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The clockwork mechanism would be completely spoiled by the presence of a cosmological constant in the 
bulk of its 5D construction, or by analogous terms in the discrete case. It is believed that supersymmetry 
is required to forbid the appearance of these fatal terms, thus apparently tying the fate of the clockwork 
to the presence of supersymmetry. In this letter we argue that a robust clockwork can be obtained also 
without supersymmetry, by providing a model for the clockwork/linear dilaton EFT where this protection 
is instead related to diffeomorphism invariance in a higher number of extra dimensions. We show that 
the clockwork mechanism is a quite general setup that emerges, rather minimally, from pure gravity in 
the presence of D − 5 additional sufficiently flat extra dimensions. The linear dilaton model is obtained 
asymptotically in the limit of infinitely many extra dimensions. We then study the finite-D theory, which 
is a deformation of the linear dilaton one, but still a clockwork theory for D large enough.

© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction and fragility of the clockwork

The clockwork mechanism [1–3] is an elegant way to generate 
hierarchies ∼ X in a theory with no hierarchy in the fundamental 
parameters, by making use of a chain-like structure of interac-
tions between a number ∼ log X of fields. Particularly interesting 
is the limit in which these different fields are identified with a 
single field in different points of an extra dimension. The discrete 
model is recovered when this fifth compactified extra dimension is 
deconstructed [4], whereas for a continuous extra dimension one 
can also incorporate gravity consistently and address the hierar-
chy problem [3]. Recently, a number of theoretical developments 
have appeared [5–11] together with phenomenological applica-
tions, among which to dark matter [5,12,13], axion [3,14,15] and 
neutrino physics [5,16–18], collider searches [11] and other phe-
nomenological situations [19–26].

In the extreme, but simplifying, case in which the parameters 
along the chain/extra dimension y are exactly equal to each other, 
one obtains that the clockwork mechanism is due, in the Einstein 
frame, to the curved metric:

ds2 = e
4ky

3 (dx2 + dy2) , (1)

whereas, in the Jordan frame, to a flat Minkowski metric and the 
interaction with the linear dilaton background ∝ eS , with S = 2ky. 
This setup originates from the linear dilaton model, in which one 
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extra dimension is compactified on an orbifold, 0 ≤ y ≤ π R , so 
that spacetime has the structure

MC W = R
4 × S1/Z2 , (2)

with two 4-branes at the orbifold fixed points y = 0, π R and a 
dilaton S in the bulk, interacting with a constant vacuum energy 
density ρV = −2M3

5k2, with Jordan-frame action [3]:

S = M3
5

2

∫
MC W

d5x
√−g eS(R + ∂m S ∂m S + 4k2) . (3)

The effective 4D Planck mass is M P = e2πkR M3/2
5 /k1/2, so that the 

hierarchy problem is solved for kR ≈ 10. It was later shown [5]
(see also [6]) that the same clockwork phenomenon occurs in 
a flat extra dimension in the presence of a bulk mass for the 
“clockworked” field. However, the two constructions turn out to 
be equivalent [7], at least in the EFT sense, being related by a field 
redefinition. More precisely, from the low-energy/EFT perspective, 
the consistent definition of the clockwork is: a theory with no expo-
nential hierarchy in the fundamental parameters along the chain/extra 
dimension, that gives rise to an exponential hierarchy between the cou-
pling of a symmetry-protected light mode and of heavier states to the 
same external sector, for instance the Standard Model. This is in-
deed invariant under field redefinitions, and independent on UV 
features beyond the EFT approach.

The linear dilaton model has a rather peculiar Lagrangian (3)
and thus it is interesting to investigate its possible origins in the 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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UV. It is known that this model can come from string-theoretical 
considerations. For instance, it can be motivated by string theory 
in a non-critical number of dimensions (see e.g. [7]) or, by the 
holographic dual of critical string theory in its Little String The-
ory limit, i.e. with string coupling tending to zero [27]. One may 
wonder if there exist simple non-stringy UV origins of the clock-
work/linear-dilaton EFT. In this letter we will answer positively to 
this question.

