-MS) [87] and under the
Total Completion Time objective (PFSP-TCT) [88, 89]. More formally, in the PFSP a set of n
jobs have to be ordered for execution on a set of m machines, using the same execution order on all
machines. Each job i takes pij units of time for processing on machine j. In the basic formulation of
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the PFSP, all jobs are ready for execution at time 0 and no concurrency or pre-emption is allowed.
A solution of the PFSP is a permutation π = (π(1), π(2), . . . , π(n)) of the n jobs. The PFSP-MS
requires to minimize the makespan Cmax, which is the completion time of the last job executed
(Cmax = Cπ(n),m, where Ci,m is the completion time of job i on the last machine m). The objective
of the PFSP-TCT is to minimize the sum of the jobs’ completion times, given by

∑n
i=1Ci,m.

For both objectives, the initial solution is generated using the NEH heuristic [90]. Unless
specified otherwise, the neighbourhood is the insert neighbourhood where a move (j, k) consists in
selecting the element π(j) in position j of the permutation π and inserting it in position k 6= j,
resulting in a permutation π′ = [π(1), . . . , π(j − 1), π(j + 1), . . . , π(k), π(j), π(k + 1), . . . , π(n)] if
j < k and π′ = [π(1), . . . , π(k − 1), π(j), π(k), π(k + 1), . . . , π(j − 1), π(j + 1), . . . , π(n)] if j > k.
The size of the insert neighbourhood is n(n− 1).

The training set is composed by 40 randomly generated instances with sizes between 50 jobs
and 20 machines to 250 jobs and 50 machines [91]. The test set is the popular Taillard benchmark
[92], consisting in 120 instances divided into 12 classes of 10 instances each, with sizes going from
20 jobs and 5 machines to 500 jobs and 20 machines. As additional benchmark for the anytime
behaviour we use instances of size 800 × 60 from [93]. The runtime limit is based on the instance
size and is computed as (n×m× 0.015)/2 seconds.

5. SA algorithms for the QAP

Attempts to solve the QAP with Simulated Annealing can be traced back at least to 1984 [46].
In the following years SA remained a popular choice for the QAP, and was often compared with
Tabu Search, without any clear consensus in the scientific community about which method is the
most effective [94, 95, 96, 97]. In what follows we list SA implementations proposed for the QAP
or closely related problems.

The first two schemes, BR1 and BR2, we implement are proposed in 1984 by Burkard and Rendl
[46]. We consider also the SA of Burkard and Rendl as described by Connolly in [47] for comparing
the results of his experiments (CBR1 and CBR2). Connolly [47] proposes several versions of SA for
QAP: two of them employ the cooling scheme of Lundy and Mees (CLM1 and CLM2), while the third
version uses the Q8-7 scheme (Q87). Two other SA algorithms for the QAP were proposed by
Jajodia et al. [52] (Jaj) and Tam [50] (Tam) in 1992. The last SA for the QAP that we evaluate
is by Hussin et al. [45] (Bin). A synopsis of how these implementations can be described in terms
of their components is given in the Supplementary Material. Figure 1 gives the results on the test
sets in terms of the Average Relative Percentage Deviation (ARPD) from the best known solutions,
while Table 1 reports the ranking of the algorithms.

As a first step at Level 1 in our analysis, we instantiate these algorithms in our framework using
the parameter settings proposed in the original papers. Algorithms Bin and Jaj obtain the lowest
ARPD values (less than 2% ARPD on random instances, and less than 1% on the structured ones),
and are significantly better than the other SA algorithms on structured and random instances
when using default algorithm parameter settings. Maybe surprisingly, some algorithms (BR2, CBR1,
CBR2 and Tam) report ARPDs around 10% or higher, much worse than a hill-climbing approach,
which yields an ARPD of about 5%. An explanation for this fact may be that many of these
algorithms have been proposed when a much lower computational power was available2, and have

2The processing power alone for mid-range CPUs have increased roughly four orders of mag-
nitude in the last 30 years: an Intel i486 in 1989 measured 8.7 MIPS at 33MHz, while
an Intel i7 7500U in 2016 scores 49360 MIPS at 2.7GHz, (with a ratio of 5673). Source:
https://en.wikipedia.org/wiki/Instructions_per_second#Timeline_of_instructions_per_second
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Figure 1: Average Relative Percentage Deviation (ARPD) from the best known solutions obtained by the algorithms
on random (first row, left plot) and structured instances (right plot). In the top row the algorithms are in their
default settings (Level 1, step 1), in the middle row the results with ten seconds on runtime (Level 1, step 2), and
in the bottom row the results obtained after tuning their numerical parameters, including the results obtained by
the algorithms generated when tuning the whole framework (All, Level 2 and 3). Above the boxplots in the middle
and bottom row is given the difference in terms of ARPD from the row above; negative differences correspond to a
worsening of the ARPD.

