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Chapter 1
Introduction

The goal of this thesis is to investigate some aspects of the quantisation of a polarised Kihler
manifold L — X.

Let (E, k) be a Hermitian holomorphic vector bundle of rank r over X. To ease notation
we put E (k) = E ® L*. Denote by H° (X, E(k)) the space of holomorphic sections from X to
E (k) and by Gy the Grassmannian of 7-dimensional subspaces of H® (X, E(k))*. For k big
enough, evaluation at a point defines a map evy : X — Gy. The philosophy of quantisation
is to associate to each classical object defined on E — X a sequence of quantised objects
defined on the dual of the tautological bundle over G;. These quantised objects should
be defined purely in terms of the projective geometry of (G; and the maps ev; and should

converge to the classical object as k — oo in an appropriate sense.

In the second chapter of this thesis we quantise the Laplacian operator acting on
C> (X,End;,(E)), the space of smooth sections of the bundle of 4-Hermitian endomorphisms
of E. If E has rank 1, Endj, (E) = R and one recovers the Laplacian acting on smooth func-
tions. The main results of this chapter have been published in an article called Quantization
of the Laplacian operator on vector bundles I and are joint work with Julien Keller and Reza
Seyyedali, [14]. To describe them, fix a Hermitian metric on L whose curvature defines a
Kihler form @ on X. This endows H° (X, E(k)) with an L2-inner product and hence the
Grassmannian Gy with a Fubini—Study metric. Write V} for the space of Hermitian endomor-
phisms of H? (X, E(k)). One defines a self-adjoint operator on Vj as follows. Any element in
Vi induces a holomorphic vector field on Gy. Restricting this vector field to evy(X) defines
amap P : Vi — C” (X,evi(TGy)). The spaces Vj and C™ (X,ev;(TGy)) are naturally en-
dowed with inner products given by the trace and the L2-inner product respectively. Here

the L?-inner product is defined using the Fubini—Study metric on the fibers and the (fixed)
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volume form ®” /n! coming from the metric on L. Write P’ for the adjoint of P, with respect
to these inner products. The composition P; Py then defines a self-adjoint operator on Vj for
each k. In the first chapter we show that these operators quantise the Laplacian. Note that
the operators PPy are not produced by applying some general quantisation scheme to the
Laplacian but are defined purely in terms of the projective geometry of G and the maps evy.

They make sense for an arbitrary complex submanifold of a Grassmannian.

The definition of the operators P Py is motivated by the following moment map picture.
Denote by .7!"! the set of unitary connections on E whose curvature is of type (1,1). Since
the work of Atiyah and Bott [1], it is well known that the map

can be seen as a moment map for the action of the unitary gauge group %, of E. Building on
earlier work of Donaldson [7], Wang explains in [24] that the moment map U, can be seen
as the limit of moment maps—denoted by j1;—on the space of holomorphic embeddings of
X into the Grassmannians (. Noticing that the group actions extend to the complexified
groups one can push Wang’s picture a step further and integrate the moment maps to get
the so-called Kempf—Ness functions which we denote by F.. and F; respectively. From this
point of view, Wang’s results can be rephrased by saying that the first order derivatives of the
Kempf—Ness functions converge. It is then natural to ask what happens for their Hessians.
It turns out that on one hand the Hessian of F. is nothing else than the Laplacian and on
the other hand the Hessians of F; are given by the sequence of operators P; P described
above. Consequently they are natural candidates to consider as an intrinsic quantisation of
the Laplacian.

A priori, the Laplacian and the operators P; Py are completely different and in order to
compare them we first need to explain the link between the spaces they act on. On one hand,
a smooth section of Endj,(E) can be viewed as an infinitesimal change of the metric on E and
hence of the L-inner product on H° (X, E(k)). In other words we get an element of Vj. This
defines a map C* (End,(E)) — Vi : ¢ — Oy 9. On the other hand, any element in Vj gives an
infinitesimal change of the inner product on H® (X, E(k)) and hence induces an infinitesimal
change in the metric on E (k). This in turn corresponds to a Hermitian section of End (E(k))
and hence also of End (E). In this way we get a map : V, — C* (End(E)) : A — Hjy.

Using this notation, we are now able to state the results of the first chapter.



Theorem 1.0.1. For each section ¢ of End;,(E) there is an asymptotic expansion

n

1
Tr (Quo P PeQi9) = m/XTr(q)AEtp) %+0(k—2).

These estimates are uniform in the endomorphism ¢ if ¢ varies in a subset of C* (End;(E))
which is compact for the C*-topology. Moreover the estimate is uniform when the metric on

E varies in a set of uniformly equivalent metrics lying in a compact set for the C*-topology.

When E is the trivial line bundle with the flat metric we also compute the next order term

of this expansion.

In the case when the bundle E is simple, meaning that its only holomorphic automor-
phisms are multiplication by a constant, we show that the eigenvalues of PP converge to
those of the Laplacian. Furthermore under the maps Oy () and H(.) described above, the
eigenspaces of P/ Py and AE asymptotically line up isometrically. More precisely if we denote

by ¢ j and A; the j-th eigenvalue of PP, and AF respectively we have the following.
Theorem 1.0.2. Assume that E is simple. For each j > 0, we have

A e
Vej= o HO(K")

when k — oo,

Define Fy , to be the space generated by the vy j-eigenspaces of PP for 0 < j < rand
write Fy , , for the span of the vy ;-eigenspaces with p < j < gq.

Theorem 1.0.3. Assume that E is simple. For each integer r > O there is a constant C such
that for all A,B € Fy,,

Tr(AB) — K" (Hy, Hg) ;2| < Ck~'Tr(A%)'/?Tr(B?)'/2.

Moreover, let us fix integers 0 < p < g such that A,_1 < Ap = Apt1 = ... = A4 < A441. Given
an eigenvector ¢ € Ker(AF — A,1d), let Ay x denote the point in Fy , , with Hy,, nearest to

¢ as measured in L*. Then
[Hags =8l =0 (k).

and this estimate is uniform in ¢ if we require that ||§||;2 = 1.

Using the fact that we have some flexibility in our results (they are uniform if we vary the

metric or endomorphism in compact sets with respect to the smooth topology) we derive as
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corollaries some quantisation results for sequences of balanced metrics when E is assumed

to be Gieseker stable, see theorem 2.6.5.

As another application of the convergence results of the eigenvalues we quantise some
spectral measures associated to the Laplacian, see section 2.6.2 and speculate about further
implications involving the heat kernel. To conclude the chapter we illustrate our results
via some direct computations in the special case when the manifold is the one dimensional

complex projective space polarized by the dual of the tautological line bundle, see section 2.7.

In the third and fourth chapter of the thesis we restrict to the case when the vector bundle
E is the trivial line bundle with the flat metric.

The third chapter is devoted to study the asymptotics of solutions to the “heat equation”
associated to the (rescaled) operators P;Fy. Heuristically speaking we show that the heat
operator associated to P; P converges to the genuine heat operator on X as k — c. More
precisely let f € C*(X,R) and write f(x,7) for the solution to the equation

O f(x,t) +Af(x,1) =0
f(x,0) = f(x).

Furthermore given an Hermitian endomorphisms A of H° (X ,Lk) we write A(¢) for the

(1.0.1)

solution to the system

OA(t) + 4Tk PP (A1) =0
A(0) = A.

(1.0.2)

Our main result of this chapter is the following.

Theorem 1.0.4. There is a constant C such that for all t € [0,T]| we have

1Ok £ex) — Qi pix) (1) IR <

=

where the norm || - || is defined by ||A||7 = ki,,Tr(Az).

Corollary 1.0.5. There is a constant C such that for all t € [0,T]| we have

C
||f(x7t) _HQk,f(x)(l‘)HLz S ;



The fourth chapter of this thesis is dedicated to an intriguing link between geometric
quantisation and a program initiated by Donaldson to study the geometry of the space of
Kihler metrics in a fixed cohomology class using finite dimensional approximations. In order
to ease notation, write .77 for the space of all Hermitian metrics on L for which the curvature
is positive. Hence any element / in .7 induces Kihler metric @y, on X. Furthermore let %,
be the Bergman space of level k, i.e. the space of Hermitian inner products on H° (X ,Lk).
The space 77 carries the structure of an infinite dimensional manifold and its tangent space
at a point 4 is naturally identified with the space of smooth functions on X. On the other
hand the tangent space to %, is identified with the space V. of Hermitian endomorphisms of
H® (x,1%).

Choosing a metric on L induces an L’-inner product on H° (X 7Lk) and hence a map
Hilby : 7 — %y. Explicitly,

n
Dy
n!’

Hilby (1) (s,1) = /X Bt (s(x),1(x))

There is also a map in the other direction called the Fubini—Study map which can be described
as follows. First recall that by Kodaira’s embedding theorem, evaluation at a point defines
an embedding X — PP (HO (x,LY) *) A point b € %, endowes the hyperplane bundle of

P (H O(x,LF) *> with a Fubini—Study metric which can be pulled back to give a metric on

L¥. Taking its k-th rooth defines a genuine metric on L which we call FS;(b). Hence we have
amap FSy : B, — .

A lot of research has been devoted to the geometric quantisation of Kostant [16] and
Souriau [21]. Roughly speaking it explains how to naturally associate to every classical
observable (i.e. a smooth function on X), a quantum observable (i.e. a Hermitian operator on
a Hilbert space). Here the manifold should be thought off as the phase space of a classical
mecanical system. In our setup the Hilbert space in question is nothing else than H° (X ,Lk)
together with the L?-inner product and the quantum observables are defined as follows. One
first associates to every function f € C* (X,R) the pre-quantum operator &y s acting on the
space C* (X ,Lk) of smooth sections from X to L¥ by

O = 21k f +iVy)

Here X denotes the Hamiltonian vector field associated to f and V®) is the Chern connection
on L with respect to the metric 4*. To define the genuine quantum operators Oy r one simply

takes the holomorphic part of a pre-quantum operator by composing G ¢ with the orthogonal
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projecting onto the sub-space of holomorphic sections. In this way we obtain a map
f & COO(X,]R) > Ok, f e V.

The starting observation is that this map is nothing else than the derivative of Hilb; (see
section 4.4). In this sense one can think of the Hilbg-map as a curved version of geometric
quantisation. It is then natural to ask of what use the higher derivatives of the Hilbg-map
could be. Furthermore one might think whether the differential of the FS;-map also has an
interpretation in terms of some dequantisation. And indeed we show in section 4.5 that its
derivative is nothing else than Berezin’s covariant symbol. Using expansions of Toeplitz
operators one easily sees that the composition dFS; o dHilby, tends to the identity as k goes to
infinity and hence, at least asymptotically, Berezin’s covariant symbol can be interpreted as
the inverse of geometric quantisation. This sheds new light on some of the results obtained
by Cahen, Gutt and Rawnsley in [20].

Motivated by the fact that the linearisation of Hilb; gives geometric quantisation we
compute its next order approximation, namely its Hessian. To state the result, define & :
C (X,R) — Q%! (TX) to be the operator given by

2(f) =09 (Xy).

2 (f) measures the failure of the Hamiltonian vector field X of being holomorphic and is

know as the Lichnerowicz operator.

Theorem 1.0.6. The Hessian of Hilby : 7 — %), admits an asymptotic expansion in which
the leading order term in given by the leading order of the Toeplitz operator associated to

the function (7 f,9g). More precisely, as k — oo, one has
(VaHilby), (f,8) = Tigy99) + 0 (K"').

As a corollary we reprove a result by Fine (theorem 2 in [11]) saying that the Hessian of
balancing energy converges to the Hessian of Mabuchi energy (see theorem 4.6.4).