The continuum clockwork mechanism requires, in addition to 
the bulk Lagrangian (3), the presence of tuned brane terms:

S∂ = M3
5

∫
MC W

d5x
√−g eS 4k√

g55

[
δ(y) − δ(y − π R)

]
. (4)

These brane terms are required to have a 4D Minkowski spacetime 
and their tuning is nothing but the usual tuning of the 4D cosmo-
logical constant, the same way as in Randall–Sundrum models [28]. 
However, in [11] it was pointed out that an additional serious tun-
ing is implicit: a cosmological constant � in the 5D bulk would 
be in principle allowed (and generated radiatively) unless forbid-
den by symmetries. This would modify drastically the clockwork 
solution1; for instance, the size of the extra dimension R� corre-
sponding to the same value of M P for fixed M5, k, would become

R�

R
� 1 + 27�/k2

200π kR
e

4
3 πkR , (5)

for � � k2. Hence, the generation of an exponentially large Planck 
mass would be spoiled, unless |�|/k2 � 10−16. The clockwork 
mechanism is fragile under the presence of a bulk cosmologi-
cal constant, and the hierarchy problem seems to have been just 
shifted into an equivalent tuning for �. For these reasons, in [11]
it was argued that the clockwork solution requires the presence of 
supersymmetry in the bulk, in order to forbid the appearance of 
a bulk cosmological constant �, or analogous terms in its discrete 
version.

While this is certainly a perfectly viable possibility, it seems 
to imply that the fate of the clockwork mechanism is apparently 
tied to the presence of supersymmetry. In this letter, instead, we 
argue that one can have a robust clockwork mechanism even with-
out supersymmetry. The would-be-fatal cosmological constant �
is forbidden by diffeomorphism invariance in a number of dimen-
sions D > 5. Remarkably, for flat additional D −5 extra dimensions, 
pure gravity provides a dilaton field, with action of the same form 
as (3), thus providing at the same time a simple, non-stringy, UV 
origin for the clockwork Lagrangian.

2. Robust clockwork from pure gravity

Let us consider pure gravity in a D-dimensional spacetime in 
which, in addition to 5 dimensions with structure (2), there are 
additional D − 5 compact flat dimensions, i.e.

MD = R
4 × S1/Z2 ×FD−5 . (6)

1 A way to understand intuitively why this happens is the following. In the Ein-
stein frame, the action 3 becomes, in the presence of a cosmological constant �,

S = M3
5

2

∫
MC W

d5x
√−g

(
R − 1

3
∂m S ∂m S + 4k2 e− 2S

3 − 2�
)
.

Thus, the cosmological constant will dominate the potential when the dilaton term 
becomes exponentially small, and the linear dilaton solution is lost. To prevent this, 
one needs 2|�| � 4k2e− 4πkR

3 , i.e. to tune the cosmological constant to an exponen-
tially small value (compare this estimate with (5)), since 0 ≤ S ≤ 2kπ R .
For definiteness, for now let us take the compact D −5 manifold to 
be a hypercubic flat torus FD−5 = SD−5

1 , where each of these extra 
dimensions have length L. Later we will generalize this. Thus, we 
take the background metric to have the form

g̃MN =

⎛⎜⎜⎜⎝
gmn

e2τ

. . .

e2τ

⎞⎟⎟⎟⎠ , (7)

where the tilde denotes D-dimensional objects, and m, n are 5D 
indices. For L � R one can dimensionally reduce the theory from 
D to 5 dimensions, by considering only the 0-modes in FD−5, so 
that all background fields depend only on the fifth coordinate y
(also by virtue of 4D Poincaré invariance):

ds2 = gmn(y)dxmdxn + e2τ (y)δab dzadzb , (8)

where a, b are indices in FD−5, 0 ≤ za < L. The consistency of this 
Kaluza–Klein ansatz is discussed in Appendix A. It is easy to find 
the Ricci scalar and the determinant for the metric (8). The former 
provides the 5D Ricci scalar and kinetic terms for the dilaton field 
S ≡ (D − 5)τ :

