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Introduction

The coordinate algebras of algebraic groups provide classical exam-
ples of Hopf algebras and the interaction between Hopf algebra theory
and algebraic geometry that arises from this construction has showed
to be very fruitful for both worlds. One of the most fascinating exam-
ples of this interaction are the beautiful theorems of Deligne concerning
Tannaka-Krein duality and the reconstruction of an algebraic group out
of its category of representations, which correspond to the categories
of comodules over the associated Hopf algebra (see [23, 24]). With the
rise of quantum groups in the 80s of the 20th century, deformations of
Hopf algebras associated to algebraic groups have inspired the field of
non-commutative (algebraic) geometry, where non-commutative alge-
bras play the role of non-commutative spaces and (non-commutative,
non-cocommutative) Hopf algebras coacting on these algebras play the
role of symmetry groups of these spaces, see [39].

The aim of the present thesis is to introduce a new type of sym-
metries in (non-commutative) algebraic geometry, that correspond to
partial group actions.

It is well-known that (usual) actions of a (discrete) group G on a
k-algebra A are in correspondence with semi-direct product structures,
or smash product structures, on A ® kG. In order to describe certain
algebras (such as Toeplitz algebras) as a generalized smash product,
the notion of a partial group action was introduced about 25 years ago
in the setting of C*-algebras by Exel [31]. Roughly, a partial action
of a group G on an object X associates to each element of G' an i-
somorphism between two appropriate subobjects of X. In case these
subobjects always coincide with the whole object X, the action is a
usual (or as we will call them from now on: global) group action. Im-
mediate examples of these partial actions can be obtained by restricting
a (global) action to an arbitrary subobject of X. Since its introduction,
this notion of partial group action, has been investigated from a purely
algebraic point of view where one considers partial actions of a group
on an algebra. Many interesting results have been obtained, such as
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the globalization of partial actions [1, 3], relations between partial ac-
tions and groupoids [2], a generalized Galois theory where the Galois
groups act only partially on field extensions [29]. Closely related to
partial actions is the notion of partial representations, which unify in
some sense classical group representations and partial actions on alge-
bras. It has been shown that these partial representations are not only
interesting to study partial actions, but earn a place in classical rep-
resentation theory. The study of partial representations, rather than
classical ones, allows to probe deeper into the internal structure of the
group. Indeed the associated “partial group algebra” is not only deter-
mined by the group itself, but also by its lattice of subgroups, which
allowed to proof a partial version of the famous isomorphism problem
for group algebras, see [27], [28]. A survey of the known results about
partial actions and representations of groups can be found in [25, 26]

The above mentioned Galois theory for partial group actions was
given an interpretation in terms of Galois corings in [19], motivated by
the fact that such an interpretation exists for classical Galois theory
[44]. Moreover, the formulation of Galois theory in terms of corings
(17, 18, 30, 20] covers also many other (Galois) theories, such as
the Galois theory of rings [22] and Hopf-Galois theory [40]. From the
geometric point of view, the interest of Hopf-Galois extensions is that
they describe (non-commutative) principle bundles [43]. This inspired
Caenepeel and Janssen in [21] to bring partial actions from the setting
of groups to the setting of Hopf algebras and to unify partial Galois
theory with Hopf-Galois theory. This approach has shown to be very
successful in the sense that many classical Hopf-algebraic results appear
to have a partial counterpart [5, 7], and many results from partial group
actions were given a Hopf-algebraic counter part [6]. For an overview
of the results of partial actions in the setting of Hopf algebras we refer
to the review [14]

However, in this initial approach, several aspects of the theory re-
mained unclear. For example, the definition of Caenepeel and Janssen
only allowed to describe partial (co)actions of Hopf algebras on other
(co)algebras. It was not possible to define partial actions on vector
spaces nor to define partial actions of algebras other than Hopf alge-
bras. A next step was made in [9], where it was shown that, in analogy
with classical actions of Hopf algebras, partial actions can be viewed
as internal algebras in an appropriate monoidal category. However,
in contrast to the classical case, the monoidal category in play is no
longer the usual monoidal category of representations (or modules) of
the Hopf algebra H, but rather the category of partial representation-
s which coincides with the category of representations over a newly
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constructed Hopf algebroid H,,,. Lately, it was shown in [10] how par-
tial representations can be globalized and the partial representations
of Sweedler’s 4-dimensional Hopf algebra were completely classified.

A recent development in the theory of partial actions, is the ap-
proach of [42], where the initial theory of parial actions over C*-
algebras is merged with the Hopf-algebra setting, in the study of partial
actions of C*-quantum groups, which leads to a theory of partial action
of multiplier Hopf algebras [13].

Despite the above described success of the theory of partial actions
and coactions in the sense of Caenepeel and Janssen, it turns out that
if one studies partial actions of Hopf algebras that arise from algebraic
groups, the partial actions are not what one would expect. Indeed, it
was observed in [15] that a partial coaction of a Hopf algebra O(G),
which is the coordinate algebra of an algebraic group G, on an alge-
bra O(X), which is the coordinate algebra of an algebraic space X,
is always global unless X is a disjoint union of non-empty subspaces.
The spirit of partial actions would however also ask for more involved
examples, where the elements of the algebraic group G act as an iso-
morphism between arbitrary algebraic subspaces of X. Indeed, as we
mentioned before examples of partial actions can be constructed by
restricting global actions. If the algebraic group G acts (globally) on
an algebraic variety X, we expect that the same group acts partially
on arbitrary subvarieties of X. For a more concrete example, one could
consider two circles in the real plane intersecting in two points. From
the global point of view, such a configuration has only few symmetries.
Nevertheless, each of the individual circles has a lot of symmetries.
Partial actions allow to describe at once the (few) global symmetries of
the pair of circles, and the (many) symmetries of the individual circles,
as well as combinations of these.

To overcome this problem, we propose an alternative definition
of partial (co)actions of Hopf algebras, that we call geometric par-
tial (co)actions and that also allows us to bring partial action into
the realm of non-commutative geometry as the algebraic structure to
describe partial symmetries.

To arrive at this goal, we will first give a detailed study of partial
actions of groups on sets, and provide a new approach to these. This
approach is motivated by category theory, where partial morphisms
have an interpretation as spans where one of the legs is a monomor-
phism. Given any category C, one can build this way a bicategory of
partial morphisms, which is a full subbicategory of the category of s-
pans over C. A partial action of a group G on on object X is then
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noting else than a lax functor from G into the endo-hom category of
partial morphisms from X to X.

Based on this viewpoint, we generalize the notion of partial action
of a group to partial (co)actions of (co)algebras in arbitrary categories
with pullbacks (respectively pushouts). More precisely, given a coalge-
bra H in the monoidal category C, a partial comodule datum for H is a
quadruple (X, X e H, 7, p), where 7 : X ® H — X @ H is an epimorphis-
m and p: X — X e H is a morhpism in C. By considering 3 levels of
strictness for the coassociativity condition on a given partial comodule
datum, we consider then 3 versions of partial comodules: quasi, lax
and geometric partial comodules. The name for the latter version is
motivated by the fact that the above mentioned examples of partial
actions of algebraic groups arise exactly as those ‘geometric partial co-
modules’. The initial partial actions of groups coincide with geometric
partial actions of groups, viewed as coalgebras in the opposite of the
category of sets. In case of arbitrary (Hopf) algebras, this new notion
covers the one of Caenepeel and Janssen, but allows to go beyond the
notion of partial actions and partial representations as discussed above.
Finally, our definition allows to consider partial (co)modules over arbi-
trary (co)algebras, where before it was only possible to consider such
structures over Hopf algebras (with bijective antipode).

Although partial comodules are only a laxified version of classical
comodules, they share surprisingly many properties with classical mod-
ules. In particular, we show that a version of the fundamental theorem
for comodules is still valid for geometric partial comodules and the
category of partial comodules is complete and cocomplete.

As we have mentioned before, one of the key features of Hopf alge-
bras, is that their categories of (co)modules have a natural monoidal
structure, inherited by the monoidal structure of the base category
wherein the considered Hopf algebra is defined. At this point the the-
ory of (geometric) partial modules becomes different from the global
theory. Indeed, although the category of quasi partial comodules over
a bialgebra can be shown to posses a monoidal structure, the more
interesting category of geometric partial comodules has only a oplax
monoidal structure [36]. By definition an oplax monoidal structure
requires the existence of n-fold tensor products, along with suitable
coherence conditions. Where the tensor product of global comodules
over a Hopf k-algebra is given by the tensor product of the underlying
vector spaces, the vector space tensor product of two geometric partial
comodules is in general no longer a geometric partial comodule. There-
fore, their tensor product is defined as the biggest geometric quotient
of the underlying vector space product.
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Using this oplax monoidal structure, one can give meaning to an al-
gebra in the category of geometric partial comodules. We discuss these
‘geometric partial comodule algebras’ and initiate a Hopf-Galois theory
for them, which allows us to consider ‘partially principle bundles’.

The thesis is organized as follows. In Chapter 1 we recall sever-
al basic notions and theorems in category theory that will be used
throughout the thesis. We also study the monoidal structures on cat-
egories and in particular, we present some new observations about lax
monoidal categories. In Chapter 2 we recall the classical definition of
partial group actions, then we give a categorical interpretation of them
by means of spans. We introduce the concepts of lax and quasi partial
actions. In Chapter 3 we recall the basics of the theory of Hopf alge-
bras. We refer to Caenepeel and Janssen’s definition of partial actions
and coactions of Hopf algebras and we point out that their definition
can not describe the partial actions on spaces that can not be decom-
posed as a disjoint union of subspaces, which, as mentioned above,
is one of the motivations of this thesis. To overcome this problem,
in Chapter 4 we introduce the concepts of quasi, lax, and geometric
partial comodules over coalgebras. We study the properties of them
and talk about the completeness and cocompleteness of the category
of partial comodules. Furthermore in Chapter 5, we focus on partial
comodules over Hopf algebras, we discuss the monoidal structures on
the category of geometric partial comudules over Hopf algebras. Final-
ly, we will mention the geometrically partial Hopf-Galois theory which
can be studied using our new notions.

Most of the original results in this thesis are contained the paper

33].






CHAPTER 1

Categories and monoidal structures

In this chapter, we will recall the basic notions from category theo-
ry with a lot of examples. Of course, it is not our aim to reproduce the
content of excellent text books such as [16] and [38] to which we refer
the reader for further information, but we will focus on results that will
be needed in the further parts of this thesis. We will recall the follow-
ing results: The existence of limits is equivalent with the existence of
products and equalizers; A cocomplete category that is well-copowered
with a generator is complete. Then we focus on monoidal categories
and present some new observations about lax monoidal categories.

1.1. Categories and limits

Definition 1.1.1. A category C consists of the following data:

e a class Ob(C) of objects whose elements is usually denoted by
X, Y, Z..;

e a class Hom(C) of morphisms whose elements is usually de-
noted by f, g, h.... Each morphism f has a source object X
and a target object Y. We write f : X — Y and say “f is a
morphism from X to Y”. Hom¢(X,Y) denotes the class of all
morphisms from X to Y;

e for any three objects X, Y and Z, there exists a binary oper-
ation called the composition of morphismes:

o : Home(X,Y) x Home(Y, Z) = Home(X, Z), (f,9) = (9o f)

such that the following axioms hold:
e (associativity) for any objects X,Y,Z, U and morphisms f €
Hom¢(X,Y),g € Home(Y, Z), h € Home(Z,U), we have:

ho(goef)=(hog)of

e (identity) for every object X, there exists a morphism idy :
X — X called the identity morphism of X, such that for every
morphism f : X — Y and every morphism g : Z — X, we

1



2 1. CATEGORIES AND MONOIDAL STRUCTURES

have:
foidy =f, idxyog=g

Remarks 1.1.2. (1) Hom¢(X,Y) is usually written as Hom(X,Y") for
short and idy is usually denoted by 1x or X itself, if no confusion
can be made.

(2) Ob(C) and Hom(C) are not necessarily sets. A category C is called
a small category if both Ob(C) and Hom(C) are sets. A locally
small category is a category such that for any two objects X and
Y, Hom(X,Y) is a set.

Definition 1.1.3. Let C be a category and f : C' — D a morphism in
C.

We call f a monomorphism if for any morphisms g, h : X — C' with
fog= foh,it follows that g = h.

We call f an epimorphism if for any morphisms g, h : D — Y with
go f=ho f,it follows that g = h.

We call f an isomorphism if there exists a morphism f=': D — C
such that fo f~!' =idp, f~ o f =idc.

Remarks 1.1.4. (1) If f is an isomorphism, then f~! is unique.

(2) An isomorphism is a monomorphism and an epimorphism. Con-
versely, a morphism which is simultaneously a monomorphism and
an epimorphism is not necessarily an isomorphism. For example,
ring morphism Z — Q.

Examples 1.1.5. (1) Category Set. Objects are sets and morphisms
are functions between them.

(2) Category Grp. Objects are groups and morphisms are group mor-
phisms between them. Similarly, we have the category of rings
Ring.

(3) Let R be a commutative ring, then g M denotes the category whose
objects are (left) R-modules and whose morphisms are morphisms
between R-modules. If R = k is a field, we obtain the category of
vector spaces Vecty.

(4) Let R be a non-commutative ring, we can also consider the category
of left R-modules g M, the category of right R-modules Mz and
the category of R-bimodules rpMp.

(5) Algy is the category of k-algebras with k-algebras morphisms be-
tween them.
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Here are some ways to construct new categories.

Examples 1.1.6. (1) Trivial category. It has only one element x as
object and one morphism id, as morphism.

(2) Discrete category. Let X be a set, then we can construct a category
whose objects are elements in X and morphisms are identity mor-
phisms of each element. This category is called a discrete category.

(3) Dual category. Let C be any category, then C is the dual category
of C obtained by taking the same objects as in C and morphisms
Homeor (X, Y) = Home (Y, X).

(4) Let M be a monoid, i.e. a set with an associative binary operation
and an identity element. Then we can construct a category whose
object is one element * and morphisms Hom(x,x) = M.

As in category we have morphisms between two objects, let us intro-
duce “morphisms” between two categories, which are called functors.

Definition 1.1.7. Let C and D be two categories. A (covariant) func-
tor F' : C — D consists of the following data:

e for every object X € C, we have an object F(X) € D;

e for every morphism f : X — Y in C, we have a morphism
F(f): F(X)— F(D) in D;
such that the following conditions hold:

e for any f € Hom¢(X,Y) and g € Hom¢(Y, Z), we have

F(go f)=F(g)o F(f)
e for every object X € C, we have
F(de) = ZdF(X)

Remarks 1.1.8. (1) A contravariant functor F' : C — D is a covariant
functor F°P : C? — D. Most of the functors we will encounter are
covariant, therefore when we say functors, we will always mean
covariant functors unless we specify explicitly.

(2) F(X) and F(f) are sometimes written as F'X and F'f for short.

There exists an obvious way of composing two functors. If F' :
C - D and G : D — & are functors, then Go F' : C — £ is a
functor, where (G o F)(X) = G(F(X)) for every object X € C and
(Go F)(f)=G(F(f)) for every morphism f: X — Y in Hom(C).



4 1. CATEGORIES AND MONOIDAL STRUCTURES

Definition 1.1.9. Consider a functor F' : C — D between locally small
categories. For any two objects X,Y € C, we have a map:

FX,Y . HomC(X, Y) — HomD(F(X),F(Y)), FX7y<f) = F(f)

The functor F' is called:

o faithful if Fxy is injective for any two objects X,Y € C;

o fullif Fiyy is surjective for any two objects X,Y € C;

o fully faithful if Fx y is bijective for any two objects X,Y € C;

e an isomorphism of categories if F'is fully faithful and F induces
a bijection on the classes of objects in C and D.

For contravariant functors, these notions are defined similarly.

Examples 1.1.10. (1) The identity functor 1¢ : C — C, where 1¢(C) =
C for every object C' € C and 1¢(f) = f for every morphism
f € Hom(C).

(2) The constant functor ¢p : C — D, assigns to every object of C the
same fixed object D € D and assigns to every morphism of C the
identity morphism of D.

(3) Forgetful functor. A category C is called a concrete category if
there exists a faithful functor U : C — Set. U is often called a
forgetful functor. Thus Grp, Ring, Vecty, and Alg; are all concrete
categories, where the forgetful functor is to take the underlying sets
as objects and the same morphisms as functions between sets.

Similarly, functor such as U : Alg, — Vect, which takes the un-
derlying vector spaces as objects, is also called a forgetful functor.
In other words, forgetful functors “forget” or “drop” some of the
original structures.

(4) Hom functor. Let C be a locally small category, for any objects
X and Y in C, we can define two Hom functors (or representable
functors) Hom(X, —) and Hom(—,Y") from C to Set as follows.

Hom(X, —) maps each object C' € C to the set of morphism-
s Hom(X,C) and each morphism f : A — B to the function
Hom(X, f) : Hom(X,A) — Hom(X, B), where Hom(X, f)(g) =
fog.

Hom(—,Y) maps each object C' € C to the set of morphism-
s Hom(C,Y) and each morphism f : A — B to the function
Hom(f,Y) : Hom(B,Y) — Hom(A,Y), where Hom(f,Y)(g) =
gof.
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Note that Hom(X, —) is covariant and Hom(—,Y") is contravari-
ant.
(5) Tensor product functor. The tensor product — ® — : Vecty X
Vect, — Vecty, associates two vector spaces V and W with their
tensor product V ® W, which is covariant in both arguments.

Definitions 1.1.11. Let F,G : C — D be two functors. A natural
transformation o : F — G, assigns to every object C' € C a morphism
ac : F(C) — G(C) in D, such that for every morphism f: C — (",
the following diagram commutes:

F(o) 2L per

ac lacl

—_— !
G(C) 5 GO
We also say that morphism a¢ : F(C) — G(C) is natural in C.
If a¢ is an isomorphism in D for every C' € C, we say that o : F' —
G is a natural isomorphism.

Let C,D,& be categories, F;G : C — D and H,K : D — &£ be
functors, a : F — G and f : H — K be natural transformations.
Then there is a natural transformation

Bxa:HoF - KoG

where (8 *a)x = Bax)yo H(ax) = K(ax) o Bp(x), for every object
X € C. We call this natural transformation the Godement product of
a and .

Examples 1.1.12. (1) Let F : C — D be any functor. Then 1p :
F — F, defined by (1p)x = lpx) : F'(X) — F(X) is the identity
natural transformation on F.

(2) Let X be a k-vector space. The canonical injection ¢ : X —
X, u(z)(f) = f(x), for all z € X and f € X*, induces a natu-
ral transformation ¢ : lyec, — (—)**. If X is a finite dimensional
vector space, then ¢ is a natural isomorphism.

(3) Let C be a locally small category and f : X — Y be a morphism
in C. Then there is a natural transformation between the Hom
functors:

Hom(f,—) : Hom(Y,—) — Hom(X, —)
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where for every object C' € C,
Hom(f,C) : Hom(Y,C) — Hom(X,C), g > go f.
There is also a natural transformation between the Hom func-
tors:
Hom(—, f) : Hom(—, X') — Hom(—,Y")
where for every object C' € C,
Hom(C, f) : Hom(C, X)) — Hom(C,Y), g — fog.

(4) Let A, B be rings, M, N € gpM, be bimodules and f be a B — A
bilinear map. Then f®4 — : M ®4 — — N ®4 — is a natural
transformation.

Definition 1.1.13. Let F : Z — C be a functor. A cone on F'is a
couple (C, cz), consisting of an object C' € C and a morphism ¢z : C' —
FZ for every object Z € Z, such that for any morphism [ : 7 — 7/,
the following diagram commutes:

C - py

N

Fz

A morphism between two cones (C, cz) and (D, dyz) on F' is a mor-
phism f : C'— D such that dz o f = ¢z for every object Z € Z.

A limit of F is a cone (L,lz) such that for any other cone (C,cy),
there exists a unique morphism w : (C,cz) — (L,lz) such that ¢z =
lz o u, for every object Z € Z. If it exists, the limit of F' is unique up
to isomorphisms in C, and we denote it by lim F = (L, ).

Cocones and colimits are defined dually by inversing the arrow of
the morphism c.

Examples 1.1.14. (1) Let Z be a discrete category. For any functor
F : Z — C, the limit lim F', if it exists, is called the product of all
F(Z) e (C,Z € Z, and the colimit colim F', if it exists, is called the
coproduct of all F(Z) € C,Z € Z.

(2) Let Z be a category of two objects X and Y with Hom(X, X) =
idx,Hom(Y)Y) = idy,Hom(X,Y) = {f, ¢}, Hom(Y, X) = @. For
any functor F : Z — C, the limit lim F', if it exists, is called the
equalizer of the pair (F(f), F(g)), and the colimit colim F', if it
exists, is called the coequalizer of the pair (F(f), F(g)).
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(3) Let Z be a category with only three objects labeled by 0,1,2, apart
from identity morphisms, there are only two morphisms among
them, denoted by a; : 1 — 0 and as : 2 — 0. Let F' be a functor
F : Z — C with F(a;) : A — C and F(ay) : B — C. Then
there is a bijective correspondence between cones on F' and triples
(M, ma,mp), where M is an object in C, my : M — A and mp :
M — B, such that F(a;) o ma = F(ay) o mp. If limF exists,
it is called the pullback of pairs (F(ay),F(az)). We can define
pushout similarly by taking the contravariant functor G : Z2 — C
and colim G with G(ay) : C — A and G(az) : C — B.

Definition 1.1.15. A category C is said to be (co)complete when every
functor F' : Z — C has a (co)limit, where Z is a small category. A
category is bicomplete if it’s both complete and cocomplete.

We state a criterion without proof for (co)completeness.

Theorem 1.1.16. A category is (co)complete if and only if it has all
(small) (co)products and (co)equalizers.

Remark 1.1.17. Since the equalizers may be constructed from pull-
backs, a category is complete if and only if it has pullbacks and prod-
ucts. Similarly, a category is cocomplete if and only if it has pushouts
and coproducts.

Examples 1.1.18. (1) The categories of sets, groups and rings are
bicomplete.

(2) The categories of modules over algebras and comodules over coal-
gebras are bicomplete.

(3) The categories of finite sets, finite groups and finite vector spaces
are neither complete nor cocomplete.