been tuned manually for, by current standards, very small instances and very short computation
times; apparently, the parameter settings do not scale well to other settings.
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Table 1: Results of the Friedman rank sum test for the algorithms for the QAP in their default settings (top block,
Level 1 first step), with ten seconds of runtime (middle, Level 1, second step) and after tuning their numerical
parameters on the QAP instances, including the algorithms generated automatically (All, bottom, Level 2 and 3).
Algorithms are ranked according to their results. ∆R is the minimum rank-sum difference that indicates significant
difference from the best one. Algorithms in boldface are significantly better than the following ones.

Instances ∆R Algorithm ranking
Random 10.92 Jaj (0), Bin (50), Q87 (251), CLM2 (453), CLM1 (496),

BR1 (700), Tam (850), BR2 (1000), CBR1 (1150), CBR2 (1300)
Structured 21.3 Bin (0), Jaj (148), Q87 (391), CLM1 (486), BR1 (607)

CLM2 (612), Tam (899), BR2 (1049), CBR1 (1199), CBR2 (1349)
Random 26.44 Bin (0), Jaj (48), CBR1 (166), Tam (286), CLM2 (641)

BR1 (650), CLM1 (684), Q87 (925), BR2 (1101), CBR2 (1249)
Structured 17.82 Bin (0), Jaj (250), CBR1 (296), Tam (350), BR1 (599)

CLM1 (801), CLM2 (847), Q87 (1049), BR2 (1216), CBR2 (1332)
Random 23.71 All (0), Jaj (164), CBR2 (323), Tam (417), BR2 (685), CBR1 (851)

BR1 (858), Bin (902), Q87 (1230), CLM2 (1320), CLM1 (1500)
Structured 39.32 All (0), Bin (79), BR1 (271), Tam (547), Jaj (587), CBR1 (653)

CBR2 (660), BR2 (867), Q87 (1209), CLM2 (1212), CLM1 (1428)

This comparison is, however, unfair: Bin and Jaj run for the maximum allowed time of ten
seconds, while the other algorithms in their default setting use a termination based on a maximum
number of moves, resulting here in computation times of fractions of seconds. Hence, as a second
step still on Level 1, we allow all algorithms to run for the same maximum ten CPU seconds.
Surprisingly, only few algorithms (CBR1, CBR2 and Tam, and BR1 on the structured instances) benefit
from the higher runtimes; probably because the original parameter settings force a (nowadays) fast
convergence, independent from the computation time. Conversely, Q87 worsens its performance,
notably on structured instances. This is probably due to a poor specification of the threshold of
consecutive rejected moves that triggers the fixed temperature phase in the Q8-7 cooling scheme.
This value is originally set according to the total number of solutions evaluated. Consequently, we
scaled this parameter up by estimating the number of moves that can be generated in the given
time. Apparently, the choice is not robust to a much larger number of candidate moves.

The results for increased computation time indicate that a re-configuration of the algorithm
parameters is necessary for a more fair and meaningful comparison. This we do in Level 2 of
our analysis, where we tune the algorithms’ numerical parameters. All algorithms now improve
their performance; only for Bin on the structured instances no statistically significant difference is
observed, probably as it was already automatically tuned originally; the differences on the random
instances, may be due to the different tuning setup with respect to the original work.

Almost all algorithms report very good results, meaning that the original algorithmic ideas
were seemingly good, but the originally chosen parameter settings did not generalize to settings
(e.g. instances, computation times) different from the ones considered in the original papers. The
rankings for the two different instance classes differ more than in the previous two cases, reflecting
the difference in the two scenarios. The algorithms can be divided in two groups based on their
performance after the tuning, with the ones using the Geometric cooling scheme outperforming
those using the Lundy-Mees cooling scheme or its variant Q8-7. Re-tuning CLM1, CLM2 and Q87
with a higher budget of 5000 experiments does not result in any improvement on the structured
instances, and only a slight improvement for CLM1 and Q87 on the random instances, though not
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sufficient to match the results obtained by the algorithms using the Geometric cooling scheme.
The tuning also allows us to observe the “potential” of the algorithms and their components.