Chapter 2

Quantisation of the Laplacian

2.1 Introduction

Let L be an ample line bundle over a compact complex manifold X of complex dimension
n. Fix a Hermitian metric ¢ on L whose curvature Fg gives a Kéhler form @ = inFG on X.
Let E be a holomorphic vector bundle of rank r over X with Hermitian metric 4. This data

allows us to define the induced Bochner Laplacian acting on smooth endomorphisms of E,
AE : C*(X,End(E)) — C™(X,End(E)).

Explicitely one puts A = —trgVZ, where g is the Riemannian metric on X associated to @
and the complex structure and V2 : C* (End (E)) — C* (T*X @ T*X ® End (E)).

Note that in the case of a line bundle or a Hermitian-Einstein metric, this reduces to the
Kodaira Laplacian Ay = 8;'1 d( E)GEnd( ) Up to a constant factor. In general, both Laplacians
are related by a Weitzenbock type formula, namely

Ay =

(A" —iMoFenae)) = 5 (AT — [iAoFh,]) - (2.1.1)

| =
N | =

Here F;, € Q1! (X,End(E)) denotes the curvature endomorphism of the metric 4. Moreover

the Bochner—Kodaira—Nakano formula gives the link between A; and Ay,
Ay = Ay — [iNoFy, -] (2.1.2)

See [4] or [18] as a reference.
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There is a decomposition End(E) = Endg,(E) @ Endj,(E) where Endg,(E) and Endy,(E)
denote the bundles of skew-Hermitian and Hermitian endomorphisms of (E, &) respectively.
It is easy to check that the Laplacian AF actually preserves this decomposition. Throughout
this chapter, we restrict the action of the Bochner Laplacian to the space of sections of the
bundle of Hermitian endomorphisms of E, which is the central object of our study. Note
that when E is a line bundle, End (E) = E®Q E* = C and so C” (X,End(E)) = C* (X,C).

Sections of Hermitian endomorphisms are then given by real valued functions on X.

Denote by 7!+ the set of unitary connections on E whose curvature is of type (1,1).

Since the work of Atiyah and Bott [1] it is well known that the map

can be seen as a moment map for the action of the unitary gauge group %, of E. Building on
earlier work of Donaldson [7], Wang explains in [24] that the moment map U can be seen as
the limit of moment maps—Iater denoted by fi;—on the space of holomorphic embeddings
of X into some Grassmannians denoted by G. In section 2.2 we briefly recall this moment
map picture and show that the group actions extend to the complexified groups. General
Kempf-Ness theory tells us how to integrate the moment maps to get so-called Kempf—Ness
functions F. and F;, respectively. From this point of view, Wang’s results can be rephrased by
saying that the first order derivatives of F; converge to those of F... The goal of this chapter
is then to show that their Hessians converge too. It turns out that on one hand the Hessian of
F. is nothing else than the Laplacian and on the other hand, the Hessians of Fj are given by a
sequence of operator P Py acting on some finite dimensional vector spaces whose dimension
grows in k. Consequently they are natural candidates to consider as an intrinsic quantisation

of the Laplacian.

As a first result we shall see the following. Any ¢ € C*(X,Endy, (E)) can be thought of
as an infinitesimal change of the metric on E and hence of the L’-inner product induced by /4
and the (fixed) volume form " /n! on the space of holomorphic sections of E(k) := E ® L*.
Thus we naturally obtain an Hermitian endomorphism Qy 4 of H° (X,E(k)). Given, ¢,y €
C” (X,Endy, (E)), we prove that the map

(¢, ¥) = Tr (O o PP (Oky))



2.2 The moment map picture 9

admits an asymptotic expansion where the leading order term is given by the trace of the map

after renormalization, see theorem 2.4.1. This first theorem relies deeply on the asymptotic
expansions of Bergman kernels and Toeplitz operators due to Ma and Marinescu [19]. We

briefly recall their results in section 2.3.2.

In a second step we analyse the spectrum of the operators P P;. If E is simple, we prove
that the eigenvalues of PP, converge (after renormalisation) towards the eigenvalues of the
Laplacian AF, see theorem 2.5.2. Finally, theorem 2.5.3 says that the eigenspaces of PP,
converge isometrically to the eigenspaces of AF in an appropriate sense. The proof of these
two theorems follows a strategy used by Fine in his quantisation of the Hessian of Mabuchi
energy [11].

Note that since the operators P; Py act on finite dimensional spaces these results make it
in principle possible to approximate the eigenvalues of the Laplacian algorithmically using a

computer program.

We remark that there is some flexibility in the results is the sense that they are still valid
if we vary the data (metric or endomorphism) in compact sets with respect to the smooth
topology. Using this fact, we derive as an application some quantisation results for sequences
of balanced metrics when E is assumed to be Gieseker stable (see theorem 2.6.5).

2.2 The moment map picture

In this section we recall the moment map picture mentioned above. To fix notation let us

start with some general theory.

Let G be a Lie group acting on a symplectic manifold (X, ®) by symplectomorphisms.

Differentiating the action provides a Lie algebra map
0> X(X): 9 &*

where X (X) denotes the space of vector fields on X.
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Definition 2.2.1. A moment map is a G-equivariant map U : X — g* such that forany ¢ € g
the function u (@) : X — R satisfies

dp(9) = o (&°,").

Among many others, one important application of moment maps comes from Kempf-
Ness theory. Suppose that the manifold in question is not only symplectic but Kihler and
that the group G acts holomorphically and isometrically on X. Furthermore suppose that the
action of G extends to a holomorphic (but no longer isometric) action of the complexification

GC of G. In this context one defines the so called Kempf-Ness function
F:G°/G—R

by integrating up the moment map. The space G(C/ G can be endowed with a symmetric
metric g turning it into a non-positively curved symmetric space. The function F enjoys the
following two important properties:

L. %F (emph) |t:0 = Wpp(9);
2. dd—:zF (etiq)h) ‘ZZO =8 (é;fpjg;fp)

where h € GC, ¢ € gand p € X. The first property implies that critical points of F correspond
to zeros of the moment map in the complex orbits and the second property tells us that F is
convex along geodesics in G© /G. In finite dimensions this implies for instance that, up to
the action of G, zeros of the moment map are unique within a complex orbit (assuming that

5‘7’ never vanishes). We refer to [22] for further details.

2.2.1 The infinite dimensional picture

Let (E,h) be a Hermitian vector bundle over a compact Kéhler manifold (X, ®). Write
71! for the space of unitary connections on E whose curvature is of type (1,1) and denote
by ¥, the unitary gauge group, i.e. the group of unitary automorphisms of (E,h). ¢, acts
on </ 1! by conjugation. The space of all unitary connections is an affine space modelled
on Q! (X,Endy, (E)), the space of 1-forms with values in the bundle of skew-Hermitian
endomorphisms of (E, ). The infinitesimal change of such a connection dj in the direction
a induces an infinitesimal change in the curvature given by dsa. To make sure a is a tangent

vector to .7 1'1, the (0,2)-part of dsa (and hence its (2,0)-part) must vanish. In other words,

Ty, "' = {a € Q' (X,Endy, (E)) | daa®' = 0}.
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There is a natural symplectic form on .7 "'! given by
wn
Qy (a,b) = —/ ApTr(aNb) —
X n!
where a,b € Ty, o/ 1.1 The compex strucure on the space of 1-forms on X induces a complex
structure J on Q! (X, Endy;, (E)) and turns <7 ! into an infinite dimensional Kahler manifold

with Kihler metric
(a,b), = Q4 (a,Jb).

The action of the unitary gauge group %, on .7 1! preserves the symplectic form and thus it

makes sense to ask whether it admits a moment map or not. And indeed,

Theorem 2.2.2 (Atiyah-Bott, [1]). Under the identification of the Lie algebra Q" (X, Endy, (E))
of 9, with its dual using the L*-inner product defined by the Killing form on the unitary
group and the volume form " /n!, the map o, : &7/ — QO (X, Endy, (E)) defined by

is a moment map.

The action of ¢, not only preserves the symplectic form but also the complex structure.
Moreover ¥, admits a complexification given by the complex gauge group 9, the group of
complex linear automorphisms of E and the action of ¢, on .7 "1 extends to an action of ¥
by

g-ds=godsog !

g da=(g") 'odsog

where dy € o71! and g € 9. Thus we are in the context of Kempf-Ness theory. As

mentioned above we can integrate the moment map to get a function
F: gE / % — R.

The space ¥ /¥, actually has a nice interpretation: ¥ acts transitively on .7#, the space of
all Hermitian metrics on E, and the stabilizer of the point & € 7 is ¥,. Hence we get an

identification

H =Gy |G,
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and we can think of F., as a function on #. Moreover from general theory we see that the

Hessian of F.. is given by
"
Hess(F )i (¢,9) = /(dA¢ dA‘P /Tf (9A49) T

2.2.2 The finite dimensional picture

The infinite dimensional moment map picture described in the previous section has a finite
dimensional analogue as described in [24]. First recall that the unitary group U(N) acts
isometrically and holomorphically on the standard Grassmannian G(r,N) of r-dimensional
subspaces in CV endowed with the standard Fubini-Study metric. The action admits a
moment map

u:G(r,N) — iu(N)

where we implicitly identified the dual of the Lie algebra u(N) with u(N) using the Killing

form and multiplied the result by i. Thinking of the Grassmannian as

0
%rxN
)

~

G(r,N) =

where ./, 0 . 1s the space of rank r r x N-matrices and where z ~ w if and only if there exists
P € GL(r,C) such that z = Pw, the explicit formula for u is given by

plel) =2"(z2") 'z

Let (X,®) be a compact Kihler manifold of complex dimension n and let (L,0) be an
ample Hermitian line bundle over X who’s curvature Fy satisfies ﬁFG = . Let E be a
holomorphic vector bundle of rank r over X. Since L is ample we can use holomorphic
sections of E (k) = E ® L¥ to embed X into G (r,N;) for k > 0. Indeed, for any x € X, we
have the evaluation map H°(X, E(k)) — E(k), which sends s to s(x). Since E (k) is globally
generated, this map is a surjection. So its dual is an inclusion of E(k)* — HO(X,E(k))*,
which determines an r-dimensional subspace of H°(X,E(k))*. Therefore we get a map
1:X — G(r,H°(X,E(k))*). Since L is ample, 1 is an embedding for k >> 0. Clearly we have
1*U* = E(k)*, where U is the tautological vector bundle on G (r, H*(X,E(k))*), i.e. at any
r-plane in G(r,H°(X,E(k))*), the fibre of U} is exactly that r-plane. Any choice of basis
s=51,...,5n, for HY(X,E(k)) gives an isomorphism between G(r, H°(X,E(k))*) and the
standard Grassmannian G(r, N;) and hence such a choice defines an embedding

i : X = G(r,Ng).
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Denote by %, the space of all basis of H’(X, E(k)) or equivalently the space of embeddings
from X to G(r,N;) which are projectively equivalent to a given one. There is a natural
symplectic structure on % given by

a)l’l

@(a,b) = [ (ab)rs

fora,b € Tif@’ and (-, -) s the Fubini-Study inner product. The action of the unitary group
admits a moment map fi : %, — iu(Ny). Explicitly,

n

is) = [ mor .

n.

Since the complexification of the unitary group U (Ny) is given by the general linear group
GL (N, C), this gives rise to a function

FklﬁkZGL(Nk,C)/U(Nk) —R

by integrating up the moment map. The homogeneous space %y is called Bergman space
and can be thought of as the space of Hermitian inner products on H° (X, E(k)).

Fix b € % and let s be any b-orthonormal basis of H°(X, E(k)). Define the operator
P iu(Ny) = C(X, TG(r,Ny) |, (x)) 2.2.1)

by P(A) = §A|l£(x). Using the Fubini-Study metric on 7G(r, Ny)|,, (x) and the volume form
(;l’—!n on X, one obtains a L? inner product on C*(TG(r, Ni)|y,(x))- Together with the trace on
iu(Ny) this allows us to define the adjoint map

P* :COO(TG(T,N]()“Q(X)) — lu(Nk)
and hence we get a self-adjoint operator
P*P : iu(Ng) — iu(Ng).

