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Abstract

Dimension reduction techniques are at the core of the statistical
analysis of high-dimensional and functional observations. Whether the
data are vector- or function-valued, principal component techniques, in
this context, play a central role. The success of principal components
in the dimension reduction problem is explained by the fact that, for
any K ≤ p, the K first coefficients in the expansion of a p-dimensional
random vector X in terms of its principal components is providing the
best linear K-dimensional summary of X in the mean square sense.
The same property holds true for a random function and its functional
principal component expansion. This optimality feature, however, no
longer holds true in a time series context: principal components and
functional principal components, when the observations are serially
dependent, are losing their optimal dimension reduction property to
the so-called dynamic principal components introduced by Brillinger
in 1981 in the vector case and, in the functional case, their functional
extension proposed by Hörmann, Kidziński and Hallin in 2015.
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1 Introduction.

1.1 Dimension reduction, principal components, and time
series.

Dimension reduction techniques are at the core of the statistical analysis of
high-dimensional observations. This is the case for vector-valued observa-
tions; it is the case, too, for functional observations, which are intrinsically
infinite-dimensional.

In the vector case, the objective is to provide a “good”, or even “op-
timal”, K-dimensional summary Y := (Y1, . . . , YK)′ of a p-dimensional
random vector X = (X1, . . . , Xp)

′ (p “large”, 1 ≤ K < p “small”), that

is, a representation of the form X(K) :=
∑K

k=1 Ykek, where e1, . . . , eK
is a (deterministic) orthonormal K-tuple of vectors in Rp, and Y a K-
dimensional random vector defined on the same probability space as X.
The quality of this dimension reduction is measured by the mean square

error E
[ ∥∥X−X(K)

∥∥2 ]
which, for given K, is to be minimized with respect

to e1, . . . , eK and (Y1, . . . , YK).
In the functional case, X denotes a random function u 7→ X(u), with do-

main u ∈ [0, 1]; we throughout assume that X belongs to the space L2([0, 1])
of square-integrable functions mapping [0, 1] to R. Here again, the objective
is to approximate X (which is intrinsically infinite-dimensional) by means
of a K-dimensional summary Y := (Y1, . . . , YK)′, via a representation of
the form X(K) :=

∑K
k=1 Ykek, where Y again is a real-valued random vec-

tor with given dimension K, while e1, . . . , eK now is some (deterministic)
K-tuple of elements in L2([0, 1]). The quality of the dimension reduction

is still measured by the mean square error, here E
∫ 1

0

[
X(u)−X(K)(u)

]2
du

with X(K)(u) :=
∑K

k=1 Ykek(u), is to be minimized, for given K, with re-
spect to e1, . . . , eK and (Y1, . . . , YK).

Whether the data are vector-valued or functional, the most popular di-
mension reduction technique is principal component analysis, which is daily
practice, and constitutes the basic ingredient of most high-dimensional data
analysis techniques. The objective of this paper is to explain the success
of this practice, and to question it in the time series context. Actually, we
show that principal components dimension reduction techniques, at least in
their classical, static form, are inadequate in the presence of serially cor-
related data, and propose an alternative. The proposed alternative, based
on a dynamic extension of the classical concept, is shown to recover all the
properties that make the success of principal components as a dimension
reduction tool in the absence of serial dependence.
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1.2 Outline of the paper.

The paper is organized as follows. Section 2 is presenting well known results
on principal components-based dimension reduction techniques, emphasiz-
ing their optimality features in the vector (Section 2.1) and functional (Sec-
tion 2.2) cases, respectively. In Section 3, we first explain why those prop-
erties are lost in the time series context. We then present (Section 3.1)
Brillinger’s concept of dynamic principal components, and show how dy-
namic principal components, in the vector-valued time series case, recover
the optimality properties (as described in Section 2.1) of traditional prin-
cipal components, to which they reduce for serially uncorrelated processes.
In Section 3.2, we explain how the concept of functional dynamic principal
components introduced in Hörmann et al. (2015) extends this to the func-
tional case. Section 4 illustrates via simulations the benefits one can expect,
in dimension reduction, from considering dynamic principal components in-
stead of the daily-practice traditional (static) ones. Section 5 concludes and
gives some perspectives for future research.