The case of CLM1 and CLM2 is very interesting in this regard. The only difference between these
two algorithms is the neighourhood exploration, with respectively a random and a sequential one
(NE1 and NE2). While we do not observe significant difference in the solution quality when using
either default settings or extended running time (in both cases p-values of 0.4768 and 0.106 on
random and structured instances, respectively), after tuning the numerical parameters there is a
clear difference in favour of the sequential exploration NE2.

To examine the full potential of SA algorithms, we use Level 3 of our analysis and design auto-
matically a completely new SA algorithm, which may combine the available algorithm components
in previously un-explored ways. This is achieved by tuning seven categorical parameters, each
related to one of the main components and 89 additional numerical parameters for the various
options. In Figure 1 we compare the results obtained by these new SA algorithms (indicated by
All) with the other ten algorithms tuned over ten seconds; the results of the Friedman rank sum
test is reported in Table 1. On both instance classes the algorithms All (the rightmost boxplots)
outperform the tuned existing algorithms. On the random instances the improvement is more sub-
stantial, while on the structured instances it is less strong but still statistically significant, probably
because the margin for further improvement on structured instances is minor.

In the Supplementary Material we include the additional comparison with the SA algorithms
automatically generated for anytime behaviour. On the random instances the convergence of All
is very good, even for the largest instances. On the structured instances of the main test set,
instead, the convergence behaviour is very good, though not as strong as for the SAs for anytime
behaviour, while on the larger instances the results are mixed: in two cases the convergence is
much slower, in the third case instead the algorithm designed for solution quality converged to
significantly better solutions than the SA designed for anytime behaviour, continuing discovering
better solutions during the whole runtime.

6. SA algorithms for the PFSP

We have identified three main articles employing SA for the PFSP, which do not use objective-
specific tricks or hybridizations. The oldest method by Osman and Potts (OP) uses problem-specific
components [44], in particular the initial temperature IT9. For it we consider four variants, with
random and sequential exploration (NE1 and NE2, indicated by R and S in the algorithm name)
and either insert or exchange neighbourhood (indicated by I or E in the algorithm name). The
second algorithm, OS, is proposed by Ogbu and Smith [56]; in the original paper the authors
also evaluate both the insert and the exchange neighbourhoods. Finally, in the more recent work
CH [54] two variants use two different values for one parameter. The details of these algorithms
are summarized in the Supplementary Material. In what follows, we discuss where appropriate
separately the results for the instances whose size is smaller than all the instances of our training
set (Tai001 to Tai030), the instances whose size is covered by the training set (Tai031 to Tai110),
and the instances whose size is instead larger (Tai111 to Tai120). Separate plots for the subsets of
instances are provided in the Supplementary Material. The plots with the results across the whole
test set are instead reported in Figure 2 in terms of ARPD, obtained by the algorithms in their
original settings (Level 1 of the analysis, top row), and after the tuning (Level 2 of the analysis,
bottom row); the improvements of the tuning with respect to the default versions is reported on
top of the boxplots. As CH1 and CH5 differ only for the value of one numerical parameter, they
appear as a single algorithm CH in the tuning. With the tuned algorithms we also include the
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Figure 2: Average Relative Percentage Deviation (ARPD) from the best known solutions obtained by the algorithms
on the whole Taillard benchmark under the MS and TCT objectives (left and right plot respectively). In the top
row the results are obtained with the algorithms in their default settings (Level 1). In the bottom row the results
are obtained after tuning the algorithms, collapsing the two CH1 and CH5 into a single CH algorithm and including the
results obtained by the algorithms generated when tuning the whole framework (All; Levels 2 and 3). Above the
boxplots in the bottom row is given the improvement in terms of ARPD from the top row.

results obtained when automatically designing SA algorithms. In Table 2 we report the rankings
obtained for the MS and TCT objectives by the algorithm default settings, and after the tuning.

Overall, we observe a more substantial improvement for the TCT, which is maybe explained
by the usage of the MS objective in the original papers. CH1 and CH5 both employ a bounded
Metropolis condition and reach results that in the default settings are not significantly different.
Probably this is due to a too low setting of the threshold for evaluating worsening solution. In fact,
after the tuning of the CH algorithm, the tuned parameter settings promote exploration based on
a higher initial temperature, a slow temperature decrease, and a much more relaxed threshold for
considering worsening moves, improving especially the performance of CH on the small instances.
Interestingly, while for the TCT objective the CH algorithms are the two worst ones, the tuned CH
algorithm is the best among the already existing SA algorithms.

