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Abstract

Applications of space-time symmetries to black holes and gravitational

radiation

by Roberto OLIVERI

This thesis deals with two classes of space-time symmetries: emergent symme-
tries in the near-horizon region of rapidly rotating Kerr black holes and residual
gauge symmetries. The main aim of the thesis is to investigate consequences and
effects of these symmetries on black holes and gravitational radiation.

The first class of symmetries is exploited to address questions of astrophysical
relevance for force-free magnetospheres, thin accretion discs, and strong mag-
netic fields around Kerr black holes. We investigate how the dynamics of electro-
magnetic and matter fields is constrained by global conformal symmetries of the
near-horizon geometry. In the context of force-free electrodynamics, we find ex-
act solutions and classify them according to the highest weight representation of
the isometry group. We introduce novel criteria to distinguish physical solutions
and deduce bounds on conformal weights of electromagnetic fields. For thin ac-
cretion discs, within the Novikov-Thorne model, new properties arise in the high
spin regime of the Kerr black hole. We find a novel self-similar solution and we
explain the critical behaviour of the observables by symmetry arguments. After-
wards, we study an exact analytic solution to the Einstein-Maxwell theory. It de-
scribes a black hole immersed in a strong magnetic field and it shares the same
near-horizon geometry of extreme Kerr black holes. We compute its total con-
served mass by means of the covariant phase space formalism and study its ther-
modynamics.

The second class of symmetries is considered in order to provide a new def-
inition of gravitational multipole moments by means of Noether charges and by
adopting the covariant phase space formalism. We show that such a definition
in terms of Noether charges reproduces multipole moments in General Relativity.

We propose to apply it to an arbitrary generally covariant metric theory of gravity.
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Introduction and main results

This thesis aims to address the following questions:

- What is the behaviour of accreting matter and electromagnetic fields close to

the horizon of rapidly rotating Kerr black holes?

- How to exploit the emergent global conformal symmetries in the near-horizon
region of extreme Kerr black holes to address questions of astrophysical rele-

vance?

- How to exploit large gauge transformations to compute multipole moments

in theories of gravity?

The motivation to pursue answers to these research questions is not only strongly
supported by theoretical reasons but also motivated by ongoing and upcoming
experimental missions. Continuous efforts to improve the accuracy of astrophys-
ical observations, both in the electromagnetic and gravitational-wave spectrum,
are underway by the scientific community. It is worth mentioning, among many
others, the Event Horizon Telescope (EHT), GRAVITY, the Advanced Telescope for
High ENergy Astrophysics (ATHENA), the Fermi Gamma-ray Space Telescope, the
Square Kilometre Array (SKA), the LIGO/Virgo and LISA collaborations. Special
attention is paid to the supermassive black hole at the centre of our galaxy, Sagit-
tarius A* (see, e.g., Broderick and Loeb, 2006; Doeleman, 2008; Doeleman et al.,
2009; Johnson, 2015), and the supermassive black hole hosted in the galaxy M87
(Doeleman et al., 2009; Doeleman et al., 2012).

Recent astronomical observations suggest that rapidly rotating black holes ex-
ist in Nature (see, e.g., McClintock et al., 2006; Gou et al., 2011; Brenneman, 2013;
Gou et al., 2014; Reynolds, 2014). Assuming that astrophysical black holes are
described by the Kerr solution (the so-called Kerr black hole hypothesis), it be-
comes of particular relevance for astrophysical purposes. Moreover, the near-
horizon region of maximally rotating Kerr black holes exhibits an enhanced isom-
etry group (Bardeen and Horowitz, 1999), containing the emergent global confor-
mal group SO(2,1). Such a unique feature has important consequences: it pro-
vides a connection between astrophysics and computational techniques used in

theories with conformal symmetries, and it allows to analytically explore physical



2 Introduction

phenomena occurring in the surroundings of these objects. The current state-
of-the-art developments include gravitational waves, force-free magnetospheres,
electromagnetic emission, and thin accretion discs.

One aim of this thesis is to investigate the effects of conformal symmetries on
the dynamics of matter and electromagnetic fields in the region close to the event
horizon of near-extreme Kerr black holes. We study force-free magnetospheres
and thin accretion discs around near-extreme Kerr black holes. In the first case,
the presence of symmetries helps us to solve force-free electrodynamics and clas-
sify solutions. In the second case, we show that the presence of conformal symme-
tries, and in particular the scaling symmetry near the horizon, implies a critical-
like behaviour of the fields, whose critical exponents are related to their conformal
weights.

The other aim of the thesis is to apply the covariant phase space formalism, de-
veloped by Regge and Teitelboim (1974), Iyer and Wald (1994), Barnich and Brandt
(2002) and Barnich and Compere (2008), to two concrete examples in General Rel-
ativity. In the first case, we consider gravitational multipole moments. We propose
a definition of multipole moments based on Noether charges associated to cer-
tain residual symmetries of the harmonic gauge. A new class of symmetries, called
multipole symmetries, generates the multipole moments of the gravitational field.
In the second case, instead, we consider an exact solution to Einstein-Maxwell
field equations describing black holes interacting with external magnetic fields.
This solution can be thought of as an analytical toy model to describe an astro-
physical black hole within a certain length-scale, depending on the magnetic field
strength. We address the problem to compute the total conserved mass and to

study the thermodynamics of this space-time.

Thesis outline and main results

The thesis consists of two main parts.

Part I is thought of as an introduction to the main topics of research of the the-
sis. It is a brief review on the background material, as seen from the point of view
of the author and for the purposes of this thesis, with a constant reference to the
literature. In chapter 1, we introduce Kerr black holes, their near-horizon geome-
try and those properties of the isometry group to be exploited to address questions
of astrophysical relevance. Chapter 2 deals with force-free electrodynamics. It is
adopted to describe magnetospheres of black holes and to explain the Blandford-
Znajek mechanism of energy extraction from rotating black holes. In chapter 3, we

introduce the Novikov-Thorne model for thin accretion disc and particular care is



devoted to its derivation. To conclude the background part, chapter 4 introduces
the reader to gravitational multipole moments in General Relativity.

Part II consists of original contributions of the author to the literature.

Chapter 5 addresses the problem of solving force-free electrodynamics around
extreme Kerr black holes. To this aim, near-horizon global conformal symme-
tries are used to find exact solutions and to classify them according to the high-
est weight representation of the isometry group. Novel physical criteria are in-
troduced to discriminate between formal mathematical solutions and potentially
physical solutions describing force-free magnetospheres around extreme Kerr black
holes. Among these criteria for the electromagnetic field strength, we require finite
energy and angular momentum extraction as measured by an asymptotically flat
observer. Such criteria imply bounds on the conformal weights of the solutions
and, thus, highlight the importance of emergent symmetries on the dynamics of
electromagnetic fields around extreme Kerr black holes.

In chapter 6, we introduce and study an exact analytical solution to Einstein-
Maxwell theory describing a Kerr-Newman black hole immersed in an external
magnetic field. Strong magnetic fields around Kerr-Newman black holes distort
the geometry and the back-reaction affects the conserved charges (mass, angu-
lar momentum, electric charge). We compute the total mass by means of the
covariant phase space formalism and study the resulting thermodynamics. We
show that the total conserved mass, thermodynamic potentials and variables for
the magnetised Kerr-Newman can be implicitly written as those of the usual Kerr-
Newman black hole. This non-trivial property implies that magnetised Kerr-Newman
and Kerr-Newman black holes share the same thermodynamics away from the ex-
treme bound. Such a result extends away from extremality the property that both
space-times share the same near-horizon geometry.

Chapter 7 deals with thin accretion discs around a rapidly rotating Kerr black
hole. Thin accretion discs, within the Novikov-Thorne model, are studied with
a particular boundary condition imposed at the physical edge of the disc. We
construct piecewisely the global solution from the local solutions to the Novikov-
Thorne model. Then, we explicitly show the phase diagrams of thin accretion discs
for stellar-mass and supermassive black holes. We comment on the physical con-
sequences of the boundary condition and show new features when the rotating
Kerr black hole is in the high-spin regime. Such new features open up the possi-
bility to investigate the model in the near-horizon region of rapidly spinning black
holes, where a novel self-similar solution is obtained. The observables show a
critical-like behaviour governed by the underlying symmetries of the background

space-time. A quantitative analysis is performed to show the range of validity of



4 Introduction

the self-similar solution.

In chapter 8, we define gravitational multipole moments from Noether charges.
Such a definition relies on the novel concept of multipole symmetries, which ex-
tends the Poincaré Killing symmetries to higher multipole terms. They are specific
residual gauge transformations preserving the harmonic gauge. We then show
that source multipole moments can be expressed in terms of Noether charges as-
sociated to multipole symmetries, both for non-linear stationary solutions and for
linearised radiating solutions. In the latter case, from the multipole charges, we
extract the conserved multipole charges at spatial infinity, the source multipole
moments in the near-zone, and the multipole charges at future null infinity. We
also comment on the conservation law expressing the time variation of the source
multipole moments in the near-zone in terms of the multipole charges at future
null infinity. Our definition of gravitational multipole moments reproduces well-
known results in General Relativity with the advantage that it can be applied to an

arbitrary generally covariant metric theory of gravity.



The architecture of the thesis is summarised in the figure below:

Rapidly rotating Kerr black holes

(chapter 1)

Thin accretion disc
(chapter 3)

Force-free electrodynamics
(chapter 2)

Self-similar thin discs around near-extreme black holes
(chapter 7)

Near-horizon extreme Kerr magnetospheres
(chapter 5)

Mass of Kerr-Newman black holes in an external magnetic field
(chapter 6)

Gravitational multipole moments
(chapter 4)

Gravitational multipole moments from Noether charges
(chapter 8)

Legend:
B Introductory chapters
B Matter and electromagnetic fields around rotating black holes
B Application of near-horizon symmetries
Application of the covariant phase space formalism
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Chapter 1

Rapidly rotating Kerr black holes

Contents
1.1 Kerrblackhole ................. 0. 9
1.2 Extreme and near-extreme Kerr blackhole . . . .. ........ 12
1.3 Near-horizonextremeKerr ..................c0... 14
1.3.1 The NHEK space-time and its derivation ... ... ... .. 15
1.3.2 Theisometry group and critical phenomena . . . . ... .. 17

In this first chapter, we introduce the main properties of Kerr black holes. In
section 1.1, we write down the metric of the Kerr solution and study some basics
of its kinematics. We motivate our study for extreme and near-extreme Kerr black
holes by both theoretical and astrophysical reasons in section 1.2. Finally, in sec-
tion 1.3, we derive and study the near-horizon region of the extreme Kerr black
hole in order to analytically address questions of astrophysical relevance in the

next chapters of the thesis.

1.1 Kerr black hole

The Kerr black hole is the asymptotically flat stationary solution to the four di-
mensional vacuum Einstein’s field equations (Kerr, 1963). It describes the station-
ary and axisymmetric exterior gravitational field of a rotating black hole. Accord-
ing to the Kerr black hole hypothesis, it models the final state of the gravitational
collapse of a star. It has been shown that Kerr space-time is stable against linear
perturbations (Whiting, 1989; Dafermos, Rodnianski, and Shlapentokh-Rothman,
2014; Dias, Godazgar, and Santos, 2015). Therefore, the phenomenology of astro-
physical black holes rely on the properties of the Kerr solution (Bardeen, Press,
and Teukolsky, 1972).



10 Chapter 1. Rapidly rotating Kerr black holes

The Kerr line element in Boyer-Lindquist coordinates (¢, 7,0, ¢) is given by!
A z A
dSipry === di +2dr + 2d0° +sin’(0) S (dep - wdt)?, (1.1)

where the metric functions read as

A(r) =r?>=2Mr +d?, (1.2a)
>(r,0) = r? + a® cos?(0), (1.2b)
A(1,0) = (r* + a?)° - a*Asin?(6), (1.20)
w(r,0) = Mim (1.2d)

The Kerr black hole is parametrised by its mass M and its angular momentum
per unit mass a = J/ M. According to the cosmic censorship conjecture proposed
by Penrose (1969), the specific angular momentum must satisfy the bound a <
|M|. For a = 0, the line element (1.1) describes the Schwarzschild black hole space-
time; whereas for a = M, it describes the maximally rotating or extreme Kerr black
hole. The latter, and its near-extreme version, will be considered in section 1.3.

The Kerr black hole space-time is stationary and axisymmetric. The Killing
vectors generating the time and axial symmetries are, respectively, n = 6’”;% and
¢ = 6‘;0u. The conserved quantities along the geodesic world-line x* = x*(A1) are
the rest mass, the total energy E = —g;, %", and the component of the angular mo-
mentum parallel to the symmetry axis L = —gy,X*. In addition to these obvious
symmetries, the Kerr space-time possesses a Killing tensor (Carter, 1968). The cor-
responding conserved quantity, the Carter’s constant, provides the fourth integral
of the motion to analytically integrate the geodesic equation in closed form.

The Kerr line element (1.1) is singular for Z(r,0) = 0 and for A(r,0) = 0. The
former represents the curvature singularity when M # 0, while the latter gives the
radial location of the coordinate singularities. The event horizon is located at the

outer root of A(r) =0,

re=M+VM?-a. (1.3)

The outer boundary of the ergo-sphere is located where the time Killing vector n

is spacelike. This occurs at the outer root of X(r,0) =2MTr,

r0(0) = M + v/ M2 — a2 cos?(6). (1.4)

The region between the event horizon and the ergo-sphere is the ergo-region.

IWe adopt natural units where G = ¢ = 1. Properties of the Kerr space-time are discussed in
appendix B.



1.1. Kerr black hole 11

The existence of such a region permits the extraction of energy and angular mo-
mentum from Kerr black holes. Notable mechanisms describing this viable as-
trophysical phenomenon are the Penrose-Floyd process for point particles (Pen-
rose and Floyd, 1971), the superradiant effect (or Misner (1972) process) for waves
(Zel’'Dovich, 1971; Bekenstein, 1973) and the Blandford-Znajek process for force-
free magnetospheres (Blandford and Znajek, 1977).

For future reference, we focus our attention to circular orbits in the equatorial

plane. From the radial component of the geodesic equation,
dr
(r,0) = £V, (), (1.5)

where V;(r) is the effective potential governing the radial motion, one obtains

three classes of orbits:

 the photon orbit, describing an orbit whose energy per unit rest mass is in-
finite,
'ph :2M{1+cos

}, (1.6)

2 _a
—arccos (+—)
3 M

* the marginally bound orbit or innermost bound circular orbit (IBCO),
rigco=2M¥a+2\/ M(M7¥ a), (1.7)

* the marginally stable orbit or innermost stable circular orbit (ISCO),

rlsco:M(3+ZZ¢\/(3—21)(3+Zl+222)), (1.8)
where
a2\ a\1/3 173
Zi=1+ 1_W) (1+A—/[) +(1_1\_/1) ] (1.9a)
aZ
Z = 3W+Zf. (1.9b)

The upper signs refer to orbits co-rotating with the Kerr black hole, while the lower
signs refer to counter-rotating orbits. The Fig. 1.1 shows the circular co-rotating
equatorial orbits as functions of the specific angular momentum parameter. It is
evident that the Boyer-Lindquist radial locations of the horizon r., the photon or-
bit rp,p,, the IBCO rypco, and ISCO rsco are coincident for a = M. Of course this is
a deception of the Boyer-Lindquist coordinate system, because timelike surfaces,
like the IBCO or the ISCO, cannot coincide with null sufaces, like the horizon. This
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feature motives us to study in more detail the extreme Kerr black hole in the next

section.
‘
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FIGURE 1.1: Circular co-rotating equatorial orbits around a Kerr black hole as
functions of the specific angular momentum parameter a/ M.

1.2 Extreme and near-extreme Kerr black hole

The Kerr black holes family contains a special class in its parameter space: the
extreme case characterized by a = M. Extreme Kerr black holes rotate at the maxi-
mal angular momentum allowed by the cosmic censorship conjecture. According
to the third law of black-hole mechanics, Israel (1986) showed that it is not pos-
sible to spin up a Kerr black hole to the extreme value within a finite (advanced)
time. Moreover, extreme Kerr black holes suffer from instabilities against linear
perturbations at the event horizon (Aretakis, 2012; Aretakis, 2015). Nevertheless,
they serve as theoretical laboratories to investigate aspects of classical gravity (see,
e.g., Banados, Silk, and West, 2009) and, as we shall briefly comment in the next
section 1.3, to study properties of the quantum nature of gravity.

For astrophysical purposes, it is better to consider near-extreme Kerr black
holes as argued for the first time by Bardeen (1970), Bardeen and Wagoner (1971)
and later by Thorne (1974), where he computed the well-known limit a/ M = 0.998
within the thin accretion disc model. In addition to theoretical reasons, there is
observational evidence about the existence of near-extreme black holes in Nature
(see, e.g., McClintock et al., 2006; Gou et al., 2011; Brenneman, 2013; Gou et al.,
2014; Reynolds, 2014).
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Since we would like to focus our attention on the limit a — M, we introduce

the near-extreme parameter o that measures the deviation from the extreme case

o=1\/1-—. (1.10)

By performing a Taylor expansion around o = 0, we get the following leading be-
haviour for the circular co-rotating equatorial orbits around a near-extreme Kerr
black hole:

r
M+ —1+0, (1.11a)
ro(m/2
O(JJ\T/I ) o (1.11b)
Tph 2 2
—=1+—0+0(0°), (1.11¢)
i N (o)
r
Ii;o =1+v20+06(0?), (1.11d)
rzzs\;o _ 1+21/302/3+@’(a4’3). (1.11e)

It is then clear that the ISCO radial location scales differently and it approaches M
much slower than the horizon, the photon orbit and the IBCO radii. In particular,

the proper radial distance,

s
d(rg, r,-):f VE&rrdr, (1.12)
ri

between the horizon and the photon orbit as well as that between the photon orbit
and the IBCO remain finite and non-zero for ¢ — 0, whereas the proper radial
distance between the ISCO and both the IBCO and the outer boundary of the ergo-
sphere ry diverges for 0 — 0. This characteristic property of extreme Kerr black
holes is diagrammatically summarized by the embedding diagrams for 6 = 7/2
and ¢ = const in Fig. 1.2.

At the extreme value a = M, the Kerr space-time is divided into three regions.
It would be better to say that Kerr space-time has three distinct limits (see Geroch,

1969, for a well-posed definition of limit of a space-time):

a) the extreme Kerr, obtained by keeping fixed the Boyer-Lindquist coordinates
and sending a — M. This limit does not alter the asymptotically flat region,
but the manifold for r < rysco is singularly projected into the event horizon

at rylq=p = M, according to Egs. (1.11)

b) the intermediate region, also known as near-horizon extreme Kerr geome-

try (NHEK), obtained by keeping fixed suitable co-rotating coordinates and
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FIGURE 1.2: Embedding diagrams for 0 = n/2 and ¢ = const of rapidly rotating
Kerr black holes of unit mass M = 1. The cracks stand for infinite
proper radial distance (Bardeen, Press, and Teukolsky, 1972).

sending a — M. This space-time is no longer asymptotically flat: it has a

timelike boundary. We shall provide its derivation in section 1.3.

c) the deepest region, known as near-NHEK, obtained by keeping fixed coordi-
nates adapted to the event horizon and sending a — M. It is diffeomorphic
to NHEK.

1.3 Near-horizon extreme Kerr

The theoretical importance of the extreme Kerr space-time lies in the presence of
an enhanced isometry group containing global conformal symmetries in its near-
horizon region (Bardeen and Horowitz, 1999). Such a unique feature has impor-
tant consequences: it provides a connection between astrophysics and computa-
tional techniques used in theories with conformal symmetries, and it allows to an-
alytically investigate phenomena occurring in the surroundings of these objects.
In fact, these symmetries have been exploited to analytically address astrophysi-
cal questions concerning gravitational waves (Gralla, Porfyriadis, and Warburton,
2015; Gralla, Hughes, and Warburton, 2016; Hadar and Porfyriadis, 2017; Compere
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etal., 2017), force-free magnetospheres (Zhang, Yang, and Lehner, 2014; Lupsasca,
Rodriguez, and Strominger, 2014; Lupsasca and Rodriguez, 2015; Compere and
Oliveri, 2016; Gralla, Lupsasca, and Strominger, 2016), electromagnetic emission
(Porfyriadis, Shi, and Strominger, 2017; Gralla, Lupsasca, and Strominger, 2017;
Lupsasca, Porfyriadis, and Shi, 2018), and thin accretion discs (Compeére and Oliv-
eri, 2017).

The additional presence of infinite-dimensional conformal symmetries leds to
the proposal that NHEK space-time may be dual to a conformal field theory (CFT)
(Guica et al., 2009). Such putative correspondence takes the name of Kerr/CFT
correspondence (see, e.g., Bredberg et al., 2011; Compere, 2012). It turned out
however not to be a duality as the celebrated AdS/CFT duality. Despite the fact
that the Kerr/CFT correspondence is far to be a duality, there exist examples show-
ing common mathematical features between the extreme Kerr and the dual CFT
through explicit computation for gravitational waves (Porfyriadis and Strominger,
2014; Hadar, Porfyriadis, and Strominger, 2014; Hadar, Porfyriadis, and Strominger,
2015), superradiant effect (Bredberg et al., 2010), and wave scattering amplitudes
(Hartman, Song, and Strominger, 2010; Castro, Maloney, and Strominger, 2010).

1.3.1 The NHEK space-time and its derivation

We now derive the NHEK space-time by a limiting procedure from Kerr line ele-
ment in Boyer-Lindquist coordinates (z,1,0,¢) in Eq. (1.1). Let us define the co-

rotating coordinates (7, R,0,®) as

r—ry 1 ext a’
—, ®=¢p-Q"'t, and o=1\/1-—=01, (.13
fo A" P M? (1.13)

t
T = Tin, R=
o

where Qi’” = 1/(2M) is the extreme angular velocity of the event horizon, 7 is
a dimensional factor, ¢ is an arbitrary real number, and 7 is a positive and real
exponent. By performing a Taylor expansion around A = 0, one gets a formal series
of the form

ASiory M) = ) dsi,) AP (1.14)
pP=po

The exponent n must be chosen in such a way that we get a well-defined limit
for A — 0 at fixed co-rotating coordinates. This result is achieved by approaching
the extreme value of the angular momentum faster than the zooming in the near-

horizon region. In formulee,

x A" 50 as A—0 (1.15)
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implies that n € (0,1). This range of n selects the intermediate region in Fig. 1.2
between the extreme Kerr (for n = 0) and the near-NHEK (for n = 1). By keeping
fixed the co-rotating coordinates (T, R, 0, ®) and sending A — 0 with n € (0,1), one
gets the NHEK line element at the leading order in A

dsty, N = dsy g + O A, (1.16a)

dR?
ds¥ypx =2 T(0) | -R*dT? + =t do% +y*(0) (d® + RdT)?|, (1.16b)

where T'(6) = (1+ cos?(9)) /2, () = sin(0)/T(6), and 7y = vV2M.

The n =1 case adapts the co-rotating coordinates (1.13) to the event horizon.
The limit A — 0 gives the near-NHEK line element which is diffeomorphic to the
NHEK space-time (Amsel et al., 2009) and we will not consider it anymore in this
thesis.

The NHEK line element (1.16b) is a solution to the vacuum Einstein’s field
equations and it is geodesically complete with a timelike boundary (Bardeen and
Horowitz, 1999). Along the axis of rotation, i.e., for 8 = 0 and 6 = =, Eq. (1.16b)
is AdS; in Poincaré coordinates with the horizon located at R = 0. At fixed polar
angle, the three-dimensional geometry is a quotient of warped AdSs (Anninos et
al., 2009). In general, the NHEK line element is a warped and twisted product of
AdS, x §°.

The NHEK space-time is manifestly scale invariant: the rescaling of the radial
and time coordinates, R — cR and T — T/c, leaves the line element (1.16b) in-
variant for arbitrary c. This is the dilation symmetry of AdS,, whose generator is
part of the SL(2,R) algebra. Indeed, the isometry group of NHEK space-time is
enhanced from the isometry group R x U(1) of Kerr space-time to SL(2,R) x U(1),
in agreement with a general result proved by Kunduri, Lucietti, and Reall (2007) in

a broad class of theories. The Killing vectors of NHEK space-time are

H, =V2dr, (1.17a)
Hy=Td7 — Rog, (1.17b)
1 1 1
H =V2|=|T?+—= |07 - TROp — 0o |, 1.1
V2 2( + Rz)aT OR Racp (1.17¢)
Qo =00. (1.17d)

The Killing vector H, is the generator of the (Poincaré) time translations, Hy is
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the generator of the scale invariance mentioned above, and Q, generates the az-

imuthal rotations. They obey the SL(2,R) x U(1) commutation relations given by
(Ho, Hel = FHy, [Hy+,H-1=2Hy, [Qo,H+]=0=1[Qo, Hol. (1.18)

One relevant property of NHEK space-time is the absence of any global time-
like Killing vector (Amsel et al., 2009). This feature has the consequence that there
is no unique definition of vacuum of a quantum field theory (DeWitt, 1975; Kay
and Wald, 1991), as already known for the Kerr space-time (Ottewill and Winstan-
ley, 2000a; Ottewill and Winstanley, 2000b). In particular, the Poincaré time trans-
lation generator H, is spacelike for y(0) > 1, i.e., in the region around the equator
where 0 € [0, 7 —0.] with 0, = arcsin[v/3 — 1] = 47°. In other words, H, is timelike
only in the region where 0 € [0,0..]u[n—0., ], and therefore this region represents
the physical region in the NHEK space-time. Such a characteristic property orig-
inates by the fact that the horizon-generating Killing vector of the non-extreme
Kerr is timelike just outside the event horizon, then it becomes lightlike at the ve-
locity of light surface, beyond which it is spacelike. At the extreme case and upon
performing the near-horizon limit, the velocity of light surface asymptotically ap-
proaches the event horizon and the horizon-generating Killing vector is no longer

timelike near the horizon around the equator.

1.3.2 The isometry group and critical phenomena

The presence of the global conformal group SL(2,R) ~ SO(2,1) in the isometry
group of NHEK space-time allows us to classify fields defined on NHEK space-
time. Moreover, these symmetries indicate the presence of critical behaviours of
certain physical observables. Very recently, critical phenomena have been discov-
ered in magnetospheres (Gralla, Lupsasca, and Strominger, 2017), thin accretion
discs (Compere and Oliveri, 2017), scalar, electromagnetic and gravitational per-
turbations (Gralla and Zimmerman, 2017), electromagnetic line emission (Lup-
sasca, Porfyriadis, and Shi, 2018), and gravitational waves (Compere et al., 2017).
As noticed for the first time in Gralla, Lupsasca, and Strominger (2017), the ex-
treme Kerr space-time can be thought of as a critical point in the Kerr family. The
origin of this interpretation stems from the seminal paper by Bardeen, Press, and
Teukolsky (1972) and from the meaning of Fig. 1.2. From this perspective, the re-
sult of Bardeen and Horowitz (1999) can be viewed as the emergence of conformal
symmetries near the critical point. As a consequence, extreme and near-extreme

Kerr black holes admit critical phenomena in their near-horizon region.
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In order to make this interpretation manifest and rigorous, let us consider a
smooth tensor field F on extreme Kerr space-time. After transforming the field F
to the co-rotating coordinates (1.13) and performing a Taylor expansion around
A =0, one gets

F) =AY %, (T,R,0,0) AP. (1.19)
p=0

Here his areal number and it depends on the rank of the field F. The leading term
Fo(T,R,0,®) = lim APEQ) (1.20)

is the near-horizon field whenever it exists. We should notice that the near-horizon
limit in Eq. (1.13) is invariant under an arbitrary rescaling of the limiting param-
eter A — cA and under the simultaneous rescaling of the time and radial coordi-
nates t — t/c" and r — c"r (or, equivalently, the simultaneous rescaling of the
near-horizon time and radial coordinates T — T/c" and R — ¢ R). After perform-
ing the limit in Eq. (1.20), the near-horizon field does not depend any longer by 1
and it scales like F ) — c"Z ) under T — T/c" and R — c"R. Infinitesimally, the

near-horizon field must obey the self-similarity condition given by
gHog(O) = hg(o), (1.21)

where £, is the Lie derivative operator with respect to the dilation generator Hy
which generates the finite rescaling T — T/c and R — cR. As an example, the
NHEK metric field in Eq. (1.16b) obeys Eq. (1.21) with h =0, i.e,, it is scale invari-
ant.

In order to classify tensor fields defined in NHEK space-time, we might use
representations of SL(2,R) x U(1). Among all the representations of SL(2,R), one
can consider the highest or lowest weight representations. Both of them are infinite-
dimensional (Barut and Raczka, 1986). A given tensor field F falls into the highest
weight representation labelled by {#, g, k} if

L1, Fing,0 =0,
Ly Fih,q.0 = hFn,q,0) (1.22)

L0 Fih,q,00 = 19F1,4,0»

with descendants given by (ﬁfo)kF(h,q,m = Finq,0- In physical terms (and in
Poincaré coordinates), the first condition imposes the stationarity of the field, the

second gives the self-similarity condition with respect to the dilation generator Hy
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with weight h (h = 0 being a scale-invariant field), and the third condition intro-
duces the U(1) charge g of the field (¢ = 0 meaning an axisymmetric field). Explicit
examples of highest-weight classification of force-free electromagnetic fields have
been derived in Lupsasca, Rodriguez, and Strominger (2014), Lupsasca and Ro-
driguez (2015), and Compere and Oliveri (2016). A systematic approach for scalar,

vector and symmetric tensor fields is found in Chen and Stein (2017).
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This chapter is devoted to force-free electrodynamics and it is conceived as

a quick introduction to the topic. We first motivate and introduce the reader to

the subject in section 2.1. Then, in section 2.2, we write down the equations gov-

erning force-free electrodynamics. In section 2.3, we explicit certain properties of

force-free fields and, in section 2.4, we give a field-theoretical description of the

force-free electrodynamics in terms of Euler potentials. Section 2.5 specialises to

force-free magnetospheres that are stationary and axial symmetric. This is a nec-

essary step to introduce the celebrated Blandford-Znajek mechanism of energy

extraction in section 2.6.
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2.1 Astrophysical motivations

Force-free electrodynamics (FFE) was first introduced in astrophysics by Liist and
Schliiter (1954) in the context of the solar magnetosphere. This application mo-
tivated the search for exact solutions to FFE by Chandrasekhar (1956) and Chan-
drasekhar and Kendall (1957). Goldreich and Julian (1969) applied FFE to magne-
tospheres of pulsars', observed one year earlier by Hewish et al. (1968) and identi-
fied with rapidly rotating and highly magnetized neutron stars (Gold, 1968; Pacini,
1968). Goldreich and Julian (1969) restricted their study to stationary and axisym-
metric electromagnetic field configurations that are solutions to the Maxwell’s elec-
trodynamics. They estimated that, though the pulsar magnetosphere is populated
by electron-positron plasma, the plasma rest-mass density is negligible with re-
spect to the electromagnetic field energy density. This implies that one may ne-
glect the exchange of energy-momentum between the plasma and the electro-
magnetic field, i.e.,, one may impose the constraint of vanishing Lorentz force den-
sity, from which the name force-free electrodynamics. For many years, the solu-
tion obtained by Michel (1973) has been the only analytical solution to investigate
pulsar magnetospheres.

The range of applicability of force-free electrodynamics is not only limited to
pulsar magnetospheres. It plays a fundamental role in the physics of the active
galactic nuclei (AGN), discovered more than fifty years ago by Schmidt (1963),
where a supermassive and rotating black hole is surrounded by an accretion disc,
sourcing magnetic fields, and a plasma. These objects are observed at the centre
of galaxies and they are the brightest object in our observable universe (see, e.g.,
Fabian, 2012). The most viable mechanism of energy extraction has been pro-
posed by Blandford and Znajek (1977) and it involves force-free electrodynamics.
General relativistic magneto-hydro-dynamics simulations confirm the force-free
approximation (McKinney, Tchekhovskoy, and Blandford, 2012; Penna, Narayan,
and Sadowski, 2013), and suggest that the Blandford-Znajek process is responsible
for the jets observed in the AGN (Tchekhovskoy, Narayan, and McKinney, 2011).

2.2 Equations of motion

Let g,v be the background space-time metric and A, be the gauge potential. The
Maxwell field is F,, =V, Ay — Vy Ay,. It obeys Maxwell’s equations

V[UFyv] =0, VVF#V = ju; (2.1)

1See the reviews (Michel, 1982; Beskin, Gurevich, and Istomin, 1993) for a complete account on
the topic.



2.2. Equations of motion 23

with j¥ being the electric current density. The corresponding energy-momentum

tensor of the electromagnetic field reads as
1
THY = FHaOFY — Z g F P Ep. 2.2)

The total energy-momentum tensor is the sum of the contribution of the electro-
magnetic field and of that of the matter content:

™ =Th +T!" (2.3)

matter-

The conservation of the total energy-momentum implies that

0=V, Thy+V,TH" . =—F"j,+v, T (2.4)

matter — atter*
The above equation governs the transfer of energy and momentum between the
electromagnetic field and the matter content. Under the simplifying assumption
that inertial forces are negligible with respect to the Lorentz force density, i.e., ne-
glecting any exchange of energy and momentum from the electromagnetic field

to the matter content, one obtains the so-called force-free condition
F,ij =0. (2.5)

This constraint decouples the dynamics of the electromagnetic field from that of

the plasma. Therefore, the FFE equations are
v[gFuv] = O, VVFIJV = ju, Fuvjv = 0, (2.6)

or, eliminating j*,
V[UFI,L'V] = 0, FquUF,VO‘ = 0. (2.7)

FFE equations (2.6) are non-linear and, therefore, exact analytical solutions
are hard to find. Only a few exact analytical solutions are known: in Schwarzschild
space-time (Michel, 1973; Lyutikov, 2011), Kerr space-time (Blandford and Znajek,
1977; Menon and Dermer, 2005; Menon and Dermer, 2007; Menon and Dermer,
2011; Brennan, Gralla, and Jacobson, 2013; Menon, 2015), and near-horizon ex-
treme Kerr space-time (Lupsasca, Rodriguez, and Strominger, 2014; Zhang, Yang,
and Lehner, 2014; Lupsasca and Rodriguez, 2015; Compere and Oliveri, 2016).

However, despite the non-linearity, FFE equations show interesting and non-

trivial geometric properties. A force-free field defines a space-time foliation (Carter,
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1979) and it is described by Euler potentials (Uchida, 1997a; Uchida, 1997b). Re-
cently, diverse attempts have been made to understand the analytical properties
of FFE equations and to find new exact analytical solutions (Tanabe and Nagataki,
2008; Pan and Yu, 2015a; Pan and Yu, 2015b; Pan and Yu, 2016; Compeére, Gralla,
and Lupsasca, 2016; Pan, Yu, and Huang, 2017; Harte, 2017; Kinoshita and Igata,
2017; Li and Wang, 2017; Grignani, Harmark, and Orselli, 2018).

For a detailed covariant treatment of FFE theory and its implications for pulsar
and black hole magnetospheres, we refer the reader to the review by Gralla and
Jacobson (2014), that we shall closely follow in this chapter.

2.3 Degenerate electromagnetic fields

From now on, we prefer adopting the language of differential forms for the ease
of notation and to make manifest properties of force-free fields that are metric-
independent. Our conventions on differential forms are summarised in appendix A.

FFE equations (2.6) can be rewritten, respectively, as
dF =0, dxF=x%], JAxF=0. (2.8)

The first equation is the Bianchi identity: it is independent of the metric field and
reproduces the homogeneous Maxwell’s equations. The second equation gives
the inhomogeneous Maxwell’s equations, while the third equation is the force-
free constraint equivalent to the inner product between J and F, i;F = 0.> The
conservation of the current 1-form J follows directly from the property that d? = 0.

We first notice that any source-free solution to Maxwell’s electrodynamics is
also a trivial solution to force-free electrodynamics. We shall consider solutions
with non-vanishing current 1-form J in the rest of the chapter. Another observa-
tion worth of mention is that the current J plays no role in the dynamics of the

field: indeed, it can be eliminated as shown in Eq. (2.7).

2.3.1 Degeneracy and field sheets

An important property obeyed by force-free fields is the degeneracy condition.

From the force-free condition i;F = 0, one has that

if(FANF)=ijFANF+FNijF=0. (2.9)

2Here, we used the property that ix xw = x (w A X), with X = J, xw = F and w = — % (kw) = —x F.
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Since F A F is a 4-form in four dimensions (and J # 0), it follows that F must be
degenerate
FAF=0. (2.10)

This is a necessary, but not sufficient, condition for an electromagnetic field to be
force-free. The degeneracy of the Maxwell field occurs when there exists a given
vector field v such that i, F = 0, as it is clear from Eq. (2.9). In physical terms,
if v is a unit time-like observer, i, F = 0 is the ideal Ohm’ law — stating that the
electric field in the local rest frame of the plasma is vanishing — and by no means
the degenerate electromagnetic field is force-free.

A direct consequence of the degeneracy condition (2.10) is that the Maxwell
field F can be written as the wedge product of two 1-forms, i.e., F is a simple 2-
form

F=anp. 2.11)

This is readily showed by considering two arbitrary vector fields v and w such that

their contraction with the electromagnetic field, i, i,,F # 0, is non zero. Then
O=iyi,(FAF)=iy(iy,FAF+FAi,F)=2iyi,FF+2i,FAi,F. (2.12)

Hence, @ < i, F and S i, F.

The Frobenius’ theorem guarantees that a degenerate field F = a A 3, obey-
ing the Bianchi identity dF = 0, has integrable kernels. In other words, the Pfaf-
fian system a = 0 = 3 is completely integrable because the integrability conditions
aAF =0= BAF are obeyed (Choquet-Bruhat, DeWitt-Morette, and Dillard-Bleick,
1982). The vector fields annihilating the degenerate electromagnetic field span a
two-dimensional sub-manifold in the four-dimensional space-time. These inte-
gral surfaces are called field sheets (Carter, 1979; Uchida, 1997a). The existence
of field sheets can be visualised by a simpler geometrical argument (Gralla and
Jacobson, 2014). Assume that v is a vector in the kernel of F, thatis i, F = 0 every-
where in space-time. Then, by using the Cartan’s formula and the Bianchi identity,
one has that £, F =0, i.e, the electromagnetic field F is preserved along the flow
of v. Now, consider a second vector field w such that ¥, w =0 and i,,F = 0 on
the three-dimensional surface transverse to the flow of v. It follows that the con-
traction of w with F is preserved along the flow of v because £, (i,,F) = 0. Thus,
iwF =0everywhere and w is in the kernel of F. In conclusion, the electromagnetic
field F is preserved along the flow of v and w or, in different words, it is “frozen”
on the field sheet.

Force-free configurations have current vectors J tangent to the field sheets and
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force-free fields induce a foliation of space-times. This property will be impor-
tant for the existence of the Euler-potential formulation of the force-free electro-

dynamics in section 2.4.

2.3.2 Lorentzinvariants

In classical electrodynamics, we have two Lorentz invariants: x (F A F) and * (F A % F).

The first invariant is explicitly given by

1
*x (FAF) = Zg“ﬁyﬁ FypFys o v/det(F). (2.13)

Force-free fields are degenerate and, therefore, det(F) = 0 implies that F is a matrix
of rank two and its kernel is two-dimensional, as already stated above.

The second invariant is the Hodge dual of the Lagrangian density. It reads as
1 v 1 2
* (FAXF) :_EFNVFN :_EF . (2.14)

It is useful to introduce the electric and magnetic fields as measured by a (not

normalized) time-like observer v
E,=Fuv", By=xF)uv". (2.15)
The electromagnetic field F,,, can be decomposed in terms of E, and By, as

1
Fuv=— (215[“ Uy — €vys B u5) . (2.16)

The first Lorentz invariant reads as
1 apfyd 2 %
*x(FAF)= 4_16 FaﬁFyg = 2 E”B . 2.17)

Thus, the force-free condition implies that the electric and magnetic fields are or-

thogonal to each other. The second Lorentz invariant reads as

1 1
*x (FA*F)=--F*=-—(E*- B). 2.18
( )=—3 = ) (2.18)
We can classify degenerate fields into three classes by looking at the sign of x (F A % F).
We call F to be magnetically dominated if F? is positive, electrically dominated
if F? is negative, and null otherwise. Magnetically dominated configurations are
considered of physical relevance because the kernel of F is time-like and so is the

current four-vector (i;F = 0) and there always exists an observer four-velocity who
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measures only the magnetic field in his frame (i, F = 0). Null configurations are

also relevant because they describe the radiation field.

2.4 Euler potentials formulation

Uchida, in a series of papers (Uchida, 1997a; Uchida, 1997b), introduced a new
formulation of FFE based on Euler potentials as field variables. Motivated by the
degeneracy condition (2.11), one can introduce two scalar fields, the Euler poten-
tials ¢p; and ¢, such that

F=dd,ndps. (2.19)

The force-free condition 0 = iy F = —(i;d¢o)ddy + (i;dp1) dd, becomes equivalent

to the system 3
0=dp;An*xJ=dp;ind*F=-d(dp; \xF), i=1,2. (2.20)

The two expressions d¢; Ax F are called Euler currents (Gralla and Jacobson, 2014).
We will show that the conservation of energy and angular momentum amount to
the conservation of the first Euler current (see Eq. (2.44)), and the stream equation
is equivalent to the conservation of the second Euler current (see Eq. (2.46)).

The Euler potentials give a description of closed and degenerate 2-form fields
which is equivalent to the usual one in terms of gauge potential. However, Euler
potentials are not unique. Indeed, we might introduce a new pair of Euler po-
tentials ¢ = ¢ (¢1,P2) and ¢, = P, (1, P») and the electromagnetic field strength
becomes
0p 02 Ocpy Och,
0p1 0 O O

5((/51,Q52)F

F= d(ﬁl N d(ﬁz = 6(¢1 ) 2

dpr N dr = (2.21)
The invariance of the field strength F under an arbitrary Euler potentials redef-
inition implies that the Jacobian of the transformation must be unitary. In ge-
ometrical terms, the unitary of the Jacobian means that the area element of the
field sheets remains invariant under a field redefinition. It is worth mentioning
that this arbitrariness is equivalent to the gauge freedom of the gauge potential

(Uchida, 1997a).

3For two p-forms @ and B, a A %8 = (i pa)e where ¢ is the volume element. Eq. (2.20) follows for

a=do;, =1].
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2.4.1 Euler potentials with one symmetry

Assume that F is invariant under the flow of the vector field s. By using the Cartan’s

formula and the Bianchi identity, one obtains that
0=%F=diF. (2.22)
By the Poincaré’s lemma, there exists a function f such that
df =isF=is(ddy Ndps) = —(isdp2)dpy + (isdpr)dgs. (2.23)

In particular, f = f(¢1,¢2). There are two cases: either df = 0 and both Euler
potentials are invariant under the symmetry s, or d f # 0. In the latter case, we
can redefine the Euler potentials such that f = —¢;. The unitary of the Jacobian

guarantees the existence of ¢,. Thus,
—ddy = —(isdpr)dpy + (isdpr)d b, (2.24)

and we conclude that
isddy =0, isdd,=1. (2.25)

2.4.2 Euler potentials with two commuting symmetries

Assume that F is invariant under the flow of two commuting vector fields s; and
$». Then, we have
isF=df, i,F=dg, (2.26)

for some functions f and g. From F A is, F = 0, one has
0=1i5,(FANis,F) =13 FNig,F+ (i i, PF=df ndg—(is,is F)F. (2.27)

This means that F oc d f Adg. The scalar i, i, F is areal constant, since d (i, i5, F) =
L, (i, F) —is,dig F = i[5, s)F + i, %5, F — i5, %5, F = 0 by assumptions. As before,
there are two cases: either iy, is, F = 0 or iy, i5, F # 0, respectively, case I and case II
studied in Uchida (1997b).

Let us analyse the case I. We have two subcases. In the first subcase Ia, d f =
0 = dg, and thus the Euler potentials are invariant under both symmetries s; and
s2. In the second subcase Ib, where d f # 0, we redefine the Euler potentials such
that f = —¢;. Because is,is F = 0, Eq. (2.27) implies that df A dg = 0 and thus
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g =g(¢1). Then,

df =ig F=—(isddp)dd, + (is,dd1)dr = —dpr, (2.28a)
_ _ o dg(d) . -
dg = is, F = —(is, dGa) Ay + (is, A1) dbs = iig’” Ay, (2.28b)
1

and we conclude that

is,ddy =0, i ddo=1, (2.29a)

i, dr =0, iy, dd = — a‘:’; E;bl) = Q). (2.29b)

1

Notice that the Euler potentials are invariant under the flow of s3 = s, — Q(¢1)s1.
It is not a Killing vector, except when Q(¢,) is constant. In particular, since ¢; is
always constant on the field sheet, the vector field s; deserves the name of field
sheet Killing vector.

In the case II, by choosing the Euler potentials such that f = —¢; and g =

(is,is, F)p2, one has

i, dpy =0, i dpy =1, (2.30a)
is,dpy = —isis F is,d¢pp = 0. (2.30b)

In the next section, we are going to study stationary and axisymmetric force-
free magnetospheres. Later, in Part II, we will relax the assumption of axial sym-
metry £, F = 0 in favour of axial eigenvalue £, F = igF. Generalization on the
functional form of the Euler potentials can be found in section 5.3.

2.5 Stationary and axisymmetric force-free magneto-

spheres

Let 0y and 9, be the two commuting Killing vectors, where ¢ and ¢ are Killing coor-
dinates in a given coordinate system (¢, 1,8, ¢p). Moreover, we restrict our consider-
ations to background geometries that are asymptotically flat solutions to Einstein’s
equations in vacuum, so that we deal with circular space-times (Wald, 1984). In
a circular space-time, the Killing vector fields are orthogonal to two-dimensional

surfaces. As a consequence, the four-dimensional space-time is split into poloidal
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subspaces described by (r,8) and toroidal subspaces described by (¢, ¢). In partic-
ular, the full volume element can be split into poloidal and toroidal volume ele-

ments

e=+/—gdtNdrndOAndp= ( —gTdt/\d(p) A (\/gpdr/\ d@) =el nel, (231
obeying the identities xe” = —¢” and xe? = €7
By considering two commuting symmetries, we fall into the case I discussed
before, since the constant iy o i, F vanishes on the axis of rotation.

We have three different scenarios.