R̃ = R− 2∇2 S − D − 4

D − 5
∂m S ∂m S . (9)

The latter provides the dilatonic exponential factor:√−g̃ = √−g eS . (10)

This is the key point: a bulk cosmological constant in the space-
time (6), i.e. a term 

√−g̃ �̃ in the D-dimensional action, does 
not generate a cosmological constant in the 5D action, but rather 
the dilatonic vacuum energy appearing precisely in (3). Reversing 
the argument, diffeomorphism invariance in D dimensions (un-
broken in the absence of 5D branes) forbids the appearance of a 
cosmological constant in the 5D theory, thus making the (so far 
potential) clockwork mechanism automatically robust.2 Radiative 
corrections to �̃ modify (radiatively) the clockwork parameter k
in (3), and therefore the clockwork suppression altogether, in a 
controlled way.

More concretely, we may consider pure gravity with a bulk 
cosmological constant in the D-dimensional spacetime, and dimen-
sionally reduce it to 5D:

S = M̃ D−2
D

2

∫
MD

dD X
√−g̃

(
R̃− 2�̃

)
(11)

−→ M3
5

2

∫
MC W

d5x
√−g eS

(
R + D − 6

D − 5
∂m S ∂m S + 4k2

)
,

with

k2 ≡ − �̃

2
> 0 and M3

5 ≡ M̃ D−2
D LD−5 . (12)

The Jordan-frame linear dilaton Lagrangian (3) is obtained, asymp-
totically, in the limit D → ∞. Going to the Einstein frame, in this 
limit the bulk equations of motion have the clockwork solution:

2 One may think that at scales below ∼ 1/L fields are essentially 5-dimensional 
and therefore generate radiatively a 5D cosmological constant. The apparent para-
dox disappears when one notices that D-dimensional diffeomorphism invariance is 
maintained only when the whole Kaluza–Klein towers are taken into account. While 
the 0-modes could contribute to a 5D cosmological constant, the overall contribu-
tion of the Kaluza–Klein towers must vanish.
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gmn = e
4
3 kyηmn , S = 2ky , (13)

protected by the higher-dimensional diffeomorphism invariance. In 
the Jordan frame, instead, the solution takes on the form

gmn = ηmn , S = 2ky . (14)

A few comments are in order. First, in addition to the bulk La-
grangian (11), one needs to generate also brane terms required 
to tune to 4D cosmological constant to zero, as mentioned in 
Sec. 1. These terms are indeed allowed by the setup described 
above and obtained by considering brane vacuum energies in the 
D-dimensional theory, dimensionally reduced to 5D:

S∂ = M̃ D−3
D

∫
MD

dD X

√−g̃√
g55

[
− �̃0 δ(y) − �̃π δ(y − π R)

]

−→ M2
5

∫
MC W

d5x

√−g√
g55

eS
[
− �0 δ(y) − �π δ(y − π R)

]
, (15)

with �0,π ≡ �̃0,π M5/M̃D .
Second, the compact manifold FD−5 does not need to be a flat 

torus. Indeed, the formulas (9), (10) and (11) (as well as the re-
sults in Appendix A) are all valid (or trivially modified) for a more 
general warped metric

ds2 = gmn(y)dxmdxn + e2τ (y)γab(z)dzadzb , (16)

as long as the compact manifold FD−5 is Ricci-flat, i.e. R(γcd)ab =
0. The matching relation between the Planck masses in (12) is 
changed into M3

5 ≡ M̃ D−2
D VD−5, with VD−5 being the volume 

of FD−5. Clearly, the metric γab contains many moduli fields 
that determine the geometry and size of FD−5. As in string-
theoretic constructions, they need to be stabilized by some (po-
tentially quantum-gravitational) mechanism at a size ∼ L � R . The 
quantum-gravity expectation L ∼ M̃−1

D would imply M5 ∼ M̃D .
Finally, one may wonder about what happens if the D − 5 ex-

tra dimensions are not flat. As shown in Appendix B, in this case 
the Lagrangian (11) gets deformed. By considering the case of a 
(D − 5)-sphere we show that in the limit D → ∞ the curvature 
radius must go to infinity too. Thus, this seems to indicate that the 
clockwork occurs if the D − 5 dimensional manifold is sufficiently 
flat. Importantly, in Appendix B we also argue that the construc-
tion considered in this letter does not lead to a tuning analogous 
to the one of the cosmological constant, because the effect of the 
deformation given by the curvature does not get exponentially en-
hanced as in (5).

