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Various corrections to the eikonal approximations are studied for two- and three-body nuclear
collisions with the goal to extend the range of validity of this approximation to beam energies of
10 MeV/nucleon. Wallace’s correction does not improve much the elastic-scattering cross sections
obtained at the usual eikonal approximation. On the contrary, a semiclassical approximation that
substitutes the impact parameter by a complex distance of closest approach computed with the
projectile-target optical potential efficiently corrects the eikonal approximation. This opens the
possibility to analyze data measured down to 10 MeV/nucleon within eikonal-like reaction models.
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I. INTRODUCTION

The development of Radioactive-Ion Beams (RIB) has
enabled the study of nuclei away from stability, un-
earthing unexpected nuclear structures. In particular,
halo nuclei present one of the most peculiar structure [1].
They exhibit a much larger matter radius than stable nu-
clei, due to presence of one or two loosely-bound valence
nucleons. Owing to their small binding energy, these nu-
cleons tunnel far into the classically-forbidden region and
form a diffuse halo around the core of the nucleus [2].

Being observed away from stability, halo nuclei are
very short-lived, which makes the use of usual spec-
troscopic techniques very difficult. Therefore, they are
mostly studied through indirect methods, such as reac-
tions. To extract reliable information about the struc-
ture of exotic nuclei from reaction measurements, a pre-
cise reaction model coupled to a realistic description of
the nuclei is required. Various such models have been
developed to this aim (see Ref. [3] for a recent review).
In the Continuum-Discretised Coupled Channel method
(CDCC), the wave function that describes the reaction is
expanded onto the projectile eigenstates, including both
its bound and continuum spectra. For tractability, the
latter is discretized over energy “bins” [3–5]. Besides this
discretization, the method can be considered as exact and
is often seen as the state-of-the-art in nuclear-reaction
theory involving loosely-bound systems. Since it treats
the collision fully quantum-mechanically, CDCC exhibits
a high computational cost. This is why other approxima-
tions have been developed to reduce that cost, while still
including the relevant degrees of freedom of the few-body
reaction model [3].
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The time-dependent approach relies on a semiclassical
approximation [3, 6], in which the projectile-target rela-
tive motion is modeled by a classical trajectory, while the
internal structure of the projectile is described quantum-
mechanically. Thanks to this simplification, this ap-
proach is much less time-consuming than CDCC. It has
been successfully applied to describe the breakup of one-
neutron halo nuclei [7–11]. Unfortunately, because of
its classical description of the projectile-target motion,
it lacks fundamental quantal effects [12].

The eikonal approximation [13] is another way to
model reactions involving halo nuclei at intermediate
and high beam energies [3, 14–18]. It assumes that the
projectile-target relative motion does not differ much
from the incoming plane wave, which simplifies the
Schrödinger equation to be solved without resorting to
the semiclassical hypothesis. This approximation hence
combines the short computational time of the time-
dependent approach with a quantal description of the
collision [12].

Nowadays, laboratories, like HIE-ISOLDE at CERN
or ReA12 at MSU, aim at providing RIB at about
10 MeV/nucleon. In this range of energy, CDCC ex-
hibits convergence issues. Unfortunately, this beam en-
ergy is too low to apply eikonal-like models. However,
since it provides excellent results at intermediate ener-
gies [17–21], it would be interesting to extend its domain
of validity to lower energies. A first step has been made
in that direction when a Coulomb correction [15, 22] has
been proved to successfully correct the eikonal treatment
of the projectile-target Coulomb interaction at low en-
ergy [23]. In the present study, we analyze several ex-
isting corrections to the eikonal approximation to extend
its domain of validity down to low energies for nuclear-
dominated reactions.

The first correction developed by Wallace [24–26] aims
at improving the treatment of the nuclear interaction
within the eikonal approximation. It is based on a per-



turbative expansion of the T matrix built on the usual
eikonal model. It has already led to interesting results
for high-energy collisions [27], breakup [28] and elastic
scattering involving halo nuclei [29, 30]. However, as
noted in Refs. [28, 29], this correction fails below a cer-
tain energy as the perturbative approach is no longer
valid. In this article, we address this issue and present
a systematic method to ensure the convergence of the
correction, which enables us to use it at low energy (viz.
10 MeV/nucleon).
To obtain a model that corrects the eikonal treatment

of both the Coulomb and the nuclear interactions, we
investigate the interplay between Wallace’s correction
and the aforementioned semiclassical correction of the
Coulomb interaction [15, 22]. Since this combination
of both corrections does not provide a very consistent
model, we study the extension of the semiclassical cor-
rection to the nuclear interaction [29, 31, 32]. The en-
couraging results obtained in Ref. [29] for structureless
nuclei suggest that it can be generalized to collisions in-
volving more complex structures such as halo nuclei.
We first compare these different corrections on the

elastic-scattering of a one-body projectile (10Be) off a
light target (12C) at 20 and 10 MeV/nucleon. In Sec. II,
we present the eikonal model and the aforementioned cor-
rections in that case. We then extend these corrections to
a three-body collision: a one-neutron halo nucleus (11Be
seen as a neutron loosely bound to a 10Be core) imping-
ing on the same target and at the same beam energies.
The results of these tests are summarized in Sec. III.
We provide the conclusions and prospects of this work in
Sec. IV.