2 Principal components and functional principal
components.

2.1 Principal Components in Rp

Let the p-dimensional random vector X have mean µµµ := EX = 0 and
covariance C := Cov(X) := EXX′, with eigenvectors φφφ1, . . . ,φφφp and eigen-
values λ1 > . . . > λp (for convenience, we assume that those eigenvalues are
distinct, an assumption that easily can be relaxed in the sequel for the p−K
smallest ones). The spectral decomposition of X yields

X =

p∑
k=1

Y ∗k φφφk :=

p∑
k=1

(φφφ′kX)φφφk. (2.1)

The scalar random variable Y ∗k := φφφ′kX = 〈X, φφφk〉 is known as X’s kth prin-
cipal component or kth principal component score, and, subjected to being
uncorrelated with Y ∗1 , . . . , Y

∗
k−1, has maximal variance among all normed

linear combinations of X1, . . . , Xp. The covariance matrix of Y ∗1 , . . . , Y
∗
p is

easily seen to be diagonal, with diagonal elements λ1, . . . , λp.
The success of principal components as a dimension reduction technique

is explained by two important properties. The first one is an optimality
property: the expansion (2.1) is such that, for any 1 ≤ K ≤ p and any
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orthonormal basis e1, . . . , ep of Rp,

E
[∥∥∥X− K∑

k=1

Y ∗k φφφk

∥∥∥2]
= E

[∥∥∥X− K∑
k=1

〈X, φφφk〉φφφk
∥∥∥2] (

=

p∑
k=K+1

λk

)

≤ E
[∥∥∥X− K∑

k=1

〈X, ek〉ek
∥∥∥2]

. (2.2)

For any dimension K between 1 and p, thus, the K first principal compo-
nents (Y ∗1 , . . . , Y

∗
K) provide the “best” (linear) reduction of X to dimen-

sion K in the mean square error sense. This optimality property readily
follows from the fact that Y1 is the normed linear combination of X1, . . . , Xp

with highest variance, etc. It actually constitutes the discrete version of a
more general optimality property of Karhunen-Loève expansions (see Sec-
tion 2.2).

A second and no less important property of principal components is
that they are mutually uncorrelated (their covariance matrix is diagonal),
which greatly simplifies their statistical analysis and neatly decomposes their
respective contributions to the approximation error

∑p
k=K+1 λk. A natural

measure of performance of the principal component-based reduction of X to
dimension K is the relative mean square approximation error

RMSEstat(K) :=
∞∑

k=K+1

λk

/ ∞∑
k=1

λk = 1−
∑K

k=1 λk
E‖X‖2

, K = 1, . . . , p. (2.3)

2.2 Principal components in L2([0, 1]).

The definition and properties of principal components in Rp readily extend
to the functional context where the variable X under study takes values in
the Hilbert space L2 = L2([0, 1]) equipped with inner product

〈x, y〉 :=

∫ 1

0
x(u)y(u)du

and norm ‖x‖ := 〈x, x〉1/2.
Assume, without loss of generality, that X has mean function

EX = µ : u 7→ µ(u) = EX(u) = 0, u ∈ [0, 1],

and denote by{
C(u, v) := Cov

(
X(u), X(v)

)
: (u, v) ∈ [0, 1]2

}
4



its covariance kernel. Instead of matrices, we are dealing, in this functional
context, with covariance operators: the covariance operator C is mapping
the function f ∈ L2 to the function C(f) ∈ L2, with

C(f)(u) :=

∫ 1

0
C(u, v)f(v)dv, u ∈ [0, 1].

Functional principal components rely on the fact that C is a compact
(more precisely, a trace class) operator, so that, for any f ∈ L2, the im-
age C(f) of f admits an eigendecomposition

C(f) =

∞∑
k=1

λk〈f, φk〉φk,

where φk ∈ L2 is the kth eigenfunction of C, associated with eigenvalue λk
(eigenvalues, as usual, are assumed to be distinct and ordered by decreasing
magnitude): ‖φk‖ = 1, 〈φk, φ`〉 = 0 for k 6= `, and

∑∞
k=1 λk < ∞. The

sequence φ1, φ2, . . . thus constitutes an orthonormal basis for image space
of C, yielding forX(u) the representation, called Karhunen-Loève expansion,

X(u) =

∞∑
k=1

〈X,φk〉φk(u) =:

∞∑
k=1

Y ∗k φk(u) u ∈ [0, 1]. (2.4)

The scalar random variable Y ∗k := 〈X,φk〉 is called X’s kth functional prin-
cipal component or functional principal component score. Those functional
principal components have diagonal covariance matrix, with diagonal ele-
ments Var(Y ∗k ) = λk. As k →∞, λk tends to 0, so that Y ∗k → 0 in quadratic
mean.