- First scenario: i, oF#0

Let s = 0y and s, = 0; be the two commuting vector fields. In the case in which
is, F #0, Egs. (2.29) implies that

isl d(pl = 6¢</)1 =0, isl d([)g = 6(,5(/)2 =1, (2.32a)
ng d¢1 = at(pbl =0, ng d(PZ = at(,bz = _Q((,bl) (232b)

Thus, the Euler potentials take the following functional form

Pr1=y1(1,0), P2=y2(r,0) +¢P—-Qy1)t. (2.33)
The electromagnetic field strength reads as

F=dyy ndy,+dyi A(dp—Qyr)dt). (2.34)

Notice that we might write F = d (w1 d¢,) and the quantity v d¢, plays the role of
the gauge potential. Then i, (y1d¢po) = —y1Q(y1) can be interpreted as the elec-
trostatic potential between magnetic field lines. Moreover, there is no (toroidal)
electric field component proportional to dt A d¢ because of the Faraday’s law
(Gralla and Jacobson, 2014).

In order to interpret the physical meaning of the Euler potentials, it is instruc-
tive to compute some observables. Let us compute the magnetic flux through the
surface . bounded by the closed line obtained by flowing a poloidal point (r,8)
along the azimuthal vector field 0y at ¢ fixed. The surface . is a two-dimensional

surface in the poloidal space. One has

1
27 J&

1 1 1
= Efydw“\d‘/’z - _Ld(‘l’ld%) = gfwwldcbz =y, (1,0). (2.35)

27
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Since v (r,0) describes the magnetic flux through a given surface spanned by the
poloidal coordinates, it deserves the name of magnetic flux function.

Another enlightening computation is the integration of the 3-form current over
the volume generated by the flowing of . along the vector field d,, which is by

definition the electric current along the flow of the Killing time

1 1 1
dxF=—— *F=— *(dyind = I(r,0).
ZﬂAtf&”xAt 2mAt 0. x At 2mAt 0. x At ( WI UIZ) ( (2) 36)

In the first step, we have used the Stokes’ theorem and we have neglected the two
contributions from the top and bottom surfaces of . x At because the field is
stationary. In the second step, we have computed the Hodge dual of the field
strength F. Since dy; Ady, o< dr AdB, it turns out that x (dy; A dys) o< dtAdd,
and we have defined % (dy1 Ady,) = (I/12n)dt A d¢. The function I = I(r,6) is
called the polar current and it generates the toroidal magnetic field in the az-
imuthal direction. The second term, namely, * [dy A (ddp—Q(y1)dt)] = — *p
dyy A x7(ddp —Qy1)dr) does not contribute to the integral because we are inte-
grating % F over a surface of constant r and 0.

The third function which characterises the Euler potentials is Q(y;). It can
be interpreted as the angular velocity of the magnetic field lines. If the angular

velocity Q2 vanishes, there is no electric field in Eq. (2.34).

- Second scenario: iy, F =0and iy, F # 0

Let s; = 0; and s, = 0y be the two commuting vector fields. In the case in which
is, F =0, Egs. (2.29) implies that

isld([)l :6,(/)1 :0, isld(/)g :at(Pg = 1, (2.37&)
is,d¢py = Ogpp1 =0, i, depr = Ogh2 = 0. (2.37b)

Thus, the Euler potentials take the following functional form
1=x1(1,0), 2= x2(r,0) + 1. (2.38)
The electromagnetic field strength reads as
F=dyyndy,+dy;ndt. (2.39)

In this scenario, there are no terms proportional to dr A d¢ and df A d¢. In other

words, the only non-vanishing component of the magnetic field is proportional to
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dr A df. According to the nomenclature in the literature, this is equivalent to say

that there are no poloidal magnetic fields.

- Third scenario: i, =0 and i) F=0

This is the simplest scenario. The Euler potentials do not depend on ¢ and ¢,

therefore

()bl = 61(7’,0), (PZ = 62(7') 6)7 (240)

and the electromagnetic field strength is simply given by
F=dé  ndés. (2.41)

The 2-form F is proportional to dr A d0, i.e., there are no poloidal magnetic fields
and no electric fields. In other words, F describes only purely toroidal magnetic
fields.

2.5.1 Force-free condition

The three scenarios presented above concern generic degenerate, stationary and
axisymmetric electromagnetic fields F. Now, we want to make explicit the physical
meaning of the force-free condition (2.20) for the first scenario (2.34), which is the
most general one.

The first of the two equations in (2.20) is d (dy; A xF) = 0. As noticed earlier,
the 3-form in parenthesis is the Euler current and it is conserved. It can be shown
that the Euler current conservation amounts to the conservation of energy and
angular momentum (Gralla and Jacobson, 2014). To see this, let J; be the Noether

current associated to the Killing vector ¢
. 1, . 1 5.
Je=—icF A*F+_ig (FAXF) = —igF A*F+ S FPige. (2.42)
In the case of ¢ = {0;,04} and using Egs. (2.32), one gets

io,F = ip, (dp1 Adp2) = —(ig,dp2)depy + (ig, dpr)depo = Qy1)dy,  (2.43)
i@(PF = i@(b (d([)l AN d(l)z) = —(ia(pdqbg)d(l)l + (ia(bd(,bl)dqbg = —dwl. (2.43b)

The Noether currents are then

1
Ja, = —Qp)dy, AXEF + ZF2 is,€, (2.44a)

I 5.
J-o,=—dy1 AxF - ZFZ i9,E. (2.44b)
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By computing the exterior derivative of Eqs. (2.44), the second term in both ex-
pressions is conserved by itself.* Thus, both the conservation of energy and the
conservation of angular momentum follow from the first constraint d (dy; A *F) =
0. It is interesting to explicit the constraint:

0:dwl/\d*F:dwl/\d{%dt/\dcjw*[dwl/\(dcp—ﬂ(wl)dt)]},

= %d% NAINdtNdd+dyy Ad* [dyy A (dd—Qyy)dr)]. (2.45)

The second term contains necessarily three poloidal 1-forms: one from the dy,
and two from d x [dy; A (dp— Q(y1)dt)], as can be checked by explicit compu-
tations. Therefore, since the poloidal subspace is two-dimensional, it must vanish
identically. Thus, we conclude that the polar current must be a function of the
magnetic flux function, i.e., I = I(y;). We want to emphasise that all the results
obtained so far are valid for a generic stationary, axisymmetric field such that it
conserves the energy and angular momentum. Force-free magnetospheres must
obey also the second constraint, that we are going to discuss now.

The second of the two equations in (2.20), d (d¢2 A *F) =0, gives a non-linear
partial differential equation for the magnetic flux function ¥, known as stream
equation (sometimes also dubbed as Grad-Shafranov equation). Expanding the

constraint, one has (Gralla and Jacobson, 2014)

Iy)I'(yy)

am2gT ~ Q' W1)iay, dy1ipdt | €, (2.46)

d (ipn dy) =
where = d¢ — Q(y1)dt is the co-rotation 1-form and the prime denotes deriva-
tion with respect to the flux function ¥,. Hence, the stream equation (2.46) also
constrains the magnetic flux function y; in terms of the unknown polar current
I(y,) and the unknown angular velocity Q(y;). This highlights the difficulties
to find exact analytical solutions in Kerr space-time much better than any word.
Known classes of solutions have been found by restricting the dependence of v,
to only one poloidal coordinate. This approach converts the stream equation to
an ordinary differential equation. The two notable examples in literature are the
class of solutions of null type (F? = 0) where v, I and Q do not depend on the ra-
dial coordinate (Menon and Dermer, 2005; Menon and Dermer, 2007; Menon and
Dermer, 2011) and the class of solutions of magnetic type (F? > 0) where v, I and
Q do not depend on the polar coordinate (Menon, 2015). These exact analytical

solutions share the property that the current is null. By making the ansatz of null

“This is readily seen because iFZ i¢g = —i¢L, where L = —% (F A % F) is the Lagrangian density.
Then, di;L = L;L—izdL = £:L=0if{is a symmetry of the theory.
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current, Brennan, Gralla, and Jacobson (2013) discovered a larger class of exact so-
lutions of null type. Another way to find exact analytical solutions is to convert the
stream equation (2.46) in an equation for the foliation of the field lines (Compere,
Gralla, and Lupsasca, 2016). Despite of this effort, no other new solutions have

been found in Kerr space-time.

2.5.2 Energy and angular momentum extraction

We might make use of the Noether currents (2.44) to investigate the flux of energy
and angular momentum through a given three-surface. We first notice that the
integral of (the pullback of) the currents on surfaces where v (r,0) = const van-
ish; this is equivalent to say that there is no flux of energy or angular momentum
through a poloidal two-surface and the fluxes flow along these poloidal surfaces
in the toroidal directions. Let us define the three-surface X = 22 x S! x At gener-
ated by a curve & in the poloidal space rotated around the axis of symmetry and

evolved along the Killing time Az. Then

f]at :—fQ(w1)dw1A*F+lfF2i6t8: —fﬂ(wl)dwl/\ I(%)dt/\dcp,
b ) 4Js by 21

(2.47a)
f]_a :—fdwlA*F—lszia €=—fd'l//1/\ Iupl)dt/\dgb (2.47b)
s s 4 Js ¢ s 21

In the first step, the second integrals vanish because so does the pullback of the
interior product iy, € (respectively, iy, ) to a surface including the 9, (respectively,
0y) direction. In the second step, we just considered the toroidal part of the in-
tegrand because the integration is performed over a 3-surface extending in the
time and azimuthal directions. Performing the integration after the last step, one
obtains the flux of energy and angular momentum, respectively, given by the fol-

lowing line integrals

a&

d_ = —f Q(le)I(U/l)dwl’ (2.482)
t P@

a<

— = _[ Iy dy,. (2.48b)
t @

Notice that, for constant angular velocity Q, we have dé/dt = Q d¥£/dt and an

outflow of energy is always accompanied by an outflow of angular momentum.
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2.6 The Blandford-Znajek mechanism

In this section, we consider Kerr black hole as fixed background geometry and
we investigate force-free electrodynamics on such a space-time. The presence of
the ergo-region and the event horizon plays a fundamental physical role in the
description of force-free magnetospheres. The former allows the extraction of ro-
tational energy of Kerr black hole via force-free electromagnetic fields (Blandford
and Znajek, 1977), the latter acts as a surface where to impose the boundary con-
dition® (Znajek, 1977).

2.6.1 The Blandford-Znajek monopole solution

Blandford and Znajek (1977) found a perturbative solution, to the second order in
the angular momentum parameter a, describing the stationary and axisymmetric
force-free magnetosphere around Kerr space-time. Before 1977, the only exact
solution to force-free electrodynamics was the Michel (1973) solution, which can
be thought of as a particular superposition of the vacuum monopole solution and
the Poynting flux solution.

To illustrate the basic idea, we start with the vacuum magnetic monopole so-

lution to source-free Maxwell equations on Schwarzschild space-time
F™M% = gsin(0)dO A d¢p = d (—gcos®)) A do, (2.49)

where g is the (magnetic) monopole charge. This solution is also a trivial solution
to force-free electrodynamics in the sense that it has no current d x F"*°" = 0. The
Poynting flux solution to force-free electrodynamics on Schwarzschild space-time
is

FIUx = qe(u,0,¢) Adu, (2.50)
where ((u,0,¢) is an arbitrary function of the retarded time u and the spherical
coordinates (Brennan, Gralla, and Jacobson, 2013). It turns out that the linear
superposition of F°" and F/!"* gives rise to a new solution to force-free elec-
trodynamics. This is not true in general, because force-free electrodynamics is

non-linear. Then
F=qsin@)dOndp+d{(u,0,¢) Adu. (2.51)

°The Znajek’s horizon boundary condition follows from the stream equation (2.46) and corre-
sponds to the regularity condition of the electromagnetic field on the future event horizon (Mac-
Donald and Thorne, 1982).
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This class of solutions has been proved to be the general force-free solution with
radial and null current in Schwarzschild space-time (Brennan, Gralla, and Jacob-
son, 2013; Gralla and Jacobson, 2014). The celebrated Michel’s monopole solu-
tion is recovered by choosing the Euler potential in the Poynting flux solution as
¢ =qgQcos(0)

FMichel — qsin(@)do A (dp - Qdu). (2.52)

Blandford and Znajek (1977) noticed that the Michel’s field strength remains solu-

tion to force-free electrodynamics in Schwarzschild when the angular velocity is

promoted to an arbitrary function of the polar angle Q = Q(0) and { = —q [ sin(0)Q(6)d6.

Another generalisation of the Michel’s solution was found by Lyutikov (2011), who

realised that Q) can also be a function of the retarded time and { = —¢g f sin(0)Q(u,0)do.
In Kerr space-time, the superposition procedure fails. Nevertheless, up to the

first order in the angular momentum parameter, the Blandford-Znajek solution is

nothing but the Michel’s solution with Q ~ &' (a) (Gralla and Jacobson, 2014). Thus,

FB% = gsin(0)dO A (dp—Qdu). (2.53)

Of course, the coordinate u is the outgoing Kerr coordinate. The co-rotating 1-
form d¢p—Qdu in outgoing Kerr coordinates must be regular on the event horizon.
To this end, we transform the 1-form to ingoing Kerr coordinates, v and ¢, that are

regular on the future event horizon, and are defined by

2., 2
du:dv—zudn (2.54a)
A(r)
~ a
—dp— ——dr, 2.54
dp=d¢ A(r)dr (2.54b)

where A(r) is defined in Egs. (1.2). One has that

2Q(r2 + a?) - Q+(rf_ +a?)

dp-Qdu=dd-Qdv+ dr. 2.55

¢ u=deo v AD) r (2.55)
The coefficient of dr must vanish at the horizon r = r; in order to guarantee reg-
ularity of the 1-form. This implies that Q = %QJ, = %ﬁ ~ O(a), that is consistent

with the ansatz (2.53).

Of course, the monopole solution (2.53) is not realised in Nature. Nevertheless,
it is possible to build a more realistic solution, as done by Blandford and Znajek
in their original paper, by splitting the monopole solution in the equatorial plane
and by gluing the upper and lower monopole solutions to cancel the total mag-
netic monopole charge. The splitting procedure implies the presence of a surface

charge and a surface current localised in the equatorial plane. In other words, the
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split monopole solution is a crude model for (force-free) electromagnetic fields

sourced by accretion discs in the equatorial plane.

2.6.2 The Blandford-Znajek energy extraction

The Blandford-Znajek mechanism is a Penrose-like process (see, e.g., Komissarov,
2009; Ruiz et al., 2012; Lasota et al., 2014; Koide and Baba, 2014). In order to
evaluate the explicit expressions of the flux of energy and angular momentum in
Egs. (2.48), we have to compute the expression of the polar current I(y;) defined
in Eq. (2.36) in the case of the Kerr space-time. Let y = d; + Q0 be the horizon-
generating Killing vector field and Q. be the angular velocity of the event horizon.
We first notice that, by using the expression (2.34) for the electromagnetic field,

one obtains
iy F=(Qy1) - Q) dyn, (2.56)

which can be interpreted as the variation of the electrostatic potential between
the event horizon and the magnetic field line in the context of the membrane
paradigm (Thorne, Price, and Macdonald, 1986). The polar current is, by defi-
nition (see discussion below Eq. (2.36)), proportional to the toroidal component

of xF. Hence, as shown in Gralla and Jacobson (2014), it is given by

I .. 8¢¢
5 = o, iy (xF) = (Qy1) - Q4) (aewl)\/%. (2.57)

This expression, when evaluated on the future event horizon, is the Znajek’s hori-
zon boundary condition (Znajek, 1977). Actually, it is better to say that the Znajek’s
boundary condition is simply a consistency condition. MacDonald and Thorne
(1982) showed that it directly comes from the stream equation (2.46) evaluated
on the horizon. This condition guarantees the force-free electromagnetic field to
be regular there. Substituting the polar current into the expressions for the fluxes

(2.48), one gets

ag n /

— = 2nf Q1) (Qs — Q1)) Bpy1) 592 o, (2.58a)
dt 0 800
A< n /
— = an (Qs — Q1)) Bey1)* 890 40, (2.58b)
dt 0 8o9

Notice that the outflow of energy comes along the outflow of angular momentum.

In order to have a positive outflow of energy, the angular velocity of the magnetic
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field lines must be bounded from above by the angular velocity of the event hori-
zon, 0 < Q(y) < Q.. Indeed, there exists a thermodynamical argument for the
existence of an upper bound of the energy extracted (Gralla and Jacobson, 2014).
From the null energy condition, the electromagnetic energy-momentum tensor

obeys the inequality
0= Tyuvx"x" = Tuw 0" ¥ — Qi Ty (—04) ¥V = —66 + Q.6 2. (2.59)

The ratio between the two angular velocities Q(y1)/Q. is the efficiency of the en-
ergy extraction process. In the framework of the membrane paradigm, such a
ratio represents the circuit efficiency (see Fig. 38 in Thorne, Price, and Macdon-
ald, 1986). The maximum efficiency at fixed magnetic flux is reached for Q(y;) =
1/2 Q, which is the value for which the electromagnetic field of the Blandford-
Znajek solution is regular on the horizon, as shown below Eq. (2.55). Another rea-
son for which Q(y;) = 1/2 Q, is that it maximizes the power of energy emission.
Indeed, from the flux of energy (2.48), the power (per unit length) is proportional
to Q(y1) (Q+ — Q(y1)) and it is maximum for Q(y1) = 1/2 Q.. This result is con-

firmed by numerical simulations of jets dynamics (Penna, 2015).
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In this chapter, we introduce the reader to the physics of accretion discs and,

in particular, of thin accretion discs. We provide some astrophysical motivations

to the subject to motivate the reader with this fascinating topic in section 3.1. In

section 3.2, we write down the most fundamental equations governing the accre-

tion phenomenon: the energy balance equation and the relativistic Navier-Stokes

equations. Then, in section 3.3, we first introduce the approximations character-

ising the thin accretion disc and then we provide a step-by-step derivation of the

fundamental equations governing the dynamics of the disc. Section 3.4 is devoted

to the well-known Novikov-Thorne model of thin accretion discs and section 3.5
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lists the local solutions of the model in certain particular regimes of interest for

our later purposes.

3.1 Astrophysical motivations

The first indirect observational evidence of an astrophysical black hole is dated
back to the paper of Schmidt (1963) with the identification of the quasar® 3C 273
located at redshift z = 0.158 with luminosity L ~ 10¢ erg s™!. In order to explain
the total luminosity, Lynden-Bell (1969) proposed a model consisting of a massive
black hole, located at the centre of the host galaxy, accreting the surrounding mat-
ter. The model describes a mechanism, the accretion process onto the black hole,
in which the accreting matter forms a disc-like object - the accretion disc - where
loss of angular momentum due to viscosity effects heats the gas that radiates away
efficiently its gravitational energy.

First attempts to describe accretion of interstellar gas by stars have been pro-
posed by Hoyle, Lyttleton and Bondi in the 1940s. One very crude approximation
in these models was to neglect the effects of pressure with respect to dynamical ef-
fects. The reason of this approximation lies in the fact that the heat generated dur-
ing the accretion process would be radiated away very efficiently. In 1952, Bondi
introduced his model (Bondi, 1952), where the pressure effects were considered.
The model assumes a black hole surrounded by a cloud of gas, accreting with sta-
tionary and spherically symmetric motion. The model neglects any self-gravity
effects of the cloud, magnetic fields, angular momentum and viscosity due to the
accretion mechanism.

Several analytical models of accretion discs have been proposed after the sem-
inal paper of Bondi. Each of them describes different types of accretion discs (see,
e.g., the review of Abramowicz and Fragile, 2013), based on certain relevant phys-
ical parameters like, e.g., the geometrical thickness, the optical depth, the accre-
tion rate and efficiency. The most important scale in the accretion process is the
so-called Eddington accretion rate MEgaa (Eddington, 1988). It is defined as a frac-
tion, denoted by 7, of the maximum luminosity Lg;q = nMggqc? produced dur-
ing the accretion process of a spherically distributed cloud of fully ionised hydro-

gen (where electrons and photons interact via Thomson scattering). By equating

1\ quasar, or quasi-stellar-object (QS0), is an active galactic nucleus (AGN) consisting of a mas-
sive black hole surrounded by an accretion disc of gas.
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the radiation force (acting outward) and the gravitational force (acting inward) ex-

erted on a single electron, it is easy to show that

Mggq = LEdZd = 4J_TGA—/[ =2.2x10" ( n )_1 (ﬁ) Mo yr . (3.1
nc CKes 1 Mo

Here k. is the electron-scattering Thomson opacity. Thin accretion discs describe
accretion flows with M < Mg, slim accretion discs describe accretion flows at
roughly the Eddington rate M = Mg, and thick accretion discs are consistent
with super-Eddington accretion rates M > Mgz, (Abramowicz et al., 1988).

In this chapter, we will derive the Novikov-Thorne model of thin accretion disc,
originally presented in Novikov and Thorne (1973). It describes a geometrically
thin and optically thick accretion disc and it extends the non-relativistic version
of Shakura and Sunyaev (1973). Further extensions and refinements of the model
have been published in Page and Thorne (1974) for the equations governing the
radial structure of the disc, in Lightman and Eardley (1974) for the introduction
of the magnetic viscosity, in Riffert and Herold (1995) and in Abramowicz, Lanza,
and Percival (1997) for corrections about the vertical equilibrium equation, and in
Li (2002) for the introduction of the magnetic coupling between the disc and the
black hole.

For sake of completeness, we also mention other well-established accretion
disc models. The slim accretion disc model, firstly introduced by Abramowicz
et al. (1988), describes a geometrically slim and optically thick disc, where ad-
vection effects and radial pressure gradients are taken into account. Geometri-
cally thick accretion disc models were introduced by Jaroszynski, Abramowicz,
and Paczynski (1980), Paczynsky and Wiita (1980) and Paczynski and Abramow-
icz (1982). They describe optically thick discs with negligible accretion efficiency.
There also exist analytical models constructed by Abramowicz et al. (1996) and
Gammie and Popham (1998) describing optically thin accretion discs with sub-
Eddington accretion rate and dominated by the advection mechanism: the advection-
dominated accretion flow (ADAF) models.

The plethora of models needs to understand observational data and to test
our theoretical knowledge of the topic. Indeed, these models — along with numer-
ical simulations — serve to fit both thermal and non-thermal emissions from AGN
and to estimate the black hole parameters. We would like to recall the main ef-
forts in this direction. Accretion models are tested via the continuum X-ray spec-
tra observed during the thermally-dominant state of the accretion disc emission
(see, e.g., Miller, Fabian, and Miller, 2004; Shafee et al., 2006; Davis, Done, and
Blaes, 2006; McClintock et al., 2006). Another interesting applications of accretion
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disc models is the fitting of the Iron Ka line profiles (see, e.g., Karas et al., 2000;
Reynolds and Fabian, 2008), the quasi-periodic oscillations (QPOs) (see, e.g., Cui,
Zhang, and Chen, 1998; Abramowicz and Kluzniak, 2001; Toérok, G. et al., 2005),
and the black hole’s shadow (Falcke, Melia, and Agol, 2000; Takahashi, 2004; Jo-
hannsen et al., 2016; Fish et al., 2016).

One important theoretical aspect, that is not yet fully understood at the present,
is the stability of the analytical models mentioned above. It is well-known that
the magneto-rotational instability (MRI) (Balbus and Hawley, 1991; Balbus and
Hawley, 1998) plays a fundamental role in the accretion mechanism. Indeed, it
explains how turbulence arises, transports angular momentum in the disc with
weak magnetic fields, and enhances the effective viscosity of the disc. Another as-
pect to analyse is the thermal-viscosity instability of the model. It arises when the
radiative cooling varies slower than the heating due to viscosity. For instance, it
is known that radiation-dominated regions of thin accretion discs are both ther-
mally and viscously unstable (Lightman and Eardley, 1974; Shibazaki and Hoshi,
1975; Shakura and Sunyaev, 1976). At present, there are no stabilisation mecha-
nisms to avoid these instabilities and, therefore, disc models suffering from these
instabilities are not expected to occur in Nature and to exist in steady-state con-

figurations.

3.2 Fundamental equations

Let T*V be the energy-momentum tensor of a single component relativistic vis-
cous fluid. Without any loss of generality, we can algebraically decompose T*"

with respect to the four-velocity vector u*. The decomposition reads as
T =eutu” + t*V + utq" + q*u". (3.2)

Here € = p +I1 is the total energy density, with p being the rest-mass density and I1
being the internal energy density, t** represents the (symmetric) transverse stress-
tensor, and g* is the transverse heat flux. All the quantities in Eq. (3.2) are referred
to the local rest frame (LRF; see appendix B.3 for details) and all the indices are
raised with g**. We adopt g, to be the Kerr space-time metric. Hence, the back-
ground geometry is asymptotically flat, stationary, axisymmetric, and reflection-
symmetric with respect to the equatorial plane. The disc is assumed not to self-
gravitate and not to self-irradiate. Magnetic fields are ignored except for their con-

tribution to the stresses. We also neglect neutrinos and dark matter. It is useful to
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factor out the isotropic pressure in Eq. (3.2) and write the energy-momentum ten-
sor as

™ = pnutu” + pgh” + S* + utq" + q*u", (3.3)

where we have defined the relativistic enthalpy n = (¢ + p)/p. The symmetric,
transverse and traceless tensor S*V is the anisotropic stress-tensor responsible,
for instance, of viscous and magnetic stresses. From the four-velocity u*, we can
construct the projector operator h*¥ = utu" + g"¥ and define the following kine-

matical quantities

6=ut,, a'=u'u,, (3.4)

Wyy = haphﬁvu[a;ﬁ]v Oy = hayhﬁv U;p)y Opv=0py — §hpve, (3.5)

respectively, the expansion scalar, the acceleration, the vorticity tensor, the ex-
pansion tensor and the shear tensor. The covariant derivative of the four-velocity
vector is, therefore, decomposed as uy;, = 0,y + Wyuy — ayUy.

The vanishing covariant divergence T"", = 0, expressing the energy-momentum

conservation, is equivalent to

€u')y=~(8"0vs+q"ay+q"., +pb), (3.6)

4
(e+plat+h', (g py+S7 +uq",) +|oh, + 0, + geh“v g’ =0. 3.7)

The first equation is the component of T# V;V = 0 along the four-velocity u* and it is
often referred to as the energy balance equation, because it takes into account all
the forms of energies involved in the accretion process. The second equation is the
projection of T" ‘;V = 0 onto the three-dimensional space orthogonal to u* and we
refer to it as the relativistic Navier-Stokes equations or momentum balance equa-
tions. Indeed, these equations can be interpreted as balance equations for the
force densities in the three dimensional space orthogonal to the four-velocity u*.
These fundamental equations must be supplemented by the equation of state, the
radiative energy transport law and prescriptions about the nature of the viscous
stresses and opacity, as we shall discuss below.

Before introducing the working assumptions and the approximations that we
need to treat these equations on the analytical ground, it is instructive to have a
closer look at them and exploit the physical meaning of the terms appearing in the
energy balance equation (3.6) and in the three relativistic Navier-Stokes equations
(3.7).
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3.2.1 Energy balance equation

The left-hand-side of Eq. (3.6) gives the total energy density production rate (per
unit time and unit volume) along the four-vector u* of the fluid. From the def-
inition of the total energy density, we have (eu*),, = (pu*),, + Ilu*),, = Mu*),,,
because of the rest-mass conservation (p ut). « = 0. Then, the energy equation (3.6)
reads

Mut),y = = ("o + g ay + g, + po). (3.8)

In words, the production of internal energy in the fluid frame is due to the energy
generated by viscous shear stresses S"Yo,y, by the inertia of the heat flux g*ay,,”
by radiative losses qﬁf . and by compression p6. To maintain contact with the lit-
erature, it easy to check that Eq. (3.8) might be written as (see, e.g.,, Gammie and
Popham, 1998; Ellis, 2009)

IT+
ut auH - Tpayp = Qaiss — Qcool 3.9)

where Qg;5s = —S*' 0,y is the dissipative term due to viscous stresses and Qo1 =
qﬁt .+ q*ay is the cooling term due to radiation losses. The physical interpretation
of the left-hand-side is manifest if we introduce the specific entropy: it is the ad-
vection term. To this aim, we write the energy equation (3.6) in an equivalent form
by using the first law of thermodynamics and assuming thermal equilibrium. We
define the specific total energy density u = €/p, the specific volume v = 1/p and
the specific entropy s. The first law of thermodynamics Tds = du + pdv becomes

pTds = de—ndp and the energy balance equation (3.6) takes the form
pTuls,+n(pur)y, = —(S*ou + g a,+q',). (3.10)

After imposing rest mass conservation (put),, = 0, we obtain the rate of change of
the specific entropy along the four-velocity u* (see, e.g., Peitz and Appl, 1997; Ellis,
2009)

pTuts, =—(S"ou+q au+4q',). (3.11)

The quantity on the left-hand-side is the advection term, Quq, = pTu"s,, that
takes into account the rate of change of the specific entropy along the four-velocity.

Thus, Eq. (3.11) might be written as

Qaav = Qaiss — Qcool- (3.12)

2This term is a purely relativistic correction and we will neglect it in the non-relativistic regime.
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Therefore, the dissipation of energy involves both the advection and cooling ef-
fects.

More generally, the entropy must obey the second law of thermodynamics.
We define the entropy four-current J{ = spu* + g/ T and the entropy production

0< ]” —__1 S* o 1 HeT Ta 3.13
—JSU T uv Tzq ( Y 'u)) ( . )

where, in the second step, we used the rest-mass conservation law and Eq. (3.11).

Thus, the second law of thermodynamics implies the two constitutive equations
SHY = —&ah, g =-An"¥(Ty+Ta,) with &A1=0, (3.14)

with ¢ and A being the shear viscosity and heat conduction coefficients, respec-
tively. We neglect bulk viscosity in our discussion by following the traditional as-

sumption in the literature.’

3.2.2 Relativistic Navier-Stokes equations

The relativistic Navier-Stokes equations (3.7) can be rewritten in a more compact
form as
(e+p)at+ht g p, +SH+Qt=0. (3.15)

The first term is proportional to the four-acceleration a* and it takes into account
the gravitational acceleration due to the presence of the black hole; the second
term describes the acceleration due to pressure gradients in the fluid flow. The
contributions to the acceleration due to anisotropic viscous stresses S* and the

heat flux Q" are, respectively, written as

St =nt,s"".,, (3.16)

4
Q=1 (uq° +uPq"),, = ou’ gl + |0, + 0, + geh"v q". (3.17)

The aim of the next section is to introduce physically meaningful approxima-
tions to analytically deal with the energy balance and relativistic Navier-Stokes
equations. This programme will be explicitly presented for the case of geometri-
cally thin accretion discs. The outcome is the celebrated Novikov-Thorne model
of a thin accretion disc (Novikov and Thorne, 1973; Page and Thorne, 1974).

3However, in an optically thick disc in the pressure-dominated phase, the presence of a shear
viscosity gives rise to a bulk viscosity of comparable magnitude (Papaloizou and Pringle, 1977).
See also the recent work by Moeen Moghaddas (2016).
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3.3 The thin disc approximation

From the fundamental equations (3.6) and (3.7), we shall derive the explicit ex-
pressions of the rest-mass, energy and angular momentum conservation laws and
the radial and vertical equilibrium equations. This goal is achieved by implement-
ing certain working assumptions and averaging approximations (see, e.g., Novikov
and Thorne, 1973; Page and Thorne, 1974). We will explicitly state those assump-
tions in order to simplify the physical description of the accretion flow and to keep

our discussion on the analytical ground.

Z = rCOS(G) BH IS'(:O/Y_’;/JF/_'/’
=H/Ir«l H z2=0
r ' 
FIGURE 3.1: Schematic representation of thin accretion disc. Here h « 1 is the

opening angle, H is the half-thickness of the disc and F is the flux of
radiant energy off the upper surface

We assume that the angular momentum of the accreting flow is parallel to the
angular momentum of the black hole. This alignment is due to the Lense-Thirring
effect which causes the gradual transition of the tilted disc into the equatorial
plane, also known as Bardeen-Petterson effect (Bardeen and Petterson, 1975). The
Kerr metric near the equatorial plane, where the disc lies, is written in Eq. (B.3)
in coordinates (¢,1r,z = rcosf,¢) up to 6(z/r). The disc is assumed to be geo-
metrically thin, i.e., there exists a characteristic angular scale h(r) =sin(H(r)/r) =
H(r)/r < 1,where H(r) is the half-thickness of the disc about the equatorial plane,
located at z =0 (or equivalently at 0 = /2).

On general ground, the accretion process is a complicated ensemble of differ-
ent physical phenomena with different characteristic time-scales. We might iden-
tify three time-scales: the characteristic times of the fluid orbital motion, of the
thermal processes and that of the viscous mechanisms, respectively, defined by
(see, e.g., Lasota, 2016)

lorb = i’ Lth = li = ltorb, Lyis = l (E)_Z Lorp- (3.18)
Q. aQ, «a al\r
Here Q) is the angular velocity of circular equatorial orbits in the Kerr space-time
and H is the vertical depth of the disc with respect to the equatorial plane. The
effective parameter a, originally introduced by Shakura and Sunyaev (1973), de-
scribes magnetic and turbulent stresses in the disc by assuming that the shear

stresses (in the LRF) are proportional to the total pressure Sf(/; = ap. Moreover, it
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obeys the bound a < 1, because the characteristic speed of the turbulent motion
is bound from above by the speed of sound (Shakura and Sunyaev, 1973; Novikov
and Thorne, 1973). The characteristic times in Eq. (3.18) obey the following hier-
archy

torp < bin X tyis, (3.19)

because a@ < 1 and, for geometrically thin discs, H <« r. The hierarchical rela-
tion (3.19) implies that the time-scale of the viscous mechanisms is much longer
than the time-scales of the fluid dynamics and thermal processes and, as a conse-
quence, we are allowed to consider the disc in hydrostatic equilibrium in its verti-
cal structure.

In the following, we write the fundamental equations in a suitable form by first
averaging the physical quantities over the time coordinate ¢ and the azimuthal
coordinate ¢, and then by integrating the averaged quantities over the height of
the disc. As an illustrative example, let f = f(t,1, z,¢) be a function of the space-

time coordinates. Then, the averaged function f is given by

t+At p2m

1
f(r,z)=

/ ! / !
~ .~ y Iy <,y . -2
xian ) | W naehardg (3.20)

A given physical quantity, that is symmetric with respect to the equatorial plane,

admits a Taylor expansion as
— _ z\2n
Fra=Y pu (2], (3.21)

and the vertically integrated quantity then reads as

+H _ _ H 2
F(I‘)Zf f(T,Z)dZZZHf()(T)+@>(7) , (3.22)
“H

where fj is the averaged quantity evaluated at the equatorial plane z = 0. We shall
see that the equations governing the dynamics of the thin accretion disc are de-
rived by approximating all the physical quantities at the equatorial plane. The
only exception is represented by the vertical equilibrium equation, where we have

to assume a certain vertical profile for the total pressure.

3.3.1 Rest-mass and mass-energy conservation

We assume that the baryon number is conserved along the fluid flow, i.e., we im-
pose that (ou*),, = 0. This assumption is valid for energies below 2m;, where m;,

is the rest-mass of the baryon species or, equivalently, for temperatures below 10'°
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K for electrons and 10'3 K for protons and neutrons. The rest-mass conservation

(out),, = 0, after the averaging approximation over # and ¢, gives
Or (2nrAtpu”) +rd, (2nAtpu®) = 0. (3.23)

After integrating over the vertical coordinate z € [-H, + H], one finds

z=+H

0r (2nrAr=u”) +2nrAt (pu) =0 (3.24)
=
where we defined the surface density of the disc
H
2(r) :f p(r,z)dz. (3.25)
-H

We require the additional assumption that the mass (per unit time and unit area)
pu? leaving the disc surface at z = + H is negligible with respect to the mass ac-
creted along the radial direction. Therefore the second term can be neglected and
integration over r gives the amount of mass accreting onto the black hole during
the time interval Az, the mass accretion rate M, given by
. V@l/Z
M==2nrZu" = 2nry—m, (3.26)
V-V
where the minus sign has been chosen to have positive accretion mass. Note that
M is constant (independent of r) and it will be a parameter of the Novikov-Thorne
model.
For future reference, we notice that the rest-mass conservation law can be writ-

ten in differential form as

u"pdz u" dz

1 1ldp ldu’) (uzldp 1 du®
2ap 1 ‘7 - =0. (3.27)

+
r pdr u"dr

In addition, we assume that the vertical component of the four-velocity and its
derivative with respect to the vertical coordinate z are negligible with respect to
the radial flow. This approximation leads us to consider only the terms in the first
bracket. Therefore, the differential form of the rest-mass conservation equation is
given by

1, ldp 1du _

+ =
r o pdr u"dr

(3.28)

This last equation, when integrated, gives the rest-mass conservation law (3.26).
Let us conclude the discussion with the closely related mass-energy conser-
vation equation derived by exploiting the time Killing vector . The conserved
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current associated to 7 is given by
Jiy = Thn" = [-npE+q/) u"+ pn* + $', - EqF, (3.29)

where E = —u; is the specific energy of the fluid particle. We first assume that the
fluid is non-relativistic, i.e., the relativistic enthalpy is n = 1.* Following the same
steps that we outlined to obtain the rest-mass conservation (3.26), and assuming
that pu® =0, g, =0 = G, and S% = 0 at z = £ H, the law of conservation of energy
reads as

0r (ME+2nrW") =4AnrEF, (3.30)

where F(r) = §*(r,+H) = —G*(r,— H) is the flux of radiant energy® off the upper
and lower surfaces of the disc and W', (r) = _"Lg ST ;(1,2)dz is the vertically in-
tegrated shear stress. We notice that, since S",u” = 0, after averaging we have
Wii(r) = = (u?lu') W (r) = ~QW/(r). Thus, the law of conservation of energy

equivalently reads as

a, (ME—anQWfp(r)) — AnrEF. 3.31)

3.3.2 Angular momentum conservation

The angular momentum conservation can be derived by computing the conserved

current J¢ associated to the azimuthal Killing vector ¢
J{ = [npL+qp| ut + pét + 8 + Lg*, (3.32)

where L = u is the specific angular momentum of the fluid particle. We again as-
sume that the fluid is non-relativistic, i.e., the relativistic enthalpy is 7 = 1. Follow-
ing the usual averaging and vertically integration approximations, and assuming
that pu® =0, G, = 0= Gy and S%, = 0 at z = + H, the law of conservation of angular

¢
momentum is given by

a, (ML - 27rerp) — 4nrLF, (3.33)

where F(r) = g*(r,+ H) = —G*(r,— H) is the flux of radiant energy off the upper and

lower surfaces of the disc and W:p(r) = fg Sr (p(r, z)dz is the vertically integrated

“This is equivalent to I1 < p and p < p, i.e., the specific internal energy and the total pressure
are negligible with respect to the rest-mass density. This is an assumption of the Novikov-Thorne
model.

Notice that the heat flux g# is assumed to be antisymmetric with respect to the equatorial
plane.
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shear stress.

3.3.3 Radial equation

Let us write the radial component of Eq. (3.7) in its explicit form. The radial com-
ponent of the acceleration, after substituting the four-velocity profile (B.22) for

general near-equatorial orbits, reads as

2
Yoo (. Q Q
f,), frE—Mr—fg(l—E)(l—E), (3.34)

ar

9 ( vV dv
T 1-v2\1-Vv2dr

where V is the rescaled radial velocity defined in Eq. (B.21), y¢ = (1 - (7/(9[’))2)_”2

is the gamma factor with respect to the azimuthal velocity as measure by the lo-
cally non-rotating frame (LNRF), and QF are the angular velocity of the prograde
(+) and retrograde (—) circular equatorial orbits computed in Egs. (B.9). The f;
contribution to the radial acceleration vanishes for circular equatorial orbits. The

radial pressure gradient becomes

dp 9 dp
htp,=h""—= —_. 3.35
Pu dr 1-V2dr (53:35)
Thus, the radial momentum conservation is equivalent to the expression
vV dv dp
——e+p)|——=—-fr|+—|+S"+Q" =0. 3.36
vz |© p)(l—Vzdr fr) dr @ (3.36)

An equivalent expression for the radial momentum equation, in terms of u" rather
than V, has been derived in Peitz and Appl (1997).

It is common to assume that the radial acceleration due to viscous stresses S”
and the heat flux Q" are negligible when compared with the radial acceleration
due to the pressure. Under these simplifying assumptions, the radial momentum
conservation takes the simpler form

vV odv _ 1 dp

l_Vzﬁ_fr_e+pE' (3.37)

This is the radial momentum equation derived for advection-dominated accretion
discs in Gammie and Popham (1998), which generalises that first presented for
slim discs in Abramowicz et al. (1996) for non-relativistic fluid with n = 1. It is
nothing but the radial Euler equation for a perfect fluid.

When considering thin accretion discs, one assumes that the averaged and ver-

tically integrated orbital motion of the fluid is approximated by circular equatorial
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geodesics. The assumption that the averaged motion is nearly circular automati-
cally implies that the radial pressure gradient and the radial velocity gradient are
negligible with respect to the gravitational acceleration. Thus, from Eq. (3.37), the
term f, must vanish, which implies that the orbital motion is Keplerian Q = Q.
Therefore, the radial equilibrium equation is trivially satisfied in the thin disc ap-
proximation.

Let us conclude the discussion of the radial momentum equation with one

interesting observation. We define the adiabatic sound speed by

2 _dp

1d d 1 dp(1dp\!
2=k =SB L 2R, p(——p) . (3.38)

ad_ndp_e+pd_p_e+p5 pdr

By using the rest-mass conservation law in its differential form (3.28) and substi-

tuting the definition of adiabatic sound speed, the radial Euler equation can be

1 M( az)
- — 1__
r r:g

written as
1dv._ 1-V?

ST T2 2
VvV dr cad—V

{fr +c2,

} . (3.39)

The accretion flow is subsonic (V < c¢,q) for large radii, then it approaches the
speed of sound at a certain radius location and it becomes transonic (V > c;4).
The above equation has a critical point for V' = c,,4: this defines the so-called sonic
surface and it depends on the mass accretion rate and the a parameter. Thus, in
order to have a regular global solution, the factor in brackets must vanish at the
same radial location. This regularity condition amounts to an eigenvalue prob-
lem for angular momentum values. For more details, see Abramowicz et al. (1996)
and Gammie and Popham (1998) in the context of slim accretion discs, Peitz and
Appl (1997) for more general disc-like accretion flows, and the recent review by
Abramowicz and Fragile (2013). In Abramowicz et al. (2010) (see their Fig. 7), it
has been shown that, for small accretion rates M < 0.3Mg 4, the sonic-surface
is located at ISCO independently of the a parameter. For thin accretion discs,
where the physical edge is the ISCO by construction, one can consistently make
the assumption that the sonic-surface coincides with the ISCO. As we will see in
section 7.2, this assumption amounts to impose non-vanishing viscous stresses at
ISCO (Penna, Sadowski, and McKinney, 2012).

3.3.4 \Vertical equilibrium equation

In the following, and only to derive the vertical equilibrium equation, we consider

those terms linear in cos#, i.e., terms of @ (z/r). We neglect higher orders terms.
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The polar component of the acceleration is explicitly given by

AT o e

ag =cosO|u 5
-

) (3.40)
where £2 = 12— a?(E?>-1), being L = ug and E = —u; the specific angular momen-
tum and the specific energy, respectively, and U is related to the polar component

of the four-velocity by uy = yrU cosf. Following the work of Abramowicz, Lanza,

and Percival (1997), we assume the following pressure profile

r?cos®60 cos?6

p(r,0) =po(r)|1- —] = po(r) [1 - ) (3.41)

H2

cos?0y

where py(r) = p(r,0 = n/2) and H = r cosfy The polar gradient of the pressure is
given by

hP _ r apO r2
g P.p=costu yrUW+2ﬁpo . (3.42)

The contribution of viscous stresses hgpS'O Vv is proportional to the vertical veloc-
ity U. As done for the radial equilibrium equation, we neglect contributions from
viscous stresses and from the heat flux. In other words, we consider the Euler ver-
tical equation for a perfect fluid, instead of the more complicated Navier-Stokes
vertical equation. Moreover, from Eqgs. (3.40) and (3.42), we consider only those
terms not involving the polar component U and its radial derivative. By adopting
this approximation, we obtain the final form of the vertical equilibrium equation,
originally derived by Abramowicz, Lanza, and Percival (1997). It reads as
po  H* L5 _

_25+77_0, (3.43)

where we have used the non-relativistic fluid approximation € + p = p.

3.4 The Novikov-Thorne model

As already said, one of the main assumptions made by Novikov and Thorne (1973)
is that the fluid particles move on nearly circular equatorial geodesics. In differ-
ent words, the motion in the #-¢ plane is geodesic with a small radial (and non-
geodesic) component, u”, produced by viscous stresses, responsible for the accre-
tion process onto the black hole. Such an assumption implies that we can use the
kinematic quantities of circular equatorial geodesics listed in appendix B.2 and

B.3. In particular, in the LRE the shear tensor o ¢ of circular equatorial geodesics
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has only one non-vanishing component
O:5=04:==—=3Y Qr:—ﬁM_lx_gcg_l@. (3.44)
0] ¢F 4

This is an important observation to express the thin disc equations in an appro-
priate form for our purposes. Indeed, according to the first constitutive equation
(3.14), one can write the vertically integrated shear tensor, already defined below

the angular momentum conservation law (3.33), as

H
W(r) sf Sip(r2)dz=2HS,;. (3.45)
-H

We assume the a-viscosity prescription of Shakura and Sunyaev (1973)

S..=ap, (3.46)

P

where « is a free parameter and p is total pressure. It is a crude effective de-
scription of viscous mechanisms involved in the accretion process. In words, the
Shakura-Sunyaev prescription states that, in the LRE the vertically integrated shear

stress is proportional to the total pressure.®

3.4.1 Energy balance equation

We recall that the energy balance (3.12) states that the energy dissipated is given
by the energy generated by advection and the energy radiated away

Qdiss = Qadv + Qcool- (3.47)

We neglect the advection term and, therefore, the energy balance equation im-
plies that the energy dissipated equals the energy radiated away. In formulze, after

averaging and vertically integrating, one gets
F(r)=—-0;,W(r). (3.48)

This equation determines the radiated flux F(r) once we know the integrated shear
stress W (r).