II. TWO-BODY COLLISION

A. Theoretical framework

1. Eikonal model

In the first part of this article, we study the elastic
scattering of a projectile P , of mass mP and charge ZP e,
off a target T , of mass mT and charge ZT e. We assume
the nuclei to be structureless and spinless, and their in-
teraction to be modeled by a potential V . Their relative
motion is described by the function Ψ, solution of the
following Schrödinger equation

[
P 2

2µ
+ V (R)

]
Ψ(R) = E Ψ(R), (1)

where R is the P -T relative coordinate, P the corre-
sponding momentum, µ = mPmT /(mP + mT ) the P -T
reduced mass and E the total energy in the center-of-
mass restframe.
Initially, the projectile propagates towards the target

with the momentum ~K = ~KẐ, where we choose the Z-
axis along the incoming beam (see the coordinate system
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FIG. 1: Coordinate system: the projectile-target relative co-
ordinate R is expanded in its transverse b and longitudinal Z
components, relative to the initial P -T velocity v.

in Fig. 1). Therefore, Eq. (1) has to be solved with the
initial condition

Ψ(R) −→
Z→−∞

exp(iKZ + · · · ), (2)

where the “· · · ” indicates that the interaction distorts
the plane wave even at large distances.
The eikonal approximation reflects the fact that, at

sufficiently high energy, the projectile is only slightly de-
flected by the target and that the wave function does not
differ much from the initial plane wave. Mathematically,
this can be expressed by factorising the plane wave of
the initial condition (2) out of the two-body wave func-
tion [3, 13, 15]

Ψ(R) = exp(iKZ) Ψ̂(R), (3)

and assuming that the new wave function Ψ̂ varies
smoothly with R. Accordingly, the Schrödinger equa-
tion is simplified by inserting Eq. (3) into Eq. (1) and by

neglecting the second-order derivatives of Ψ̂ [3, 13, 15]

i~v
∂

∂Z
Ψ̂(b, Z) = V (b, Z) Ψ̂(b, Z), (4)

where v = ~K/µ is the initial P -T relative velocity and
b is the P -T transverse coordinate (see Fig. 1).
The solutions of Eq. (4) read [3, 13, 15]

Ψ̂(b, Z) = exp

[
−

i

~v

∫ Z

−∞

V (b, Z ′) dZ ′

]
. (5)

These solutions have a simple semiclassical interpreta-
tion: the projectile is seen as moving along a straight-line
trajectory, along which it accumulates a complex phase
due to its interaction with the target.
From these solutions, and for a central potential V , the

scattering amplitude from the initial momentum ~K to
the final momentum ~K′ can be derived [3, 13, 15]

f(θ) = −
iK

2π

∫
T (b) exp (iq · b) d2b, (6)

where the scattering angle θ is related to the transferred
momentum ~q = ~(K′−K) by ‖q‖ = 2K sin (θ/2). The
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eikonal T matrix that appears in the integrand of Eq. (6)
reads

T eik(b) = exp [iχ0(b)]− 1, (7)

with the eikonal phase

χ0(b) =
−1

~v

∫ +∞

−∞

V (b, Z) dZ. (8)

Since this phase diverges for a Coulomb potential, this
interaction is taken into account by adding to the eikonal
phase (6) computed from the nuclear part of the poten-
tial, the phase χC , leading to the exact Coulomb scatter-
ing amplitude [15]

χC(b) = 2η ln (Kb) , (9)

where η = ZPZT e
2/(4πǫ0~v) is the Sommerfeld parame-

ter.
This model has two main advantages: it allows fast

computations and provides a simple interpretation of the
collision. Unfortunately, the eikonal approximation is not
valid at low energy: in that case, the assumption of a
straight-line trajectory for the projectile does no longer
hold because the deflection of the projectile by the target
has to be properly taken into account. In the present
paper, we study and compare two corrections that aim
at improving the relative motion between the projectile
and the target within the eikonal model [15, 22, 24, 25,
29, 31, 33].

2. Wallace’s correction

The first correction, proposed by Wallace [24–26], fo-
cuses on improving the eikonal treatment of the deflection
of the projectile due to its nuclear interaction with the
target. This correction results from an expansion of the
T matrix around the eikonal propagator.
In this expansion, the scattering amplitude at the mth

order reads [24–26]

f (m)(θ) = −
iK

2π

∫
T (m)(b) exp (iq · b) d2b, (10)

where the zeroth order T (0) = exp [iχ0(b)]−1 corresponds
to the standard eikonal model [see Eq. (7)]. Wallace ex-
plicitly derived the first three orders of the correction
[24–26]. However, our analysis, like others [27–29], has
shown that only the first order is significant; it is given
by

T (1)(b) = exp {i [χ0(b) + τ1(b)]} − 1, (11)

where

τ1(b) = −
ǫ

2~v

∫ +∞

−∞

1

R

d

dR

[
R2 V (R)

]
dZ (12)

is an additional phase with ǫ = 1/(~Kv) the expansion
parameter.
This correction applies only for the nuclear interaction

because all corrective terms vanish for potentials varying
in 1/r. Moreover, because this development is based on a
perturbative approach, it can fail if the additional phases
become too large. This can happen at low energies, at
which ǫ is no longer small, and, since τ1 contains the
derivative of V , at places where the potential varies too
sharply with R.