Note that the operator P and its adjoint P* depend on the inner product b.
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By general Kempf—Ness theory, the Hessian of F;, thought of as a bilinear form on iu(Ny),
is given by
n

(Hess Fy), (A, B) = /1 V(X)<P(A),P(B))FS% _ Tr(AP*PB).

2.3 Some preliminaries

Before we start with the proofs of our results let us first recall some general theory which
will be needed.

2.3.1 A quick review of the Fubini-Study geometry of Grassmannians
Denote the space of all matrices z € .#,»x(C) with rank r by .# ,OX - By definition,

0
‘%rxN
)

~

G(r,N) =

where z ~ w if and only if there exists P € GL(r,C) such that z = Pw. Note that G(r,N) can
be identified with the space of all r-dimensional subspaces of CV. The tangent bundle of
G(r,N) is given by

{(zX)|z€ M2, X € Myxn}

/

~Y

where (z,X) ~' (w,Y) if and only if there exists P € GL(r,C) and Q € #,«,(C) such that
z=Pw, X = PY +QOw.

Under the equivalence relation ~', an element of TG(r,N) is denoted [z, X]. The Fubini-Study
metric on TG(r,N) is given by

(X)) [z Y)])ps = Tr(Y*(22) 7' X) = Tr((z2") 2V *(22") 7' X2").
Let U, — G(r,N) be the dual of the tautological bundle
U' ={(P,v) € G(r,N) xC"|v € P}.

The standard Hermitian inner product on CV induces a Fubini—Study metric on U, and U}

by restriction. There is a 1-1 correspondence between the space of linear forms on CV and
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the holomorphic sections of U,. Explicitely,
f €)= sy € HAG(1N),Uy)

where
srld(v) = f(v),

for any [z] € G(r,N) and v € (U;"),). Let ey,...ey be the standard basis of CV and define
si = Ser. Then sy,...sy is a basis for H°(G(r,N),U,) satisfying

N y
n

Y si®s" =1dy,

i=1

as an endomorphism over G(r,N).

Definition 2.3.1. Any A € iu(N) defines a smooth Hermitian endomorphism (with respect
to the Fubini-Study metric hrg) Hy of U, by

N
_ e o hEs
Hy = ‘ZIAJ,S,(X)SJ- .
ij=

Definition 2.3.2. Any A € iu(N) induces a holomorphic vector field 4 on G(r,N) given by

§4(2) == [z, 7A]. 2.3.1)

2.3.2 Asymptotic expansions of Bergman kernels and Toeplitz opera-
tors

Part of the main technical tools in this thesis are the asymptotic expansions of Bergman

kernels and Toeplitz operators.

Let (X, ) be a compact Kéhler manifold of complex dimension n and let (L, o) be a
Hermitian line bundle over X such that the curvature F5 of the Chern connection satisfies
Fs = —2mio. Let (E,h) be a Hermitian holomorphic vector bundle on X of rank r and put
E(k) = E® L¥. Write L? (X, E (k)) for the completion of C* (X, E (k)) with respect to the
L?-inner product induced by the metric & ® 6* on E (k) and the volume form " /n!. Denote
by Iy : L? (X, E (k)) — H° (X,E (k)) the orthogonal projection onto the finite dimensional
subspace of holomorphic sections. Its integral kernel By, (x,y), also called the Bergman kernel,
is a smooth section of the pull-back bundle E (k) X E(k)* — X x X. Explicitly at a point



16 Quantisation of the Laplacian

(x,y) € X x X it is given by

Nk
Bi(x,y) = ; si(x) @57 ()

where s = s1,..., sy, is an L?-orthonormal basis of H° (X, E (k)). Furthermore the restriction

of By to the diagonal is naturally identified with a section of End (E).

Remark 2.3.3. We say that a sequence of ®@; € C* (X,End(E)) has an asymptotic expansion
of the form

(oo}

Ox) = Y Aj(x) K"
j=0

where A; € C* (X,End(E)), if for any r,M > 0 there exists a constant C,.js such that
d ' M1
O =Y Ak | <Gk
| MK o =

where |- [cr(x) denotes the C"-norm.

The following result has been proved in various degrees of generality by Zelditch [25],
Catlin [3], Lu [17] and Bouche [2] in the case where E is a line bundle. The general case
was studied later by Wang [24] and in a more general setting by Ma and Marinescu, see [18]
and [19].

Theorem 2.3.4 (Theorem 4.1.2. in [18]). For any Hermitian metric h on E and Kdhler
form @ € ¢ (L), there exists smooth endomorphisms b;(h,®) € C*(X,End(E)) such that the
restriction to the diagonal of the Bergman kernel, denoted by By(h, ®), admits an asymptotic

expansion as k — oo,
Bi(h,0) = K"+ by (h,0)k" ' + ...

In particular

i
27

Moreover the expansion is uniform in h and ® if they vary in compact subsets for the

1
bl(h, (D) = A(A)F(E,h) -+ gS(CO)IdE.

C™-topology.

Definition 2.3.5. Let f € C™ (X,End (E)). We define the Toeplitz operator Ty s : L* (X, E (k)) —
L*(X,E (k) by
Tk,f = HkOfOHk.
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One checks that in terms of an L?-orthonormal basis s = s1,...,sy, of H? (X, E (k)) the

integral kernel of 7} ; can explicitly be written as
n

Ni
Kig(es) = Y [ (50 (@) si(0) 957 ()

3
i,j=1 "

Theorem 2.3.6 (Theorem 0.1 in [19]). Ler f € C*(X,End(E)). The restriction to the
diagonal of the Toeplitz kernel admits the following asymptotic expansions as k — oo,

Kip = bo gk" +by gk + by gk" >+ O(K" )
where

boy = f,

S(o i 1
bl,f = (—)f—i__ﬂ(AthEf—i_waFhE)_EAEf

In the case when E is the trivial line bundle with the flat metric one has

1
by r=b A?
2.f =baf + L f

1 -
— S(w)Af + —(Ric,iddf).
This expansion is uniform in the endomorphism f if f varies in a subset of C* (X,End (E))
which is compact for the C”-topology. Eventually the expansions are uniform when the
metric h on E varies in a set of uniformly equivalent metrics lying in a compact set for the

C™-topology.

We come now to the composition of Toeplitz operators. For f,g € C*(X,End (E))
consider Ty r o = Ti, r © T ¢ and denote by Kj 7. its integral kernel which can be written
explicitly in terms of Ky r and K , as

n

®
K. rqo(x,y) = /XKk,f(ZaJ’) 0 Ky ¢(x,2) n—f

Theorem 2.3.7 (Theorem 0.2 in [19]). Let f,g € C* (X,End (E)). As k — oo the restriction

fo the diagonal of the kernel Ky r , admits an asymptotic expansion

Ky p.g = bo.f.gk" + b1 g k"~ +O(K"?).
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In particular,

bore = fg,

1 i
bifg = gS((D)fg + e (AwFn f8+ f8AoFn;)
1 1 -

—— (fAFg+ (AF —(Ef,V10%).

17 A7 g+ (A1) 8) +5 (9" f,V )
Moreover this expansion is uniform in the endomorphisms f,g if f and g vary in a subset
of C* (X,End (E)) which is compact for the C*-topology. Eventually the expansions are
uniform when the metric h and ® vary in sets of uniformly equivalent metrics lying in a

compact set for the C™-topology.

Finally the last result we need is the following expansion of the composition of two

Toeplitz operators.

Theorem 2.3.8 (Theorem 0.3 in [19]). Let f,g € C* (X,End (E)). The composition of the
Toeplitz operators Ty r and Ty o is again a Toeplitz operator and admits the asymptotic
expansion
~1 -2
Tk?f © Tk7g = Tk7C0(f7g) + Tk7cl (fg)k + 0 (k ) :
where C, are bidifferential operators, in the sense that for any r > 0, there exists constants

¢, > 0 with

,
I T = Lk Tyl < k™
j:

where || - || denotes the operator norm. Moreover the first order terms are given by
Core = f8
1 -
C = —— (V10 9Fg),
Lfg 57V f078)

Copg = bope—bare—bic(rg):

If f,g € C(X,R) then
Cop = 5 (D0 £,D01 ) + o (Ric, 0 £ 3g) — ——5 (0f A Ig, Fi).
Here D'0 and D! are the (1,0) and (0,1) components of the connection

DI X.Cc* (X, T"X) = C* (X, T*X  T*X)
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induced by the Levi-Civita connection on X.

2.3.3 The Hilb; and the FS; maps

In order to show that the operators A and P’ P are linked, we will need to understand the
relation between the spaces they act on. As before denote by 77 the space of Hermitian
metrics on E and by %, the space of Hermitian inner products on H° (X, E (k)). Following
Donaldson [9] we define maps from 77 to % and back:

* Define Hilby : 57 — %, by

Hilby (h) (s,1) = / ((x):2(x)) o co_"’

X n!
for any s, € HO (X, E (k)).

* To define the map in the other direction, let b € % and pick any b-orthonormal
basis s = s1,...,sy, of H?(X,E (k)). As explained in section 2.2.2 this defines an
embedding of X into G (r, Ny). Pulling-back the Fubini-Study metric from the dual of
the tautological bundle defines an Hermitian metric on E (k) and hence on E which we
call FSy(b). Hence we have a map FSy : B, — 7. Equivalently FS;(b) is the unique

metric on E such that
* ook
Zsi ®Si FSy (b)®o _ IdE

Furthermore for h € 77, consider the map
d (Hilby),, : Ty = C” (X, Endy(E)) — Tigitn, () Br = in(Ng).
In order to simplify notations we put
Ok, :=d (Hilby), (9).

In terms of an Hilby (h)-orthonormal basis s, . .., sy of H? (X,E (k)) we have

a)}’l

(Qk7¢)ij:/);<si7¢sj>h®ckﬁ.

To see this, it suffices to differentiate Hilb; along the path of Hermitian metrics given by

<7‘, S>t = <r7 (Id+t¢) S>h®6k
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where 7,5 € H (X, E (k)) and where ¢ is sufficiently small.

2.3.4 The Lichnerowicz operator

The so called Lichnerowicz operator plays an important role in the last chapter of this thesis.
Furthermore, it appears in the second order term in the asymptotic expansion of P P; in the
case when E is the trivial line bundle, see theorem 2.4.1.

Let L — X be an ample holomorphic line bundle over a compact Kidhler manifold. Fix a

Hermitian metric ¢ on L such that its curvature Fg gives a Kéhler form @ = ﬁFG.

Definition 2.3.9. The Lichnerowicz operator 2 : C*(X,R) — Q%!(TX) is defined to be the
operator given by

2(f) =d(vy)

where v is the Hamiltonian vector field corresponding to f via @. Z( f) measures the failure
of the Hamiltonian vector field v of being holomorphic.

Write 2* for its L?>-adjoint. The composition 2* Z is linked to the linearisation of the

scalar curvature D as follows. If o; is the path of Hermitian metrics on L given by o; = **/*,
we put
aS(oy)
D(f) =
(=5

Lemma 2.3.10.
D(f) = A’f —2(Ric,2iddf)
and

7"9(f) = D(f)+(dS,df)

See for example [5] or [11] as a reference.