6Some specific MHD turbulent discs might be modelled by this prescription (Balbus and Pa-
paloizou, 1999). The modification of ap to apg,s was argued in Lightman and Eardley (1974) and
further developed in Bisnovatyi-Kogan and Blinnikov (1977) and Sakimoto and Coroniti (1981).
Such models, later called fp models, do not suffer from thermal instabilities. However, MHD sim-
ulations do not conclude on their validity (Hirose, Krolik, and Blaes, 2009; Ohsuga et al., 2009; Ross,
Latter, and Guilet, 2016). More elaborated prescriptions have been developed by Ogilvie (2003) and
Pessah, Chan, and Psaltis (2006).
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3.4.2 Conservation laws

The rest-mass conservation law (3.26) is given by
M=-2arX(r)u’. (3.49)

The mass-energy conservation law (3.31) and the angular momentum conserva-

tion law (3.33) can be integrated to obtain (Page and Thorne, 1974)

(E-QL? F
f—m—mm— =
Qr M

’

—4n fr(E—QL)L,r/dr’+M9’0. (3.50)
o

The constant of integration M is the accretion rate, while E, L, Q and 0 are kine-
matic quantities of circular equatorial geodesics (see appendix B.2 for their ex-
pressions). The right-hand side of Eq. (3.50) is nothing else than MZ? defined in
(B.10). The dimensionless integration constant 24 is fixed by the boundary con-
ditions, which are discussed in section 7.2.

From the conservation laws, we can explicitly compute F(r) (and then W (r))
and the product Z(r)u’. To calculate X(r) and u” we need equations governing
the vertical equilibrium and describing the equation of state of the fluid and other

physical features of the disc.

3.4.3 Vertical equilibrium equation

The vertical equilibrium equation, after the approximations discussed above (see

Eq. (3.43)), reads as (Abramowicz, Lanza, and Percival, 1997)7

ZB_HZ,%E

=—, 3.51
p 1 r? (3:51)

where p is the total pressure, i.e., it is the sum of the radiation pressure and the gas

pressure p = p{839) 4 prad)

3.4.4 Equation of state and energy transport law

We express the equation of state for the ideal gas and the radiation pressure as

k
pl8® = mip T, (3.52a)
p
1
plrad) = ng‘*, (3.52b)

“Note the factor 2 typo in Eq. (B12) of Penna, Sadowski, and McKinney (2012).
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where b =40/ c is the radiation constant density, kg Boltzmann’s constant, osp
Stefan-Boltzmann’s constant and m,, the rest-mass of the proton.

We also impose the energy transport law
bT* =«kXF, (3.53)

where « is the optical opacity of the disc

k:kff"'”_(es, (3.543)
- 23 .2 ] P T\ "2
Kpp=(0.64x10%cm"g™") crond)\x) (3.54b)
Kes=0.40 cm?g ™!, (3.54¢)

originating from the free-free (ff) absorption and the electron scattering (es).

3.5 Local solutions to the Novikov-Thorne model

The Novikov-Thorne model consists of eight equations, (3.25), (3.45), (3.48), (3.49),
(3.50), (3.51), (3.52), (3.53) and eight unknown functions F, %, W, h, u", p, p, T of
the radial coordinate. The system of equations is algebraic and admits a single
solution upon imposing the physical conditions that T > 0, p > 0. The solution
depends upon four free parameters. The solution can be patched by local solu-
tions where either the gas pressure or radiation pressure dominates, and opacity
is either dominated by electron scattering or free-free absorption. The three rele-

vant local solutions are detailed below and are denoted as
Gas-es: Gas pressure-electron scattering dominated: p = p'6%9 and k = &,;
Rad-es: Radiation pressure-electron scattering dominated: p = p"%? and & = &;
Gas-ff: Gas pressure-free free absorption dominated: p = p8* and k =k s¢.

The numerical values in cgs units of all physical constants used in the solutions

are

G=6.67x10"8cm3/(sec’g), c¢=3.00x10%cm/sec, kp=1.38x10"%erg/K,
m,=167x10"%'g, b=7.56x10""erg/(cm’K*), Me =1.99x10%g.

We took particular care to correct various algebraic errors and typos found in the
literature. The Novikov-Thorne local solutions (with typos fixed) can be recovered
by substituting x — /7>, 2 — r}/2871€¢'22 and using the boundary condition
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at the ISCO £ (rp) = 0. The curly functions 98,€,2, % are defined in Egs. (B.6) and
the function 22 is defined in Eq. (B.10) (see also Eq. (3.50)).

[Gas-es] Gas pressure-electron scattering dominated solution
In this region, the gas pressure p6% is predominant with respect to the ra-

diation pressure p"*® and the electron scattering contributes mainly to the

opacity of the disc.
F=(55x10%erg/(cm*sec)) (M;*M,) x "¢~ ', (3.55a)
W= (1.1x10* dyn/cm) (M;'M,)x ‘27 ' 2, (3.55¢)
h= (7.0 x 1073) (& 1/10 M 310 pfLI5) ~1/10cp=1110g)=1/10 gp=112 gy 15
(3.55d)
u" = (~7.3x 10°cm/ sec) (a*'® M35 N2/%) x~5g 1545 o315,
(3.55e)
p&e9 = (1.8 x 1077 dynicm?) (a0 My 7O pp4/5) x~59/10cg /109110 pLI2 gpt 5.
(3.55f)
p = (8.1g/cm®) (a7 1O M0 Nf2I5) 87/1063110g)=T110 gp1 12 G215,
(3.55¢)

T = (2.6 x ].OBK) (a_l/SM;S/SMi/S) x—11/5(€—1/5@—1/5(@2/5. (3.551,1)

For consistency, this solution is valid where 7 < 1, u" < 1 and

(rad)
Z(gas) = (69') (a”lOM;mei/S) x—29/10%—9/10@1/10‘%—1/2@4/5 <« 1,
(3.56a)
Krs = -6 -1} 4 1/2 ;51
= = (44 x10"°) (M M ) x*"6€%"* P <« 1. (3.56b)

Kes
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[Rad-es] Radiation pressure-electron scattering dominated solution
In this region, the radiation pressure p = p"“# is dominant, but still the

electrons scattering is the main mechanism for the opacity in the disc.

F=(55x10%erg/(cm*sec)) (M;*M,) x "¢ ', (3.57a)

> =(10.g/cm?) (a ' M M) X 6?2 ' P, (3.57b)
W = (1.1x 102 dyn/cm) (M M,) x ‘272, (3.57¢)
h=(0.5 (M;'M,)x ¢ '@ ', (3.57d)

= (-3.5x 10%cm/sec) (aM;*M2) x ° 6 *2%~ ' 2, (3.57e)
p(md) (2.6 x 10°dyn/cm? )(a_lM_ )x_Scé@_l%, (3.579)
p=(25%x10"g/cm®) (a ' M, M;?) x°€* 2 '\ #*P7*,  (3.57g)

T = (3 2 x 107K) (a_1/4M;1/4) x—3/4¢gl/49—1/4%1/4. (3.57h)

For consistency, this solution is valid where h < 1, u” < 1 and

p(gas)

Fad) =(2.6x107°) (a_1’4MZ’4M;2) (2914cp9/4.0y =114 gp514 52
p

(3.58a)

i (2 2x10" ) (a_l/SMiS/SM;Z) +61/8cp17/8)—1/8 55918 gz —2
Kes

(3.58b)
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[Gas-ff] Gas pressure-free free absorption dominated solution

In this region, the gas pressure p = p6% and the free-free term contribution
in the opacity law are dominant. Then, we find

F=(55x10%erg/(cm*sec)) (M;*M,)x "¢ ', (3.59a)
% = (170 x 10°g/cm?) (@~ /3 M V2N17/10) x~11/5g1/10gy=415,5=1/20 557110,
(3.59b)
W = (1.1x 10" dyn/cm) (M7 M,) x ‘2712, (3.59¢)
= (3.8 x 1073) (o~ /10 M 14 Np3120) 110611201110 gp=19/40 553120,
(3.59d)
W = (~2.1 x 105em/ sec) (a*/3 M V2 N3/10) xM5eg=110g41551120 =710,
(3.59¢)
P& = (3.3 x 107 dyniem?) (a1 M7/ NLTI20) x~51/10¢g1/20)=9/10 19140 517120
(3.59f)
p = (51.g/cm®) (a7 O M/ NL120) ;43110653120 g)=T110 17140 gp11/20
(3.59g)
T = (7.7 x 107K) (a~ /5 M7 V2 N310) x~9/5¢g=1110gy=115 1120 53110,
(3.59h)

For consistency;, this solution is valid where 7 < 1, u" < 1 and

(rad)
p =(0.27) (CZI/IOM;1/4MZ/20) x_11/10(5_9/20@1/10%_11/40.@7/20 <1,
p(gas)
(3.60a)
K :
2 = (4.8x10%) (M P ML) x 26 V2 A2 « 1, (3.60b)

Kry
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Chapter 4

Gravitational multipole moments
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Multipole moments in the theory of General Relativity are introduced in this
chapter. After stating motivations in section 4.1, we introduce the common nomen-
clature to define regions around a gravitational wave source in section 4.2. Then,
in section 4.3, we introduce the harmonic gauge and we define the so-called canon-
ical harmonic gauge, where gravitational multipole moments can be read off from
the multipolar expansion of the metric field. Finally, section 4.4 provides the defi-

nition of source multipole moments and radiation multipole moments.

4.1 Astrophysical motivations

Multipole moments, and multipole expansion, are ubiquitous in theoretical physics
wherever one deals with fields (electromagnetic, gravitational, hydrodynamical,
etc...). The idea that multipole moments are in connection with the coefficients
of the multipole expansion of the given field is meaningful whenever the theory is
linear. General Relativity is not and this feature, together with the tensorial nature
of the gravitational interaction, makes the definition of the gravitational multipole

moments more involved (see Box. 1 in Thorne, 1980, for a historical overview of
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the literature on multipole expansion in General Relativity). In addition, in gen-
eral curved space-times there is no a natural choice of the origin with respect to
which one can perform the harmonic expansion.

The gravitational field, in General Relativity, is characterized by two and only
two sets of multipole moments: the mass multipole moments and the current
multipole moments. The former moments are already defined in Newtonian the-
ory (see, e.g., Poisson and Will, 2014), while the current multipole moments are
only defined in General Relativity (Geroch, 1970; Hansen, 1974; Thorne, 1980;
Fodor, Hoenselaers, and Perjés, 1989).

The gravitational field surrounding a stationary body in General Relativity is
entirely described by its mass and current multipole moments, determined by the
expansion of the metric at spatial infinity (Geroch, 1970; Hansen, 1974; Simon and
Beig, 1983), up to a diffeomorphism (Beig and Simon, 1980; Beig and Simon, 1981,
Kundu, 1981a; Kundu, 1981b). Any stationary and axisymmetric metric in General
Relativity can be reconstructed from given multipole moments under certain as-
sumptions (Backdahl and Herberthson, 2005; Backdahl, 2007). The gravitational
field of a non-stationary body in the wave-zone region, assuming no incoming
radiation and asymptotically flatness, is also entirely described by its mass and
current multipole moments, determined by the expansion of the metric at future
null infinity, up to a diffeomorphism (Blanchet and Damour, 1986).

For a Kerr black hole, the mass multipole moments I'”* and the current mul-
tipole moments S are completely determined by its mass M and angular mo-
mentum J = Ma. Since the Kerr black hole is axisymmetric, 1 Im — I16m,0 and
SM = §;8m0. Since it is reflection-symmetric (i.e.,, symmetric under reflection
with respect to the equatorial plane), odd mass multipole moments and even cur-
rent multipole moments vanish, I;;; = Sp; = 0. The non-vanishing multipole mo-

ments are given by the Geroch-Hansen formule (Geroch, 1970; Hansen, 1974)
Li=(D'Ma*, Sy =(-D'Ma*"™, (4.1)

where Iy = M is the mass, S; = J is the angular momentum and I, = —J?/M is
the mass quadrupole moment. Kerr black hole is generally accepted to be the
final stationary state in General Relativity. Thus, measuring more than two mul-
tipole moments of the gravitational field surrounding a stationary black hole is a
direct test of General Relativity, or more precisely, of its no-hair theorems (see, e.g.,
Collins and Hughes, 2004; Cardoso and Gualtieri, 2016). The gravitational wave
detector LISA might be able to measure the mass quadrupole moment of merging
black holes with good accuracy (Ryan, 1997; Barack and Cutler, 2007). This would
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allow to constrain alternative gravitational theories that predict a different mass
quadrupole moment (see, e.g., Berti (2015) for a status report and Yagi, Yunes, and
Tanaka (2012); Ayzenberg and Yunes (2014); Collins and Hughes (2004); Herdeiro
and Radu (2015) for specific models).

Another potential application of gravitational multipole moments is in the rich
physics of neutron stars (Baiotti and Rezzolla, 2017; Fernandez and Metzger, 2016)
and in the long-standing open problem of their equation of state (Lattimer, 2012).
For neutron stars or other types of stars, the two sets of multipole moments are
determined by the matter distribution. The multipole moments of a stationary
neutron star also characterize the equation of state of the matter it consists of (see,
e.g., Datta, 1988; Salgado et al., 1994; Laarakkers and Poisson, 1999). Indeed, it has
been proposed that the equation of state can be constrained by the gravitational
waveform of a binary neutron stars system (Bauswein and Janka, 2012) and of a
black hole-neutron star system (Lackey et al., 2012), because the imprinting of the
equation of state in the waveform is due to the quadrupole-monopole interaction
(Poisson, 1998) and to tidal deformations of the neutron stars in the binary system
(Hinderer et al., 2010; Damour, Nagar, and Villain, 2012). Gravitational wave emis-
sion from binary neutron star mergers, such as the one recently observed (Abbott,
2017a; Abbott, 2017b), or black hole-neutron star mergers, therefore, contains sig-
natures of the equation of state of neutron stars. Another aspect of neutron stars
concerns the universal relations among certain multipole moments (see, e.g., Yagi
and Yunes, 2017, and references therein) and their origin for this universality (Yagi
etal., 2014).

4.2 Regions around an isolated source

Before defining source and radiative multipole moments, it is much instructive
to introduce all the characteristic length-scales involved in the process of gravita-
tional radiation.

Let us consider a given isolated source of mass M described by an energy-
momentum tensor that is defined inside a compact region of size a. Such a source
emits gravitational radiation with a characteristic wavelength A. We define the

following regions defined by the above characteristic lengths (Thorne, 1980):
1. the source region defined by r < a where the source lies,

2. the strong-field region characterised by r < 5rs! if a/M < 10. The strong-

field regime typically does not exist if the ratio of compactness a/ M is much

'We define rs = 2M as the radius of influence or the Schwarzschild radius of the source.
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bigger than 10,
3. the weak-field near zone, where r > a and defined by 2rs < r < A.
In addition to these regions, we define the

- the local wave zone defined between two characteristic radii: the inner ra-
dius r; and the outer radius rp. The former is located where one or more of
the following instances take place: a) the waves become a near-zone field,
i.e.,, r <A, b) one has to consider the red-shift effect of the source, i.e., r = rg,
¢) the source distorts the wave fronts and produces the back-scattering of

the waves, i.e., (rs"/M)”2

~ A, d) one enters the source region. The outer
radius is located where either a) the Newtonian potential M/r of the source
produces a significant phase-shift in the wave or b) the presence of nearby
masses perturbs the propagation of the waves. We also demand that rp —
r; > A., so that the local wave zone is very large with respect to the charac-

teristic wavelength of the gravitational radiation.
- the distant wave zone is defined as r > ro.

The wave generation and the wave propagation regions overlap in the local wave
zone, where one has to match the source multipole moments and the radiation
multipole moments (see, e.g., the recent review of Blanchet, 2014). In other words,
source multipole moments parametrise the source, while the radiative multipole
moments parametrise the radiation field. These two kinds of moments must be
related to each other by means of the matching asymptotic expansion technique.
This is a necessary step when one wants to compare theoretical predictions with

experimental observations by gravitational waves detectors.

4.3 Harmonic gauge

We consider an asymptotically flat space-time with dynamical metric g,,,. We de-
note the inverse metric as gt and the Minkowski metric as 7,,, whose inverse is
n*V. We define the field g*" = n*¥ — ,/—gg"" and impose the de Donder or har-

monic gauge
09" =0. (4.2)

The exact equations of General Relativity are written in this gauge as (see, e.g.,
Blanchet, 2014))
Opg"” = —16n7"" = 167|g| THY + AFY, (4.3)



4.3. Harmonic gauge 63

where A" is the effective stress tensor of the gravitational field and is quadratic or
higher order in powers of gV and O, = V9,0, = —0% + V2 is the D’Alembertian
operator with respect to the background flat metric. Due to the de Donder gauge,

the stress-energy pseudo-tensor T*" is conserved 0,7/ = 0.

4.3.1 Canonical harmonic gauge in General Relativity

As claimed in the section 4.1, the definition of multipole moments is ambigu-
ous in harmonic gauge. It is, therefore, necessary to further fix the gauge. For
outgoing-wave linearised configurations and for stationary non-linear configu-
rations in General Relativity, Thorne (1980) provided a unique and well-defined
definition of multipole moments for asymptotically flat space-times. His defini-
tion is stated in the so-called Asymptotically Cartesian Mass Centered (ACMCc)
gauge, also known as canonical harmonic gauge (Blanchet, 1998), obtained from
the usual de Donder gauge after further gauge fixing.

Here, we outline, following the section VIII of Thorne (1980), the main steps to
reach the canonical harmonic gauge in the linearised theory.?

Consider the linearised metric field g,,v =,y + hyy around Minkowski space-

time. At the linearised level, the field g*” is given by g*¥ = y*¥ + @ (y?) where
v a, vp 1 v ap v 1 %
Y =0 hap = o0 0 hep = WY =S h (4.4)

is the trace-reversed perturbation. The harmonic gauge, d,y*" = 0, and the lin-

earised equations of motion in vacuum read as
7,110 = atii» DnY,uv =0, (4.5)

where the dot stands for the derivative with respect to time. The most general sym-
metric gravitational field satisfying the above equations and describing outgoing

waves has the following form

Yoo =04, (r " A w)
Yoi =04, (T Bia,, (W) +0pa,, (1 €ipgCqn,, (W) +0ia, (™' Da,w))  (4.62)
Yij=6ij0a, (1 84,) +0a,, (r " Fija_, (W) +0pa,, (1 epgiCiga, )+

[0, (F7 @i, @) +0pa,, (1 eipgMgar, )] +0ija, (r~ Koa, (W),

2We refer the reader to section IX and section X of Thorne (1980) and references therein, re-
spectively, for the explicit construction of the canonical harmonic coordinates in radiating and
stationary space-times in the full non-linear theory.
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where all coefficients are functions of the retarded time u = ¢ — r. The functions
A, B, ... are symmetric and trace-free (STF) tensors (see appendix E). The har-

monic or de Donder gauge fixes the constraints

Ba, = An,—Da,, (4.7a)
&, :C'DA,—%(%A,—CIZAI, (4.7b)
gA, =-ﬁA, —@Al —%%A,, (4.7¢)
Ga, =2C4, — Ny, (4.7d)

From Egs. (4.6), it is immediate to notice that the STF coefficients B,C,#, 1 ap-
pear from the dipole term [ = 1 and &, appear from quadrupole term [/ = 2.
Thus, the harmonic gauge conditions (4.7) imply for the monopole and dipole

terms the following constraints

0=A-D, (4.8a)
E=D-K, (4.8b)
O:ﬁi—iﬁi—%é‘z’i, (4.8¢)
0=2C;-MN,. (4.8d)

The first and third equations of (4.8) are equivalent to the four-momentum con-

servation law, being
Po—l(ﬂ—fb) P~——l(ﬂ~—®-—l[%’-) (4.9)
- 4 ] 1 — 4 1 1 2 1 .

the total four-momentum of the source, according to Eq. (20.6) of Misner, Thorne,
and Wheeler (1973). Now, we perform a Lorentz boost to go to the rest-mass frame
of the source and we set the centre of mass at the origin of our coordinates. These

last two requirements are equivalent, respectively, to
. . 1_. . 1
ﬂi—CDi—ngiZO, ﬂi—fbi—égfi:(). (4.10)

The next step is to use the gauge freedom to bring to zero four of the aforemen-
tioned STF coefficients. To this aim, we recall that a gauge transformation acts on

the linearised metric perturbation as hy, — hyy + 0,8y +0,¢,, and therefore as

Yuv '_’vi+au€v+av€u_npv6aéar (4.11)



4.4. Multipole moments 65

on the trace-reversed field, where all indices are lowered with the flat metric. The
explicit form of the vector field ¢, preserving the harmonic gauge, can be written

a33

1 .
f():—aAl (r_lCDA,(u))+§6Al (r_lfl{Al(u)), (4.12a)

1 _ 1 _ 1 _
§i= _zaiAl (r 15{1‘11(”)) - 561‘11—1 (r 1361'1‘11—1 (u)) - EapAl—l (r 1€ipqnqu—1(u))'
(4.12b)

Thus, we use the gauge freedom to set to zero D 4,, # 4,1 4,, K 4,. This defines the
canonical harmonic gauge, i.e., the harmonic gauge in the rest-frame of the source
with the centre of mass at the origin of the coordinates and with the only two inde-
pendent STF coefficients A and C in Eq. (4.6) parametrising the linearised metric

perturbation.

4.4 Multipole moments

The definitions of mass and current multipole moments require a background
structure involving Minkowski space-time and either a choice of gauge (in the
Thorne’s approach with canonical harmonic gauge) or a choice of conformal com-
pletion (in the Geroch-Hansen’s formalism).

Source multipole moments are defined in canonical harmonic gauge at spatial
infinity from the spherical harmonic decomposition of the metric field. Thorne’s
source moments agree with the Geroch-Hansen’s definition for stationary space-
times (Geroch, 1970; Hansen, 1974), up to a choice of normalization, after cali-
brating appropriately the ambiguity in the definition of the conformal factor in
the Geroch-Hansen formalism (Giirsel, 1983).

Independently, radiative multipole moments are defined in radiative (Bondi)
gauge at future null infinity from the spherical harmonic decomposition of the

Bondi news tensor (Bondi, van der Burg, and Metzner, 1962; Sachs, 1962).

4.4.1 Source multipole moments

Multipole moments are generated by sources. In linearised General Relativity,

source multipole moments can be expressed as volume integrals depending on

3see section VIII, Eq. (8.9) of Thorne (1980) and the equivalent expression in terms of vector

spherical harmonics in Eq. (E.52).
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the source stress-tensor (Campbell and Morgan, 1971; Campbell, Macek, and Mor-
gan, 1977; Damour and Iyer, 1991). In full General Relativity, the problem of defin-
ing source multipole moments is more involved as it has been already said at the
beginning of the introduction of this chapter. The reason is that source multipole
moments mix with each other and it is not obvious at first sight how to define a
consistent multipole expansion. However, for slow moving sources (v < c), the
post-Newtonian (PN) expansion of General Relativity is applicable and multipole
moments can still be expressed as volume integrals over the sources (Burke, 1971;
Epstein and Wagoner, 1975; Thorne, 1980; Blanchet, 1998). These volume inte-
grals can be expressed as surface integrals in the outer or weak-field near-zone,
i.e., far from the source but at radii negligible with respect to the radiation wave-
length (Blanchet, Damour, and Iyer, 2005).

In the following, we introduce source multipole moments from the expansion
at spatial infinity (r — oo and ¢ = constant) of the metric field in canonical har-
monic gauge. We first consider the case of radiating space-times within the lin-
earised theory and then we discuss the case of stationary space-times within the

full General Relativity.

Phase space for linearised radiating space-times

Recall that g,y = v + hyy is the linearised metric describing the external grav-
itational field of an arbitrary isolated system with no incoming wave boundary
conditions, and further excluding NUT or acceleration parameters which are not
considered physical.

In the canonical harmonic gauge (also called ACMCy, coordinates in Thorne,

1980), hyy takes the following form

2 X 2 4 (1)
hoo = - + é(—l)ll—!aAl ( A;‘ ), (4.13)
o 41 €ipgSpa, W) & 4 9ia (W)
IR SR 5 jPaSpAi ) A jai )
fioj ;( TSV qAH( r +,:ZZ( ]
& 4 Gija,,w) 81 €paiSipar, (W)
hij = hoobij +l§2(—1) ﬁaAl_z = BT . =

The linearised metric is expressed in terms of symmetric trace-free (STF) tensors
9 4,(u), $4,(u) that are respectively the mass and current gravitational multipole
moments. This is Thorne’s definition in terms of metric components. The mass
monopole J is constant and is interpreted as the mass of the source. The cur-

rent dipole &; is also constant and is interpreted as the angular momentum of the
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source. Because we are in the centre of mass frame, no mass dipole moment J; is

present.

Phase space for stationary space-times

Let guv = nuv + @ (1/7) be an asymptotically flat stationary metric in de Donder
coordinates. We restrict our analysis to those metrics that are solutions to General
Relativity, where the metric coefficients g, are analytic functions of the de Don-
der coordinates (Hagen, 1970). In canonical harmonic coordinates, the resulting

metric reads as (see section X and Egs. (10.6) in Thorne (1980))

29 (O)pole & 1 (2(2I1-D!
g00:—1+7+ rz +; rl+1 ( 1 SIAINAI+(l—1)pole+---+(0)p01e),
X1 4121 -1
goj = I—Zi S (— D! €jpa;Spa,_,Na, + (I -1)pole +---+ (O)pole), (4.14)
24 (O)pole & 1 (22I-1D!
gij=5ij(1+—)+ fz +l_zérl+1( T gAlNAl6,-j+(l—1)pole+---+(0)pole).

Here (0)pole is a constant monopole, (1)pole a combination of / = 1 spherical har-
monics, efc. The tensors Ny, are defined in appendix E.1. The coefficients J 4,
and &, are defined as the mass multipole moments and the current multipole
moments, respectively (Thorne, 1980). In such canonical harmonic coordinates
there is no mass dipole moment J;. The mass and angular momentum are re-
spectively ¢ and &;. The STF version of the multipole moments 4, 4, can be

translated in harmonic coefficients I'”* and S'™ (see, e.g,, Eq. (E.33)).

4.4.2 Radiative multipole moments

The radiative multipole moments parametrize the radiation field. Throughout the
local wave zone, by definition, the gravitational waves can be described as lin-
earised perturbation of the metric around the Minkowski background.

We introduce radiative multipole moments from the expansion at future null
infinity (R — oo and u = constant) of the metric field in radiative (Bondi) gauge
(U,R,0,¢), where R =r and U = u—2MIlog(r). In radiative coordinates and un-
der the assumption of no incoming radiation, the metric admits an expansion at
future null infinity in powers of 1/R without logarithmic terms (Blanchet, 1987).
In this coordinate system, the gravitational radiation is fully determined by the
transverse and traceless (TT) part of the spatial part of linearised metric pertur-
bation (see, e.g., Misner, Thorne, and Wheeler, 1973). Mathews (1962) proved that
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the linearised radiation field must have the following form

l 2m=
where T]52 Im and TB2 ™ are the transverse and traceless tensor spherical harmon-

ics of spln -2 defined in appendix E.2.3. The gravitational radiation field in (4.15) is
the most general outgoing-wave TT solution of the equation DnhiTjT = 0. Itis man-
ifest that the radiation field contains multipole moments from the quadrupole
term (I = 2) and higher: this is another way to highlight the tensorial nature of
the gravitational radiation within General Relativity.

The equivalent expression in terms of STF tensors reads as (Sachs, 1961; Thorne,

1980)

1 8 TT
TT _ 0) 0]
hij El:z[ 5 Gijas,UINa, + Trcrad Sppar,DngNa,, |
1 2[4 8 T
= E IZZZ [ ll l]Al 2(U)NAI 2 ( + 1)'€p6](l ‘/j)pAl—2(U)nqNAl—2 (4]‘6)

The radiative multipole moments Uy, and Vjy, characterize the radiation field. We
notice that the radiative multipole moments are the /-th derivatives of the source
multipole moments at the linearised order in the gravitational coupling. For ex-

ample, the quadrupole formula as derived by Einstein (1918) is simply given by
Ui j(U) = ©9;;(U) +B(G). (4.17)

The expression of radiative multipole moments in terms of source multipole
moments can be established perturbatively to all orders in the gravitational cou-
pling under certain hypotheses including no incoming radiation (Blanchet, 1987).
Such expressions involve time integrals, known as tails, and further non-linear
terms including the non-linear memory (see, e.g., the review of Blanchet, 2014).

In chapter 8, we shall discuss how to directly extract the source multipole mo-

ments (without derivative) close to future null infinity by means of Noether charges.
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In the first two chapters of Part I, we have introduced the Near-Horizon Ex-
treme Kerr (NHEK) space-time and Force-Free Electrodynamics (FFE). In this chap-
ter, we will proceed in a systematic study of FFE around NHEK. The content of this

chapter is mainly based on Compere and Oliveri (2016).
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After a brief introduction in section 5.1, we define the problem we want to ad-
dress in section 5.2, namely, to solve the FFE equations around NHEK space-time
and to classify the solutions using the highest weight representation of the isom-
etry group of NHEK space-time. We introduce the language of canonical Euler
potential in section 5.3. Then, we find the maximally symmetric solutions to the
above problem in section 5.4. Later, in section 5.5, we outline the strategy to solve
the equations. Having found a list of mathematical solutions to the equations, in
section 5.6, we introduce certain physical requirements to discriminate the phys-
ically relevant ones describing the extreme Kerr force-free magnetospheres. Fi-

nally, section 5.7 concludes the chapter with the discussion of the main results.

5.1 Introduction

The study of FFE around (near-) NHEK space-time started with the paper of Li et
al. (2015) and continued with Lupsasca, Rodriguez, and Strominger (2014), Zhang,
Yang, and Lehner (2014), Lupsasca and Rodriguez (2015), and Compere and Oliv-
eri (2016). In Li et al. (2015), it has been realised that (near-) NHEK space-time al-
lows to analytically investigate force-free magnetospheres around rapidly rotating
(astrophysical) black holes. In this earlier attempt, no use of conformal symme-
tries has been made. Lupsasca, Rodriguez, and Strominger (2014) and subsequent
papers mentioned above, instead, exploit the symmetries of the NHEK isometry
group to solve FFE and to find classes of exact analytical solutions.

In this context, we build on previous works and extend their preceding results
in several directions. First of all, we extend the list of exact solutions to FFE around
NHEK and classify them in seven independent classes. Second, we provide new
insights into the physical properties of force-free magnetospheres by introducing
criteria to select potentially physical solutions. Among such criteria, the solutions
must admit finite extraction of energy and angular momentum with respect to
an asymptotically flat observer. As a consequence, the criteria impose tight con-
straints on the conformal weights of the solutions, in agreement with the analysis
of Gralla, Lupsasca, and Strominger (2016). Another result is to have highlighted
the presence and the role of the velocity of light surface, where potentially physical

solutions have a logarithmic divergence.!

l1gee the discussion below Eq. (1.18) for the definition of the velocity of light surface. Moreover,
the velocity of light surface changes the order of the differential equations describing the magne-
tospheres (Zhang, Yang, and Lehner, 2014).



5.2. Set-up of the problem 73

5.2 Set-up of the problem

The basic problem is to find solutions to FFE

AFn,q0 =0, d*Fi,q0=*Jhqg0, JihqgoN*Fngo =0, 6.1

falling into the highest weight representation® of SL(2,R) x U (1) labelled by {#, g, k},
where k labels descendants given by (££H7)k Fn,q,00 = Fin,g, k)

$H+ F(h,q,()) = 0)
LHyFh,q,0 = "Fn,q,0) (5.2)

Lo Fihq0 = 19F1n,q,0)

around the NHEK space-time
dsx ek =2M*T(0) |-R*dT? dre do* +y*(0) (d® + RdT)* 5.3
SNHEK = ) |- +R2+ +7y°(0) (dD + )1, (5.3)

where T'(6) = (1+cos?*(6))/2 and y(0) = sin(0)/T'(0). Notice that the metric in
Poincaré coordinates can be decomposed into the toroidal part spanned by (T, ®)
with volume form e” =TyRdT A d®, and the poloidal part spanned by (R, 0) with
volume form e” = LdR A dO. We have € = €7 neP, xeT = —€P, xeP =€,

Once classes of solutions have been found, it is natural to ask whether they are
physical or not. First of all, the electromagnetic field F must be real and its char-
acter must be either magnetically dominated or null. Then, we demand that they
should have finite and computable energy and angular momentum flux with re-
spect to an asymptotically flat observer. In addition, we would like to select those
solutions that come from the near-horizon limit of regular solutions to FFE around
(near-) extreme Kerr. In different words, we want to have a criterion to select gen-
uine NHEK solutions from solutions that are originated as limit (in the sense de-

fined at the end of chapter 1) of solutions existing on (near-) extreme Kerr.

5.3 Canonical Euler potentials

5.3.1 Stationary and axisymmetric case

Let us first summarise the stationary and axisymmetric case as analysed in sec-

tion 2.5. There is no toroidal electric field (and therefore no components of the

2The physical motivation behind this strategy is to find stationary, self-similar and U(1)-charged
solutions. See also the discussion below Eq. (1.22).
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field strength proportional to d T A d®) for axisymmetric configurations as a sim-

ple consequence of Faraday’s law. We distinguish three scenarios:

generic case i3, F # 0. One can choose
Pr1=vR,0), P2=D+y2(R,0)-QW)T. (5.4)

The polar current I(R,0) is defined as
I(R,0)
Vary

It is equal to the electric current with respect to time T flowing in the up-

el (5.5)

*(dw Ady,) =

ward direction through the loop of revolution defined by the poloidal point
(R,0). Note that this interpretation breaks down beyond the velocity of light
surface where 07 is spacelike. The force-free equations imply that I = I(y).

We therefore have

dRndO
F=dyA(d®-Q)dT)+I1y) 22 : (5.6)
Y
In particular, if Q(y) = 0, there is no electric field, i3, F = 0.
No poloidal magnetic field i, F =0, i3, F # 0. One can choose instead
$1=x[R,0), 2 =T+ x2(R,0). (5.7)

We then define the polar current as x(dy A dy2) = &’g;eT which has the
same interpretation as above. The force-free equations imply I = I(y). The

corresponding field strength takes the form

F=dyndT+I( )dRAdH (5.8)
=ay X YRZ ;
Only toroidal magnetic field iy, F =0, i3, F = 0. In that case,
dR A dO
¢1=x(R,0), P2 = x2(R,0), F=1(y) (5.9)

YR?

There is no electric field and no poloidal magnetic field.
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5.3.2 Stationary and 0-eigenvalue case

Let us now consider a complex force-free field strength which is stationary, £, F =

0, and which is an iqg 0¢-eigenvalue, £ F = iqF. Stationarity implies
0= ffaTF = diaTF =d (—aT(Pgd(/)l + 6T</)1d(/>2) , (5.10)

where we used Cartan’s formula, Bianchi’s identity and the degeneracy of F. By

Poincaré’s lemma, there exists a function f = f(¢1, ¢») such that:

—6T¢2d¢1 +6T¢’1d(,b2 = df (5.11)

We distinguish here two cases: (i) i3, F = df = 0 which implies that both Euler
potentials are time independent and (ii) i3, F = d f # 0 to which we now turn our
attention. Euler potentials are defined up to the following arbitrariness: we may
choose any other pair of potentials (¢, ,), leaving the electromagnetic 2-form
invariant, provided the map (¢1,$2) — (1, $2) has unit Jacobian determinant. Us-
ing this freedom, we choose ¢; = — f. Let us check the existence of ¢, (¢p1, ¢>). The

Jacobian of the transformation reads as

1= 0p1 0> 01 0¢2  Of 0, L 9f b2

= = , 5.12
01 0 02 0py  Opy Opy  Ocp Oepy 6.12)

which is a first order partial differential equation (PDE) for ¢, (¢b1,¢») and can be
integrated with respect to ¢ if ;—d{l # 0 or with respect to ¢, if ;—(l]; # 0. With this

new pair of Euler potentials, Eq. (5.11) becomes
~0rp2ddr +0rPrdd, = —dy, (5.13)
from which we read off the conditions
Ord1 =0, Ordo =1, (5.14)
whose solutions are
¢1=11(R,0,®),  do=T+x2(R0,). (5.15)

Finally, merging cases (i) and (ii) and dropping tildes, Euler potentials for station-

ary solutions can be fixed to

(/)1 = XI(R)qu))) (PZ =€ T+X2(R)9)q))) (516)
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wheree=1ifi5, F #0and e =0if i3, F = 0.

Let us now turn our attention to the second condition %3, F = iqF. We have

0=dig,F—iqF
= diaq, (dqbl A\ d([)z) - lC]dd)l A\ d([)z
=d [(iaq)d(/)l)d(l)z - (ia(bd(f)g)d([)l] - lqd¢1 AN d¢2 (5.17)

=d[@op1 — iqgP1)ddr — Oadh2)dp: |
=d[@ox1-iqx1)€dT +dyz) — Oax2)dy1],

where we used Bianchi identity in the first step and stationarity in the last one.
Let us first discuss the case € = 1. Since y1, 2 have no time dependence, from the
identity

0= d(@q,)(l - quI) A (dT+ dXZ) - d(a@)(g) N d}(l, (5.18)
we infer that
OdpX1—1q)1 = const, Oox2 =x(x1), (5.19)

where k() is an arbitrary function of the Euler potential y; and where the arbi-
trary constant can be set to zero by shifting y;.

From the first differential equation we have
11(R,0,®) = " 171 (R,0). (5.20)

From the second differential equation, we infer

() L,
12(R,0,®) = f K(equ) ;zl)dcp’+ 72(R,0). (5.21)

In conclusion, dropping the tildes for simplicity, the Euler potentials in the case
is, F # 0 can be taken as

. °
b1=e Y1 (R,0),  ¢p=T+12(R,0) +f K(e”?q’ XI(R,H)) do'.  (5.22)

Let us compute the field strength. We define h(R,0,®) = [T« (ei"q”xl(R,H)) ddo’,
then

oh _ oh _ oh
AnR.0.0) = 2 ar+ 2 a0+ 2 ao, 5.23
( )= 3R 3590 35 5.23)
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where
% ) f (D 61;(—;11) gy ORI (5.24)
% ) f q) 01;(—511) NG P (5.25)
% = xy. (5.26)
The exterior derivative of ¢ is
dpo=dT +dy>+x(p)d®+ Uq) ag(—(/il)‘qp@,eiq@'dq") dyi, (5.27)

and the field strength takes the following form

® 9K (1)

— iqd
F=dbpyNdT+dy,)+e 3y oo

e"qq”dcp’] dyi1 A d®.
(5.28)
Let us now return to the case € = 0 (i3, F = 0). We restart from Eq. (5.17). By

k(1) — iqxlf

Poincaré’s lemma there exists a function f such that
[@ox1—igx1)(dy2) — Gox2)dy:] = df. (5.29)
If d f = 0 we find directly
O0px2 =0, Oox1—1iqx1=0, (5.30)
and we find the Euler potentials in the case 07 F =0 with d f =0,
¢1=e "1 (R,60),  P2=r2(R,0). (5.31)
In that case, the field strength is
F:eiqq)(d)(l/\d)(g—iqxld)cg/\dq)). (5.32)

If df # 0, one can use again the ambiguity in the definition of Euler potentials to

choose y; = —f. Then

Opx2=1, Oox1—iqx1=0, (5.33)

and we find the Euler potentials ¢; = e’9%y(R,0), ¢ = ® + y2(R,0). Since these

potentials generalise (5.4) when Q = 0, we find it convenient to align the notations
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so that finally we get in the case 07 F =0 with d f # 0,
$1=e" %Y (R,0),  ¢=D+y2(R0). (5.34)
In that case, the field strength is

F= eiqq’(dw Adws + (dy — iqudp,) A dCD). (5.35)

5.4 Maximally symmetric solutions

To warm up, we begin by deriving the maximally symmetric solutions to FFE, i.e.,
those solutions invariant under the full isometry group SL(2,R) x U(1). We first
want to exploit the symmetries and find solutions to the system £xF = 0, where
X ={H4, Hp, Qp}. We notice that 0 = £xF = £LxdA =d¥xA. Therefore, £xA=0
implies £xF = 0. The invariance of the gauge potential A under the generators

H., Hy and Q constrains the potential to be
A=Ay0)0p+ A1 (0)d0, (5.36)

where Ap and A; are two arbitrary real-valued function of the polar angle and Qo =
Qo/1Qpl = d®+ RdT. We impose the gauge A; =0 and we get

F=-A¢0)dT AdR+09Ay0)do A Qy, (5.37a)
Y(©) [ (aer(H)) ] A

=— 0 +7(0)Ao(0) | Qo. 5.37b

J T 0) 0 ) Y(©0)Ap(0) | Qo ( )

The force-free condition amounts to

09 Ao (0)

O=JA%F=— r0)

(aaAo(Q)

+v(@)Ag(O) | dT ANdR N dB. 5.38
) ) Y (0) Ap( )] ( )

There are two branches:

¢ the non-trivial force-free solution for constant Ay = —Ey and

2
)/(H)A

A=—-EyQy, F=-EydQy, J=-
0Qo 0dQo, J T©)

(5.39)
This solution is electrically dominated, because * (FA*F) = —1/2 F? = E5/T?(6) >
0. This solution is also understood to be the h = 0 universal near-horizon
limit of force-free magnetospheres defined on extreme Kerr (see Egs. (23) in
Gralla, Lupsasca, and Strominger, 2016). In other words, this solution is the

unique electromagnetic field with conformal weight h = 0 originating from
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a stationary, axisymmetric and regular (on the future horizon) solution to
FFE on extreme Kerr space-time. We shall review the reasoning leading to

this conclusion in section 5.6.5.

¢ the trivial force-free solution (or source-free Maxwell solution) obeying

(50140 C)
o

0)Ap(0) = 0. 5.40
76 )‘*‘Y( )Ao(0) (5.40)

The general solution reads as
Ap(0) = Mycos [0+ 2arctancos(0)], (5.41)

where M, and 0, are the two constants of integration. The electromagnetic
field is regular both at the north and at south pole since Aj(0) = 0 = Aj (7).

The character of the solution is given by the expression

1
*x (FA*F)==1/2 F* = ——————[-(0pAc(0)* + Y’ () A50)].  (5.42
( ) 7/z(e)lﬂz(e)[ (09 Ao (8)) +7°(0) A5 (0)] (5.42)
It is possible to make this solution magnetically dominated in the physical
region beyond the velocity of light surface upon choosing the constant of
integration 6 < |2arctan V/ 2v3-3—7/4| ~23.5°

The same solution to the source-free Maxwell’s equations has been found
in Gralla, Lupsasca, and Strominger (2016); see their Eq. (15). The two con-
stants are identified with the electric and magnetic charges associated to the

solution:
0
Ap(0) = —Q.cos[G(0)] + Q,,sin[G@)], G@O) = - f y(©"Hdo'. (5.43)

Astrophysical black holes have no net electric and magnetic charge, there-
fore we have to set Q. = 0 = Q,,. Thus the electromagnetic field F entirely
vanishes in the near-horizon geometry as a consequence of the SL(2,R) sym-
metry. This statement is stronger than the so-called Meissner effect where
the magnetic flux through the upper hemisphere of the event horizon van-
ishes in the extreme Kerr case (see section 6.2 for a discussion about the
Meissner-like effect).
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5.5 Highest weight classification of solutions

5.5.1 Solving the force-free condition

In order to classify highest weight solutions, we first choose a SL(2,R) covariant
basis for 1-forms {,ui}i=l,...,4 and 2-forms {wj}jzl)_'_’ﬁ, whose explicit expressions
can be found in appendix C.3. The electromagnetic field can be written in the
{w/} basis as

Fing = Fingiw', (5.44)

where F(;, ,; are functions of the space-time coordinates. Then, the system (5.2)

is equivalent to the following conditions on the coefficients of F; 4)

H+F(h,q),i = 0)
HoFn,g),i = (h—1)Fp,q),i» (5.45)

QoFn,q),i = 19Fn,q),i>

where, e.g., H. F(,q),i = H.0,F(1,q),;- The most general solution is expressed by
Fing) = Ph-1,9) fi O, (5.46)

where ®(;, ;) are the highest weight scalars® defined in Eq. (C.4) and f;(0) are six
arbitrary functions of the polar angle. In other words, the symmetries of Fy g
imply that the space-time dependence of F(; 4 ; is factorised into the functions
@y, ¢), carrying the conformal weight and the U(1) charge of the field, and f;(6),
expressing the polar angle dependence.

The most general vector potential A, 4) such that F, ) = d A q) can be writ-
ten in terms of four arbitrary functions of the polar angle a;(0) as

Ah,g) = (D(h,q)ai(e)lli- (5.47)

3Do not confuse the azimuthal coordinate ® with the highest weight scalar D, q). All @’s ap-
pearing in the expressions of A, F and J hereafter are the highest weight scalars.
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Simple algebra shows that f;’s can be written in terms of a;’s functions as follows

H©6) = haz(0) —y(6)a,(6),
f0) =—iqaz(0)+y©0) (—a}(0) +ay9)),
< Y20) f500) =iqaz0)-y0)a,©), (5.48)
f1(0) =(1-ha0)+hax0)—-iqas0),
f50) =—hay(0) +iqas0),
fs©) =iqa,(0).

Of course Bianchi identity dFy,4 = 0 is automatically satisfied. It reduces the
number of independent components f;(0) to three. Upon choosing a gauge, e.g.,
as(0) = 0, we are left with only three functions of the polar angle a;(0). The non-
linear force-free condition will fix them, as we shall discuss. From the inhomoge-

neous Maxwell’s equation, d * F(, 4) = *J(1,,q), the current takes the form

Jig) = @) i O 1, (5.49)

where the j;’s are expressed in terms of f;’s functions

Y2O)T(0)j10) =7©O)f0)+iqfs©®) (y*©)-1)+
+12(0) [Y0) f50) + (h—Y*©)) fa(0) + (h—1) f50)],
1 T(0)j2(0) =(h-1)f50)+iqfs(0)—v(O) (v f2(0) - f3(0)), (5.50)
I'(0) j3(0) =—=(h-1£10)—iq(f2(0) + f3(0)),
Y2(OT(©0)js0) =7©O)f/(0)-iq(y*©®) f20)+ f50)).