3. Semiclassical correction

As mentioned above, the semiclassical interpretation of
the eikonal approximation is that the projectile follows
a straight-line trajectory. In actual semiclassical mod-
els, the trajectory differs from a straight line because the
projectile is deflected by its interaction with the target.
At high enough energy, the difference is negligible, and
straight-line trajectories make sense. However, at low en-
ergy, the deflection can no longer be neglected. At the
first order, this can be corrected by replacing the impact
parameter b by the actual distance of closest approach b′

of the corresponding classical trajectory [15, 22, 29, 31].
For a collision dominated by the repulsive Coulomb in-
teraction, that distance will be larger than b. In case of
a nuclear-dominated reaction, b′ can be lower than b.
This correction applied to the sole Coulomb interac-

tion has already given interesting results for Coulomb-
dominated reactions in Refs. [23, 31]. In this case, the
distance of closest approach b′C can be derived analyti-
cally [15, 23]

b′C =
η +

√
η2 + (Kb)

2

K
. (13)

This semiclassical correction can also be generalized to
both the nuclear and the Coulomb interactions [29, 31].
Assuming that a real potential V is used to compute the
trajectory, we can obtain the distance of closest approach
b′ by solving the following equation [15, 22]

E − V (b′)−
µv2

2

(
b

b′

)2

= 0. (14)

Since the optical potentials used to simulate the nu-
clear interaction between two nuclei include an imaginary
part, this method has to be adapted. In a first attempt,
we have considered only the real part of the potential to
compute b′. In Ref. [32], we have seen that this approach
does not improve significantly the usual eikonal approxi-
mation. We have thus followed Ref. [29], using a complex
distance of closest approach. This b′′ can be computed
via the following perturbation calculation [33]

b′′ = b′ − i




Im {V (R)}

d

dR

(
Re {V (R)} + E b2

R2

)



R=b′

, (15)
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where b′ is the real distance of closest approach obtained
from the real part of the optical potential by solving
Eq. (14). Further analyzes have demonstrated that the
accuracy with which b′′ is computed has little impact on
the quality of the correction. The approximation (15) is
thus amply sufficient.

To conserve the angular momentum, it has been sug-
gested to adjust the asymptotic velocity to the tangential
velocity at the turning point of the classical trajectory
[29]. However, our results indicate that, in the cases con-
sidered here, the accuracy gain is negligible.

B. Results and discussion

1. Numerical aspects

To evaluate the efficiency of the corrections presented
in Sec. II A, we study the elastic scattering of 10Be off
12C at 20 MeV/nucleon and 10 MeV/nucleon. The nu-
clear interaction is described by an optical Woods-Saxon
potential

VN (R) = −VRfWS(R,RR, aR)− i WIfWS(R,RI , aI)

−i 4aDWD

d

dR
fWS(R,RD, aD), (16)

where

fWS(R,RX , aX) =
1

1 + e
R−RX

aX

. (17)

The parameters of the 10Be-12C potential considered
in this study are provided in the first line of Table I.
As in Ref. [34], they correspond to the potential devel-
oped in Ref. [35] to reproduce 12C-12C elastic scatter-
ing at 25 MeV/nucleon. To account for the change in
the projectile mass number, the radii are rescaled by
(101/3 + 121/3)/(121/3 + 121/3). The Coulomb interac-
tion is described by the potential of a uniformly charged
sphere of radius RC = 5.777 fm. Since the goal of this
work is to compare the eikonal model with its corrections,
we use the same potential for all calculations and neglect
any energy dependence.

As in Refs. [28, 29], we have observed that Wallace’s
correction has some convergence issues at low energy.
These are due to the failure of the perturbation treat-
ment: at low energies and small impact parameters, the
expansion parameter ǫ takes too large values to dampen
the derivatives contained in the corrective phase given
in Eq. (12), which are thus no longer small compared
to the standard eikonal phase [see Eq. (8)]. In Ap-
pendix A, we study these issues and derive a systematic
impact-parameter cutoff to solve them. The results at
10 MeV/nucleon presented in this section are obtained
with this technique.