3. Finite-D quasi-clockwork

The action (11) reduces to the linear-dilaton one in the limit 
D → ∞. However, as we are going to show now, for large but finite 
D , this 5D “quasi-clockwork” effective field theory, obtained from 
pure gravity by dimensionally reducing the small D − 5 dimen-
sions, is anyway a clockwork theory, according to the definition 
outlined in Sec. 1.

To do so, let us consider the finite-D equations of motion for 
the action (11). By virtue of the consistency of the Kaluza–Klein 
ansatz (see Appendix A) these can be equivalently obtained as the 
D-dimensional Einstein field equations for the metric (8) with a 
cosmological constant �̃ = −2k2. By making use of the ansatz:

gmn =
(

e2ayημν

1

)
, τ = ay , (17)
we find that all the μν , 55, and ab components of the
Einstein field equations are satisfied for a = 2k/D, with D ≡√

(D − 1)(D − 2), i.e.

gμν = e
4ky
D ημν , g55 = 1 , S = D − 5

D
2ky . (18)

For large D this is a deformation of the Jordan-frame linear-dilaton 
solution (14). Notice that, while recovering the linear-dilaton ef-
fective field theory as in (11) depends on the assumed hierarchy 
L � R , the classical solution (18), which exhibits the characteristic 
clockwork suppression, is independent on the value of L/R .3

Let us consider a “clockworked” scalar field φ. We may start 
from the D-dimensional theory with action

S = −1

2

∫
MD

dD X
√−g̃ g̃MN ∂M φ̃ ∂N φ̃ , (19)

which, after dimensional reduction and in the background (18), 
gives the 5D action

S = −1

2

∫
MC W

d5x e
D−1
D 2ky

(
e− 4ky

D ημν∂μφ ∂νφ + ∂yφ ∂yφ

)
. (20)

The Kaluza–Klein modes are obtained, as usual, by means of the 
decomposition

φ = 1√
π R

∑
n

φn(x)ψn(y) , with ∂2
x φn = M2

nφn . (21)

Their equation of motion is:(
∂y + 2k

D − 1

D

)
∂yψn = − e− 4ky

D M2
nψn , (22)

which is of the same form as the one considered in [10]. The nor-
malized clockwork 0-mode, with Neumann boundary conditions, is 
easily found to be

ψ0 = C ≡
√

D − 3

D
πkR

e
D−3
D 2kπ R − 1

, (23)

which has the same form as the usual one [3], with the replace-
ment k → k(D − 3)/D. Notice that C gives precisely the exponen-
tial clockwork suppression of the interactions between the clock-
work 0-mode and a sector localized at y = 0 (e.g. the Standard 
Model), relatively to the ones between the Kaluza–Klein clockwork 
gears and the same sector.

To show that for large D this is indeed a clockwork model, let 
us discretize the extra dimension on N points, obtaining the clock-
work chain

−1

2

∫
d4x

∑
n

[
(∂μφn)

2 + m2
n(φn − qφn+1)

2] , (24)

with

q = e
D−3
D

kπ R
N , mn = N

π R
e

2kπ R
DN n . (25)

As shown in Fig. 1, although the Lagrangian parameters mn vary 
along the clockwork chain, in the limit of large D there is no large 

3 Therefore, even at the (perturbative) quantum level, quantum corrections would 
be weighted by the exponential dilaton factor, thus not destabilizing the clockwork 
mechanism.
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Fig. 1. Ratio of the parameters mN−1 and m0 in the discretized Lagrangian, for large 
N . For each value of D , the product kR is chosen by means of (23) so that the clock-
work suppression C is fixed. We also show the values obtained in the deconstructed 
Randall–Sundrum (at D = 5) and in the linear dilaton (for D → ∞) models.