2.4 Asymptotics of PP,

Fix an Hermitian metric 4 on E. Applying the Hilbg-map we get an Hermitian inner product
on HY (X, E (k)) for each k. Choosing any Hilby-orthonormal basis of H (X, E (k)) identifies
G (rH(X,E (k))*) with the standard Grassmannian G (r,Ni). As explained in section 2.2.2
this gives us a sequence of embeddings 1; : X — X C G (r,Ni). Let us recall the construction
of the operator PPy in this setting.
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Any A € iu(Ny) defines a holomorphic vector field {4 on G (r,Ny). Following the

discussion from section 2.2.2, we define
P iu(Ny) = C* (X, TG (r,Ni)|x,)

by Pi(A) = &alx,. Using the trace on iu (Ny) and the L? inner product on C* (X, TG (r,Ny)x, )
induced by the Fubini—Study metric on the tangent space we, get an adjoint map

P C* (X, TG (r,No)lx,) — iu(Ny).

Thus, we have a sequence of self-adjoint operators PPy : iu (Ny) — iu (Ng).

Theorem 2.4.1. Let ¢ € C*(X,Endy,(E)). The pullback of P; P under the map Hilby : 7 —

By admits an asymptotic expansion as k — oo. More precisely,
Tr (Qr Py Pi(Qrp)) = ark™' +azk >+ O(k™)

where the leading order term a; is given by

1
ai :E/XTr(q)AE@
1
= 5= [ Tr(0850)
1 o"
:§/XTr(¢A9¢) —

wl’l
n!’
wn
n’

Moreover, in the case where E is the trivial flat line bundle, the second order coefficient is
given for all ¢ € C*(X,R) by

1
- 3272

O)i’l

/ (0729 —49A*9) —
X n!

az

These estimates are uniform in the endomorphism ¢ if ¢ varies in a subset of C*(X,Endy,(E))
which is compact for the C™-topology. The estimate is uniform when the metric h on E varies

in a set of uniformly equivalent metrics lying in a compact set for the C™-topology.

The proof of this theorem relies on the following lemma which is a generalisation of
lemma 18 in [10]. The notation is that of sections 2.2.2 and 2.3.1.

Lemma 2.4.2. For any A,B € iu(N), the following identitiy holds pointwise in G(r,N),

Tr(HpoHp) + (E4,EB) pg = Tr(ABL). (2.4.1)
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Proof. By U(N) equivariance it is sufficient to prove the formula at one particular point in
G(r,N), let’s say the r-dimensional subspace in CV generated by the r first basis-vectors of

the standard basis ey, ...,ey. Denote this point by [z] where z is the r x N matrix given by

<= (Idrxr Or><N—r> .

In order to fix notation, note that any A € iu(N) can be decomposed as

A= Ar><r Ar><N —r
AN—r><r AN—r><N—r
Let’s start computing the first term of the left-hand side of equation (2.4.1). For any A € iu(N)
the matrix of Hy at the point [z] is given by

Arxr 0r><N—r
ON—rxr ON—rxN—r

Tr(Ha ([z]) H ([z])) = Tr (ArxrBrr) -

and hence

In order to compute the second term of the left-hand side in (2.4.1), recall that by definition,
the vector field £4 induced by A € iu(N) at [z] is given by

EA([2]) = [z,24]

= |: <Idr><r Orfor> 5 (Ar><r Arfor> ] .

Moreover from section 2.3.1 we know that the general formula for the Fubini—Study metric

on G(r,N) is given by
(X)) [z Y)])ps = Tr(Y*(22) 7' X) = Tr((z2") "2V *(22") 7' X2").
In our situation, zz* = Id, «, and a straightforward computation shows that
([(z:24)], [(z:2B)])Fs = Tr ((BrxN—r) Arxn—r) -
In order to compute the right-hand side of (2.4.1), first note that

w (i) =7 ()= ( e Oy ) |

ON—r><r 0N—r><N—r



2.4 Asymptotics of PP 23

After a short calculation, one gets
Tr (AB,LL ([Z]>) =Tr (ArxrBrXr) +Tr (ArXN—rBN—rXr) .

The fact that B is Hermitian implies that By_,x, = B Putting everything together

rXN—r*

yields the result.
]

Proof of theorem 2.4.1
In order to simplify notation, we denote the volume form ‘r‘l’—:l by Q through the proof.

Integrating the formula from lemma 2.4.2 over X, one has for all A, B € iu(Ny),
/X (E4,EB) s Q = Tr (ABJi) — (Ha, Hp) 2
Moreover, by definition of the operator Py,
Tr (AP Pi(B)) = /X (EA,EB) ps 2.
Putting these together, we get that for any ¢ € C*(X,End,(E)),
Tr (Qk o Py P(Qrg)) = Tr (Qid,gk) — /X Tr (Hék’ ¢> Q. (2.4.2)

Let s = s1,...,sy, be a Hilby(h)-orthonormal basis of H? (X, E (k)). We start computing the
first term of the right-hand side of this formula.

Tr (Q%@ﬁk) :i%/x<si7¢sj>g/x<sja¢SZ>Q/X<S€73klsi>Q
~Tr /X . ; (51,05, ()5, 050) (2)s¢ @ 57 (1) 0 B () QA QA Q

Ty /X Ko.o1(0)(BL (1) Q.

Using theorem 2.3.4 and proposition 2.3.6, one can compute the first two terms in the

asymptotic expansion of this expression. After a short computation, one gets
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_ 1 _
/XTr(¢2)Q+k 1Tr(/ (99,V96) 0 — /—q)AE >Q+0(k 2)
:/XTr(¢2) / (199f —Tr (9459) ) @+ 0(k2)
On the other hand,

HQk¢ Z/ (si,0s;)(y sj®sFS"h( )1Q

L [ G595} ()5 5 (@)
= . . . h o —1
—Z] /X<Su¢>sj><y)s,®s,- B '(x)Q
= Ky 0 B! (x).

Using the asymptotic expansions for By and Kj 4, we have

Ho,, = <¢+k (qu _(AFid+ OAF;) ~ A0 4. )

4
(S(w) i
' 1
=p+k! (ﬁ(/\m + OAF), —20AF;,) — EA%) +0(k™?).

Therefore,

Tr(Hp, ,) = Tr(9?) — kz_nTr(q)AEm +0(k™2).

Thus, putting everything together yields

Tr (Qk ¢ P POr.o) /Tr Ok o) Q /Tr HQk¢)Q

1
km/yaq;yzmro(k 2|
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Moreover, by the Weitzenbock formula (2.1.1) and the Bochner—Kodaira—Nakano identity
(2.1.2), we have

- [JaePa = [ Trenz0)0
: .
— o [ st 5 [ Ti(o (AR, 9) @

— 1 E
- 7 | Tr0A" )0

We now explain how to compute the second order coefficient in the case E is the trivial
line bundle with the flat metric. The only thing we have to do is to go one term further is the

asymptotic expansion of the two terms in equation (2.4.2).

Let us start with the first term. We already know that

1@ o2 = [ Ko ox0)(B; ()0

Using theorem 2.3.4 one gets

Bl =k (1- 2y S—z —by |k 240 (k)
k 87 6472 '
Moreover, the asymptotic expansion for Ky 4 ; given in theorem 2.3.6 implies
KpoxBy' = (1— 2k 1+ S—2 —by k‘2+0(k_3)
0,0,k 87 6472
x {97+ ( 0~ 5909+ _df] ) K+ bogok 2 4+0 (k) |.

Since we already computed the k< and k~!-terms above, we only focus on the k~2-term. An
straightforward computation shows that the coefficient of the k=2 term is given by

S
b2¢¢+ 167 2(]) (]) 307 2|d¢| _b2¢7

and hence the k~>-coefficient of [y Tr(Q ,1)Q is

/X<b2¢¢+ 5080~ |dg|? — b <p> (2.4.3)
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Now consider the second term of the right-hand side of equation (2.4.2). We need the

asymptotic expansion of Hy, ; up to the k=2 term. We have
Ho, , = KioBy'
= (1 - %k—l + (645—2 - bz) k24 0(k‘3))
<¢ + (857t¢ - %) k4 by ok + 0(k3)) .
Expanding this expression, we get

A SA
- ﬁk‘l + <b2,¢ + 32—¢ - bzq)) K2+ 0(k3).

An easy calculation shows then that the k~2-coefficient of Hék , is given by

S9A$ 2, (A9)°
20029 1672 ba”+ l6m2 "
Hence the k~2-coefficient of | % Hék ¢Q is
S¢A¢ (A9)?
-2 Q. 244
/X( 1672 b’ + e 1672 ( )

Putting equations 2.4.3 and 2.4.4 together we get the k—2-coefficient of Tr(Qk7¢P,ijQk¢):

S|d¢|* , A%
broo— 2Pl by s+ by — Q.
/x( 200 = 3pqz ~ 20b29 +0207 = s

Now we use the fact that [y Ky yx = [y 9Ky x which implies that [y by v = [x @by k. Using

the formula for b, ¢ given in proposition 2.3.6 we get

/X<—3¢A2¢ s (080 1d0F) ~ {2 (Ric.id99) ) .

3272 327r2

We will simplify this by using the following identities which can be proven using Leibniz’s

rule and integration by parts:

| otas.ao)e /¢2Am | Soas—aoP)e
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We get
b 2 .~ 3
312 /X ¢ ((dS,d9) —3A°¢ —2(Ric,2idd¢)) Q.
Using the formulas from lemma 2.3.10 for the Lichnerowicz operator, this can be written as

1
3272

/X (07" 79 — 408%9) Q,

which concludes the proof. O

By symmetry, we get the following corollary.

Corollary 2.4.3. Let h be a Hermitian metric on E and ¢,y € C* (X ,Endy, (E)). Then we

have the asymptotics

1
Tr (Qx o Py POky) = o /X Tr (pAE y + yAE9) Q+ 0(k?).

Moreover, in the case where E is the trivial flat line bundle, the second order coefficient is
given for all ¢,y € C*(X,R) by

1 . o\ 0"
W/X(qb@ 2y —49Ay) —

This estimate is uniform in the endomorphisms @,y if ¢,y vary in a subset which is compact
for the C™-topology. The estimate is uniform when the metric h on E varies in a set of

uniformly equivalent metrics lying in a compact set for the C™-topology.

2.5 Eigenvalues and Eigenspaces

For j > 0, let A; be the eigenvalues of the Bochner Laplacian A = AE acting on the space
of smooth sections of the bundle End;,(E) of h-Hermitian endomorphisms of E. We use the

convention that 0 < A; < A;41. If we set E, to be the space generated by the eigenspaces
{veC”(End, (E)) | (A" —A;1d)v =0}

for 0 < j <r, then
Vol
e
Note that dimE, > r+ 1 and equality holds if and only if 4,1 > A,. Let vo < ... < vy, ¢
the eigenvalues of the operator P; P, where My + 1 = dim u(Ny) = N,g. Define F;; to be the

r+1 —
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space generated by the eigenspaces
{A €iu(Ng) | (P{P— Vvjild)A =0}

for 0 < j <r. Then

Vyi1k = min .
r+1, BEF#k HBHZ

Note that dimF,.; > r+ 1 and equality holds if v, | > V,.x. We write F}, ,x C iu(Ny) for
the span of v; ;-eigenspaces of PP, with p < j <gq.

Definition 2.5.1. A holomorphic vector bundle is simple if its only holomorphic automor-

phisms are multiplication by a constant.

Theorem 2.5.2. Suppose that E is a simple vector bundle. For each j > 0, one has

J —n—2

as k — +oo.

Theorem 2.5.3. Under the setting as above assume that E is a simple vector bundle. Fix an
integer r > 0. There is a constant C > 0 such that for all A,B € Fy,

Tr(AB) — K" (Hy, Hg) 2| < Ck~'Tr(A%)'/?Tr(B?)'/2.
Moreover; let us fix integers 0 < p < g such that

Given an eigenvector ¢ € Ker(AF — 1,1d), let Ay . denote the point in F, g with Hy,
nearest to ¢ as measured in L>. Then

HHA¢71< - ¢Hi2 = O(kil)a

and this estimate is uniform in ¢ if we require that ||¢||;2 = 1.