Definition 1.1.19. Let C and D be two categories, L : C — D and
D : D — C be two functors. We say that (L, R) is a pair of adjoint
functors, or L is a left adjoint to R, or R is a right adjoint to L, if for
any objects C' € C and D € D, there is an isomorphism:

O¢c.p : Homp(LC, D) = Home(C, RD)

which is natural both arguments C' and D.
If there is adjoint pair of functors between two categories C and D,
we say it is an adjunction and denote it by (L, R) : C' &2 D.
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Theorem 1.1.20. Consider functors L : C — D and D : D — C.
Then there is a bijective correspondence between natural isomorphisms
0c.p which turns (L, R) into a pair of adjoint functors, and pairs of
natural transformation (n,€):

ne:C — RLC ; ep: LRD — D

which makes the following diagrams commute (in which x is the
Godement product):

RD ™2 RLRD

\ lume)D

RD

(1*n)

LC LT RLC

LC

Remark 1.1.21. The natural transformation 1 and € associated to an
adjoint pair (L, R) are called respectively the unit and counit of the
adjunction.

Examples 1.1.22. (1) A forgetful functor usually has a left adjoint
given by a“free object functor”. For example, the forgetful functor
U : Grp — Set has a left adjoint F' : Set — Grp which assigns to
every set the free group on this set. Similarly, let k& be a field, the
forgetful functor U : Vect, — Set has a left adjoint functor which
assigns to every set the free k-vector space over a set.

(2) Let ¢ : R — S be a ring morphism. This induces a functor
F,: Mg — Mg from right S-module category to right R-module
category, which gives right S-modules a right R-module structure
by the formula:

m-r=m-p(r), me Mg,r €R

This functor has a left adjoint, given by — ®z S : Mrp — M.

(3) Let R, S be two rings and M a R — S-bimodule. Then the Hom

functor Homg(M, —) : Mg — Mpg has a left adjoint — @z M :

Mpr — Mg. Note that the previous example is a special case of
this one.
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Definition 1.1.23. Let C and D be two categories. If there exists
two functors F' : C — D and G : D — C, such that we have natural
isomorphisms F'G = 1p and GF = 1, we say that F' and G induce an
equivalence of categories.

Theorem 1.1.24. Given a functor F' : C — D, then F induces an
equivalence of categories if and only if one of the conditions holds:

(1) F is fully faithful and has a fully faithful left adjoint;

(2) F is fully faithful and has a fully faithful right adjoint;

(3) F has a left adjoint such that the unit and counit of the adjunction
are natural isomorphism;

(4) F has a right adjoint such that the unit and counit of the adjunction
are natural isomorphism;

(5) F is fully faithful and each object D € D is isomorphic to an object
of the form FC with C' € C.

Examples 1.1.25. (1) Let R and S be two rings and M be a R — S-
bimodule. Consider the adjoint functors (— @z M, Homg(M, —)).
These functors induces an equivalence of categories if and only if
M is finitely generated and projective as a right R-module.

1.2. Monoidal structures

1.2.1. Monoidal categories and monoidal functors.

Definition 1.2.1. A monoidal category is given by the data C =
(C,®,k,a,l,r) where

C is a category;

k is an object of C;

—® —:C xC — C is a functor;

a:®o(® xid) — ®o (id X ®) is a natural isomorphism;
[:®o(k xid) — id is a natural isomorphism;

r:®o (id X k) — id is a natural isomorphism. Thus we have
a family of isomorphisms:

aynp: (MN)®@P —- M® (N ® P)

k@M —>M;ry Mk— M



10 1. CATEGORIES AND MONOIDAL STRUCTURES

such that the following diagrams commute for all objects M, N, P, () €

C:
M@®N,P,

(MeN)@P)@ Q"2IM e N) @ (P Q)22 M e (Ne (P Q))

(M®(N® P))®Q M® ((N®P)® Q)

AM,N®P,Q

aM,k,N

(M®k)®N M ® (k® N)

m‘%

M &N
a is called the associativity constraint, [ and r are called respectively
the left and right wnit constraints of C. 1If a,l,r are identities, the
monoidal category C is called strict.

Examples 1.2.2. (1) ((Set), x,*) is a monoidal category, where % is
a fixed set with only one element;

(2) Let R be a commutative ring, then (zpM, ®, R) is a monoidal cat-
egory.

(3) Let G be a monoid. Then (ycM, ®, k) is a monoidal category.

Definition 1.2.3. Let C' and D be two monoidal categories. A monoidal
functor from C — D is a triple (F, ¢y, ¢) where

e F'is a functor from C — D;

e o : kp = F(kc) is a morphism in D;

e p:R®o(F,F) — Fo® is a natural transformation between
functors from C xC — D, thus we have a family of morphisms:

oun: F(M)® F(N)—» F(M®N)

such that the following diagrams commute for all objects M, N, P, €
C:

(F(M) ® F(N)) @ F(B)" "2 ¥ M) @ (F(N) ® F(P))
‘PM,N@F(P)L jF(M)@)‘PP,Q
F(M ® N)® F(P) F(M)® F(N ® P)

F(an,n,p)

F(M®N)® P)

F(M® (N ® P))
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L

kp ® F(M)
900®F(M)l F(ZM)T

Pke,M

F(ke)® F(M) — F(kc @ M)

F(M)

TE(M)

F(M)® kp F(M)
F(M)®<Pol F(T‘M)T

F(M) @ F(ke) ~% F(M & k)
If g is an isomorphism and ¢ is a natural isomorphism, we say F
is a strong monoidal functor. If ¢y and ¢y are identity morphisms
for all M, N € C', we say F'is a strict monoidal functor.

Examples 1.2.4. (1) Let k& be a field. Consider the functor k— :
Set — Vecty, which assigns to a set X € Set a k-vector space kX
with base X. For every map f : X — Y, the k-linear map kf is

given by:
B awr) =) anf(x)

rzeX rzeX

©o : k — kx given by ¢g(a) = ax is an isomorphism.

oxy kX @kY — k(X xY) is given by pxy(r ®@y) = (z,y)
forany z € X,y €Y.

Hence the functor k— is a strong monoidal functor.

(2) Let G be a monoid. The forgetful functor U : oM — ;M is
strong monoidal. Moreover, ¢ : k — U(k) = kand oy n : U(M)®
UN)=M®N - U(M®N)=M®eN are identity maps for all
M, N € peM, thus U is strictly monoidal.

(3) Hom(—, k) : Set”” — ;M is a monoidal functor.

Definition 1.2.5. Let C = (C,®, k,a,l,r) be a monoidal category. If
there exists a natural isomorphism

T=(xy : XY 2Y®X):® >®or7

for all X,Y € C, where 7 is the flip functor, such that [x o yx, = rx
for all X € C and the following two hexagonal diagrams commute for
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ol X.Y.Z € C:
y w
(XoY)e 2 2 (Z® X)
YOX)®Z—2Y® (X2

e
®
=
®
N
~N
®
>
®
~

m %

X®“ZeY)— (X0 Z)0Y

aXZY

Then we call v a braiding on C. A monoidal category with a braiding
is called a braided monoidal category.

If in addition, the braiding ~ satisfies 7y, x o yxy = X ® Y for all
X,Y € C, then we call it a symmetry and the category a symmetric
monoidal category.

A monoidal functor F' = (F, ¢y, ) : C — D between two monoidal
categories is called a braided monoidal functor if moreover, the following
diagram commutes for all X, Y € C:

F(X)® F(Y) 22

SOX,Yj

F(X®Y)

Y)® F(X)

LSDY,X

F(Y ® X)

F(yx,y)

A braided monoidal functor between symmetric monoidal categories
is called a symmetric monoidal functor.

Examples 1.2.6. (1) Set is a symmetric monoidal category, where
the symmetry is given by the flip map vxy : X xY — YV x
X, IVX,Y(xv y) = <y7 1’)

(2) My is a symmetric monoidal category, where the symmetry is given
by 7xy : X®Y = Y®X,yxy(2®y) = y®x (then linearly extend
it).
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(3) In general, there is no braiding on the category of A-bimodules

aMy.

1.2.2. Lax monoidal categories. A category C is called lax monoidal
(36] if
e for each n € N there exists an n-fold tensor functor

Rp:Cx---xC—C
—_———

e for each for each (ky,...,k,) € N there exists a natural trans-
formation

Ak @ 0 (Qpy X o X Bpy) = Oyt
e there exists natural transformation
L:ide — @1,
that satisfy the following associativity and unitality conditions.

R0 (Rp, X ...

Remark that the last two conditions imply in particular that the functor
®1 is idempotent.

There is an obvious notion of oplar monoidal categories, where the
direction of the natural transformations v and ¢ is reversed. If the
natural transformations v and ¢ are invertible, then a lax monoidal
category is just a monoidal category.

A (lax) monoidal functor between lax monoidal categories is a func-
tor ' : C — D that comes equipped with natural transformations

Co: QPF" - FRC: C" — D



14 1. CATEGORIES AND MONOIDAL STRUCTURES

for each n € N, satisfying the following compatibility conditions with
v and ¢

D( oD Dy kg p R k k
o . 1t
®, (@), X ... x @ JF " Oyt i £ "

®n(4k1><--~><<kn)l

QPFM(®F, x ... x &) Chytoothn
Cn (O ><--~><®kn)l
F’ykl ..... kn,
F &g (&, x ... x &) - L —
F Fie F®(1:
LA %
QPF

Similarly, a functor G : C — D is called oplax monoidal if there are
natural transformations

on: F@RE — @PF™ C" — D.

satisfying appropriate compatibility conditions with v and «¢.

The following result might be well-known, but as we didn’t found a
reference we state it and give a sketch of the proof, which is quite ele-
mentary, but because of notational problems becomes quite technical.
This result allows to construct many lax monoidal categories.

Theorem 1.2.7. (i) Let D be a lax monoidal category and consider
a pair (L, R) of adjoint functors

C D

R

then C is also a lax monoidal category such that R is a monoidal
functor and L is an opmonoidal functor.

(11) Let D be an oplax monoidal category and consider a pair (L, R)
of adjoint functors

D )

R

then & is also an oplax monoidal category such that R is a monoidal
functor and L is an opmonoidal functor.
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PROOF. We only give a sketch of the proof of part (i), the second
follows by duality.

Denote the n-fold tensor products in D by ®P and its associativity
and unity constraints by vp and (p.

For any n-tuple (cy, ..., c,) of objects in C, define the n-fold tensor
product in C as

@C(cr,. .. cn) = R(®P(Ley, ..., Ley)).

More precisely, the n-fold tensor product in C is defined as the following
composition of functors

@ =Ro®PolL":C" —C.
Let us denote by 7 : id¢c — RL and € : LR — tdp the unit and

counit of the adjunction (L, R). For any n-tuple (c1,...,¢,) in C, we
can consider the morphism

(57(’2117”.707L = E®n(Lcly-~~7LCn) : (11)
L&C (c1,...,¢,) = LR®F (Ley, ..., Ley) = ®P(Ley, . . ., Ley)

which is natural in each of the entries ¢;, defining in this way for each
n € N a natural transformation

6p=€e®PL": LRS = LR L - @PL": C" — D.
Similarly, for each n-tuple (di,...,d,) in D we put
¢t — R@P (eq,,... €q,) (1.2)
R®P (LRdy,...LRd,) = ®S(Rd,, ... Rd,) = R®P (d,...,d,)
which defines a natural transformation
(o=R®P e @°R" = RRP (LR)" — RL : D" — C.
To define the associativity constraint of C, first remark that
®n 0 (B X ... X ®y,) = (RRF L") o ((R®] L") x...x (Rep L))
= RQ®L (LR)™(®, X ...x ®p )LFt-tkn

We now define the associativity constraint ¢ of C as the following
composition

RP (LR)M®P x ...x @D )Lht-thn = R(@P ~ ))Lht-th =gl

({n(@),leX...X®an)Lk1+"'+kn Wl knLk1+.4.+kn)

R®@P(QF x ... x @F JLkit-Fhn
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The unitality constraint of C is defined as the composition
e = (RipL) on :ide - R@P L = @Y.

The associativity conditions for the lax monoidal structure on C
then follow directly from the naturality of € and the associativity in D.
The unitality conditions in C follow from the unit-counit condition of
the adjunction (L, R) and the unitality conditions in D.

The monoidal structure on the functor R is given by (1.2), the
op-monoidal structure on L is given by (1.1). O

The previous proposition can be applied in particular to a monoidal
category category D and allows to produce in this way many natural
examples of (op)lax monoidal categories.

As an intermediate notion between lax monoidal categories and
monoidal categories, one can consider a monoidal category with lax
unit. This is a category C endowed with a monoidal tensor product
® :C x C — C, endowed with an associativity constraint

aC,C/,C” N (C ® Cl) ® C// — C ® (C/ ® C”)

which is a natural isomorphism that satisfies the usual pentagon con-
dition. A laz unit I for such an associative tensor product is an object
I in C such that for any C' € C there are natural transformations

le:I®C—-C, r:CI—=C
satisfying the usual compatibility constraints with «:

acr,c!

Col®C Co o)

\/

Cec

The following is now an easy observation.

Lemma 1.2.8. If (C,®,I) is a monoidal category with lax unit, then
C is a lax monoidal category by defining

®* X :[; ®1 :idC7 X2 = &;

o foralln > 2, ®, =®o (id X @p_1);

o L =1id:ide — ®q;

o for all (ky, ..., k,) € NI, y*1kn s canonically obtained from

combinations of a and identities and are therefore invertible;

o for any (ki,...,k,) € N, wherek;, =...=k;, =0 (m <n),
k...,

kb gs canonically obtained from combinations of £, r, «

and identities and are not invertible;



1.2. MONOIDAL STRUCTURES 17

Similarly, one introduces the notion of a monoidal category with an
oplax unit, which gives rise to an oplax monoidal category.






CHAPTER 2

Partial actions of groups

In this chapter, we will first recall the classic definition of partial
actions of groups. Then we will give a new result that characterizes
the partial actions of groups in terms of category of spans.

2.1. The classical definition of partial group actions

Let G be a group and X a set. A partial action datum of G on X
is a couple (X, oy)gec, Where
o {X,},ec, a family of subsets of X indexed by the group G;
o {a,: X1 = X}4eq a family of maps indexed by the group
G;
Recall from [31] that a partial action o of G on X is a partial action
datum (X, a,)gec that satisfies the following axioms
(PA1) X, = X and a, = idy, where e denotes the unit of G;
(PA2) ay(Xy-1 N Xp) C XgN Xgp;
(PA3) apoay = apy on Xg-1 N Xpe)-1.
Remark that thanks to the second axiom (PA2), the third axiom (PA3)
makes sense, since

ap 0 ag(Xg1 N Xpgy-1) C an(XgNXp1) C XpgN X
and
Qpg(Xy-1 N X(hg)—l) C X, N Xpy.
Furthermore, combining (PA2) and (PA3), we find that
XgNXgp = g0 ay-1(XgNXgp) Cag(Xy—1NXy)
and therefore, we can deduce the stronger axiom
(PA2") ay(X,-1 N Xp) = XN Xy
If we take in particular h = e, then we find that a,(X,~1) = X,.
Moreover, since o, 0 o,—1(z) = x for all z € X, we find that each map
o induces a bijection oy : X;-1 — X. This last fact is often supposed
as part of the definition of a partial action.

Many examples of partial actions have been observed in recent lit-
erature. It makes no sense to repeat them here, however, we will gave

19
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a few exemplary ones, which will make the transition to some of the
new results in this paper more easy.

Examples 2.1.1. (1) Consider a (global) action of the group G
on a set Y, and let X C Y be any (non-empty) subset of
Y. Then G acts partially on X, by defining X, = {z €
X | ¢g7' -2 € X} and defining oy : X1 — X, ay(x) =g - 2.
(2) As a particular case of the previous one, we consider the fol-
lowing geometric example. Let G = (A? +) be the group
of 2-dimensional affine translations. This group acts strictly
transitive on the affine plane A%. Consequently, this group
acts partially on any subset of A2. In one of the next sections,
we will discuss in more detail the case of the partial action of
this group on two intersecting lines.
(3) Consider the additive group Z. For any z € Z with z > 0 we
define its domain X_, = N and its action o, : Z — Z,x —
x + z. On the other hand for each z < 0 we define its domain
X ,={x€Z|x>—z}anditsaction o, : Z — Z,x — x+2.
Then one easily verifies this defines a partial action which is
obtained by restricting the action of Z on itself to N.

2.2. A categorical interpretation of partial actions

2.2.1. Lax and quasi partial actions. As we explained, the ax-
iom (PA2) in the definition of partial actions is designed to make sense
of axiom (PA3) which expresses the associativity. However, this axiom
can be weakened further.

Definition 2.2.1. Let G be a group, X a set and o = (X,,ay) be
a partial action datum. We say that « is a lax partial action of the
following axioms hold

(LPA1) X, = X and «, = idx, where e denotes the unit of G;
(LPAQ) Xg—l N ozg_l(Xh_l) C X(hg)—l.
(LPA3) aj o ay = apg on Xg1 Na, ' (Xp1).

Axiom (LPA2) tells that if z € X,-1 and oy(x) € Xp-1, then x €
X(ng)-1 and therefore axiom (LPA3) makes sense. As one can easily
verify, any partial action is a lax partial action and the converse holds
if and only if ay(X,-1) C X,. The following example shows that lax
partial actions are a proper generalization of partial actions.
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Example 2.2.2. This example is a variation of Example 2.1.1 (3).
Consider the additive group Z. For any z € Z with z > 0 we define its
domain X_, = Z and its action «, : Z — Z,x +> x + z. On the other
hand for each z < 0 we define its domain X_, = {r € Z | © > —=z}
and its action o, : X_, — Z,x > x + 2. Then one can verify that this
is indeed a lax partial action and moreover it is not a partial action,
since p, : X_, = X, = Z is not a bijection for any z < 0.

For sake of completeness, we also state another weakening of the
definition of partial action, which is, by our opinion, naturally the most
general version of a partial action.

Definition 2.2.3. Let G be a group, X a set and o = (X, oy) be a
partial action datum. We say that « is a quast partial action of the
following axioms hold

(QPA1) X, = X and a, = idy, where e denotes the unit of G;
(QPAQ) Qp © g = Qipg ON Xg—l N agl(Xh_l) N X(gh)—l-

Remark that in this definition, we ask associativity to hold exactly
there where both «aj, 0 oy and oy, make sense. The following construc-
tion shows that quasi partial actions properly generalize lax and usual
partial actions.

Example 2.2.4. Let G be a group acting (globally) on a set X. For
any g € G consider an arbitrary subset X, C X and let oy : X1 — X
be the restriction of the action of g on X. Then this defines a quasi
partial action of G on X.

2.2.2. Partial actions and spans. We will now reformulate the
definition of a partial action, making no explicit reference to the ele-
ments of the set or the group, but stating everything internally in the
category Set of sets. This way, the definition can be easily lifted to any
(monoidal) category (with pullbacks). As we will show, quasi and lax
partial actions arise naturally in this context.

Recall that in any category C, a span from X to Y is a triple
(A, f,g), where A is an object of Cand f: A - X andg: A = Y
are two morphisms of C. If C has pullbacks and (A, f, g), (B, h, k) are
spans from X to Y and from Y to Z respectively, then one constructs
a new span, called the composition span, from X to Z by the following
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pullback construction:
7N
A B
NN
X Y Z
which we will denote as (B, h, k)eo(A, f, g). Given two spans (A, f,g), (B, h, k) :

X — Y, a morphism of spans o : (A, f,g) — (B,h,k) is a map
« : A — B such that the following diagram commutes

RN

X o Y

N

B

In this way, we obtain a bicategory Span (C), whose 0-cells are the
objects of C, 1-cells are spans and 2-cells are morphisms of spans. We
can also consider the (usual) category span(C'), whose objects are the
objects of C and whose morphisms are isomorphism classes of spans.

In what follows, we will use the following variation on the usual
category of spans.

Definition 2.2.5. By a partial morphism from X to Y in a category
C, we mean a morphism (A, f,g) in the category Span (C), with the
additional property that f : A — X is a monomorphism. By Par(C)
we denote the subbicategory of Span (C), with the O-cells as Span (C)
(and C), whose 1-cells are given by partial morphisms in C. By par(C)
we denote the corresponding subcategory of span(C).

Remark that the above definition of Par(C) makes sense since the
pullback of a monomorphism is a monomorphism. Moreover, if a, 3 :
(A, f,g9) — (B, h, k) are 2-cells in Par(C) then ov = f since hoa = f =
hof and h is a monomorphism. Hence Par(C) is locally a poset. In the
particular case of Par(Set), there is a morphism of spans « : (A4, f,g) —
(B, h, k) if and only if A is a subset of B and g is the restriction of k
to A.

We will denote a partial morphism from X to Y by a dotted arrow
X s >Y . When we consider a partial map as a triple (A, f, g), we



2.2. A CATEGORICAL INTERPRETATION OF PARTIAL ACTIONS 23

will often omit to write explicitly the first map f, as it is an inclusion
and supposed to be known if we know the object A, ie. we will write

(A, f,9) = (A, 9) = g.

Lemma 2.2.6. Let G be a group and X a set. Then there is a bijective
correspondence between

(1) partial action data of G on X;

(2) partial morphisms G x X — X ;

(3) Maps G — Par(X, X).

PROOF. (1) & (2). Let (X, ay)geq be a partial action datum of G
on a set X. Then we can construct the set

GeX={(g,7)|z€X,1}CGxX, (2.1)

which is the set of all “compatible pairs” in G x X. Clearly, the partial
action then induces a well-defined map a : Go X — X, a(g,z) = a,4(z).
Hence we obtain a partial morphism G x X - > X |

o X
Lx X
X
Conversely, consider any partial morphism o = (Ge X, 1, a) : G X X —
X, where Ge X is a subset of GX X, 1 : GeX — (G x X is the canonical
inclusion and o : G ¢ X — X is a map. Then for any g € G, we can

define X,-1 = {z € X | (g9,2) € G ® X} and we recover formula (2.1).
(1) & (3). Let (X,,ay)4ec be a partial action datum, then for any

g € G we have that

....................................... -~ X

where ¢, : X, — X is the canonical inclusion, is a partial endomorphism
of X which defines a map G — Par(X, X). Conversely, any map G —
Par(X, X) gives in the same way a family (X,, ay)seq, i.e. a partial
action datum. O

The natural question that now arises is what are the conditions on
a partial morphism « : G x X — X for the associated partial action
datum to become an actual partial action. A first naive guess would be
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to impose the usual associativity and unitality conditions of an action
expressed in the category par(C), or equivalently to impose that the
map G — par(X, X) is a morphism of monoids (where the the later is
the endomorphism monoid of X in the (1-)category par(Set)). However,
as we will point out now, this leads to a global action.