Up to this point, we have only used the Maxwell’s equations. The force-free
condition, J ) A *Fp,q) = 0, is equivalent to the following relations between f;’s

and j;’s:

(£2(0) + 3(0)) j3(0) + (f5(0) +Y*(0) f1(0)) ja(6) = f5(6) j1(6),
] @50+ Y2(0) £1(0)j1(0) = £5(0) j2(6),

~12(0) f200) j10) + (f50) +Y2(0) £2(0)) j2(0) = £1(6) j3(6),
£200)j10) = (£200) + £2(0)) j2(0) = £1(6) ja(6).

(5.51)

By substituting the expressions of f; = f;[a;] from Eqgs. (5.48) and j; = j;[a;] from
Egs. (5.50), the force-free condition (5.51) becomes a system of three highly non-

linear ordinary differential equations (ODEs). It is then obvious that such a system
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is computationally hard to solve in terms of the three functions a;’s. However, the
system (5.51) islinear in f;’s and j;’s. Hence, we can recast this system of equations

in the matrix form

A - fe(@)11 0
15O -, (5.52)
-hO)11 B y| |0
where the 2 x 2 matrices A and B are given by
0) + f3(0 0) +7%(0) f1(0 0 1
A= L0)+ f30)  fs( )2 y=(0) f2(0)  B=oATo, o= . (5.53)
f2(0) Y=(0) f2(0) -1 0
and the two 2-dimensional vectors x and y are
j3(0 10
_ | BO) o O (5.54)
Ja(0) J2(6)

The linear system (5.52) has non-trivial solutions if its determinant is vanishing,

ie.,

= [det(A) + fi fs]°, (5.55)

—fell
0 =det fo
B

—-fl
which turns out to be equivalent to the degeneracy condition of the field strength

F(p,q)- For definiteness, we work in the gauge
a;(0)=0 Vh and az(0)=as0)=0 for h=0. (5.56)

The degeneracy condition (see Eq. (2.13)) can then be written as

@ ©)as©0) _

(h—Da1(0)ay0) — hay (0)ax0) +iq 70)

(5.57)
The degeneracy condition (5.57) is one of the three non-linear coupled ODEs in
terms of the gauge potential functions ay, a, as. This is consistent with the fact the
a force-free field must be degenerate, as discussed in section 2.3. The two other
equations are lengthy and unenlightening and we omit them. Given the difficulty
to find solutions to the system of coupled ODEs, it is useful to organize them in
independent classes characterised by conditions on the components of the field
strength and the current vector. It is possible to identify seven independent and

complete cases
L. i=f=f(=/=f=0f#0j.=j1=0,

2. f1=f2=]%=f6=0,f47f0,j4=0,]'1=]'2+%,
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3. f1:f2:f4:f6:0’fs7’50’1.2:0’].3:_%’

2 ; o
4. fl:0»f2¢0»f5=%,j1=jz+%,j3:_f612fzﬁm,

i 2 2 .
5. f1:f2:f3=0,f6750,]1:W,]ZZYJJ%M,
6. fi=fo=fi=0,fo#0, j,=0, j = BEZLR,

—y2 ; a2 f— i) e .
7. f1#0, fGZW’J?’: fja+y ];:11( ]1+]2)’]4: f3]2+]j§(]1 j2)

The cases from 1 to 6 are entirely solved and all solutions have been found and
classified. However, the general solution in case 7 eluded us, because the remain-
ing two ODEs are strongly non-linear and it is not clear whether we have obtained

all possible solutions. The full list of solutions is presented in section 5.5.4.

5.5.2 Nomenclature for the classification

In order to better present the solutions, it is first instructive to get some intuition
by concentrating on Poincaré coordinates (7, R, 0, ®). The field strength then reads

as

0 (h—1)a1(0) —Ray(®) —iqRa(0)

iq® _,a0) _ 1, @20
F = e . 0 h YR , h 'R o ®) ) (558)
R 0 a,(0) - zq3T
0

It is therefore natural to distinguish four (partially overlapping) qualitative classes

of solutions types*:
Poincaré magnetic < a; =0
Poincaré electric © a, = a3 =0
Poincaré nontoroidal © a, =0, g =0
Poincaré generic < a; # 0 and a, # 0 which obey (5.57).

A Poincaré magnetic solution has no electric field with respect to %. Any such
real solution is therefore magnetically dominated. For example, an axisymmetric
configuration (g = 0) with real weight h and a;’s is real and magnetically dom-

inated. (Other real solutions can be obtained by superposition as discussed in

4Poincaré magnetic was denoted as Type M in Lupsasca and Rodriguez (2015) while Poincaré
electric was denoted as Type E and Poincaré generic was denoted as Type E-M. Our terminology
emphasizes the role of the Poincaré time ¢ in the 3 + 1 decomposition.
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section 5.6.) A Poincaré electric solution has no magnetic field with respect to
the 3 + 1 decomposition involving the Poincaré time 7. Any such real solution is
therefore electrically dominated. A Poincaré nontoroidal solution has no compo-
nents of the electromagnetic field along d®. This implies that the electric field has
no toroidal components while the magnetic field (related to the dual of F) has no
poloidal components. Since the toroidal and poloidal subspaces are orthogonal,
it is indeed consistent with E, B = 0. In general, there are still toroidal magnetic
fields and poloidal electric fields but nothing prevents us from canceling one such
field. The solution can then also be either Poincaré magnetic or Poincaré electric.
The Poincaré generic solution has no particular electromagnetic property with re-
spect to Killing time 7. For real fields, there might however be another observer

that identifies the solution as magnetically or electrically dominated or null.

5.5.3 Linear superposition

The FFE equations of motion (5.1) are non-linear. Hence, the principle of linear
superposition of solutions does not apply in general. However, Lupsasca and Ro-
driguez (2015) provided sufficient conditions to superpose solutions. Here, we

review these conditions and apply them to our programme.

SL(2,R) descendants superposition

Let K be a Killing vector. Assume that F is a solution to FFE equations and that
PxJ x J.°> Then ZLkF is a solution to FFE. Indeed,

dgKF:fdeF:O, (5.598.)
Adx LxF=d%x*F=%xd*F=%x*]=x%x], (5.59b)
igK].fKFO( ingF: [i},gK]F+$Ki]F: l'[]’K]FZ —l.gK]FO( —i]FZO. (5.59¢)

SL(2,R) descendants of the highest weight solution F(j 4,0y are defined by the op-
eration F, g x) = (yiH_)kF(h,q,o). Since H- is a Killing vector, F 4,k is a solution
provided that J .5 = (%n )" Jin,g,00 < Jih,q0- This condition is met when the
current J, 4,0y is a linear combination of Qp, H- and 0, because all these three
vector fields commute with H_. This property allows us to linearly superpose a
primary solution with its descendants. Such class of solutions are labelled as ad-

mitting descendants.

5The symbol  stands for proportional. In other words, the two current vectors are collinear
and the proportionality factor can be a function of space-time coordinates.
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SL(2,R) primaries superposition

Assume that F; and F, are two solutions to FFE equations and that the associated
two currents J; « J,. Then an arbitrary linear combination F = aF; + fF,, with

a, B constants, is a solution to FFE.

dF =d(aF, + pF)=adF + fdF, =0, (5.60a)
dxF=ad*Fi+pd*xF,=a*x]1+p*xJ,=x%], (5.60b)
i/F o igy+pp, (@B + BF2) = a®if Fy+ BPif, Fo + a(ifFy + i F2) =0. (5.600)

This property allows us to linearly superpose two different primary solutions.

5.5.4 List of all solutions

Here, we list all solutions to force-free electrodynamics with nonvanishing current
that we found in our analysis starting from the highest-weight ansatz. We first
classify the solutions according to their highest-weight representation labeled by
the (complex) weight h and the (integer) U(1)-charge g and then by their Poincaré
electromagnetic type. The functions X;(0), i = 1,2,3,4,5 obey ODEs in 6 which
are described in appendix D.1. More details on the solutions including the field
strength, current and Euler potentials can be found in appendix D.2. We keep

explicit k that for NHEK geometry is simply k = 1.

(h, q)-eigenstates Two classes of solutions with arbitrary weight 4 and U(1)-charge

q:
« Poincaré magnetic

2 iqy(d- k*y*) X! 13

A= | dny o"r1 —_
Z qZ—A(h,Q)YZ 5“’

qe”zZ

X5t , (5.61)

where X5 = X5(0; h, q) and A(h, q) = h(h—1)+k?g?. The solution is pure
gauge for 1 =0. When g =0, h # 0,1 the solution reduces to (5.65).

 Poincaré generic
Ayg) = D" h(h— 1) Xou! — kg? Xop® + ikqy Xy1|, (5.62)
where X, = X»(0;A(h, ), c1 = g%). The solution is pure gauge for / = 0.

(h #0,q = 0)-eigenstates Four classes of axisymmetric solutions with arbitrary weight

h and one special subcase:
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« Poincaré generic
Aoy = ol [-xIT gt Xt £ VEXI ], (5.63)

where X3 = X3(0; h,¢), h,é e Cand ¢; #0.
 Poincaré magnetic

h-1
h

Ay = ch@” [X4u2 +X," 3, (5.64)

where Xy = X4(0;A(h)) with A(h) = h(h—1) and ¢, #0.

 Poincaré magnetic
A= f dh®" X 12, (5.65)

where X7 = X5(0;A(h)).

¢ Poincaré nontoroidal
Aoy =" X, [hul + /o i ] (5.66)

where X, = X»(0,A(h, q), c1).

« Poincaré electric and nontoroidal - admitting descendants
Aoy = 0" X, (5.67)
where X, = X»(0,A(h, q),0). It is the special case c¢; = 0 of (5.66).
(h=0,q # 0)-eigenstates One weight 0 solution with arbitrary U(1) charge ¢ :

e Poincaré electric
q
A(o,q) = /l"eideg,ul. (568)

(h=1,q # 0)-eigenstates One weight 1 solution with arbitrary U(1) charge g:
« Poincaré electric - admitting descendants

A=Y ordet 740 (5.69)
qez

(h = +ikq, q # 0)-eigenstates Two weight +ikgq solutions with arbitrary U(1) charge
q:
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 Poincaré generic

do
Ag=sikg.q = @192 T [ikqul +igu? + i), (5.70)

Athsikq.q = @hﬂt"[kul +u2]- (5.71)

(h=1+ikq,q # 0)-eigenstates One weight 1 + ikq solution with arbitrary U(1)
charge ¢g:

« Poincaré generic - null

Y Ang-12ikq.q =y, ®"A9 [h(q)al(e)ul +iqa) O)p* +ya @)’ |.
qe”Z qe”Z

(5.72)
(h=1,q=0)-eigenstates Two weight 1 axisymmetric solutions:

¢ Poincaré nontoroidal - null

Ao = <1>[a1 O’ /s + [yay (6)]2u3], (5.73)

where a; is an arbitrary function.

« Poincaré magnetic
Apo) = Dleopi® + c3”). (5.74)

(h=0,q =0)-eigenstates One weight 0 axisymmetric solution:

¢ Poincaré electric and nontoroidal - admitting descendants

1 1 2
A(0,0):—EO M +E[J, . (5.75)

This solution is just the SL(2,R) invariant solution (5.39) with k =1 (for
the near-horizon geometry of the extreme Kerr).

In comparison with Lupsasca and Rodriguez, 2015, the solutions (5.64), (5.66),
(5.70), (6.71), (5.72), (5.73) are new and the solutions (5.68), (5.69) are given with
two branches distinguished by a sign.
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5.6 Physical requirements

So far, we have classified the solutions to force-free electrodynamics around NHEK
according to their highest weight representation labelled by the (complex) confor-
mal weight /2 and the (integer) U(1) charge q. These solutions are, in general,
complex and it is not obvious a priori which of them are physically relevant to de-
scribe stationary and axisymmetric magnetospheres of rapidly rotating Kerr black
holes. To this aim, we introduce certain physical requirements to discriminate
potentially physical solutions from the list of all mathematical solutions. We de-
mand that potentially physical solutions are real, either magnetically dominated
or null, admit finite extraction of energy and angular momentum as measured by
an asymptotically flat observer, and are limiting solution of a regular solution de-

fined on (near-) extreme Kerr.

5.6.1 Reality condition

The sufficient condition for linearly superpose primary solutions is used to build
real solutions from complex ones. Given a complex solution to FFE, F; ), and its
associated current J(;, 4), we can build the real solution by linearly superpose Fy, )

and its complex conjugate F(*h ? provided that J;,4) o< ] We scrutinised the

%
(h,q)*
list of solutions to FFE to build the largest class of real solutions that are magneti-

cally dominated or null dominated.

5.6.2 List of near-horizon solutions

Let us now list all real magnetically dominated or null solutions that we could
build from the complex solutions enumerated in section 5.5.4. At this stage, we

list these solutions with arbitrary highest-weight h.

* Nonaxisymmetric, magnetic:

M h iqy(1-k*y%)
A :fdhq;zq) /’LC] [X5u2—mXé[J3 + C.C. (576)

where X5 = X5(0; h, q) and A(h, q) = h(h— 1) + k? g*. The axisymmetric case
g = 0is listed below and we have then X5(0, 1,0) = X;(0,A(h)).

* Nonaxisymmetric, magnetic:

AEM, = cp”"”)t‘?[h(h—1)X2p1—kq2X2u2+iquXgu3] (5.77)

+@loingra [h*(h* — DX ' - kg Xk - ikqyX; 3],
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where X, = X»(0;A(h, q), c1 = g%). The solution is magnetically dominated
in the range —kq < p < kq. The borderline case u? = k?g? is a null solu-
tion. (This is an example of Poincaré generic solution which is magnetically

dominated.)

* Axisymmetric (magnetic dominance not checked):
AGYy = el | =Xt X7 P & \/§X3’"1u3], (5.78)

where h > 1, c; is real, and ¢ > 0. (In the case h =1, X3 becomes X; and the
solution is not smooth at the velocity of light surface; see appendix D.2). It
has been observed that for & = —1 this solution is magnetically dominated
(Zhang, Yang, and Lehner, 2014). We did not check if it is the case for h = 1.
The solution to the non-linear equation for X3(6) is required which we did

not obtain here.

* Axisymmetric, magnetic:

h-1
h

A?Z,O) =cjo" D ATEED ST (5.79)

where Xy = X4(0;A(h)), ¢, is real and arbitrary and £ = 2. It is magnetically

dominated since it is Poincaré magnetic.

* Axisymmetric, magnetic:
f dhAl = f dh®" X, 1 + c.c. (5.80)

where X; = X;(0,A(h)) and h is complex. For h real we observed that the

spectrum of # is discrete and the lowest value is greater than 4 in appendix D.1.

* Axisymmetric, magnetic, nontoroidal:
Al =" Xo |yt £ e, (5.81)

where X, = X»(0,A(h), c1), his real. After a numerical check involving Xy, it
turns out that for all ¢; > 0 there exists a range of 1 < h < hy,4.(c;) where the
solution is magnetically dominated for all values of 6. The function hy,
tends to 1 in the limit ¢; — 0 and tends to infinity in the limit ¢; — oco. Itisa

solution with no toroidal electric field and no poloidal magnetic field.
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* Nonaxisymmetric, null:

Y ABM e = CDh)l"[hal O +iqgai O £yd, 03| +c.c. (5.82)
qez qez
Here a, (0) can be complex. We require that a,(6) and a; (@) vanish at the

poles.

* Axisymmetric, null
AL = @@ @) £yal O)u®), (5.83)

where a;(0) and a’l (0) vanish at the poles but a;(0) is otherwise arbitrary.

This is a special case of the solution (5.82) for g = 0.

5.6.3 Finite energy and angular momentum fluxes

Additional constraints on the conformal weight can be obtained by demanding
that a given solution have a finite extraction of energy and angular momentum.
We want to compute the energy and angular momentum fluxes in Poincaré co-
ordinates for definiteness. Let & and £ be the energy and angular momentum,
respectively, with respect to the dr and —d¢. The fluxes per unit time and per

solid angle are given by

& =+/=aT[F101)" n,x E@)R*?", (5.84a)
L =+/=0TH[F|(=00)" n, o< J@O)R'?". (5.84b)

Here the dot stands for derivative with respect to the Poincaré time T, o is the
induced metric on surfaces of constant radius R, n* is the unit normal vector to
these surfaces and T}, [F] is the electromagnetic energy-momentum tensor. The
explicit expressions of the functions E(f) and J(0) are written in section 5.3 of
Compere and Oliveri (2016) and we omit them, because they are not important
for the following discussion.

We have two different limits to consider: either we study the fluxes at the
boundary of NHEK located at R — oo or we study the fluxes from the Poincaré
horizon located at R = 0. In the former case, by requiring no energy and angular
momentum flux at the boundary and assuming that both E(6) and J(8) are non-
vanishing, we have that the real part of # must obey the condition (k) > 1. This
conclusion is in contradiction with the regularity condition derived later. More-
over, the fluxes diverge at the Poincaré horizon, where we have to require R(h) <

1/2 to have finite quantities. These two classes of solutions, namely those with
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R(h) < 1/2 and with R(h) > 1, might be useful for discussing holographic duality
in near-horizon geometries in the framework of Kerr/CFT correspondence.® We
neglect them, because we are more interested in those solutions with finite ex-

traction of energy as measured by an asymptotic observer.

Let us now define the energy and angular momentum with respect to an asymp
totically flat observer, i.e., with respect to d, and —0, respectively. From the scal-
ing co-rotating coordinates (1.13), one finds that 6, + Qina¢ = (A/rg)0r and 0y =
0¢. Thus, the definitions of angular momentum in the near-horizon and far-region
agree, whereas the definition of energy in the near-horizon is the linear com-
bination of energy and angular momentum of the co-rotating observer. From
Egs. (5.84), substituting to each power of R a power of A (because r = r; + ArgR),

we can deduce the scaling between far-region and near-horizon fluxes

&' —QFI P~ \22hg, (5.85a)
LA, (5.85b)

The prime stands for derivative with respect to the asymptotic time ¢. In the near-
horizon limit, A — 0, the flux of energy and angular momentum should remain
finite. There are five scenarios (see also appendix B of Gralla, Lupsasca, and Stro-
minger (2016)):

1. for R(h) < 1/2, one has & = 0 = £'. The far-region fluxes both vanish and
the asymptotic observer does not measure any extraction of energy and an-

gular momentum, whatever the near-horizon fluxes &, £ are;

2. forR(h) =1/2,onehas & = Q%' %' and £’ ~ £. The electromagnetic field

saturates the superradiant bound;

3. for 1/2 < R(h) <1 and J(0) = 0, one has & = Q"' ¥’ and £’ is not deter-
mined from the near-horizon flux. Once again, the electromagnetic field
saturates the superradiant bound. The far-region flux of the angular mo-
mentum is not determined, and so is also the far-region flux of the energy as

measured by the asymptotic observer;

4. for R(h) = 1 and J(0) = 0, one has &' — Q%** ¥’ ~ & and £’ undetermined.
Using the thermodynamic argument, and Eq. (2.59), one finds that &' —-Q¢*! ¥’ ~
& < 0; this result is equivalent to assume the first and second law of thermo-
dynamics M - Q,6] =«x/8n)6A=0withdM =-6& and 6] =-0%;

6See Jacobson and Rodriguez, 2017 for an earlier attempt of an holographic dual to the
Blandford-Znajek mechanism.
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5. for R(h) > 1 and E(0) = 0 = J(), both far-region fluxes & and ¥’ are not

determined from the near-horizon fluxes.

We want to select those solutions with finite fluxes of energy and angular mo-
mentum with respect to an asymptotic observer. Finiteness implies that ®(h) =
1/2. In addition, according to regularity condition, R(%) < 1. Thus, the window of

conformal weights h for potentially physical solutions is
1 1
3 <R(h) =<1 and (§R(h) - 5)](9) =0. (5.86)

The list of potentially physical solutions is presented in the next section.

5.6.4 List of potentially physical solutions

In the following we list the real, magnetically dominated or null force-free solu-
tions with nontrivial current and R(h) = % or % <R(h) =1 and J(O) = 0, which
lead to finite asymptotically flat energy and angular momentum fluxes. We also

do consider linear superposition.

* Nonaxisymmetric, magnetic
We have two classes of solutions from Eq. (5.76). The first one for h(n) =
% +in,nel:

iqy(1—k*y?)
"6,22{ - amm, gy "

+ c.c.}, (5.87)

where X5 = X5(0;h(n), q) and A(h(n),q) = k*q*> —n? - }1. When g = 0, the
solution reduces to Eq. (5.90).

When Re(h) # %, the constraint /() = 0 imposes h = 1. The solution is

A=Y {qm [Xzyz — zxﬁ;ﬁ
qe”zZ q

+ c.c.}, (5.88)

after using (D.26), where X, = X»(0; k* g%, g°).

e Nonaxisymmetric, null

The solution (5.77) has J(0) = 0 for u = +kg. This leads to the null solution
A = ORI (ikg + 1) Xop' +igXop® +yXou® | + c.c. (5.89)

where X, = X»(0;+ikq,c1 = g°).
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* Axisymmetric, magnetic
A= f dh®" X, 1% + c.c. (5.90)

where X; = X;(6;A(h)) and h is complex in the range % <R(h) <1. Itis not
clear whether regular solutions exist in that range. Indeed, at least for /4 real,
the spectrum of £ is discrete for regular solutions and the lowest value is
greater than 4; see appendix D.1. Since the solution is axisymmetric, we can

check the Znajek’s condition

1) = Q@) - gy, | 22 (5.91)

800
After taking the near-horizon limit, the generator of the black hole horizon is
Ot so the angular velocity at the Poincaré horizon of the near-horizon geom-
etry is Qg = 0. We also have I(y) = Q(y) = 0 as shown in (D.33), and there-
fore (5.91) holds. The second regularity condition that should be obeyed for
extremal black holes only, as described in Gralla and Jacobson (2014), is also

trivially satisfied.

* Axisymmetric, magnetic
The solution (5.81) has J(0) = 0. For h = 1, it is magnetically dominated and
therefore admissible. It reads as

A:CDXZ[uli\/c_l/,ts], (5.92)

where X» = X»(0,0, c1) and ¢; > 0. Znajek’s condition does not apply because
the field is non-toroidal, i, F = 0.

¢ Nonaxisymmetric, null
Solutions (5.82) with h(gq) =1+ ikq have J(0) = 0:

A=Y oMDyd [h(q)al O +iga;Op* +ya, @)’ +c.c (5.93)
qez

We require a; to vanish at the poles. For g = 0, we obtain the axisymmetric

null solution:

* Axisymmetric, null

Agp) =@ (@@ +ya @), (5.94)
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As discussed in appendix D.1, solutions to the ODEs for X;, X, and X5 exist
which are regular at the north and south poles. However, the functions X; and
X5 are generically logarithmically divergent at the velocity of light surface. Since
the fate of the velocity of light surface is unclear when extending these solutions
to the asymptotically flat region, we do not exclude them and consider them as
potentially physical. A more complete analysis of the extension of these solutions
to the asymptotically flat region would however be necessary to fully settle the
issue.

Generically, highest weight solutions with non-zero weight have a singular field
strength at the Poincaré horizon. However, the energy and angular momentum
fluxes are regular at the Poincaré horizon as a consequence of the restriction (5.86).
One exception is the negative branch of (5.94) which is, up to a gauge transfor-
mation, Ag,) = a1(0)d (T - %) This solution is regular at the future horizon but
singular at the past horizon (see Eq. (5.101) later).

The solutions are written in a SL(2,R) covariant manner and one can choose
any SL(2,R) generators related by isomorphisms of the algebra, as discussed around
(C.14).

5.6.5 Regularity conditions

Among all the real solutions, one aims to have those that come from solutions to
FFE around (near-) extreme Kerr and are regular on the future event horizon. The
first condition is imposed to avoid those solutions that are genuine solutions in
NHEK and do not have a continuation from the throat geometry all the way to
the asymptotic region. This approach has been pursued in Gralla, Lupsasca, and
Strominger (2016). Here, we outline the reasoning.’

Let F be the electromagnetic field strength defined on (near-) extreme Kerr in a
given coordinates system. By transforming the field to the co-rotating coordinates

(1.13) and performing a Taylor expansion around A = 0, one gets

F= A_h Z 9(,7) AP = ﬂ_h (97(0) + g(l)ﬂ + @(12)) . (5.95)
p=0

The leading field %y = lim,_oA"F is the near-horizon field and it is self-similar
with respect to the dilation operator £y, %) = h&). Though the conformal

weight h is a complex number, its real part is bounded by the rank of the field

“See also the discussion at the end of chapter 1 about the isometry group and critical phenom-
ena in NHEK space-time.
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F. Indeed, by considering F to be a smooth field on extreme Kerr in ingoing coor-

dinates (v,1,0, ¢), its transformation to the co-rotating coordinates (1.13) gives
Fuy(T,R,0,®) = ] *Fap(v,1,0,0) ], (5.96)

where J¥, is the Jacobian, whose elements can be read from

2M 1 2
dv:—[dT+(—+&+A—)dR], (5.97a)
A R2 R 2
dr =AMdR, (5.97b)
1 dR

Since the elements of the Jacobian have leading terms of G(A17!), the transforma-
tion law introduces at most two factors of @(1~1). In addition, because F is an
antisymmetric tensor of rank-two, the transformation law implies that the leading
term is of @(A7!). In terms of the conformal weight, this reasoning implies that
the conformal weight h is i < 1. Therefore, we conclude that for electromagnetic
fields one has

F= % (Fo)+FpA+6(1%). (5.98)

Moreover, for fields with positive conformal weight, the norm (taken with respect
to the NHEK metric) must vanish. Indeed, by computing the norm of F (with re-

spect the extreme Kerr metric), one obtains that

1

2
F 1z

(Fo) +2AF0)- Fay +O(1?)). (5.99)

Since F? is a scalar quantity (i.e., it has weight h = 0), upon taking the near-horizon
limit it should be finite. Therefore, we infer that % must be null.
By imposing that % (g is stationary, axisymmetric, null, self-similar with con-

formal weigh / =1 and obeys the FFE equations, one finds that
Fo =Fu0 = AO)YO) (w* - w'). (5.100)

This solution has been originally found in Lupsasca and Rodriguez (2015).

In Poincaré coordinates, it reads as
1
F0) = Fu,0 =A0)d (T - E) AdO, (5.101)

where A(6) is an arbitrary function of the polar angle. This solution is the unique
electromagnetic field with conformal weight h = 1 (and the properties mentioned
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above) to be regular on the future event horizon and to be the near-horizon limit
of a solution in extreme Kerr. Notice that this solution is the axisymmetric null
solution obtained in Eq. (5.94).

If instead the arbitrary function A(6) vanishes, then the next to leading order
1 in Eq. (6.98) is nothing but the maximally symmetric solution obtained in
Eq. (5.39).

5.7 Discussion and conclusions

In this chapter, we have outlined the strategy to solve force-free electrodynamics
(FFE) around near-horizon extreme Kerr (NHEK) space-time We have exploited
the isometry group and the presence of global conformal symmetries to solve FFE
equations and to classify the solutions using the highest weight representation.

We found a plethora of solutions and we organized them in seven indepen-
dent classes. As in each solution generating technique, one has to distinguish be-
tween the set of formal solutions and the set of physical solutions. In order to
discriminate the latter, we have introduced criteria for the electromagnetic field
strengths: reality and regularity conditions, and finite energy and angular momen-
tum extraction measured by an asymptotically flat observer. All these conditions
imply bounds on the conformal weight. The set of potentially physical solutions
for which 1/2 <= R(h) < 1 does not overlap with the set of near-horizon solutions
for which either R(h) < 1/2 (finite flux at the Poincaré horizon) or ®(h) > 1 (no
outward flux at the boundary of NHEK).

Among the potentially physical solutions, there are two notable solutions:

1. the maximally symmetric one, discussed earlier in Eq. (5.39),
F(0,0) =Ej dT ANdR. (5.102)

Though this solution is electrically dominated, it deserves further investi-
gation. Indeed, as pointed out in Gralla, Lupsasca, and Strominger (2016),
the presence of gravitational fields might prevent charged particles of the
plasma to travel faster than the speed oflight as happens in Minkowski space-
time (see. e.g., Komissarov, 2004). This is still an open question and we leave

it for future work.

2. the h =1 and axisymmetric solution, discussed in Egs. (5.94) and (5.101),

1
F(l,()) =A0)d (T - E) AdO. (5.103)
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This solution is null and it is the only one to be regular on the future event

horizon.

These two notable solutions should descend from smooth solutions defined
on extreme Kerr, according to the discussion below Eq. (5.95). Solving analytically
FFE around (extreme) Kerr is a hard computational task and, therefore, except few
exceptions mentioned earlier in chapter 2, we do not know the analytical expres-
sions of the original solutions. However, we know the near-horizon limits and we
can attempt to reconstruct the full original solutions by using the matched asymp-
totic expansion. In other words, we may glue the near-horizon solutions to the
asymptotically flat region which has been decoupled by the near-horizon limit.?
Such programme has not been yet realized in the context of force-free magneto-
spheres. That is another open question that requires further study.

Another interesting point that comes to light is the role of the velocity of light
surface. It marks the boundary of the physical region in NHEK. The potentially
physical solutions have a logarithmic divergence at the velocity of light surface
and it is not clear whether such a divergence is physical or it disappears upon
gluing the near-horizon solution with the asymptotic region. This is yet another

aspect that is remained unsolved.

8Recall the Fig. 1.2.
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In this chapter, we are going to investigate the thermodynamics of Kerr-Newman
black holes immersed in an external back-reacting magnetic field, sometimes known
as Melvin-Kerr-Newman or Magnetised-Kerr-Newman (MKN) black holes. The
content of this chapter is based on Astorino, Compere, Oliveri, and Vandevoorde
(2016). In section 6.1, we introduce the research literature on the topic. Then,
in section 6.2 and section 6.3, we discuss how to embed a rotating black hole in

test and back-reacting external magnetic field, respectively. Section 6.4 addresses
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the problem to compute the total conserved mass of the MKN black hole. In sec-
tion 6.5, we study the canonical thermodynamics and, in section 6.6, we comment
about alternative thermodynamic description of the MKN solution and make con-
tact between our results and those already present in the literature. We conclude

with a discussion in section 6.7.

6.1 Introduction

According to the black hole no-hair theorems of General Relativity (Israel, 1967; Is-
rael, 1968; Carter, 1971; Hawking, 1972; Robinson, 1974), an isolated rotating black
hole is completely described by its mass M, angular momentum J, and if any, by its
net electric charge Q. However, astrophysical black holes are not isolated objects
and they are usually surrounded by electromagnetic fields produced by external
sources like, e.g., plasma, accretion discs, and stars (Eatough, 2013). Few exact an-
alytical models, which describe black holes interacting with their surroundings,
are known in the literature.

The first attempt to construct an analytical model, describing Kerr black holes
immersed in a magnetic field, is due to Wald (1974) and it is reviewed in sec-
tion 6.2. Though Wald’s solution was a great first achievement, it was a pertur-
bative approach valid in the weak field regime. Several attempts to find exact
solutions to Einstein-Maxwell equations, describing black holes immersed in ex-
ternal magnetic fields, received attention since the Wald’s paper. In 1976, Ernst
(1976a), Ernst (1976b), and Ernst and Wild (1976), in a series of three papers,
were able to build an exact and regular solution by using the solution generat-
ing technique originally presented by Harrison (1968) and reformulated by Ernst
(1968a); Ernst (1968b). The Ernst-Wild solution is a stationary and axisymmet-
ric solution to the Einstein-Maxwell equations. In section 6.3 we will introduce
this solution and comment about its main properties. Since this solution can be
interpreted as a Kerr-Newman black hole immersed in an external back-reacting
magnetic field, it is often dubbed as Magnetised-Kerr-Newman or Melvin-Kerr-
Newman black hole, because it reduces to the Bonnor-Melvin solution (Bonnor,
1954; Melvin, 1964) when the mass, angular momentum and electric charge van-
ish. The asymptotics, the ergo-sphere and the motion of test charged particles
around MKN black hole have been investigated in Gal'tsov and Petukhov (1978),
Aliev, Gal'tsov, and Sokolov (1980), Hiscock (1981), Aliev and Gal’tsov (1988), Aliev
and Gal'tsov (1989a), Aliev and Gal’'tsov (1989b), and Karas and Vokrouhlicky (1991)
and in the two reviews by Dokuchaev et al. (1987) and Aliev and Gal’tsov (1989c).
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Recently, MKN solution received a renewed attention. Gibbons, Mujtaba, and
Pope (2013) studied the causal and asymptotic structure of MKN solution. For
certain values of the parameters of the solution, the ergo-region forms around
the axis of rotation and it extends all the way to infinity. Moreover, despite the
common phrasing in the literature that MKN is asymptotically Melvin, it is not
true in general. These features make the MKN black hole unphysical and its role
unclear for an astrophysical perspective. The fact that the asymptotic region of
MKN space-time is not conventional amounts to serious difficulties in defining
global charges like its mass and angular momentum and, in turn, its thermody-
namics. Several attempts have been made in that direction by using different the-
oretical methods, but there has been no general agreement. The thermodynam-
ics of MKN black hole has been studied in Gibbons, Pang, and Pope (2014) and
Booth et al. (2015) by making use of two different approaches: the former used an
approach based on dimensional reduction, while the latter adopted the isolated
horizon formalism. However, the definitions of mass proposed do not coincide.
To resolve this tension, Astorino et al. (2016) used the covariant phase space for-
malism (Regge and Teitelboim, 1974; Iyer and Wald, 1994; Barnich and Brandt,
2002; Barnich, 2003; Barnich and Compere, 2008). This formalism was already
applied previously to black holes with unusual asymptotics (Barnich and Com-
pere, 2005; Banados et al., 2006; Compere, 2007b). It is especially well adapted to
the problem at hand since the asymptotic region has no role to play. The lack of
known boundary conditions for Melvin universes is, therefore, not an obstacle for
defining the mass. The procedure amounts to first define the infinitesimal change
of mass due to infinitesimal changes of phase space parameters by considering
the integral of a uniquely defined surface charge form on an arbitrary sphere sur-
rounding the black hole. One then writes the conditions for the existence of a
finite mass known as integrability conditions. The definition of the mass amounts
to solving these integrability conditions, as we will show in section 6.4.

Interestingly, Astorino (2015) and Bic¢dk and Hejda (2015) showed that the ex-
treme MKN shares the same near-horizon geometry with the extreme Kerr-Newman
black hole by providing a map among the parameters of the two solutions. This
conclusion, based on explicit computations, is implied by more general results
obtained by Lewandowski and Pawlowski (2003) and Kunduri and Lucietti (2013).
Though the definition of the mass of MKN has been controversial until our pro-
posal, its extreme limit was known and matched with the definition proposed in
Booth et al. (2015) by means of the isolated horizon formalism. Same agreement is
found for the mass computed in Astorino et al. (2016) by means of covariant phase

space formalism. In addition, Astorino et al. (2016) establishes a relationship away
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from the extreme case: both the MKN and the Kerr-Newman black holes share the

same thermodynamics. This aspect will be discussed in section 6.5.

6.2 Black holes with external magnetic test fields

In this section, we work in the weak field regime, i.e., we do not consider any back-
reaction of the electromagnetic field on the Kerr black hole geometry, and we treat

all the fields as test fields. More formally, the Einstein-Maxwell equations are

TEM

1 —
Huv = Ry =2y 6.1)

", =0,

where F,,, is the electromagnetic field and Tlﬁf"f the associated energy-momentum
tensor. We assume that the contribution of the external electromagnetic fields on
the geometry is negligible, therefore vaM =~ 0 and it does not alter the geometry
of the space-time. In other words, we want to consider electromagnetic pertur-
bations around the Kerr black holes space-time. In particular, we are going to
construct two different kinds of electromagnetic test perturbations: one giving a
negligible electric charge Q to the Kerr black hole, the other embedding the Kerr
black hole in a (asymptotically uniform) magnetic test field B. In natural units,
the mass of the Kerr black hole determines the characteristic scale of the system.
Therefore, if both Q/M <« 1 and B <« 1/M, we might neglect any back-reaction
and consider the electromagnetic field as a test field on the fixed background ge-

ometry.

6.2.1 Wald’s solution

Wald (1974) showed the existence of a mechanism to charge up the Kerr black hole
when it is immersed in an external magnetic test field. The argument of Wald, as
we shall review below, is based on a well-known result by Papapetrou (1966).
Assume that ¢ is a Killing vector field. Then, Zg,v = {u;v + v = 0 where
8uv is the metric field and the semicolon stands for the operation of covariant
derivation. The Papapetrou’s result states that a Killing vector generates a solution
to Maxwell’s equations in vacuum space-times. Let us define the antisymmetric

rank-two tensor as
F/JV = év;u - f,u;v = _pr;v- (6.2)
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Its covariant derivative is
FI, = =28t = —2RK et =0. 6.3)

In the second step, we have used the property that the double covariant derivative
of a Killing vector is ¢ ;v;0 = ¢ ARMW, while in the last step we have used the as-
sumption of vacuum space-time R, = 0. Therefore, the electromagnetic test field
F,,y satisfies the source-free Maxwell’s equations.

In Minkowski space-time, there are ten independent Killing vectors. The elec-
tromagnetic field generated by the four translation Killing vectors vanish, those
generated by the three rotational Killing vectors reproduce uniform magnetic fields,
and those generated by the three boost Killing vectors reproduce uniform electric
fields.

In Kerr space-time, there are two independent Killing vectors: the time Killing
vector n#d,, = d; and the axial Killing vector y*d,, = 9. We denote the electro-
magnetic test field generated by n as F; = dn.' The 1-form corresponding to the
Killing vector, n, = guvn", serves as gauge potential for the electromagnetic field
F,. Analogously for the axial Killing vector y. Both F;, and Fy, are stationary and

axisymmetric fields

The electromagnetic field generated by the time Killing vector vanishes asymptot-

ically. When integrated over a topological two-sphere, one has

1 1
— F,=0, — *xF,=-2M. 6.5
47 Js2 1 47 Js2 1 (6.5

Instead, the electromagnetic field generated by the axial Killing vector approaches

the uniform magnetic field asymptotically. Integrations over a two-sphere give

ﬁ o Fy =0, ﬁ . *Fy =4]. (6.6)
Thus, the two Killing vectors generate stationary and axisymmetric electromag-
netic (test) fields, F;, and Fy, carrying charges —2M and 4]/, respectively.

At this stage, one may wonder if it is possible to perturb the Kerr black hole
by introducing a perturbation to add a net electric charge Q or to place the Kerr
black hole in a (asymptotically uniform) magnetic field. The answer to both ques-

tions is positive and the uniqueness relies on a theorem proved by Carter (see, e.g.,

"Here, F, = $ Fy wdx* Adx" = 3 (dn)pdxt Adx” =1 (0uny - avnﬂ)w dx* Adx”.
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the republication of his Les Houches lecture notes in Carter, 2009; Carter, 2010),
stating that if the electromagnetic test field F is a) stationary and axisymmetric, b)
regular on the horizon and in the exterior region of the black hole, c) asymptoti-
cally vanishing and d) without magnetic monopole and charge, then F = 0. Thus,
in order to have a non-trivial perturbation, we need to relax one of the hypothesis.
For the aim to add a net electric charge Q, we relax hypothesis d). From Egs. (6.5),

we might define the electromagnetic field to be
Fo=-(Q/2M)F,. 6.7)

Notice that if F’Q is another field carrying the same charge Q, the theorem above
implies that F(’2 — Fg = 0. Moreover, as it should be, Fo = — (Q/2M) F;; is exactly the
Kerr-Newman electromagnetic field.

Now, let us focus on the second aim: embedding the Kerr black hole in an asymp-
totically uniform magnetic field. To this aim, we have to relax the hypothesis c)
in favour of having an asymptotically uniform magnetic field. From Eqgs. (6.5) and
Egs. (6.6), it is clear that

1 2J
Fp = > By (Fw + A—4F,,) (6.8)

is the only combination with vanishing charges. The uniqueness is again guaran-
teed by the theorem mentioned above. Asymptotically, Fg behaves like Fy, and By
is a real number equal to the magnitude of the asymptotic uniform magnetic field.

These two results, Egs. (6.7) and (6.8), can be linearly superposed to describe
the electromagnetic test field for a Kerr black hole perturbed by an electric charge

Q and immersed in a magnetic field

1 2] 1 1
Fwaia=Fo+Fg=-(Q/2M)F; + EBO (Fu, + 1\_/_IF77) = o (2BoJ - Q) F, + EBOFu/-
(6.9)
Such a field is generated by the gauge potential
A _ 1 (2BoJ - Q) +lB (6.10)
Wald = 55 (250 n+ 5 5oy .

The time Killing vector generates the Coulomb part of the electromagnetic field
and it contributes to the electric field and magnetic field for J # 0 2 In other words,
the rotation of the charged black hole immersed in the magnetic field induces an
electric field and contributes further to the magnetic field.

In order to unveil the charging mechanism, we restrict our discussion only to

2Tt is easy to check that, in coordinates, both F;, and Fy, contribute to the electric field in the
dtAdr and dtAd6f components and to the magnetic field in the dr A d¢ and d6 A d¢ components
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particles along the axis of rotation at 8 = 0. For a particle of mass m, charge g
and four-momentum p* = mut — g A#, the variation of the electrostatic potential
U = —pun* between infinity (r — oco) and the event horizon (r = r; ) reads as

r=r4 q
AU = Ur:rJr —Usx =qAwald /m” oo =—qAwaiad /m” = _m (Q_ZBOJ() » )
6.11

where, in the second step, we have used the fact that n un“|9=0 =0 on the horizon,

‘OO

’/’un”e:o =0, and n,n* — —1 as r — oo. Fixed the sign of the charge g, for AU <0
the accretion mechanism of such charged particles is energetically favourable till
AU = 0. Therefore, regardless of the sign of g, the equilibrium charge is given by
Qwaid = 2ByJ. Moreover, assuming that J < M?, the charge-to-mass ratio of the
black hole is

2B
Qwala _ 2Bo] _ 2ByM ~1.7x 1072
M M

i) [T
— . (6.12)
Mg ) \1Gauss

The ratio Qwg14/ M, or equivalently the product ByM, is well below the unity for
astrophysically realistic black hole masses and magnetic field strengths (Dokuchaev
et al., 1987).

6.2.2 Meissner-like effect for rotating black holes

One year after Wald published his solution, King, Lasota, and Kundt (1975) com-
puted the flux of the magnetic field through the upper hemisphere of the event
horizon. Given the electromagnetic test field in (6.8), the magnetic flux across the
upper hemisphere H? is

1 1 (. a a*
Op Ap=Ap 9:7,,2:530r+ 1+—|{1-— |, (6.13)

= — B=—
27 2 27 Jor? r=ry ry ry

where we used the Stokes’ theorem. The magnetic flux @ = ®p(a; By) is a func-
tion of the spin parameter a and of the magnetic field strength at infinity By. It is
a monotonic function of a: its maximum is for Schwarzschild black hole (a = 0)
and it vanishes for extreme Kerr black hole (a = M). The expulsion of magnetic
field lines from the upper hemisphere of extreme Kerr black hole is known as
Meissner-like effect.3 Here, we have shown it for magnetic test field on Kerr black
hole background. Ten years later, Bicdk and Janis (1985) confirmed this effect for

all axisymmetric stationary test fields, by explicitly solving the vacuum Maxwell’s

3The Meissner effect, originally discovered by Meissner and Ochsenfeld (1933), describes the
expulsion of magnetic fields from a superconductor when it is cooled below a critical temperature
T., marking the transition to the superconducting state.
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equations around Kerr space-time. Actually, the effect has been also checked for
back-reacting magnetic field for uncharged MKN solution (Karas and Vokrouh-
licky, 1991). More recently, the Meissner-like effect has been shown to operate also
in more general settings, e.g., where Kerr black hole is surrounded by accretion
disc (Guerlebeck and Scholtz, 2017; Guerlebeck and Scholtz, 2018). The Meissner-
like effect has astrophysical relevance because it might affect the efficiency of the
extraction of energy from rotating black holes. Indeed, further studies on the
Meissner-like effect have been pursued by Penna (2014a) and Penna (2014b) to
highlight feasible conditions to evade this effect. However, there is no total con-
sensus whether this effect realistically quenches the jet creation efficiency (see,
e.g., Ruiz et al., 2012; Kinoshita and Igata, 2017).

A similar computation with the Wald’s solution (6.9) leads to a more general
expression accounting for the charge of the black hole (see, e.g., Kim, Lee, and
Lee, 2001)

1 1

2
2 a
Fy = Bor+(1+—2)
r

() = —
w 2 2

2
1—“—(1—3)]. (6.14)

r2 BoJ

27 H?

For Q = 0, we recover the result in Eq. (6.13). For finite values of Q in the range
0 < Q < Qwaid = 2ByJ, the magnetic flux never reaches zero, as shown in Fig. 6.1
for some values of the electric charge. At extremality, its value equals the electric
charge. Therefore charged black holes immersed in an external magnetic field do
not experience the Meissner-like effect at the extremal bound. For the limiting
value of the Wald’s charge, the flux becomes @y = 1/2Bor2 (1+ a?/r2)°. Surpris-
ingly, an extreme black hole with the Wald’s charge has the same magnetic flux
as in the Schwarzschild case (Dokuchaev et al., 1987). In other words, the Wald’s
charge can be thought of as that equilibrium charge to match the magnetic flux
for both cases of slightly charged Kerr and Schwarzschild black holes.