Expansions of the form (2.4) are named after Karhunen (1946, 1947)
and Loève (1955), who independently introduced them in a more general
framework; they enjoy, mutatis mutandis, the same optimality properties as
their random vector counterpart (2.1), namely, for any 1 ≤ K ∈ N and any
orthonormal sequence e1, e2, . . . in L2[0, 1],

E

∫ 1

0

(
X(u)−

K∑
k=1

Y ∗k φk(u)
)2

du ≤ E

∫ 1

0

(
X(u)−

K∑
k=1

Ykek(u)
)2

du, (2.5)

with Yk = 〈Xk, ek〉, or, in more compact form,

E
∥∥∥X − K∑

k=1

Y ∗k φk

∥∥∥2
≤ E

∥∥∥X − K∑
k=1

Ykek

∥∥∥2
; (2.6)
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call this the Karhunen-Loève optimality property. Hence, just as in the vec-
tor case, the K first functional principal components (Y ∗1 , . . . , Y

∗
K) provide

the “best reduction to dimension K” of X in the mean square error sense;
moreover, they are mutually orthogonal. A simple consequence of this or-
thogonality is that the mean square error associated with

∑K
k=1 Y

∗
k φk as an

approximation of X is

E
∥∥∥X − K∑

k=1

Y ∗k φk

∥∥∥2
=

∞∑
k=K+1

λk. (2.7)

Here also, it is natural to use the relative mean square approximation error

RMSEstat(K) :=
∞∑

k=K+1

λk

/ ∞∑
k=1

λk = 1−
∑K

k=1 λk
E‖X‖2

, K = 1, . . . , p (2.8)

as a scale-free measure of how well we can represent the original function X
by a K-tuple of real numbers.

3 Principal components for time series.

Let us now assume that {Xt| t ∈ Z} is a multivariate second-order statio-
nary p-dimensional vector process. The process

(Y ∗1t, . . . , Y
∗
Kt) := (〈Xt, φφφ1〉, . . . , 〈Xt, φφφK〉), t ∈ Z

of the K first principal component scores (a K-dimensional vector-valued
stochastic process), being based on the eigenvectors φφφ1, . . . ,φφφK of the co-
variance matrix C := E[XtX

′
t], only exploits instantaneous covariances, dis-

regarding the information contained in Xt’s leads and lags. Those principal
components thus only provide the “best static” K-dimensional linear ap-
proximation of the process under study, that is, they restrict to dimension
reductions involving instantaneous linear combinations of the Xt’s only. In
a time series context, as soon as {Xt} is not second-order white noise, linear
combinations involving the past and future values of Xt contain essential
information, and are likely to do a much better job.

Similarly, the K-dimensional vector-valued stochastic process

(Y ∗1t, . . . , Y
∗
Kt) := (〈Xt, φ1〉, . . . , 〈Xt, φK〉), t ∈ Z

of the K first principal components of the functional second-order stationary
process {Xt| t ∈ Z} is based on the eigenfunctions φk of the covariance
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operator C, hence only exploits information contained in the instantaneous
covariances C(u, v) := E[Xt(u)Xt(v)].

As a consequence, the optimality property that makes the success of
(functional) principal components in a sample of i.i.d. (or, at least, uncor-
related) observations of a random vector X (a random function X) only
holds if one restricts to suboptimal static dimension reduction. Moreover,
unless {Xt} (respectively, {Xt}) is an uncorrelated process, the Y ∗kt’s are
mutually orthogonal “at lag zero” only: Y ∗k1t and Y ∗k2t are uncorrelated
for k1 6= k2, but Y ∗k1t and Y ∗k2,t−`, in general, are (cross-)correlated for ` 6= 0,
even when k1 6= k2.

Whether classical or functional, thus, principal components, in a time
series context, no longer enjoy the two properties that make them an efficient
statistical tool in the i.i.d. (uncorrelated) case.

3.1 Brillinger’s dynamic principal components.

Can we adapt the traditional, static, concepts of principal components to the
dynamic context in order to preserve, in the time-series context, their opti-
mal dimension reduction and mutual orthogonality properties? An obvious
challenger of the static approach is the concept of dynamic principal com-
ponent, proposed by Brillinger (1981) in a pathbreaking but all-too-often
overlooked contribution, for p-dimensional processes admitting a spectral
density (a spectral density matrix).

Denote by {Xt := (X1t, . . . , Xpt)
′ t ∈ Z} a second-order p-dimensional

stationary vector process, with values in Rp, meanµµµ = 000, and cross-covariance
matrices ΓΓΓk := E

[
XtX

′
t−k
]
, k ∈ Z. Intuitively, informative linear approxi-

mations of Xt should fully exploit the cross-covariance structure—the col-
lection of all ΓΓΓk’s rather than C = ΓΓΓ0 only. Hence, they should involve all
present, but also past and future values of the Xt’s. This requires looking
for the normed linear combinations of present, past and future observa-
tions maximizing (subject to orthogonality constraints) the variance, etc.—
dynamic linear combinations (that is, filters), not just static ones.