2. Analysis

In Fig. 2, we plot the Rutherford-normalized cross sec-
tions at 20 MeV/nucleon (a) and 10 MeV/nucleon (b) as
a function of the scattering angle θ. We compare each
correction to the exact solution obtained from a partial-
wave calculation (solid line). These figures confirm that
the eikonal model (long-dashed line) tends to overesti-
mate the cross sections at large angles. Moreover, it does
not reproduce the exact oscillatory pattern: the oscilla-
tions are damped and shifted towards forward angles.
These differences with the exact cross section increase at
low energy.
Wallace’s correction (short-dashed line) slightly im-

proves the eikonal calculations: it reduces the cross sec-
tions at large angle, which brings them a bit closer to
their exact value, and it better reproduces the magnitude
of the oscillations. However, the corrected cross sections
still lie too high compared to the exact solutions, suggest-
ing that this scheme does not properly account for the
absorption from the elastic channel induced by the opti-
cal potential. The results are also shifted to even more
forward angles, leading to oscillations out of phase with
the exact cross sections. Wallace’s correction acts only
on the nuclear interaction by introducing an additional
phase in Eq. (11). We therefore interpret this excessive
shift by the fact that the correction tends to increase the
attraction between the nuclei and, accordingly, to under-
estimate the scattering angle.
To counter this shift, the Coulomb repulsion has to be

better accounted for. We therefore add to Wallace’s cor-
rection the semiclassical Coulomb correction, in which
the impact parameter b is replaced by the distance of
closest approach in a Coulomb trajectory b′C provided by
Eq. (13) (dotted line). The sole action of the Coulomb
correction in this nuclear-dominated reaction is to shift
the results to larger angles. This leads to cross sections
that are in phase with the exact ones. Although the oscil-
lations are better reproduced, the cross sections are still
overestimated at large angles. Hence, the combination of
Wallace’s and the semiclassical Coulomb corrections pro-
vides only a minor improvement of the eikonal model at
low energies. In addition to being inefficient, this hybrid
solution, mixing perturbation-expansion and semiclassi-
cal correction, is inelegant.
To increase the absorption and to have one consistent

correction, we study the semiclassical correction which
substitutes the actual impact parameter by the complex
distance of closest approach b′′ computed with both the
Coulomb and the nuclear terms of the optical poten-
tial using Eq. (15). The corresponding cross sections
(dash-dotted lines) have the same magnitude as the ex-
act results and their oscillations are better reproduced
at forward angles. At larger angles, the oscillations have
too large an amplitude. This correction is very accu-
rate up to 25◦ at 20 MeV/nucleon and up to 20◦ at
10 MeV/nucleon.
Our comparison of these different methods developed
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Ref. VR [MeV] RR [fm] aR [fm] WI [MeV] RI [fm] aI [fm] WD [MeV] RD [fm] aD [fm]
10Be-12C [35] 250.0 3.053 0.788 247.9 2.982 0.709 0 0 0
n-12C [36] 46.9395 2.5798 0.676 1.8256 2.5798 0.676 28.6339 2.9903 0.5426

TABLE I: Parameters of the Woods-Saxon optical potentials used to simulate the nuclear interaction between 10Be and 12C
(Secs. II and III) and between n and 12C (Sec. III). They are taken from Refs. [35, 36], respectively.
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FIG. 2: Elastic scattering of 10Be off 12C at 20 MeV/nucleon (a) and 10 MeV/nucleon (b). The cross sections are normalized to
Rutherford and plotted as a function of the scattering angle θ. The results are obtained with the partial-wave expansion (Exact,
full lines), the standard eikonal approximation (Eik., long dashed lines), its nuclear corrections at the first order without (Wal.,
short dashed lines) and with the semiclassical Coulomb correction (Wal. + b

′
C , dotted lines) and the complex semiclassical

correction applied to both interactions (b′′, dash-dotted lines).

to improve the eikonal model at low energy indicates that
the semiclassical correction, which introduces a complex
distance of closest approach, is the best way to both prop-
erly account for the absorption from the elastic chan-
nel and reproduce the correct oscillatory pattern. These
findings are in full agreement with those of Ref. [29].
These results being so encouraging, we study in the next
section their extension to a more difficult case: the elastic
scattering of a two-body projectile off a target. If suc-
cessful, this would open the door to an extension of the
range of validity of the eikonal approximation to analyze
the measurement of reactions performed with halo nuclei
at low energy.

III. THREE-BODY COLLISION

A. Theoretical framework

As explained in the Introduction, we focus on the elas-
tic scattering of a one-neutron halo nucleus off a target.
The halo nucleus is described as a two-body object, com-
posed of a compact core c to which a neutron n is loosely
bound (see Fig. 3). As in the previous case, we assume all
potentials to be central, all particles spinless and neglect
their internal structure.
In this model, the structure of the projectile is de-

scribed by the two-body Hamiltonian

hcn =
p2

2µcn
+ Vcn(r), (18)

where r the c-n relative coordinate, p is the correspond-
ing momentum, µcn is the c-n reduced mass and Vcn is
a phenomenological potential that simulates the inter-
action between the valence neutron and the core. This
potential is adjusted to reproduce the known low-energy
spectrum of the halo nucleus. Our main focus being elas-
tic scattering, we are mostly interested in the description
of the ground state of the projectile. We denote by φ0 the
corresponding c-n wave function and call its eigenenergy
ε0.
With this two-body model of the projectile, the