6.3 Black holes with external magnetic back-reacting
fields

6.3.1 Magnetised-Kerr-Newman black hole

We begin with the Kerr-Newman (KN) solution, describing an electrically charged
and rotating black hole, parametrised by the mass M, the angular momentum per
unit mass a, the electric charge q and the magnetic charge p. The line element of

KN space-time can be recast in the same form of the Kerr line element in Eq. (1.1)
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FIGURE 6.1: Magnetic flux for different values of the electric charge Q as function
of the angular momentum parameter a. We have set m» =1 and By =
1/2 to normalize the flux to the unity for the Schwarzschild case.

as follows (see, e.g., appendix B of Gibbons, Mujtaba, and Pope, 2013)

A p) A
ds3 = —Tdtz + Zdr2 +3d6? + sinz(e)E (dp - @dr)®, (6.15a)
AgnN = Atdt+ A(/,d(p, (6.15b)

where the metric and gauge potential functions read as

A(r) =r?-2Mr + a* + ¢* + p?, (6.16a)

3(r,0) = r? + a® cos*0), (6.16b)

A(r,0) = (r* + a2)2 — a’Asin®(9), (6.16¢)

2Mr - q* - p?

a(r,0) = a(2Mr q-p ), (6.16d)
Ay(1,0) = Do (r,0) — & (r,0)D3(r, 0), (6.16€)
Ayp(1,0) = D3(1,0), (6.16f)

and where the functions ®, and @ read as
_ 1 _
o (r,0) = = [apAcos(0) — gr (r* + a?)], (6.17a)
) 1
©3(r,0) = < [agrsin®(©) - p (r* + a®) cos(9)]. (6.17b)

The MKN solution is obtained by applying the Harrison transformation to the
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KN solution (Harrison, 1968). The transformation appends an external magnetic
field, parametrised by the real number B, to the seed KN solution. The result has
been nicely written in appendix B of Gibbons, Mujtaba, and Pope (2013). The
MKN line element takes the form

>A > 1 . A 2
dsi ey =H(,0) —Tdtz + Zclrz +2d0*| + 0.0 [smz(e)E (dp-wdt)|,
(6.18a)
ApEN = Atdt-l-A(pd(/). (6.18b)

The KN line element is modified by the presence of the Harrison function H(r,8)
and the angular velocity w(r,0), both expressed by a finite expansion in powers of

the magnetic field parameter B

H(DB + H(2)32 + H(g)BS + H(4)B4
>
w(l)B + a)(g)BZ + (U(3)33 + (U(4)B4
i .

H(r,0) =1+ , (6.19a)

w(r,0)=w(r,0)+ (6.19b)

The gauge potential components, given by A;(r,0) = ®y — w®3 and Ay(r,0) = ®3,
are, instead, deformed as

€] (2) p2 () p3
o"B+oP B2+ 0B

@y (r,0) = D¢ + _ , (6.20a)
0 0 4A
ci) (D(l)B + q)(Z)BZ + (D(g) B3
D5(r,0) = — + =2 3 3 7 (6.20b)
H >H

The explicit expressions of the functions H;)(r,0), w; (1,0), qbéi) (r,0), and CI)éi) (r,0)
can be found in appendix B of Gibbons, Mujtaba, and Pope (2013).

The MKN black hole depends upon five parameters: the mass parameter M,
the angular momentum parameter j = aM or the angular momentum per unit
mass a, the electric charge parameter g, the magnetic charge parameter ¢, and
the magnetic field B. In order to cancel the magnetic monopole charge, we set the
parameter p = 0. It is easy to verify that the MKN metric smoothly reduces to the
KN metric for B = 0, to the Kerr metric for B = 0 and g = 0, to the Schwarzschild
metric for B=0, g =0 and j =0, to the Minkowski metric for B=0,g=0, j =0
and M = 0 and to the Melvin metric (sometimes called magnetised Minkowski)
forq =0, j =0and M = 0. As claimed in the Introduction, this exact solution
to Einstein-Maxwell equations has not a clear physical interpretation in general,
because of its unconventional asymptotic region and because the ergo-region ex-

tends all the way to infinity along the axis of rotation for a certain range of the
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parameter B. However, it has a well-defined weak field approximation in agree-
ment with the Wald’s solution discussed before. When Q/M « 1 and BM < 1 (see
Eq. (6.12)), MKN metric approaches the Kerr metric in the linear approximation
and the gauge potential is given by a linear combination of the two Killing vectors,
according to the Wald’s construction in Eq. (6.10) (Gibbons, Mujtaba, and Pope,
2013). The weak field approximation guarantees that the magnetic field does not
affect the geometry of the Kerr or Kerr-Newman black hole up to the so-called
Melvin radius 7e7in = B~1, beyond which the magnetic field distorts the metric
in the far asymptotic region. Therefore, MKN solution can be used as a toy model
in the surroundings of the black hole in the radial range r. < r < ryferpin = B!
with BM « 1 (Aliev and Gal’'tsov, 1989c).

To ensure that the MKN metric does not admit any conical deficit at the North
and South poles of the sphere, the azimuthal angle ¢) must have a period equals to
(Hiscock, 1981)

Ap =21 H(r,0)=2nH(r,m) =21 |1+ ngBz +2jgB* + (j2 + f—;) B4] =2nZ.

(6.21)

We rescale the azimuthal angle ¢ by =, so that its period is equal to 27. More-

(0)
¢

potential to have regularity along the axis of rotation. The regularity condition at
both the North and South poles is Ay(r,0) = 0 = Ay(r,7) and it amounts to the

over, we add a space-time constant A~ to the azimuthal component of the gauge

expression

3 1
Ay == 5" +3jaB+ (4" +16*) B | B. 622)

For future reference, we compute other physical quantities to discuss the ther-
modynamics of the MKN black hole. The inner and outer horizons are located at
r+ = M+ /M2 - a? — g and their expressions are not affected by the magnetic
field parameter. Therefore, also the Hawking temperature given by

K4 1 ry—r_
Ty = =

“a Tl (623)
does not depend upon the magnetic field parameter B. However, the other ther-
modynamic potentials, namely, the angular velocity and the Coulomb electro-
static potential do depend on the four parameters of the solution. Indeed, the
angular velocity of the event horizon r, is given by (after having rescaled the az-
imuthal coordinate ¢p — ¢/ =)

a,=-8%1  _ur,0), (6.24)

g(»b(»b r=ry4
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while the Coulomb electrostatic potential measured at the event horizon is

=-AVQ, - @y(ry), (6.25)

— ©
O=-At| &

where ¢ is the horizon-generating Killing vector { = d; + Q0. Finally, the area
of the event horizon is given by A, = 4nZ= (”er + az) and the Bekenstein-Hawking

entropyis S = A, /4.

6.3.2 Near-horizon geometry of the MKN black hole

The near-horizon geometry of the extreme MKN black hole (abbreviated in NH-
EMKN) can be cast in the same form as in the case of extreme Kerr (see Eq. (1.16b)).
More precisely, one first goes to the extreme case, defined by the constraint M =
v/a% + g% on the parameters. Then one performs a gauge transformation of the
form A; — A; + @, to guarantee the finiteness of the near-horizon limit of the
gauge potential (Compere, 2012). Finally, one changes the coordinates from the
(t,1,0,¢) of the EMKN black hole (6.18) to the scaling coordinates (7, R,0,®) de-
fined in Eq. (1.13)

t r—ryl
T=—A, R= =, ©O=¢-Q%, 6.26
7o o A ¢-2 (6.26)

and one gets

dR?
As5 emxn = o TO) | -R*d T + - do? +y*0) (dd+ kRAT)*|, (6.27a)

ANi—pvkn = 10) (dD+ kRAT) %d(b. (6.27b)

The functions I'(0), y(0), 1(0) and the constants 7y, k, e in the metric tensor and in
the gauge potential are written in appendix A of Astorino (2015).

In Astorino (2015) and in Bi¢dk and Hejda (2015), an explicit map have been
derived between the parameters of the near-horizon geometry of the extreme Kerr-
Newman (axy, gxn) and the parameters of the near-horizon geometry of the ex-

treme Magnetised-Kerr-Newman (ayx N, gur N, B)

axKnN
AMKN = AN — GrN\/ G5y + G5B — - (4a% 5 +3G% ) B, (6.28a)
q3
dMKN = KN +2aK N\ a5y + G5B - %BZ. (6.28b)

As we will show in Egs. (6.34) and (6.35), both ayxn and gakn coincide, respec-

tively, with the angular momentum (per unit mass) and the physical electric charge
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of the extreme MKN black hole. Therefore, by assuming that also the mass can be
mapped according to the above parameter redefinition, one can infer the extreme
mass of MKN black hole to be

Mykn = \/“?\/H(N + N = \/aiN + q12<N+aKNqKNB+;L\ [aZ, + g% (4a%n+qen) B
(6.29)

It is worth noticing that this last expression can be recovered as the extreme value

of the mass of MKN black hole computed by the isolated horizon formalism in

Booth et al., 2015 and does not agree with the extreme value of the mass of MKN

black hole computed by dimensional reduction in Gibbons, Pang, and Pope, 2014.

In the following, we resolve this tension by using the covariant phase space for-

malism and, in addition, we will clarify the relation between the two different def-

initions of mass by studying the respective thermodynamics.

6.4 Mass of Magnetised-Kerr-Newman black holes

In the strong field regime, where the magnetic field back-reacts with the geometry
and the space-time is described by the MKN line element (6.18), the conserved
charges of the MKN black hole are affected by the presence of the electromagnetic
field.

The unconventional asymptotic region of the metric introduces subtleties and
ambiguities in the calculation of conserved charges. While the conserved angular
momentum J and the electric charge Q do not raise any obstacle in their compu-
tation, such problems are manifest in the definition of the mass. Several attempts
have been made since the publication of the MKN solution. The first attempts
performed in Dokuchaev et al. (1987), and later in Aliev and Gal'tsov (1989c) and
Karas and Vokrouhlicky (1991), consisted in computing the following integrals at

spatial infinity r — oo

1 :
M=) Y y, (6.30a)
1 :
= %6 ) 07 Y (6.30b)
1
Q=4 fs , F™d*s,,, (6.30c)

where 71 and v are, respectively, the time and axial Killing vectors and the 2-form
dZZW = 1/2e4yqpdx® A dxP is the differential area element of the two-sphere.
For asymptotically flat space-times, the definitions above give the total conserved

mass, angular momentum and electric charge (Bardeen, Carter, and Hawking,
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1973). For MKN space-time, that is not asymptotically flat, the total mass is for-
mally divergent as an immediate computation can show. Therefore, a change of
strategy to compute the conserved charges is needed. Such new ideas come with
the recent attempts by Gibbons, Pang, and Pope (2014) and Booth et al. (2015), us-
ing Kaluza-Klein reduction to three-dimensional gravity and isolated horizon for-
malism, respectively. Their results totally agree for the angular momentum and
the electric charge expressions, but these two approaches give two different ex-
pressions for the total mass. Astorino et al. (2016) resolved the tension between
the two definitions by adopting the covariant phase space formalism and provided

a detailed analysis of the thermodynamics of MKN space-time.

6.4.1 Covariant phase space formalism

Before starting the computation of the conserved charges, we have to mention
the notation and the nomenclature of the covariant phase space formalism used
in the following (see, e.g., the review Compere, 2006). In the context of Einstein-
Maxwell theory, the generalised Killing equations for the metric field g, and the
gauge field A, are

Leguw =0,  LeAy+0,A=0, (6.31)

where ¢ = {#d,, is a Killing vector field and A is a real constant. We call symmetry
parameter the pair (¢, 1), which is solution to the generalised Killing equations. It
can be shown that a surface charge k¢ 2)[6g,0A; g, Al is associated with the sym-
metry parameter (¢, A) and it is uniquely fixed as a functional of the Lagrangian, up
to an irrelevant total derivative (Barnich and Brandt, 2002). The surface charges
k 1) are space-time 2-forms and 1-forms in the field space. The explicit formula
for the surface charge that we will use in this chapter can be found in Eq. (4.22)
of Compere, Murata, and Nishioka (2009) (where one sets the scalar field to zero,
x=0, hyy=0and k;; =1).
The total conserved charge 2 ») associated to (¢, A) is defined by

- g ra
Q(f,l) [g; A) g» A] = ,[SZ‘/“ [4 k(f,/l) [5g/)6A,;g,)A,]y (632)
4

where S? is a space-time two-surface. Such a definition is meaningful provided
that the surface charge does not depend on the path in the field space. This re-

quirement is called the integrability condition and reads as

fs251k(5,/1) [628,024;8", A" _fSZ Sake0018,614;8,A'T=0. (6.33)
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Since the surface charge is closed on-shell (Barnich and Brandt, 2002), the charge
(6.32) is conserved under any deformation of the surface. It is, therefore, radius
and time independent.

The integrability condition depends on the choice of the symmetry parameters
(£, 1). One can introduce a prefactor a (which is a function of the phase space pa-
rameters) in front of the symmetry parameters and solve the integrability of the to-
tal conserved charge over the phase space (Barnich and Compere, 2008). In other
words, the prefactor a serves as an integrating factor for Eq. (6.33). As an example,
let us consider the total energy of Schwarzschild or Kerr black holes. It is the total
conserved charge associated to the Killing vector ¢ = 9;. It is integrable and equals
to the mass parameter m. However, for Kerr black holes in anti-de Sitter (AdS)
space-time in Boyer-Lindquist coordinates, one needs to multiply the Killing vec-
tor & = d, by a prefactor ¢ = (1- azllz)_l 0;, where a is the spin parameter and [/ is
the AdS radius, to get the canonical integrable mass M = (1 - a?/ lz)_2 m (see, e.g.,
Caldarelli, Cognola, and Klemm, 2000; Gibbons, Perry, and Pope, 2005; Deruelle
and Katz, 2005; Barnich and Compere, 2005). The integrating factor technique re-
produces the mass obtained from consistent boundary conditions by Henneaux
and Teitelboim (1985) and, in that sense, it is equivalent to requiring a differen-
tiable generator in the Hamiltonian sense (Regge and Teitelboim, 1974).

In the following section, we will address the problem to compute the integrable

mass of MKN black holes by allowing all the phase space parameters to vary.

6.4.2 Computation of conserved charges

Let us first obtain the angular momentum J and electric charge Q. By defini-
tion, the angular momentum and electric charge are the conserved charges as-
sociated with the symmetry parameters (—04,0) and (0,—1), respectively. Using
the Barnich-Brandt method (Barnich and Brandt, 2002), we directly note that the
infinitesimal charges 6 Q and 4 J obey the integrability conditions (6.33). Using the
definition (6.32), we obtain

. 3. 1 . |
J=2(a,00=j—-q" B~ > q°B* - Zq(8]2 +qhB3 - E](16]2 +3g%B*, (6.34)
1
Q=20 _1=q+2jB- qu“BZ, (6.35)

Both the angular momentum and the total electric charge match with the results
in the literature (Gibbons, Pang, and Pope, 2014; Astorino, 2015; Booth et al.,
2015).
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Let us now compute the infinitesimal change of energy caused by a change of
all parameters of the solution (6 M, 0 j,6q,6B). Since it is not clear which canon-
ical generator is associated with the conserved energy, let us first obtain the in-
finitesimal conserved charge 62,0 = $s k(s,,0) associated with the symmetry
parameter (0,,0). Here S? is a sphere of integration around the black hole, i.e.,
the integration is performed on a constant ¢ and r surface. Using the definition of

the surface charge and after a lengthy algebra, we obtain
5«9(@@ =cpyOM + Cj5j + cq6q + cgéB, (6.36)

where the coefficients read as

3 4
cM:1+§quz+2qu3+(j2+% B*, (6.37a)
.
¢j=-5MqB° - 51{—4 (28M2 + ¢2) B, (6.37b)
By
cq=—-3MqB* - ZZ\L/I (8M2 +5¢°) B, (6.37¢)
J 3. o . q° ) 2 1 (5 . J 2, 2| p4
=L g 2Mq?B-3jql2m+ T | B2 -2 (2 Mg+ L 8M2 + 4% | B*.
BEMIT VTP AM? 2 (aM9 7

(6.37d)

We have used the symbol  to emphasize that the expression (6.36) is not inte-
grable in the parameter space. Indeed, it is easy to check that 61 (622,,0)) — (1 —
2) #0. Therefore, 0, is not associated with the energy. Note that the coefficient cy,
exactly matches with the factor = introduced in Eq. (6.21) to avoid conical deficits.

The goal of this section is now to define the mass from integration over the
phase space of an integrable infinitesimal canonical charge 6.4 and prove that
the procedure is unique and, therefore, that the mass .4 is uniquely defined.
The black hole admits exactly three generalised Killing vectors and the symme-
try associated with the mass can be any combination thereof. We can parametrize
itas a(y,A) = (a@; + Qind¢), a®in;). We have to determine the four following
functions defined over the parameter space: the mass .4 = .4 (M, j,q,B) and
the three constants which fix the canonical generator: @ = a(M, j,q,B), Qinr =
Qint(M, j,q,B) and ®;,; = ®;,:(M, j,q,B). By definition, these four functions
obey the following equality

SM=a(6206,0 — Qintd] - DPint6Q). (6.38)
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Quite remarkably, these defining equations are four equations since there are four

parameters to be varied: M, j, g, B. They read in detail as

OpmAM = aZ, (6.39)
Byl = a(cq—anCDint—aq]Qim), (6.40)
Ot = a(CB—aBQq)int—aB]sz), (6.41)
0jt = acj~0;Qin; =3} Qins). (6.42)

From the first equation, we algebraically solve for @ and we obtain
1
a=—0pAM. (6.43)

By algebraically solving the second and third equation for ®;,; and Q;,;, we get

1
 a(04J05Q-05J04Q)
1
~ a(04J05Q-05J04Q)

[a(canQ — c0yQ) +0,Q0p.M — 0BQ6,7/%], (6.44)

Qint

Dy |t(e80,) — cqO5)) + 05044 ~0q 054 (6.45)
One can check that the denominator d,/0pQ — 03J0,;Q only vanishes when the
charge parameter g = 0 or g = 3jB. However both Q;,; and ®;,; shall be well
defined, except for the trivial case m = 0, upon substituting a and the mass .#
into their expressions.

Finally, by substituting a, Q;,; and ®;,; in the last equation, we obtain a first-

order linear homogeneous partial differential equation for the total mass .4
[D - M@4+9g°B*dp| 4 =0, (6.46)
where we defined the differential operator
D=2q2j+3qM*B)dy +2M(4j+3G°B)0, —4Mq*(q—3jB)0;. (6.47)

We reduced the integrability requirement for defining the mass to a single partial
differential equation for the mass (6.46). Let us now solve it. First note that B =0 is
aregular point of the differential operator. Therefore, one has an analytic solution

around B =0,

MM, j,q,B) =) fulM,j,q)B". (6.48)

n=0

The differential equation requires a boundary condition at B = 0. We now impose
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the physical requirement that the mass should coincide with the Kerr-Newman
mass M in the absence of a magnetic field. Thus, we set fy(M, j,q) = M. It can be
shown that the ansatz (6.48) leads to an infinite series in the B expansion which
we can solve exactly to each order in B. It turns out to be simpler to consider the

expansion of the mass squared:

M*M, j,q,B)=M*+ ) g,(M,j,q)B" (6.49)

n=1

The functions g, (M, j, q) must satisfy the following differential equation:

M@4+9¢°B* ) ngn(M,j,q)B" ' = Y D(g,(M, j,q)|B" = 4Mq(2j + 3 M*B6.50)

n=1 n=1

By collecting the terms order by order in the above equation, we get

§1=2J4, 6.51)
— L 3 2 _ 2 § 2 2 _ 4
82 = 2M(3M q +9’[g1])_2] oM =g, (6.52)
1
gn=p [3Mq2(_3(n —2)gn2+2CIgn_2) + 49"[gn_1]], (6.53)

where the differential operators & and @ are defined as

F=qjom—Mq°d; +2Mjog, (6.54)
Q:M6M+2j6j+q6q. (6.55)

We would like to stress that the coefficients are uniquely determined, so that the
mass .4 is unique. We can solve explicitly for the coefficients g,. We observe
that g, =0 Vn =5. Thus, the solution (6.49) has the remarkable advantage of

admitting a finite B expansion up to the fourth power in the parameter B

3
MM, j,q,B) = M>+2jqB + (2]'2 +SMPq° - q4)32+ (6.56)

3 1 1
; 2_ 9 2\p3 . (2a2_Li:2.2 L a2 4\pd
+jq(2m 54 |B%+(2m SIa M q)B
This is, therefore, the unique mass of the Kerr-Newman black hole immersed in
a back-reacting magnetic field. This answer agrees with the mass computed in
Booth et al., 2015 by using the isolated-horizon formalism.* It disagrees with the

other proposals in the literature.

“The published version of Booth et al. (2015) does not contain the explicit expression of the total
mass. It is written in the unpublished second version of the preprint posted on ArXiv.
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We checked that our total mass (6.56) reproduces the putative extreme limit in
Eq. (6.29) proposed by Astorino (2015) and Bi¢cdk and Hejda (2015).

We conclude this section with another interesting observation about the to-
tal mass in Eq. (6.56). It is nothing but the Christodoulou-Ruffini mass originally
derived for the Kerr-Newman black hole by Christodoulou and Ruffini, 1971 and
given by

Q*  mQ'+4/%

S
2 _ s - -
H(S,7,Q) = o + 5 1S (6.57)

When expressed in terms of extensive quantities, the entropy S, the angular mo-
mentum J and the total electric charge Q, the total mass does not depend explic-
itly on the magnetic field parameter B.° This result is in agreement with the gen-
eral proof of the first law that we shall give in section 6.5, where no additional 6 B

term is present.

6.5 Thermodynamics of Magnetised-Kerr-Newman black

holes

In this section, we prove the first law of black hole mechanics for MKN black holes
by considering the integrable mass computed before.® Our proof only relies on the
geometrical derivation of the first law and the integrability of the mass. The origi-
nal proof of the first law was done for asymptotically flat space-times by Bardeen,
Carter, and Hawking (1973). However, one readily generalizes it to any asymp-
totics using the definition of infinitesimal charge associated with canonical gen-
erators as done by Iyer-Wald in pure gravity using covariant phase space methods
(Iyer and Wald, 1994) (this derivation was extended in Einstein-Maxwell theory by
Rogatko (2002) and Gao (2003). We want to emphasize that there are no subtleties
related to the presence of the magnetic field. Indeed, the metric is smooth and the
gauge field is regular outside the black hole. In particular, in the following deriva-
tion, we have assumed that no magnetic monopole is present and we have used
a gauge potential regular at the poles. In the presence of magnetic monopoles or

dipoles where the gauge field is singular, subtleties in the geometrical derivation

SThough the Christodoulou-Ruffini mass was originally derived for the asymptotically flat Kerr-
Newman black hole, the robustness of the formula can be checked for Kerr-Newman-AdS black
holes (Caldarelli, Cognola, and Klemm, 2000) and for accelerating Reissner-Nordstrom black holes
(Astorino, 2017).

SHowever, we will discuss alternative thermodynamics description of MKN space-time in sec-
tion 6.6, where the mass is not integrable because the magnetic field is considered as an external
source (Gibbons, Pang, and Pope, 2014).



118 Chapter 6. Mass of Kerr-Newman black holes in an external magnetic field

of the first law are present and lead to an additional term (Copsey and Horowitz,
2006).

6.5.1 Firstlaw and Smarr formula for MKN black holes

The first law of black hole mechanics is essentially the expansion of the following

conservation law

f k(é,O):f ke 0), (6.58)
H? 2

where ¢ = 0; + Q0 is the Killing generator of the black hole horizon and Qp is
the angular velocity of the horizon. The equivalence is between the surface charge
integrated over the spacelike section of the black hole horizon H? and over the
sphere at infinity S, even though any sphere enclosing the horizon is equally valid
for the argument.

At the horizon, the standard derivation of Bardeen, Carter, and Hawking (1973)
and Iyer and Wald (1994) leads to

f Ko = TuOS +©,5Q, (6.59)
H

where the chemical potential Ty, associated to the entropy S, is the Hawking
temperature. The Coulomb electrostatic potential at the horizon is defined as
@, = -AuéH|,=r, and Q is the electric charge. We have computed @, in Eq. (6.25)
and Q in Eq. (6.35) for the MKN space-time.

In order to develop the right-hand side of Eq. (6.58), it is necessary to iden-
tify which is the canonical symmetry parameter associated with the energy. In
general, it is not (0;,0). In other words, one needs to consider the most general
symmetry generator a (y, ®), where y = 9, + Qd, is a Killing vector field and ® is a
gauge transformation parameter. Here, a, Q2 and ® are space-time constants, but
they are functions of the phase space parameters. We can use the linearity of the

definition of symmetry parameters and write the symmetry parameter as follows:
a (at + Q+6¢, 0) =a (at + Qintadﬁq)int) ta ((Q+ - -Qint)a(py _q)int) . (6.60)

Since the surface charge is linear in the symmetry parameter, Eq. (6.58) becomes

sz ka0 = fsz Ka(x,®in0) +f52 Ko (.~ Q1040 -®ins) (6.61)
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Using the following definitions,

0M = fsz ka(y @m0 0] = fsz k4,00, 6Q= .[32 ko,-1), (6.62)
Eq. (6.61) becomes
a(TgdS+D,6Q) =0M —a(Qy —Qin)0] +ad;, 60, (6.63)
from which we obtain
S M = a:(TH(SS +( Qs — Qin )8 + (D4 — <Dint)5Q) 6.64)

which is the first law of black hole mechanics.

Under a change of frame, t — = A, t, ¢ — ¢ = ¢+ AQ t and a change of gauge
A— A= A+dAwith A = —(AA))t (leading to the total transformation A, — A; =
A;l (A; —AQAp — AAy)) the potentials appearing in the first law transform as

Ty — TyA;b, a — aly;,
Qr — Qe +ADAT,  Qine — Qine+AQ)AT, (6.65)
D, — (Di+AAYAT, Diy — @in+AANAT

Here AQ, A; and A A; are space-time constants, but functions of the phase space
parameters.” The last transformation law follows from the fact that the surface
charge k,,0) transforms under the large gauge transformation A — A+ dA gener-
ated by A = —AA; t as $gk, 0 — $s k@, 0 — (AAL) $sko,-1), as described in Com-
pere, 2007b. Therefore, one needs a compensating shift of ®;,; to preserve the
symmetry generator which defines the mass. Therefore, it is natural to define the

frame independent thermodynamic potentials:

T=aTy, (6.66a)
Q=a(Q+ —Qins), (6.66Db)
D =a(Ds — Djpy). (6.66c)

Then, the first law (6.64) takes the standard textbook form:

S.M = T6S+Q8] +D5Q. (6.67)

"It is easy to realise that the canonical frame, i.e., that frame in which the mass ./ is associated
with (9;,,,,0) is reached with A; = a L AQ=-Q;nrand AA; = —D; ;.
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We then recognize the thermodynamic quantities 7', Q and ® as the chemical po-
tentials associated to S, J and Q, respectively. The first law (6.67) differs from the
one presented in Gibbons, Pang, and Pope (2014), where there is an additional 6 B
term. The discrepancy arises from the fact that their mass is not integrable for ar-
bitrary variations of the magnetic field parameter B. We will comment about this
tension in section 6.6.

Another relation among the black hole conserved charges is the Smarr for-
mula. Let us review that the Smarr formula follows from the first law and Eu-
ler’s theorem for homogeneous functions (see, e.g., the excellent lecture notes
of Townsend, 1997)).8 The main observation, from Eq. (6.57), is that the mass
squared is an homogeneous function of S, J, Q?, because its variables have the
]

same dimension, [S] = [J] = [QZ] = [mass®] in geometric units (G = ¢ = 1). There-

fore, the mass .# must be homogeneous of degree n = 1/2 and it fulfils the relation

1 oM OM oM

2= 555 5 T 5 (068
: 0M N2 _ 10U
After using WQ =3 WQ and the first law (6.67), we get the Smarr formula

M=2TS5+2Q]+DQ. (6.69)

6.5.2 Thermodynamic potentials of MKN black holes

With the unique mass at hand, we obtain the expression of a from Eq. (6.43). Itis

given by
a=—. (6.70)

We can then derive Q;,; and ®;,; from Egs. (6.44) and (6.45). Their expressions are
well defined except for the trivial case m = 0. When the magnetic field is turned
off, we can check that we get a = 1, Q;,,; = 0 = ®;,,; as expected in an asymptot-

ically flat space-time. The thermodynamic quantities defined in Eqgs. (6.66) are

8Euler’s theorem states that any homogeneous function of degree n of N variables, i.e., such

. . i 0
that f(¢x) = t"x, satisfies the relation Zf’: X! a_;{i =nfx).
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then explicitly given by

M 2

T=aTy=E 2 (r.— M), 6.71
aly %A+(T+ ) ( a)
17 1
Q=a(Q,-Qp) = — 6.71b
a( + lnt) E%rf+a2 ( )
O=a@, D)= M I+ (Q)2+M(" “%2)] 6.71¢)
B * MU= g r2+a?\q g?\~ M?)|° )

The quantities r, Ty, Q4, @, Ay have been computed at the end of section 6.3.
For B =0, we recover the well-known expressions of the Kerr-Newman black hole.
We can also check that the thermodynamic potentials coincide with the ones de-

rived from the Christodoulou-Ruffini mass (6.57):

o1 4m? (, Q*
T=—c=c—|l-4 (] +T) , (6.72a)
- ‘3(3_’? = 2_15 (6.72b)
ol
=50 " %(“ Q). (6.72¢)

By construction, the first law (6.67) and the Smarr relation (6.69) are verified.

The magnetic field parameter B only appears implicitly in the thermodynamic
quantities 7, Q and ®. That means that the study of the thermodynamic stabil-
ity against thermal or electric fluctuations is unchanged with respect to the Kerr-
Newman black hole (Davies, 1977). For example, the expressions for the heat ca-
pacity and electric permittivity are identical as in the Kerr-Newman case in terms
of explicit thermodynamic variables. In Fig. 6.2, we schematically emphasize that
the magnetised Kerr-Newman and the Kerr-Newman black holes share the same
thermodynamics away from the extreme limit (see Egs. (6.72)), while they share

the same near-horizon geometry at extremality (see Egs. (6.28)).

same thermodynamics
Magnetized Kerr-Newman (MKN)-& > Kerr-Newman (KN)

l l

same geometry
Near-horizon extreme MKN - » Near-horizon KN

FIGURE 6.2: The magnetised Kerr-Newman and the Kerr-Newman share the
same thermodynamics away from extremality and the same near-
horizon geometry at extremality
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6.6 Alternative thermodynamics: magnetic field as a

source

If one allows for all physical quantities (.4, Q, J, B) to be varied, the definition of
mass is unique as we have shown. It matches with the mass computed using the
isolated horizon formalism (Booth et al., 2015) and, at extremality, using the match
with the near-horizon of the Kerr-Newman black hole (Astorino, 2015; Bicak and
Hejda, 2015). This existence and uniqueness of the result suggests that the solu-
tion space of Melvin-Kerr-Newman metrics with arbitrary freely varying parame-
ters constitutes a phase space with well-defined boundary conditions.

Now, alternative boundary conditions can lead to alternative definitions of
the gravitational mass, as illustrated, e.g., in the case of gravity coupled to scalar
fields (Henneaux et al., 2007) with bare mass in the Breitenlohner-Freedman range
which allows for various boundary conditions (Breitenlohner and Freedman, 1982).
More precisely, one defines new quantities &, Q;,; and ®;,;. The infinitesimal
charge é. 4 associated with the generator a(d; + Qin 10p) ®;,,;) is not integrable for

arbitrary variations of the magnetic field B, but it can be written as
M =65M + 6B (6.73)

The left-hand side of Eq. (6.73) is exactly the infinitesimal charge which can be de-
duced from Egs. (6.34)-(6.35)-(6.36). Once M = ./ZZ(M, a, q, B) is fixed as a function
of the parameters, p is uniquely defined from Eq. (6.73). There are four unknown
functions &,ﬁim,&)int,jf and three integrability conditions (6.39)-(6.40)-(6.42).
There is, therefore, one free function, the mass, which should be fixed by indepen-
dent considerations such as a boundary condition. A physical requirement is that
the mass reduces to the Kerr mass in the absence of magnetic field, .4 = M+@(B).
Otherwise, the mass is arbitrary with this method. Once the remaining function
is fixed, one can compute u from Eq. (6.73), which can be interpreted as a con-
jugate chemical potential for the magnetic field, i.e., an induced magnetic dipole
moment. Indeed, after using Eq. (6.73), the first law (6.67) reads as

SM+uSB=T6S+Q8]+D5Q, (6.74)
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where the tilded chemical potentials are defined as

T=aTy, (6.75)
Q=aQs —Qin, (6.76)
D=a(D, —Djpy). 6.77)

Since B has mass dimension [mass] !, the Smarr relation reads as
M =2TyS+20]+DQ + uB. (6.78)

As an intermediate summary, one can arbitrarily define the mass with the inte-
grability procedure, up to the constraint of matching with M in the absence of
magnetic field, and still get a consistent thermodynamics with first law and Smarr
formula.

One such definition of mass was recently given in Gibbons, Pang, and Pope
(2014) after using a Kaluza-Klein reduction to three dimensions. Its expression is

given by
Mcpp =ZEM, (6.79)

where the factor = defined in Eq. (6.21) naturally appears in the regulation of the
metric in order to avoid conical defects. Identifying M = Mpp one can solve the
three integrability conditions (6.39)-(6.40)-(6.42) with

a=1, (6.80)
5 - B3[160gM? + j(80M? + 764*) B + 8q (4 j* + 31M* q*) B> + 3 j q*(44M? + q*) B
e 8=M(4 +9¢?B?) ’
(6.81)
$Mt:1eznﬂ£;mf3% —384gM*B* - 16j(16M* + 54°)B® —164(2j* + 53M* q*) B*
+96jg°(q* —5M?)B® + 8(—46M?q° + q j* (28 M? + 43¢%)) B®+ (6.82)

+ j(—408M?g* +54° +32j22M? +11¢%)B” +3q(32j* - 8j>M? q* + 5M?*q°) B®|.

According to Eq. (6.73), this leads to the magnetic dipole moment

2j—-3BgM?

—_—. 6.83
4+9B2qg? (6.83)

_2q
F==Nm

In the weak magnetic field approximation both Q;n; and ®@;,; vanish, whereas

U approaches jﬁq =~ %, which is the well-known magnetic dipole moment of a
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charged stationary axisymmetric vacuum black hole space-time (Wald, 1974).

In summary, the mass proposed in Gibbons, Pang, and Pope (2014) leads to a
consistent thermodynamics in the case where the magnetic field is considered as
an external source. The definition .#spp however does not match with the ex-
tremal mass (6.29) computed from the near-horizon matching (Astorino, 2015;
Bicdk and Hejda, 2015). We found that in all generality, integrability methods are
ambiguous up to one arbitrary function which can be precisely identified with the
mass. There is, therefore, a one-function family of consistent thermodynamics

when the magnetic field is considered as an external source.

6.7 Discussion and conclusions

In this chapter, we have discussed the Kerr-Newman black hole immersed in an
external magnetic field in the weak and strong regime. The exact analytical solu-
tion to the Einstein-Maxwell theory, known as Melvin-Kerr-Newman (MKN) space-
time, has been presented and discussed. In particular, we focused on the effect of
the external magnetic field on the conserved charges in the strong field regime.
Though such a solution might not have a physical role in modelling an active
galactic nucleus, we were motivated to study the MKN because of the open prob-
lem in defining its total mass and, consequently, its thermodynamics. Recent ap-
proaches have been made by means of dimensional reduction methods (Gibbons,
Pang, and Pope, 2014), the isolated horizon formalism (Booth et al., 2015), and
the covariant phase space formalism (Astorino et al., 2016). We extensively dis-
cussed the results presented in Astorino et al. (2016). We showed that the mass in
Eq. (6.56), originally computed in Booth et al. (2015) (though not published in the
final version of the paper), is the unique and integrable mass of the MKN black
hole. To achieve this result, we first showed that the integrability condition leads
to a partial differential equation of the first order in the parameters of the MKN
solution. Then, by demanding that the mass is that of the Kerr-Newman when the
magnetic field parameter vanishes, we obtained the unique solution to the inte-
grability condition. Such an unique and integrable total mass correctly reproduces
the extreme mass computed after matching the parameters of the near-horizon
geometries of the extreme MKN and the extreme KN (Astorino, 2015; Bi¢dk and
Hejda, 2015). Additionally, we derived the first law of black hole thermodynamics
for MKN (see Eq. (6.67)) when all the parameters of the phase space are allowed to
vary. Consistently with the first law, we were able to write the total mass in terms of
the thermodynamic variables (and without any explicit dependence on the mag-

netic field parameter) and we checked that it is equivalent to the the well-known
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Christodoulou-Ruffini mass formula (6.57). Interestingly, we found that MKN and
KN space-times share the same thermodynamics: this is a nontrivial relationship
away from extremality, where the two space-times share the same near-horizon
geometry. We also studied alternative thermodynamics, where the magnetic field
is considered as an external source with no dynamics. Such alternative thermo-
dynamics has a modified first law, given in Eq. (6.74), with an explicit term ac-
counting for the variation of the external magnetic field. In this case, we found a
consistent family of thermodynamics parametrised by an alternative mass. The
latter is not anymore integrable. One such example is provided by the work of
Gibbons, Pang, and Pope (2014).

We leave open the problem whether or not an alternative mass exists in this
framework which matches with the Kerr mass in the absence of magnetic field
and which also matches with the near-horizon extremal mass at extremality. The
relationship between the mass formula and consistent boundary conditions for

Melvin-Kerr-Newman space-times is also left open.
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This chapter is based on Compeére and Oliveri (2017), where a new research
programme to investigate specific signatures of conformal symmetries in the high
spin regime for accretion discs has been initiated. We start with an introduction
in section 7.1. Then, we discuss a particular boundary condition imposed at the
physical edge of the thin accretion disc; we comment the physical consequences
of such a condition in the Novikov-Thorne model presented in chapter 3. In sec-
tion 7.3, we study the Novikov-Thorne model with the above boundary condition
and we derive new features of the accretion disc when the central black hole is
rapidly rotating. Such new features open up the possibility to study the Novikov-
Thorne accretion disc around the near-horizon region of a rapidly rotating black
hole. The outcome of this analysis, discussed in section 7.4, is that the disc shows
a critical-like behaviour dictated by the conformal symmetry of the underlying

background geometry. We conclude the chapter with section 7.5.
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7.1 Introduction

In this chapter, we exploit the emergent conformal symmetry of near-extreme
black holes in their near-horizon region to find physical implications on thin ac-
cretion discs within the Novikov-Thorne model introduced in chapter 3. The model
is analytical, based on falsifiable assumptions whose range of validity can be tested,
and it only depends on four free parameters that include the phenomenological
Shakura-Sunyaev a prescription for the viscosity. In particular, the model predicts
a black-body thermal spectrum in the range 10* — 10K which makes it suitable as
arough model of several classes of black hole binaries and luminous active galac-
tic nuclei (see, e.g., Koratkar and Blaes, 1999; McClintock, Narayan, and Steiner,
2014).

The original Novikov-Thorne model has the property that the torque vanishes
at the ISCO (the physical edge of the accretion disc), which leads to an incon-
sistency of the model, because the radial fluid velocity diverges at the ISCO even
though observables remain finite. This boundary condition has also been chal-
lenged by other considerations (Krolik, 1999; Gammie, 1999; Li, 2000; Noble, Kro-
lik, and Hawley, 2010). Modelling physical boundary conditions at the ISCO is
crucial in particular for highly spinning black holes in order to accurately calibrate
their spin estimate (Li et al., 2005). In Penna, Sadowski, and McKinney (2012), a
self-consistent boundary condition, hereafter called “sonic-ISCO”, was proposed,
which consists in equating the radial co-moving fluid velocity at the ISCO with
the sound speed. Two arguments were presented in its favour. First, in slim disc
models around the Schwarzschild black hole analysed in Abramowicz et al. (2010),
the sonic point asymptotes to the ISCO in the thin disc regime (where the accre-
tion rate is sub-Eddington), independently of a. Secondly, the boundary condi-
tion implies that advection terms are negligible with respect to the stresses at the
ISCO in the energy balance, in the limit where the disc height is negligible with
respect to a. We will check that the latter assumption is self-consistent for typi-
cal stellar-mass black holes and luminous AGN parameters. A crucial consistency
condition of thin discs is therefore satisfied. As we will discuss, the boundary con-
dition also implies that the specific internal energy is negligible, which automat-
ically enforces another hypothesis of the Novikov-Thorne model. In addition, we
will show that the sonic-ISCO boundary condition allows for a well-defined near-
horizon near-extreme scaling behaviour, in contrast to the no-torque boundary
condition.

According to the cosmic censorship conjecture, the spin of the Kerr black hole
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is bounded by its value at extremality. Extreme spinning black holes admit a near-
horizon region with global conformal symmetry SO(2,1), as has been discussed
in chapter 1. Approaching the extreme bound by realistic accreting processes is,
however, limited by the absorption cross-section of retrograde photons as shown
by Thorne (1974), leading to the bound J/M? < 99.8%. This bound is commonly
accepted (see, e.g., the recent work by Kesden, Lockhart, and Phinney, 2010), even
though it can be lowered by magnetic fields (Gammie, Shapiro, and McKinney,
2004) or instead challenged (Sadowski et al., 2011). More fundamentally, for ac-
cretion disc models where the inner edge approaches the marginally bound orbit
instead of the innermost stable orbit, the capture of retrograde photons asymp-
totes to zero, which allows spinning black hole to further approach extremality
(Abramowicz and Lasota, 1980). Such scenarios have been shown to occur in slim
disc models (Sadowski et al., 2011). It is therefore worthwhile to explore which
specific signatures may arise in the extremely high spin regime, where conformal
symmetry is only slightly broken.

A new feature emerges from our analysis. For highly spinning stellar-mass
black holes, gas pressure at the ISCO becomes negligible with respect to radia-
tion pressure. The sonic-ISCO boundary condition then implies that the accre-
tion rate is not a free parameter of the model. Instead, the disc height at the ISCO
is the fourth independent parameter. It allows us to infer a best-fitting value for
the Shakura-Sunyaev parameter a in terms of the total luminosity, radiative effi-
ciency and spin of the source. For example in the case of the X-ray binary source
GRS 1915+105, recent estimates of the mass and spin, using the Very Long Baseline
Array, give M ~ 12+2 Mg and J/M? = 0.98+0.01 (Reid et al., 2014). Also, the best-
fitting model of the NuSTAR observation of GRS 1915+105 in the plateau state gives
a disc luminosity at 23% +4% of the Eddington rate (Miller et al., 2013). Taking into
account the torque contribution to the radiative efficiency of thin accretion discs
(Li, 2002), we will infer that the best-fitting Novikov-Thorne model is a disc domi-
nated by radiation around the ISCO with @ = 0.43 and M = 1.6 x 10'8g sec™!.

7.2 Sonic-ISCO boundary condition

A physical system is determined by its equations of motion and its boundary con-
ditions. In the original analysis of Novikov and Thorne (1973), it was assumed that
there is no torque at the ISCO, located at r = ry, which is equivalent to assume that
there is no radiation at that point,

F(rg) =0, (7.1)
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which is also equivalent to fixing the integration constant 2% = 0 in Eq. (3.50).

Following Penna, Sadowski, and McKinney (2012), we impose instead that the
radial fluid velocity in the frame co-rotating with the geodesic flow equals (minus)
the sound speed at the ISCO,

cs(ro) = —u' (rg). (7.2)

This boundary condition has three important advantages that we will describe in
what follows: firstly, it implies that the advection processes are negligible with re-
spect to the dissipative and radiating effects; secondly, it reinforces the hypothesis
that the specific internal energy can be neglected and, then, the boundary condi-
tion regularizes the original Novikov-Thorne model.

So far, we can rewrite the energy conservation equation as

Qdiss = Qcool + Qadln (7.3)

where Qg;ss = —SH" 0,y is the dissipation function, Q¢go; = q’f .. is the cooling func-
tion and Q,q, = pTuts, is the advection function that takes into account the rate
of change of the specific entropy along the four-velocity. Now, as shown in Penna,
Sadowski, and McKinney (2012), the boundary condition (7.2) implies the follow-
ing scaling relations: Qgq, ~ h?, Qcool ~ Quiss ~ ah; so if h < a, advection can
indeed be neglected.

Thin disc models usually assume that the specific internal energy density is
negligible IT = 0. This hypothesis is justified if the sound speed is non-relativistic,
¢s < 1. Due to the gravitational potential, the sound speed is highest in the near-
horizon region of the disc, where we will impose the boundary condition (7.2).
The hypothesis ¢; < 1 will therefore be obeyed as long as lu’| < 1 at the ISCO,
which is already part of the hypotheses since we assumed that the fluid follows
nearly circular geodesics. We will check that the solutions indeed obey |u’| < 1
and ¢; < 1.

Finally, with the no-torque boundary condition, the disc model has no regu-
lar limit at the ISCO, as we will review below, while the boundary condition (7.2)
regularizes the model.

Let us now fix the remaining integration constant &%, for the sonic-ISCO bound-
ary condition. It will be fixed as a function of the disc height at the ISCO, hy, as
follows. The integral in the right-hand side of (3.50) is zero when evaluated at the
ISCO. Thus, Eq. (3.50) reads as

(F) 3 MQ 0%
M 0_ 47TT0(E0—Q0L0)2.

(7.4)
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On the other hand, dividing equations (3.49) and (3.48), we get

F 7rgW 1 A
(J\_?I)o:(anZu’)oz \/_4nr4A1/2ahoYof£*oQ rlo- (7.5)

In the second step, we have expressed the radial velocity component in the LRE
u" = (AV2/r)u’, we have substituted the definitions of £ and W, we have used the
Shakura-Sunyaev prescription and assumed the sonic-ISCO boundary condition
(7.2), u} = —/pol po. Equating (7.4) and (7.5), we find

1 ahy A
Py=——20 _2(Ey—QyLy) 3*0——ah0x0@é/2%1/2 (7.6)

VZ M 3al? 3A1210 NG

after some algebra involving the functions defined in appendix B. Our final for-
mula for M2, disagrees with the constant C derived in Penna, Sadowski, and
McKinney (2012), which is easily seen to be incorrect since it has the wrong di-
mension of length.

The physical meaning of the integration constant 2 is to introduce a torque at
the ISCO. More precisely, the torque might be derived by comparison of Eq. (3.50)
and Eq. (12) of Li (2002). The torque gy is then
MM,

N 7.7
8= Fo—QoLo @D

The total energy radiated per unit time as measured by an observer at infinity is

therefore given by both an accretion and a torque contribution (Li, 2002)
Lror =NoM + goQo =M, (7.8)

where 19 = 1 — Ej is the specific conserved energy of a particle orbiting along the
ISCO (see Egs. (B.9)) and 7 is the radiative efficiency of the disc

80820
M

n=mo+ —no( )+ahog( ) (7.9)

where

a - - - —2ep—
g(ﬁ) =2 1/2]\4§2()(E() —QoLg) 1.X0 vV @0%0 =2 1/2)602(50 172 vV @0%0. (7.10)

Here, we are ignoring the capture of radiation from the hole, which decreases the
efficiency for high spin (Thorne, 1974).
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7.3 Features of the general solution

We introduce the dimensionless mass and mass accretion rate

M ) M

My =——, M, =
* 3Mo *

W, (7.11)
where Mg is the mass of the Sun.