This is what Brillinger’s dynamic principal components are achieving.
Dynamic principal components are based on a factorization of spectral den-
sity matrices instead of the factorization of the (instantaneous) covariance
matrices C = ΓΓΓ0. Therefore, let us make the additional (but relatively mild)
assumption that the spectral measure of {Xt, t ∈ Z} is absolutely continuous
with respect to the Lebesgue measure on [−π, π], that is, {Xt} has a p× p

7



spectral density matrix

ΣΣΣ(θ) :=
1

2π

∞∑
`=−∞

ΓΓΓ`e
−ı`θ,

with entries (σij(θ)), θ ∈ [−π, π] (ı stands for the imaginary root of −1).
The matrix ΣΣΣ(θ) is Hermitian and positive semidefinite. Its eigenva-

lues λ1(θ) > λ2(θ) > . . . > λp(θ) > 0 thus are real; call them the dynamic

eigenvalues of {Xt} (again, for simplicity, we assume they are all distinct for
any frequency θ). Writing ΣΣΣ(θ) for ΣΣΣ(θ)’s complex conjugate, note that, for
all θ, ΣΣΣ(θ) = ΣΣΣ′(θ) = ΣΣΣ(−θ). Denote by ϕϕϕ′k(θ) a row eigenvector associated
with λk(θ), and call it a dynamic eigenvector of {Xt}. Then, ϕϕϕk(θ) is a
column eigenvector of ΣΣΣ(−θ) = ΣΣΣ(θ) = ΣΣΣ′(θ), still associated with eigen-
value λk(θ), that is,

ϕϕϕ′k(θ)ΣΣΣ(θ) = λk(θ)ϕϕϕ
′
k(θ) ΣΣΣ(−θ)ϕϕϕk(θ) = λk(θ)ϕϕϕk(θ).

For all θ, the p × p matrix of eigenvectors ϕϕϕ(θ) :=
(
ϕϕϕ1(θ) . . .ϕϕϕp(θ)

)
is

unitary; namely,
ϕϕϕ(θ)ϕϕϕ†(θ) = I = ϕϕϕ†(θ)ϕϕϕ(θ),

hence
ϕϕϕ(θ)ϕϕϕ′(θ) = I = ϕϕϕ′(θ)ϕϕϕ(θ)

(where ϕϕϕ†(θ) and ϕϕϕ(θ) stand for the adjoint of ϕϕϕ(θ) and its complex con-
jugate, respectively). Since ΣΣΣ(−θ) = ΣΣΣ(θ), we can impose ϕϕϕ(−θ) = ϕϕϕ(θ).
Also note that ϕϕϕ′(θ)ΣΣΣ(θ)ϕϕϕ(θ) = ΛΛΛ(θ) =: diag(λ1(θ), . . . , λp(θ)) and that we
have ϕϕϕ(θ)ΛΛΛ(θ)ϕϕϕ′(θ) = ΣΣΣ(θ).

Before introducing Brillinger’s concept of dynamic principal components,
let us recall some classical facts on the relation between matrices in the
spectral domain and filters in the time domain. Any (p×m) matrix or vec-
tor M(θ) with square-integrable θ-measurable elements defined over [−π, π]
can be expanded (componentwise) into a Fourier series

M(θ) =
1

2π

∞∑
`=−∞

[ ∫ π

−π
M(θ)eı`θdθ

]
e−ı`θ

where the right-hand side converges in quadratic mean. That expansion
creates a correspondence between the square-integrable matrix-valued func-
tion M(θ) and the square-summable filter

M(L) :=
1

2π

∞∑
`=−∞

[ ∫ π

−π
M(θ)eı`θ dθ

]
L`
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(L, as usual, stands for the lag operator ; note that M(θ) = M(e−ıθ)).
The (p × m)-dimensional matrix M(θ) and the filter M(L) then are

strongly connected by the fact that the p-dimensional process {Xt} has
spectral density matrix ΣΣΣ(θ) iff the m-variate stochastic process {M′(L)Xt}
has spectral density matrix

M′(θ)ΣΣΣ(θ)M(θ) (3.1)

where M is the complex conjugate of M.
The p × 1 dynamic eigenvectors ϕϕϕk(θ), in particular, can be expanded

into

ϕϕϕk(θ) =
1

2π

∞∑
`=−∞

[ ∫ π

−π
ϕϕϕk(θ)e

ı`θdθ
]
e−ı`θ =:

1

2π

∞∑
`=−∞

ψψψk`e
−ı`θ,

defining p× 1 square-summable filters of the form

ϕϕϕ
k
(L) =

1

2π

∞∑
`=−∞

[ ∫ π

−π
ϕϕϕk(θ)e

ı`θdθ
]
L` =:

∞∑
`=−∞

ψψψk`L
`

where ψψψk` := 1
2π

∫ π
−πϕϕϕk(θ)e

ı`θdθ is a p-dimensional vector of Fourier co-

efficients. Note that ϕϕϕ(−θ) = ϕϕϕ(θ) implies that the ψψψk`’s, hence the fil-
ters ϕϕϕ

k
(L), are real.

It follows from (3.1) that the p-tuple{
Y∗t | t ∈ Z

}
:=
{
ϕϕϕ′(L)Xt| t ∈ Z

}
of (real-valued) univariate processes {Y ∗kt| t ∈ Z}, where

Y ∗kt := ϕϕϕ′
k
(L)Xt =

∞∑
`=−∞

ψψψ′k`Xt−` =

∞∑
`=−∞

〈Xt−`, ψψψk`〉 (3.2)

has diagonal spectral density

ϕϕϕ′(θ)ΣΣΣ(θ)ϕϕϕ(θ) = ΛΛΛ(θ), (3.3)

with diagonal elements ϕϕϕ′k(θ)ΣΣΣ(θ)ϕϕϕk(θ) = λk(θ). Hence, the univariate pro-
cesses {Y ∗kt}’s are mutually orthogonal at all leads and lags, with variance

Var(Y ∗kt) = λk :=

∫ π

−π
λk(θ)dθ.
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The univariate process {Y ∗kt| t ∈ Z} is called {Xt}’s kth dynamic prin-
cipal component process or kth dynamic principal component score process
(k = 1, . . . , p).

The properties of {Xt}’s dynamic principal components extend to the
time-series context the standard properties of traditional principal compo-
nents associated with the eigenvalues and eigenvectors of {Xt}’s covariance
matrix. In particular, the variance λk of Ykt is such that

λk=



max{∑p
i=1

∑∞
`=−∞ a2i`k=1

}Var
(∑p

i=1

∑∞
`=−∞ ai`kXi,t−`,k

)
, k = 1

max{∑p
i=1

∑∞
`=−∞ a2i`k=1

}Var
(∑p

i=1

∑∞
`=−∞ ai`kXi,t−`,k

)
, k = 2, . . . , p

subject to Ykt :=
∑p

i=1

∑∞
`=−∞ ai`kXi,t−`,k

orthogonal to Y1s, . . . , Yk−1,s for all s, t ∈ Z.
(3.4)

This is a direct consequence of (3.1) and the classical properties of eigenval-
ues.

Because ϕϕϕ(θ) is unitary,
(
ϕϕϕ′(θ)

)−1
= ϕϕϕ(θ). Therefore,

ϕϕϕ(L)Yt = Xt (3.5)

since, from (3.1), it has spectral density

ϕϕϕ(θ)ΛΛΛ(θ)ϕϕϕ′(θ) = ϕϕϕ(θ)ϕϕϕ′(θ)ΣΣΣ(θ)ϕϕϕ(θ)ϕϕϕ′(θ) = ΣΣΣ(θ).

Developing ϕϕϕ(L)Yt and taking into account the fact that ψψψk` = ψψψk,−`, (3.5)
yields an expansion of Xt in terms of the Fourier coefficients ψψψk` of its
dynamic eigenvectors ϕϕϕk(θ):

Xt = ϕϕϕ(L)Y∗t =

p∑
k=1

∞∑
`=−∞

Y ∗k,t+`ψψψk` (3.6)

=

p∑
k=1

∞∑
`=−∞

∞∑
m=−∞

〈Xt+`−m, ψψψk`〉 ψψψk`.

That expansion of Xt is to be compared with (2.1), based on the eigenvectors
of its covariance matrix C = ΓΓΓ0.

It readily follows from (3.4) that the truncation
∑K

k=1

∑∞
`=−∞ Y

∗
k,t+` ψψψk`

of the dynamic expansion (3.6) provides, for any 1 ≤ K ≤ p, the “best”
reduction of {Xt} to a K-tuple of linear combinations of its present, past,
and future values. More precisely, for any sequence

εεεk`, k = 1, . . . p, ` ∈ Z
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of p-dimensional vectors such that
∑∞

`=−∞ ‖εεεk`‖ <∞, letting

Ykt :=

∞∑
`=−∞

〈Xt−`, εεεk`〉,

we have, for all K = 1, . . . , p,

E
∥∥∥Xt −

K∑
k=1

∞∑
`=−∞

Y ∗k,t+`ψψψk`

∥∥∥2
≤ E

∥∥∥Xt −
K∑
k=1

∞∑
`=−∞

Yk,t+` εεεk`

∥∥∥2
.