Schrödinger equation that describes the three-body col-
lision reads
[
P 2

2µ
+ hcn + VcT (RcT ) + VnT (RnT )

]
Ψ(R, r) =

E Ψ(R, r),(19)

where we have conserved the same notations as in Eq. (1)
for the coordinate and operators related to the P -T rela-
tive motion: R, P and µ being, respectively, the relative
coordinate between the projectile center-of-mass and the
target, the corresponding momentum, and the P -T re-
duced mass. Since the projectile is now composed of two
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FIG. 3: Coordinates of the three-body system: the internal
coordinate of the projectile r, the relative coordinate between
the projectile center of mass and the target R and its trans-
verse component b; the core-target relative coordinate RcT ,
the fragment-target relative coordinate RnT and their trans-
verse components bcT and bnT , respectively.

clusters, two optical potentials appear in Eq. (19): one
to simulate the c-T interaction (VcT ) and another one
to simulate the n-T interaction (VnT ). These potentials
depend on the distance between the core and the target
RcT and between the neutron and the target RnT , re-
spectively. The Schrödinger equation of the system (19)
has to be solved with a similar asymptotic condition as
Eq. (2), that includes the initial bound state of the pro-
jectile

Ψ(R, r) −→
Z→−∞

exp(iKZ + · · · ) φ0(r). (20)

Accordingly, the total energy E in Eq. (19) is related to
the energy of the projectile ground state and the initial
P -T momentum ~K

E = ε0 +
~
2K2

2µ
. (21)

Similarly to the two-body collision [see Eq. (3)], the
wave function is factorized into

Ψ(R, r) = exp(iKZ) Ψ̂(R, r). (22)

Using the same reasoning as in Sec. II A 1, we obtain a
simplified expression for the Schrödinger equation (19)
[3, 18]

i~v
∂

∂Z
Ψ̂(b, Z, r) =

[(hcn − ε0) + VcT (RcT ) + VnT (RnT )] Ψ̂(b, Z, r),(23)

where the dependence of the three-body wave function Ψ
on the transverse b and longitudinal Z components of R
is made explicit (see Fig. 3).
The usual eikonal model makes a subsequent approx-

imation which assumes that the collision occurs in a
very brief time and considers that the internal coordi-
nates of the projectile are frozen during the collision.

This assumption, known as the adiabatic—or sudden—
approximation, enables us to neglect the term (hcn − ε0)
in Eq. (23), which then becomes [3]

i~v
∂

∂Z
Ψ̂(b, Z, r) = [VcT (RcT ) + VnT (RnT )]Ψ̂(b, Z, r).(24)

The solutions of this equation compatible with the ini-
tial condition (20) read [3]

Ψ̂(b, Z, r) = exp

[
−

i

~v

∫ Z

−∞

VcT (bcT , Z
′)dZ ′

]

× exp

[
−

i

~v

∫ Z

−∞

VnT (bnT , Z
′)dZ ′

]
φ0(r). (25)

They include two eikonal phases, one for each of the
projectile constituents, computed at impact parameters
which correspond to the transverse components of the c-
T and n-T relative coordinates (see Fig. 3). They can
thus be interpreted from a semiclassical viewpoint as in
the two-body collision: the core and the fragment prop-
agate along straight-line trajectories while they accumu-
late a complex phase resulting from their interaction with
the target. The scattering amplitude is then defined sim-
ilarly to Eq. (6) considering both eikonal phases [16].
To study the correction of the eikonal approximation

at low energy for a two-body projectile, we extend the
different corrections presented in Sec. II A to this three-
body model of reaction.
Wallace’s correction can be implemented by adding the

corrective phases τ1 [see Eq. (12)] computed for the nu-
clear part of the c-T and n-T interaction to each of the
eikonal phases. Our analysis has shown that the cor-
rections to the n-T phase are negligible, we hence cor-
rect only the c-T phase. As for the two-body collisions,
we can add to this correction the semiclassical Coulomb
correction, which shifts the impact parameter b for the
projectile center-of-mass (see Fig. 3) to the Coulomb dis-
tance of closest approach given by Eq. (13).
As for two-body collisions, the semiclassical correction

can also be generalized to both the Coulomb and the nu-
clear interactions. However, in the three-body case, it
can be implemented in two different ways. In the first
option, the impact parameter b of the projectile center-
of-mass is replaced by the complex distance of closest
approach b′′ computed for the whole projectile. This dis-
tance is obtained through Eq. (15) using the core-target
optical potential VcT as deflecting interaction. As for
Wallace’s correction, additional tests have shown that
VnT has little influence in that calculation and that it
can be safely neglected in the calculation of b′′. In that
option, the impact parameters bcT and bnT are substi-
tuted by complex distances computed from b′′ and r. In
the second option, we use the semiclassical correction for
each of the eikonal phases, replacing the core-target bcT
and fragment-target bnT impact parameters by their dis-
tances of closest approach b′′cT and b′′nT obtained from VcT
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and VnT , respectively. The first approach is more natu-
ral than the second one. First, it does not violate the
adiabatic assumption since the projectile keeps the same
spatial extension during the collision. Second, it could
be easily generalized to other eikonal-based models, such
as the Eikonal-CDCC (E-CDCC) [17] or the Dynamical
Eikonal Approximation (DEA) [18].