The global solution can be approximated by a piece-wise construction of three
local solutions described in section 3.5, which are patched according to their range
of validity. The qualitative features of the global solution depend upon the region
that dominates at the ISCO. There are three possibilities depending which of the

three relevant local solution is valid around the ISCO.

7.3.1 Gas-pressure-dominated ISCO

In the “standard” first two cases, the ISCO lies in the region dominated by gas pres-
sure, either Region [Gas-es] or Region [Gas-ff] of section 3.5. The four free param-
eters of the model are (M, a, M, a) and the disc height at the ISCO, hy, is fixed.
Indeed, if the ISCO lies in Region [Gas-es], we evaluate (3.55d) at the ISCO using
Eq. (7.6). The result is

ho = (1.8 x 1073) (/B ML3/8 V114 x1/Beg L8 g1 12, (7.12)

If the ISCO lies in Region [Gas-ff] instead, we evaluate (3.59d) at the ISCO using
Eq. (7.6). The result is

ho = (1.3 x 1073) (@17 M3V Nf3/17) 53171/ 171134 gp 8117, (7.13)

We checked that the hypothesis hy < «a is obeyed at the ISCO in both cases (7.12)
and (7.13) for the range a ~ 0.01 — 1 and a/M ~ 0— 0.999 and either (M, M) ~
(1,1) or (My, M,) ~ (107,10°).

As explicit examples, the disc regions and their transitions are plotted in Figs
7.1 and 7.2 for the spinrange 0 < a < 0.999 M assuming « = 0.2 for either (M, M,) =
(1,1) (modelling a stellar-mass black hole) and (M, M,) = (107,10°) (modelling an
AGN).

In Fig. 7.1, the first region in which the ISCO is located is called the edge region.
There, the gas pressure overwhelms the radiation pressure and the opacity due
to electron scattering is dominant over the free-free absorption. The disc height
is given by Eq. (7.12). The transition to the inner region occurs when radiation

pressure starts becoming predominant over the gas pressure. A new transition
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FIGURE 7.1: Disc regions for stellar-mass black holes with (My, M) = (1,1) and
a =0.2 in the spinrange 0 < a < 0.999M.
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electron scattering
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FIGURE 7.2: Disc regions for supermassive black holes with (M, M,) =(107,10%)
and @ = 0.2 in the spin range 0 < a < 0.999 M.

occurs when the gas pressure becomes dominant again over radiation pressure
and the resulting region is called the middle region. For very low spins, the inner
region is absent and the edge and middle regions merge. The outer region is still
gas-pressure-dominated, but the main mechanism responsible for the opacity is
the free-free absorption. We checked that the height satisfies 7 < a = 0.2 for r <«
10'3 M where the model breaks down for other reasons (because self-gravitation is
not negligible). The temperature of the accretion disc is hotter in the region near
the ISCO, and in general the temperature is higher for faster spin. By evaluating
the temperature at the ISCO for a = 0.999M, we found T ~ 10’K. This implies that
the assumption of conservation of mass is valid. We also checked that the sound
speed is negligible with respect to light speed, ¢; = \/p/p < ¢, in the entire disc.
The original Novikov-Thorne model did not contain the edge region, but it

should contain it by consistency: for standard spins, the radiation pressure in the
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inner region goes to zero at the ISCO and therefore the gas pressure needs to dom-
inate at low enough radius. Yet, if one assumes the no-torque boundary condition,
the Novikov-Thorne model is singular at the ISCO in the edge region. The reason
is readily seen because in the [Gas-es] solution (3.55) the function &2 defined in
Eq. (B.10) vanishes at the ISCO if 22, = 0, and the radial velocity is then divergent
at the ISCO. The non-zero torque introduced by the sonic-ISCO boundary condi-
tion allows us to regulate the model as claimed earlier.

In Fig. 7.2, the disc is always dominated by gas pressure, but the dominant
contribution to opacity varies with radius. In the edge region, where the ISCO
lies, the free-free absorptions are dominant. The disc height is therefore given by
Eq. (7.13). The middle region is dominated by electron scattering. The outer region
is again dominated by free-free absorption. The assumption & < @ = 0.2 is obeyed
for r <« 102! M where the model breaks down. The accretion disc for supermassive
black holes is colder with respect to the stellar-mass black holes; it never exceeds
T ~ 10*K and the conservation of mass is obeyed. We also checked that the sound

speed is negligible with respect to light speed, ¢; < ¢, in the entire disc.

7.3.2 Radiation-pressure-dominated ISCO

Let us now discuss the configurations where the ISCO lies in the region dominated
by radiation pressure and electron scattering (Region [Rad-es] of section 3.5). This
scenario happens for very high spins as we will discuss below. A new feature arises
as aresult of the sonic-ISCO boundary condition: a constraint relates the accretion
rate M, the mass, spin and a parameter, while the opening angle at the ISCO is
unconstrained.

Indeed, the disc height (3.57d) in geometric units is given by

Kos M
Kes X B\, (7.14)
2n M

h=

At the ISCO, £ is given by % (see Eq. (B.10)) that can be evaluated using the
expression for the sonic-ISCO boundary condition in Eq. (7.6). Therefore, hy ap-
pears linearly in both sides and we are left with a constraint among the parameters
of the model given by

akes M 1

2 ~1/2 g1/2
—— = —X;602, "R
anr Mz 000 0

a
—. 7.15
f(5) (7.15)
The function f (1\_631) monotonically decreases and vanishes at extremality.

It is instructive to compare the accretion rate in Eq. (7.15) with the Eddington

accretion rate Mgy = 4mM/ (K .sn), where 7 is the radiative efficiency defined in
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Eq. (7.9). We find the reduced accretion rate

szIsz:gf(M)' (7.16)

Since the a parameter is usually hard to estimate, it is useful to solve the relation
(7.16) for a in terms of 7z using Eq. (7.9). The accretion rate is then determined

from Eq. (7.15) and we obtain

770f M an M

m—hofg NoKes

(ri—hofg). (7.17)

The free parameters of the model where the ISCO lies in a radiation-dominated
region can be finally taken to be (M, a, ri1, hy).

In the phase diagrams of both typical stellar-mass and supermassive black
holes displayed in Figs 7.1 and 7.2, the gas pressure dominates at the ISCO for
all standard spins. However, for sufficiently high spins, radiation pressure domi-
nates as we will now show. Let us first discuss configurations where the ISCO lies
in the Region [Gas-es] for standard spins such as the case studied in Fig. 7.1.

If one (wrongly) assumes that the ISCO lies in Region [Gas-es] for very high
spins, one deduces from Egs. (3.56a) and (7.12) that the ratio of pressures at the
ISCO is

AKes M /D aM
Prad| _ es W 0 —()_27—*(7_2/34-@’(0'), (7.18)

Pgas lo B 2\/§ﬂ MC@Q\/@QX% B M,

where in the last step we took the near-extreme scaling a/ M = V1 - o2. For 0 <
1, one obtains that radiation pressure will instead dominate. In the example of
M, = M, =1 and a = 0.2, the transition occurs (in the sense that Prad = Pgas) at
al/M = 0.99996 which is much above the Thorne’s bound of 0.998 (Thorne, 1974)
and therefore much probably unrealistic.

If instead the ISCO lies in the Region [Gas-ff] for standard spins such as the
case studied in Fig. 7.2, one deduces from Eqgs. (3.60a) and (7.13) that the ratio of
pressures at the ISCO is

8/17 af7/17

a
*

which is divergent for o < 1. Again, radiation pressure dominates for sufficiently
high spins and a new near-1SCO region opens up. However, for typical parameters
M, =107, M, = 10° and & = 0.2, the transition to the near region occurs at a/ M =

1—107'8 which is unreasonably high to be realistic.



136 Chapter 7. Self-similar thin discs around near-extreme black holes

However, there are more interesting parameters to consider. Let us take an
accretion rate at 23% Eddington (77 = 0.23) as a model for the plateau state of
GRS 1915+105 (Miller et al., 2013) with the spin estimate JIM? = 0.98 (Reid et
al., 2014). Assuming a radiation-dominated ISCO, we can derive the a parame-
ter using Eq. (7.17) after fixing an estimate for h,. We checked that for any value
0 < hy < 0.01, the resulting values of a = 0.43 and M, = 16.5 differ by 1% or less.
The continuous transition between the gas-pressure- and radiation-dominated
phases occurs at a/M = 0.980 + 0.001. For definiteness, we choose hy = 0.002,

so that the transition exactly occurs at a/ M = 0.98.

1.000 ey

0.995; . g
| radiation pressure,

electron scattering

g 0.990 - 1 —— gas pressure,

electron scattering

0.985- 1 gas pressure,

free-free absorption

0.980 ! L

10

log(r/M)

FIGURE 7.3: Disc regions for rapidly accreting highly spinning stellar-mass black
hole with M, = 4, accretion rate at 23% of the Eddington limit and
disc height at the ISCO hg = 0.002. The radiation-dominated region
extends from the ISCO up to r ~ 150 M.

We conclude that GRS 1915+105 could be modelled by a high spin a/M >
0.98 and rapidly accreting thin disc, which is radiation-dominated at the ISCO.
As an example, we depict in Fig. 7.3 the phase diagram for the parameters M, =4,
m = 0.23, hp = 0.002 and spins 0.98 < a/M < 1. The inner region is radiation-
dominated. At finite radius away from the ISCO, there is a transition to a middle
region, which is gas pressure-dominated, but whose opacity is still dominated by
electron scattering. There is also an outer region further away, where the main

mechanism for opacity is free-free absorption.

7.4 Near-horizon near-extreme solution

In the near-extreme regime, a new space-time region, the NHEK region, opens up
as explained in section 1.3, which is characterized by conformal symmetry. Since

the radiation-dominated solution is the only one relevant in the limit of extremely
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high spins, we will perform the near-extreme near-horizon limit of the solution
(3.57) in order to exhibit its conformal properties.

We perform the scaling (1.13) with a/M = V1 — 23 and let A — 0. The ISCO
is located at Ry = 21/35%/3. The accretion rate M (in terms of asymptotic time) is
constrained as in Eq. (7.15) which implies the scaling M ~ A. In terms of near-

horizon time T, the accretion rate M’ is finite,

ot . 2M . M?
M’:O—TM:TM:;:\/W—\@) —Ry. (7.20)

aKeg

Therefore, contrary to the asymptotically flat observer, the NHEK observer mea-
sures a finite non-zero accretion rate M. The ratio M’/ Ry is fixed by the parame-
ters of the model.

The near-horizon behaviour of the solution (3.57) can be obtained by perform-
ing the near-extreme near-horizon scaling and trading M for M’. We get the fol-

lowing expressions at leading order, i.e., o A%):

7-V3 hy (Ro)? Ro)?
F= 4\/_M7_fes (EO) = (2.0x 10%erg/(cm*sec)) (hoM;l)(EO) ,  (7.21a)
3 1 (RY R\?
. | =(3.75¢/cm?®) (a1 hil (—) , 7.21b
2 ahoK s (Ro) 375/ en) @ ho') Ry ( :
h=h (R")Z (7.210
— 0 R y . C
|7=/3 hoRy (Ro )2 Ro\?
ul=— 6‘/_%(%) :(—6.3><104/sec)(h0R0M;l)(Eo) , (7.21d)
7-V3 1 15 2y (=17 s-1
- =(34x1 MY, 21
p B aMEL (3.4x10°dyn/cm?) (a™" M, ") (7.21e)
3 1 R\* -6 3y (o -1p-2 3 -1 (R)4
=2 || =(421x10%g/ he MY —| 7.21
o 1 Il U T (G T | i IR0
1/4
3(7-V3) 7 ~1/4 5 ~1/4
T=[—T2| =(339x10°K M), 7.21
(8abM1‘<es) (339 10°K) (= ML) 7218

All these quantities are defined for R = Ry. Note that all quantities, except p and
T, depend on the ratio

Ry _[2(1-(a/m?)]'”
R x2-1

which is independent of the choice of the constant 6. The only exception is the

) (7.22)

radial component of the four-velocity, which has an additional power of Ry, and
therefore depends on the position of the ISCO. Note one unusual property of the
self-similar solution: starting from hy at the ISCO the disc height h decreases with

the radius and it increases again outside of the range of validity of the self-similar
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solution.
From Egs. (7.21), and thanks to Eq. (1.21), we explicitly read off the critical ex-
ponents for thin accretion disc within the Novikov-Thorne model. In conclusion,

one finds that the critical exponent /¢ associated to the observable O is given by
hp=hp=h,r=2, hy="hr=0, hy, = —4. (7.23)

As a final remark, we emphasise that the solution presented in Egs. (7.21) is an
analytic solution of thin accretion discs in NHEK space-time. It is the analogue of
the analytic force-free solutions (5.102) and (5.103) in NHEK space-time presented
in chapter 5. It worth mentioning that, while we do not know the exact solutions
in Kerr space-time that originate (5.102) and (5.103), in this case we know that the
Novikov-Thorne model with the sonic-ISCO condition in Kerr space-time gives

rise to a well-behaved solution in NHEK space-time.

7.4.1 Approaching the self-similar solution

The self-similar solution is an approximate solution of the disc around the ISCO.
It is worth discussing quantitatively its range of validity. The critical temperature
does not depend upon the accretion rate M or the height of the disc hy. Since a or
M are overall factors of the temperature profile (3.57h), the relative error between
the actual temperature profile and the constant critical temperature only depends
upon the radius and the spin. We find that for near-extreme spins 0.96 < a/M <1,
the actual temperature profile deviates from the critical temperature by less than
25% only in the range ry < r < 2.1 —2.2M, where the upper bound is nearly inde-
pendent of the spin. This very limited near-ISCO region is the region where the
disc is approximately described by the self-similar solution. The region is biggest
when the ISCO approaches M, which occurs closest to extremality. If a higher pre-
cision is required, the region of validity shrinks accordingly. We plot in Fig. 7.4 the
range of validity of the temperature of the self-similar solution with 25%, 15% and
10% relative precision.

Other physical quantities can be analysed similarly. Unfortunately, the relative
precision of the pressure requires a spin higher than the Thorne bound a/M =
0.998 and a narrower region around the ISCO, as plotted in Fig. 7.5.

Another important physical quantity is the radiation flux F. Fig. 7.6 shows
that the range of validity of the self-similar solution is limited to a narrow region
around the ISCO. The physical relevance of the self-similar solution (7.21) is there-

fore uncertain.
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FIGURE 7.4: Relative precision of the self-similar critical temperature with re-
spect to the actual temperature profile in the radiation-dominated
region around the ISCO as a function of the spin. The relative preci-
sion is independent of other parameters of the model.
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FIGURE 7.5: Relative precision of the self-similar critical pressure with respect
to the actual pressure profile in the radiation-dominated region
around the ISCO as a function of the spin. The relative precision
is independent of other parameters of the model.



140 Chapter 7. Self-similar thin discs around near-extreme black holes

Radiation Flux
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FIGURE 7.6: Relative precision of the self-similar critical radiation flux with re-
spect to the actual radiation flux profile in the radiation-dominated
region around the ISCO as a function of the spin for o = 0.002,
m = 0.23. The auxiliary parameter « is fixed through Eq. (7.17). The
relative precision is independent of the mass, because it factors out
upon substituting the accretion rate (7.17) into Eq. (3.57a) and tak-
ing the ratio with Eq. (7.21a).

7.5 Discussion and conclusions

In this chapter, we considered the Novikov-Thorne thin accretion disc model around
a rapidly rotating Kerr black hole.

First, we refined the self-consistent boundary condition at the innermost sta-
ble circular orbit (ISCO), originally proposed by Penna, Sadowski, and McKinney
(2012). Such a boundary condition plays a crucial importance, because it regu-
larises the Novikov-Thorne model at the ISCO, and it is a key ingredient for the
results obtained in the chapter. We constructed piece-wisely the global solution
from the local solutions to the Novikov-Thorne model and, for the first time in
the literature, we explicitly showed the phase diagrams of thin accretion discs for
stellar-mass and supermassive black holes. We observed a novel phase transi-
tion close to the ISCO in the high spin regime from the gas-dominated-pressure to
the radiation-dominated-pressure phase'. As a consequence of the model in that

regime, we found a new feature: the accretion rate is not a free parameter and it

!t is well-known that thin accretion discs with the a-viscosity prescription suffer from thermal
and viscous instabilities in the radiation-dominated phase (Lightman and Eardley, 1974; Shibazaki
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can be expressed in terms of the spin, the Shakura-Sunyaev viscosity parameter
and the radiative efficiency.

Motivated by this result, we considered rapidly rotating black holes and inves-
tigated the effects of emergent conformal symmetries on the dynamics of matter
discs orbiting around them. Then, by computing the near-horizon limit of the
Novikov-Thorne model in the high spin regime, we showed how conformal sym-
metry constrains finite observables and we found a novel self-similar radiation-
dominated solution. Finally, we discussed the critical-like behaviour of the accre-
tion disc, dictated by the conformal symmetries of the background geometry in
the near-horizon region, and we quantitatively studied its range of validity. This
self-similar solution is a first example of critical accretion around a near-extreme
black hole, which admits scale invariance in a region close to the ISCO.

More elaborated models are required to find more realistic solutions and make
contact with observations. In the thin accretion disc, the inner edge is set at the
ISCO. However, the inner edge of the accretion disc is placed within few Schwarzschild
radii from the compact object (Bromley, Miller, and Pariev, 1998). In general, its
location depends on the accretion rate, the viscosity, the presence of magnetic
fields, the thickness of the disc and other physical effects. Several definitions of
inner edge have been proposed in Krolik and Hawley (2002) and Abramowicz et
al. (2010) to probe accretion physics in the strong gravity regime. This analysis
has been carried out for Schwarzschild black hole in Abramowicz et al. (2010). It
is important to generalise these results in the case of Kerr black holes (or other
astrophysically motivated black hole solutions to modified gravity (see, e.g., Jo-
hannsen, 2013, for an early attempt), as the inner edge sits closer to the compact
object than ISCO, magnifying strong gravity effects in the electromagnetic spec-
trum. Moreover, a better theoretical knowledge of the inner edge will help our
understanding of phenomena, like QPOs and iron Ke lines, occurring in the inner
region of accretion discs, that serve as test of Einstein’s gravity (see, e.g., Bambi
(2017) and references therein) or modified theories of gravity in the strong field
regime (Maselli et al., 2015; Zhang et al., 2017).

and Hoshi, 1975; Shakura and Sunyaev, 1976). Such instabilities have also been observed in numer-
ical simulations (see, e.g, Mishra et al., 2016). See also the recent review by Ciesielski et al. (2012)
and references therein.
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This chapter deals with the results published in Compere, Oliveri, and Seraj
(2018), where a new way to compute gravitational multipole moments is presented.
We introduce the results in section 8.1. In section 8.2, we define the canonical
harmonic gauge independently of field equations and, after an overview of sev-
eral concepts of symmetries, we find the multipole symmetries. In section 8.3,
we compute the canonical charges associated to multipole symmetries for non-
linear stationary configurations in Einstein gravity and relate them to the multi-

pole moments of the source. In section 8.4, we discuss radiating geometries at the
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linearised level. We express the multipole moments as Noether charges and we
derive their conservation equation. We conclude with several avenues for further

research in section 8.5.

8.1 Introduction

In this chapter, we provide a definition of mass and current multipole moments
for an arbitrary generally covariant theory of gravity. Such a new definition agrees,
in the case of Einstein gravity, with Thorne’s definition of source multipole mo-
ments both for outgoing-wave linearised configurations and for stationary non-
linear configurations introduced in chapter 4.

Our programme is achieved by defining multipole moments from the canoni-
cal Noether charges associated with specific residual symmetries of canonical har-
monic gauge. First, we will characterize the infinitesimal form of three sets of large
coordinate transformations that preserve the canonical harmonic gauge and that
generalize the Poincaré algebra of Killing symmetries. The vector fields generating
these transformations will be denoted multipole symmetries. Given an arbitrary
generally covariant Lagrangian, one can define surface charges associated with an
arbitrary vector field using either covariant phase space methods (Iyer and Wald,
1994) or cohomological methods (Barnich and Brandt, 2002; Barnich and Com-
pere, 2008). The explicit expressions are summarized in appendix E.4 for General
Relativity and in Iyer and Wald (1994); Compere, Murata, and Nishioka (2009);
Azeyanagi et al. (2009) for a large class of higher curvature gravity theories coupled
to bosonic matter. We will provide expressions for the gravitational multipole mo-
ments in terms of the canonical multipole charges, and find precise agreement
with Thorne’s definitions, up to a choice of normalisation. This will allow us to
calibrate our definition, which then straightforwardly extends to a general theory.

The multipole symmetries are generically outer symmetries: they are not tan-
gent to the phase space defined by the boundary conditions (i.e., the Lie derivative
of the metric with respect to these symmetries do not fall off sufficiently fast), ex-
cept for the lowest harmonic modes which form the Poincaré algebra. Yet, these
symmetries are associated with well-defined conserved Noether charges at spatial
infinity, as we will show.

In the radiative case, the conservation equation will be used to relate the vari-
ation of source multipole moments, evaluated in the near-zone region, to the flux
of multipole charges at null infinity, by means of the generalized Noether theorem
for gauge theories (Wald, 1993; Barnich, Brandt, and Henneaux, 2000; Barnich and
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Brandt, 2002). The flux of multipole charges is not the observable radiative multi-
pole moments encoded in the Bondi news tensor. Instead, it is the time variation
of the source multipole moments which is encoded in sub-leading components of
the metric in radiation (Bondi) gauge.

Our construction extends to gravity theories the analysis of electromagnetic
multipole charges in Maxwell theory, recently studied by Seraj (2016).

8.2 Harmonic gauge and residual transformations

8.2.1 Prelude on symmetries in gravity and gauge theories

It is by now a well know fact that gauge transformations exhibit novel features on
manifolds with (asymptotic or finite) boundaries. This effect is sometimes inter-
preted as the spontaneous breaking of gauge invariance by the boundary condi-
tions. More precisely, while the local gauge transformations are degeneracies of
the pre-symplectic form of the theory and are hence quotiented out in the physi-
cal phase space (Lee and Wald, 1990), those with support at the boundary are not
degeneracies and form vector fields acting on the phase space. These “asymp-
totic symmetries” are required to generate Hamiltonian vector fields on the phase
space whose generators are finite and conserved quantities. In other words, the
boundary conditions require that all canonical charges associated with asymp-
totic symmetries be finite, conserved and integrable in the sense of Regge and
Teitelboim (1974) and Iyer and Wald (1994). When these conditions are met, one
obtains, after quotienting by local gauge symmetries, the asymptotic symmetry
group (ASQG), i.e.

ASG = Boundary conditions preserving gauge transformations

B Local gauge transformations '

For asymptotically flat space-times, the asymptotic symmetry group at spatial in-
finity is the BMS group, consisting of super-translations and Lorentz transforma-

tions, which contains the Poincaré group as a subgroup':
* Asymptotic symmetries = BMS symmetries > Poincaré symmetries.

Now, one may find Hamiltonian vector fields that are not tangent to the phase

space, but still associated with finite, conserved and integrable canonical charges

lgee, e.g., (Arnowitt, Deser, and Misner, 1959; Bondi, van der Burg, and Metzner, 1962; Sachs,
1962; Regge and Teitelboim, 1974; Ashtekar and Hansen, 1978; Blanchet and Damour, 1992;
Christodoulou and Klainerman, 1993; Barnich and Troessaert, 2010; Compere and Dehouck, 2011;
Barnich and Troessaert, 2011; Virmani, 2012; Strominger, 2013; Troessaert, 2018) and references
therein for a better account of the huge literature on the topic.
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on the phase space. We call phase space symmetries the coordinate transforma-
tions that are associated with finite, conserved and integrable canonical charges
on the phase space. The phase space symmetries contain the asymptotic sym-
metries and other symmetries that violate the boundary conditions, which we call

outer symmetries:
Phase space symmetries = Asymptotic symmetries U Outer symmetries.

In geometrical terms, the boundary conditions impose a set of constraints which
determine the phase space as a submanifold in the space of field configurations
(further quotiented by local gauge transformations). The asymptotic symmetries
then generate vector fields tangent to this constraint submanifold and their cor-
responding canonical charges are functions on the phase space. However, there is
still the possibility of Hamiltonian vector fields that are not tangent to the phase
space, but such that their canonical charges arefunctions on the phase space. This
is another way to say that outer symmetries violate the boundary conditions, but
are associated with finite and integrable charges.

We will not attempt at a rigorous analysis of the mathematical framework for
describing outer symmetries. Instead, we will discuss how this concept is useful
in gravity: we will show that the two sets of multipole moments of Einstein gravity
are precisely associated with particular phase space symmetries. We call these
multipole symmetries which form a natural extension of the Poincaré generators,

distinct from the BMS symmetries:
* Phase space symmetries > Multipole symmetries > Poincaré symmetries.

Since the multipolar structure of a metric configuration defines a hierachical sub-
leading structure at spatial infinity, the multipole symmetries form in compensa-
tion a fine-tuned overleading hierarchy, such that the resulting canonical charges
are finite. The lowest multipolar modes are the Poincaré symmetries, while the
higher modes are outer symmetries that violate the boundary conditions.

Several other examples of outer symmetries have recently appeared in elec-
tromagnetism (Campiglia and Laddha, 2016; Seraj, 2016) and in gravity (Compere
and Long, 2016; Mirbabayi and Simonovic, 2016; Conde and Mao, 2017b) (see also
an alternative perspective in Conde and Mao (2017a); Mao and Wu (2017)).

8.2.2 Residual transformations of the harmonic gauge

We work in harmonic gauge, discussed previously in section 4.3. As we have fixed

the harmonic gauge (4.2), the gauge transformations of the theory reduce to the
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residual transformations of harmonic gauge. It can be shown that an infinitesimal

diffeomorphism x* — x* + & respecting harmonic gauge (4.2) solves the equation
Og¢H =0. (8.1)

We further restrict the phase space and, accordingly, the harmonic vector fields (8.1)
to those preserving the following asymptotic behaviour of the lapse and shift at

spatial infinity
8oy =Mop +O(1/1). (8.2)

However, since we are considering outer symmetries, we do not enforce the vec-
tor fields to preserve the boundary conditions g;; = @(1/r) on the spatial com-
ponents. At this step of our procedure, we break Lorentz covariance by explicitly
choosing an asymptotic time foliation and therefore a notion of asymptotic ob-
server at rest. Our reasoning herebelow will not depend upon the boundary con-
ditions at future or past null infinity (see later on Eq. (8.27)).

Setting = 0 in (8.2) implies that o¢° = @(1/r), hence

& =ex+00/r). (8.3)
Setting 1 =i in (8.2), we find
&= (e(x), Yo+ tn"faje(x)) +oaIT). 8.4)
The de Donder gauge condition (4.2) now amounts to
Vex) =0, V?y;(x)=0, (8.5)

where V2 =1'/9;0 j is the spatial Laplacian operator. The harmonic function € ad-
mits two branches of solutions: either of the form r=*Dy™(@,¢) or r' Y™, ¢)
in terms of spherical harmonics. The first set are gauge transformations that we

discard. We, instead, consider the sum of regular solid scalar harmonics rlylmeg, b)

o) )
er,0,0)=Y Y ermr' V0,9, (8.6)

[=0m=-1
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where €;,, are arbitrary coefficients. The function can also be expanded in Carte-

sian harmonics

€= ieAlIAl =e€g+(exX+€yy+€,2) +6€j (xixj - %26”) +-- (8.7
1=0

This expression defines the monopole term (I = 0), dipole term (! = 1), quadrupole

term (! = 2) and so on. Our notation and conventions are relegated to appendix E.1

and properties of spherical harmonics are summarized in appendix E.2.

The intuitive idea for defining multipole symmetries is that a vector of compo-
nents of order ! will be able to probe terms of order r~!in the metric, and there-
fore, allow to define the /-multipole. The harmonic equation ensures that there
is a correlation between the radial behaviour ! of the components of the vector
field and the spherical harmonic Y. Thanks to the orthogonality of spherical
harmonics, it will allow to single out the corresponding multipole; see also the
discussion around Eq. (8.16).

In the vector case, a general harmonic is a linear combination of three pure
gauge transformations, which we discard, and three large gauge transformations

of the form (see appendix E.3.2 for details)
X =10 =rxVe () + Ve 0 + V(X), (8.8)

where Ve = '/ 9;e0 jand x denotes the cross product defined in three-dimensional
flat space. The functions €, €, are combinations of regular solid scalar harmonics
and V defined in (E.44), is a combination of irreducible vector harmonics which
cannot be expressed in terms of one harmonic scalar. However, we discard this
vector since the associated charge does not contain any non-trivial information in
Einstein theory, as discussed below equation (E.50). However, it might be relevant
for a general theory of gravity, as discussed in section 8.5.

In summary, we define the multipole symmetries as the three sets of residual

transformations:

K.=€0,+tVe, (8.9a)
L.=—rxVe, (8.9b)
P, = Ve. (8.9¢)
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These symmetries can be expanded in terms of scalar and vector spherical har-

monics (introduced in E.2.2) as

l

Z m | Ym0+ £ 717 (VIGF D B, 17y o], 8.10a)

M8

~
I

M8°

-1
l .
Y elm\/l(l+ DBy} o, (8.10b)

1m=-—

l .
Z e v (VIU+D By, + 17, ) 0s. (8.10¢)

||M8

Upon expanding in Cartesian harmonics (8.7) or, equivalently, in real spher-
ical harmonics Yl’” defined in (E.11), we find the Poincaré algebra as the [ = 0,1
subset of harmonics of the three vectors K, L¢, P. To show this, let us expand the
harmonic function € in terms of the real spherical harmonics and define ;" =

Lezrlylm and similarly K;", P;™. Then, it can be checked that

Rotations The SO(3) rotations are generated by the (/ = 1, m) modes of L,

L' =yd,- 20, =Ly, (8.11a)
L' =20,-x0, =Ly, (8.11b)
L) =x0,—ydx=L,, (8.11c)

where the last equality in each line refers to the Cartesian expansion (8.7) (i.e., Ly =
L¢-), which also coincides with the standard notation for generators of rotation.
We fixed the sign convention in (8.9b) so that L, = +dy with €94 = +1, which is
the opposite convention than Iyer and Wald (1994).

Boosts The (I =1, m) modes of K, give the Poincaré boosts

K'=x0,+ 10, = K,, (8.12a)
Ki'=yo0,+18,=K,, (8.12b)
K\°=20,+19,=K,. (8.12¢)

Translations The [/ =0 mode of K, gives the translation in time

K =0, (8.13)
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while the (I = 1, m) modes of P, give spatial translations

Pl=0,=P,, (8.14a)
Pi'=0,=Py, (8.14b)
P)=0,=P,. (8.14¢)

All vectors that are distinct from the standard Poincaré vectors are outer sym-
metries. Note that, contrary to the [ = 0,1 vectors, they do not generate a closed
algebra under the Lie bracket. We leave as an open problem to determine whether
an algebra of multipole symmetries exists using a modified bracket, along the lines
of Seraj and Bleeken, 2017. The various vectors and their physical interpretation
are summarized in Table 8.1.

The terminology of mass and current multipole symmetries is standard and
will be clear once we compute the conserved charges associated with these trans-
formations in the next sections. We will name the multipoles associated with P;,,
as the momentum multipoles. We will interpret these multipoles in sections 8.3
and 8.4.

=0 I=1 [=2
Ki;, | Time translation Boosts Mass multipole symmetries
Lim %] Rotations Current multipole symmetries
P %] Spatial translations Momentum multipole symmetries

TABLE 8.1: Multipole symmetries and the Poincaré algebra

8.2.3 Canonical harmonic gauge: revisited and extended

As shown by many authors and briefly discussed in chapter 4, the definition of
multipole moments is ambiguous in harmonic gauge. Here, we will further fix the
gauge in order to uniquely fix the multipole moments. Since our aim is to derive a
definition of multipole moments for any theory of gravity, we cannot rely on prop-
erties of Einstein solutions in order to determine the gauge fixing conditions (see
Thorne, 1980, and section 4.3.1 in the case of linearised General Relativity). In-
stead, we will only rely on the harmonic decomposition of tensor representations
of SO(3).

For that purpose, we decompose the field g" in SO(3) scalar, vector and ten-
sor, respectively, goo, gOi, gij . We only consider non-linear metrics which can

be obtained from a perturbative construction starting from a linearised metric
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8uv = Nuv + hyy. At the linearised level, the field gt = y*¥ + ©/(h?) is the trace-
reversed metric perturbation, y*¥ = nten*P hap— %n’”n“ﬁ hagp.

A gauge transformation acts as hy, — hyy +0,¢y +0y¢,, and therefore as

Yuv'_’Yuv"‘auév‘*'avép_npvaafa, (8.15)

where all indices are lowered with the flat metric.

As explained by Thorne (1980), the symmetric trace-free (STF) harmonic ten-
sor decomposition is the most adapted to describe the multipolar structure of the
gravitational field. Indeed, remember that the very definition of multipole mo-
ments originates from a STF decomposition or, equivalently, a spherical harmonic
decomposition in canonical harmonic gauge. Conceptually, we aim to deduce the
definition of some /m-multipole moment M!” from a projection of the metric

using a vector ¢[e] depending on a scalar harmonic € = €;;,,. Schematically,
M'™ ~ (el guv)- (8.16)

The projection operator (-) will be soon defined in Eq. (8.20) and in Egs. (8.25)-
(8.33) as particular integrals over the sphere. Here, we simply note that the multi-
pole moments will be extracted from the metric thanks to the property of orthog-
onality of spherical harmonics or, equivalently, of the STF tensors. Therefore, it is
computationally simpler to consider the STF decomposition of the metric.?

In Thorne’s analysis, however, the linearised Einstein’s equations were used.
Here, we simply generalize his considerations to a general STF decomposition
without resorting to field equations. The general linearised metric can be decom-

posed in STF tensors as (see appendix E.1 for notations)

Yoo = aAlﬂAl(ur r)
Yoi = 6A171@i,4[71(u, r)+6,,AH (equGqu—l(u’ r))+aiAl@Al(u; r) (8.17)
Yij = 0ij0a6aW,r)+04,Fija, (1) +0pa,, (epﬂl(igj)ﬁlAl—z (u, r)) +

+

[ajAl—lgeiAl—l (U, 1) +0jpa,_, (equnqu—l (u, r))]s +0ija,Ka,(u,1),

2Yet, one might think to perform the same projection operation by using another decompo-
sitions such as the SVT (scalar-vector-tensor) decomposition used in cosmological perturbation
theory.
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where all coefficients are functions of r and u = ¢ — r. The de Donder gauge fixes

the constraints

By, = An,—V*Dy,, (8.18a)
&4, :@Al—%&'em—vzﬂ{m, (8.18b)
Fa,=An,~V* Dy, - %VZ%’AZ, (8.18¢)
Ga,=2Ca, —Ma, (8.18d)

where dots denote time derivatives. For retarded harmonic fields, which there-
fore obey linearised Einstein’s equations, all functions A 4,(u, 1), B4, (u,1), ... take
the form 1 A 4, (1), B, (1), etc. We assume that all such functions are @(1/r) in
general as a result of asymptotically flat boundary conditions.

A generic retarded harmonic vector field, which preserves the asymptotically
flat boundary conditions, can be used to further gauge fix the de Donder gauge
to the canonical harmonic gauge (see Eq. (8.9b) of Thorne, 1980, and Eq. (E.52)
for its explicit expression in spherical harmonics). One can use this vector field
to remove the 1/r components of Dy, (u, 1), #4,(u, 1), N, (1, 1), K 4, (u, ), which
leads to

{Da,(u,r),da, (U, 1), Mg, (u,1), K, (u,r)}=0 (%) . (8.19)
In Einstein gravity, these functions are then exactly zero (see the discussion at the
end of section 4.3.1), but they may be non-zero in alternative theories of gravity.
We further apply a Lorentz boost and a spatial translation to put the system in the
centre of mass frame, leading to «/; = O (r~2). This defines the canonical harmonic
gauge in the linearised theory.

In the non-linear theory, one computes at each perturbative order the next
metric perturbation up to a linearised diffeomorphism. We fix the linearised dif-
feomorphism ambiguity in this expansion (of the form 0,,¢, + 0,¢;, — 1, 04¢%) by
cancelling again the same coefficients in the radial harmonic decomposition of
g"'. Non-linearities will introduce additional radial subleading terms for each STF
tensor harmonic which will not be gauged fixed. Only the leading 1/r terms in the
radial expansion of each STF tensor harmonic will be gauge fixed. This defines the
canonical harmonic gauge for the non-linear theory.

The resulting asymptotic expansion of the non-linear field in STF tensor har-
monics has been presented explicitly for Einstein gravity in Thorne (1980) and
Blanchet and Damour (1986).
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8.3 Multipole charges for stationary solutions

In the following, we will present our definition of mass and current multipole mo-
ments in terms of Noether charges, which are defined with respect to the vectors
fields (8.9) and the Lagrangian. We will explicit our definition only for vacuum Ein-
stein solutions which will allow us to verify the complete equivalence to Thorne’s
definition. This allows us to calibrate our definition. Now, given an arbitrary gen-
erally covariant Lagrangian, we propose to define the multipole moments as the
Noether charges associated with the very same vector fields (8.9). This provides a
precise canonical definition of gravitational multipole moments for any generally
covariant theory.

The canonical charge of a solution g, associated with the vector field ¢¥ is
defined as a surface integral over a sphere and as an integral in phase space from
the reference solution (here Minkowski 77,,1) to the solution g, (Regge and Teitel-
boim, 1974; Iyer and Wald, 1994; Barnich and Brandt, 2002; Barnich and Compeére,
2008)

1 § 1ot
Qelgl = %fﬂ fsk.f[dg ;81 (8.20)

The 2-form k¢ is linear in its first argument and non-linear in its second argument.
It can be constructed from the Lagrangian, up to an ambiguous term proportional
to Lrguv = VuSy + Vy¢y. There are two covariant prescriptions that exist in the
literature to fix this ambiguity. We find convenient to label the surface charge by
the parameter a multiplying the covariant ambiguous term. For a = 0, one has
the Iyer-Wald charge (Iyer and Wald, 1994). For a = 1, one has the Abbott-Deser
(Abbott and Deser, 1982) or, equivalently, the Barnich-Brandt charge (Barnich and
Brandt, 2002). Such an ambiguity enters the normalisation factor and might me
eliminated by a careful rescaling of the vector field {. We keep « in the future
computation and we emphasise that the choice with @ = 1 only depends on the
equations of motion of the Lagrangian. The explicit expression for the surface
charge in Einstein gravity is given in appendix E.4.

Let us now evaluate the surface charge at spatial infinity for each of the three
families of vector fields defined in (8.9). We first compute the spherical harmonic
decomposition of each vector field. Let us discuss the (/)pole symmetries. We note
that all subleading (I + k)pole moments in (4.14) (k = 1) do not contribute to the
charges. This non-trivial property originates from the orthogonality of spherical
harmonics, and the fact that the subleading (/+ k)pole moments are suppressed by
negative powers of r with respect to the leading (I)pole moment of order r~(*1_ It
can be checked by explicitly evaluating the charge. Since all non-linearities belong

to such terms, only linear terms matter. The surface charge at spatial infinity can
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be equivalently defined using the linearised theory as

, 1
Qelh] = rlggo(%];kg[h;n]), (8.21)

where hy,, is the linear perturbation around 7, in the post-Minkowskian expan-
sion of g, The proof that all subleading monopole terms do not contribute to
the definition of multipole moments was essentially performed in Thorne (1980).
It also shows that any change of coordinates which preserves the canonical har-

monic gauge does not change the definition of multipole moments.

8.3.1 Mass multipole charges

The mass multipole charges are associated to the multipole symmetries K.. They

read as
2021 + 1)!!Ilm

1 (8.22)

1
QKm =

Note that the result is independent of the a prescription. Here I*"" is the harmonic

coefficient of the multipole moment 4 4, in Eq. (4.14).

8.3.2 Current multipole charges

The current multipole charges are associated to the multipole symmetries L.. They

Qim = _ LM(Z(Z+2)+@(Z—1))SZ’" (8.23)
L=V a-n ' '

The normalization constant depends upon the definition of the canonical charges

read as

through the a prescription. Here S/ is the harmonic coefficient of the multipole
moment &, in Eq. (4.14).

8.3.3 Momentum multipole charges

The momentum multipole charges are identically zero for stationary configura-

tions,
Qim =o. (8.24)

There is no role to the momentum multipole charges in stationary Einstein grav-
ity, but we expect that they might play a role in stationary configurations in other

theories of gravity.
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Equations (8.22)-(8.23)-(8.24) are the main result of this section. Thorne’s def-
inition and the Noether charge definition agree up to a unique and well-defined
normalization constant.

Let us make some additional comments. In the linear case, it turns out that the
surface charge can be evaluated at any radius and yet gives the identical answers
(8.22)-(8.23)-(8.24). This is due again to the orthogonality of spherical harmon-
ics and the fact that, in the linear theory, each harmonic mode is associated with
a particular radial falloff. The multipole symmetries generating such charges are
therefore symplectic symmetries in the linear theory in the terminology of Com-
pere et al. (2015); Compere et al. (2016).

A natural question is whether the charges associated with the multipole sym-
metries are affected by a change of gauge. In this thesis, we did not investigate
a generic change of gauge. Instead, we investigated the change of gauge from
canonical harmonic gauge to generic mass-centred de Donder gauge in the lin-
earised theory. The details are relegated to appendix E.4.2. The result is that for
linear stationary configurations, the current and momentum multipole charges
Q Z”, Q ll,’f are unaffected by a change of gauge which preserves stationarity within
de Donder gauge, while the mass multipole charges Qé’f are affected, but only by
gauge transformations of the form x — x+ Ve with Vie=0,e=00"h.

The conclusion is that the current multipole moments can be computed in any
mass-centred de Donder gauge coordinate system. This is very useful in practice
since work is only needed to reach de Donder gauge, but it is not necessary to fur-
ther restrict to canonical harmonic gauge. However, the mass multipole moments
need to be defined in the canonical harmonic gauge, or at least in mass-centred
de Donder gauge where the gauge transformations x — x + Ve have been fixed ac-
cording to the canonical prescription. This illustrates the gauge dependence in

the definition of mass multipole moments.

8.4 Multipole charges for linearised radiating solutions

In this section, we turn our attention to dynamical radiating solutions in the lin-
earised regime. We introduce the multipole charges at spatial infinity as conserved
surface charges, while the source multipole moments are expressed in terms of
surface charges in the near zone region. We will discuss the relation between these
two and the implications of conservation laws for the time variation of the source
multipole moments. We expect that the results for the linear theory can be ex-
tended to the non-linear theory essentially in the same way as discussed in the

last section, but this problem is beyond the scope of this thesis.
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The covariant phase space charges are defined in the linear theory as (Regge
and Teitelboim, 1974; Iyer and Wald, 1994; Barnich and Brandt, 2002; Barnich and
Compere, 2008)

1
Q¢lh] = %j;kf[h;rl]» (8.25)

where 7,y is the Minkowski background and h,,, the perturbation. The precise
definition of the 2-form k; is given in appendix E.4.

We now compute the Noether charges associated with the three sets of residual
symmetries L., K. and P, presented in (8.9). The explicit values of the charges
evaluated on a sphere at arbitrary retarded time u and radius r are given by the

following expressions

I+1

8nG QM=% Cr(p, D) rP P's™(u), (8.26)
p=0
I+1

871G Q" =Y Cx(p,h r” P 1" (w) +87G t Q" (8.26b)
p=0

1

81G Q" =Y Cp(p, 1) rP PHUIIM(y), (8.26¢)

p=0

The coefficients Cy (p, 1), Cx(p, 1), Cp(p, 1) are given in appendix E.4.1. These charges
are not well defined as such and require further insight in order to extract their
physical content. We will discuss these charges in detail in the following.

We will first define the conserved multipole charges at spatial infinity. We then
define the source multipole moments. We finally define the radiation multipole

moments at null infinity as derived quantities.

8.4.1 Conserved multipole charges at spatial infinity

Let us first assume stationarity at past of null infinity, in the sense that

1
I'muy=1r"4+0 (Z) U — —00, (8.27a)

1
Sy =S+ 6 (—) U — —00. (8.27b)
u

We expect that we can relate these asymptotic conditions to the behaviour of the
Bondi news and Bondi mass (Christodoulou and Klainerman, 1993). These con-

ditions imply that at spatial infinity (i.e., in the limit r — co at fixed t = r + u),

lim r? P 1"y =0= lim r?Ps"™w), Vp=1. (8.28)
t fixed t fixed

Uu——00 Uu—-00
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This follows from r? P 1™ () ~ uP P) [ (1) ~G(1/u) for p = 1.

Under this asymptotic stationarity hypothesis, the finite stationary multipole
charges (8.22)-(8.23)-(8.24) are recovered at spatial infinity. These are the con-
served multipole charges.

8.4.2 Source multipole moments in the near-zone

As we can see explicitly, the surface charges (8.26) are finite in the r — 0 limit. This
limit has a clear physical interpretation and gives the value of the surface charges
in the near zone of the radiation zone. Indeed, one has in general that (see, e.g,,
section IX.D of Thorne, 1980)

rP (p)Slm
Slm

rP (p)Ilm

~

~ (%)p (8.29)

Ilm

where A is the typical wavelength of the radiation generated by the sources. Ac-

cordingly, in the near zone where r < A, we have

+@(1), (8.30)

and all charges are finite. Moreover, all multipole moments are then functions of
time ¢ since u = t at r = 0. In the post-Newtonian/post-Minkowskian matched
asymptotic expansion scheme to solve Einstein’s equations for a radiating non-
linear system, there exist surface integrals defined in terms of the sources in the
outer near-zone (Blanchet, Damour, and Iyer, 2005). Here, we will obtain the cor-
responding matching surface charges in the near-zone of the radiation region, in
the linear approximation. We will now explicitly describe which Noether charges
give the source mass multipole moments I Im($) and current multipole moments
S ().

Current multipole moments The current multipole moments are simply defined

as the Noether charges associated with L. (8.9) in the near zone. Their values are

_ b @ei-n! ~ Im
r—0 1 U= QCUI+2)+a(l-1)S"™(1). 8.31)

The numerical proportionality coefficient depends upon the detailed definition of

l
Q"

the canonical charge through the a prescription.