Lemma 2.2.7. Let G be a group with multiplication m : G x G —
G, m(g,h) = gh and the unit e : {x} — G,e(x) = e. Consider a
partial action datum (X, ag)gec-
(1) the following assertions are equivalent
(i) The partial action datum satisfies axiom (PA1);
(ii) The associated partial morphism o : Gx X — X satisfies
ae(ex X)~ X in Par(Set).
(iii) The associated map o/ : G — Par(X,X) preserves the
unit.
(2) The following assertions are equivalent
(i) The partial action datum defines a global action of G on
X;
(11) The associated partial morphism o : Gx X — X satisfies
the following identities in par(Set) (i.e. isomorphism of
spans) o

ae(exX) ~ X
ae(Gxa) ~ ae(mxX)
(111) The associated map o' : G — Par(X, X) is a morphism

of monoids.

PROOF. (1). Let us compute the composition of spans «e (e x X).
This leads to the following pullback

{x} e X
Lx V4 ce X
X2 {s) x X GeX
o ex X / \
X s (G X X e > X

where {x} e X = {r € X |z € X.} = X.. Hence ao (e x X) is the
identity morphism on X in the category Par(Set), if and only if X, = X
and «, = idy, which is exactly axiom (PA1). Furthermore, it is clear



2.2. A CATEGORICAL INTERPRETATION OF PARTIAL ACTIONS 25
that this is equivalent to saying that o/(e) = (X, te, @.) is the span
(X, idx,idy).

(2). By part (1), we only have to prove the equivalence of the associa-

tivity constraints. Let us compute the composition of spans e (G x «)
in Par(Set), which is given by the following pullback.

/ N Goa

Explicitly we find
Ge(GeX)={(h,g,z) eGxGExX |z€X,1,a(g,x) € Xp-1}.

Similarly, we can compute the composition o @ (m x X) in Par(Set),

which is again given by a pullback
(GxG)e X

meX

<

GxGxX (G X o > X

where now
(GxG)oe X ={(h,g,2) eGXxGxX |z Xpg-}

We then find that (g,¢97',2) € G e (G @ X) if and only if z € X,
(and a(g™', z) € X,-1). On the other hand, (g,g7',z) € (G x G) X
if and only if z € X, = X. Hence, we obtain that the action is global
if and only if G @ (G @ X) and (G x GG) @ X are isomorphic spans.

In the same way, if the action is global, then clearly o’ is a mor-
phism of monoids. Conversely, if o/ is a morphism of monoids then
we obtain in particular that o/(¢g71) @ o/(g) = /(e) = (X, idx,idx).
Since the underlying set of the span of o/(g7') e o/(g) is given by
{x € X1 | a(g,z) € X,}, we find that o/(¢7') @ a/(g) = &/(e) implies
that X, = X, for all g € G and hence we have a global action. 0
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As we have just observed, partial actions are not just actions in the
category of partial morphisms. The monoid morphism G' — par(X, X)
can also be viewed as a functor between 2 one-object categories. How-
ever, since the Par(Set) is a bicategory, the Par(X, X') becomes a (monoidal)
category, or a one-object bicategory. Consequently, there is a natural
laxified version of a partial action considering only a laxz functor be-
tween G and Par(X, X). In the next proposition, we show that this
coincides exactly with with the lax partial actions we introduced above.

Recall that a lax functor F' : B — B’ between 2 bicategories consists
of

e a map from the 0-cells of B to the 0-cells of B,
e for any pair of 0-cells X,Y of B, a functor Fxy : B(X,Y) —
B(X"Y")
e for any O-cell X in B a 2-cell uy : idpx — F(idx)’
e for any two l-cells a € B(X,Y) and b € B(Y,Z) a 2-cell
Qgp : F(b) @ F(a) — F(bea) (where o denotes the horizontal
composition), which in natural in a and b;
satisfying the usual coherence axioms. If the category B’ is locally a
poset, then these coherence conditions follow automatically from the
above information.

Proposition 2.2.8. Let G be a group with multiplication m : G x G —
G, m(g,h) = gh and the unit e : {x} — G, e(x) = e. Consider a partial
action datum (Xg, ag)gec. The following assertions are equivalent

(i) The partial action datum defines a laz partial action of G on X;
(11) For the associated partial morphism o : G x X — X, there exist
morphisms of spans u: X — ae(ex X) and 0 : ave (G x o) —
ae(mxX);
(11i) The associated map o : G — Par(X, X) is a lax functor where G
1s considered as a locally discrete 2-category with one 0-cell.

PROOF. (i) < (it). As we have shown in Lemma 2.2.7, a e (e X X)
is given by the span (X, ¢, @) : X — X. The existence of a morphism
of spans u : X — ae(ex X), means that X C X, C X, hence X = X,
and o, = idx.

Furthermore, we also know from Lemma 2.2.7 the explicit form of
ae (G x a)and ae (m x X). The existence of the morphism 6 then
means that Ge (G e X) C (G x G)e X, which is exactly axiom (LPA2)
and the restriction of the partial action apg to Xy N &;1<Xh71) coin-
cides with ay, o ay, which is exactly axiom (LPA3).
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(1) = (i4i). Recall that the map o' : G — Par(X,X) is given by
a'(g9) = (Xy-1,14,4). Both G and Par(X, X) are considered as one-
object bicategories and moreover G has only trivial 2-cells, Par(X, X)
is a poset. Hence, o : G — Par(X, X) induces a lax functor if and
only if there exists morphism of spans v’ : (X, idyx,idy) — (X, te, )
and 0 : o/(h) @ &/(g) — a/(hg). As in the first part of the proof, the
existence of v’ is equivalent to axiom (LPA1). Furthermore, remark
that o/(h) e o/(g) is given by the span

Hence the existence of #’ means that axioms (LPA2) and (LPA3) hold.
U

As we have pointed out before, partial actions are a special in-
stance of lax partial actions. In the next result we provide equivalent
conditions for a lax partial action to be partial.

Let us first make the following observation. Given a partial action
datum, we can consider the pullback

Q

(GeG)e X
/ \
G x (GeX) (

\/

GxGxX

@

xG)eX

which is nothing else than the intersection G x (Ge X)N(Gx G)e X. If
the partial action datum defines a lax partial action, then the existence
of the morphism of spans 6 : « e (G X @) — « e (m x X) implies that
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the following diagram commutes

Ge(GeX)

/ Goa

(GxG)eX

and therefore the image of  lies in (G @ G) @ X, i.e. we can corestrict
6 to a morphism 6 : Ge (Ge X) —» (Ge(G)e X.

Proposition 2.2.9. Let o be a lax partial action of the group G on
the set X. Then the following statements are equivalent

(i) « is a partial action;

(i1) 0: Ge(GeX)— (GeG)eX isan isomorphism;

(iii) for each g € G, we have that ay : Xy-1 — X,

PROOF. (ii) < (i) = (ii7). By definition, partial actions and lax
partial actions only differ in their second axiom. From the above dis-

cussion, we know that

(GeG)eX = Gx(GeX)N(GxG)eX
= {(h,g,2) eGxGxX |xeX;1NXgpy1}

Therefore, € is an isomorphism we obtain that if
(hl'g7lg,7) € (GoeG)eX, ie. € X, 1NX,
then also
((gh) ™" g,2) e Go(GeX), ie. x€ X,1 and g € Xpy

Hence we find that ay(X,-1 N X)) C Xgp,. In particular, taking h = e,
then we find that ay(X,-1) C X,. Combining both, we recover exactly
axiom (PA2).
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(iii) = (i). For any g € G and = € X, we find that ¢ ~'z € X 1,
we can apply g on g 'z and find that z = ¢g- g~ 'z. So z € X, if and
only if z = gy for some y € X 1.

Now take any € X,-1 NX},. Then by the above, we can write x =
hy for some y € Xj,-1. Since we have that y € Xj,-1 and x = hy € X 1,
it follows by axiom (LPA2) that y € X(yp)-1 and gh-y = g- (hy) = gz.
In particular, we find that gz = gh -y € X,,. Hence we obtain exactly
axiom (PA2). O

Finally, we also restate the definition of quasi partial action in terms
of spans, the proof of which is clear.

Proposition 2.2.10. A partial action datum (X4, o) defines a quasi
partial action of G on X if and only if the equivalent statements of
Lemma 2.2.7 (1) hold and the associativity constraint oy, o ay = aupg
holds on all elements of the following pullback

Consequently, a quast partial action is lax if and only if the span
(0,01,05) : Ge(GeX)— (GeG)e X is induced by a morphism,
and the quasi partial action is a partial action if and only if © is an
isomorphism.

PROOF. Let us just remark that the associativity on © means that
the following diagram commutes

/@\
Ge(GeX) (GeG)e X
G.QL lm.x
GeX GeX
d s
X X







CHAPTER 3

Hopf algebras and their partial (co)actions

This chapter is the only one which does not contain any original
results. However, as the notions recalled here are essential for the fol-
lowing chapters, we take the needed time to discuss them here. Firstly,
we will recall the definition of algebras, coalgebras, modules and co-
modules with a lot of examples. We remark that all of these concepts
can also be defined directly in monoidal categories. We will then recall
the definition of bialgebras and Hopf algebras and their relations with
monoidal categories. These results can for example be found in [8],
[35]. Next, we will recall the notion of partial actions and coactions of
Hopf algebras in the sense of Caenepeel-Janssen. And finely, we will
recall the notion of partial representations.

3.1. Algebras and coalgebras

Let k be a field. Recall that an algebra is given by a triple (A, ma,n)
where A is a k-vector space, my : AQ A — Aandn: k — A are linear
maps such that the following diagrams commute:

mA®id

AQA®A A A
lid@m,q lmA
A® A na A
koA A0 AL Agk
s
VS

Denote ma(a ® a') = aa’ and n(1;) = 14. Then we have (aa’)a” =
a(a’a”) and 14a = aly = a, for all a,d’,a” € A.

31



32 3. HOPF ALGEBRAS AND THEIR PARTIAL (CO)ACTIONS
An algebra is said to be commutative if, in addition, the following
diagram commutes:
ARA—T=A®A

SO

A

where 7 is the flip map: 7(a ® ¢’) = d’ ® a.

A morphism between two algebras (A, ma,n4) and (B, mp,np) is a
linear map f : A — B such that mpo(f® f) = foma and fona = np,
i.e.

flad) = f(a)f(d) , f(1a) =15

for all a,a’ € A, or equivalently, the following diagrams commute:

Example 3.1.1. Group algebra kG. kG is the free k-module generated
by the elements {0} e of a group G (or a monoid G). The multiplica-
tion in kG is defined on the base elements {0 },c¢ by the multiplication
of G and then linear extended to all the elements.

By reversing all the arrows of the above commutative diagrams, we
get the definition of coalgebras.

Definition 3.1.2. A coalgebrais a triple (C, A, ) where C'is a k-vector
space, A : C' - C ® C and € : C — k are linear maps such that the
following diagrams commute:

C cCeC
lA lid@A
CoC—2%_coceC
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e®id d®e

EC<——C0CxC—C®Ek
o TA o
C

The map A is called the comultiplication and € the counit of the
coalgebra.

A coalgebra is said to be cocommutative if, in addition, the follow-
ing diagram commutes:

CRC——CxC

N

C

To make equations easy to write, we now introduce the Sweedler-
Heyneman’s notation:

Ae) = e ® e
(c)
It can be simplified further by omitting the summation symbol:

Ae) = ca) ® ¢

Note that the right hand side is not a monomial in general, but a
finite sum of monomials. We will keep using this notation throughout
the thesis.

Then we have (caya) ® caye) ® c@) = ca) ® (@) @ o)) and
elcye) = ¢ = culcw).

A morphism between two coalgebras (C, A¢,e¢) and (D, Ap,ep)
is a linear map f : C' — D such that (f ® f) o Ac = Ap o f and

ec=¢cpgof,ie.

fleqy®c@) = fle)a) @ f(c)@) , en(f(c)) =ec(c)

for all ¢ € C, or equivalently, the following diagrams commute:

c—' . p

-k
coc L peD
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c—-p

N

k

It’s easy to check that the composition of two morphisms of coal-
gebras is again a morphism of coalgebras. Here are some examples of
coalgebras.

Examples 3.1.3. (1) The field £ has a natural coalgebra structure
with A(1) = 1® 1 and ¢(1) = 1. For any coalgebra (C, A, ¢), the
counit € : C' — k is a morphism of coalgebras.

(2) For any coalgebra (C, A, ¢), define

A =710A

Then (C, A ¢) is also a coalgebra called the opposite coalgebra
of C' and denote by C*P.

(3) Let S be aset. X is the k-vector space generated by S. Then X has
a coalgebra structure if we define A(z) = z ® « and ¢(x) = 1, for
every x € X. In particular, group algebra kG is also a coalgebra.

3.2. Bialgebras and Hopf algebras

Let H be a k-vector space equipped with an algebra structure
(H,mg,n) and coalgebra structure (H, A, ¢). We give H® H an algebra
structure by:

for all hy, ho, b, b, € H. We give H ® H a coalgebra structure by:

Apen = (ld®@TRid) o (A®A), engn =c Q¢
that is

A(h® D) =hay ® ho) ® hiyy ® hiy) , e(h@N') = e(h) @ ()

for all h,h' € H.
With these structures, we have

Theorem 3.2.1. The following statements are equivalent:

(1) The maps my and n are morphisms of coalgebras;
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(2) The maps A and € are morphisms of algebras.

PROOF. By definition, my is a morphism of coalgebras is equivalent
to the following commutative diagrams

H®H mH H
l (1d@TRid)(ARA) L A
(Ho H)® (H® H) =" HoH
HoH- 2 kok
N
H—

where 7: A® B— B® A, 7(a ®b) = b® a is the flip morphism.
71 is a morphism of coalgebra is equivalent to the following commu-
tative diagrams

Similarly, by the definition of algebra morphisms A and e, we write
exactly these four commutative diagrams, which shows that they are
equivalent. 0

This leads to the following definition.

Definition 3.2.2. A bialgebra is a quintuple (H,mg,n, A, &) where
(H,mpg,n) is an algebra and (H,A,¢) is a coalgebra such that they
satisfying one of the conditions in the previous theorem. A morphism of
bialgebras is a morphism of both the underlying algebra and coalgebra
structures.

Examples 3.2.3. (1) We know that group algebra kG is both an alge-
bra and a coalgebra. It’s easy to check that kG is also a bialgebra.
It is also true when G is a monoid.
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(2) Let M, (k) = k[z11, %19, ..., Tnn] be the polynomial algebra of n?
variables. For all ;5,1 < 7,5 < n define

A(ZL’Z]) = Zfﬁzk & ZL‘kj ) E(I’ij) = 5z'j
k=1

These formulas make M, (k) into a bialgebra.

Given an algebra (A, my4,n) and a coalgebra (C, A, ¢) with linear
maps f and g from C' to A, we can define another map f x g from C
to A as follows:

frg: 05000 AgA ™ A
that is

(f x9)(e) = flcw)g(c)

* is called the convolution of maps f and g.

Remark 3.2.4. Hom,(C, A) is a monoid with convolution as product
and n4 o e¢ as unit. In particular, the dual vector space of a coalgebra
is an algebra.

Definition 3.2.5. Let (H,mg,n, A, &) be a bialgebra. An endomor-
phism S of H is called an antipode of the bialgebra if
Sxidg =tdyg xS =noe

or

S(hay)h@) = ha)S(he) = nle(h))
for all h € H.
A Hopf algebra is a bialgebra with an antipode. A morphism of
Hopf algebras is a morphism of the underlying bialgebras.

Remark 3.2.6. A bialgebra does not need to have an antipode, once
it does, it is unique. Indeed, if S and S’ are both antipodes of H, then
S=8%(ne)=9«(idyg *S") = (S*idg) xS = (ne)xS" = 95".

There are some important properties of antipodes that are very
useful for calculation.

Theorem 3.2.7. Let (H,mg,n, A, ) be a Hopf algebra. Then we have
(1) S(hk) = S(k)S(h);
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(2) A(S(h)) = (S ® S)TA(h), for all h € H, where T is the flip mor-
phism;

(3) S(lH) = lp;

(4) €(S(h)) = e(h), for all h € H.

Examples 3.2.8. (1) Group algebra kG becomes a Hopf algebra if we
define S(g) =g~ for all g € G.

(2) Hopf algebra coming from affine algebraic group. Let G be an affine
algebraic group (i.e. an algebraic set with a group structure) over
k, and let O(G) be the coordinate ring. If we define

A:O(G) = O(G)®@ O(G) = 0(G x G),A(f)(z,y) = f(zy)
for all z,y € G, and

e: 0(G) = k,e(f) = f(1a)
and the antipode

S:0(G) = O(G), Sf(x) = f(=™)
for all z € G. Then the coordinate ring O(G) is a Hopf algebra
Remark 3.2.9. Conversely, if O(G) is the coordinate ring of an
affine algebraic set G and O(G) is a Hopf algebra, then G is an
algebraic group. Moreover, the functor G — O(G) defines a con-
travariant equivalence of categories: (affine algebraic groups over

k, their morphisms) — (affine commutative semiprime Hopf k-
algebra, Hopf algebra morphisms).

(3) G = k is an algebraic group with usual addition as group operation.
O(G) = k[X] and X (a) = a for all a € k. Then

(X) = X(0) =0

and

AX)=X®1+10X

and

S(X)(a) = X(-a) = —a
which implies S(X) = —X.
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(4) G = k\{0} is an algebraic group with usual multiplication as group
operation. O(G) = k[X, X~!|. Then

and

A(X)(a®b) = X(ab) = ab
which implies A(X) = X ® X, and

SEOa) = X(a) —a” = (X(@) ! = X (a)
which implies S(X) = X'

3.3. Modules and comodules

Let (A, m4,n) be an algebra. Recall that a left A-module is a couple
(M,myr), where M is a k-vector space and my; : A®Q M — M is a
linear map such that the following diagrams commute:

mAQid

AQRAQ M AR M
jid@mM ij
A M i M

ro M Ae M

l mnr
I~

M

Denote my(a®m) = a-m or simply am. Then we have a-(b-m) =
ab-mand 14 -m =m.

A morphism between two A-modules (M, my;) and (N, my) is a
linear map f : M — N such that myo(id®f) = fomys, or equivalently,
fla-m)=a- f(m), foralla € A,m e M.

We can define right A-modules similarly.

Example 3.3.1. (1) Let A be an algebra and U,V be A-modules.
Then U ® V' is a A ® A-module by:

(a1 ® az)(u®v) = a1u ® agv
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where aj,as € A, u € U and v € V. If, in addition, A is
bialgebra (A, ma,n,A,e), the A ® A-module U ® V has an A-

module structure by:
a(u®v) =Aa)(u®v) = Z a@yu @ a(2)v
(a)

(2) Representations of a group G over k are in one-to-one correspon-
dence with £G-modules.

Dually, we have the definition of comodules over coalgebras.

Definition 3.3.2. Let (C,A,¢) be a coalgebra. A left C'-comodule is
a couple (N, Ay), where N is a k-vector space and Ay : N — C ®@ N
is a linear map such that the following diagrams commute:

AN

N C®N
lAN ij®AN
CoN—28_ ceceN

ko N <2 oo N

S

N

Denote Ay (n) = n—1) ® n). Then we have (n(_1)1) ® n—1@) ®
o) = 1(-1) © (o)1) ® 7(0)(0))-

We will also say C' coacts on N.

A morphism between two C-comodules (N, Ay) and (L,Ar) is a
linear map f: N — L such that (f ® id) o Ay = Apo f.

The composition of two morphisms of comodules is again a mor-
phism of comodules.

We can define right C'-comodules similarly.

Examples 3.3.3. (1) Let (C, A, ¢) be any coalgebra, then (C,A) is a
C-comodule.

(2) Let (H,mg,n,A, ¢) be a bialgebra and M, N both H-comodules.
We can give a H-comodule structure on M ® N by:

Apen = (myg @ idyen)(idg @ T @ idy ) (Ay @ Ay)
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(3) Representations of an affine algebraic group G are in in one-to-one
correspondence with O(G)-comodules.

Theorem 3.3.4. Let A be a k-algebra. Then there is a one-to-one
correspondence between

(1) A coalgebra structure on A such that A becomes a bialgebra;
(2) A monoidal structure on 4 M such that the forgetful functor oM —
M is strict monoidal.

PROOF. (2)=(1):Assume we have a monoidal structure on 4 M
such that the forgetful functor 4 M — M is strict monoidal. This
means in particular, after forgetting the A-module structure, the unit
object of M is equal to k, and the tensor product in 4 M is the same as
in , M. Moreover, it follows from the commuting diagrams in the defi-
nition of monoidal functors that the associativity and unit constraints
in 4 M are the same as in ;M.

A € 4 M via left multiplication, thus A ® A €4 M. Define a
k-linear map

A:A—-ARA A(a) =a(l®1)

for all a € A, we denote A(a) = aq) ® a().
Once A is known, we can define an A-action on M ® N, for all
M,N € 4M as in example3.3.1(1). Consider two A-linear maps:

fm; A= M, f(a) =am; g, : A— N,gu(a) =an

From the functoriality of tensor product, it follows that f,, ® g, is
A-linear as a morphism in 4 M, thus:

&<m ® n) = a((fm @ gn)(l ® 1)) = (fm & gn)(a(l ® 1))
(fm ® gn)(A(a)) = (fm @ gn)(aq) ® agz))

= aqym aon

Using this equation, let us consider the associativity constraint
asan: (ARA)®A — A® (A® A), which is also a morphism in
4M. Hence

a((l X 1) X 1) =an) ® a(2)<1 X 1) =an1) ® A(a(g))
On the other hand, it’s also equal to
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alaaaa(1®©1)®1)) = asaa(a((1®1)®1)))
axa4(am)(1®1) ®ap)
= aaaa(Aap) @ a)
We conclude that a1y ® A(a)) = A(a@)) ® az), which can also be
expressed as
(AR A)oA=(A®A) oA
It’s nothing but the first commutative diagram in the definition of
coalgebras!
Next, we also know k € 4 M, define a map:
e: A= kyela)=a-1;
Since the left unit map Iy : k@ A — A,la(x ® a) = xa is left
A-linear, we have:
a=ala(ly ®14) =la(a(ly ® 14)) = la(e(ap) @ a2))) = €(a@))ae)
Similarly, from the left A-linearity of r4, we have a = an)e(a()).
Thus
e(a))ae) = ape(aw)
It is nothing but the second commutative diagram in the definition

of coalgebras!
Moreover, we can compute:

) = (a)(1®1) =a(1l®1)) = alby) @bw) = ambu) @ ae)be)
Al) = I(Ie])=1®1

) = (ab)-lx=a-(b-1) =a-e(b) =e(a)e(b)

In other words, A and ¢ are algebra maps. Thus A becomes a
bialgebra.