This inequality holds, in particular, for the “static” expansion (2.1), where

εεεk` = ek for ` = 0, εεεk` = εεεk` = 0 else,

with strict inequality as soon as the Xt’s exhibit serial correlation, thus
confirming the suboptimality of static principal components in a time series
context.

As for mutual orthogonality, noncorrelation of Y ∗k1t and Y ∗k2s for k1 6= k2,
all s and t, readily follows from (3.3).

The dimension reduction based on dynamic principal components thus
recovers, in the context of vector-valued time series, the desired properties of
standard principal components-based dimension reduction for i.i.d. random
vectors. Parallel to (2.3), the quality of that dimension reduction can be
measured via the relative mean square approximation error

RMSEdyn(K) :=

p∑
k=K+1

∫ π

−π
λk(θ)dθ

/ p∑
k=1

∫ π

−π
λk(θ)dθ, K = 1, . . . , p. (3.7)

3.2 Functional dynamic principal components.

Brillinger’s concept was limited to the case of vector-valued time series, but
a functional version of the same has been proposed recently by Hörmann et
al. (2015). Such extension requires a neat treatment of spectral analysis for
functional time series, a theory that was not available until the contribution
of Panaretos and Tavakoli (2013), where we refer to for details.

Let {Xt} be an L2([0, 1])-valued functional process as in Section 2.2.
Provided that

∑∞
`=−∞ ‖Cov(Xt, Xt−`)‖S < ∞, where ‖ . ‖S stands for the

Hilbert-Schmidt norm, Panaretos and Tavakoli (2013) show that

FXθ :=
1

2π

∞∑
`=−∞

Cov(Xt, Xt−`)e
−ı`θ
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exists, and is also a Hilbert-Schmidt operator: call it the spectral density
operator of the functional process {Xt}.

In Section 2.2, dimension reduction was based on “static” functional
transformations Ψ0, say, mapping the L2-valued variable Xt to an RK-valued
one

Yt = (Y1t, . . . , YKt)
′ := Ψ0(Xt)

(K here is an arbitrary integer). In a dynamic context, we rather need linear
functional filters, mapping an L2-valued functional process to an RK-valued
variable, of the form

( . . . , Xt−1, Xt, Xt+1, . . . ) 7→ Yt = (Y1t, . . . , YKt)
′

:=
∞∑

`=−∞
Ψ`(Xt−`), (3.8)

with Ψ` : L2 → RK .
In order to qualify as a “good” dimension reduction, those Ψ`’s should

be such that Ykt and Yk′t′ be uncorrelated, unless k = k′, for all t and t′

(orthogonality at all leads and lags—autocorrelations are allowed, but cross-
correlations are ruled out). This holds if and only if the (traditional) spectral
density matrix

ΣΣΣY(θ) :=
1

2π

∞∑
`=−∞

Cov(Yt,Yt−`)e
−ı`θ

of the K-dimensional vector process {Yt} is diagonal for (almost) all θ
in [−π, π]. Accordingly, let us investigate the relation between the spectral
density matrix ΣΣΣY(θ) and the spectral density operator FXθ .

For fixed θ, the spectral density operator FXθ (for every θ, a non-negative
self-adjoint Hilbert-Schmidt operator) has similar properties as a covariance
operator: for any f ∈ L2, the image FXθ (f) of f admits the eigendecompo-
sition

FXθ (f) =
∞∑
k=1

λk(θ)〈f, ϕk(θ)〉ϕk(θ)

where λk(θ) and ϕk(θ) are FXθ ’s eigenvalues (in descending order of magni-
tude) and eigenfunctions, respectively.

The relation between functional filters and frequency-indexed operators
is similar to, but more delicate than, the relation between matrix filters and
frequency-indexed matrices. Since each Ψ` in the functional filter (3.8) is
linear, Ψ`(f) admits, for some K-tuple

(
ψ1`, . . . , ψK`

)
of L2([0, 1]) elements,

the representation (Riesz representation)

Ψ`(f) = (〈f, ψ1`〉, . . . , 〈f, ψK`〉)′, f ∈ L2.