Momentum multipole moments The momentum multipole moments are de-

fined as the Noether charges associated with P, (8.9) in the near zone. Their values
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are
2(21-3)" l
Qim )= —% ((21 DI+(1- 6”)\/ -1+@-2Dl+al-D@l+1D) Wpimp).
r= !
(8.32)
Contrary to the stationary case, they are non-zero for radiating configurations.
They are derived quantities in terms of the mass multipole moments I and are

therefore not fundamental, at least in Einstein gravity. They will however play a

role in the definition of mass multipole moments as we describe next.

Mass multipole moments Finally, the mass multipole moments are defined as

the following combination of Noether charges in the near zone,

Im Im
-t
QK =0 QP

. (8.33)
r=0

After evaluation we find

_2Q1+1)!

= 0 ' (g, (8.34)

Im Im
(_) —t(_)
K |,_o P

which exactly reproduce Thorne’s definition I'”*(¢), upon adjusting the normal-
ization constant. Remark that both the Iyer-Wald and the Abbott-Deser-Barnich-
Brandt definitions agree in this case since there is no a dependence in the numer-
ical coefficient.

The linear combination in the definition (8.33) can be explained very naturally
in two different ways. First, the definition (8.33) is covariant under a time shift.
The time dependence of the generator K (8.9) is exactly compensated by the sub-
tracting term in (8.33) and a time shift only shifts the source. More fundamentally,
the definition (8.33) generalizes to gravitating configurations and to generic mass
multipole moments the definition of boost charge defined in standard field theo-
ries around Minkowski space -time. For example, the Noether current of a scalar
field of Lagrangian £ = ——0 10 ¢ — V(¢p) associated with x# — xH —¢H is

i 0

= Ocp— LEH, 8.35
£ 30,0 cp—2£¢ (8.35)

The boost charge along x is given by

2
Kx_fd3 ( + Vol +V((p))+tf(bvx(p:fd3xxi€+ tPy, (8.36)
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where ./ is the Hamiltonian density and Py is the total momentum along x. The
I = 1 mass multipole [ d3x x .7 therefore equates the boost charge minus ¢ times
the momentum charge. Our definition of mass multipole moments (8.33) is there-

fore totally natural in that respect.

8.4.3 Multipole charges at future null infinity

Let us now describe how to define the multipole moments from Noether charges
at future null infinity. We again assume the asymptotic stationarity hypothesis
(8.27) at both future and past of null infinity.

For an arbitrary retarded time u, the charges (8.26) are formally infinite. How-
ever, they can be regularized by the finite part prescription of Blanchet and Damour

(1986). After taking the finite part, we obtain in linearized Einstein gravity,

. m) _ 2@I+DN

g (e -uey) = =1, o
FP Q" = - Lw(g(HzHa(l—l))Slm(u) (8.38)
u fixed L B [+1 (l_l)! o

r—o00

In other words, all terms proportional to r are dropped and only the r° term is
kept. This definition readily generalizes to an arbitrary theory of gravity.
Let us now contrast these definitions with the standard radiative multipole

moments. Atlinear order, one can switch to radiative (Bondi) coordinates (U, R, 0, ¢)

2GM
c3

mass and current multipole moments Uy, (U) and V4, (U) are defined from the 1/R

by a simple change of coordinates, U = u — log(r/rp), R = r. The radiative
fall-off of the metric in radiative coordinates. It turns out that they match with the
l-derivatives of the mass and current multipole moments, up to important non-
linear corrections of 0 (G) that encode tails, non-linear memory and further non-
linear terms (see the review of Blanchet (2014) and the latest update in Marchand,
Blanchet, and Faye (2016))

Ua,(U)

Dg, W) +o (C—C;) (8.39)

Va,(U)

Ds, W)+ (C—C;) (8.40)

While the radiative multipole moments are proportional to the /-th derivative of

the source multipole moments (8.39), we notice from Eq. (8.37) that the Noether
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charges instead allow one to directly extract the source multipole moments with-
out any derivatives close to null infinity. This is mainly because the multipole sym-
metries are proportional to r! and therefore extract information about the sub-
leading r~! part of the metric. The multipole charges at null infinity are therefore

more elementary than the radiative multipole moments.

8.4.4 Conservation equation

The multipole moments in linearised Einstein gravity can be simply read off from
the components of the metric in canonical harmonic gauge. Now, it is advanta-
geous already in Einstein gravity to reformulate these multipole moments in terms
of Noether charges for the following reason. Canonical Noether charges obey a
conservation law which allows us to relate the multipole charges of the system
sourcing the linear solution at different times to the flux of multipole charges at
null infinity.
Let us derive this multipole moment conservation law. The generalized Noether

theorem for gauge or diffeomorphism invariant theories (Wald, 1993; Barnich,
Brandt, and Henneaux, 2000; Barnich and Brandt, 2002) implies that the surface

charges obey the conservation equation

f e lh; ) - f ki) = f wlh, L), (8.41)
s s? b

where X, is a constant time hypersurface, whose boundary are two 2-spheres S9°
and S?. We choose SY° to be the 2-sphere at spatial infinity and S(t) to be close to
r = 0, which is the near zone limit of the radiation zone. Let us choose two such
hypersurfaces X, and X_, respectively, at constant times ™ and ¢~, as shown in
the left-hand-side of Figure 8.1. Such constant time hypersurfaces are not boosted
with respect to each other at spatial infinity and, in that sense, approach the same
boundary sphere S®. After fixing the ambiguity parameter a in the definition of
the covariant charges, w is the Lee-Wald symplectic structure (Lee and Wald, 1990;
Wald and Zoupas, 2000) for a = 0, while w is the invariant symplectic structure
(Barnich and Compere, 2008; Compere, 2007a) for a = 1.

By rearranging terms, one can write the above equation as

Qsource n Qrad — Qtotal’ (8.42)
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SOO

FIGURE 8.1: (Left) Two constant time slices £, both asymptote to the
sphere S at spatial infinity. The coloured region r < a,
where a is the size of the source, is not described by the
linear solution and contains the source. The inner bound-
aries are denoted as S. (Right) One can smoothly deform

2. such that the difference of Qf;f_ between the two ad-

vanced times u; and u_ represents the multipole moment
flux through null infinity.

where
Qsouree — fSO kelh,ml, Qtotal _ fsoo kelh,7l, Qrad :‘[z wlh, Zm;n). (8.43)
t t !

The source charge is the actual multipole charge of the source, as the near zone
limit of the radiation zone matches with the far zone of the source zone (see, e.g.,
Blanchet, 2014). Under the hypothesis of asymptotic stationarity at initial retarded

times, the multipole charges are time-independent at spatial infinity,

d total
— =0. 8.44
’T: Q (8.44)

The flux term is simply interpreted as the radiated multipole charge to future null
infinity. More precisely, one can smoothly deform the hypersurfaces Z, as shown
in the right-hand-side of Figure 8.1, where we define £, = U, UI*~ U1~ and

X_=U_-uI . Here U, are null hypersurfaces at constant retarded time u, and
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I~ is a surface at constant large r close to null infinity. We have the equality
Qsource __ ysource _ Qrad + Qrad _ Qrad (8.45)
t* - TN T XU, U-* :

The left-hand-side is the finite difference between the source multipole charge at
time ¢ and at time ¢~. The individual terms on the right-hand-side are diverg-
ing but the difference is finite. It is useful to again define the finite part FP of a
diverging expression in r as the r* term of the expression with u fixed. In fact, we

have

EP Qid=0. (8.46)
u nxe -

r—o00

The reason is that from the generalized Noether theorem, this expression is the dif-
ference of charge between r — oo and r = 0. From the explicit expression for the
charges (in the case of the mass multipole, a subtraction of two Noether charges is
necessary, as (8.33)), the only finite part is precisely the part at r = 0 which there-
fore cancels out. The remaining finite part of the right-hand side of (8.45) is the

finite radiation flux in between u* and u™,

Ft-= Fp Qwd, 8.47
u fixed QI ( )

r—o0o

The multipole charge conservation law can be finally written as

Qigurce — Qsource — - (8.48)

It follows from the generalized Noether theorem.

8.5 Discussion and conclusions

We reformulated Thorne’s definition of mass and current multipole moments in
Einstein gravity in terms of Noether charges associated with multipole symme-
tries, which are residual transformations of the harmonic gauge; see Egs. (8.9).
Since Noether charges are defined for any theory of gravity, it allows to define
in principle all mass and current multipole moments for such an arbitrary the-
ory. As an example, after overtaking the cumbersome task to reach the canoni-
cal harmonic gauge, it is possible to determine the multipole structure of the re-
cently constructed black hole with scalar hair in Herdeiro and Radu (2014) from
the Noether charge formula of Einstein gravity coupled to a scalar field (Barnich,

2002); see also appendix E.4.
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We expressed the multipole moments of General Relativity as conserved Noether
charges at spatial infinity. We also derived the conservation laws of multipole
charges under the hypothesis of no incoming radiation. With suitable junction
conditions between the past of future null infinity and the future of past null in-
finity (which would generalize Strominger, 2013; Hawking, Perry, and Strominger,
2017), one would relate the total change of source multipole moments between fu-
ture and past timelike infinity to the corresponding fluxes at past and future null
infinity. We expect that these conservation laws of canonical moments together
with the conservation of canonical BMS super-translation charges at spatial in-
finity (Troessaert, 2018; Henneaux and Troessaert, 2018a; Henneaux and Troes-
saert, 2018b) (see also (Compere and Dehouck, 2011; Virmani, 2012; Compere and
Fiorucci, 2017)) underly the conservation laws of the Bondi mass and angular mo-
mentum aspects obtained in Hawking, Perry, and Strominger (2017).

We mainly discussed in this chapter mass and current multipole moments. In
a generic diffeomorphism invariant theory of gravity coupled to matter, there will
be generically sixindependent STF tensors appearing in the linearised metric after
gauge fixing; see Eq. (8.17).3 Therefore, we would need to define six independent
sets of gravitational source multipole moments. In our approach, these would be
built from six multipole Noether charges associated with multipole symmetries.

Starting from our ansatz (8.2), we identified four sets of multipole symmetries,
which include the mass, current, and momentum multipole symmetries, but dis-
carded the irreducible harmonic vector V, since it does not play a role in Einstein
gravity. We expect that it might play a role in more general theories. Note that / =0
and [ = 1 harmonics of V are respectively the spatial scaling x’d; and the vector
¢V = (x'x/ — $x26'7)8; which is not a standard symmetry. It is also straightfor-
ward to relax the ansatz (8.2), and consider as candidate multipole charges the set

of eight charges

Q€6t+tV€_tQV€) erV(—:’ QVE) QViai’ (8.49)
Qtea,_thatr QtrXVe_thxVey QtVe_tQVe, vaiai_tQViai, (8.50)

where Q¢ denotes the Noether charge associated with ¢. These linear combina-
tions ensure covariance under explicit time shifts, as for the mass multipole mo-

ments (8.33). It is not clear to us, however, whether the six independent multipole

3Also, in a generic diffeomorphism invariant theory of gravity with lightcone propagating planar
waves, there are six distinct polarization modes for the linearised perturbations (Eardley et al.,
1973), simply because the 1/r behaviour of the electric part of the Riemann tensor close to null
infinity admits a decomposition into six distinct STF tensors. This leads to six distinct radiative
multipole moments.
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moments can be identified from this set of eight combinations of Noether charges.

Let us now discuss the connection of our results with gravitational electric-
magnetic duality. In gauge theories, not every multipole moment might be asso-
ciated with a Noether charge. Indeed, in the case of electromagnetism, electric
multipole moments are Noether charges, but magnetic multipole moments can-
not be expressed as Noether charges associated with the original gauge symmetry
of Maxwell theory. In vacuo, it exists a dual formulation in terms of a dual gauge
field Ap defined as xF = dAp. The emergent gauge symmetry of the dual for-
mulation allows to define the magnetic multipole moments of the original formu-
lation in terms of Noether charges as a simple consequence of electric-magnetic
duality. Contrary to electromagnetism, it turns out that in Einstein gravity all mul-
tipole charges are Noether charges, as we have now demonstrated. In many in-
stances the structure of dualities in Maxwell and in Einstein theories is similar, but
not here. The reason of this asymmetry is that in Einstein gravity, the gauge pa-
rameter is a space-time vector which itself admits duality transformations. It has
been shown that, in the formulation of spatial infinity foliated by de Sitter slices
of unit normal n¥, rotations and boosts are dual to each other, and the second
sub-leading component of the electric part of the Weyl tensor is dual to its mag-
netic part (Mann et al., 2008; Compere, Dehouck, and Virmani, 2011). This is the
reason why the Lorentz charges can be expressed in two distinct but equivalent
ways (Ashtekar and Hansen, 1978; Mann, Marolf, and Virmani, 2006). In fact, it is
a matter of simple algebra to show that such a duality persists between the mass

multipole symmetries and the current multipole symmetries:
L= L ouvoo 0vKe,p0 8.51
6_56 nuoyvRe,p0g . (8.51)

We therefore are led to conjecture that the Noether /-multipole charges can be ex-
pressed from the (/ + 1)-subleading component of either the electric or the mag-
netic part of Weyl tensor, as its / = 1 Lorentz counterpart (Compere, Dehouck, and
Virmani, 2011).

To conclude, the mass and current multipole symmetries are associated with
an infinite number of conserved Noether charges. These outer symmetries pro-
vide a new concept to comprehend the asymptotic structure of gravity, or, after a

suitable generalisation, of general gauge theories.
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Conclusions and outlook

This thesis investigated applications of space-time symmetries to black holes and

gravitational radiation. We mainly focused on two classes of symmetries:

a) symmetries in the near-horizon region of rapidly rotating Kerr black holes;

b) residual gauge symmetries.

In the first case, we aimed to address questions in the context of force-free elec-
trodynamics and thin accretion discs. We exploited the presence of the isometry
group SO(2,1) x U(1) to investigate its consequences on the dynamics of electro-
magnetic fields and accreting matter in the region close to the event horizon of
Kerr black holes in the high-spin regime.

In the second case, we provided a new definition of multipole moments of the
gravitational field. We showed that gravitational multipole moments are associ-
ated to a certain class of residual symmetries of the harmonic gauge and they are
expressed in terms of the Noether charges. Our definition of gravitational multi-
pole moments reproduces the results in General Relativity with the advantage that
it can be applied to an arbitrary metric theory of gravity.

Moreover, the thesis contains applications of the covariant phase space for-
malism. Such a formalism has been adopted to address the problem to compute
the total conserved mass of the Melvin-Kerr-Newman black hole and to write the
gravitational multipole moments as Noether charges associated to certain resid-

ual gauge symmetries.

Several interesting avenues are to take for future work.

First, it would be interesting to predict the existence of observational “smoking
guns” of the SO(2,1) x U(1) symmetry enhancement in the near-horizon geometry
of high-spin Kerr black holes. This research line is still under intensive work for
electromagnetic emission from accretion discs and gravitational radiation from
extreme mass ratio inspirals. Along the same line, work should be done to bet-
ter understand whether and how the symmetry enhancement can constrain the
physics of jets emission from AGNs. Another interesting avenue is to investigate
how the plasma and magnetic fields surrounding rapidly rotating black holes in-

teract with each other. Relativistic magnetic reconnection is a viable astrophysical
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phenomenon, beyond the force-free approximation, that might explain particle
acceleration and non-thermal emission observed around compact objects.

Second, force-free electrodynamics around black hole space-times lacks of ex-
act analytical solutions, with the exception of a few known results around both
Schwarzschild and Kerr black holes. The main reason lies in the non-linearity of
the equations of motion. It can be relevant for astrophysical purposes to study the
mathematical properties of the differential equations governing force-free elec-
trodynamics in order to develop new analytical methods to find exact solutions
and to study their physical properties.

Third, another interesting future work is to study the behaviour of accretion
discs in the near-horizon region. To this aim, one need more elaborated models
than thin accretion discs to make contact with observations. In particular, one
might point to investigate the physics near the physical edge of the accretion disc,
which is usually closer to the black hole than the ISCO location, where gravita-
tional effects in the strong gravity regime are present.

Finally, concerning the multipolar structure of the gravitational field, it is in-
triguing to apply our definition of gravitational multipole moments to other the-
ories of gravity. Moreover, because the novel definition of moments in terms of
Noether charges highlights the importance of a certain class of vector fields, it
may be of interest to apply this approach in the context of tidal deformations of
neutron stars with the hope to give an explanation for some “universal” relations

among certain multipole moments.
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Appendix A

Differential forms

The Levi-Civita symbol and tensor are, respectively, defined by

+1, (U1, U2,..., y) is an even permutation of (1, ..., n),
T | (41, U2,..., 1y) is an odd permutation (1, ..., n),
0 otherwise.

Empzepin = V=8 Cprpia...pin

where g is the determinant of the metric tensor g,

It is useful to recall the following formula

Qe Oy _ s (@ @n—pl
Euluz 'up ! pgﬂluZ-..lJpﬁl...,Bn—p - (_1) p!(n_ p)!aﬁll o .6 *

ﬁn—p

Here s is the number of negative eigenvalues of the metric tensor.

In a given coordinate system, a p-form can be written as

1
- - A o e A
A== Aty AXH N AXF2 Ao N dxFP.

p!
Let Abe a p-form and B be a g-form.
The wedge product is defined as

(p+q)!
(AN B)plpg...pp+q = W [yl...upByp+1...pp+q]»
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(A.1a)

(A.1b)

(A.2)

(A.3)

(A.4)

where the square brackets denote antisymmetrization with respect all indices.

The exterior derivative is given by

(dA)Hluz---/Jpﬂ =(p+ Da[m AHZ--~IJp+1]'

(A.5)
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It obeys the generalised Leibniz rule d(AAB) =dAA B+ (-1)PAAdB.

A contraction of a p + 1-form with a vector reads as
(ivA)yl...up = (U'A)ul...yp = U”A,u,ul...pp- (A.6)

The Hodge operator maps a p-form to a (n — p)-form, where 7 is the dimension of

the space-time. It is defined as

1

= H eee Hn-
*A= (n_p)!(*A)m...pn_pdx PAAdXEP, (A.7a)
|
(*A)H1~--I~ln—p = _£V1 prl...,un_pAvl...vp- (A.7b)

p!

The Hodge operator obeys the relation * (x A) = (—=1)$tP"=P) A,
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Appendix B

Kerr black hole

B.1 Line element

The Kerr line element in Boyer-Lindquist (BL) coordinates (¢,7,60,¢) is given by
(Bardeen, Press, and Teukolsky, 1972)

A A >
ds® = —Idtz +sin® 6)5 (dp- wdt)? + Zdr2 +2d6?, (B.1)

where the metric functions read

A(r) =r?>=2Mr + a?, (B.2a)
>(r,0) = r* + a® cos? (0), (B.2b)
A(r,0) = (r* + a®)? — a®*Asin®(0), (B.2c)

2M
w(r,0) = Aar. (B.2d)

Here, M is the mass and a = J/M is the specific angular momentum of the Kerr
black hole, which we assume to be non-negative. The event horizon is located at
ry =M+ (M- az)l/z
metric. The Killing vectors corresponding to time and axial symmetry are, respec-
tively, 1 = 8,0, and ¢ = §',0,..

. The Kerr black hole space-time is stationary and axisym-

B.1.1 Line element near and at the equatorial plane

In order to describe the region near the equatorial plane 0 = 7/2, we introduce the
cylindrical coordinate z = r cos(d) and neglect corrections of order (z/r)?. The re-
sulting line element in the near-equatorial region of coordinates (t, 1, z, ¢) is given
by

2 2
2o TRy Ae—want+ Cartvazvo(2)
ds*=——=d*+ S (dp-wdn’ +Ldr'+d2 +0 () . (B.3)
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Following Novikov and Thorne (1973), we define the dimensionless radial coordi-

nate x and the spin parameter ag, respectively, by

1
(T\z a
x= (M) o a= o (B.4)
Thus, at fixed spin parameter in the range as € [0,1], x = x; = [1+(1 - a?)”z]l/2

describes the Kerr space-time outside the event horizon. The ISCO is located at

Xo={3+ 72— 13- 23+ 2 +27Z)M 22, (B.5a)
Zi=1+(1-a2)"*[1+a)"®+1-ay'?, (B.5b)
Zy=(B3a2+72)'" (B.5¢)
Following the tradition, we define the dimensionless functions:!
a: 2a?
o =1+ 1t (BGa)
X X
B=1+—, (B.6b)
X
3 2a;
C=1-—+7, (B.6¢)
2 al
D=1-—+-=2, (B.6d)
X X
2 a?
F=1-245 (B.6e)
X X
2 a
G=1-—+—, (B.60)
X X
R=€"F*-a’x* (€ *g-1). (B.6g)

All functions in Egs. (B.6) go to unity far from the black hole x > 1. The functions
o/, 9B and Z are monotonically decreasing, while the functions ¢, 2, & and ¢ are
monotonically increasing in their domains of definition. The radial coordinates

where € = 0 are given by

1 7
X1 = 2cos | —arccos(ag) — —] , (B.7a)
3 3
1 T
X2 =2cos 3 arccos(ag) + 3| (B.7b)
1
X3 = —2C0S § arccos(ay) |, (B.7¢)

INote the typo in the exponent of a, in Eq. (A4c) of Penna, Sadowski, and McKinney (2012).
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with x; = x» = x3. The last photon orbit is given by x = x; and is placed between
the ISCO and the event horizon, xy = x; = x;. The function & is positive outside

the event horizon.

B.2 Circular equatorial geodesics

Circular equatorial geodesics have a four-velocity of the form
u=u'd,+uldy=u'm+Qo. (B.8a)

Here, we list the kinematic quantities characterizing the geodesic motion:

u' = B¢ 12, (B.9a)
uf=M1x3¢712 (B.9b)
E=n"u,=¢""%4, (B.9¢)
L=¢&"u, = Mx€¢ 27, (B.9d)
Q=ul/u' =M 'x387, (B.9e)
LP=1?-a*(E-1) = M*x*%, (B.9f)

respectively, the time component u/, the azimuthal component u?, the conserved
specific energy E, the conserved specific angular momentum L, the co-rotating
Keplerian angular velocity Q2 with respect to a stationary observer and a conserved
quantity along the geodesic motion %2, which appears in the thin disc vertical
equation.

It is useful to introduce the function & defined by

1 X
@E@o+—f (E-QL)L ydx'
M Jx,

3
:@0+x—xo—§asln(i)

X0
3 3(x; — a,)? X—X;
_ (xi — as) ln( ’). (B.10)
io1 Xi(xi = X)) (X = Xi2) X0 —X;

Here, & is a real constant to be fixed by imposing a boundary condition, as ex-
plained in section 7.2. In the above sum, we identify x; = x;,3. The function £ of
Page and Thorne (1974) can be expressed as 2 = x '€ ~!/22 but we find more

economical and natural to use 2.
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B.3 Observer frames for circular equatorial geodesics

We define three privileged observers.

1. The stationary observer frame with four-velocity
tsrar = (=1"1) ", (B.11)

which is locally rotating in the sense that Lszq; = ¢, ugt ar 2 0.

2. The locally non-rotating frame (LNRF), sometimes also called local inertial
frame or zero angular momentum observer (ZAMO), has four-velocity
(2l U -1/2

urNgr = (@°¢"¢ —n"nu) ' (M + wg), (B.12)
with w?é#é, —nkn, = o/ 7'D. Tthas Lingr = Euul ypp = 0. With respect to
the LNRF observer, circular equatorial geodesics have four-velocity compo-
nents u@ = u”eﬁ“), where eﬁ“) is the orthonormal tetrad attached to the
LNRE whose expression can be found in appendix (B.4) or in Eq. (3.2) of

Bardeen, Press, and Teukolsky (1972). The only two non-vanishing compo-

nents are
0 _ ral’? “112 ppep—1127112
u = 7z ——u'=o BE 7/ (B.13)
AI/Z
u'? = T(Q—w)ut (B.14)

:x—1%1/2(€—1/2_2asx—4d—1/2%(€—1/2'

Therefore, the only non-vanishing component of the three-velocity relative
to the LNRF is
@) A
@p_H—__ A4 lag-lg-12

V= NORRRCYNTE Q-w)= B D F. (B.15)
We call 7® = RQ the linear velocity with respect to the LNRF , with R =
Al(r?Al?) being the gyration radius, Q = Q — w the angular velocity with re-
spect to the local inertial frame and y = u” the Lorentz gamma factor corre-
sponding to this linear velocity. In other words, the four-velocity of circular

equatorial geodesics as measured by an LNRF observer is u* = y(u/ +

@) pH
4 ((b))

LNRF

3. The local rest frame (LRF) of the particle in the circular equatorial orbit,

whose orthonormal tetrad is defined in Eq. (5.4.5a) of Novikov and Thorne
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(1973). In this frame, the shear tensor o of circular equatorial geodesics

has only one non-vanishing component

3
015= 041 = 557" Qr = =3 M 276719, (B.16)

B.4 LNREF tetrad

The orthonormal tetrad carried by a locally non-rotating frame (LNRF) is given by

A 1/2 of
oM a ~
e =€, 0u= ﬂ) (0:+wdy) =/ > (0 + wdy), (B.17a)
1/2
e =e d,=(2] "9, ~2" B.17b
N =€rou=|3 r= r (B.17b)
1\1/2
ew) = €0 = E) 09 =0, (B.17c)
_ _ ~
€ = e(¢)0u = Z) Ea(p = M2ad 112 6¢ (B.17d)
and the corresponding one-forms are
A\ |2
@, 0,0 _ 22 ~1 —
e’ =e, dx —( 1 ) dt= ddt’ (B.18a)
$\1/2
el = eﬁ(f)dx“ = (K) dr~2 Y2dr, (B.18b)
e? = eﬁe)dx“ =3x"240 ~ dz, (B.18¢)
A\1/2
e® =e P dxt = (E) sinf(d¢ — wdt) ~ Mx*ot "% (dd — wdt) (B.18d)

where ~ means in the near-equatorial region.

B.5 General near-equatorial orbits

Let us consider a more general four-velocity vector field than that of circular equa-
torial orbits. In order to match our notation with the traditional literature, we
start by considering the most general four-velocity vector as measured by a LNRE
whose form is given by

ut =y (ulLlNRF +VDefy + 7 eloy+ 7" eﬁb)) ’ (5.19)
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H —
LNRF —

the three-velocity as measured by the LNRF and y is the Lorentz gamma factor and
it can be expressed asy 2 =1— (7/(”)2 - [7/(9))2 - (7(¢))2. Thus, the components of
the four-velocity in the Boyer-Lindquist frame read

| of y4Cl | of VP
(ut, ur, ug,ud)))/( 5,@1/27(”,7,(0 54‘@ . (BZO)

The angular velocity with respect to the stationary observer is, as usual, defined

where u e, and ef; are defined in (B.17), while 7 ” are the components of

by Q = u®/u’. From this definition, we obtain that the azimuthal linear velocity
7@ = RQ is the product of the gyration radius R = A/(r>A?) and the angular
velocity measured by the LNRF Q = Q — w. We call this the kinematic expression
of 79, An alternative useful expression can be derived from the specific angular
momentum L = uy and one gets ¥ = L/ (yro/12).

In order to describe the orbit, we need three variables. Following the tradi-
tional literature (see, e.g., Abramowicz et al., 1996; Gammie and Popham, 1998),

we choose (a) the rescaled radial velocity V, defined by

|4

ﬁ = YY/(r) = @_1/2ur, (BZD

(b) the vertical velocity 7© = Ucosh (Abramowicz, Lanza, and Percival, 1997),
and (c) the specific angular momentum L = u. The four-velocity (B.20), in terms
of the variables V, U and L, is

C o0 o Vo2 U o L
(u,u ,yu ,u ): Y é,ﬁ,'y?COSQ,YW 54‘@ , (B22)

and the covariant components are given by

9 V@—l/Z

(ug, ur, ug, ug) = (—y ;—Lw,ﬁ,yrUcos&L . (B.23)

Because the vertical velocity 7@ is proportional to cosf = z/r, we may write the

Lorentz gamma factor, at first order in z/r, as

) 1 __ L?
-2 -2 1-V2 2o

y : (B.24)
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where we used the expressions of 7" in (B.21) and ¥ ?) = L/ (yr«/'/?). An equiv-
alent expression of the Lorenz gamma factor can be obtained by using the kine-
matic expression of 7). From the very definition of y, one finds that

) 1 1

_ — 22
Ve T Rayz1-ve Yol (B.25)

is the product of the Lorentz gamma factors relative to ¥ and V. As pointed
in Abramowicz et al., 1996; Gammie and Popham, 1998, V is the radial velocity
measured by a frame co-rotating with the fluid at a fixed radial position.

As aremark, we notice that for the particular choice V = 0 = U, we get the four-
velocity of circular equatorial geodesics with L = Mx€¢ 2% andy = o« ~V/2 861?912,

B.5.1 Properties of the four-velocity profile in Eq. (B.22)

Since S,y o< oy by the second law of thermodynamics, it is useful to know the
components of the shear tensor for the velocity profile (B.22). Here we list the

nonvanishing covariant derivatives evaluated in the equatorial plane®

M VP2 dE | aM V2
Uyt = ——F —, Ut = — Uyt Upp = —F —— = Uy,
It r2 m Lr dr rt t,(/) r2 m (,b,l'
(B.26a)
_ My |o 3 avidr 4 5 3
(B.26b)
V@l/z L Maz V@l/z
Ug.g = r——, Up:r = —— + Ur:p, Upp =T |1 - —_—,
0;0 T2 (g dr i (U0 ( 3 ) VioV2
(B.26¢)

where E = u; and its radial derivative is given by

dE 1 @[ vV dv  I? ( azM)] dL wL( az)
=== = 1-—||+Q=-—=[3+=|+
dr y\ o [(1-V22dr rd3eg? r3 dr rod r2

P i (1+3M)+M(1 “2) (B.27)
2 AD | Tt r Mr)|’ '
The expansion scalar is
0 r(2+ 1 duf) vol/? 2 M (1 a2)+ 1 1dVv (B.28)
=u' |-+ — = = -— ——. :
rou"dr Vi—Velr r*o Mr) 1-V2V dr

2We agree with the expressions of the covariant derivatives listed in appendix A of Gammie and
Popham (1998), except for u,;, and ug..
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Notice that for V — 0, the only nonvanishing components are uy,, s, Ur,p and
ug;r and the velocity profile becomes divergence free.
From covariant derivatives, we might compute the components of the shear

tensor o, In particular, we need the following components:

1 s 1) (2 1du
Orr = Ur;r t Urar — 5 (up) "+ =|u | =+ )
r

9 u dr
g~1/2 24V?% dv V(2+ M (1 a2)+3f ] (B.292)
- —_— |+ =——=1-— ; .29a
1-v23230-v?) dr 3\r r22\" Mr)
1(2u +ura +aL+dL) 1Lu ur(2+ L du’
g = — . _ - - -4 — ,
re 2 ri¢ ré¢ ’ dr 377 r u" dr
2
a M
Y= aM+r3(1——)Q]+ (B.29b)
r2 Q 7'3

+1 L {1dL+1 V dv 2V?%[2 M( az)
21-V2 |Ldr 31-VZ2?dr 3 Mr

gk

The expression (B.29b) is the exact expression derived by the expression of the

+
r r:g

four velocity (B.22) and by the definition of shear tensor, without any assumption
or further simplifications. The common approach in the literature (Lasota, 1994;

Abramowicz et al., 1996) is the following: from the Keplerian (exact) expression

e 1Y A2 a0,

T10= 2N dr (530

one replaces the Keplerian gamma factor by the full gamma factor y; — y and
the Keplerian angular velocity by the general angular velocity Q; — Q. Thus, the
expression of the (r¢) component of the shear tensor for non-Keplerian flows is
assumed to have the same functional form, as noted for the first time in Peitz and
Appl (1997).
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Appendix C

Near-Horizon Extreme Kerr

C.1 Lineelement

The four-dimensional NHEK line element can be written in a manifestly SL(2,R) x

U(1) invariant form
dsi e =2M°T(0) |dsS 45, + d0” +7°(0) (AY +0)?|, (C.1)

where dsIz4 ds, is the AdS; line element, O is a left-invariant 1-form on AdS, with

norm —1, ¥ € [0,27] is the azimuthal coordinate and 0 € [0, 7] is the polar coordi-
nate. The two functions I" and y are, respectively,

1+ cos?(0) 3 sin(0)

tO === 70="14

(C.2)

The NHEK line element has four Killing vector fields. The generators of its

isometry group obey the SL(2,R) x U(1) commutation relations
[Ho, Hyl = ¥Hy, [Hy,H-1=2Hy, [Qo,H:]=0=[Qo,Hol. (C3)
We define the highest weight scalar ®(;, 4 of weight h and charge g as
Hi®p,q =0, Ho®@nq) =hPn,q, QuPnhg=iqPmq, 06Pwnmqg=0, (C4)

and we denote ® = @1 g) and A = @(g 1) so that D, 4) = oA
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C.2 Coordinate systems

C.2.1 Poincaré coordinates

Let (T, R, 0, ®) be the Poincaré coordinates. The NHEK line element is
ds? =2M?T(0) |-R*dT? dR* do? +y?(0) (d® + RdT)? C.5
SNHEK = ) |- +?+ +7y°(0) (dD + )|, (C.5)

and the generators of its isometry group are

H, =V2dr, (C.6a)
Hy=TO7 — ROg, (C.6b)
1 1 1
H =V2|=|T?+—= |07 - TROp — =00 |, )
\/_ 2( +R2)0T Or Raq) (C.60)
Qo =0o. (C.6d)

Moreover, ® = 1/R and A = ¢'®.

C.2.2 Global coordinates

Let (7, y,0, @) be the global coordinates. The NHEK line element is

dy?

2 2 2
+yz+d9 +y%0) (de+ydr)"|, (C.7)

ds% g =2M*T0) |-(1+y2)dr? + -

and the generators of its isometry group are

elT

H, =i 0, +i(1+y)d,—0d,), (C.8a)
+ \/W( 4% y y ‘P)
Hy = id;, (C.8b)
iT
H_ =—i 0, +i(1+71%)d,+0,), (C.8¢)
\/Tyz(y T y y (P)
Qo =0, (C.8d)

Moreover, ® = iv2e 7//1+ y? and A = el®+arctan(y),
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C.2.3 Black hole coordinates

Let (T,Y,0,v) be the global coordinates. The NHEK line element is

dy?
dst g =2M*T(O) |-(-1+YHdT* + " do* +y*0) (dw + YdT)Zl ,

(C.9)
and the generators of its isometry group are
e T D
H+:ﬁ(YOT+(—1+Y )Oy—f)w), (C.10a)
Hy=0r, (C.10b)
el )
H =———Y0r—(-1+Y")0y —0y), (C.10¢)
o v %)
Qo = 0y (C.10d)
Moreover, ® = v/2eT /v/—1+ Y2 and A = ¢/¥~iarctanh(¥)
C.3 SL(2,R) covariant basis
C.3.1 Basis for 1-forms
We define a basis for 1-forms by demanding £y, 1 = 0 = £y, p. One has that
'=y20)Q L L on (C.11a)
l't - Y 0 \/z I-.(e) + .
A 1 1
2 2
=(1-y°(0) +——®H,, (C.11b)
pe=[1-r"®)Qo NI
3. 40 (C.11¢)
u 7©) ) .
dd
,u4 = (C.11d)

D
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C.3.2 Basis for 2-forms

We define a basis for 2-forms by demanding £y, w = 0 and £y, w = w. One has
that

w'! :CI),u4/\u3, (C.12a)
w? =@ ul A s, (C.12b)
w> =@ y*(0)Qp A 12, (C.12¢)
w =@ dQ,, (C.12d)
w’ =® Qg A ut, (C.12¢)
wb=o ,u2 A ,ul. (C.129)

Moreover, they obey the following properties

. 1 @2
dw'=0 Vi#3, xdw’®=— oH,, C.13a
# AT20) + ( )
*wlz—wﬁ, *wzz—w5, *w? = —w*. (C.13b)

C.3.3 Automorphism of the SL(2,R) x U(1) algebra

There is a large automorphism group of the SL(2,R) x U(1) algebra which allows
us to change basis while preserving the commutation relations (C.3). Continuous

automorphisms are parametrized by complex (a, 8,y,9) and given by

Hy—e V[0 +aB)*H, +28(1+af)Hy+ f*H-], (C.14a)
Hy— a(+aBf)H, +(1+2aB)Hy+ BH_, (C.14b)
H-—e'|a*H, +2aHy+ H-], (C.140)
Qo — 6 Qo. (C.14d)

The rescaling of Qy parametrized by 6 can be absorbed into a rescaling of the angle
¢ and we do not consider it any further. Note that when a = -7}, " = 2,6 =1

and in the limit § — 0 one finds the discrete automorphism given by

H,— H:, Hy—-Hy, Qo— Qo. (C.15)
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Appendix D

Solutions to force-free

electrodynamics in NHEK space-time

D.1 Relevant ordinary differential equations

In this section we list the five ordinary differential equations whose solutions are
present in section 5.5.4.
During the resolution of the three coupled nonlinear ODEs in 6 as described

in section 5.5, we encountered the following nonlinear ODE for X (0; h, ¢y, ¢2):

h2X? [X(y’x' —yX")—y(h=1)(c2 + X2 + X’Z)] +72y XX [ (h-1)cr + hkx] ’
+73| (h=Der+ kX [{(h =1 hX? (01 + kX) + [(h =21 + hEX] X2

+X[(h—1)c1+th]X”} - 0. (D.1)

In the case c; # 0, one might substitute X = ¢; X3 and define ¢ = —z Then all the de-
pendence in c; factors out. We then obtain the differential equatlon for X5(0; h, &)
which is listed below. This ODE was also found in Zhang, Yang, and Lehner (2014).
Upon setting ¢; = 0 one gets another non-linear ODE. When ¢, # 0, h # 0, ¢, can be
factored out of the equation upon a rescaling of X. We denote the resulting func-
tionas X = chi/h(H;A(h)). The ODE for X, is listed below. When both ¢; = ¢, =0
and h # 0 we find a linear ODE that we denote as X = Xll/h(H; A(h)).

Recall that the unphysical region beyond the velocity of light surface lies in
the range 0, < 0 < 7 —0,. In the following, we will assume that all functions X ()
together with their first derivatives are finite in the physical region 0 <0 < 6, and

-0,<0<m,ie., X(0) <oo, X'(0) <oo.

For the extreme Kerr black hole k =1 and v, T are given in (C.2). In particular
it is useful to note that y(r — 0) = y(0), y(0) = y(rx) =0, y'(0) = 1, y'(x) = —1 where
6 = 0 is the north pole and 6 = & is the south pole. Also, 8, = arcsin[v/3 — 1] is the
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lowest positive root of y(0) — 1. All numerical solutions will be plotted only for the

extreme Kerr black hole.

1) X;(0;A(h)

"k2y? +1
ODE, [X;;A(h)] = X!/ + %#x{ + AR X, =0, (D.2)

where A(h) = h(h—1). This ODE appears only in solution (5.65). From the physical
requirement that there should not be any singular magnetic flux at the north and
south poles (see Eq. (D.33)), we impose the boundary condition X; (0) = X; (7) = 0.

The equation is invariant under the transformations & — 1 — h which leaves
A(h) invariant: that is X;(0; h) = X;(0;1 — h). Moreover, the equation is invariant
under the reflection 0 — 7 — 6 so that if X; (0) is a solution, so is X; (7 —0).!

For the special case A =0, i.e. h =0 or h = 1, the solution is

5sin0 + sin 360
19-16k2 +4(3+4k?)cos26 +cos48’

X10;00=C1+C, (D.3)

However, regularity at the velocity of light surface implies C, = 0 and X; (0,0) is
therefore constant which we fix to 0 by the boundary condition X; (0) = 0. There is
therefore no solution.

In general, the differential equations have regular singular points at the zeros
of y and kzyz — 1 which are located at 8, = 0,0, 7 — 0., . Indeed, for each root 8,

we have

Y y*+1
yy?-1 60-6,

+ regular terms. (D.4)

Therefore, Frobenius’ method is applicable. In the generic case, the solution reads
close to the pole 0, as a linear superposition of the power series solutions (6 —
0,)+y n=0an(0 —0,)" where 1. are the two roots of the indicial equation. In case
of double roots, a logarithmic branch appears. Frobenius’ series converges in the
open complex disk that contains only one root.

In the range 0 < 0 < 6, we could start the series from the north pole or the ve-
locity of light surface. Now, the indicial roots are 0 and 2 around the north pole
while there is a double root 0 around the velocity of light surface which leads to

a logarithmically divergent solution. One might however question whether such

IThe function solution to this ODE was denoted as Sy (0) or Sj, ;,=o(0) in Lupsasca and Ro-
driguez (2015) but was not explicitly solved.
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a logarithmic divergence is admissible. After all, the geometry around the veloc-
ity of light surface will be modified significantly when considering the asymptot-
ically flat extension of the geometry. If the logarithmic divergence at the velocity
of light is acceptable, one can simply write an expansion close to the north pole
X1 ~ agh® + a,0? + 0(0*) with the boundary condition ay = 1 and the choice of
normalization a, = 1. The solution then exists for all (complex) values of & and is

defined by a power series expansion.

X1 (6, A(h))
10,
0.8]
06¢ A 15.0277
04°L
’ ——- A~ 59.1289

02}
0.0 e
—02f
—04[
0 0,

A ~ 132.4033
-=- A ~2349028

FIGURE D.1: Solutions to ODE;[X;;A(h)] for the first discrete values of the
parameter A(h) which obey the boundary conditions X;(0) = 0,
X10.)=1.

If one removes the logarithmic branch, there is only one constant of integra-
tion which we fix by setting X; (0.; A(h)) = 1. The solution then takes the form

X10;A) =1+ ) a,(W(©-0.)", (D.5)

n=1
where the coefficients a,(h) can easily be obtained. Now, the physical boundary
condition X; (0) = 0 will be obtained only for a discrete spectrum of A(h). The first
real values of A(h) together with the plot of the solution X; (8; A(h)) in the physical

domain are given in Fig. D.1.

2) XZ (Qy A(h’ CI); Cl)
" Y/ / 1

where A(h, q) = h(h —1) + k?g?. This equation appears in (5.89) with ¢; = g2, in
(5.66) with ¢, arbitrary and in (5.67) with ¢; = 0. The equation is invariant under

all transformations of h, g that leave A(h, g) invariant. In the axisymmetric case
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g = 0 and when c; # 0 we require from the analysis around (D.34) the boundary
condition X, (0) = X5 () = 0.

Let us first analyze the simplest case ¢; = 0. This ODE, generalizes the one
written in Lupsasca and Rodriguez (2015) [see their Eq. (4.9)] for g arbitrary. We
concentrate on solutions which are symmetrical around the equator and there-
fore we only consider the interval 6 = [0,Z]. After performing the substitution

x = sin?(0), ODE, takes the form of the generalized Heun’s equation

X + (oc+,6+1)x2_(a+/3+1+a(y+5)—6)x+ayXé+ aPfx—-b X, =0,
x(x—1(x—a) x(x-1(x—a)
where
A A 1 1
a=2, b——z, aﬁ——z, a+ﬁ——§, Y—l, 5—5 D.7)

Frobenius’ method can be applied. There are poles at the north and south poles
and at the fake pole x = 2. One could therefore expand in a power series at the
north pole and it will converge over the region x € [0,1[. It is important to note
that the equator x = 1 (6 = 7) is not included in the radius of convergence so care
should be taken. At the north pole we find 0 as a double root of the indicial equa-
tion. Removing the logarithmically divergent branch, we get the following regular

convergent power series in the domain 6 € [0, 7 [:
Xo0;Ah, @) = ) dn(A(h, g))sin*"(0). (D.8)
n=0

The solution (D.8) behaves close to the north pole as X,(0) = dy where d is arbi-

trary (which we fix to 1 by linearity of the equation) and X’ (0) = 0. The coefficients

obey the second-order recurrence relation d;+1 = A,dy, + B, d,—1 with dy = —%do
and
6n2—A 2(n-1D2n-3)-A
n= > n=-— (D.9)
4(n+1)2 8(n+1)2

Now, a numerical convergence analysis reveals that the series expansion does not
converge at the equator x = 1 unless A = 0. We interpret this by the presence of
a source at the equator for generic values of A. In Fig. D.2, we plot X»>(0,A(h, q))
obtained from the series expansion truncated to order 20 for some real values of
the parameter A(#, g) (the value of the function around % for A # 0 should be taken

with a grain of salt since the series does not converge there).
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FIGURE D.2: Solutions to ODE,[X5; A(h, q); 0] for different values of the parame-
ter A(h, q).

Let us now analyze the more general case ¢; # 0. > The ODE; is still only sin-
gular at the zeros of y, i.e., at points 8 = 0,7. After performing the substitution
z = sin?(), the ODE, takes the following form
z2—6z+4 (z—2)%c; —4Az

2z(z-1)(z-2) A+ 16z(z—1) X2(2) =0. (D-10)

XJ(2) +

This makes it clear that z = 0,1 are regular singular points so that Frobenius’s
method applies. The two solutions of the indicial equation at the north pole are
Ay = i@. In order to avoid oscillations at the poles we enforce ¢; > 0 from now
on. Only the solution A, is admissible since otherwise the solution will diverge at
the north pole. In the special case where A, — A_ is an integer g which inciden-
tally occurs for ¢; = g%, one independent solution contains a logarithmic branch
which again diverges. Again in this case, only the solution which behaves as z*+ is
admissible.