In both theorems, the estimates are uniform when the metric varies in a family of uni-

formly equivalent metrics which is compact for the C*-topology.

We will prove theorems 2.5.2 and 2.5.3 simultaneously by induction. Let r be a non-
negative integer. We call the following statement the " inductive hypotheses.
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Induction hypotheses

1. Foreach j=0,...,r,
_ J —n—2
Vik = ot TOKTT).

2. There exists a constant C > 0 such that for all A, B € F,

Tr(AB) — K" (Ha, Hp) 2| < Ck™'Tr(A%)V/2Tr(B2)1/2.

3. Fix integers 0 < p < g <r,suchthat A,_| <A, =A,41 = ... = A, < Ay41. Given
¢ € Ker(AF — A,1d), let Ay denote the point in Fj, ,; with Hy o D€arest to ¢ as
measured in L?. Then

1Hasi— 0172 = O™

and this estimate is uniform in ¢ if we require that ||¢||;2 = 1.

2.5.1 Initial step of the induction

The first eigenvalue of AF is 49 = 0 and Ker(A) = R -1dg since E is simple. Therefore, A; >
Ao. Since the first eigenvalue v ; of PPy is also 0, step 1 of the induction obviously holds.
Furthermore, note that Id spans the v ;-eigenspace. With Tr(Id*) = N, = rVK" + O(k"~ )
and Hyq = Idg, one gets easily Step 2 since [y (Hyq, Hig)Q = rV. Finally, H sends the v -
eigenspace isomorphically to the Ap-eigenspace. Hence, the induction process is valid at the
base level.

Let us assume that the eigenvalues satisfy A, < A, 1 = ... = Ay < Ay 1. To carry out the

induction we will prove that the 7" inductive hypotheses imply the s™ inductive hypotheses.

2.5.2 Upper bound on the eigenvalues
We start giving an asymptotic upper bound of the eigenvalues of the operator P P;. Define

T : C7 (X, Endy, (E)) — Fy,

to be the orthogonal projection of Oy 4 onto F.
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Lemma 2.5.4. Assume that A, < A1 1 = ... = Ay < Ay11 and that the inductive hypothesis
holds at level r. Then for all j =r+1,...,s one has

J —n—2
V]7k§W+O(k " )

Proof. Letus start with the case of A, 1. Note thatdimE, .| > r+2. Define I = {k| dimF,.; =
r+1}. Hence, k € I if and only if v,x < V,11 . On one hand, the induction hypotheses
implies that for k ¢ I,

A’r —n—1 A‘V*FI —n—1
Vidlk = Vrk < yPrEs) +O0(k ) < At +O(k ).

On the other hand, for k € I, we have Ker(m|g
O € Ker(n’k|Er+l) such that ||¢kHL2 = 1. Then

# {0} since dimF,; < dimE,;. Let

r+1>

Vi Lk HPka@kHz
kS s
Tr(Qk,‘Pk)

since Oy g, LF.x. Moreover by theorem 2.4.1, we get for all £ and all k > 0,

1 _
HPKQé,q)kHz < ml’“ +Cr2.

The constant C in this estimate is actually uniform in k. In fact, all the ¢y are lying in the unit
sphere of E, | which is compact in the C*-topology. Putting ¢ = k yields

1 _
1P Qg |I* < G HCk 2

Similarly,
Tr(Q2y,) = £" / Tr(92) + 0 ) = " + O(e" V).

Again, this estimate is uniform in k and putting k = ¢ implies
TH(QF 4) = K"+ 0(£" ).
Hence for any k € I, we have

A‘Jrl —n—
Viplk < 47[;€—n+1 +O(k"2).
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This settles the case when j = r+ 1. To get the bound for j = r 4 2, one repeats the same
argument with / = {k| dimF,;; ; = r+2}. This time the easy case k ¢ I is given by the
bound of v, 1 we just got above. Carrying on this way until j = s concludes the proof.

]

2.5.3 Some estimates

We will now prove some estimates which will be useful in the proof of the lower bound
afterwards. They also appear (in a slightly less general setup) in [11].

Lemma 2.5.5. As k — oo, we have
i —k"dgllop = O (K1),

where 1dy is the identity matrix in iu (Ny,).

Proof. Let {s1,...,sn,} be a Hilby(h)-orthonormal basis of H(X,E(k)), i.e

w}'l

/X<si7sj>h®ck_ = bjj.

n!
We have

_ - "
(.uk)ij = /X<Sink l(h)sj>h®ck?

n

—n 0]
=k /X<Si, (IdE + Sk)sj>h®6kﬁ

=k "8+ k" | (si,€s;) w_n
= i j " Siy &S j) hp ok R

where g, = O (k‘l). Following Donaldson [7] and Fine [10], we put for any ¢ € L? (X,End (E)),

a)i’l

(Aq))ij:/x<si7¢sj>h®ckﬁ'
Ay defines a linear map from H° (X, E (k)) into itself. Moreover, Ay = 7 oM, o j, where
j:HY(E(k)) — L*(X,E(k)) is the inclusion, 7 : L?(X,E(k)) — H°(E(k)) is the orthogonal
projection and My : L*(X,E(k)) — L*(X,E(k)) is defined by Mys = ¢s. Hence,

||A¢||0p = ||7TOM¢ Oj||0p < ||M¢||0P <|[¢]lco-
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Applying this to &, we have

_ _ _ "
L A K
=k"||Ag, HOp
< k7"|elco
=0 (k" ).
0
A consequence of lemma 2.5.5 is the following.
Lemma 2.5.6. There is a constant C > 0 such that for any A,B € iu(Ny), one has
1 -
| Tr(ABft) — - Tr(AB) | < Ck™" ITr(A2)'/21r(B%)'/2,
Proof. Let M := i — k™ "1d;. We have
_ 1
|Tr(ABfL) — k—nTr(AB)| = |Tr(ABM)|
< [[M[|op|Tr(AB)]
< k" |Al]1B])-
[
Lemma 2.5.7. There is a constant C > 0 such that for any A € iu(Ny), one has
1 _
|Fal72 < 2 (1+Ck 1) Tr(a)
Proof. By lemma 2.4.1, we have
Tr(H2) Q+ ||Ea % = Tr(A%f
[ () @ 4 el = Tr(4%R).
Thus,
_ 1 _
|Hall7> < Tr(A%R) < o (14 Ck™") Tr(4?).
[

The next lemma shows that the map H asymptotically preserves orthogonality along

eigenspaces.
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Lemma 2.5.8. Let v € L? and let My, € iu(Ny) be a sequence of P Py-eigenvectors satisfying

the following conditions
1. Tr(M?) =k"+O(k" 1)
2. [|Hy, — wl7. =0k,
then there is a constant C > 0 such that for all B € iu(Ny) with Tr(BMy) = 0, we have
[(Hp, W) 12> < CK™" I Te(B?).

Proof. Integrating the formula in lemma 2.4.2 implies that

(Hp,Hum,) 12 = — (&, Emy) 12 + Tr(BMy fiy. ).

By definition,
(&, Emy) 12 = Tr (BF P (My)) = ATr (B, My) = 0.

Moreover lemma 2.5.6 implies then that
[Te(BMfie)| < Ck"~"||BI|| M.
Using these estimates and lemma 2.5.7 we get,

|(Hp, W) 2| < [(Hp, Hy, ) 2| + [(Hp, Hy, — W) 12|
< [(Hp,Huy) 2| + || Hpl| 2| Hp, — W]l 12
= |Tr(BMyji)| + || Hpl| 2| Ha, — W 12
< Ck~"T Tr(BY)'/2.

2.5.4 Lower bound for the eigenvalues

The goal of this section is to prove the following lower bound for the eigenvalues which turns

out to be much harder than the upper bound.

Proposition 2.5.9. Assume that A, < A,.1 and that the inductive hypothesis holds at level r.
Then one has the following bound
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Remark 2.5.10. Note that the if we have for example A,,» = A, then this proposition
immediately implies that v, 5 ; > é;{—ﬁl +0 (k’”*z) too, since by definition V, 5y > V.11 «.

The crucial step in the proof of proposition 2.5.9 is the following key-estimate
Proposition 2.5.11. For any A € iu(Ny), we have
IVHAZ> < (47k+0 (1)) [|P(A)]I*.

The proof of this result makes use of the second fundamental form of a couple of
holomorphic sub-bundles. In order to set things clear and for the sake of completeness,
we begin by recalling some general theory. The way we present it here is close to Fine’s
treatment in [11]. Let V — X be a holomorphic Hermitian vector bundle over a complex
manifold. Suppose S is a holomorphic sub-bundle of V with quotient Q. In other words, we
have a short exact sequence

0—-S—-V—-0—0. (2.5.1)

Denote by V¥ the Chern connection on V. By restriction we also get a Hermitian metric on
S. Moreover, the Hermitian metric allows us to identify the quotient bundle Q with S* as

smooth vector bundles, so that we have a smooth splitting
V=§30.

Hence we also obtain a Hermitian metric on Q which allows us to define Chern connections
VS and V€ on S and Q respectively. One can check that V* is the composition of V¥ followed
by the projection to S.

There are two ways to look at the second fundamental form of a short exact sequence as
in (2.5.1). Either you measure the failure of S to be a parallel sub-bundle of V, or you look at
S+ and measure its failure of being a holomorphic sub-bundle. The first point of view can
be described as follows. Denote by F the composition of V¥ with the projection to Q. This
defines an operator

F:co(5) % Ql(v) = Q'(0)

called the second fundamental form of (2.5.1). Note that since S is a holomorphic sub-bundle,
the (0, 1)-part of V" leaves S invariant and thus F is a section of the bundle A'® @ Hom(S, Q).

On the other hand, observe that if S was a holomorphic sub-bundle, it would be invariant

under 9". The failure of ST of being a holomorphic sub-bundle can then be measured by the
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composition of 9" with the projection to S. This defines a map
- 14
Fooo(sh) S Q0l(v) — o%L(s). (2.5.2)

Hence we can think of F as a section of A®! ® Hom(S*,S). One can check that under the
identification Q ~ S+ the map F is nothing else than F*, the dual of F obtained by using

conjugation in the (1,0)-form factor and taking the usual adjoint in the Hom(S, Q) factor.

On one hand, write
FAF* e A" ©End(Q)

where we take the genuine wedge product on the form part and composition on the homo-

morphism part. On the other hand, we consider
F*AF e AM @End(S).

Denote by R(S), R(Q) and R(V) the curvatures of the Chern connections of S, Q and V
respectively. By the splitting of V = § @ Q as smooth vector bundles, we get an induced
splitting

End(V) = End(S) @ Hom(S, Q) ® Hom(Q, S) ®End(Q).

If we write now R(V)|s and R(V)|o for the components of R(V) in End(S) and End(Q)
respectively, we have the following standard lemma. See for instance page 78 of [12] for a

proof.

Lemma 2.5.12.

F*AF =R(S)—R(V)]s
FAF*=R(Q)—R(V)lo.

Assuming that the complex manifold X carries a Hermitian metric, we can identify
AI,O ~ (AO’I)*
Using this, F' can be interpreted as a homomorphism

F:A""®s5—0
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and similarly, F* can be thought of as a homomorphism
F':0— A ®s.

These two maps are adjoint with respect to the fibrewise Hermitian metrics on A%! ® S and Q.

Furthermore we will be interested in the compositions FF* and F*F of these maps. Namely
A os L0 A% @S

and
0 A% g5 0.

One can then check that under these identifications, F*F is identified with —F* A F whereas
FF* is identified with Trx(F A F*). Here the trace is taken over the A!"!-component of
F A F* using the Hermitian metric on X (see Fine [11] page 28).