For the OS algorithms, the tuning improves strongly results on larger instances with 50 or more
jobs, at the expense of the results on the small instances. A more detailed analysis of the tuned
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Table 2: Comparison of the results of the Friedman rank sum test for the algorithms in their default settings (Level
1) and after the tuning of the numerical parameters (including the automatically generated SAs) on the Taillard
benchmark instances for the PFSP-MS (top) and for the PFSP-TCT (bottom) (Level 2). Algorithms are ranked
according to their results. In the tuned settings also results for All are included (Level 3). ∆R is the minimum
rank-sum difference that indicates significant difference from the best one. Algorithms in boldface are significantly
better than the following ones.

Settings ∆R Algorithm ranking
Default 53.76 OP-ER (0), OP-IR (155.5), CH5 (179.5), CH1 (189.5),

OS-I (243.5), OS-E (258), OP-IS (478.5), OP-ES (627.5)
Tuned 40.26 OP-ER (0), All (33.5), OP-IR (213), CH (233.5),

OS-I (268), OS-E (476), OP-IS (516), OP-ES (700)
Default 72.47 OS-E (0), OP-ER (13), OS-I (71), OP-IR (122),

OP-ES (134), OP-IS (156), CH1 (159), CH5 (161)
Tuned 46.82 All (0), CH (173), OP-ER (321), OP-IR (378),

OS-I (444), OP-IS (547), OP-ES (612), OS-E (685)

parameters confirms that except for some differences in the resulting temperature length, the main
difference between OS-I and OS-E is the neighborhood used. Overall, the OS algorithms exhibit
scaling issues even after the tuning, with the results on the larger instances not being of the same
quality as on the other instances, especially for the TCT objective.

Of the four implementations from Osman and Potts (algorithms OP-*), the two with a random
neighborhood exploration perform better both, before and after the tuning. This is in striking
contrast with the findings of the experiments on the QAP, where we found the contrary behavior.
Contrarily to the OS algorithms, the exchange neighbourhood outperforms the insert one for both
objectives and both before and after the tuning.

As a next step, we apply Level 3 of our analysis, that is, we automatically design SA algorithms
from the whole framework. On the MS objective the results are not statistically significantly
different from the ones obtained by OP-ER. This may be due to the fact that under the given
experimental conditions, the algorithms were already close to the best possible results obtainable
by a simple SA with the insert or exchange neighbourhoods. On the TCT objective, instead, the
automatically designed algorithms clearly outperform existing algorithms. In particular, we observe
a much improved scaling behaviour.

On both objectives the anytime behaviour of the SA algorithms All is again good, sometimes
even slightly better than the SAs designed for anytime behaviour (which, in turn, have a more
regular convergence). On the largest instances the search takes more time to discover a good
solution, but from that point on the behaviour is similar to the SAs tuned for anytime behaviour.
The relative plots are given in the Supplementary Material.

7. Analysis of SA algorithms

We now analyze the data generated for configuring the All variants in Sections 5 and 6, trying
to understand which algorithm components and features are important to make an SA algorithm
high-performing. The first step is to observe which components and numerical parameters have the
highest importance in the design process. We do so by training a random forest model with the
data generated during the configuration phase for All. From this model, we get as a byproduct an
estimate of the variable importance. Random forests [75] combine several decision trees, each built
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QAP Random QAP Structured
Acceptance Criterion 19.8% Acceptance Criterion 36.64%
Instance 15.71% NE4 k 12%
NE4 k 8.43% Exploration Criterion 9.33%
Exploration Criterion 8.17% LAHC κ 5.19%
NE3 k 6.7% RTR γ 3.97%
CS2 α 4.4% Instance 3.72%
Cooling Scheme 4.02% CS2 α 3.6%
Temperature Restart 3.99% NE3 k 3.13%
IT5 k 3.53% Initial Temperature 2.84%
RTR γ 3.2% Cooling Scheme 2.72%