B. Results and discussion

1. Numerical aspects

The accuracy gains of each correction are evaluated
through the comparison of the differential cross sec-
tions for the elastic scattering of 11Be off 12C at 20 and
10 MeV/nucleon. As usual, we describe the archetypi-
cal one-neutron halo nucleus 11Be as an inert 10Be core
to which a s valence neutron is bound by 0.5 MeV.
For the 10Be-n interaction [Vcn in Eq. (18)], we follow
Ref. [34] and use a simplified version of the real Woods-
Saxon potential developed in Ref. [37]. In the nota-
tions of Eq. (16), its parameters are: VR = 62.52 MeV,
RR = 2.585 fm and aR = 0.6 fm; WI and WD being, of
course, nil.
The nuclear interactions of the projectile constituents

with the target are modeled by optical Woods-Saxon po-
tentials. The 10Be-12C potential is the same as in Sec. II.
We use for the n-12C interaction the Koning-Delaroche
global potential [36]. Its parameters are listed in the sec-
ond line of Table I.
As in the two-body collision computations, Wallace’s

correction presents convergence issues at small impact
parameters. They are addressed by the cutoff method
presented in Appendix A.

2. Analysis

In Fig. 4, the Rutherford-normalized cross sec-
tions for the elastic scattering of 11Be off 12C at
20 MeV/nucleon (a) and 10 MeV/nucleon (b) are plotted
as a function of the scattering angle. There are no exact
solutions for these three-body calculations. To study the
quality of the various corrections in this case, we con-
sider the CDCC method as the reference reaction model
(solid line). The calculations have been performed with
Fresco [38], using the same model space and numerical
conditions as in Ref. [34].
Although the eikonal approximation (long-dashed line)

naturally includes the breakup channel, we still note that,
as in the two-body calculations, it remains larger than
the CDCC ones at large angles and that it fails to repro-
duce the oscillatory pattern (the oscillations are shifted
towards forward angles and their magnitude is damped).
The disagreement between both models increases at low
energy. This result suggests that the problem observed in
the two-body model extends to three-body reactions and

that the corrections described in the previous section will
lead to similar improvement of the eikonal approximation
at low energy.
At both energies, the combination of Wallace’s cor-

rection with the semiclassical Coulomb shift in impact
parameter (dotted line) leads to a better reproduction
of the CDCC oscillations. However, as in the two-body
case, this method fails to reproduce the correct absorp-
tion from the elastic channel, and the corresponding cross
sections remain of the same order as the usual eikonal
ones.
Next, we study the two different implementations

of the complex semiclassical impact parameter (see
Sec. III A): the first shifts the impact parameter of the
projectile center-of-mass (b′′, dash-dotted line), while the
second acts on the impact parameter of each projectile
constituent separately (b′′cT & b′′nT , short dashed line).
Both options improve substantially the accuracy of the

eikonal model. At both energies, the cross sections ob-
tained with the first option are nearly superimposed to
the reference CDCC calculations up to 15◦. At larger
angles, although they slightly overestimate the CDCC
results, they provide a significant improvement from the
usual eikonal approximation. Unfortunately, this shift
in the center-of-mass impact parameter seems to slightly
overcorrect the oscillatory pattern: the oscillations ob-
tained with this correction are shifted to larger scattering
angles and their amplitude is slightly too large compared
to the CDCC ones.
The second option is even more efficient than the first

as it is as precise as CDCC up to 25◦ at 20 MeV/nucleon
and up to 20◦ at 10 MeV/nucleon. At larger angles,
it is also closer to the reference calculation. However,
here also, the oscillations obtained with this correction
above 20◦–25◦ do not fully agree with the CDCC results.
This second way to implement the semiclassical correc-
tion within a three-body model of the reaction provides
the best results. Nevertheless, since the first option, pro-
vides also excellent results and will be easier to imple-
ment within dynamical models like E-CDCC [17] or the
DEA [18], this solution is worth noting. In addition, the
major differences between these semiclassical corrections
and the CDCC results are observed only at large angles,
where measurements with exotic nuclei are usually diffi-
cult because of the low beam intensities achieved in RIB
facilities.