In all cases, the regular solution is given for c¢; > 0 by

(0,0
Xo(2) =2 Y anz", (D.11)

n=0

where ay is an arbitrary constant and

A
a)=————————Aa, D12
1 e 0 ( )
AZ —4A 1+/c1)+3c1+2+c1)y/cC
a = ( D+3a+@+a) L . (D.13)

32(2+c1 +3y/c1)

%In the case ¢; = g? this equation was considered in Lupsasca and Rodriguez (2015); see their
Eq. (5.23).
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For n=2,we have a,,.1 = Amam+ Bnam-1+ Cpnam—2 where

6m(m+./c1)—A

Am:4un+nun+1+¢af (D.14)
Bm:ZA—4(m—1)(2m—3)+Cl +2(9—4m)\/c_1’ (D.15)
16(m+1)(m+1+./c1)
C1
= , D.1
¢ 32(m+1)(m+1+\/c_1) ( 6)

We fix ay = 1 without loss of generality. In the case c¢; = 0, we recover the recur-
rence relation (D.8). From (D.11) we directly see that for all ¢; > 0, the function X,
obeys the boundary condition X,(0) = X, () = 0. We again observe numerically
that the series (D.11) does not converge at the equator 6 = 7 unless c; is fixed as a
definite function of A(h),

c1 = c1(A(h)), (D.17)

which asymptotes to 0 for A = 0 and to oo for A — oco. For example, for ¢;(10) =
4.90, ¢1(20) = 8.48, c1(40) = 15.02, ¢;(80) = 27.23. In Fig. D.3, we plotted the power
series solution truncated to order 20 to ODE; [X>; A(h, q) = 15, 1] for different val-
ues of the parameter c;. Note that the boundary condition X,(0) = 0 is true only
for c; > 0.

X2(6; A(h)=15, ¢1)

---¢c=0
— C1 =10
- =20

g — C1 =40
c; =80

-04°L

N I8+

FIGURE D.3: Solutions to ODE;[X>; A(h, g), c1] for A(h, g) = 15 and different val-
ues of ¢;.

In Fig. D.4, we studied the behavior of solutions (exceptat = 7) to ODE [Xy; A(h, q), ¢1 =
3] by varying A(h, q) at constant ¢; = 3.
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X2(6; A(h), ¢1=3)

FIGURE D.4: Solutions to ODE; [X; A(h, q); c1] for ¢; = 3 and different values of
Ah, g).
3) X5(0; h, <)
ODE;3 [ X3; h,{] = h2X2 [X3 ' X5 =y X)) —y(h—1)(E+ X2+ X?’f)]
+y2y’X3X§[(h— D+ th3]2+y3[(h— D+ thg]{(h— 1)[hX§(1 +kX3)
+[(h-2)+ thg]Xéz] +X3[(h— D+ hkxg]xg’} = 0.

This ODE appears in solution (5.63). According to the discussion around (D.30)
we require the boundary condition X3(0) = X3() =0.

When h = 0, the equation reduces to
g (y0e(X3 1) = 0. (D.18)
When h =1, the equation reduces to ODE; [X3(0), A = 0], therefore
X30,h=1,8) = X;(0;A=0). (D.19)

We will not solve this nonlinear ODE here. When h # 0, 1, the equation was con-
sidered in Zhang, Yang, and Lehner (2014); Lupsasca and Rodriguez (2015) and
solved in Zhang, Yang, and Lehner (2014) for the case h = —1.

4) X,(6;A(h)

lk2 2 1 A h h—2
ODE,4[X4; A(h)] EXX+Y?#2J:1XQ+A(MX4+ (h)

where A(h) = h(h — 1) which we can rewrite as

Ah) e
gt =0 (D.21)

ODE, [X4; A(R)] +
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This ODE appears in solution (5.64). According to the discussion around (D.32)
we require the boundary condition X;(0) = X4 () = 0.
We will not solve this nonlinear ODE here. Note that when / = 2 the equation

becomes linear with a nonhomogenous term.

! 2h(h—-1)y?
X5 + s 1- ) ( y 2_ 2
(1-k2y?)(Ah, @)y* - q°)
where A(h,q) = h(h-1) + k? qz. This linear ODE appears in solution (5.61).
It admits the symmetries

2
q

Alh,q) - —
2

]Xg + X;=0, (D.22)

X505 h,9) = X50;1-h,q) = X5(0;h,—q) = X5(0;1 - h,—q). (D.23)

We note the special cases

X50;h,g=0) = X;(0,A(h), (D.24)
X50;h=0,9) = X2(0;A=k"q% %), (D.25)
Xs@;h=1,9) = X20;A=k*q% q?). (D.26)

Since the ODE for X; was analyzed previously we concentrate on g # 0 only. 3

There are always two regular singular points in the range 0 < 6 < 7: first at
0 = 0 (north pole), and then at 6 = 0, = arcsin(v/3 — 1) (velocity of light surface).
When # is real and for g # 0, there is a regular singular point at the real root of
Ay? = g? which is always in the range 0 < 6 < Z. There is also an imaginary root
which obeys sinf = %(7—}- V/33) = 2.52 (bound reached at h = %, g =1) soitis
irrelevant for discussing convergence in the interval 0 < sinf < 1.

The two independent solutions behave close to 8 = 0 as 89 and 69, while they
behave close to 8 = 0. as log(@ —0.) and (0 - 0.)°. If one only insists in having a
solution smooth at the north (and south) poles, a solution always exists but it will
be generically logarithmically divergent at the velocity of light surface. In order to
avoid singularities, we need to interpolate between the solutions 89 (we assume
g>0)atf=0and (0 -0,)° at 6 = arcsin(v/3 — 1). This involves a shooting method
which will discretize the possible values of & as a function of g. We then normalize
the solution with X5(6,) = 1. There is therefore no more free continuous constant
of integration. In the range 0 < i <1 and g > 0 the other singularities are not in

the range between the north pole and the velocity of light surface. For h =1 and

3This ODE was also found in Lupsasca and Rodriguez (2015); see their Eq. (3.29) where X; is
denoted as Sy, ;. Our analysis of the ODE however slightly differs.
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h <0, they are but we checked that the indicial equation around the real pole and
imaginary pole has exponents 0 and 2 so an interpolating function between the
velocity of light surface and the north pole will be smooth. The regular solutions

for the first four real values of h are depicted on Fig. D.5 for g = 1.

X5(6, h, g=1)
1.0
0.8}
06}  h~6.0387
04F
- h~ 99507
021
h~ 138111
0.0 0
ool - h~17.6551
—04f
0 0,

FIGURE D.5: Solutions to ODE5[Xs; h; g = 1] for g = 1 and different values of h
such that X5(0) = 0.

D.2 Properties of all highest-weight solutions

In this section, we analyze the properties of all solutions listed in section 5.5.4. In
particular, for each vector potential we compute and list its field strength and its
current. These properties constitute the ID card of each solution. We also com-
pute the canonical Euler potentials (for definitiveness in Poincaré coordinates)
defined in section 5.3. We finally check for regularity of the solutions at the poles
in order to derive the relevant boundary conditions for the ODEs that the solutions
depend on.
We recall the definitions A(h) = h(h—1) and A(h,q) = h(h—1) + kzqz.

(h, q)-eigenstates

There are two classes of solutions with arbitrary nonvanishing highest-weight i
and U(1)-charge g, describing stationary and nonaxisymmetric field configura-

tions.
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Poincaré magnetic

A,y = @11

Xopi? iqy(1 -k o) 3]

g2 —A(h, q)y? >
YX;
g% —A(h, q)y?

+ Xs(wt = w5)]

3
F(h,q) = hq)h—1/1Q[ (_ lq(l _ kZ,YZ) wl + (1 _ h)k'}/z w2 _ WT)

2(1-h)yy' e ®H,

X5+
T - k2y)(g2 - Alh, g)y?) 0| V/ar2

Jig = —P"19hk

where X5 = X5(0; h, g). Since the current keeps its direction upon changing 4, g,
one might linearly superpose solutions with different &, g. The current J 4 and
its complex conjugate (J(,4))* are proportional to each other. Then, we can obtain
areal solution by adding up the vector potential A 4) and its complex conjugate.

We do not consider the trivial case i = 0, because it gives no field strength
F =0. For h =1, g # 0 the solution exists and the function X5 becomes X5(0;1, q) =
X,(0,k*q?, g%). Inthe case g = 0, h # 0, 1, we recover the Poincaré magnetic solu-
tion (5.65) after using the identity X5(0; h,0) = X; (0; h).

In order to get physical insight, it is useful to derive the functional expression
of Euler potentials. We only consider Poincaré coordinates and g # 0. The field
strength describes a stationary and Qp-eigenstate configuration with i3, F = 0 and
df = 0 according to the analysis of section 5.3. Therefore it takes the form (5.34)
with

X5

X -EyY )X
RM’

R,0) = _-TrY |35
ViR0) q?—A(h, q)y? ) X5

Do (R,0) = —iq( (D.27)

The Euler potential v is singular at the Poincaré horizon R = 0, unless £ is neg-
ative. In the special case h =1 and g # 0, we can easily integrate ¥, and obtain
v (0) = —é In(X5) + const.

Poincaré generic

Ay =" A9 R = 1) Xopt" — kq* Xops® + ikqy Xt |
Fing =®""A%h [YXé(ikq w' — (h-Dw?)+

kg% + (h—1)?

+X2(— T

w*+ kq*w® +i(h- 1)qw6)]

H
—iq(h—l)u4]

hk . @
=d" VT =X, | (h—1)%y? kg?—=
Jih,q) T 2[( )Y Qo+ kq /ar
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where X, = X»(0;A(h, q),c1 = g°).

The case h =0 is trivial since F = 0. The current is not proportional to its com-
plex conjugate, unless for the special cases g =0or h =1 or h =1+ iy for any
real u. The case g = 0 coincides with the solution (5.67) and it will be analyzed
below. The case h = 1 actually coincides with the solution (5.61) for & = 1. It was
just analyzed in the previous subsection. The third class is an independent real
solution.

In the generic case g # 0, h # 0,1, the field strength describes a stationary
and Qp-eigenstate configuration with i, F # 0. The canonical Euler potentials in

Poincaré coordinates can therefore be written as (5.22) where

.Xé ikq 1
RO)=h(h-1)—— R)=- -,
N(R,0) = h(h-1) B ==

iqd _
T x1)=0.| (D.28)

K(e

(h #0, g = 0)-eigenstates

Poincaré generic

A(h,0) :C?q’h[—X?_lul+X§lu2i\/Engl_lu3], c1#0

hsh—1yvh-2
Finoy =@ " X3

h

+h/EXsw' +y((h—1) + hkX3) X4w? — k—ngg w3+
Y

(h-1)

+(hX3+ )X3w4—hX§w5]

h&IT — A@©; h, &) OH,
y? V2I

Jino) = cpo X2 [(h ~1)AB; h,&) Qo — hX3

. h(h _Fl)\/EXsfﬁ . h(h —rl)\/E

Xéu“]

where A(0; h, ) is given by

(Cly*(h—1+ hkX3)* — h*XZ)) A6; h, &) =
X3[h*E —y*(h— 1+ hkX3)l[-h X3+ ky*(h— 1 + hkX3)]
+2hyX3(h—1+ hkX3)y' X} — h(h—1)y* X2, (D.29)

where X3 = X3(0; h,¢). In the case h,c; € R and ¢ = 0, the expression of the vec-
tor potential A ) is real. For h =1, we get the Poincaré generic solution (5.74)
[because X3(0,1,¢) = X;(0;0) = constant].
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The Euler potentials for this stationary and axisymmetric configuration fall in

the category (5.4) where in Poincaré coordinates

==

(D.30)

X3\ _ h-1
w(R,e)z(%), W) =FheVEy'n,  Qw)=a —y~

Since 27y (R, 0) is the magnetic flux through the loop of revolution defined by
(r,0), the requirement of having no singular magnetic flux at the north and south
poles is equivalent to the boundary conditions X3(0) = X3(7) =

These potentials allow us to recognize the solution as the one described in
Zhang, Yang, and Lehner (2014) upon identifying their quantities in terms of ours

as

h—-11 h-1 C]
:—h, 0 = X h, 0 C: y D:i_ .
a fO=(@Xs)", gO)=—=5- a— n\/E

Poincaré magnetic

h-1

Ao = ¢ ® [X4,u +XT#

h-1
F(h())—CZCD

+hX w L+ ky X w? —k—X4w + hXy(w* - w®)
Y

, @ h2 C@O;h) ®H, _ h_
Jiho) =l [h(h DX," Qo—kX Fhh-1X,"
(h,0) = C2 Qo Ry =1 var
hh 1
(RIS
Y
where C(0; h) is given by
X/
C(e;h):hy((h—l)xgzm—l) ! 2 1 nk?ys, (D.31)

4

Since d7F = 0, the Euler potentials for this stationary and axisymmetric con-

figuration are given by (5.4) where in Poincaré coordinates

C2 h h_
u/(R,e)z(E) Xs,  IW)=TFhoy & Q) =0 (D.32)

Since 27y (R,0) is the magnetic flux through the loop of revolution defined
by (R,0), the requirement of having no singular magnetic flux at the north and
south poles is equivalent to the boundary conditions X4(0) = X4(7r) = 0. In turn,

regularity of the current at the poles then requires h > 2.
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Poincaré magnetic

A(h,O) = (Dthuz
, 1
Fino = ©" ! ky X, w? - k—yx1 w? + h Xy (w* — w)

o1 2ky' X] + hky X, (1 - k*y*) ®H,
(=1+ k?>y?)yT V2r

where X; = X7(0;A(h)). Currents with different values of & are collinear so one

Jiho =@

might linearly superpose such solutions.

The Euler potentials for this stationary and axisymmetric configuration are

Xy
V(R,0) = 7 I(y) =0, Q) =0 (D.33)

Since 27w (R, 0) is the magnetic flux through the loop of revolution defined by
(R,0), the requirement of having no singular magnetic flux at the north and south

poles is equivalent to the boundary conditions X; (0) = X; (7) = 0.

Poincaré nontoroidal

Ao = D" X, [h,ul ty Clﬂg]
X, 5 (h-D
—w

Fino) = h(Dh_ng(i\/c_lwl—yfzw i

. OH
kv [(h —1)y% = 1100 + ¢ ——
Y Y 11Qo 1\/§F

hX,
—ph—=
J(h,0) 72T

F (h—-Dy* Ve’

X3 4
iY\/C_lz,u ]

where X> = X5(0; h, c1).

For h = 0 this solution has vanishing field strength so is pure gauge. For ¢; =0
we get a Poincaré electric and nontoroidal solution, which has the special property
to admit descendants solutions. The solution is real in Poincaré coordinates for
c1=0,heR.

Since ipF = 0, the electromagnetic field in terms of Euler potentials takes the

special form (5.8) where in Poincaré coordinates,

X
1(R,0) = th—fl, I(p =FVay (D.34)

We observe that in order to prevent singular line currents we need to enforce a

vanishing polar current I at north and south poles, which requires the existence of
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the boundary conditions X, (0) = X, () = 0 for ¢; # 0. For c¢; = 0 the polar current
vanishes but the electrostatic potential y is constant on the north and south poles.

(h =0, g # 0)-eigenstates

Poincaré electric

+f4d0 1
A, = A9 7,

a 1
F(O,q) = /lqeifydg(iqwl + Ew‘l + lqwﬁ)

~(@+yHQo+iqxqp® —uh

_ Aqkeif%de
T

The field strength is singular at either the north or south pole depending upon the
sign. The solution might however be interesting if it is split at the equator with
regular north and south branches.

In terms of Euler potentials and in Poincaré coordinates, we are in the case
(5.22) where

1RO =RTC ,(REO=0, k() =0 (D.35)

The vanishing of y» is related to the absence of magnetic field.

(h =1, q #0)-eigenstates

Poincaré electric - admitting descendants

q
A, =A% Y !
+ /246

F(LCI) = q/l"e (? w2 + sz)

1 40 kg?
Ja.g =A% Y‘*’%(—Qo + i)

The field strength is again singular at either the north or south pole depending
upon the sign. The solution might however be interesting if it is split at the equa-
tor with regular north and south branches. The direction of the current does not
depend upon g and therefore one can linearly superpose solutions with different
g’s. The solution admits descendants.

In terms of Euler potentials and in Poincaré coordinates, we are again in the

case (5.22) where

n@=e7° RO =0, x(p)=0 (D.36)
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(h(q) = xikq, q # 0)-eigenstates

The two following classes of solutions feature a charge-dependent weight h.

Poincaré generic

do
Atnigrg = ®"A 7% (l' kqu' +iqu’ + SzMS), s2=-lorl
a0 1
Fingrq) = ikq@" 1 A9¢% (isz w' —sw” + %"’4 Fiqw’+ iqws)
Jihigp.qp = ®"AT— q e/ ¥ ([+6/+lk(q —1) — k(i +kq)y*1Qo

+[+kg—

i(q —1)](<I>H+
y? V2I

The solution is pure gauge when g = 0. In terms of Euler potentials and in Poincaré

i,u4) + iszu3)

coordinates, we are in the case (5.22) where

ik Il 1
RO ==L R =T K@) =0 (D37)

Poincaré generic

Atnigra = oM7Y [kﬂl + Mz]

Fong,g = q)h_lxlq(w“ +ikg(Fw’ + w6))

OH.
Jintgr,p = @112 (+q+zky)((z+kq)Q0+—( \/—; M4))

In terms of Euler potentials and in Poincaré coordinates, we are in the case
(5.22) where

K 1
NB ==, B =i, K@) =0 (D.38)

(h(q) =1+ikgq, g # 0)-eigenstates

Poincaré generic - null

Athigpg) = "2 [ha1 O +iga, O +yd, (9)/13]
Fg,q = ho1)4 [ya’l O (xw! - w?) + iga;(0)(F w® + wﬁ)]

_xh
Jnigp,q = @" A1

A+ikq)lg*a—yde(ya)l; , . ®H, _ ,
V7T (kY Q=57 +u)

where a; (0) is an arbitrary function. It is a null solution (F,, F*¥ = 0). The current

is nonvanishing for g # 0. Indeed, the current vanishes when a;(8) obeys a’l’ +

/ 2
Y?“i - %al = 0. After a closer look at this differential equation, we conclude that
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a solution is given by X, (0;A(h(g),q) = 0,c1 = g%). The constraint A(h(g),q) =0
however implies g = 0 in contradiction to our assumption g # 0.

In terms of Euler potentials and in Poincaré coordinates, we are in the case
(5.22) where

ha(0)

11(R,0) = F,

1
X2(R) = iE’ k(1) =0 (D.39)

(h =1, g = 0)-eigenstates

Poincaré nontoroidal - null

Aw,0 = ‘D[al @' £1/c3 +lya (9)]2u3]
Fu0 ==+\/cs+lya,@1Pw' —ya 0)w?

0p(yay)
Ja,o =@ T L

!/
a;

OH, N
V2l Jes+ [yal )12

A

—kyQo +

‘

It is a null solution (F,, F*V = 0). This class of solutions does not overlap with the
class above. The current is vanishing when dg(ya;) =0, i.e., when a; = ¢, + [ %d@,
where c; and ¢, are two real constants. Regularity fixes ¢; = 0 so only constant a;
solutions obey Maxwell’s equations.

In terms of Euler potentials, the field strength reads as (5.8) where

X(R,0)=a:(0), I(0) =F\/cs+[yx1? (D.40)

We see that we need c3 = 0 in order to have a regular configuration (no polar cur-

rent on the 6 = 0 axis). We also impose that a; (0) must be regular at the poles.

(h =0, g =0)-eigenstates

Poincaré generic - admitting descendants

A0 = (cl + cgf %)ul

-1 2 Cl+63f% 4
Fo,0 = (—03w +Tw)

ky? do
Jo,0 = _%(Cl +03f7)Q0

The solution with c3 # 0 is singular at the poles. Indeed,

d_@ 3 cos(6)
2

: +1n[tan(2) Da1)
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Therefore we fix c3 = 0. The solution then becomes electric without toroidal fields.
In fact, it is just the maximally symmetric solution. It is related to (5.75) by a gauge

transformation.






201

Appendix E

Spherical harmonics, multipole

moments and surface charges

E.1 Notation and conventions

Throughout this appendix, we use the conventions in Thorne (1980). We adopt
geometric units, G = 1, ¢ = 1, and Minkowski metric with mostly plus signature,
n =diag(-1,+1,+1, +1), to raise and lower space-time indices. Space-time indices
are denoted by Greek letters, while spatial indices are denoted by Latin letters.

Multi-index tensors are abbreviated as
TAl = Tal a...aj- (El)

Round brackets stand for symmetrization T,p) = %(Tab+ Tha), while squared brack-
ets stand for antisymmetrization Tj,p; = %(T b — Tpa). The unit radial vector in
the x; direction is denoted as n; = x;/r, where r = [x| = \/x? + y? + 22, and Ny, =

Ng,...Ng,. The transverse projection tensor P,-]- = 5ij —nin; is used to construct

L
the transverse (T) part of a tensor field

T
(Tayar..a)]” = Palaipuga; ---Paza Ta’la’z...a" (E.2)

/
1 l

The transverse-traceless (TT) part of a rank-two tensor field is defined as
TT 1
[Tij1"" = PiaPjpTap = 5 Pij (Pap Tha) - (E.3)

The symmetric-transverse-traceless (STT) part of a tensor field of rank-two [T;;] STT

is the symmetric part of [Tj;] T, Finally, we denote by capital script letters those
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tensor fields that are fully symmetric and trace-free (STF):

[1/2]
— STF
5'7A, = [Tyl = Z anb (aya, "‘6ﬂ2n—1aZnS“2n+l--~al)j1jl---jnjn’
" nEl-2n-1)! 4
. —2Zn—1).
ap,=(-1)" ( )

(I-2m)!2l-Dhen)

where S4, = [TAI]S is the fully symmetric tensor field constructed from T,,. As an

explicit example of a tensor of rank-2, one has J;; = [T,-j]s - %6,7 Tik-

E.2 Spherical harmonics

In this Appendix, we recall the definitions and the main properties of spherical
harmonics used throughout this thesis and strictly necessary for our computation.

We refer the reader to Thorne (1980) for further properties.

E.2.1 Scalar spherical harmonics

The pure-orbital scalar spherical harmonics Y'™(8,¢) are eigenfunctions of the
squared orbital angular momentum operator L?, which is defined as the angular

part of the Laplacian operator V2 in spherical coordinates (1,0, ¢):

1 a(,60)+ 1 62] E£5)
—— | SINU— — . .
sinf 90 00)  sin?0 0¢?

10 0\ L2
V2= — 2—)——, L?=
rzar(r or) r?

The minus sign in the definition of L? is taken in order to have positive eigenvalues

I(I+1). Explicitly, the pure-orbital scalar spherical harmonics are given by
Y™, ) = Cl el pim(cos(9)), (E.6)

where P'™(x) are the associated Legendre polynomials

mi2 d™P(x)

Im — 1\ (1 _ 42
P'Mx) = (-1 (1-x%) o

) (E.7)

and C'™ are the normalization factors

Im_ o ym [21+1 (1 -m)!
¢7=C0 ar (1+m)! (E-8)

Scalar spherical harmonics are orthonormal on the two-sphere S?

f YImyrm a0 = 6,06 m, (E.9)
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where Y = (=1)™Y !~ is the complex conjugate of Y and dQ = sin8d0d¢.
Any smooth scalar function f (0, ¢) can be expanded either in pure-orbital scalar
spherical harmonics with complex coefficients or in terms of tensor product of /

unit radial vectors with STF-{ tensor coefficients:

oo m=l ; ; 00
fO,p)=> > FMY"=3 F4 Ny,. (E.10)
1=0m=-1 =0
In the main text we sometimes switch between Y ‘" and Y;,, for the ease of nota-

tion.
For practical applications, it is convenient to expand functions in terms of the
real spherical harmonics Y, which we define in terms of standard complex spher-

ical harmonics Y;,, as

S Wm = (DY) m<O,
cmym =1 v, m=0, (E.11)
5 Yi-m+ (D™"Yym) m>0.

Note that we have removed the normalization factor for the real harmonics. For

example, the first few real harmonics will be

z
, == (E.12)
r

E.2.2 Vector spherical harmonics

The pure-spin vector spherical harmonics of magnetic (B-), electric (E—) and ra-
dial (R-) type are defined as (Thorne, 1980)

1
Bylm — __— Ly =nxfy!™ (E.13a)

VIl+1)

1
Evslm Im Bvy/lm
Y"=——rVY'"" =—nx"Y", (E.13b)
VII+1)

Rylm — qy'im, (E.13¢)

Here, V is the Euclidean gradient operator, L = —ir x V is the orbital angular mo-
mentum operator, and n is the unit radial vector. The B- and E-type vector spher-
ical harmonics are defined for / = 1 and are identically zero for / = 0. All of them

are orthonormal, i.e.,

f Iyt I a0 = 6818 mme, VI =B, E, R (E.14)
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where /Y = (=1)™ JY! =™ is the complex conjugated.

The B- and E-type are transverse, while the R-type is radial:
n-By'm =0, n.Ey"m=0, n.Bym=y!m (E.15)

A useful property of the pure-spin vector spherical harmonics is their divergence

Im Im

Y Y
v.Bylm—=o v.Ey"m=-_\/11+1)—, V.-Bym=2— (E.16)
r r

The magnetic type pure-spin vector spherical harmonics are eigenvectors of L?,

while the electric and radial type are not. Explicit computations give

L2 By!™m = 11 + 1) BY!™, (E.17a)
L2 By = 11+ 1) Y™ —24/1(1 + 1) RY!™, (E.17b)
L2 RYy!m = 11+ D) +2) BY!"™ —2/1(1 + 1) BY'™. (E.17¢)

The STF version of the pure-spin vector spherical harmonics are obtained by in-
serting the decomposition of the scalar spherical harmonics Y *” in terms of STE-1
tensors y}g’l" (defined in Eq. (2.12) of Thorne, 1980), ylm = Yy A’Z"N 4,» in the defining
equations (E.13). The result is given by Thorne (1980)

l
BYilm =1/ — 1 gqupy AHNAH, (E.18a)
l T
Evim _ Im
Y By E.180)

Rylm = nyim (E.18¢)

A;-

For completeness, we also write the STF version of the pure-orbital vector spherical

harmonics that are eigenvectors of L? with eigenvalues I'(I’+1)and I’ = (1-1,1,1+

1):
I-1,lm _ |
Yvi - 2l+1ylAl 1 Al 1’ (Elga)
Lim_ .| ! !
Vi = i\ eivatpYgh,  Nav (E.19b)

20+
I+L,im _
Yi B l+1 y’Al 1A

nYA " Na, - (E.19¢)

(21+1
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Any spatial vector field v; can be expanded either in pure-spin vector harmonics

or in pure-orbital vector harmonics:

oo I oo I
=0 m=—1 I=1m=-1
o0 o0
= Z niRaNa, + Z (eipan@qu—lNA1—1 + [8iAz-1NAz—1]T)’ (E.20b)
=0 =1

from which one deduces, by using the STF decomposition of the pure-spin vector
harmonics in Egs. (E.18), the relations between the STF coefficients and the vector

harmonic coefficients (Thorne, 1980)

! l l 1
Ba=\777 ; BMY,T, (E.21a)
8a, = Z E"™y, (E.21b)
m— l
1
Rp = Y. RMYL™ (E.21c)

m=-1

E.2.3 Tensor spherical harmonics

The pure-spin tensor spherical harmonics are defined as (Thorne, 1980)

Lopim — n @ny!™, (E.22a)
1
TOmIm Im
TIm = _—_pylm (E.22b)
V2
Elplm _ r [n®vylm]s (E.22¢)
I(1+1) ’

Biplm - 1(12 [n® zLY’m] (E.22d)
E2mlm _ (l 2)
T/ = [2 T [v , (E.22€)

[-2)! STT
peqim _ [, 020, [VLY”"] (E.221)
(1+2)!
The longitudinal (L0) and transverse (T0) spin-0 tensor harmonics are defined for

I =0, the E1- and B1-type spin-1 tensor harmonics for / = 1, and the transverse
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and traceless (E2 and B2) spin-2 tensor harmonics for [ = 2. All of them are or-

thonormal, in the sense that
fTr(JSTlm ]rszl/m/) dQ=6576556118 mm (E.23)

where /KT!m = (—1)™ JKT!=m is the complex conjugated. Pure-spin tensor har-

monics obey the following directional properties

1
V2
n- BlTlm — L BYlmy n- EZTlm — 0, n- BZTlm — 0. (E.24b)
V2
The trace of the pure-spin tensor harmonics read as
Tr (LOTZ’”) —ylm (E.252)
Tr(TOTlm) —V2yim, (E.25b)
Tr (]stm) ~0, JS = (E1,E2, B1, B2) (E.25¢)

and their divergence is given by

Y
y. Lopim_o_~ (E.262)
r
TOrdmy 1 EYlm RYlm
y. Tog i VI+1) . -2 — | (E.26b)
1 EYlm RYlm
v EITI’”——Z 3 ~VIl+1) . ] (E.26¢)
Bvylm
v BIT”":% Y , (E.26d)
r
| Evylm
v. Baplm — _ +2r 1 Y , (E.26€)
20-2'1(1+1) r
(1+2)! 1 Bylm
v. B2pim _ _ E.26
\/2(1—2)!l(l+1) r (E.261)
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The STF version of the pure-spin tensor spherical harmonics are derived in
Egs. (2.39) of Thorne (1980)

BT = nin Y3 Nay, (E.27a)

T0 4l
T/ = Ly JYNT Ny, (E.27b)

\/E

! I
o T = \' 771 ( Uy)Al INAI—1_ninij’lnNAl); (E.27¢)
mpin = [ 2 N E.27d
ij =\ 751 €papYga, Naio (E.27d)

2(l— 11 TT
(l+1)(l+2) [yl]Al 9 Ny, 2 ) (E.27e)

2(1-1)1

1 TT
Tenura et Na| - (E.271)

It is useful to notice that the pure-spin tensor spherical harmonics of type E2 and
B2 are proportional to the TT part of the following pure-orbital tensor spherical

harmonics (Thorne, 1980)

21-2,1 (I-D! !
1 U (5260

21-1,lm _ . 2(1-1)1
Ty " =i i i Ynaa Nare (E.28b)

that are eigenfunctions of the squared angular momentum operator L? with eigen-
values I’(I' + 1) with I’ = [ - 2 for Tizjl_z'lm and I’ =1-1 for Tizjl_l'lm. These pure-
orbital tensor harmonics can be rewritten as linear combination of pure-spin ten-

sor harmonics as follows (Thorne, 1980):

T.Z.l—z,lm — (I-Dl LOplm _ (I-1l TOlm
H 2I-1@2l+1) H 221-1D(21+1) ”

o[ 2EEDUAD g, [ UADURD g (g gy
@i-pei+) U T\ 2ei-peivy '

1 1+2
21— llm Bl BZ
T;, ‘/2l+1 T/ \/ T T/, (E.29b)
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E.3 Proofs

E.3.1 Thelinearised radiating configuration (4.13) in terms of spher-
ical harmonics

The linearised perturbation h,, in Eqgs. (4.13) can alternatively be expanded in

terms of scalar, vector and tensor harmonics as follows

oo l 1 (I+k) (l—k)Ilm(u)Ylm

oo = ., withI'™ =0, E.30a
” IZ;’)lel ];)Zkk!(l—k)! rk+1 ( )

1 1 ( k)' (l—k)SIM(u) Blem . )
Zimzl(Hl)'kzbzkkv (1-k)! e + (E.30b)
_i Z ’i 1 (I—1+k) U=Rpimgy eyim, L wyim
1=2m=-1 zkk' (I-1-k) rk+1 J [+1 J !
iy = oo+ (E.300)
-3 i l‘zl 1 (-1+k) CRsimay [ [1-1 gty i) |
1=2m= (l+1)' = 02kk' (I-1-k) rk+1 1+2
2 L4 24 )1 U=hpim
Yy = Z | (I-2+k) ()
I=2m=-1 02Kk (1-2—-k)!  rk+l

20-D1  19.1m (=Dl 70,0m El Im  E2plm
S LA 7 S B Gt LN 4 7T B T! Tim|
x( (+1)(+2) U U+1)(+2) i ij

The main elements of proof of the equivalence of STF tensor decomposition (4.13)
and the spherical harmonic decomposition (E.30) are presented below. The ex-
pression (E.30) has been useful in chapter 8.

The multi-index derivative of a STF-! tensor, which is function of the retarded

time u = t —r, can be expanded in terms of its derivatives as (Thorne, 1980)

ﬂAl(u)) Lo ER L, (N, 1 (+k)

aAl( = (- 1) chl A » Ckl:ﬁ(l—k)! (E.31)

where =0 7 4 ,(u) is the (I - k)-th derivative of A 4, (1) with respect to the retarded

time coordinate u. In particular, we have

1\ Dieli-nn
aAl (;) = TNAI. (E32)

The relations between the STF-I coefficients (and their derivatives) and the har-

monic coefficients can be read from the STF-/ version of the scalar, vector and
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tensor harmonics in Egs. (E.10)-(E.18)-(E.27):

1
1709, = 3 Oy, (E.33a)
m=-1
) l
(- . _ (I-k)rlmq lm
Yiaa=\/7 +1m;l myie (E.33b)
l l
(I-k) o. — (I-k)glmq ylm
Sia =17 +1m§—l sS™Yim (E.33¢)

-bg.. = 2(-D! i 1=k plmq im (E.33d)
The S\ U a+2) =, PjAL’ '
_ 20-1n1 &
ke = _ (k) glmq  Im B
St \ G+ Du+2) m;_l 57 Yijary (E.33¢€)

The proof then uses the definitions of the pure-orbital vector harmonics (Y I=LIm ylim yl+1,Im)
in Egs. (E.19) and their relations with the pure-spin vector harmonics (Y™, Fy!™, Ryim)
in Egs. (E.13). Along the same lines, we use the definitions of the pure-orbital ten-
sor harmonics (T2 1=bim 2 1=2,lmy jp Egs. (E.28) and their relations with the expres-
sions of the pure-spin vector harmonics (20T, T0Tim Blpim Elpim B2pim E2pim)
in Egs. (E.29).
After tedious but straightforward algebra, we get the harmonic decomposition
in Eq. (E.30). Notice that the harmonic decomposition contains all the the degrees
of freedom of a spin-two symmetric tensor field, namely the pure-longitudinal
and the pure-transverse spin-zero modes (Lopim TOTImy the mixed transverse
and longitudinal spin-one modes (Blrim Elrimy
traceless modes (B2T!™, E2lm)

and the physical transverse and

E.3.2 General residual transformations

We want to find the most general class of solutions to O, ¢# = 0 in terms of scalar
and vector harmonics. We shall not use a Fourier transformation since linear
modes in ¢ are important solutions. Let us start with the most general vector field
¢ decomposed in terms of scalar spherical harmonics Y™ and pure-spin vector

spherical harmonics (Bylm Eylm Rylm)

(o) !
A EOEDNDY (Slm(r,r) Y’m(e,cp)aomlmu,r)RYi’m(e,cp)ai)+
I=0m=-1
oo I
+3° Y (Bim(t,r) PY/™0,9)+ Eim(t,r) FY{™0,00) 0y,

m=-1

(E.34)

~
[
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where the angular dependence is encoded in the spherical harmonics and the
time and radial dependence is encoded in the coefficients of the linear combi-
nation.

For definiteness, let us study the solutions to O0,¢ 0 =0 in full detail. The har-
monic gauge condition amounts to the following partial differential equation for

the coefficients S;,,, (¢, 1)
12 (=05Sim +02Sim) + 270, Sy — 11+ 1)Sy,, =0, (E.35)

where we used the property that L2y!'m = (1 +1)Y!™. Since 0; is a Killing vector,
we can assume the separation of variables S;,,(¢,7) = fi,,(t) g1m(r). Then Eq. (E.35)

may be written as (we drop the labels / and m for ease of notation)

f(O[r?o7g(r) +2rd,g(r) - (1U+1) —w*r*) g(n] - r*g(n) 05 f (O +w* f(D] =0,
(E.36)

and it splits into two ordinary differential equations for f(¢) and g(r):
Ff)+w’f()=0, r*07g(r)+2rd,g(r)—(I+1) -w?r*)gr)=0. (E.37)

There are two classes of solutions that are qualitatively different:

1. Oscillatory modes (w # 0). In this case the solution is a linear combination

of the spherical Bessel functions of the first and second kind

Sim(t, 1) = e ey J)(wr) + 2 Yi(wr)); (E.38)

2. Zero modes (w = 0). In this case the solution is expressed as linear combina-

tion of 4 modes:

Sim(t, 1) = (c1t+ )+ (cat+c)r L. (E.39)

Outer symmetries are defined from the zero mode class alone. Moreover, the solu-
tion ~ r~/~1 is a gauge mode which is discarded. We therefore focus our attention
to the class of solutions given by the linear combination of the regular solid scalar
harmonics r'y'™

E=(crt+cyrly™. (E.40)

The coefficients By, in (E.34) obey the same constraint as in Eq. (E.35), be-
cause the vector harmonic 2Y!”” is an eigenvector of the operator L?. Hence, the

coefficients Bj,, are again given by the above form for S;;,, and the solutions of
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interest read as
Br _ 1B+ Ilm
Si=(at+e)r 7Y™, (E.41)

For the electric and the radial components of the vector field (E.34), the har-
monic gauge conditions are not satisfied independently. Therefore, we demand
that their linear combination is a solution to the D’Alembertian equation and we

find four linearly independent solutions:

t+cy 1 — t+ y'lm
Val+1ri? \/(l+1)(2l+1) ri+l
cit+c 1 ct+c
yim _ Vi+1 Eylm /] Bylm)| = v(rly!™),  (E.42b)
2 mrl( ) \/mr” !
ct+c ;4 Exsl Rylm|_ _Cl+C o 1o im
Yim = Y VI+ 1 EY + VI By vrtytm), (E.42¢)
RN YES| ( ) VIRI+T)
Yim _ Clt+ C2 rl+1 (ﬂEYl’”_ \/m}?Ylm) _ Clt+62 r2l+3v(¥)'
V2I+1 VI+DR2I+1) ret

(E.42d)

Again the first two solutions are pure gauge and are discarded. The vector Yim
is parallel to Yflm and the vector Yém is parallel to Yém. The vectors Y{m and Yé’”
are manifestly solenoidal and irrotational, because they are proportional to the
gradients of solid harmonic functions. Instead, the divergence and the curl of Yém

and Yflm read as

VY= —(c1t+0)21-1) Loy VXY= —(cit+0c)21-1) L1 By
. = — — R — X = — — _
2 e 2041 rl+1 2 e 2041 rl1”

(E.43a)
1 l
VY = (it +0)R1I+3) ) ——r Y™ vx YY" = (¢t + ) (21 +3)1 | —— ! BY!™,
4 (a 2)( ) 5T+ 1 s =(a 2)( ) 5T+ 1
(E.43b)

The vector field V in the main text is indeed the time independent part of Yy:

1 ylm 1
VIA+D2I+1) r+l) V2l ( )
(E.44)

E.4 Canonical surface charges

In four-dimensional General Relativity, the infinitesimal canonical surface charge

associated to a vector field ¢ and a linearised metric sy, around the background



212 Appendix E. Spherical harmonics, multipole moments and surface charges

Suv is given by
Kelh; 81 = \/—gkgw[h; gl (d*x) v (E.45)

where (dzx)m, = levapdx® AdxP and

ké” =& (VFh =V h"7) +E VY RH + %h@véﬂ — hPYV M + %h‘” (VHEG + VM),
(E.46)
Here, the background metric is used to lower and to raise indices, e.g., h*¥ =
ghagvp hap and h = g*Vhy,. The symbol V,, stands for the background covariant
derivative.
The corresponding linearised charges Q¢[h; g] associated to the vector field
¢ are obtained by integrating the space-time 2-form k; over a two-dimensional

sphere S X
Qelh; gl = %fskg[h;g’]. (E.47)

The parameter a reflects the ambiguity at adding a boundary form of the form
E ~ (d2 x) v (08)H*A(0g), to the Lee-Wald symplectic form of Einstein gravity (Lee
and Wald, 1990). For a@ = 0, one has the Iyer-Wald charge (Iyer and Wald, 1994) and
the Lee-Wald symplectic structure (Lee and Wald, 1990; Wald and Zoupas, 2000).
For @ = 1, one has the Abbott-Deser (Abbott and Deser, 1982) or, equivalently, the
Barnich-Brandt charge (Barnich and Brandt, 2002) and the invariant symplectic
structure (Compere, 2007a; Barnich and Compére, 2008).

We take the background metric to be the Minkowski metric g,y = 1,y and we
adopt Cartesian coordinates (t, x, y, z) = (t, x1). Background covariant derivatives
reduce to partial derivatives V,, = d,. Simple algebra reduces Eq. (E.46) to the ex-

pression

2k = &1(3hoj — = hoo) + &7 (hij = 0ihoj) = &° (37 +0ihoo — 0 i) +
1 . . . ;
+h (0:6° + &) + ood" + hoid® — o;0 6"~ hijo £+ (E.48)
a .. . .
+ | oo (0:€° = &) + hoj (9:¢+ 0;81) ~ 2hid + i (0;6° =) .
where &; = &, but & = —&°. The dot stands for time derivative, i.e., huv = dohyy.
For higher curvature theories or for a large class of matter theories (see e.g. Iyer

and Wald, 1994; Compeére, Murata, and Nishioka, 2009; Azeyanagi et al., 2009, for
the explicit expression of k).
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E.4.1 Coefficients of the surface charges

The coefficients appearing in (8.26a)-(8.26b)-(8.26c) are given by

Cro. D) = — 2 1 2r-t @21-p) § (£.493)
LPE==0 o\ a1 o U=pe 1) 4

a (p-Dp [2(1-1)
X[z(l DUI-p+D)+I1ll-p+3)-2(p—-D+ 5 (1 l+2)

22r-L2l-p-2) §

)

P D= i, (E.49b)
12l-p+2)! I(1-1)
2@21-p-2) 2(l+1)(l+2)P(P 1)[2+4l(1+2(l p))+plp 1)]},
_ 2207 @2l-p-2)! 121 - p)!
e D= ey {_(21—;9—2)!+(1_61’)v 1+ 1) (E.49¢)

X

~ 20=p) (2 o1 1y ~ 20+ [2(1-1) }
2l-p(p+1)+ 771 207 -21-1)-a@lI+1)(-D]+p(p 1)l+1 27 :

For the sake of completeness, we write the charge associated to V = r’*! (\/7 Eylm _ \/T+1 Ry! m)

It reads as

I+1
8nG Q=Y Cy(p, DrP™ P im(y), (E.50)
p=1

with the coefficient Cy (p, ) being

1 2Pt @2l-p-1)
G D= T s pr
x vz+1(2l—p+1)(2l—p)—(1—511)\ﬁ[p(p—8l—7)+4l(2l+3)+6—(2l+3)(l—p+1)a]].

(E.51)

From (E.50), we clearly see that the associated charge is vanishing at spatial infin-
ity. Moreover, the surface integral in the near zone which could in principle corre-
spond to a multipole moment is also vanishing. Accordingly we have ignored this
vector in this thesis, although it might be important in more general theories of

gravity, as discussed in section 8.5.

E.4.2 Multipole charges of a harmonic gauge perturbation

The multipole charges discussed in this thesis are computed in canonical har-
monic gauge. As explained in section 8.2.3, the term “canonical” refers to the
extra conditions that are met by the metric configurations in addition to respect-

ing the harmonic or de Donder gauge. Assuming asymptotically flat boundary
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conditions, the canonical conditions amount to reaching mass-centred frame and
reaching (8.19). The purpose of this section is to investigate whether one can relax
the last condition (8.19).

To this end, we compute the variation of multipole charges Q¢ under a vari-
ation in the metric of the form 6,8, = Zn ,Wl that preserves de Donder gauge,
asymptotically flat boundary conditions and the mass-centred frame but violates
(8.19). The most general form of such vector is given in STF harmonics in Section
VIII Eq. (8.9) of Thorne (1980), while its spherical harmonic expansion turns out

to be
x U L1 d+R!(1 yim
(0 = I;O m;l(_l)l kX‘b Zkk' (l k)' ( (- k+1)Klm(u) (I- k)DlT’H(u)) = (E 52a)
R . US| GRS
(i= —51220 mZ D ZO T (E.52b)

(l—k+l)Kln’L(u) R Y.lm
i

rk+1

(I=k) -ilm
x [#(\/l(lﬂﬁylm—(m 1)Ry.lm)—
rk+2 l !

12 L& 1 d+kr CONT @) Py
-= -1
2Z Zl( ) [Z 2kt (1-k)! rk+1

“ 2k k! (I-1-k) rk+1 ! [+1 ! .

The four components of the vector field {# are harmonic functions and depend

upon four arbitrary functions of the retarded time u. They must satisfy the same
behaviour as (8.27). We now compute the charge variation 6, Q; = ﬁ Jske(Zem;n)
where ¢ is one of the multipole symmetries (8.9). Explicit computation shows that

the charges computed at a surface S of radius r are given by

Im_ 4\l a &2rtel-p) P (p+D) plm
871G 6:Q;" = (-1 (I-DVII+1 3 ;0 ) N'™, (E.53a)
2P-L21-p-2)! 21+1
871G 5,QY" =-(-D'(1-D1 rP (P)H’m+(P+2’K’m]
Q" Z’o p! (I-p-1)! VII+1)
+81G t5,QL" (E.53b)
2Pt 21— p- 2t

871G 6,Q" = (-1 (1- 1)1 Z (E.53¢)

= pl (U-p- >

« 1P [ (= 2)P¥2 plm 4 (p+3) gelm a 21+1 (p+1)Hlm)_

2 \/l(l+1

'Note that 67 8uy = LeNuy + L hyy but the latter term is vanishing in linearised theory as both
¢ and hyy are infinitesimal.
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Now we send S to spatial infinity. As a result, all the charge variations vanish,
except the mass multipole charge variation 6, Qé’” - t6ng{”, due to the function
H!'™. These gauge transformations correspond to functions {’ = d;e with € har-
monic.
For the sake of completeness, the charge associated to V™ = r+1 (\/7 Eylm _ /141 Ry m)

is given by

1 lor=l2l—p+1)!
871G 6 Q" = =(-1)'V1 1{ P\d(p,1) VD" (w) + k(p, 1) PHVK™
nG 6 Q" = 5 (-1'VI+ p;) T CED (W + k(p, ) PV (w)|+
Elop=l2l-p+1)!
( pr )h(P,l)rp (p_”Hl'"(Lt)}, (E.54)
p=1 p! (U—-p+1)!
where
1
N=————12+413+21(6- 2127 - -~ .
dp,1) 2(2l—p+1){ +41°+21(6-5p) +21°(7-2p)+ p(p—3)+  (E.55a)
ral2+28 + 15 -2p) + 1(p* —4p+5) + p(p -3},
1
kp,l) = E(l +2)[2(1+1) - p], (E.55b)

L b _aypp-1
np.D =7 l+1(21+3)(1 2)21_’9“. (E.55¢)
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