12



Let

ψ∗k(θ) :=
∞∑

`=−∞
ψk`e

ı`θ k = 1, . . . , K

(the ψk`’s thus are the Fourier coefficients of the ψ∗k’s). Then, the following
relation holds between the spectral density operator FXθ and the spectral
density matrix ΣΣΣY(θ) of the filtered p-dimensional real process {Yt} in (3.8):

ΣΣΣY(θ) =

 〈F
X
θ (ψ∗1(θ)), ψ∗1(θ)

〉
· · · 〈FXθ (ψ∗K(θ)), ψ∗1(θ)

〉
...

. . .
...

〈FXθ (ψ∗1(θ)), ψ∗K(θ)
〉
· · · 〈FXθ (ψ∗K(θ)), ψ∗K(θ)

〉


(we refer to Hörmann et al. (2015) for details). Let us choose the Ψ`’s (that
is, the functional filters (3.8)) in such a way that

ψ∗k(θ) =

∞∑
`=−∞

ψk`e
ı`θ = ϕk(θ), k = 1, . . . ,K,

that is, choose as ψk`’s the Fourier coefficients

ψ∗k` =
1

2π

∫ π

−π
ϕk(θ)e

−ı`θdθ, ` ∈ Z

of FXθ ’s kth eigenfunction ϕk(θ) (note again that the ψ∗k`’s, just as the ψ∗k(θ)’s
and ϕk(θ)’s, are L2 functions, viz. ψ∗k`(u) = 1

2π

∫ π
−π ϕk(θ)(u)e−ı`θdθ). We

then obtain

Y ∗kt :=
∞∑

`=−∞
〈Xt−`, ψ

∗
k`〉, t ∈ Z, k = 1, . . . ,K.

Call the univariate real-valued process {Y ∗kt} the kth dynamic functional
principal component (score) of {Xt} (formally, the definition thus is the
same as in the Rp-valued case).

The following elementary properties readily follow from the definition:

(i) the series defining Y ∗kt is mean square convergent; Y ∗kt is real, and has
variance

∫ π
−π λk(θ)dθ;

(ii) for k 6= k′, the principal components Ykt and Yk′s are uncorrelated for
all s, t;

(iii) if the Xt’s are serially uncorrelated, the functional dynamic principal
components coincide with the static ones.

13



The original process {Xt} then admits the dynamic expansion (a func-
tional version of the dynamic expansion previously obtained in Rp)

Xt =

∞∑
k=1

∞∑
`=−∞

Y ∗k,t+` ψ
∗
k`, t ∈ Z

with Y ∗kt :=
∑∞

`=−∞〈Xt−`, ψ
∗
k`〉, and that expansion enjoys the Karhunen-

Loève optimality property: for any L2-valued sequence ψk`, k, ` ∈ Z such
that

∑∞
`=−∞ ‖ψk`‖ < ∞, and any collection Ykt, k, ` ∈ Z of real-valued

random variables,

E
∥∥∥Xt −

K∑
k=1

∞∑
`=−∞

Y ∗k,t−` ψ
∗
k`

∥∥∥2
≤ E

∥∥∥Xt −
K∑
k=1

∞∑
`=−∞

Yk,t−` ψk`

∥∥∥2

for all K ∈ N. In analogy to (2.7), we have

E
∥∥∥Xt −

K∑
k=1

∞∑
`=−∞

Y ∗k,t−` ψ
∗
k`

∥∥∥2
=

∞∑
k=K+1

∫ π

−π
λm(θ)dθ; (3.9)

here again, a convenient measure of perfomance is the relative mean square
approximation error

RMSEdyn(K) :=
∞∑

k=K+1

∫ π

−π
λk(θ)dθ

/ ∞∑
k=1

∫ π

−π
λk(θ)dθ. (3.10)

4 Numerical illustration.

In this section, we are providing a very brief numerical illustration of the
potential benefits of dynamic principal components, as opposed to the usual
static ones, in dimension reduction for functional time series. To this end,
based on a very simple functional AR(1) model, we generated synthetic func-
tional data and compared the performances of static and dynamic dimension
reduction in terms of their relative respective mean square approximation
errors RMSEstat(K) and RMSEdyn(K); see (2.8) and (3.10).

Consider the functional AR(1) model

Xt(u) =

∫ 1

0
ψ(u, v)Xt−1(v)dv + Zt(u), (4.1)

where ψ(u, v) is some square-integrable kernel function and Zt is i.i.d. func-
tional noise. To guarantee a stationary solution we consider operators ψ

14



with κ2 :=
∫ 1

0

∫ 1
0 ψ

2(u, v)dudv < 1. Let (ej), j ∈ N denote some orthonor-
mal basis of L2([0, 1]), yielding, for some possibly infinite d, the expansions
(equality/convergence in the mean square sense)

ψ(u, v) =
d∑
i=1

d∑
j=1

ψijei(u)ej(v),

Zt(u) =
d∑
i=1

ztiei(u), and Xt(u) =
d∑
i=1

xtiei(u).