Fig. 2. Mass of the first ten Kaluza–Klein modes as a function of D . For each value 
of D , the product kR is fixed by means of (23) so that the clockwork suppression is 
C = 10−6.

hierarchy between them, and still an exponential clockwork sup-
pression is generated. This is precisely the definition of the clock-
work outlined in Sec. 1, so that for large but finite D we still have 
a clockwork theory.

Fig. 1 also shows that the quasi-clockwork considered in this 
section interpolates between the Randall–Sundrum and the linear 
dilaton models. As for the former, it is not surprising that this is 
recovered when the number of dimensions D is analytically con-
tinued to D = 5: in this limit one does not have the additional 
extra dimensions of FD−5 at all, and the setup is precisely the 
Randall–Sundrum one, i.e. a single orbifolded extra dimension with 
a negative bulk cosmological constant.

Finally, the Kaluza–Klein spectrum is calculated in Appendix C
and shown in Fig. 2 as a function of D . Again, one interpo-
lates between the Randall–Sundrum and the linear dilaton models. 
For large D there is a mass gap � k and the gears are quasi-
degenerate, whereas analytically continuing to D = 5 one recov-
ers the widely-spaced Randall–Sundrum spectrum. These results 
show that, although the precise form of the spectrum is model-
dependent, the quasi degeneracy of the gears is a robust feature of 
clockwork models.

4. Conclusions

We have shown that the clockwork mechanism can be ob-
tained, in a robust way, without requiring supersymmetry to forbid 
the fatal 5D cosmological-constant term that would otherwise in-
validate the mechanism. Once again, we stress here that without a 
protection mechanism this would be a tuning in addition to the one 
for the 4D cosmological constant, thus invalidating the clockwork 
solution to fine-tuning issues, such as the hierarchy problem.

Quite remarkably, the construction presented here is rather 
minimal, showing that the clockwork setup is obtained rather 
generically from pure gravity in a large number of sufficiently flat 
extra dimensions, without necessarily relying on string-theoretical 
constructions. The linear-dilaton EFT is obtained in the limit D →
∞. Of course we need to assume, as in the linear-dilaton or 
Randall–Sundrum cases, that the brane terms are extremely non-
generic, being tuned to support a 4D Minkowski spacetime (i.e. the 
usual tuning of the cosmological constant mentioned above).

In addition, and as in the linear-dilaton or Randall–Sundrum 
cases, one needs a stabilization mechanism for the fifth “clock-
work” dimension. If this is achieved by means of the dilaton it-
self [29] one needs to generate non-analytic brane terms [11]. 
Although it has been argued that this is in principle possible [27], 
it would be interesting to study this issue explicitly. Otherwise, one 
could use the Goldberger–Wise mechanism [30] by introducing a 
scalar field in the bulk.

While a robust clockwork setup is obtained for finite-D , the 
linear dilaton model is recovered only in an asymptotic sense, 
i.e. one has a class of robust models that look arbitrarily close to 
it. However, it would be interesting to investigate if there are con-
structions, along the lines of this letter, that give the linear dilaton 
model for finite D in a robust way.

Finally, let us quickly comment on the phenomenological pre-
dictions for the finite-D construction, relatively to the more famil-
iar linear-dilaton case, studied in detail in [7]. For k ∼ 100 − 1000
GeV, one could hope to see the first gears as distinct resonances 
at the LHC. In this case, if D is not too large, one could poten-
tially distinguish the shape of the spectrum from the linear dilaton 
one (see Fig. 2). The best prospects for the linear dilaton model 
are to look for modifications of the continuum γ γ and  spec-
tra, due to the closely-packed clockwork gears. In our construction, 
there are additional extra dimensions at a scale L � R . The contin-
uum spectrum will be modified, with respect to the one calculated 
in [7], starting at a scale ∼ 1/L, even for D → ∞. This is, in prin-
ciple, an observable effect if the hierarchy between L and R is not 
too large. For instance, for k = 300 GeV, one has R ≈ 1/30 GeV−1

and the continuum spectrum gets distorted before, say, 1 TeV, for 
L � 0.03R . For k = 10 GeV the same is obtained for L � 10−3 R .
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Appendix A. Consistency of the Kaluza–Klein ansatz