(1)=(2):Conversely, suppose A has a coalgebra structure (A, A ¢)
which makes A into a bialgebra, we can define an A-module structure
on M ® N for all M, N € s M as following:
a(m®@n) = amym & a@n

k also has a A-module structure by the formula:
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a-r=cla)r; x €k
It’s straightforward to check 4 M becomes a monoidal category with
these structures such that the forgetful functor ,M — M is strict
monoidal.

U

For Hopf algebras, we have the following Tannaka reconstruction
theorem, which we just state out the result.

Theorem 3.3.5. There is a one-to-one correspondence between

(1) Hopf algebra over k;
(2) Rigid monoidal category C together with a strict monoidal functor
U : C — Vect that preserves duals.

Remarks 3.3.6. (1) We can also define algebras (or monoids) in
monoidal categories. Given a monoidal category (A, ®, ), an
algebra (or a monoid) in A is a triple (A, ma,n), where A € A,
my: AR A — Aandn: I — A are morphisms in A such that
the following diagrams commute:

mARid

AR A® A A® A
lz’d@mA lmfx
A® A oA A
[T0A S A0 A Ag ]
R lm“ =
A

We can define coalgebras (or comonoids) similarly. Further-
more, we can define modules and comudules in this way.

3.4. Partial actions and coactions of Hopf algebras

Caenepeel and Janssen defined partial actions and coactions of Hopf
algebras on unital algebras in [21], which was motivated by examples
of partial actions of groups on algebras.

Definition 3.4.1. A partial action of a Hopf algebra H on a unital
algebra A is a linear map

HA — A
h®a — h-a
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satisfying the following identities for all a,b € A and h, k € H:
(PHAL) 1y -a = q;
(PHA2) h - (ab) = (hq) - a)(h) - b);
(PHA3) h- (k- a) = (hqy - La) (hayk - ).
In this case, the algebra A is called a (left) partial H-module algebra.
The partial action is called symmetric if in addition
(PHA4) h- (/{? . CL) = (h(l)k . a)(h(g) . 1A)-
A morphism between two partial H-module algebras A and B is an
algebra map f : A — B such that for every h € H and a € A we have

h-p fla) = f(h-a0a).

One can define the right partial actions of H on A, or the right
partial H-module algebras in a similar way.

Given a partial action of a Hopf algebra H on a unital algebra A,
one can define an associative product on A ® H by:

(a@h)(b@k)=alha)-b) @ hpk

for all a,b € A and h,k € H. Then we can construct a new unital
algebra called the partial smash product as A#H = (AQ H)(14® 1p).
This algebra is generated by typical elements of the form

a#h = a(h(l) . 1A> X h(g)

One can then prove that a#h = a(hq)-14)#h(2) and (a#h)(b#k) =
a(hq) - 0)#h@)k.

Definition 3.4.2. A partial coaction of a Hopf algebra H on a unital
algebra A is a linear map

p: A - A®H
a +— pla) =a" @ all

satisfying the following identities for all a,b € A:
(PHCAL) p(ab) = p(a)p(b);
(PHCA2) (I ® €)p(a) = a;
(PHCA3) (p @ I)p(a) = [(I ® A)p(a)](p(14) @ 1a).

In this case, the algebra A is called a (right) partial H-comodule
algebra.

The partial coaction is called symmetric if in addition
(PHCA4) (5@ I)p(a) = (p(1a) © 1)[(I @ A)(a)].

A morphism between two partial H-comodule algebras A and B is
an algebra map f: A — B such that pgo f=(f®1I)opa
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Of course, one can also define the left partial coactions of H on A,
or the left partial H-comodule algebras in a similar way.
Denoting the partial coaction in Sweedler’s notation

pla) = a” @ o
we can rewrite the above axioms for partial coactions as:
(PHCAL) (ab)l” @ (ab)lV) = al%pl @ qlpl!;

(PHCA2) al%¢(alll) = q;
(PHCA3) a0 & gl & o) = [0]1[0] ® El})l[ll ® Elzl)
( [

PHCA4) a9 @ o @ ol =100 @ 1}a]] ® afy).

Let A be a k-algebra. An A-coring is a coalgebra object in the
category of A-bimodules, i.e. it is a triple (C, A, ¢) where C is an A-
bimodule, comultiplication A : C' — C' ®4 C and counit € : C' — A are
A-bimodule maps that satisfying the usual coassociativity and counit
conditions.

Given a (right) partial H-comodule algebra A, we can give the
reduced tensor product AQH = (A® H)p(la) an A coring structure.
The bimodule structure, comultiplication and counit are given by:

b (@l @ p1l)y. v = bat/ @ hHl
A(a1l @ p1) = 19 @ hay Il @4 107 @ hg 11
E(all @ h1ll)y = ag(h)

Remarks 3.4.3. (1) It is easy to see that an H-module algebra is a
partial H-module algebra. In fact, one can prove that a partial
action is global if and only if for every h € H we have h - 14 =
€(h)1A.

(2) As the partial coaction p is a morphism of non-unital algebras,
p(14) is an idempotent in the algebra A ® H. For every a € A, we
have p(a) = p(a)p(14) = p(14)p(a). However, p(14) is only central
in Im p, not in the whole of A ® H. The image of the coaction is
contained in the unitary ideal (A ® H)p(1a4).

Examples 3.4.4. (1) We say that a group G acts partially on an alge-
bra A if G acts partially on the underlying set of the algebra such
that each A, is an ideal of A and each a4 is multiplicative. If G
acts partially on a set X with data {«a,, X,}seq, then G acts par-
tially on the algebra A = Fun(X, k) with data A, = Fun(X,, k) and
By(f)(x) = flay-1(x)), where f € A1 and € X,. In this exam-

ple, the ideals A, are unital algebras. Partial actions of the group
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algebra kG on any unital algebra A are one-to-one correspondence
with partial actions of the group G on an algebra A in which A,
are unital ideals, that is, A, has the form 1,4 where 1, € A is
a central idempotent, and ¢, are unital algebra isomorphisms for
each g € G.

(2) Let H be a Hopf algebra and A be an H-module algebra. If e is a
central idempotent in A, then there exists a partial action of H on
the ideal B = eA by:

h-b=e(h-b)

where h € H,b € B and the right hand side action is the global
action of H on A.

(3) Let H be a Hopf algebra and A a right H-comodule algebra with
coaction p: A — A®H. If B C Ais a unital ideal, then B is a right
partial H-comodule algebra with coaction p: B — B ® H, p(b) =

(1p @ 1g)p(b).

As we will now point out, Caenepeel and Janssen’s definition of
partial (co)actions can only describe the actions on spaces which are the
disjoint union of subspaces. This observation is the main motivation
for our work and was made in [15].

For our purpose, in the rest of this section, £ will denote an alge-
braically closed field and A™ the n-dimensional affine space over k. By
an affine algebraic set we mean a subset of points in A™ which are zeros
of a finite set of polynomials py,...,pg in k[zq, ..., 2,

We will first list the definition and some results in [15].

Definition 3.4.5. Let G be an affine algebraic group and M an affine
algebraic set. A partial action ({M,},eq, {ay}sec) of G on the under-
lying set M is said to be algebraic if

(1) for all g € G, M, and its complement M; = M\ M, are affine
algebraic sets;

(2) for all g € G, the maps o, : M,—1 — M, are polynomial;

(3) the set of “compatible couples” GeM = {(g,x) € GXxM |z €
My-1} C G x M is an algebraic set and the map o: Ge M —
M, a(g,x) = ay(z) is polynomial.

Proposition 3.4.6 ([15],4.12). Let G be an affine algebraic group and
M be an affine algebraic set. Then each algebraic partial action of G
on M defines a (symmetric) partial coaction of the commutative Hopf
algebra H = O(G) on the commutative algebra A = O(M).
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Proposition 3.4.7 ([15]),4.13). Let H be a commutative Hopf alge-
bra and A be a commutative right partial H comodule algebra. Then

there is a (symmetric) partial action of the affine algebraic group G =
Homay, (H, k) on the affine algebraic set M = Homay, (A, k).

Corollary 3.4.8 ([15],4.14). Let H be a commutative Hopf algebra
and G = Homa(H, k) the corresponding algebraic group, then there
15 an equivalence between the category of commutative right partial H -
comodule algebras and the category of algebraic partial actions of the
group G.

Next, we prove a well-known lemma that will be used quite often.

Lemma 3.4.9. Let R be a ring. Then there is a one-to-one correspon-
dence between

e a decomposition R=1, @& --- @ I, as a direct sum of ideals;
e orthogonal idempotents eq, ..., e, such that e; +---+ e, = 1.

PROOF. Suppose R =1, & ---® I,, and write 1 = e; +--- + ¢,
where e; € I;,7=1,...,n, then

e =e-1l=ej(es+ - +e,) =eer+--+eey,

note that e;e; € I;, and R is a direct sum of ideals, we have e;e; =
0(i#j),e;=erfori=1,...,n,ie. theseareorthogonal idempotents.
Conversely, for every idempotent e;, define I; = Re;, which is an
ideal of R. Then R = I +---+ I, since 1 = e; +---+e¢, We
can show that [; N} 7., I; = 0. Indeed, if re; = Y0, rje;, then
rie; = Y i rjeie; = 0since eje; = 0 (j #4). Hence R= 1@+ -@1,.
Furthermore, the two constructions are mutually inverse. Given
R=1L® ---®I, and write 1 =¢e;+---+e,, we need to show I; = Re;,
1 =1,...,n. On one hand, Re; C I;. On the other hand, for every
r €€l writex=x-1= Zj xej, where ze; € Re; C I; and x € I;, the
direct sum tell us ze; = 0(j # i), hence © = ze; € Re; and Re; D I,.
Sol;,=Re;,i=1,...,n.
Finally, given orthogonal idempotents ey, - - - , e,, such that e;+-- -+
e, = 1, define I; = Re;, clearly we can only write 1 =e; +---+ ¢, in
this way.
O

Now here comes the phenomenon that we really want to point out.
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Lemma 3.4.10. Let X be an affine algebraic set, A = O(X) be its
coordinate ring. Then X is the disjoint union of two algebraic subsets
X1 Xy if and only if the unit of A can be decomposed as a sum of
two orthogonal idempotents: 1 = e+ f. In this case O(X;) = fO(X)
is an ideal of O(X) and f can be viewed as the characteristic function
on X;.

PROOF. Suppose X is an algebraic subset of A" and X = X | | Xs.
Then O(X), O(X;) and O(X3) are quotients of the polynomial algebra
k[x1,2s,...,x,]. Denote the respective ideals by I, J, K, then V(J +
K) = X; N Xy, = @ and it follows from Hilbert’s Nullstellensatz that
J+ K = k[z1,29,...,2,]. So there exist j € J and k € K such that
Jj + k = 1. Denote respectively the classes of j, k modulo JK by e and
f, then e and f are orthogonal idempotents of O(X), indeed,

e = =7 +jk=43G+k=j

ef = jk=3jk=0

e

the same argument works for f. It follows from Lemma 3.4.9, O(X;) =
fO(X).

Conversely, if 1 = e+ f is a sum of two orthogonal idempotents,
again from Lemma 3.4.9 we have O(X) = eO(X) & fO(X), where

eO(X) and fO(X) are ideals of O(X), and moreover e%((XX)) = fO(X),

f%((XX)) ~ eO(X). Since O(X) is reduced, eO(X) and fO(X) are re-
duced and therefore radical ideals. Denote by X; and X5 the corre-
sponding algebraic subsets, we have X = X; | | X5.

U

Theorem 3.4.11. Let G be an affine algebraic group, X be an algebraic
set. If G acts partially on X, or equivalently, O(G) coacts partially on
O(X) (in the sense of Caenepeel and Janssen), then X = Xy| | X for
all g € G, where X, and X, are certain algebraic subsets of X indezred

by g.

Proor. If O(G) coacts partially on O(X), that is, there exists a
linear map

p:O0(X)— O(X)®0(G)
Denote p(lox)) = 19 ® 1. For each g € G, denote 1, =
1010 (g) € O(X), then 1, is an idempotent, Indeed,
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1,1, = 1[0]1[0’]1[1](9)1[1'](9) — 1[0]1[0’]1[1]1[1'](9) - 1[0]1[1](9) =1,

Note that 1 — 1, is also an idempotent, and 1 =1, + (1 —1,), from
the above lemma we know that X = X[ | X U

Examples 3.4.12. Let M be the algebraic set in R? which is the union
of two horizontal circles of radius 1, one centered at (0,0,0) and the
other at (0,0,1). This is an affine algebraic set whose coordinate algebra
is given by

A=klx,y,2]/(a* +y* = 1,2° — 2)

Let G be the affine algebraic group S! x Z,. Geometrically, the
group G can be thought as the union of two disjoint circles in R3: the
circle G; whose elements are of the form g = (x,23,1) and the circle
Go whose elements are of the form (1,29, —1). The group operation
is given by

(21, 22, A) (Y1, Y2, 1) = (T1y1 — ATaya, Y172 + AT1Ya, A\pt)

where A and p are equal to +1 or —1. The coordinate algebra of G is
given by

H = k[zy, 9, 73] /(25 + 25 — 1,25 — 1)
For g € Gy, we have M, = M, and the action is given by

a($1,$2,1)<$7 Y, Z) = (.Z'$1 — YT, TT2 + YT, Z) z = Oa 1

For g € G5, M, is only the circle centered at (0,0, 0), and the action
is given by

a(ﬂﬁl,xz,—l)(‘r)y: Z) = (—1'171 — YTo, —TX2 + Yyry, Z) z=0

If a space is not a disjoint union of subspaces, how to describe the
partial actions on it? Here we just provide an example. We will look
into more details of it in the following chapters.

Examples 3.4.13. Let

e A% be the usual plane with coordinates (z,y);
e X be the set {(z,y) | zy = 0} C A%
e G = A? be the usual additive group.



3.5. PARTIAL REPRESENTATIONS AND PARTIAL MODULES 49

The (global) action of G' on A? is the usual translation, i.e.
(91,92) = (#,9) = (2 + 91,4 + g2).
Restricting this action on X, we get a partial action.
Y
B

A 7, T

3.5. Partial representations and partial modules

The concept of partial representations is closely related to partial
actions. Here we recall some definitions and important properties of
partial representations from [9], which will be discussed further using
our new notions in the next chapters.

Definition 3.5.1. Let H be a Hopf algebra and B be a unital k-
algebra. A partial representation of H on B is a linear map 7 : H — B
such that

(PR1) m(1p) = 15;

(PR2) m(h)m (k) (S(k))) = m(hk))m (S (k));
(PR3) m(h))m(S(h)))m(k) = m(h ))W(S(hm)) );
(PR4) 7(h)m (S (k))m (k) = m(hS(ka)))m (ke);
(PR5) w(S(hw))m(h)m(k) = 7(S(hw)))T (h(z k).

A morphism between two partial representations (B, 7) and (B’, ')
of H is an algebra map f : B — B’ such that 7’ = fo .

Definition 3.5.2. Let H be a Hopf algebra and T'(H) be the tensor
algebra of the vector space H. The partial Hopf algebra Hy,, is the
quotient of T'(H) by the ideal I, where I is generated by elements of
the form (for all h,k € H)

(1) 1g = Lrgmy;

(2) h® k) ® S(k) — hka) @ S(k@e);

(3) hay @ S(h(2>) Rk —ha® S(h@))k

(4) h® S(kay) ® ke — hS(ka)) @ k)

()

5) S(h )®h(z>®’€ S(hn)@h(z)k‘

Denoting the class of h € H by [h], it’s easy to see that the map
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—]:H — Hp
h — [h]
satisfies the following conditions (for all h, k € H)

(1) [—] is a linear map;

(2) [tu] = 1m,,,:

(3) [P][k@)][S (k) = [Pk [S(k@)];
(4) [h)][S(h )][] [h1)][S(h2))k];
(5) [R][S (k(l))][ @] = [PS(kw)][k@)];
(6) [S(ha)l[h 2)][/%] = [S(h@)][h2)k]

Thus the linear ma
algebra H on H,q,.
The partial Hopf algebra H,,, has the following universal property.

T
NG
—
n
o
o
I
=
.
I
=
L]
@]
T
=
D
N
@
=
-+
&
.
o
=
o
=
—+
=
@
n
o
T
=

Theorem 3.5.3 ([9],4.2). Given a partial representation 7 : H — B,
there is a unique morphism of algebras @ : H,q — B such that m =
7 o[—]. Conversely, given an algebra morphism ¢ : Hp,, — B, there is
a unique partial representation my 1 H — B such that ¢ = 7.

In other words, the following functors establish an isomorphism be-
tween the category of partial representations ParRepy and the category
of the co-slice category Hpa, /Algy,

Hpar/Algk
where L((B,m)) = (B, 7) and R((B, ¢)) = (B, my).

ParRep; —
R

Definition 3.5.4. Let H be a Hopf algebra. A (left) partial module
over H is a pair (M, 7), where M is a k-vector space and 7 : H —
End, (M) is a (left) partial representation of H.

A morphism between two partial modules (M, ) and (M',7’) is a
linear map f : M — M’ such that fon(h) =n'(h)o f forall h € H.

Using the classical Hom-Tensor relations, a k-vector space M is a
partial H-module if and only if there exists a k-linear map @ : HQ M —
M such that the following axioms hold for all m € M and h,k € H
(PM1) 15 e m = m;

(PM2) 7 o (k1) (S(k) @m)) = (hkq
(PM3) A1) @ (S(h()) @ (k em))
(PM4) h e (S(kq)) ® (k) em)) = hS
(PM5) S(hqi))  (hz) @ (kem)) =

Now we list some results from [9].
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Theorem 3.5.5. Let H be a Hopf algebra, then there exists a partial
action of H on the subalgebra A = {[h1)][S(hw))] | h € H} C Hper
such that Hp,, = A#H.

Corollary 3.5.6. Let H be a Hopf algebra, then there is an isomorphis-
m between the category of partial H-modules gMP*" and the category
of Hyar-modules g,,, M

HMPT M

These categories are both equivalent to the category of left A#H -
modules.

Moreover, as Hp,, has a structure of a Hopf algebroid over A,
g MPY s a closed monoidal category that admitting a strict monoidal
functor which preserves internal homs

U: gMP" — s My,

Lemma 3.5.7. Let B be an algebra object in the monoidal category
g MP then H acts partially on B with a symmetric action.

Lemma 3.5.8. Let B be a k-algebra on which H acts partially with a
symmetric action, then B is an algebra object in the monoidal category

(aMPYT @4, A).
These lemmas lead immediately to the following theorem.

Theorem 3.5.9. There is an isomorphism between the category of
symmetric partial H-module algebras and the algebra objects in the cat-
egory of partial H-modules, i.e. ParActy = Alg(y,,, M ).






CHAPTER 4

Geometric partial comodules over a coalgbra

This chapter is the heart of the thesis. We will introduce 3 kinds
of partial comodules over arbitrary coalgebras in monoidal categories,
and study their basic properties such as coassociativity and the com-
pleteness of the category of geometric partial comodules. These results
will be published in [33].

Let C be a braided monoidal category with pullbacks that are pre-
served by all endofunctors on C of the form — ® X and X ® —. Then
the observations from Chapter 2 allow us to define partial actions of a
Hopf algebra in C on any object in C such that taking C = Set we re-
cover the classical definition of partial actions of groups on sets. Since
we will rather be interested in examples inspired by algebraic geome-
try, hence in coactions rather than actions, we will take a dual point
of view and consider from now on a braided monoidal category C with
pushouts that are preserved by all endofunctors of the form — ® X
and X ® —, and Hopf algebras mentioned below are Hopf algebras in
C. Remark that in such a category, the tensor product of two epimor-
phisms is an epimorphism. Since pushouts are colimits, any braided
closed monoidal category will serve as an example, in particular any
category of modules over a commutative ring k. In what follows the
latter will be our standard example, and we in fact mostly will restrict
to the case where k is a field. Inspired by this example we will denote
the unit of the monoidal category C by k.

4.1. Geometrically partial comodules

In [9], the notion of a “partial module” over a Hopf algebra H was
introduced, by means of partial representations of Hopf algebras. In
this section, we introduce alternative notions of partial (co)module over
any (co)algebra. To prevent a clash of terminologies in case C' = H,
we will call our notions (in rising order of generality) quasi, lax and
geometric partial (co)modules. We show that in the case of Hopf alge-
bras, the partial modules of [9], and in particular, the partial actions of
[21], appear as special cases of our quasi partial comodules. Examples

53
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arising from (usual) partial actions of (algebraic) groups on (algebraic)
sets give rise to geometric partial comodules.

Definition 4.1.1. Let (H, A, €) be a coalgebra in a monoidal category
C. A partial comodule datum is a quadruple X = (X, X e H,7x, px),
where X and X e H are objects in C, nx : X ® H - X e H is an
epimorphism and px : X — X e H is a morphism in C.

Remark that a partial comodule datum can be viewed as the fol-
lowing cospan in C

Suppose now that the category C has pushouts. Then any partial
comodule datum induces canonically four pushouts, that we denote by
Xek, (XoeH)oH, Xo(H®H)and (X e H)e H, and that are defined
respectively by the following diagrams:

X®H

>

XeH X®Ek

T

W

(XeH)®H

/
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XQH
/ &2
XeH XQHQH
Tx QH
XeA N TX,A
Xe(H®H) (XeH)® H
T N 1&4
Xe(HeH)

Finally, we consider a last pushout that we denote as © and that is
given by the following diagram

We are now ready to state the exact definitions of a partial comod-
ule.

Definition 4.1.2. Let (H, A, €) be a coalgebra in a monoidal category
with pushouts C. A quasi partial comodule is a partial comodule datum
(X, X e H,mx, px) that satisfies the following conditions

[QPC1] (Xec)opy = mxcorx : X — X ek are identical isomorphisms.
L.e. the following diagram commutes

X ~X®H X
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[QPC2] Oy 0 (px @ H)o px =007y o (X @ A)opx, i.e. the following

X

diagram commutes

pe H

XeoeH

(XeH)eo H

S g
S <

X.HWXO(H(X)H)—/>X.(HOH)

X

A quasi partial comodule will be called a lax partial comodule when the
cospan Ox : X e (H e H) --» (X e H) e H is induced by a morphism 6
(in C). Furthermore a lax partial comodule is called a geometric partial

comodule if 6 is an isomorphism.