IV. CONCLUSIONS

Valuable information about the structure of halo nuclei
are obtained from reaction measurements coupled with
an accurate model of reaction. In a near future, facili-
ties like HIE-ISOLDE at CERN or ReA12 at FRIB, will
be able to deliver RIB at about 10 MeV/nucleon. At
such energies, CDCC has convergence issues and is very
time-consuming. The eikonal model is cheaper from a
computational point of view and provides a simpler in-
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FIG. 4: Elastic scattering of 11Be off 12C at 20 MeV/nucleon (a) and 10 MeV/nucleon (b). We use the same line type as
in Fig. 2, but for the solid line, which corresponds to the CDCC calculations, and the short dashed line, which displays the
semiclassical correction acting separately on each fragment’s eikonal phase (b′′cT & b

′′
nT , see Sec. III A).

terpretation of the collision. Unfortunately, its range of
validity impedes using it at such beam energies. In this
work, we investigate its extension to that energy range
through the study of two corrections.
Wallace’s correction [24–26] aims at improving the de-

scription of the deflection of the projectile due to its nu-
clear interaction with the target. Our analysis of this
correction for one and two-body projectiles have shown
that it is not efficient for optical potentials because it
does not remove enough strength from the elastic chan-
nel to correctly reproduce the absorption induced by the
imaginary part of the potential. Accordingly it predicts
too high cross sections at scattering angles θ & 10◦–15◦.
On the contrary, the semiclassical correction that re-

places the impact parameter in the calculation of the
eikonal phase by a complex distance of closest approach
is much more efficient. It significantly reduces the elastic-
scattering cross section computed at the eikonal approx-
imation, leading to values close to the exact solution.
This improvement is observed for both one- and two-
body projectiles indicating that the range of validity of
the eikonal approximation can be safely extended down
to 10 MeV/nucleon and up to 20◦. Albeit not perfect at
larger angles, this correction still provides a significant
improvement of the eikonal approximation, which may
prove sufficient for the analysis of reactions measured at
RIB facilities.
The present implementation of this correction for two-

body projectiles still includes the adiabatic approxima-
tion, which is usually performed within the eikonal model
of reactions. This approximation is of course question-
able at the beam energies considered here. A proper
extension of the range of validity of the eikonal approx-
imation should account for the dynamics of the projec-
tile. Our study has shown that the semiclassical cor-
rection could be easily implemented within the E-CDCC
[17] or the DEA [18], two reaction models based on the

eikonal approximation that do no include the adiabatic
approximation. We plan to study this in future work
and see if other reaction observables, such as breakup
cross sections, can be efficiently computed in this man-
ner. An extension of the eikonal approximation down
to 10 MeV/nucleon would strongly ease the analysis of
experiments performed at HIE-ISOLDE and ReA12.
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APPENDIX A: CONVERGENCE ISSUES IN

WALLACE’S CORRECTION

In this Appendix, we analyze the convergence is-
sues of Wallace’s correction arising at low energy
(10 MeV/nucleon in our computations), and which have
already been observed in Ref. [28]. To illustrate the
source of these problems, we display in Fig. 5 the T ma-
trices computed for a 10Be projectile on 12C as a function
of the angular momentum L (bottom scale). The exact
value (solid line) is compared to the eikonal T matrix
(see Eq. (7), long-dashed line) using the semiclassical re-
lationship between L and the impact parameter b, which
is provided on the top scale of the figures. The T matri-
ces obtained with Wallace’s correction (short dashed line)
and with Wallace’s correction coupled with the semiclas-
sical Coulomb correction (dotted line) are displayed as
well.
At small impact parameters (b . 1.5 fm), both the

real (a) and the imaginary (b) parts of the T matrix
obtained with Wallace’s correction diverge (with and
without Coulomb correction). In that impact-parameter
range, the collision is dominated by deep inelastic pro-
cesses leading to strong absorption from the elastic chan-
nel. Accordingly, the T matrix should be close to −1, as
in the exact calculation and at the usual eikonal approx-
imation. A close analysis of the problem shows that it is
due to a small or negative imaginary part of the corrected
eikonal phase χ0 + τ1, which causes a sudden increase of
the modulus of the T matrix instead of the strong damp-

ing expected. This erroneous behavior happens because
of the combination of two effects. First, the correction
term to the eikonal phase τ1 involves the derivative of
the nuclear potential [see Eq. (12)]. At places where the
potential varies quickly, i.e. at short P -T distances, the
integrant in Eq. (12) can become quite large. Second,
at low energy, the expansion parameter ǫ is not small
enough to dampen these large variations of the integral.
To avoid the unrealistic values of the T matrices in the

small-b region, we introduce a cutoff in impact parame-
ter from which we compute the corrections. Below this
cutoff, the T matrices are set equal to −1. We have also
shown that replacing the corrected T matrix by the usual
eikonal one in that region, i.e. by setting τ1 = 0 below the
cutoff, provides equally good results [40]. Detailed ana-
lyzes have shown that the results are not very sensitive
to the choice of the cutoff and that a good rule of thumb
is to take it slightly larger than the radius RR of the real
part of the optical potential [40]. At 10 MeV/nucleon,
this cutoff can be taken between 1.7 fm and 4 fm for the
two-body calculation since for these impact parameters
the T matrices are very close to −1. In particular, the
cross sections presented in Fig. 2(b) have been obtained
with a cutoff of 3.1 fm (RR = 3.053 fm, see Table I).
In the extension of this method to three-body colli-

sions, the cutoff is applied to the center-of-mass impact
parameter. It acts similarly as for two-body collisions
and efficiently eliminates the divergences observed in the
T matrices. The results displayed in Fig. 4(b) are ob-
tained with a cutoff of 3.5 fm.