We will now use this general theory in the following situation. Still suppose that we have

a short exact sequence of holomorphic vector bundles
0—-S—-V—->0—0.
Taking duals, we get another short exact sequence
00" =V =85 —=0
and taking the tensor product with the bundle V yields
0 — Hom(Q,V) — End(V) — Hom(S,V) — 0. (2.5.3)

The Hermitian metric on V induces metrics on all of these bundles. Let A € C* (End(V)) be

Hermitian and covariant constant with respect to the Chern connection on End(V), i.e.
vEn(V)A = 0.
If we use the metric on End(V) to split

End(V) = Hom(Q,V) @ Hom(S,V)
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as smooth vector bundles, we can write

A=
A
where A € C* (Hom(Q,V)) and A; € C* (Hom(S,V)). Furthermore we have

SEnd(V) _ gHem(@V) n*
0 aHom(S,V)

where n* is the dual of the second fundamental form of the short exact sequence given in

(2.5.3), defined as in (2.5.2). Applying it to our covariant constant section A yields
0 oHom(S.V) o 5 )

oHom(SV) 4, — 0 (2.5.4)

In particular,

meaning that Ay € C* (Hom(S,V)) is a holomorphic section.

Now End(S) is a holomorphic sub-bundle of Hom(S,V) with quotient Hom(S, Q). In

other words we have another short exact sequence
0 — End(S) — Hom(S,V) — Hom(S,Q) — 0. (2.5.5)

Again we use the Hermitian metric to split this sequence and write

where A4 € C™ (End(S)) and P4 € C* (Hom(S,Q)). Writing

éHom(&V) B éEIld(S) F*
- 0 éHom(S,Q)

and applying it to the holomorphic section A, gives in particular

JEMS) g, — _F*p,. (2.5.6)
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This formula is crucial for what follows. In fact it gives the geometric relation between the

derivative of Hy in terms of Pj.

In order to prove proposition 2.5.11 we will now apply the above discussion to our picture.
Recall that we used higher and higher powers of the line bundle L tensored with E to get a
sequence of embeddings of X into the Grassmannians G(r, N;) which can be summarized by

the following diagram,
E(k) =y U —— U,

| |

X —% s G(r,Ny)

We have the following short exact sequence of holomorphic vector bundles
0—-U-CN—=0—0

where CM+ denotes the trivial bundle over 1;(X) inside the Grassmannian and U* and Q are
restricted to 1;(X) as well. As explained, we can use the metric to identify the quotient Q

with (U*)* as smooth vector bundles.

Let A € iu(Ny). We may think of A as a constant section of End(C™) so that we can apply
the discussion from above with V = C. It is then just a matter of unwinding the definitions
to see that the dual of the Hermitian endomorphism Hy of U, defined in (2.3.1) coincides
with Hy described in the discussion above. Furthermore the holomorphic tangent bundle
on the Grassmannian can be identified with End (U,* (U )L) . Under this identification, the
section Pi(A) of TG(r,N)|, (x) defined in equation (2.2.1) corresponds to the restriction to
1,(X) of what we called P4 just above. Formula (2.5.6) gives then the link between the
derivative of H} and P,(A) by

P Y — —FFPy(A). (2.5.7)

The next step in our discussion will be to control the asymptotics of the operator FiF,’.

However, it turns out to be easier to consider the operator F;’ F first and then pass to F;" F;.

Lemma 2.5.13. We have that || F}’ Fy — 27k1d||co (o) = O(1). Here 1d denotes the identity in
End (A% ® End (U})) and C°(op) is the C®-norm on sections of End (A%! @ End (U;))

associated to the fibrewise operator norm.
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Proof. Recall that under the identification of A0 with (A%!)*, F/Fy is identified with
—F N\ Fy. Moreover by lemma 2.5.12 we know that

—F{ NFy = R (Hom(U;",C")) [gna(u;) — R (End(U))
Let’s start computing the first term of the right-hand side. Since C™ is flat, we get
R (Hom(U;",C%)) = R (Uy) @ Idgw,. (2.5.8)

So we see that it boils down to calculate the curvature of U,, the dual of the tautological
bundle restricted to 1;(X), or in other words, the curvature of E (k) = E ® L¥, computed with
respect to the metric FS;(h) ® o*. Since on one hand R(L*) = —27kiw and on the other
hand R(E) isn’t growing in k, we get

R(U,) = 0(1) +1dg ® R(LF) = —2mkio @ 1dy, + O(1).
Putting these together, we see that
R (Hom(U;", C%)) [gaq(uy) = —27ki® © Idgaq(u;) + O(1).

Furthermore, since End (U;") = U, ® U; = E(k) ® E(k)* = E ® E*, the curvature of End(U,")

isn’t growing in k. Putting these into equation (3.3.8) we get
—F NF = =27kio @ 1dgpq(yx) + O(1).
Raising indices to pass form —F A Fy to F;' Fy, proves the Lemma. U

We will now explain how to pass from F;* F; to F;F;*. Denote by T € End(Hom(E (k),Q))
the orthogonal projection onto the image of Fy : A>! ® End(E (k)) — Hom(E(k), Q).

Lemma 2.5.14. ||F | — 27k Ti||co(op) = O(1), where we use the C%-norm on sections of

End(Hom(U;", Q)) associated to the fibrewise operator norm.

Proof. The argument is essentially the same as the proof of lemma 33 in [11], adapted to our
situation. Accordingly, we give nearly word-by-word the same proof. Clearly we have that
ker FiF;' = ker T} and since FiF} is self-adjoint, it is enough to prove that all the non-zero
eigenvalues are given by 27tk + O(1). But the non-zero eigenvalues of FiF,* and F; F are the
same since the eigenvectors are matched up by F;*. The result then follows from the previous

lemma. L]



40 Quantisation of the Laplacian

Having gathered all of these pre-requisites, we are finally in position to prove proposition
2.5.11.

Proof of proposition 2.5.11. Let A € iu(Ny), we have
[VEME) |2, = /X Tr <HAAE“d(E)HA)> Q,
= /X Tr (Ha (2A3Hs — i[AF,Hy))) ,
= 2/XTr (HaA3HA) Q,

=2 / |0H,|* Q.
X
Using the relation 0H} = —FP(A) given in (2.5.7) and lemma 2.5.14 we further get that

JJOHAP .= (PA) FiFER))

= (P(A), 2TkT; + O(1)) P (A)),
< (27k+0(1)) || P(A)|1*.

This concludes the proof of proposition 2.5.11. [

Assume that the induction hypothesis holds at level r and let A, < A,,|. We have the
following.

Lemma 2.5.15. Let §, ..., ¢, be an L?>-orthonormal basis for E, such that AE ¢; = A;¢;. For
integers 0 < p < q <, satisfying A,_1 <A, =App1=... =4 < Ayp1and p < j < g, let
Ak € Fy 4k be given by the induction hypotheses. Let Wy C F, ;. be the span of the vectors
Ajr (0<j<r). Then

Voots > min IRBI°
r+1k Z BEW,} Tl‘(Bz) .

Proof. By hypothesis (2) of the induction (I), there is a constant C such that
" _ 1/2 1/2
[ Tr(AiA ja0) — K" (Ha, Hay )z | < Ck'Tr (A7) Py (Aik> :

Using the estimate
Tr(A7) =K'+ O0(K" 1)

we get
Tr(AigAjx) = O(K"V/?) if i # j,
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since Hy,, = ¢ + O(k~1) uniformly by the induction hypotheses. Hence the vectors Aik
are linearly independent (otherwise their inner product would be of a similar order than
their norms). Thus dim(Wy) = r+ 1. The minimal eigenvalue of PP, on WkL is at least the
(r—+ 2)’h eigenvalue vV, ;. Using the variational characterization of eigenvalues, one gets
the required inequality. [

Proposition 2.5.16. There exists a constant C such that

A'r+1 C 2
4kt T kn+2>Tr(B >’

P8I = (

for all B € W;-.

Proof. Step I: Integrating lemma 2.4.2 we get
1Hp| 7 + | PeB| > = Te(B° )
which together with lemma 2.5.6, imply that

1
|22 + 1PBIZ: = 7 (140 (k1)) Tr (B). (2.5.9)

Step II: Let ¢y, ..., ¢, be an L>-orthonormal basis for E, such that AF ¢; = A;¢; and let
r

Hp =Y (Hp,0,)120,+H,
=0

where H is orthogonal to E,. Applying lemma 2.5.8 to A , shows that there exists a constant
C such that
(.91 < G ' Te(B),

for all B € WkL and 0 < j <r. Therefore,

r 2 — o ~
|Hsl 72 = Y |(Hp,0)) 12|+ 1H|[72 < Ck"~'Tx(B*) + || H | 72, (2.5.10)
j=0

for all B € W;-. We will now estimate |H ||i2 By definition, we have that

V913, _ VA3,

ocer 017 — A2,

)vr—O—l -
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which implies

H|? <
| HLZ—/L

On the other hand,

IVHgl|7. =I|VHI|[Z + |V (Hs — H)|[72
+2Re(VH,V(Hp —H)) ;2
=||VH|7> + |V (Hg — H)| 7>

The second equality follows from

(VH,V(Hg —H));2 = (H,A" (Hg —H)) >
= Z, ;L] HB’(P] 2 a¢j>L2

j=0
0.

Hence, .
712 2
|H |72 < 57— |IVHa||.
lr+1

Putting this into equation (2.5.10) implies

1 j— —_
||HB||%2 < T 0 ||VHB||%2 +Ck™" 1Tr(Bz)
T

Step III: From step II and proposition 2.5.11 we get

|1Hpl72 < — | VHp|7. +Ck™"~'Tr(B?)

1
F
47rk
lr-i—

1PBI[* +O(1) || PB||> +Ck™" ' Te(B?).

This together with equation (2.5.9) from step I conclude the proof. U

Corollary 2.5.17. Assume that A, < A,y and that the inductive hypothesis at level r holds.

Then one has the lower bound,

A Cne
Vr+1k24;€—:ir1+0(k "),
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Proof. We have by lemma 2.5.15 and from the previous proposition

P.B||? A
v min IBEE S A

o (k" ?).
BEW,} Tr(Bz) — 4int1 + ( )

2.5.5 Completing the proof of the induction, steps 2 and 3

In this subsection, we fix positive integers  and s such that A, < A, 1 = .. = A, < A;1. We

start proving step 2 of the induction.

Proposition 2.5.18. If the r'* inductive hypotheses hold, then there is a constant C such that
forall A,B € Fyy,

ITr(AB) — K" (Hy, Hg) 2| < Ck™'Tr(A%)V/?Tr(B?)1/2.
Proof. From lemma 2.5.6, we know that there is a uniform constant C > 0 such that
_ 1 - 1/2 1/2
[Tr(ABR) — - Tr(AB)| < Ck ™" 'Tr (A%) /" Tr (B*) .

Lemma 2.4.2 implies that Tr(ABf1) = Tr(AP;PB) + (Ha,Hp) 2. Moreover, using the facts
that A and B lie in F; ; and v, = O(k~"1) we see that

ITr(AP;PB)| < %Tr (421 (8Y)'2.

Putting these estimates together concludes the proof. U

Next, we prove that the step 3 of the induction holds. For any A € iu(N), we write
HA:HA<—|—HAV+1+HA> (2.5.11)

where H, < is the component of Hy lying in E,, H4~ lies in the span of the eigenspaces

r+1 :

associated to eigenvalues strictly greater than A, and H4" " is the component of Hy in the

span of the eigenspaces having eigenvalue A, .

Lemma 2.5.19. Assume that the r'"* inductive hypotheses hold. There exists a constant C
such that for any A € F, 1 s, we have
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IHA< (7> < Ck™"'Tr(A%),
|HA™ 7> < Ck™" ' Tr(A%),
K'|[HA™|7, — Tr(A%)| < Ck'Tr(A?).