Consistency of the Kaluza–Klein ansatz (8) demands that the 
equations of motion as obtained from the D-dimensional and 5D 
theory are the same. This is known to be the case in the absence of 
a cosmological constant, as long as the ansatz contains the relevant 
degrees of freedom. It is worth to show explicitly that this is still 
the case in the presence of �̃.

Let us start from the D-dimensional theory. In this case the 
equations of motion are the Einstein field equations in the pres-
ence of a cosmological constant �̃. For the metric (16) one finds

R̃mn = Rmn − ∇m∂n S − 1

D − 5
∂m S ∂n S , (A.1)

R̃ab = −γab
e

2S
D−5 (

∇2 S + ∂m S ∂m S
)

, (A.2)

D − 5
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R̃ = R− 2∇2 S − D − 4

D − 5
∂m S ∂m S , (A.3)

where the covariant derivatives are with respect to the 5D part 
of the metric gmn . However, it is convenient, in order to compare 
with the dimensionally-reduced theory in the Einstein frame, to 
perform a Weyl transformation g̃MN → e− 2S

D−2 g̃MN . One finds

R̃mn → R̃mn + ∇m∂n S + gmn

D − 2
∇2 S + 1

D − 2
∂m S ∂n S , (A.4)

R̃ab → R̃ab + γab e
2S

D−5

(
1

D − 5
∂m S ∂m S + 1

D − 2
∇2 S

)
, (A.5)

R̃ → e
2S

D−2

(
R̃ + 2

D − 1

D − 2
∇2 S + D − 1

D − 2
∂m S ∂m S

)
, (A.6)

having taken into account that, for instance, ∇̃M∂M S = ∇m∂m S +
∂m S∂m S . From these results, the Einstein field equation

R̃MN − 1

2
g̃MNR̃ + �̃ g̃MN = 0 , (A.7)

takes on the form

Gmn = 3 (∂m S ∂n S − gmn
2 ∂r S ∂r S)

(D − 2)(D − 5)
− �̃ gmne− 2S

D−2 , (A.8)

0 = −R
2

− ∇2 S

D − 5
+ 3 ∂m S ∂m S

2 (D − 2)(D − 5)
+ �̃ e− 2S

D−2 , (A.9)

with Gmn ≡Rmn − gmnR/2.
Let us now move to the dimensionally-reduced theory. The 5D 

Jordan-frame action is (11) which, by the field redefinition gmn →
e− 2S

3 gmn , is turned into the Einstein-frame one:

√−gL = M3
5

2

√−g

(
R − 1

3

D − 2

D − 5
∂m S ∂m S − 2�̃ e− 2S

3

)
, (A.10)

from which one can obtain the 5D Einstein field equation

Gmn = 1

3

D − 2

D − 5

(
∂m S ∂n S − gmn

2
∂r S∂r S

)
− �̃gmne− 2

3 S . (A.11)

This coincides with (A.8) after the field redefinition S/3 → S/(D −
2). The equation of motion for S is

D − 2

D − 5
∇2 S + 2�̃ e− 2

3 S = 0 , (A.12)

which coincides with (A.9) after combining with the trace of (A.11)
and redefining S/3 → S/(D − 2). Therefore, the equations of 
motion are the same in the D-dimensional theory and in the 
dimensionally-reduced 5D one.