Remarks 4.1.3. (1) The property [QPC2] can be expressed in a

(2)

larger diagram using the composition of spans, as one can see
on the next page.

Remark that by uniqueness of colimits, the pushout ©x =
(©,01,05) is unique up to isomorphism and hence is not part
of the structure of a quasi partial comodule. Similarly, if ©x
is induced by a morphism 6, then this morphism is uniquely
determined by its property 0x o Txey = Ty o since Txen is
an epimorphism. Also, whenever there exists a morphism 6y
with this property, then © = (X e H) o H.

We will often denote a (quasi) partial comodule by (X, 7x, px)
or just by X.

Of course, one can state dual definitions of a quasi, laz and
geometric partial module over an algebra. We leave the details
to the reader, it suffices to apply the above definition to the
opposite category C.
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(5) When working in the base category C = M} We will sometimes
use the following Sweedler notation for quasi partial comod-
ules. For any t®@h € X®@H, we write mx(x®h) = veh € XeoH.
Remark that X e H is no longer a tensor product (see below for
an interpretation of X e H as a monoidal product when H is a
bialgebra). Hence x e h represents a certain class of tensors in
X ® H and by the surjectivity of 7mx, any element of X ¢ H can
be represented in such a way, although non-uniquely. We then
write p(x) = x[ ® x5, which means that there exists an ele-
ment g ®xp) € X ® H such that p(z) = m(zjg ®2xp)). Again,
the element zg ® ;) € X ® H is not unique, so some care is
needed in this notation. However, the class zjgex;;) € X o H is
well-defined since px is a proper map. Axiom [PPC1] tells us
then that, as for usual coactions, zjge(xp)) = « for all x € X,
and in particular this expression makes sense. We will treat
axiom [PPC2] in a similar way by the expression

Ziojo] ® T[oj[1] ® L[1] = T[o] ® T[](1) ® L[1)(2)
However, this expression now holds in the pushout ©, and by
definition, the left hand side in the above expression is the
notation for 6y o (px @ H) o px(z) and the right hand side is
Oy 07 o (X @ A) o px(z), for the same z € X.

A first class of examples is obtained from the results of the previous
section by taking C = Set”. Indeed, quasi, lax and (usual) partial
actions of a group coincide in this way with quasi, lax and geometric
partial (co)modules. Remark that in the above formation, these notions
also allow to consider partial actions of arbitrary monoids rather than
groups.

Before we give some more examples, let us first state the following
(well-known) lemma that will be useful for our purposes.

Lemma 4.1.4. Consider vector spaces U, V., W and linear maps f :
U—V,g:U— W, where g is surjective. Then the pushout of the pair
(f,9) is given by P = V/f(Kerg), where g : V. — P is the canonical
surjection and f : W — P is given by f(w) = f(u), where u is any
element of U such that g(u) =w € W.

Let us now provide some examples.

Example 4.1.5 (Quotient of a global comodule). Consider a global
H-comodule X with coaction p : X — X ® H and any epimorphism
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m:X — Y in C. Then we can define a partial comodule datum over
Y by taking the pushout of the pair (7, (71 @ H) o p)

X®H
W‘
Y®H
\ Y
Considering the diagram
’ XeH rolt XoHeH Xoa XoH ’
Y®H®H
\ / XMJ(;.[?)@;% \Y®;{\®H/ \ /
\(Y. / \(Y;\)Qﬁl/ \; (H®/
\ R / \ R /
(YeH)oH Ye(HeH)

By composing pushouts in the diagram, we see that (Y e H) e H is the
pushout of the pair (7, (py ® H) o (7 ® H) o p). Moreover, diagram
chasing and the coassociativity of (X, p) tells us that

(ov ® H)o(r@ H)op = (ry @ H)o(r®Ho H)o(pe H)op
= (my@H)o(m®@H®H)o (X ®A)op
= (py@H)o(Y®A)o(r@H)op

And hence (Y @ H) e H has to be isomorphic to Y e (H e H), which is
exactly the pushout of (7, (py ® H) o (Y @ A) o (m ® H) o p). We can
conclude that (Y, py, my) is a geometric partial comodule.

Performing this construction in C = Set”, we recover Example 2.1.1

(1)

Example 4.1.6 (Quotient of a partial comodule). The previous exam-
ple can be generalized in the following way. Let (X, X e H, 7x, px) be
a partial H-comodule datum, and p : X — Y an epimorphism. Then
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consider the pushout P of the pair (7x,p® H):
X®H

>

XeoH

S

Moreover, we can then define a partial comodule datum (Y, Y e H, 1y, py)
by considering the following pushout

X

\/

p

\/g/

p
and taking my = 7}, o po. Similar to the previous example, one can
show that Y is a quasi or geometric partial comodule if X is so.

Example 4.1.7 (Partial action in the affine plane). Since the affine
group (A2 +) acts strictly transitive on the affine plane, the algebra
A = k[z,y] is a Galois object over the bialgebra H = k[x,y]. In partic-
ular, A is an H-comodule with coaction p : k[x,y] — k[z,y] ® k[z,y] =
klz,y. 2"y, p(f)(@,y,2",y) = f(z+2',y+y') where f € k[z,y]. Con-
sidering the quotient B = k[z, y|/(xy) we find by the previous example
that B is a partial H-comodule with B ¢ H = k[x,y, 2, y']/p((zy)).
Remark that p((xy)) is not an ideal in k[z,y, 2’, /], hence B e H is not
an algebra quotient of B ® H. Furthermore, pg : B — B e H given by

pe(f)(z,y,2,y) = flx+ ',y +y) for all f € B.

Example 4.1.8 (A partial action on the quantum plane). By a similar
construction as in the previous example, we obtain a partial action on
the quantum plane. Consider the tensor algebra T'(V') where V is a
2-dimensional vector space. Then this tensor algebra is known to be
a Hopf algebra and it coacts on itself by the comultiplication. We
can view T(V) as the free algebra k (x,y) with two generators z,y
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and the coaction is then given by the comultiplication A : k (z,y) —
k{x, 1)@k (z,y), A(r) = 2@1+10z, A(y) = y®1+1®y. Now consider
the quantum plane k,[z,y] = k (z,y) /(zy — qyx). By Example 4.1.5,
the quantum plane is a partial comodule over the tensor algebra.

Example 4.1.9. Consider a partial coaction in the sense of Caenepeel-
Janssen [21]. This means that H is a Hopf algebra, A is an algebra
and

p:A—=A®H, pla) = ap ® ap)
is a linear map satisfying the following axioms:
(CJ1) (ab)ig ® (ab)y) = ajbp) ® apbyy

(CJ2) ajo) ® agpy @ ap = aplp) @ apya)lp @ ape)
(CJ3) ae(ap)) =a

Then we define e = 1jp) ® 1y € A ® H, which is an idempotent,
because of the first axiom. Then we get that
A H=(A®H)e®d (A® H)e
where ¢ =1 —e. If we put Ae H = (A® H)e, then we have that the
map
7T:A®H—>A0H,a®hr—>a1[0]®h1[1}

is surjective with right inverse the inclusion map and kernel (A® H )e' =
{a®@h—alg@hlp |la®hec A9 Hy =N and Ae H=(A® H)/N.
This allows us to define the partial action datum over A:

A P A® H

AeH
To check the coassociativity, we consider the diagram

Ao H el A9 H®H AQH ’

\ / pxx\ ‘AM/H \ - A®A \ /
AeH (AeH)® H A H® H AeH
poH ~ / \ ~ % \ ~ %
(AeH)o H (AeH)Y® H Ae(H®H)
T T
1 [2
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Using Lemma 4.1.4, we find that (Ae H)e H = ((Ae H) ® H)/K,
Ae(HeH)=((AeH)®H)/Land © = ((Ae H)® H)/(K + L) where

K = {a[o] ® ap) @ h — aglipe @ apliop ® h1[1]|a ®heA® H}
and
L = {alpg®ha)lpy®he)—alplp @ha) lpnn 1 @he) Lpe la@h € ARH}

Although in general K and L are not necessarily isomorphic subspaces
of (Ae H)® H, we see because of axiom (CJ2) that (t® H)o(p®@ H)o
pla) = (m@ H)o (A® A)op(a) in (Ae H) ® H. Hence the coasso-
ciativity holds in particular in the quotient ©. We can conlude that a
Caenepeel-Janssen partial action induces a quasi (and not geometric)
partial comodule.

Example 4.1.10. In a similar way as the previous example, partial
corepresentations [11] also lead to examples of quasi partial comodules.

Example 4.1.11. Let (X, XoH, 7y, px) be a quasi partial H-comodule.
We know that X ® H is a (global) right H-comodule with coaction
X ® A. By applying the result of Example 4.1.5, we find that the
epimorphism 7x : X ® H — X e H induces X e H with the structure
of a geometric partial H-comodule under the partial coaction

XeH (XeH)® H

mx%

Xe(HeH)

which is geometric by Example 4.1.5. Therefore, we obtain that the
following pushouts are isomorphic, where we denote X ¢ A =7, 0 X @
A.

(XeH)® H (4.1)
Xe(HeH) (Xe(HeH))®H

%m

Xe((HeH)) e H)
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(XeH)® H

XeH)®

/
k M &tﬁw

o (H® H))

X o (He(HeH))

Denote (X o (H  A)) = % 0(X e(HeA)). Then we find that the fol-
lowing morphisms are identical up-to-isomorphism of their codomains.

(Xe(HeA)o(XeA)=(Xe(AsH)o(Xeh)

When X itself is a geometric partial comodule, one can use the
isomorphism 6 : X e (H @ H) = (X e H) @ H to rewrite the above
pushouts as

(Xe(HeH))oH = Xe((HelMH))eoH)
~“(XeH)e(HeH) = Xe(Heo(HeH))

we will explain this in more detail in Section 4.3.

4.2. Partial comodule morphisms

Definition 4.2.1. If (X, 7x,px) and (Y, 7wy, py) are two partial H-
comodule data, then a morphism of partial H-comodule data is a couple
(f, f e H) of morphisms in C, where f: X —Y and fe H: X ¢ H —
Y e H such that the following two squares commute

X ! Y
pxj l”y
XeoeH felt YeH
NXT WT
XxoH—" _veu

A morphism of a quasi, lax or geometric partial comodule is a morphism
of the underlying partial comodule data. We denote the categories of
quasi, lax and geometric partial H-comodules respectively by gPMod”,

(4.2)
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IPMod” and gPMod”. When we denote PMod”, we mean any of the
three partial comodule categories, without specifying which one.

If H is an algebra in C, then H is a coalgebra in C? and one defines
the categories of partial modules as the opposite of the corresponding
categories of partial comodules over the coalgebra H in C

Remark 4.2.2. If (f, f « H) is a morphism of partial comodule data,
then f e H is determined by f. Indeed, suppose that both (f,f e
H),(g,ge H) : X — Y are morphisms of comodule data with f = g,
then using the fact that 7y is an epimorphism, it follows that f e H =
ge H. This justifies that from now on we will denote a partial morphism
(f,f®H) just as f.

If moreover 7y is a regular epimorphism (that is, it is a coequalizer)
in C, then one can express the property of the existence of f ¢ H more
explicitly. We spell this out in the abelian case (where all epimorphisms
are regular) in the next lemma.

Lemma 4.2.3. Suppose that the category C is abelian. Let (X, 7x, px)
and (Y, my, py) be partial H-comodule data in C. If a morphism f :
X — Y satisfies (f @ H)(Kermx) C Kermy, then there exists a unique
morphism feH : XeH — Y e H such that myo(f®@H) = (feH)onx.

PRrROOF. The existence and uniqueness of f e H follows directly by
universal property of (X e H,mx) = coker (Ker(mx)) in the abelian
category C. O

Remark 4.2.4. In case C = Vect, one then finds that a map f: X —
Y between two geometric partial modules is a morphism of partial
comodules if and only if the following conditions hold:

(1) f(x)eh=0if x@h =0;
(2) f(zg) @ zp) = f(2)o) @ ()

where we used the notation introduced in Remark 4.1.3, and where the
second condition make sense thanks to the first one.

Lemma 4.2.5. If f : (X, 7x,px,0x) — (Y, 7y, py,0y) is a morphism
of quasi partial H-comodules, then there ezist unique morphisms (f e
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H)eH, foe(HeH) and 0 such that the following diagrams commute

i o(XeA

XeHZ - (XeH) e HX 2 (X e H)® H XeH > Xe(HeH)<L (XeH)® H

o

YeH ™ L (Ve o HI " (Yo H)® H

l(foH)oH L(foH)(X)H foHl Lfo(HoH)

X X
2

(XeH)o H h Ox QXO(H.H)

(f-H)°HL Lef jf-(H®H)
28 0y
(YeH)oH Oy Y o (H® H)

If moreover X and Y are lax, then the following diagram commutes as
well.

(XeH)eo H ettt (YeH)eo H
Xe(HeH) Jelttet) Ye(HeH)

ProoF. This follows by the universal property of the considered
pushouts. For example, (fe H)e H : (XeH)e H — (Yo H)e H
is defined as the unique morphism that makes the following diagrams
commute, where the inner and outer diamond are pushouts

X®H
[

pPx®H

l (feH)®H

mh o(YeA TYe
YOHY(—>1/Q(H0H)<£(YQH)®H
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4.3. Coassociativity

For a usual H-comodule (M, p), it is well-known that the coassocia-
tivity condition implies a generalized coassociativity condition saying
that all morphisms from M to M ® H®" that is constructed out of a
combination of p, A and identity maps are identical. Our next aim
is to prove a similar theorem for partial comodules. To this end, let
consider the following compositions of partial mappings from X to
X®H®H® H. Let us first construct

pl=((peH)eH)o(peH)op: X = (XeH)eH)e H

which is done in the following diagram, where all quadrangles are

pushouts.
X , S X®H plt cxoHoH - XoHnoHoH
pxl \ \ iﬂX(@H@H
X pPxOH Tx QH pPx@H®
XeH (a) (XeH)®H (XeH)QH®H

pxoH TXeH (pxoH)® m
H

(XeH)eH)®

o H
m\ (XeH)oH
(X e H)

eH)e H

In the same way, we can construct

p: ((pe H) o H)o(XeA)op: X — (X o H)e(HeH)

where we denote as before X ¢ A = 7’y o (X @ A) and which is defined
by the following diagram.

X®A PRHRH

X g ~X®H ~X®H®H ~X@H®H®H
pxl / / \\ rx@HOH
X X®A pPxQOH®
XeH (b) XoHeH Gl (XeH)® He H
x’\ A M
Xe(H®H) (¢) (XeH)®H TXen®H
X % m—)\
)

Xe(HeH (XeH)eH)® H

A

pxe(HeH ™ A

(XeH)eo(HeH)

Since we know by the coassociativity on X that the pushouts (XeH )e H
given by the diagram (a) is isomorphic to the pushout X e (H e H) which
is the combinination of diagrams (b) and (c). Therefore it follows that
the pushouts ((XeH)eH)e H and (X e H)e(H e H) constructed above
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are isomorphic as well, in such a way that the constructed maps p* and
p? from X into these pushouts are identical up to this isomorphism.
Next, we construct a morphism

f (XeH)eA)o(peH)op: X — (X eH)e(HesH

denoting (X e H)e A) = 7y, ;0 (X @ H) @ A), as in the following

diagram.
>X®H pelt ~XeHoH 2 xeHoHaH
/ Px®H Tx®H XQHON
XQHRH®H

(XeH)QH®H

TxeH®H
(XeH)e TXeH,A

o (H® H) eH)®H

44

H)e(H

Let us first remark that the constructed pushout is the same as the one
from the previous diagram. Indeed, we had constructed (X eoH )e(HeH)
as the pushout of wx with

((px e H)@ H)o(rx ® H)o (X ® A)
(Txen @ H) o (px @ H® H) o (X ® A)
(Txen ® H) o ((X @ H)® A) o (px ® H)

It follows that the morphism p? is identical to p? (and to p).

Furthermore, one sees that the pushout (a) appears again in the
last diagram, by a same argument as before, this can be replaced by
the combination of the pushouts (b) and (c), since 0x : X o (H e H) —
(X e H) e H is an isomorhpism. This leads us to the map

PP (XeH)eA)oXeAop: X =+ Xe(He(HeH))
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X , S X@H plt cX@HoH P2 XoHoHoH
l / WA) \ H
px
TX Tx®H XQHRA
XeH (b) + (¢) (XeH)®H XQHRH®H
Xea % m W
Xe(HeH) (XeH)®@ H® H
”/X,A@’H
Xeo(HeA) TX,H,A
Xe(He(H®H)) (Xe(HeH)®H
R& T ma
Xeo(He(HeH))

Remark that (X e H)e(HeH) is the pushout of the pair (T xen, (Txen®
H)o((XeH)®A)and X e (H e (H e H)) is the pushout of the pair
(x> (T A @ H) o (X @ H) ® A). Since mxep = Ox 0Ty 5 and Ox is
an isomorphism, it follows that both pushouts are isomorphic and ¢?
and ¢* are identical up to this isomorphism.

Let us now consider the morphism

P (Xed)eH)o(peH)op: X — (Xo(HeH))eH

where (X e A)e H) = (n'y @« H) o ((X o A) ® H) and that is given by
the following diagram

X ? ~X®H pel S XOHOH L xoHoHo H
XeH (a) e H)® H X®H®H®H
X\ / (XeA)® %
(XeH)eoH (Xe(HRH)®H

(X
XeH
T ®H
(X o

H®H))eH (Xe(HeH)®H

And again, by replacing the pullback (a) by the pullback (b)+(c), we
obtain a map that is the same up-to-isomorphism the same as p°:

PP Xe(AeH)oXeAop: X +Xe((HeH)eH)
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where (X o (A e H)) =% ,0(X o(AeH)). This map p° is defined by
the following diagram.

S XQH pett S XoHoH L xeoHeHeH
Px / )( o8 / \ H
Tx®H XRA®
H)® H XoHRH®H
X / m 7rxA®H
(Xe(H®H))
7rX®H
(H® H)e H) e(HeH)®H
'”/)/(,2 44
Xe((HeH)e

By Example 4.1.11, we know that Xe((HeH))eH) = Xe(He(HeH))
and the maps p* and p® are identical up to this isomorphism.

Hence we have hereby proven that the all above constructed pushout-
s are isomorphic and the maps p’ (i = 1,...,6) are identical up to these
isomorphisms. All this is summarized in the following result.

Theorem 4.3.1 (generalized coassociativity). Let (X, mx, px,0x) be
a geometric partial comodule. Then the pushouts introduced above are
all 1somorphic

e(He(HeH)) = (XeH)eo(HeH)
( eH)eH)e H (Xe(HeH))oH
Xeo((Hel)eH)

I

12

2

Moreover up to these isomorphisms, the following morphisms X —
X o He HeH are identical

(XeHeoA)o(XeA)op ~ (peHeH)o(XeA)opr~
(XeHeoeA)o(peH)op ~ (peHeH)o(peH)opr~
(XeAeH)o(peH)op ~ (XeAeH)o(XeA)op

~~

Corollary 4.3.2. If (X, mx, px) is a geometrically partial H-comodule,
then (X @ H, (X o H)
comodule.

o H Txen,px ® H) is a geometrically partial H-

Corollary 4.3.3. All higher coassociativity conditions follow now by
an induction argument from the previous two results.
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Remarks 4.3.4. (1) A lax version of the above results on gen-
eralized coassociativity can be proven in the same way. In-
deed, analysing the reasoning at the start of this section, each
of the isomorphisms between the pullbacks obtained in The-
orem 4.3.1 follows from the isomorphism 6 : X e (H e H) —
(X eH)e H at appropriate places. When x is only assumed to
be a morphism (not an isomorphism), then we also obtain only
morphisms (and not isomorphisms) between the constructed
pullbacks. The coassociativity will then hold up to composi-
tion with the induced morphisms onto ((X e H)e H) e H.

(2) As the isomorphisms between the respective pullbacks are con-
structed by applying the universal property of the pullback,
one can moreover easily see, that these isomorphisms are com-
patible in a way that the following diagram commutes

X o (He(HoH)—(XoH)o(HoH) —((XoH) oH)osH

| |

X o ((H e H)oH) (X o (HeoH)oH

where all arrows are isomorphisms in the geometric case, and
just morphisms in the lax case. The commutativity of this
diagrams seems to suggest that there is an underlying (skew)
monoidal structure with tensor product — e —. In the next
section, we will show that in case H is a bialgebra, there is
at least a lax monoidal structure on the category of geometric
partial modules, which coincides with the e-product that we
encountered so far.

4.4. Completeness and cocompleteness of the category of
partial comodules

It is known that the category of comodules over a coalgebra over
a field is complete and cocomplete, see e.g. [37], [41]. We will prove
the same result for geometric partial comodules, and use for this the
approach of [4], which relies on the fundamental theorem of comodules,
for which we also provide a proof in the partial case.

For global comodules, the forgetful functor U : Mod” — C allows
a right adjoint given by the free functor — ® H : C — Mod®. Since
every global comodule is also a partial module, the free functor —® H :
C — PMod” still makes sense, however it no longer serves as a right



4.4. COMPLETENESS AND COCOMPLETENESS 71

adjoint for the forgetful functor U : PMod” — C, which is defined as
U(X,px,7x,0x) =X on objects and U(f, f « H) = f on morphisms.
We now show that the forgetful functor still has a right adjoint.

Proposition 4.4.1. Let V' be any object in C, then V can be endowed
with a partial H-comodule structure putting Ve H =V, 1 =V Q ey
and p = idy. We call this the “trivial partial comodule structure” on
V.

Moreover a trivial partial comodule is always geometric and the
functor T : C — PMod? that assigns to each C-object the trivial partial
comodule structure, is fully faithful and a right adjoint for the forgetful
functor U : PMod? — C.

PROOF. It can be easily verified that (V,V,V ® ey, 1y) is a geo-
metric partial H-comodule with (Ve H)e H=V e(HeH)=1V.