PFSP-MS PFSP-TCT
Exploration Criterion 20.65% LAHC κ 16.02%
Instance 14.55% Acceptance Criterion 15.92%
CS6 b 9.24% Instance 15.33%
CS6 a 5.18% Exploration Criterion 9.51%
Cooling Scheme 4.76% CS2 α 5.62%
CS2 α 4.47% NE4 k 3.95%
Acceptance Criterion 4.25% NE3 k 2.76%
CS5 b 2.65% Temperature Length 2.43%
LAHC κ 2.46% AC5 r 2.37%
TL9 k 2.25% Cooling Scheme 2.01%

Table 3: The ten most important components and numerical parameters on the four scenarios.

using a bootstrap sample of the training data. For each tree t the out-of-bag data (observations
missing from the relative bootstrap sample, OOBt) can be used as validation set, for which we
measure (i) the error in the prediction, errOOBt, and (ii) the error in the prediction, ˜errOOBt,
when the OOBt data is perturbed (by permuting the values of each variable). The importance of a
variable Vj is defined as the difference in the prediction error when the values for Vj are perturbed,
averaged over the trees. For further insights about the importance of variables in random forest
models we refer to [98]. The results of our analysis, normalized to sum one, are reported in Table
3 for the four scenarios.

While some differences exist in the different scenarios, overall the single most important com-
ponent is the acceptance criterion, along with some related numerical parameters, such as the
LAHC tenure κ and the deviation factor for the RTR criterion. Another important parameter is
the neighbourhood exploration, that is, how the algorithm chooses the next solution to evaluate; to
this adds also the importance of the numerical parameter k for the neighborhood exploration options
NE3 or NE4. The impact of the acceptance is intuitive, as this component controls the explo-
ration/exploitation tradeoff by determining which worsening moves are accepted. More surprising
is maybe the high importance for the neighborhood exploration, a component often neglected in the
SA literature. It is interesting to observe that the theoretically and experimentally most studied
component of SA, the cooling scheme, is indeed important (as it influences the behaviour of the
acceptance criterion), but not as important as commonly expected: in none of the scenarios it or its
associated variables are among the four most highly ranked components or numerical parameters.

On the random QAP scenario the instance is the second most important factor, with a contri-
bution more than four times higher than on the structured QAP scenario; the temperature restart
component also appears in the list. This is probably related to a more rugged landscape, where
the lack of structure makes apparently the algorithms more sensitive to the numerical values of
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the algorithms. Also for the two PFSP scenarios, the instance factor has a high importance, which
we here conjecture to be due to the rather different instance sizes in the training sets and the
differences in the ratio jobs/machines.

Analogous tests on the data collected during the tuning for the anytime behaviour (for detailed
results, see the supplementary material) show a higher importance of the instance factor. In
particular, the more diverse the dataset, the more important is the instance factor (e.g. for the
PFSP case). Another explanation for the stronger impact of the instance is that the maximization
of the hypervolume, which is used to measure anytime performance, is more sensitive to parameter
settings in the sense that it reduces the set of configurations that result in high performance
across various instances sizes or characteristics; hence it is more difficult for the configurator to
reach configurations that generalize to the whole training set. Other components and parameters
deemed important are mostly related to temperature initialization and update, which are relatively
more important than in the configuration for optimizing the final solution quality.

A detailed analysis of the composition of the automatically generated algorithms is reported in
the supplementary material. Here we highlight the most relevant results. The Metropolis criterion
AC1 is the most common choice in three out of four scenarios, appearing 8 out of 15 times on
the structured QAP instances, 12 times on the random QAP ones (including the Bounded version
twice), and 13 times on the PFSP-MS. On the PFSP-TCT, instead, LAHC is chosen 12 times,
with the κ parameter ranging from 99 to 185 (with one outlier case being 5616). The other three
algorithms for the PFSP-TCT use a Bounded Metropolis criterion, set to immediately discard
solutions whose cost is 0.53% to 0.68% higher than the incumbent; these three algorithms are all
paired with a Geometric cooling scheme. LAHC is chosen also in 4 cases in the structured QAP
scenario, while 3 times Threshold Acceptance is chosen.

The sequential exploration criterion NE2 is always chosen for the structured QAP instances;
it is also chosen 8 times on the random QAP ones, with the NE3 criterion selected the other 7
times. On both PFSP scenarios, instead, the random exploration NE1 is chosen in all cases.

For the cooling scheme, the geometric one, CS2, is the only one chosen on the structured QAP
scenario, and the one selected most often for the random QAP instances (7 times out of 15, along
with five other cooling schemes) On the PFSP-MS the Q8-7 and its original version Lundy-Mees
are chosen respectively 8 and 3 times. For temperature length and restart, instead, we observe
a wide range of choices, probably because the sequence of temperature values that yields a very
good exploration/exploitation tradeoff can be given by different combinations of the components
devoted to its update.