Taking, for lags 1 ≤ k ≤ d, inner products 〈Xt, ek〉 on both sides of (4.1),
we obtain a VAR(1) representation of the functional AR(1) process, of the
form

Xt = ΨXt−1 + Zt, (4.2)

where

Ψ =
(

(ψij : 1 ≤ i, j ≤ d)
)
, Zt = (zt1, . . . , ztd)

′ and Xt = (xt1, . . . , xtd)
′.

In theory, that VAR model is infinite-dimensional, but in practice we work
with finite values of d.

What is special about this VAR model (4.2) is that the compactness
of ψ and the covariance operator of Zt implies that the components ztk
and ψk` converge to zero as k and ` tend to infinity. For example, note
that E‖Zt‖2 = tr(Σ), where Σ =

(
Σij

)
is the covariance matrix of Zt.

Consequently,
∑d

i=1 Σii < ∞, even when d is infinite. Accordingly, the
data-generating process of our simulation setup was set as

Zt
i.i.d.∼ Nd(0,Σ), with Σ =

(
(Σij)

)
and Σij = (i2 + j2)−0.6;

Ψ =
κ vv′√

v′v
, with v =

(
vi
)
, vi

ind∼ N (0, e−i) and κ = 0.5, 0.7, 0.9.

For numerical implementation, we used the function fts.rar() of the R-
package freqdom.fda (see Hörmann and Kidziński (2017)), which requires
the data to lie in the finite-dimensional subspace of L2([0, 1]) spanned by
the first d Fourier basis functions, namely e1(u) = 1, e2(u) =

√
2 cos(2πu),

e3(u) =
√

2 sin(2πu), etc. Here we chose d = 15. The results remain
similar for larger d. We considered three values for the dependence coef-
ficient: κ ∈ {0.5, 0.7, 0.9}; the larger κ, the stronger the auto- and cross-
correlations. The differences between RMSEdyn(K) and RMSEstat(K) are
maximal for K = 1, and decrease with K. However, RMSEdyn(K) appears
to be less dispersed than RMSEstat(K), which is another highly non negligi-
ble advantage of the dynamic approach over the static one.
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Figure 1: Boxplots of RMSEstat(K) and RMSEdyn(K) for K = 1, 2, 3 princi-
pal components, based on 500 iterations, n = 250 and κ = 0.5 (top), κ = 0.7
(middle) and κ = 0.9 (bottom).
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5 Conclusion

Static principal components and functional principal components, which are
everyday practice in a large number of applications, are inadequate and sub-
optimal in the context of dimension reduction for time series. The resulting
expansion indeed does not enjoy, in the presence of serial correlation, the
optimality property that makes their success in the i.i.d. case. Moreover,
the principal components themselves are no longer mutually uncorrelated,
hence do not lead to a neat interpretation of their respective contributions to
the total variance. Dynamic principal components and functional dynamic
principal components, by taking into account serial dependence, quite on the
contrary recover both properties. Consistent empirical versions are compu-
tationally feasible, and simulations, as well as real data examples, are quite
encouraging.

On the other hand, a negative feature of dynamic principal components
and their functional counterparts is that the filters defining the Y ∗kt’s are two-
sided, so that, when replacing those filters with consistent estimators (as in
Forni et al. 2000), the quality of the resulting dimension reduction deterio-
rates at the end of the observation period. A solution to that problem, yield-
ing one-sided filtering only, has been provided by Forni and Lippi (2011),
with improvements in Forni et al. (2015, 2017). A more direct approach has
been proposed recently by Peña and Yohai ( 2016) and Peña et al. (2017),
but its functional counterpart and exact properties in the context of dimen-
sion reduction require some further investigation.

Finally, dynamic principal components are a basic ingredient in the Gen-
eral Dynamic Factor methods used (see Forni et al. 2000, 2005, 2015, 2017;
Hallin and Lippi 2013) in the analysis of large panels of time series data;
whether this can be extended to functional or partly functional panels is the
subject of ongoing research.
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principal components. Journal of the Royal Statistical Society Series B
77, 319–348.
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[9] Karhunen, K. (1947). Über lineare Methoden in der Wahrschein-
lichkeitsrechnung. Annales Academiæ Scientiarum Fennicæ Ser. A.I.
Mathematica–Physica 37, 1–79.
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