Given a partial comodule (X, X e H, mx, px), we find that TU (X)) =
(X, X, X ®ep,idx) and we define the unit of the adjunction as nx =
(tdx,X e €y) : X — TU(X). For any object V in C, we see that
UT(V) = V. Then the unit-counit conditions become trivial. Since
the counit is the identity, we obtain that 7" is fully faithful. 0

Since the forgetful functor has a right adjoint, it preserves all col-
imits that exist in PMod”. The main aim of this section is to show
that colimits and limits indeed exist in PMod®. Let us first show that
thanks to the observation of the previous proposition, the category
PMod® is well-copowered.

Recall that a category is called well-copowered if and only if for any
object X, there exist up-to-isomorphism only a set of epimorphisms
f: X =Y.

Corollary 4.4.2. A morphism f € PMod” is an epimorphism if and
only if U(f) = f is an epimorphism in C. Furthermore, the category
PMod? is well-copowered if C is so.

PROOF. Since the forgetful functor U : PMod®” — C has a right ad-
joint, U preserves epimorphisms. Conversely, if f : X — Y in PMod”
is such that U(f) is an epimorphism, then f is an epimorphism as
well. Indeed, suppose that we have g,h : Y — Z in PMod” such that
gof =ho f. Then also U(g) o U(f) = U(g) o U(f) in C and hence
U(g) = U(h). But in Remark 4.2.2] we remarked that for a morphism
g € PMod”, g e H is completely determined by g (or by U(g) to be
precise). Hence we find that g = h in PMod”.
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Let (X, X e H,p, ) be a partial comodule datum. Since C is well-
copowered, there exists up-to-isomorphism only a set of epimorphisms
f X — Y in C. Moreover, for each Y, there exist again since C is
well-copowered, only a set of epimorphisms Y ® H — Y e H, hence also
only a set of partial comodule data over Y. We conclude that there
will be only a set of epimorphisms f : X — Y in PMod” and hence
PMod® is also well-copowered. O

Theorem 4.4.3. Suppose that the endofunctor — ® H : C — C pre-
serves colimits. Then the following statements hold.

(i) If the category C is k-linear then PMod” is also k-linear and the
forgetful functor is k-linear.

(ii) If the category C has all colimits of a shape Z, then PMod™ also
has colimits of shape Z. Hence, if C is cocomplete then PMod®
is cocomplete and the forgetful functor U : PMod® — C preserves
colimits.

(ii) If the category C is additive, then PMod™ is also additive.

PROOF. (L) Let X = <X7 px,ﬂx,ex) and (}/, py,ﬂ'y,@y) be a two
partial comodule data and (f, feH), (g, geH) : X — Y two morphisms.
Let us verify that (f 4+ g, f @ H+ ge H) is again a morphism. Then we
have

pyo(f+g) = prof+pyrog
= (feH)opx+(geH)opx
= ((feH)+(geH))opx

And similarly, ((fe H)+ (ge H)) oy =7ny o ((f ® H) + (9 ® H)).
Hence (f + g, f @ H + g @ H) is indeed a morphism in PMod".
Similarly, for any a € k, we define a(f, f ¢ H) = (af,af ® H). One
easily verifies that this is again a morphism, and using this addition
and scalar multiplication, the Hom-sets in PMod” are k-modules and
composition is k-bilinear.
(ii) Let Z be any small category and F : Z — PMod” a functor,
where we denote for each Z € Z, FZ = (FZ,FZ o H, PFZ,TFz), 1.€.
we denote UFZ = FZ for short. Consider the functor UF : Z — C
and denote (C,vz) = colimUF, where vz : FZ — C are such that
vz = vz o Ff for any f : Z — Z'in Z. Consider now the functor
UF" . Z — C given by UF'Z = FZ ® H. Then by assumption we
have that colimUF# = (C ® H,~v, ® H). Finally consider the functor
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UF*: Z — Cgiven by UF*Z = FZ e H for all Z € Z, and denote
colimUF*Z = (C' e H,6;) where 07 : FZ « H — C' o H are such that
0z =0z 0 FfeH. Let us verify that (C e H,0; o prz) is a cocone for
UF. Indeed, for any morphism f: Z — Z' in Z, F'f is a morphism in
PMod and hence the following diagram commutes

Ff

F7Z FZ
PFZl pFZ’L
FZeH Frent F7' e H

k 6Z’
CeH

By the universal property of the colimit colimUF', we then obtain a
unique morphism p¢o : C — C' o H such that dz o ppz = po o vz for all
Z € Z. In the same way, one shows that (C' e H,d§; o mpy) is a cocone
for UF™ | and hence there exists a morphism 7o : C @ H — C o H such
that d; o mpy = Mo o7y for all Z € Z. The situation is summarized in
the next diagram.

FZ ik C
PFZl LPC
FZeH—"" . CeH
] B
F7 YzQH

QH C®H

Let us show that (C,C e H, pc, ) is a partial comodule datum, i.e.
that 7o : C® H — C'e H is an epimorphism in C. To this end, consider
f,g:CeH — X in C such that fonrg = gong. Then for all Z € Z
we have that

fomco(yz®H) = fodzompy
=gomco(1z®H) = godzompy

Since each mpy is epi, we find f ody; = go dz for all Z and since the
0z are jointly epi, we obtain that f = ¢g and therefore 7 is indeed an
epimorphism.

Furthermore, by the interchange law for colimits, it follows that the
pushouts C' e (H @ H), (C' e H) @ H and O¢ can be computed as the
colimits of the respective functors Z — C that construct the pushouts
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ZeH(eH), (Z e H)e H and O4. Hence, it follows that if all F'Z are
quasi, lax or geometric comodules, then Z will be such as well.

(iii). By part (i) we know already that PMod” is pre-additive if C is
so and by part (i) we know that PMod” has binary coproducts if C
has so. It remains to prove that binary coproducts in PMod” are also
products. Consider two object (X, XoH, px,mx) and (Y, YeH, py, mx)
in PMod and consider their coproduct which we know by part (ii) is
of the form (X []Y, (X e H)[[(Y e H), px [ py,7x [[7y). Moreover,
we know that X [[Y (X e H)[[(Y e H) are biproducts in C. Hence
we have the projections py : X [[Y — X, my : X[[Y = Y, pxen :
(XeH)[[(YoH) — XoH and pyer : (XoH)[[(YoH) — YeH. Then
by the properties of the coproduct in C, we know that the following
diagram commutes

XY X
prpyl \PX
(XeH)[[(YeH) XeH
tto] B
(X @ H)[I(Y @ H) X®H

Hence we find that (px,pxer) : X [[Y — X is a morphism in PMod”
and the same is true for (py,pyen) and we obtain that (X [JY, (X e
H)[[(Y e H), px [ py.7x [[ 7y) is indeed a biproduct in PMod®. [

As we will show further in this section, there exist monomorphisms
f in PMod* such that U(f) is not a monomorphism in C. In particular,
U does not have a left adjoint. Nevertheless, we have the following
result.

Lemma 4.4.4. Consider a morphism f: X — Y in PMod”. IfUf :
UX — UY s a monomorphism in C, then f is also a monomorphism

in PMod® .

PROOF. Consider two morphisms ¢,h : Z — X in PMod” such
that fog= foh. Since U f is a monomorphism, we obtain Ug = Uh.
Then by Remark 4.2.2; we find that also ge H = he H ie. g =h in
PMod. O
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Definition 4.4.5. A subcomodule of a partial comodule (X, XeH, px, mx)
is a partial comodule datum (Y,Y e H, py, my ), together with a mor-
phism f :Y — X for which both f and f e H are monomorphisms in
C.

From now on, we restrict to our case of interest C = Vect; where k
is a commutative ring.

Proposition 4.4.6. Let (X, XoH, px,7x) be a partial comodule datum
and 7 'Y — X a subobject of X in Vect,. Consider the epi-mono
factorization of tx o (j® H) : Y ® H — X e H, which we denote as
follows:

VeoH— " veH " _xepm

Then

(i) Kermy =2 j(Y)® H N Kermyx;

(ii) Denote as usual by Y o (H o H) the pushout of (wy,(my ® H) o
Y®A). Then'Y o (H o H) is isomorphic to the image of the map
mxao(jeH)®H;

If moreover Y allows a partial comodule datum of the form (Y)Y e
H, py,my) such that j is a morphism of partial comodule data, then

(111) Y is a partial subcomodule of X.

(iv) (YeH)eH isisomorphic to the image of the map mxego(joH )R H ;

(v) if X is a lax (resp. geometric) partial comodule, then'Y is as well
a lax (resp. geometric) partial comodule.

PRrOOF. Q . By construction we have the following commutative
diagram

veH 2" _yeou

™| |

Y0H¢>X0H

Hence y®@h € Kermy iff 0 = (jeH)omy(y®@h) =mxo(j @ H)(y®h)
iff (j@H)(y®h)e€Kernmx. Le. j(y) @h € Kerrx Nj(Y)® H.

(ii). Asin the case of partial comodules, we know by Lemma 4.1.4 that
Y o (H o H) can be computed as the quotient of (Y e H) ® H by the
subspace (my ® H) o (Y ® A)(Kermy). Furhtermore, the statement is

true if and only if the canonical morphism je(HeH):Y e(He H) —
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X o (H e H) is injective. Consider the following diagram.

Y ® H<—KermyC o Ker mx
Yoe®H( (my @H)o(YRA) Xoe@H( (rx®H)o(X®A)
(jeH)®H
Ve H Ker 7:§/A( (Ker 7:’X7A)
(joH)®H

Consider any ye(heh') € Ye(HeH), ie. yo(heh') = my A((yoh)QH)
for some (yeh)@h' € (Yo H)® H and (yeh) @k =7y (y @ h) @ N
withy@ h®@ h € Y ® H® H. Suppose that j(y) e (heh') =0, i.e.
(j(y) @ h) @ 1" € Kermy o = (mx ® H) o (X ® A)(Kermx). Hence,
(j(y)oh) @D = (x; ® hi1)) ® hy) for some x; ® h; € Kermx. Applying
(X e€) ® H to the last identity, we obtain by part (i) that
r; @h; =j(y) @e(h)h' € j(Y)® HNKermy

Hence, y ® e(h)h' € Kermy. Then we find

(mx ® H)o (X ®A)o (j® H)(y® e(h)l)

(5 ® hig1)) © hia)

= (jy)eh) e
(joH)® H)o(my @ H)o (Y ®A)(y @ e(h)h)
= Jjy)e €<h)h/(1) ® h,(2)

Since (joH)® H is injective, we have that (yeh)®h' = yee(h)h(;) @h(y
which is in Ker 7y 5 since y@e(h)h' € Ker ry. Therefore ye (heh') =0
and j e (H e H) is injective.
@ . It is clear by construction that (j,j e H) is a morphism of partial
comodule data and j e H is injective.
(iv). This is proven in the same way as in part (ii). We have to show
that (jeH)eH : (YeH)eH — (X eH)eH is injective. So suppose that
(yeh)eh' € (Y e H)e H is such that (j(y)eh)eh' =0in (XeH)e H.

Since my,.y is surjective, we find that (ye h) @ ' = wyey((yeh) @ 1)
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and (j(y) e h) @I € Kermyeny = px(Kermy). Hence, (j(y) @ h) @ h =
(2i0) ® 2ip1)) ® h; for some z; ® h; € Kermx. Applying (X e¢€) ® H to
the last identity, we obtain by part (i) that

r; @ h; = jly) @e(h)h € j(Y)® HNKermx = Kermy.

Hence (j(y)oh) @ N = (z;0) @ X)) @ h; € (jo H)® Hopy o (Kermy) =
Ker Ty em, so (y @ h) @ h' = 0.

(v). Suppose that X is a lax partial module. Then by part (iii) and
(iv) above, we can restrict and corestrict fx to obtain a morphism
Oy :Ye(HeH)— (Yo H)e H. If moreover X is geometric, than we
can also restrict and corestrict f3' to obtain an inverse 6y of y and

Y is again geometric. 0

The following corollary describes a phenomenon that was also ob-
served in [10] for the case of partial representations.

Corollary 4.4.7. Any partial subcomodule of a global comodule is a-
gain global.

PRrooOF. By Proposition 4.4.6, we know that for partial subcomod-
ule Y of partial comodule X that Kermy C Kermyx. Moreover, if X is
global then Ker mx = 0 and therefore also Ker 1y = 0so Y is global. [J

We are now ready to prove the ‘fundamental theorem for partial
comodules’.

Theorem 4.4.8 (Fundamental theorem for partial comodules). Let
X = (X, X e H px,mx) be a geometric partial comodule over the k-
coalgebra H, and consider any x € X. Then there exists a finite di-
mensional (geometric) partial subcomodule Y C X such that z € Y.

PROOF. Take x € X and write p(z) = Y v hy = 7(>yi ® hy),
where h; is a base of H. Denote Y the (finite dimensional) subspace of
X generated by the y;. We by coassociativity in the partial comodule
X, we have the identity

0" o (po H)(p(r)) = wh n 0 (X ® A)(p(x))
in X e (H e H). But since p(x) € Y e H, by Proposition 4.4.6 we know

that the above expressions are in fact in Y o (H e H). Therefore there
exists 7(yi; ® hi;) ® h; in Ker 7y, 5 such that

ply) @by =Y 7wy ® Y alihy) @ hi+7(yi; @ hiy) ® by
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in (Y e H) ® H where we denoted A(h;) = Y- al,h; @ hy, for certain
az.k € k. Since the h; are linearly independent, we get p(y;) = > m(yx ®
>-akih;) +7(yi; ® hij) € Y e H. Hence, it follows by Proposition 4.4.6
that Y is a geometric partial subcomodule of X. U

Corollary 4.4.9. The category of geometric partial comodules has a
generator.

PROOF. Let I be the set of isomorphism classes of finite dimen-
sional geometric partial comodules over H. Since there exists clearly
only a set of partial comodule structures over a given finite dimensional
vector space, it follows that I is indeed a set. For any ¢ € I choose
one comodule M; and denote by G the coproduct [, ; M;. Then the
fundamental theorem implies there is a surjective morphism G — X
for any geometric partial comodule X. Hence, GG is a generator for
gPMod". O

Corollary 4.4.10. The category of geometric partial comodules is com-
plete and cocomplete.

Proor. This follows from the known fact that a cocomplete well-
copowered category with a generator is complete. 0

Remark 4.4.11. Although the category PMod” is complete, its limits
are not preserved by the forgetful functor U to Vect. More precisely,
if L is a limit of a diagram D in PMod", then it is clear that U(L)
is a cone for the diagram U(D) in Vect. Hence there is a morphism
u : U(L) — L' in Vect where L' is the limit in Vect of U(D). In
general however, this morphism « is not a bijection. Rather, L can
be understood as the biggest partial comodule inside L’ that allows a
cone on . Remark however, that in order to be able to speak about
the ‘biggest’ partial comodule inside L', we already use implicitly the
existence of limits in PMod”. This can be seen more explicitly by
considering the kernel of a morphism f : X — Y in PMod” which
can be understood as the biggest partial subcomodule K of X such
that U(K) is contained in the vector space kernel of f. Thanks to the
completeness and cocompleteness of PMod”, we can construct from
two partial subcomodules v : V' — X and w : W — X the pushout
of the pullback of v and w, which is then a partial subcomodule of X
containing both V' and W.

The following result will be important in the next section.
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Corollary 4.4.12. The forgetful functor gPMod” — PCD (PCD de-
notes the category of partial comodule data), is fully faithful and has a
left adjoint B.

PrOOF. Let X be a partial comodule datum. Then BX is the
biggest partial subcomodule of X which is geometric. As we explained
in the previous remark this construction makes sense. It is easily veri-
fied that this provides a left adjoint to the forgetful functor. O

In the remaining part of this section, we will show that the category
of Partial modules is not abelian. To this end, we will construct an
example of a morphism f such that Ker coker f and coker Ker f are not
isomorphic.

Consider a global comodule X and Y a linear subspace of X which
is not a (global) subcomodule (recall that by Corollary 4.4.7 any subco-
module of global module is global). We can then construct the induced
partial comodule X/Y as in Example 4.1.5 and consider the canonical
projection p : X — X/Y which is a morphism of partial comodules.
Then the vector space kernel of p is just Y. However as we assumed
that Y was not a subcomodule of X, Y is also not a partial subcomod-
ule of X and hence it can not be the kernel of p in PMod”. Rather,
this kernel is the biggest (global) subcomodule of X contained in Y.
Suppose that Y was a one-dimensional subspace of X, then it follows
that the kernel of p has to be 0. Then p is both a monomorphism
(as morphisms with a zero kernel in additive categories are monomor-
phisms) and an epimorphism (as p is surjective and Corollary 4.4.2)
but not an isomorphism. Hence PMod® is not abelian. We also see as
mentioned earlier that there exist monomorphisms that are not induced
by monomorphisms.






CHAPTER 5

Partial comodules over a Hopf algebra and
Hopf-Galois theory

In this chapter we study the notions of partial comodules and in-
troduced in the previous chapter in case the coalgebra has moreover a
bialgebra structure. Similar to the global case, we prove that the cat-
egory of quasi partial comodules is monoidal, although with an oplax
unit. The category of geometric partial comodules over a bialgebra is
shown to be an oplax monoidal category. This is then used to study
in the next section partial comodule algebras, partial relative Hopf
modules and a partial Hopf Galois theory.

5.1. The lax monoidal category of geometric partial
comodules over a bialgebra

The following result is essentially due to Johnstone [34], who formu-
lated the proof in case of cartesian closed categories, but the argument
easily generalizes to closed monoidal categories.

Let us recall first that a monoidal category is called left closed
monotdal if for each object X in C, the endofunctor X ® — : C — C has
a right adjoint, that we denote by [X, —] and that is called the internal
hom. In other words, if C is right closed, then for any triple of objects
X,Y,Z in C we have isomorphisms

Hom¢ (X ® Y, Z) = Home (X, [Y, Z])
for any f € Home(X ® Y, Z) we denote the corresponding element in
Hom¢ (Y, [X, Z]) by f, and conversely for any g € Hom¢(Y, [ X, Z]), we

have § € Hom¢(X ® Y, Z) with f=fand g =g. If one considers the
evaluation and coevaluation maps

evi t X ®@[X,Y] = Y; coevy Y = [X, X ®Y],
then we can write
[X, f] o coevy;
evy o (X ®g).
81

Q>
1l
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Suppose that C is moreover right closed, and where the right internal
hom denoted by {—, —}. Then we find for any three objects X,Y, Z in
C that

Home (X, [Y, Z]) = Home(X ® Y, Z) = Home (Y, {X, Z})
Hence
HomC"p([Y7 ZLX) = HomC(K {X) Z})

and the (contravariant) functor [—,Z] : C — C° has a right adjoint
{—, Z}, and therefore [—, Z] : C — C sends epimorphisms to monomor-
phisms.

Lemma 5.1.1. Let C be a bi-closed monoidal category, f: A — B and
epimorphism and g : C'— D a reqular epimorphism. Then the pushout
of the pair (f @ C,A® g) is given by (B D,B® g, f ® D).

A C
fec ARg
BxC A® D
k/\ %
B®D
h k
T

PROOF. Suppose that g is the coequalizer of the pair r,s : R — C.
Consider any object T"and maps h : B C — T, k: A®D — T
such that { = ho (f®C) =ko(A®g) : A® C — T. Using the
left closure on C, we find that ¢ corresponds uniquely to a morphism
¢ € Hom(C, [A,T]) and one checks that

{ = [A, k] o coevih o g = [f,T] o [B, h] o coev.

A
coevy,

D [A,A® D]

/ %
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Since g coequalizes the pair (r, s), it follows from the first equality that /
also coequalizes the pair (r, s). Furthermore, since f is an epimorphism,
[f,T] is a monomorphism and we find that

[B,h] o coevs or = [B,h] o coevd o s.

Therefore, the universal property of the coequalizer g leads to a unique
morphism @ : D — [B, T such that

tiog=[B,h]ocoevs : C — [B,T].
Moreover, since ¢ is an epimorphism, u also satisfies
[f,T) o4 = [A, k] o coevy
Consequently the induced morphism G=u:B®D — T satisfies
uo(B®g)=h, uo(f®D)=k

and is unique in this sense, which proves the universal property of the
pushout (B® D, B® g, f ® D). d

Let C be a braided monoidal category with pushouts and consider a
bialgebra H in C. Let (X, X @ H,mx, px) and (Y,Y e H, 7y, py) be two
partial comodule data over H. Then we can construct a new partial
comodule datum (X @ YV, (X ® Y) e H, Txsy, pxgy) in the following
way. Consider the map pxy = (X Q@Y @ ug)o (X @ opy ® H), where
o denotes the braiding of the category. Then define (X ® Y') @ H and
Txgy by the following pushout.

XQHRY ®H

X @Ty K

(XeH)® (YeH) XY ®H

x /\ TXQY

(X®Y)eH

By taking pxey = 1o (px ®py ), we obtain the desired partial comodule
datum.
This construction leads to the following result.

Proposition 5.1.2. Let C be a braided closed monoidal category where
all epimorphisms are regular and let H be a bialgebra in C.

Then by the above defined tensor product, the category of partial
comodule data over H is a monoidal category with an op-lax unit, such
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that the following is a diagram of strict monoidal functors.

Mod’? PCD

N

C

PROOF. Let us first verify the associativity of the defined tensor
product for PCD. Consider 3 partial comodule data X,Y, Z and con-

sider the following diagram.

XQHQYQQH®RZ®H

TxQTy RZQ \%Z@H

\

(XeH)®@(YeH)®Z®H X®Y®H®Z®H
XeHRY e HRT N(X@Y)Z
TRZQH AN\ X®Y®Z®H
(XeH)®@(YoeH)®(ZeH) (XQY)e H®R Z®H X®Y®Z®H
AQ(ZeH) N\ /(@%)di@wz
(X®Y)eH)® (ZeH)
\ N

(XRY)®2Z)e

The upper square is a pushout by definition of the tensor product and
the fact that the functor — ® Z ® H preserves pushouts since it has a
right adjoint. The down square is a pushout by definition of the tensor
product. The left square is a pushout by the Lemma 5.1.1. hence,
by combining these pushouts we find that (X ® V) ® Z) e H is the
pushout of (Xe HRY e HR7z)o(ny @My ®Z) =~ mx @ Ty @77 along
Uixay),z0(lxy ®Z@H). In the same way, (X ® (Y ® 7))o H is shown
to be the pushout of 7x ®my @7z and px ygz0 (X ®H®uy 7). One can
easily verify that by the properties of the braiding in C and associativity
of the multiplication of H, the maps ji(xgy)z © (uxy ® Z ® H) and
pUxyvez© (X @ H® pyz) are the same up-to-isomorphism. Hence we
find that (X ®Y)® Z)e H = (X ® (Y ® Z)) e H, which induces the
associativity constraint for the monoidal product in PCD.