The outcome of the tuning for solution quality of the existing algorithms on the various sce-
narios is generally a strict acceptance of worsening moves, enforced by low values of the initial
temperature and faster cooling than in the original settings. In other words, a well-performing SA
algorithm quickly converges to good solutions, and then continues improving. This also explains the
good performance of a simple scheme such as LAHC, that can never accept a solution worse than
anything else encountered during the search, thus having limited though non-negligible exploration
capabilities. The importance of a strong intensification is also reflected in the convergence pro-
files of the automatically generated algorithms (reported in the Supplementary Material), that are
rather similar to the profiles of the SA algorithms automatically generated for anytime behaviour.

Considering the configurations obtained from the various scenarios, we may conclude that there
does not exist one single high-performance, “general” SA algorithm, but for different scenarios in
part rather different settings turn out to be best. This clearly justifies the usage of an automatic
algorithm configuration process. However, even for the same scenario, SA implementations may
in part differ significantly as a good trade-off between search exploration and exploitation may
be reached by different algorithm settings. This is particularly true when considering scenarios
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that only focus on the final solution quality. However, this is less the case when high anytime
performance is required, apparently due to the more refined evaluation of the performance of a
configuration.

Finally, let us mention also the discrepancy between our experimental results and the focus
in many theoretical works about SA. As previously mentioned, SA theory focuses often on the
aspects of the cooling process and gives conditions on the process to guarantee convergence of the
algorithm to optimal solutions–typically achieved by very slow cooling schemes. This has probably
contributed to a blind interpretation of the annealing metaphor, where a system is initially at a high
temperature that slowly decreases over time. Consequently, many SA algorithms in the literature
follow this folklore, despite a strong convergence and a not-necessarily random neighbourhood
exploration have been already discussed in literature as beneficial (see e.g. [48] for the former, and
[99, 100] for the latter).

8. Conclusions

In this paper, we propose to exploit the available knowledge on algorithmic components and
parameter setting strategies for metaheuristics in the form of automatically configurable frame-
works. As we have argued before, there are some inherent advantages associated to this such as (i)
making these components and parameters explicitly available for further use, (ii) building a kind of
collective memory of available algorithm options hardly any researcher alone may have readily avail-
able, (iii) allowing large-scale experimental analyses and the generation of knowledge under which
circumstances which components will be most successful, and (iv) exploiting directly the recent ad-
vances in the automatic configuration of algorithms allowing to build potentially higher-performing
algorithms than possible by pure manual intervention.

We have made our proposal concrete by building such a framework for Simulated Annealing
(SA), one of the most widely studied metaheuristics. We have described the template from which
we instantiate SA algorithms and detailed the set of algorithmic choices that are available in our
current framework. Interestingly, also a number of methods that fit the general outline of an
SA algorithm can be instantiated from the same template, including methods such as Threshold
Accepting [38], Great Deluge [39], Record-To-Record Travel [39], or Late Acceptance Hill-Climbing
[40, 41]. We have also experimentally studied various well-known SA variants for the quadratic
assignment problem and two flow-shop scheduling problem variants both using default settings of
the literature and different levels of automatic SA algorithm configuration. As maybe expected, the
possibility of automatic configuration has shown to be very advantageous, allowing to derive SA
algorithms that outperform the variants proposed in the literature even if the numerical parameters
of these are also fine-tuned. The experimental data we obtained from the automatic configuration
process have also shown to be useful to get insights into what makes a good SA algorithm. An
importance analysis has identified the acceptance criterion and the neighbourhood exploration as
key important components of SA. When configuring for best reachable solution quality, the cooling
scheme seemed relevant as it influences the behaviour of the acceptance criterion, but to a less
degree than one would commonly expect.

Our work can be extended in a number of directions. A first one is to extend the experimental
part to automatically generate SA algorithms for other problems and learn about possibly consistent
choices and which algorithmic components are the most relevant ones; the knowledge obtained
may in turn provide prior biases for the configuration process and lead to the development of new
alternative algorithmic components. A second one is to extend our approach to other metaheuristics
and to generate extended frameworks. Ideally, these extensions would be generated within a same
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framework so that possibly rich hybrids among these methods may be generated, as suggested in
[101, 102].
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