[1] I. Tanihata, J. Phys. G 22, 157 (1996).
[2] P. G. Hansen and B. Jonson, Europhys. Lett. 4, 409

(1987).
[3] D. Baye and P. Capel, in Clusters in Nuclei, Vol. 2, edited

by C. Beck (Springer, Heidelberg, 2012), vol. 848.
[4] M. Kamimura, M. Yahiro, Y. Iseri, H. Kameyama,

Y. Sakuragi, and M. Kawai, Prog. Theor. Phys. Suppl.
89, 1 (1986).

[5] J. A. Tostevin, F. M. Nunes, and I. J. Thompson, Phys.
Rev. C 63, 024617 (2001).

[6] K. Alder and A. Winther, Electromagnetic Excitation
(North-Holland, Amsterdam, 1975).

[7] T. Kido, K. Yabana, and Y. Suzuki, Phys. Rev. C 50,
R1276 (1994).

[8] H. Esbensen, G. F. Bertsch, and C. A. Bertulani, Nucl.
Phys. A 581, 107 (1995).

[9] S. Typel and H. H. Wolter, Z. Naturforsch. Teil A 54, 63
(1999).

[10] M. Fallot, J. A. Scarpaci, D. Lacroix, P. Chomaz, and
J. Margueron, Nucl. Phys. A 700, 70 (2002).

[11] P. Capel, D. Baye, and V. S. Melezhik, Phys. Rev. C 68,
014612 (2003).

[12] P. Capel, H. Esbensen, and F. M. Nunes, Phys. Rev. C
85, 044604 (2012).

[13] R. J. Glauber, in Lecture in Theoretical Physics, edited
by W. E. Brittin and L. G. Dunham (Interscience, New

York, 1959), vol. 1, p. 315.
[14] P. G. Hansen and J. A. Tostevin, Ann. Rev. Nucl. Part.

Sc. 53, 219 (2003).
[15] C. A. Bertulani and P. Danielewicz, Introduction to nu-

clear reactions (Institute of Physics Publishing, Bristol,
2004).

[16] J. S. Al-Khalili, J. A. Tostevin, and I. J. Thompson,
Phys. Rev. C 54, 1843 (1996).

[17] K. Ogata, M. Yahiro, Y. Iseri, T. Matsumoto, and
M. Kamimura, Phys. Rev. C 68, 064609 (2003).

[18] D. Baye, P. Capel, and G. Goldstein, Phys. Rev. Lett.
95, 082502 (2005).

[19] G. Goldstein, D. Baye, and P. Capel, Phys. Rev. C 73,
024602 (2006).

[20] G. Goldstein, P. Capel, and D. Baye, Phys. Rev. C 76,
024608 (2007).

[21] D. Baye, P. Capel, P. Descouvemont, and Y. Suzuki,
Phys. Rev. C 79, 024607 (pages 16) (2009).

[22] R. A. Broglia and A. Winther, Heavy Ion Reactions,
Lectures Notes, Vol. 1: Elastic and Inelastic Reactions
(Benjamin-Cummings, Reading, England, 1981).

[23] T. Fukui, K. Ogata, and P. Capel, Phys. Rev. C 90,
034617 (2014).

[24] S. J. Wallace, Ann. Phys. 78, 190 (1973).
[25] S. J. Wallace, Phys. Rev. Lett. 27, 622 (1971).
[26] S. J. Wallace, Ph.D. thesis, University of Washington,

9



Wal. + b′
C

Wal.
Eik.

Exact

b [fm]

L [h̄]

R
e{
T
}

1086420

4035302520

(a)

151050

0

-0.2

-0.4

-0.6

-0.8

-1

-1.2

Wal. + b′
C

Wal.
Eik.

Exact

b [fm]

L [h̄]

Im
{
T
}

1086420

4035302520

(b)

151050

0.5

0.4

0.3

0.2

0.1

0

-0.1

FIG. 5: Real (a) and imaginary (b) parts of the T matrices of the elastic scattering of 10Be off 12C at 10 MeV/nucleon. They
are plotted as a function of the angular momentum L and the impact parameter b.

Seattle (1971).
[27] B. V. Overmeire and J. Ryckebusch, Phys. Lett. B. 650,

337 (2007).
[28] M. Buuck and G. A. Miller, Phys. Rev. C 90, 024606

(2014).
[29] C. E. Aguiar, F. Zardi, and A. Vitturi, Phys. Rev. C 56,

1511 (1997).
[30] J. S. Al-Khalili, J. A. Tostevin, and J. M. Brooke,

Phys. Rev. C 55, R1018 (1997).
[31] S. M. Lenzi, A. Vitturi, and F. Zardi, Z. Phys. A 352,

303 (1995).
[32] C. Hebborn and P. Capel, in Proc. of the 55th Inter-

national Winter Meeting on Nuclear Physics, edited by
C. Sfienti, L. Fabbietti, and W. Kühn (Proceedings of
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