Proof. Without loss of generality, we may assume that A € F,, | s is a V; eigenvector of
PP, with r+1 < j <s. Let y,..., 9 be an orthonormal basis for E, such that AE¢; = 1;¢;.
By the induction hypotheses, there are eigenvectors A ; ; with eigenvalues v ; < V,.; of PP,
satisfying

Tr(A%,) =K'+ O(K" )

and
|Ha,, — jll,2 = O(k™'/2).

Since A L Aj;,0 < j <r lemma 2.5.8 implies that
[(Ha, 9)12|* < Ck""'Tr(A?).

Thus we get the first inequality ||Hs< ||i2 < Ck " 'Tr(A2).

Moreover, proposition 2.5.18 implies that
1 _
<12 B 22+ ™ 2 = o (10 (7)) T (4%)
and hence
Hy P+ [Ha™ P = — (140 (k1)) Tr(A2 2.5.12
IHA™ I + 1 Ha” (12 = 1 (140 (K77)) Tr(A7). (2.5.12)

On the other hand, for any A € F, | s, an eigenvector associated to the eigenvalue V; ;
(r+1 < j <s), we have by proposition 2.5.11 that

IVHAlI72 < 47(k+O(1)) || PA?
=4n(k+0(1))v;;Tr(A )
_ A+ Ok D)

kn Tr(A2> Y
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Aj
ypr) +O(k™""2). Using the splitting (2.5.11) and the fact that H,"*! lies in

the A, eigenspace, we obtain

since V; =

Ari1+O(k™!
IV st Al 2 | VE s < 21 O Dy a1
2
The variational property for eigenvalues of AF implies that A, | = ran HH (:)HHLZ There-
PEE;
fore,
VH:> 2
2'S-H < || A> |2|L27
1Ha~ (172

since Hy~ € E;-. Thus, using the fact that || VH, < Hiz < Ck~""'Tr(A?), we obtain thanks to
(2.5.13),

1 (Ars1+0 (k1)) Tr(A?). (2.5.14)

1
Arr[Ha™ 72 + As || Ha” [I72 < I

Since Ag11 > A1 1, the system formed by the equations (2.5.12), (2.5.14) ensures the exis-
tence of a constant C > 0 such that

|Ha™ |72 < Ck " 'Tr(A?),
K|\ Ha 1|7, — Tr(A%)| < Ck™'Tr(A?).

This concludes the proof of the lemma. 0

With this last proposition below, we obtain the induction at step r+- 1.

Proposition 2.5.20. Assume that the r'" inductive hypotheses hold. Given ¢ € Ker(AF —
Ar11d), let Ay i be the point of Fy1 s for which HA¢J< is nearest to ¢ as measured in L2
Then,

1Hazi =0l = O(™")

and this estimate is uniform in @ if in addition we require ||¢||;2 = 1.

Proof. First we show that the linear map

1
A€F 16— HA €V
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is an isomorphism for k > 0, where V., is the eigenspace of AF associated to the eigenvalue
Ar41. Suppose that A € Fy. s, and Hy"+1 = 0. Then applying lemma 2.5.19, we have

‘Tr(Az)) < Ck~'Tr(A2).

This implies that A = 0 if kK > 0. Note that dimF, ;4 > s —r = dimV,. ;. Therefore, the
linear map is an isomorphism. This implies that for any ¢ € V,, 1, there exists a unique Ay i
such that HAM”rl = ¢. Applying lemma 2.5.19, we have

HHA‘Z’J‘ B ¢H1242 = ”HA¢7k< +HA¢7k>H[242 = O(kil)

2.6 Applications

2.6.1 Quantisation of the Laplacian for balanced metrics

In the former sections we quantised the Laplacian operator associated to a fixed Hermitian
metric & on the vector bundle E. This was done using operators P P; defined with respect to
the specific sequence Hilby (h) € ;. We will now extend our results to a different, canonical

sequence which makes sense a priori, without specifying a Hermitian metric on E.

Let us recall Wang’s results from [23] and [24]. See also section 5.2.3 in [18].

Definition 2.6.1. We say that a holomorphic vector bundle E over a polarized complex
manifold L — X is Gieseker stable if for all proper coherent subsheaves F' C E, one has for

k sufficiently big,
X (X, FoL) x(X,E®L)
tk(F) < rk(E)

Let us remark that a Gieseker stable vector bundle is simple, see [15].

Definition 2.6.2. A pair (b,h) for b € % and h € F is said to be balanced if

Ny

b= WHilbk (h), and h=TFS;(b).

In this situation, we call 7 € 77 and b € %), balanced.
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Theorem 2.6.3 (Wang, [23]). E is Gieseker stable if and only if for each k sufficiently big,

there is a balanced metric hy on E.

Theorem 2.6.4 (Wang, [24]). Suppose E is Gieseker stable. The sequence hy from theorem
2.6.3 converges to some metric he on E in C” if and only if he solves the following weakly
Hermitian—Einstein equation

i deg (E) 1

ario (Re) = <V01 (X)1k(E)(n—1)! 8z (S(@) _5)> 1z, (26.1)

where R., is the curvature associated to ho, on E.
We are now going to extend our results to sequences of balanced metrics.

Theorem 2.6.5. Assume E is Gieseker stable. For k big, write by for the balanced point in
PBy.. In the following, all objects (Qy.¢, P Py, .. .) are computed with respect to by. Let ho be

the almost Hermitian-Einstein metric on E satisfying equation (2.6.1).

1. Forany ¢ € C*(X,End (E)), Hermitian with respect to he, one has

1
T(Qko P PeQis) = 77 /X Tr(PAE"=¢) Q (2.6.2)

where the Laplacian AF"= is computed with respect to he.. The result still holds if ¢

varies in a compact set of Hermitian endomorphisms in the C*-topology.

2. One has convergence of the eigenvalues Vi of the operator P Py towards the eigenval-

ues of AE= after renormalization, i.e

n+1 .
Ank" Vi — Aj.

3. Fix aninteger r > 0. There is a constant C > 0 such that for all A,B € Fy,

Tr(AB) — k”(HA,HB>L22 < Ck~'Tr(A%)/*Tr(B*) /2.

4. Let us fix integers 0 < p < q such that A,_1 < Ap = Ap11 = ... = A4 < Ag41. Given
¢ € Ker (AE’h‘” — /'LpId), let A  denote the point in F, 4 x with Hy,  nearest to ¢ as
measured in the Lé-norm. Then Hy, , converges to ¢ in Lé and this convergence is

uniform in ¢ if we require that Hgi)HLg2 =1
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Proof. We adapt the proof of theorem 7 in [11] to our situation. Denote by h; € 77 the

balanced metric at level k. If we consider the sequence

Ny

= WHllbg(hk) < c@é,

%
then by definition, the diagonal sequence by  is formed by balanced metrics. Let’s apply
theorem 2.4.1 to the metrics /. For £ large enough, denote by Qy ¢ 5, € %, the operator Qy 4
computed with respect to the metric Ay Of course, Oy ¢ n, = Ok ¢- Similarly we introduce
the operators P, that specify to P, when £ = k. By construction of the balanced metric (see
[24]), ¢ is also Hermitian with respect to all the /;. Hence we can apply our previous results,

so that for each k large enough, there is a constant C such that

’Tf(Qw,hkPZ‘Pk (Qrom)) - ﬁ/XTr (6257 (9)) Q‘ <ce,

Since hy converges to /.., the Ay form a family which is compact in the C* topology and

hence we can choose the constant in the estimate independently of k. Putting k = ¢, we get

T (Qro PP (i) - 4—;,{ | Tr (oa5(9)) 0| < k2.

From [24], we know that iy = he + O (k*I) in C* and hence

/XTr (085 (9)) Q:/XTr (985(9)) @+0 (k).

This proves the first assertion.

The proof of the second and third assertion follows the same argument. Just note that to
get convergence of the eigenvalues, we use the uniformity from theorem 2.5.2 and the fact

that the eigenvalues depend continuously on the metric.

Let’s give a few more details for point 4. Given ¢ € Ker (A= —2,1d), recall that
Ap k € Fp 4 is defined to be the v; ;-eigenvector of PP, with p < j < g and with HA¢J<
nearest to ¢ as measured in L%z- Since Ay converges to h. in C*, there is a sequence ¢ of
AE eigenvectors with eigenvalue A; (/) converging to ¢ in L. Applying theorem 2.5.3 on
each of these ¢’s gives for each k a sequence A ¢ such that Hy, , , is nearest to ¢. Restricting

to the diagonal k = £ produces a single sequence Ay ;¢ such that

. —1
HHAk,k,¢ ¢k||L§2 <Ck
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for some constant C. Moreover, since ¢ converges to ¢ in L, we get that Hy, , , converges
to ¢ in L. Note that Ag k¢ 1s not necessarily the same as Ax ¢ but by definition Hy, , is closer
to ¢ than Hy,, , and hence Hy, , also converges to ¢ in L%z. This concludes the proof.

]

2.6.2 Spectral measures

In this section we use the convergence results of the eigenvalues to get quantisations of some
spectral measures. For the sake of completeness, recall that we denote the eigenvalues of the
Laplacian by A9 <A; <A < ... and the ones of PP, by vy o < v < -+ < Vk7N,§’ repeated
according to their multiplicities. In the case when the vector bundle E is simple, we showed
in theorem 2.5.2 that for each j =0,1,2,...

Aj

Vij= o HO (K",

To any compactly supported smooth function p : R — R we associate the following spectral

measures o
m(p) =Y p(A))
j=0
and
N
mi(p) =Y. p(4mk" v )
j=0

Theorem 2.6.6. In the case E is simple, we have that

m(p) =m(p)+0 (k")

Proof. Since the function p has compact support, the number of terms in the sum defining
m(p) is finite. Using the asymptotics from theorem 2.5.2 and Taylor expansions of p yields
the result. [

A similar statement obviously holds in the case when E is Gieseker stable and the spectral
measures m;, and m are defined with respect to the balanced point b, € % and the almost
Hermitian—Einstein metric respectively. Then for any compactly supported smooth function
p:R — R, m(p) converges to m(p) as k tends to infinity.

It is noteworthy that we can only prove this theorem for functions p which are compactly

supported. However it would be very interesting to know if the result still holds for a bigger
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class of functions. Here the motivation comes from the fact that for p(x) = e~ ™, m(p) is

nothing else than the trace of the heat operator
Tr (e_’A> =) e
j=0

Being able to quantise this object would probably lead to further interesting results, one of
them being the quantisation of the zeta function of the Laplacian. Let us briefly sketch how
this could work. For s € C one defines the zeta function of A” by

> 1
C(S)—J;A—;-

There is a trick one can use to rewrite this in terms of the trace of the heat operator and the

I"-function. A simple change of variable in

yields
A= / £l iy,
0

Then one can rewrite the zeta function (at least wherever it converges) as

1 . —tA; _ g
C(S):W/ol 1<;e A dlmkerAE)dt

1 (o)
=—— /[ It ‘tA—P) dt
T(s) /0 f <"’ ’

where P denotes the orthogonal projection onto ker A, Hence the quantisation of the trace
of the heat operator implies the quantisation of the zeta function.

2.7 Explicit calculations for CP!

We will now illustrate our results via a direct computation in the special case when our

manifold is CP!, polarized by the dual of the tautological line bundle.

Denote by [Z : W] homogeneous coordinates on CP'. We start recalling the spectral
theorem for CP!.
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Theorem 2.7.1 ([13]). If A denotes the Laplacian on CP' with respect to the Fubini-Study

metric, one has the following:
1. The eigenvalues of A are given by Ay = 4nl({+ 1) where { € N.