Appendix B. Curved compactifications

In this appendix we study what happens when the D − 5 ex-
tra dimensions are not flat. For simplicity, let us consider the case 
of constant Ricci scalar, R(γab) =K. In the case of a D − 5 dimen-
sional sphere, i.e. if the flat manifold FD−5 is replaced by SD−5, 
we have K = (D − 5)(D − 6)/r2, where r is the coordinate radius, 
which requires some unspecified stabilization. Pure gravity in D
dimensions, without the cosmological constant �̃, is now dimen-
sionally reduced to

M3
5

2

∫
MC W

d5x
√−g eS

(
R + D − 6

D − 5
∂m S ∂m S + K e− 2S

D−5

)
. (B.1)

For large D the effect of the curvature mimics the effect of k
in (11). The linear-dilaton EFT is obtained in the limit D → ∞. 
However, one also needs K to stay finite in this limit. This im-
plies that the D − 5 extra dimensions become asymptotically flat, 
as can be seen from the case of a sphere: the curvature radius 
is r e− S

D−5 ≈ r → ∞, to have finite K. Nevertheless, the case of a 
sphere is not quite successful: for finite D and in the presence of k
as in (11), one needs to have r � (D − 5)R/20, for kR ≈ 10, and at 
the same time r � R in order to be able to dimensionally reduce 
the theory to 5D.

More in general, one may be worried that the curvature needs 
to be tuned to be exponentially small, with a tuning analogous 
to (5). We now show that this is not the case. Let us consider a 
small curvature K = 2εk2, with ε � 1. The potential in the Einstein 
frame is

V = M3
5

2

(
− 4k2e− 2S

3 − 2εk2e− 2
3

D−2
D−5 S

)
. (B.2)

The solution to the bulk equations of motion can be found ap-
proximately in the limit ε � 1 by using the “superpotential” tech-
nique [31]. To this purpose, it is convenient to work in warped 
coordinates: ds2 = e2σ(z)ημνdxμdxν + dz2. In this system of coor-
dinates, the unperturbed solution with ε = 0 is:

S(z) = 3 ln
z

z0
, σ (z) = D − 6

D − 5
ln

z

z0
, (B.3)

with 2kz0 ≡ √
(3D − 18)(3D − 19)/(D − 5). The perturbed poten-

tial (B.2) is obtained from a “superpotential” of the form W =
AeB� + ηeC� , where � is the canonically normalized field S and 
η is O (ε). One finds that the solution (B.3) is perturbed by

δS(z) = 3ε

4

(
z0

z

) 6
D−5 (D + 1)(3D − 19)

(D − 11)(3D − 25)
, (B.4)

δσ (z) = −ε

2

(
z0

z

) 6
D−5 (D − 6)(3D − 19)

(D − 11)(3D − 25)
, (B.5)

for D = 11. Therefore, the curvature (as measured by the Ricci 
scalar) does not need to be exponentially small, since z ≥ z0 and 
D > 5. This result could have also been anticipated by noting that 
the exponential term in (B.2) related to the curvature does vanish 
faster than the usual k-term, contrary to what would happen for a 
bulk cosmological constant.

Appendix C. Quasi-clockwork gears

In this appendix we find the Kaluza–Klein spectrum for finite 
D . To solve the equation of motion (22) it is convenient to intro-

duce fn = ψne
D−3
D ky , for which one has(

∂2
y + 4k

D
∂y − M2

f

)
fn = −M2

n e− 4ky
D fn , (C.1)

with M2
f = k2(D + 1)(D − 3)/D2. This differential equation is fa-

miliar from Randall–Sundrum models [32]. One obtains:

ψn = 1

Nn
e− D−1

D ky ×[
J D−1

2

(DMn

2k
e− 2k

D y
)

+ bn(Mn) Y D−1
2

(DMn

2k
e− 2k

D y
)]

, (C.2)

where the Neumann boundary condition at y = 0 gives

bn(Mn) ≡ −
J D−3

2

(
DMn

2k

)
Y D−3

(
DMn

2k

) , (C.3)
2
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and the one at y = π R ,

bn(Mn) = bn(Mn e− 2πkR
D ) , (C.4)

allows to find numerically the spectrum plotted in Fig. 2.
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