Next, let us verify that the partial comodule datum k = (k, H, idg,n)
is an oplax unit for this monoidal product. Consider any partial comod-
ule datum X = (X, X e H,7x, px) and construct the tensor product
X ® k. We know that the underlying C object is just X ® k = X via
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the isomorphism rx : X — X ® k. Futhermore, the object (X ® k) @ H
is constructed by the following pushout.

XRHRH
,:Xy \
(X o H) ®H
AN TX®k
(X®k; )e H

Then consider the map ry e H :=Jio(XeH)®n: XeH — (X ®k)eH.
One easily verifies that ry @ H omy = mxgy and therefore (rx,rx e H) :
X — X ® k is a morphism of partial comodule data. ]

Let us remark that the category of partial comodule data can not
have a (strong) monoidal unit. Indeed, since the forgetful functor is
strict monoidal, the underlying C-object of the monoidal unit needs
to be the monoidal unit k£ of C. Hence the monoidal unit should be
of the form (k, K, 7, p), where K is a quotient of H. However, when
computing the pushout

XQH®H

Tx QM \
(XeH)® K
t/@m

In case C = Vect, we can compute this pushout explicitly via Lem-
ma 4.1.4 and we see that (X ® k) e H is the quotient of X ® H with
respect to (X @u)(Ker mx @ H+X ® H®@Ker m). However, this last set is
strictly larger then Ker 7y, so we can never get that (X®k)eH = XeH.
Nevertheless, the oplax monoidal unit from Proposition 5.1.2 becomes
a strong unit for a suitable subcategory that we will define now.

A/\

X®k

Definition 5.1.3. We call a partial comodule datum X over a bialge-
bra H-equivariant if the kernel of the morphism 7x : X @ H — X ¢ H
is an H sub-bimodule of X ® H (hence X e H is an H-bimodule and
mx is H-bilinear). More explicitly, in case C = Vecty, this means that
if £ @ h € Kermy, then also x ® h'hh" € Kernx for all ', h" € H.
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Corollary 5.1.4. The category of equivariant partial comodule data
over a k-bialgebra H is monoidal.

Proor. Consider the diagram
X®H® H

(XeH)®H
/\/

Then we see that under the stated assumptions, Kermx is a right H-
submodule of X ® H and hence (X ® pu)Ker (mx ® H) = Kermx and
therefore the above diagram is a pushout, which implies that X @k = X
in PCD. Similarly, using that Kerwx is a left H-submodule of X ® H,
we find that £ is a left unit for the monoidal structure on PCD. 0

The result from Proposition 5.1.2 leads to the natural question
whether the full subcategories of the category of partial comodule da-
ta, consisting of quasi, lax and geometric partial comodules inherit
a monoidal structure. To answer this question, let us compute the
pushout (X @ Y') e (H e H), which is given by the following composi-
tion of pushouts

XoHOYoH-" XovoH Y2 xovyeoHeo H22L(XoY)e H o H
7rX®7ryl lﬂx(gy lﬂxcpY,A LWIX@Y’A
r r f
(XeH)@ (Y o H)—= (X&) o H = (X@Y) o (Ho H) o— (X @) e (H e H)
XY XQY

Furthermore, checks that the composition of the upper morphisms can
be rewritten as

(Txey ® H) o (X @Y ® A) o pxy =
(Bxy @ H)o lixerryen 0 (Tx @ H @7y @ H) o (X ®A®Y ®A)

In the same way, the pushout ((X®Y)e H)e H is given by the following
composition of pushouts

QH
X@H®Y ®H Xoveo MY e Mo el o H X (X0 Y) e H) @ H

7TX®7TYl lﬂ'X@Y
pPxoy oH r

(XeH)® (Yo H)—(X®Y)o H (X®Y)eH)e H

XY

l”(X@Y)-H
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and again we can rewrite the composition of the upper morphisms
(Fixy ®@H)o(px @ py ® H) o pxy =
(Fxy ® H) o pixeryern © (px ® H® py @ H)

Hence, to study the relation between (X ® Y) e (H @ H) and ((X ®
Y) e H) e H, we have to compare the following pushouts

XoHoVoH 2% yeoHeoHeoVYeoHo HE N ye Mo He (Yo H) o H
e B
(X e H)® (Y o H) ’“ Iy
and

XeoHoVeoH X2 vel)yo He (Y eH)® H

Trx(X)WyL lQQ

(XeH)® (Y o H) n L Q

Using Lemma 4.1.4, we find that P and @) are isomorphic to quotients
of ( XeH)® H® (Y e H) ® H by the respective subspaces

(rx @HRQmy @ H) o (X @ARY @ A)(Ker (mx Q@ my)) =
(rx @HRQ@my H)o (X QARQRY @ A)(Kermx @Y @ H+ X ® H ® Kermy)

and
(px @ py)(Ker (mx @ my)) = (px @ py)(Kerrx Y @ H + X @ H @ Kermy)

Since in general (mxy @ H)o(XRA)(X®@H) 2 (px@H)(X®H), we find
that P and ) are non-isomorphic, and therefore also (X ®Y)e (H e H)
and ((X®Y )eH)eH are non-isomorphic (even if X and Y are geometric
partial comodules).

Hence, we can conclude that when X and Y are geometric (respec-
tively lax) partial comodules, then X ® Y is in general no longer a
geometric (respectively lax) partial comodule. However, when X and
Y are both quasi comodules, then 6; o (px ® H) and 05 o (X e A) do
have identical images when restricted to the image of px, we find that
X ®Y is still a quasi partial comodule. We can then conclude on the
following.

Theorem 5.1.5. The category of quasi partial comodules over a bialge-
bra is monoidal with an oplax monoidal unit, and the forgetful functor
to vector spaces is strict monoidal.
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The category of equivariant quasi partial comodules over a bialgebra
1s @ monotdal category.

Although the above introduced tensor product is not well-defined
on the category geometric partial comodules, in case of working with
a bialgebra over a field, we can combine Proposition 5.1.2 with Theo-
rem 1.2.7 and obtain immediately the following result.

Theorem 5.1.6. The category of geometric partial comodules over a
bialgebra H over a field k is an op-lax monoidal category and the for-
getful functor U : gPMod” — Vect;, is monoidal.

Remark 5.1.7. Let us describe the oplax tensor product of the cate-
gory gPMod” a bit more explicitly. Consider two geometric partial co-
modules M and N, and let M ® N be the tensor product partial comod-
ule datum (which we know is a quasi partial comodule). Then M e N is
the geometric partial comodule that is uniquely defined by the follow-
ing universal property. There exists a morphism p: M @ N — M e N
and for every other geometric partial comodule T° with a morphism
M ® N — T, there exists a unique morphism u : M ¢ N — T such that
t=wuop.

Since the zero module is a geometric partial comodule that is a
minimal solution for the above problem, M e N will always exist. Given
twop: MQ@N — Pand q: M ®N — @, Let R be the pullback of the
pushout of p and ¢, i.e. firstly take the pushout of p,q and then take
the pullback of the maps induced by this pushout (both exist since we
proved that geometric partial comodules are bi-complete). Then there
is a unique morphism M ® N — R compatible with both p and ¢. In
this way, we can construct the “biggest” quotient M e N of M ® N
that is still a geometric partial comodule.

Remark that if one of the geometric partial comodules X and Y is
global, then X ¢ Y = X ® Y.

5.2. Partial comodule algebras

In the partial case, it turns out that there are two kinds of ‘comod-
ule algebras’: those which arise as partial comodules in the category of
algebras, and those that arise as algebras in the (oplax monoidal) cat-
egory of partial comodules. While these notions coincide in the global
case, for partial coactions they differ, as a consequence of the fact that
pushouts in the category of algebras are different from pushouts in the
category of vector spaces.
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5.2.1. Algebras in the category of partial comodules. Let C

be an oplax monoidal category and denote ®y(@) = I and ®,,(X1,...,X,)

(X1®...®X,). An algebra C, is an object A endowed with morphisms
m:(A® A) — Aand u: I — A satisfying the following conditions

/////

(AR A® A

TS ;

(A®A) @ (4) —"—~ (A® A)

(A) @ (A A4) —"~ (A® A)
)

ARu
(Ao D (4w a)

SN
SN A

(4) A

Then we obtain the following natural definitions.

Definition 5.2.1. Let H be a k-bialgebra. A quasi (resp. geomet-
ric) partial H-comodule algebra is a an algebra in the oplax monoidal
category of quasi (resp. geometric) partial H-comodules.

Since the forgetful functors gPMod” — qPMod” — Vect, are
monoidal, each geometric partial comodule algebra is also a quasi par-
tial comodule algebra and a quasi or geometric partial comodule alge-
bra is also a k-algebra. More precisely, we have the following result.

Proposition 5.2.2. Let C be a category satisfying the conditions of
Proposition 5.1.2 and H a Hopf algebra in C. If (A, A e H,wa,pa) be
an algebra in the monoidal category with oplaz unit qPMod” | then A
and A e H are algebras in C and the morphisms w4 and pa are algebra
morphisms.

PRrROOF. We already remarked that A is an algebra in C, since the
forgetful functor gPMod? — C is monoidal. To see that A e H is an
algebra consider the following, which expresses that the multiplication
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i A®A — Ais amorphism of partial comodules, and the construction
of (A® A) @ H as pushout.

A® A fa A

PARA PA
(AeH)® (Ao H) " (Ao A)eH M Aeq
TTFA®7TA - TWAQ@A ]WA
A9 H® Ag H —244 AoAeoH %" _ AsH

One can then easily verify that the morphism (us @ H) o iy 4 defines
an associative multiplication on A e H, and by construction 74 and py
are then multiplicative. In a similar way, the unit morphism v : £ — A
is a morphism of partial comodules if the following diagram commutes

k - A

[ P

H ue H A.H

| -

uQ@H

H AR H
which means in Sweedler notation that
pa(la) =101y (5.1)
Then ppou : k — Ae H is a unit for the algebra A ¢ H and the
morphisms 74 and p4 are unital. O

Again, since the functor gPMod” — qPMod” is monoidal, it follows
that for a geometric partial comodule algebra A, the vectorspace Ae H
is naturally a k-algebra and pi4 is a k-algebra morhpism. This implies
that Kermy4 is a two-sided ideal in A ® H.

Remark 5.2.3. In contrast to what might think naively, the C-objects
(AeH)eH, Ae(H e H) or ©4 do not posses a natural algebra structure
in general. The main reason for this, is that these objects are defined
as pushouts in C without any interaction with the multiplication g 4.
This is the main motivation to introduce a second type of comodule
algebras in the next section.

Examples 5.2.4. Consider the example of geometric partial k[z,y]-
comodule from Example 4.1.7, whose underlying object is B = k[z, y|/(zy).
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Then B has a natural algebra structure, however BeH = k[x,y, 2',y'] /p((zy))
is not an algebra since p((zy)) is not an ideal. Hence, (B, BeH, 7, pp)
is not a partial comodule algebra. However, consider k[z, y, 2, y']/ (p(zy)),
where (p(zy)) is the ideal generated by p((zy)), then this is an ideal
and there is a canonical projection 7 : B e H — k[x,y, 2, y'] /(p(zy)).
Then the partial comodule datum (B’, B’ e H, g/, pp/), where B’ = B,
B'eH = klz,y,2',y']/(p(zy)), 7g = momp and pg = mopp is a partial
k[x,y]-comodule algebra. Since the partial comodule B’ is geometric
(being a quotient of a global one), B’ is also a geometric comodule
algebra.

In the same way, one can turn the partial comodule from Exam-
ple 4.1.7 into a geometric partial comodule algebra and the partial
comdoule from Example 4.1.8 into quasi partial comodule algebra.

5.2.2. Partial comodules in the category of algebras. Recall
that the category of algebras Alg(C) in a braided monoidal category C,
is again a monoidal category. Furthermore, a coalgebra H in Alg(C) is
exactly a bialgebra in C and a comodule over H in Alg(C) is exactly an
H-comodule algebra in C. Following this point of view, we introduce
the following definitions.

Definition 5.2.5. Let H be a bialgebra in the braided monoidal cate-
gory C, and consider H as a coalgebra in the category Alg(C). A quasi
(resp. lax, geometric) partial algebra-comodule over H is a quasi (resp.
lax, geometric) partial H-comodule (A, A e H 74, p4) in Alg(C).

Remark 5.2.6. In the global case, algebra-comodules and comodule-
algebras are identical structures. In the partial setting this however
is no longer the case. Firstly, given a partial comodule datum (A, A e
H, 7, pa)in Alg(C), then applying the forgetful functor U : Alg(C) — C
yields a partial H-comodule datum UA = (A, A e H,ma,pa) in C,
provided that U(m,4) is an epimorphism in C. This last condition is
not necessarily the case if we take C = Mod, where k is an arbitrary
commutative ring, but it holds if k is a field. However, even in case of
C = Vecty, the forgetful functor U : Alg, — Vect; does not preserve
pushouts. In other words, the canonical morphism Opa — U(O4)
is not an isomorphism in general. If A is a quasi partial H-comodule
algebra, then coassociativity holds in U© 4, but not necessarily in O 4,
and U A is not necessarily a quasi partial H-comodule.
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The next result tells however that conversely, partial comodule-
algebras are still algebra-comodules.

Proposition 5.2.7. If (A, Ae H, w4, pa) is a quasi partial H-comodule
algebra, then (A, Ae H w4, pa) is also a quasi partial algebra-comodule
over H.

PRrooF. It follows from Proposition 5.2.2 that (A, Ae H, w4, pa) is
a partial comodule datum in the category Alg(C). If A is a quasi partial
comodule, then the coassociativity holds in the sense that

O10(pareH)epy=00XeAopy (5.2)

where (O4,0;,0:) is the coassociativity pushouts in C. On the oth-
er hand, we can also consider the coassociativity pushout (0,0}, 65)
in Alg(C). Since the forgetful functor Alg(C) — C does not preserve
pushouts, © 4 and ©', can be non-isomorphic objects in C, but by the
universal property of the pushouts (Ae H)e H, Ae (H e H) and © 4,
we will obtain a morphism 7 : ©4 — ©’,. By composing both sides of
(5.2) with 7, we find that the coassociativity also holds in Alg(C), and
hence A is a quasi partial algebra-comodule. 0

The difference between the pushouts in Alg(C) and C can be un-
derstood very well in the situation where C = Vect;. Indeed, consider

k-algebra morphisms
R
N
A B

where b is surjective. Then we know from Lemma 4.1.4 that the
pushout of a and b in Vect is given by the quotient A/a(Kerb). In
general (or more precisely, when a is not surjective) a(Kerb) is not an
ideal in A, and hence A/a(Kerb) is not an algebra. However, if we
denote by I the ideal generated by a(Kerb), then one can easily see
that A/I is the pushout of (a,b) in Algy.

As a consequence, we find the following.

Corollary 5.2.8. If (A, AeH, 7, pa) is a geometric partial H-comodule
k-algebra, then (A, A e H,ma,pa) is also a geometric partial algebra-
comodule over H.

PRrROOF. By Proposition 5.2.7 we know already that A is a quasi
partial algebra-comodule. On the other hand, since A is geometric as
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comodule algebra, we find that the pushouts (Ae H)e H and Ae(HeH)
are isomorphic in Vect,. Because of the explicit description of these
pushouts recalled above, this means that the following subspaces of
(Ae H) ® H are isomorphic (even identical):

(pa @ H)(Kermy) = (14 @ H) o A(Kermy)

Hence the ideals generated by these subspaces will also be the same,
and therefore the corresponding coassociativity pushouts in Alg, will
be isomorphic, which means exactly that A is geometric as a partial
algebra-comodule. U

As the following examples illustrate, the converse of the previous
corollary does not hold.

Examples 5.2.9. All examples from Example 5.2.4 will give rise to
examples of algebra-comodules. Since the examples obtained from Ex-
ample 4.1.7 and Example 4.1.8 are geometric as comodule-algebra, they
are by the previous proposition also geometric as algebra-comodules.
We remarked before that the example from Example 4.1.9 is not geo-
metric as comodule-algebra, however we will show now that is does
become geometric as algebra-comodule.

Let A be a partial coaction of a Hopf algebra H in the sense
of [21]. Consider as in Example 4.1.9 the partial comodule datum
(A,Ae H,m p), where Ao H = {aljg ® hlp} = (A® H)e, which is
a direct summand of A ® H and the left A ® H-module generated by
the idempotent e = p(1) = 1 ® 1p; and which can be seen as the
quotient of A® H by the left ideal (A® H)e' where ¢/ = 1® 15 —e (we
denote 1 = 1,4 the unit of A). As explained in Example 5.2.4, in order
to obtain a partial comodule algebra one has to consider an alternative
partial comodule datum, where A o' H is the quotient of A® H by the
two-sided ideal (A ® H)e'(A® H).

The ideal in A ® H ® H generated by (p® H)((A® H)e'(A® H))
is then nothing else than the ideal generated by (p® H)(€’). Similarly,
the ideal in A ® H ® H generated by the image of (A ® H)e'(A® H)
under (7 ® H) o A® A is the ideal generated by (1@ H) o (A® A)(€).
Using axiom (CJ2), we find

(p@H)(E) = (pH)(1® 1y —e) =1 ® 1y ® 1y — Lo @ lgp @ 1y
= 1l ®1p @1y — 1l ® 1y lpg © Ipe)
= (T®H)oA® A(e)
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Hence it follows that both elements generate the same ideals, which
implies that A is geometric as a partial algebra-comodule.

5.3. Partial Hopf modules and partial Hopf-Galois theory

5.3.1. Partial Hopf modules. Let C be an oplax monoidal cat-
egory and denote as in Section 5.2.1 ®(&) = I and ®,(X1,...,X,) =
(X1 ®...® X,). Let (A,m,u) be an algebra in C. Then a (right) A-
module in C is an object M endowed with a morphism uy : (M ®A) —
M satisfying the following conditions

(M) ® (A® A)) —"~ (M © A)

(2
\ /

(M @A) @ (A) — = (4w A)

M

ARu
(M@ 1) 22 (M A)

/ Y

(M) - M

Then we obtain the following natural definitions.

Definition 5.3.1. Let H be a Hopf k-algebra and (A, A e H, 74, pa)
a quasi (resp. geometric) partial H-comodule algebra, i.e. an alge-
bra in the lax monoidal category of quasi (resp. geometric) partial
H-comodules. A quasi (resp. geometric) partial (A, H)-relative Hopf
module is a right A-module in the lax monoidal category of quasi (resp.
geometric) partial H-comodules.

We will denote by PMod’! the category whose objects are quasi par-
tial (A, H)-relative Hopf modules and whose morphisms are morphism
of partial H-modules that are at the same time A-linear.

As it is the case for partial comodule-algebras, since the forgetful
functors gPMod? — qPMod” — Vect,, are monoidal, each geometric
partial relative Hopf module is also a quasi partial relative Hopf module
and a quasi or geometric partial relative Hopf module is also a module
for the k-algebra A.

Let us make the previous definition a bit more explicit.
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Lemma 5.3.2. Let (A, Ae H,ma,pa) be a quasi partial H-comodule
algebra. A quasi partial (A, H)-relative Hopf module is a quasi partial
H-comodule (M, M o H,my, prr) endowed with an A-module structure
par : M®A — M such that the following compatibility conditions hold:
[PRHM1] Ker (mp @ ma) C Ker (mpr © piarom);

[PRHM2] (ma)jo)® (ma)n) = mipjae ®mpjap) for allm € M and a € A.

where
prer: MOIHRARH — MR H, uyen(meh)(a®k)) =ma® hk.

15 the induced A ® H-module on M & H.
Under these conditions, M e H is a right A e H-module.

PROOF. Similarly as in the proof of Proposition 5.2.2, consider the
following diagram which expresses that the A-action puy; : M Q@ A — M
is a morphism of partial comodules, and the construction of (M @ A)e H
as pushout.

M® A al M

PMAPA l j
PM®RA PM
(MeH)® (Ao H) " (MoA)eH " NeH
Tﬂ'M®7TA - TWM@;A ]T{'}\/I
MoH®A®H—201 MoAoH-"" __yvoH

By construction, we know that
Kermyoa = pra(Ker (my @ ma))

Then by Lemma 4.2.3, in order for the linear map ;s to be a mor-

phism of partial H-comodules it is needed that (uy @ H)(Ker mpea) C

Ker . Since piyen = (pir ® H) © par 4, this means furthermore that
7 0 (par @ H)(Ker myrga) = mar 0 pien (Ker (my @ ma)) =0

or equivalently, Ker (my @ m4) C Ker (mpr0 ipen), i.e. [PRHMI1] holds.
This condition implies that the map

pirrerr = (Ha® H)ofig o (MeH)®(AeH)— MeH,
trrer((m e h)(aek)) =maehk

is well-defined and defines an action of Ae H on M e H. Furthermore,
i will be a morphism of partial H-modules if and only if moreover

PM O fin = farer © (P @ pA)
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which gives exactly condition [PRHM2]. O

Example 5.3.3. Clearly any algebra in a lax monoidal category is a
module over itself, hence any quasi partial H-comodule algebra (A, Ae
H,7a,pa) is also a quasi partial (A, H)-relative Hopf module.

The following observation will be useful later.

Lemma 5.3.4. If M is a quasi partial (A, H)-relative Hopf module,
then
v (ma®h) =0
for all
(i) m® h € Kermy and a € A;
(1)) m € M and a® h € Kerma.

PROOF. Since Ker (1 @74) = Kermyy @ AQ H+ M ® H® Kerma,
we know that for all m® h € Kermyy anda € A, m®h+a® 1y €
Ker (my; @ a). Hence by axiom (PRHM1), we find that my(ma® h) =
0. Similarly, for m € M and a®@ h € Kerm4, we have m® 1y +a®h €
Ker (my ® m4) and we can follow the same reasoning. O

5.3.2. Hopf-Galois theory.

Definition 5.3.5. Let H be a Hopf k-algebra, (A, Ae H, w4, pa) a quasi
partial H-comodule algebra and (M, M e H, my, par, piar) a quasi partial
(A, H)-relative Hopf module. The H -coinvariants of M are defined as
the following equalizer in Vecty

PM

MeoH M MeH (5.3)

maro(M&nm)
Le. M°H = {m | pps(m) =mely}.

Proposition 5.3.6. Let H be a Hopf k-algebra, (A, A e H,ma,pa) a
quast partial H-comodule algebra.

(i) The coinvariants A" of A form a subalgebra of A;
(ii) The coinvariants M of a quasi partial (A, H)-relative Hopf
module M form a module over A®H ;
(i4i) This induces a functor (=) : PMod — Mod yeon .

PROOF. (i). Since p4 and m40(A®ny) are both algebra morphisms

and the forgetful functor U : Alg, — Vect,, creates limits, A®H is a
subalgebra of A. Alternatively, this follows by a direct computation
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similar to the next part.
(ii). Consider the restriction of the multiplication map pys : MH @
A" — M, py(m ® a) = ma. Then

p(ma) = mpjagempay = (mgemp)(agean)) = (melp)(aely) = (maely)

hence py(ma) € MH.
(iii). This part is easily verified. O

Let us remark that the coinvariant functor is representable.

Lemma 5.3.7. For any quasi partial (A, H)-relative Hopf module, we
have that

Mt = Homfl (A, M),
the set of partial H-comodule morphisms from A into M that are right
A-linear.

PROOF. Let f : A — M be a right A-linear morphism of partial
H-comodules. Then the following diagram commutes

f

A M
pAl lp
Ae H thdil MeH
AoH—"" _MeH

Since we know that pa(14) = ma(la ® 1g), it follows from the com-
mutativity of this diagram that f(14) € M. Conversely, given any
m € M we clearly have that the map f,, : A — M, f,.(a) = ma is
right A-linear. Moreover, thanks Lemma 5.3.4(ii), we also know that
(fmn ® H)(Kerms) C Kermy. Hence the morphism f,, @ H: Ae H —
M e H, f.(aeh) = maeh is well-defined. Finally, we find for any
a € A that

pm(fm(a)) = pu(ma) = py(m)pa(a)
= (mely)(aq) ®ay) = map eap,
= fm® H(ap) ®ap)

Le. fn € HomY (A, M). Therefore the above constructions provide
well-defined mutual inverses between M and Hom (A, M). O
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Proposition 5.3.8. For any A" -module N, the right A-module N® ycon
A can be endowed with the structure of a quasi partial (A, H)-relative
Hopf module by means of the following partial H-comodule structure

NG oo A = N @peon Ta: N @peon AQH — N @geon (A @ H) =1 (N ®yeon A) @ H
pN®AcoHA:N®ACOHpA: N®ACDHA_)N®ACOH (A.H)

Moreover, this construction yields a functor — ® geon A : Mod geor —
PMod” that is a left adjoint to the coinvariant functor (—)°" : PMod® —
MOdAcoH .

PROOF. The construction of the functor — ® 4eom A : Mod geonr —>
PMod® is clear from the statement. To verify the adjunction property,
we will define a counit ¢ and a unit v. For any quasi partial (A, H)-
relative Hopf module M we define

Cur s MY @ oo A — M Cap(m @ peorr @) = ma

Clearly, (js is a right A-linear map. Let us check that it is also a
morphism of partial H-comodules. Firstly, we need to verify that
T o (Cu ® H)(Ker mypeon ., 4) = 0 (see Lemma 4.2.3). Since by
construction Ker TMeoH o A = M @ 4com Ker 14, this follows direct-
ly by Lemma 5.3.4(ii). Secondly, we should check that py o (yy =
(Car@ H) o (M7 @ eon pa), where we know that 5y e H is well-defined
by the first part. Indeed, take any m ® a € M2 ® jeon 4 then

pu(Cu(m@a)) = (ma)g o (ma)y = (mpg) ® mpy)(aj) @ apy)
= (mely)(ag ®ap) =maj) & ap)
= Cu(m @ gcom apo)) ® apy = (Cur @ H) (M @ geom pala)).
On the other hand, for any A“f-module N, we define
vn i N = (N ®geom A" vy(n) =n @14,

Since A is an algebra in the category of partial H-modules we have
that pa(1) € A®H (see (5.1)). It is now easily verified that ¢ and v are
indeed the counit and unit for this adjunction. O

Remark 5.3.9. Let + : B — A®H be any ring morphism, then of
course the adjunction from Proposition 5.3.8 can be combined with
the extension-restriction of scalars functors, to obtain a pair of adjoint
functors

—®p A : Modg = PMod : (=),
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In what follows we will only consider the case B = A but our results
can be easily generalized to this slightly more general setting.

Definition 5.3.10. Let A be a quasi partial H-comodule algebra and
B — A®H 3 ring morphism. We call the morphism ¢ : B — A a partial
Hopf-Galois extension if and only if the following canonical map is
bijective

can: A®p A — Aell can(a®pad’) = aay ® aj,

Remark that here aaj, ® aj;; denotes the product (a e 1p)(aj,; ® aj)
which is well-defined since m : A ® A — A is a morphism of partial
H-comodules.

The following examples show how partial Hopf-Galois extensions
can be interpreted as “partial principle bundles”.

Example 5.3.11. Let A be a global H-comodule algebra, and suppose
that A/AH is Galois, i.e. the canonical map A ® geon A — A ® H is
bijective. Consider a surjective algebra morphism p : A — B and
endow B with the induced structure of a partial comodule algebra.
Then we obtain a canonical algebra morphism A“? — B®H and in
fact Bl = Aol /(A< Kerp). We obtain then that the following
diagram commutes

cany

A ®AcoH A A ® H
ip@)p iﬂ'Bo(p(@H )
B ®BcoH B — B ® H

If can, is an isomorphism, it is clear that cang is surjective. Moreover,
consider any b ® b’ € Kercang. Since p ® p is surjective, we can write
bV = pla) ® p(a'), such that can(a ® a') € Kermp o (p ® H), but
this means exactly that can(a ® a') = up ® up) for some u € Kerp.
Since can is bijective, this implies that ¢ ® ¢’ = 1 ® v and therefore
b b =p(l)®p(u) = 0. So cang is bijective as well, i.e. B is partially
Hopf Galois.

Example 5.3.12. It is known that if an algebraic group G acts strictly
transitive on an algebraic space X (i.e. X is a principal homogeneous

G-space), then the coordinate algebra A = O(G) is O(G)-Galois with

trivial coinvariants. If we take any subvariety ¥ C X then we know
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that O(Y') will be a partial O(G)-comodule algebra. Applying the pre-
vious example, we find that that O(Y) will be partially Hopf-Galois.
For example, the partial comodule algebras from Example 4.1.7, Ex-
ample 4.1.8 (see Example 5.2.4) provide examples of partial principle
homogeneous G-spaces (where G is respectively k[x,y| and k (z,y)).

More generally, X is a principal O(G)-bundel if and only if O(X) is
an O(G)-Galois extension (with possible non-trivial coinvariants), see
e.g. [43]. Again, any subvariety Y of the principle bundle X will give
rise to a partial principle bundle.

In the global case, we know that if A/A®H is Hopf-Galois and A
is faithfully flat as left A°”-module (this condition is in fact known
to be too strong, see e.g. [18]), then the category of relative (A, H)-
Hopf modules is equivalent to the category of A®”-modules. Since in
the partial setting it follows from earlier observations in this paper that
the category of partial comodules is not abelian, the category of partial
relative (A, H)-Hopf modules cannot be expected to be equivalent with
a module category. Nevertheless, let us show that under the same mild
conditions as in the global case, we can characterize when the functor
— @ geont A 1 Mod geon — PMod¥ is fully faithful. The following is an
adaptation of the approach from [18] (see also [20]).

Recall that a morphism of left B-modules f : N — M is called pure
if and only if for any right B-module P, the map P®p f : P®g N —
P ®p M is injective. In particular, if « : B — A be a ring morphism,
then ¢ is said to be pure (as left B-module morphism) if for any right
B-module P the map tp: P — P ®p A, tp(p) = p®p 14 is injective.

Lemma 5.3.13. Lett : B — A be a ring morphism. Then the following
statements are equivalent:

(i) [ is pure as left B-module morphism
(11) For any right B-module N, the fork

IN®BA

N—2 Nz N®pA®p A (5.4)

N®pta
1s an equalizer in Modpg.
In particular, if A is faithfully flat as left A-module, then A is left pure.

PROOF. (i) = (ii) Denote by FE the equalizer of (5.4), and define
P = E/iy(N). Take any e € E, the we can write e = n; ®p a; and
n; ®p la®pa; =n; g a; g 14. Apply m ®p A to this identity, then
we have that tp(m(e)) = m(e) ®p 14 = 7(n; ®p a;) g 14 = w(n; Rp
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14) ®pa; =0, since n; ®p 14 € ty(N). Since ¢p is injective, it follows
that 7(e) = 7(n; ®p a;) =0in P = E/i(N), hence n; ®p a; € t(N).
(73) = (i). Since (5.4) is an equalizer, we have in particular that ¢y is

injective. U

Proposition 5.3.14. Let . : B — A be a partial H-Galois extension,
then the functor — ®p A : Modg — PMod® is fully faithful if and only
if v is pure.

ProoOF. Consider the following commutative diagram

N®ge N®pL@pA

N N®gA N®pA®p A
L NRpA®RBL
VN N®pcan
H NOBAZN®ppA l B
(N®BA)COH N@BA N®BA.H

N®BAO’I7H

The lower row is an equalizer by the definition of the coinvariants (N®p
A)e°H Since can is an isomorhpism, it then follows that the upper row
is an equalizer if and only if vy is an isomorphism. The upper row in
the above diagram is exactly (5.4). By the previous lemma, this means
that + : B — A is pure if and only if the unit v of the adjunction
from Proposition 5.3.8 is a natural isomorphism, i.e. — ®p A is fully
faithful. O

As we have remarked before, since partial comodules do not pro-
vide an abelian category, one cannot expect that the functor — ®p A :
Mod 4eorr — PMod¥ is an equivalence in general. The following obser-
vation shows that as soon as H is non-trivial, this functor will never
be an equivalence. Indeed, it is clear by construction that any induced
partial Hopf module M = N ® geonr A satisfies M @ H =M @4 (Ae H).
It follows however from Lemma 5.3.2 that in general we only have an
inclusion M ®4 (Ae H) C M e H. This motivates the following defini-
tion.

Definition 5.3.15. A partial relative Hopf module M is called minimal
it MeH=M®,(AeH).

Example 5.3.16. Let A be a partial H-coaction as in Example 4.1.9,
considered as a partial comodule algebra, see Example 5.2.4. Let M
be a relative Hopf module in the sense of [21], that is M is a right A-
module, endowed with a coaction p: M — M ® H, p(m) = mjy ® mp
satisfying
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o m = me(my);

o p(mp)) @ mp) = mio)ljo) @ mpyaylp) @ mp));

° p(ma) = M) Q0] & mp)apn)-
Then by defining M e H = {mlp®@hly | m&h € M@ H} we find that
M can be endowed with the structure of a relative partial Hopf module
in the sense defined here. Moreover, one then easily checks that this
partial Hopf module is minimal.

Lemma 5.3.17. Let A be a partial H-comodule algebra.

(i) There is a canonical epimorphism (AeH)eH — (AeH)®4(AeH);
(i1) For any minimal relative partial Hopf module M, we have a canon-
ical epimorphism pyr: (M e H)e H — (MeH)®, (Ao H).
Consequently, C = A e H is an A-coring and there is a functor from
the category of geometric minimal relative partial Hopf modules to the
category of C-comodules.

PRrOOF. (i). Consider the following diagram.

(AeH)® H = At (AeH)o H

|+

(Ao H) @, (A H) L2248

(Ao H) @, (Ao H) —=0

where ¢ is the isomorphism given by ¢((aeh)®@h) = (aeh)®4(14®h).
One easily sees that Ker ((A e H) ®47m4) = (Ao H) @4 Kermy. On
the other hand, we know from the earlier sections that Kerm ey =
pa® H(ma). Consider any a ® h € Kerms. Then we find that

(a[l].a[l])®A (1A®h) = (lA.lH) a4 @4 (1A®h) = (lA.lH) R4 (a@h)

Hence we find that ¢(Ker maep) C Ker ((Ae® H) ®4 m4). Consequently,
¢ induces an epimorphism (Ae H)e H - (Ae H)®,4 (Ae H).
(ii). By part (i), we know that the following diagram commutes

/A@H\
\ /

(Ae H)®4 (Ao H)

H)® H
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Applying the functor M ® 4— to this diagram, and using M ®4(AeH) =
M e H, we find that the following diagram commutes as well

/M®H\
\ /

(MeH)®4 (Ao H

H)® H

Hence, by the universal property of the pushout, we obtain an epimor-
phism (M eH)e H — (MeH)®,(AeH).

For the last statement, it is enough to remark that for a geometric
relative partial Hopf module, the coassociativity holds in M e H e H.
If M is minimal then by the above (M e H) ®4 (A ® H) is a quotient
of M e H e H, so coassociativity also holds there. U

Remark 5.3.18. Given a comodule M over the coring A e H, one can
construct a relative partial comodule datum (M, M @4 (Ae H), M ®4
7, pur). However, it is unclear if any such comodule datum provides
a (geometric) partial H-comodule.

If A is flat as left B-module, then the functor — ®p A preserves
all equalizers. Recall from [18] (see [20] for a corrected version of this
theorem) that the functor — ®p A preserves the equalizers of the form
(5.3) provided A is pure as left A-module and B lies in the center of A.

Proposition 5.3.19. Let M be a relative partial Hopf module M.

(i) If (yr (counit of the adjunction Proposition 5.58.8) is an isomor-
phism, then M 1is minimal.

(i1) If A/B is Hopf-Galois and (y is a monomorphism, then M is
minimal.

(111) If M is minimal and geometric, A is partially Hopf Galois and the
functor —®p A preserves in partial the equalizers of the form (5.3)
(e.g. A is flat as left B-module, or A is pure as left A-module and
B C Z(A)), then Cpr is an isomorphism.

PROOF. Q If (5 is an isomorphism of partial Hopf modules, then
we find a composition of isomorphisms

~1 AeH °
M @4 (A.H)CML(l Cuel

(M @p A)@4 (Ao H)= MH @ (Ao H) = (M~ 25 A)e H MeH
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and hence M is minimal.
(ii). Consider the following commutative diagram

MeH @z A Meg A
Jou |
M PM MOH

If A is flat as left B-module then the upper horizontal arrow is injective,
and the lower horizontal arrow is injective as it has a left inverse M ee.
Since M @ A= M ®4 (A®p A) 2 M ®4 (Ae H), we also know that
the right vertical arrow is an epimorphism (see Lemma 5.3.2). Hence
if (s is injective, we find that M ®g A — M e H is an isomorphism,
i.e. M is minimal.

(iii). Since A/B is Hopf-Galois, we find obtain an isomorphism

o M® acan
M@ A—=M@4(Adp A) — 22 M @, (Ao H)

And therefore, if M is minimal we find that M @ p A = M ®, (AeH) =
M e H. Consider now the following diagram

PMOBA
MCOH(X)BA M®BA MOH@BA
Tro(M®eng)®pA
o |- o
oM preH
M MeH MeHeH
MeA

By assumption, the upper row in this diagram is an equalizer. Since
M is geometric, the fork on the lower row splits and hence is also an
equalizer. The surjective morphism p,; is obtained from Lemma 5.3.17
and induces the morphism (j,;. Then a diagram chasing argument
shows that (5, and (), are mutual inverses. U

The following result subsumes the Hopf-Galois theory for partial
coactions in the sense of Caenepeel-Janssen [21].

Corollary 5.3.20. Suppose that A a partial H-comodule algebra that
is geometric as partial comodule. If A/B is a partial Hopf-Galois ez-
tension and either

o A is pure as left B-module and B C Z(A);
o A is faithfully flat as left B-module;

then Mod 4eom is equivalent to the category full subcategory of PModg
consisting of minimal geometric relative partial Hopf modules.
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PROOF. Since A is geometric as partial comodule, the functor —®pg
A : Mod geor —> PModf{ lands in the category of minimal geometric
parial Hopf modules. By Proposition 5.3.14 and Proposition 5.3.19 we
then obtain the stated equivalence of categories. O

As we have remarked before, the functor — ®g A : Modecon —
PModﬁf cannot be expected to become an equivalence of categories.
More precisely, it follows from Proposition 5.3.19 that we cannot expect
that the functor (—)®# is full whenever it is applied to non-minimal
partial Hopf modules. We will finish our work by characterizing under
which conditions this functor remains however faithful.

Proposition 5.3.21. Under the same conditions as in Corollary 5.3.20,
A is a generator in PModY if and only if the functor (=) : PMod® —
Mod yeorr is faithful.

PROOF. Recall that A is a generator in PModY if and only if for
any object M in PModf the canonical morphism

on: [ A= Molap) =) flay)
f

Hom® (A,M)

is surjective. Here HHomf:{( AM) A denotes a coproduct of copies of A
indexed by the set Hom% (A, M).

Recall from Lemma 5.3.7 that M = Hom’! (A, M) for any object
M in PMod’]. Hence we obtain a well-defined morphism

O[M: H A%MCOH ®AcoH M’ OéM((,lf)Zf(lA) ®AcoH af,
Homf (A,M)

which is clearly surjective.

One now easily sees that ¢y = (3 0 apr. Hence ¢y is surjective if
and only if (j; is surjective. Finally, it is well-know that a right adjoint
functor is faithful if and only if the counit of the adjunction is a natural
epimorphism. O

Remark 5.3.22. Suppose that the conditions of Proposition 5.3.21,
we know that for an object M in PModY, the partial Hopf module
morphism (p; : M°?®@pA — M is surjective. Hence, we find that M =2
M ®p A/Ker (s as right A-module. However, as we remarked earlier,
Ker (s is not necessarily a partial H-comodule. We then know from
Example 4.1.6 that M ®@p A/Ker (), is a geometric partial comodule.
Then () induces a morphism of partial Hopf modules (}, : M ®p
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A/Ker(y — M, such that the underlying A-module morphism is an
isomorphism. However, (}, is not necessarily an isomorphism of partial
Hopf modules, since in general (M ®@p A/Ker(y;) @ H and M e H can
be different. Therefore consider the following definition.

Definition 5.3.23. Let (X, X e H, 7y, px) and (Y)Y e H, 7y, py) be
two partial H-comodule data. Let f : X — Y be a morphism in C.
Then consider the pushout

XoH T yoH - "syeH

WXL -
f

XOH PX,Y

pPx
With this notation, f is said to be a weak morphism of partial comod-
ules, if the following diagram commutes

f

X Y
|
px YeH
i
XeH Pxy

Then the A-linear inverse of (}, will be a weak morphism of partial
comodules that is moreover a 2-sided inverse of the (strong) morphism
(- This motivates that weak morphisms of (geometric) partial comod-
ules might be better behaved that the strong morphisms we studied in
this work. We will investigate this further in future work.

Let us finish by proving result which completely characterizes the
image of the functor — ® geor A : Mod 4eor — PMod?.

Theorem 5.3.24. (i) If A and A e H are flat as left A" -module
(e.g. A is flat as left A" -module and AJ/A®! is H-Galois), then
the functor — ® geom A : Mod geor — PModf‘[ preserves equalizers.

(i1) If A is faithfully flat as left A" -module then the functor —® geon
A : Mod geor — PMod¥ reflects isomorphisms.

(iii) If A is faithfully flat as left A" -module and AJ/A®H is partially
Hopf-Galois, then the category of A®"-modules is equivalent to
the Eilenberg-Moore category (PMod )€, where C is the comonad
associated to the adjoint pair of Proposition 5.3.8.
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PROOF. (i). Consider the following equalizer diagram in Mod geo:

!

g

E - N M

By the flatness of A as a left A°°#-module, we then know that (E® geon
A, e® georr A) is the equalizer of the pair (f ® geor A, g® georr A) in Mod 4.
However, we have to show that this is also an equalizer in PMod”{. To
this end, consider any partial relative Hopf module T with a morphism
t 0T — E ®peonr A such that (f @geon A) ot = (g ®peon A) o 1.
Then we can apply the forgetful functor PMod{ — Mod, and we find
that there exists a unique right A-linear map v : T — E ®geon A
such that t = e ®4eon A 0o u. We will be done if we can show that
u is a morphism of partial H-comodules. Firstly we will verify that
TEg oA © (U@ H)(Kermp) =0 (cf. Lemma 4.2.3). Since A e H is flat
as a left A-module and e is an injective map (being an equalizer in a
module category), it is equivalent to check that

(e @acon (A®H))0oTEg, .40 (u®@ H)(Kermr) = 0.

Since (€ @ georr (A® H)) = (€ @ geom A) @ H (functoriality of — & geon A :
Mod 4eor — PMod®]) and e is a morphism of partial comodules we can
rewrite the left hand side of the last equality as

7rX®AwHAo(6®ACOHA®H)o(u®H)(Ker ) = 7rX®AcoHAO(t®H)(Ker mr) =0

where the second equality is the defining property of u and the last
equality follows from the fact that ¢ is a morphism of partial comodules.
Hence the map ue H : T'— E ® gcon (A ® H) is well defined and the
unique map satisfying u ¢ H o 70 = 7gg ., ©u @ H. Then using
t = e ®pcom Aou and the surjectivity of mr, we find that also (te H) =
(6 @gcon A® H)o (ue H). For u to be a partial comodule morphism,
it remains to check that (ue H) o pr = ppg ;4 ©u. Again, using the
flatness of A e H a left A-module and the injectivity of e it is sufficient
to check that the compositions of the se maps with e ® 4conr (A ® H) are
equal. Using the fact that ¢ and e are partial module morphisms, we
can indeed prove that

(e @acon (Ao H))o(ueH)opr = (teH)opr=pxg,.,ot
= pX®ACOH O€®AcoH Aou

= (e®yeon (A®H))o PE® oo A O U
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Hence u lives already in PMod’ and therefore (E ® geon A, e ® geon A)
satisfies the universal property of the equalizer in PModg )

(i)). Let f: M — N be a morphism in Mod 4con such that f ® geon A
is an isomorphism in PModf . Then f ® geomr A is also an isomorphism
in Mod 4, and since A is faithfully flat as left A-module, we find that f
is an isomorphism in Mod gcor .

(iii). This follows immediately from the previous two parts by the dual
of Beck’s monadicity theorem, see e.g. [32, Theorem 2.7] O

Remark 5.3.25. The proof of part (i) in the previous theorem can
be adapted to show that the functor — ® geor A : Mod geor —> Pl\/lodf
preserves arbitrary limits.
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