2. Denote by Wy = {f € C*(CP")|Af = Auf} the (-th eigenspace of A. Then

L*(cPhy =P
(=0

3. U(2) acts on CP' and induces an action on W;. Moreover ¥} is an irreducible

representation of SU (2).
4. Wy consists of all functions of the form

i im0/ () ()aizw!—iziwt =i

(122 + W)’

where Zf’ =0 (f) (f) a; jZin_iZj Wi is a harmonic homogeneous polynomial of

degree (£,0) on C? and a;j € in({ + 1). Moreover, the dimension of #y is 20 + 1.

The homogeneous polynomials

Vk+1 \/6 ZIwk=i

for j =0,...,k define a basis of H’(CP',O(k)) and one can check that the embedding
1 : CP! — CP* they define is balanced. By lemma 2.4.2 we know that for all A, B € iu(k+1)

one has
Tr (AP,;‘Pk(B)) = Tr(ABf) — /CP] H,Hp 0 2.7.1)

and since the embeddings 1, are balanced, (fi);; = k—+15i ; so that the first term of the
right-hand side of (2.7.1) reduces to H%TI(AB).
Fix k > 0 and define

Uy ={A € iu(k+1)|Hy € #}.

Our goal is to show that the leading order of P P restricted to Uy is a multiple of the identity

and that this multiple is precisely the ¢-th eigenvalue of A. This illustrates our general results



52 Quantisation of the Laplacian

from theorems 2.5.2 and 2.5.3 that the eigenvalues of P, P, converge to those of A and that
eigenvectors converge isometrically under H : iu(k+ 1) — C*(X,R).

First observe that the map H is U(k + 1)-equivariant. In fact, for U € U(k+1), A €
iu(k+ 1) and z € CP* we have

Hy.a(z) = Hysy1(2)
= Tr(AU ' (2)U)
= Tr(Aw(U™")) = Ha(zU ).
Moreover, by the spectral theorem,
k
H:iu(k+1) — P 7.
(=0

To show that this is actually an isomorphism (for each k), it suffices to compare dimensions.
On one hand, dim(iu(k +1)) = (k+1)? and on the other hand,

k k
dim(@%) =Y 20+1) = (k+1)%
(=0 =0
Defining Uy = H™! (%) the map
H:Uy— %

is still an isomorphism.

Since # is an irreducible real representation of U (k+ 1) so is Uy. Furthermore it is easy
to see that
(A,B)| = Tr(AB)

and
(A,B)z = / HAHB(DFS
CP!

define both U (k + 1)-invariant inner products on Uy. This is trivial for the first one since the

action of the unitary group on iu(k + 1) is given by conjugation. For the second one, observe
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that

<U-A,U-B>2:/CP1 Hy(zU ") Hp(2U ") wps

= HA(Z)HB(Z) WFs.
CP!

Here the last equality follows from a change of variables and the fact that our embedding of
CP! into CP* is balanced. This implies that the volume form @y is invariant. It follows then
from a real version of Schur’s lemma that both inner products only differ by a multiplicative
constant. For the sake of completeness, let us briefly recall how this works. By the U (k+ 1)-

invariance, there is an equivariant symmetric map ¢ : Uy — U such that
(A,B)2 = (9(A),B)1.

On the other hand, since ¢ is symmetric, ¢ has a real eigenvalue and its associated eigenspace
is invariant under U (k + 1). The irreducibility of the representation then implies that the
eigenspace is Uy. Therefore, @ is a scalar matrix and thus the inner products differ by a real
multiplicative constant. Hence there exists Cyx € R such that for any A, B € U; we have

(A,B)2 = Cyi(A,B)1.

Furthermore in the balanced case, equation (2.7.1) implies that

1

(A,P/P(B))1 = (k—F—I —C&k) (A,B)) (2.7.2)

which shows that PP restricted to Uy is a multiple of the identity. As a corollary, we get
that H sends eigenspaces of P; Py isometrically to eigenspaces of A, at least up to a constant.

The end of this section is devoted to compute the constants Cy ;. Clearly it is sufficient to
find a particular A € U, for which we can calculate both (-,-); and (-, -), explicitely. Their
quotient gives then the required constant.

Consider the eigenfunction

_ZWZwW
(1Z]2+ W)
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for some appropriate Hermitian matrix A. After multiplying the numerator and the denomi-
nator by (|Z|* + |W|?) “*and developing that term we can write

ZI;;€ (k;ﬁ) |Z|2j|W|2(k7ffj) <Z€WE _|_Z£W£)

His =
! (ZP+ WP
71 o ‘
:22’;:{; (zij) (];) (k;g)Re< (, +J)Z”JWk (€+)) \/6 ijk—]>
(ZP WP

From here we can read of the corresponding matrix A and get

(9
M)( )’

22

Zolk—j) (k= j— e+ 1)(j+6) - (j+1)
(k(k—1) - (k= £+1)) '
A tedious but straightforward computation implies that on one hand
k—¢
jZO(k—j)-~-<k—j—/z+1>(j+£>---(j+1>
_ ;k%HJrLquLO(k%_l).
20+1)(%) (%)

On the other hand we get

2
=K — 00— D+ 0K,

(k(k=1)-+ (k= L+1))" = (k" S Dy o(kg—z))2

Putting these together, we get the following formula

1+ 204+ Dk +0(k7?)
1—4({—1Dk 1 +0(k2)’
=ak(1+(C+L+ Dk +0(k?)),

IAIIf = Tr(4%) = ak

where
2

TR
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To be able to deduce the constants Cy; we now only have to compute ||A]|3.

(A,A)) :/ Hi aFs,
CP!
(Z'W' +Z'w')?
et (|Z2+ W 2)*

Z%WM |Z|2Z|W|2€
:2Re/ 5 zzéwFs—f—Z/ 5 Vi
CP! (|Z]>+ [W?) CP! (|Z]>+ W %)

The first of these integrals vanishes and the second one can be evaluated explicitly using the

WFg,

local coordinate z =W /Z. In fact we get

Z2€w2€ 20
o[ W ] e
P (|Z)2+ W [2)? 1+|Z| i

7r(2€+1)(£)

Hence we proved the following Lemma.

Lemma 2.7.2. For any A,B € U; C iu(Sym*C?) one has

HyHp Ops =

ot % (1= (2 + 0+ 1)k + 0k 2)) Tr(AB).

From here it is now easy to get the leading order term of the eigenvalues of PPy as
expected from theorem 2.5.2.
Proposition 2.7.3. For any A,B € U; C iu(Sym*C?) one has

Aml(l+1)

rrarne) - (s

+ 0(k3)> Tr(AB).
Proof. We have

Tr (AP, Py(B)) =

1
TI‘(AB) —/ HAHB,
+ 2

—

k

(m4 %U—W+ﬂH%”+mr%)ﬂmm,
2

= (% - % — % I ahs el +ki+ Ly 0(k3)) Tr(AB),

2+ 0(k3)) Tr(AB).







Chapter 3

Quantising Solutions to the Heat
Equation

3.1 Introduction

Let L — X be an ample line bundle over a compact Kihler manifold of complex dimension
n. Fix some positively curved Hermitian metric o on L such that the curvature F defines
a Kéhler form o = ﬁFg. Furthermore denote by A the Bochner Laplacian on X. Recall
that in this context, there is a sequence of non-negative real numbers g < A < A, < ...
and an L2-orthonormal basis ¢g, ¢1, ¢», ... of real-valued, smooth functions on X satisfying
A¢;j = A;¢j, for each j =0,1,2,.... The A;’s are called the eigenvalues and the ¢;’s the

eigenfunctions of the Laplacian.

In the previous chapter we provided a quantisation of the eigenvalues and eigenfunctions
of the Bochner Laplacian acting on smooth sections of the bundle End, (E) where (E k) is a
Hermitian, holomorphic vector bundle. This was done by constructing a sequence of opera-
tors P; P, which acted on the finite dimensional vector spaces of Hermitian endomorphisms
of HY (X JE® Lk). To recover the Laplacian on the manifold from above, we restrict now to
the case where the vector bundle E is the trivial, flat line bundle C — X.

In this chapter we are interested in solutions to the heat equation

0.fi(x) +Afi(x) =0
Jolx) = f(x)

(3.1.1)
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where f is a smooth, real-valued function on X. One can prove that for any initial condition
f € C”(X,R) this Cauchy problem admits a unique solution f(x,7) which can be written
explicitely in terms of the heat kernel p(t,x,y) € C* (RY x X x X) as

a)}’l

50 = [ plrey) 1)

Using the eigenvalues and eigenfunctions of A, the heat kernel may be written as

pltxy) = Y e ™4i9,(x)0,(7).

J=0

Moreover for each Hermitian endomorphism A of H° (X ,Lk) we consider the equation

OA(t) + 4Tk PP (A(2)) =0
A(0) =A.

(3.1.2)

This equation is even easier to solve than the genuine heat equation since it is defined on a
finite dimensional vector space. If in the case of the heat equation, the existence of the heat
kernel is a highly non-trivial theorem to prove, one immediately checks that a fundamental
solution to (3.1.2) is given by

di

_ n+1 .
Pk(t) — Z e tdmk Vk’Jq)k,j(Pk,j-
j=1

Remark 3.1.1. From this point of view one might expect that the quantisation of the heat
kernel and hence the quantisation of solutions to the heat equation readily follows from our
results in the previous chapter. We proved for instance that if v; ; denotes the j-th eigenvalue
of P{ P, and A; the j-th eigenvalue of the Laplacian, then

— J —n—2
Vij = gt TOKTT).
However we have no bound on the error term which is uniform for all the eigenvalues and

hence such an attempt must necessarily fail.

As in the previous chapter, Nj denotes the dimension of the space H° (X ,Lk). The maps
Ok, r and Hy introduced in section 2.3.3 and 2.3.1 can be written in terms of an L?*-orthonormal

basis s of H° (X,Lk) as
wl’l

Qk,f:/Xf(x)<si(x>7sj(x)>ok_

n!
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forany f € C(X,R), and
Hy=Tr (A‘le> .

for any A € iu(Ny).

Our main result of this chapter states that solutions to the equation (3.1.2) quantise
solutions to (3.1.1).

Theorem 3.1.2. Let f € C*(X,R) and denote by f; a solution to the heat equation (3.1.1)

starting at f. Moreover, denote by Qy ¢(t) a solution to the equation (3.1.2) starting at Qx .
There is a constant C such that for all t € [0,T] we have

C

Qs — s ]i< %

where the norm || - ||y is defined by ||A||2 = k "Tr(A?).

Corollary 3.1.3. Under the same assumptions, there is a constant C such that for allt € [0, T |

we have
C

Hﬁ(x) _HQk,f(x)(t)HLZ < ©

The corollary readily follows from lemma 2.5.7 and the fact that Hp, , can be written as
Bk’lKlg ¢ where By is the Bergman function and Kj ; is the restriction to the diagonal of the

Toeplitz kernel, see section 2.3.2.

3.2 Relation with other work

Similar to our quantisation of the Laplacian, Fine quantises in [11] another elliptic operator
72 :C*(X,R) — C~ (X,R). This operator is nothing else than the Hessian of Mabuchi
energy, see section 2.3.4. Similarly to what we do for solutions to the genuine heat equation,
one can try to quantise solutions to the “heat equation" associated to Z*%. And indeed, all
the steps in the proof go through except that we are not able to rewrite the proof of proposition
3.3.3 in this context. The problem is that as in our result, one must prove a complicated
relationship between various coefficients in the asymptotic expansion of Bergman kernels and
Toeplitz operators. Unfortunately the depth to which one must go in these expansions implies
this time that we are not able to do the computations anymore. However we conjecture that
the result still holds.
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Qur,

Q k,ft“(t_tO)

Q.M

3.3 Proof of the results

Similarly to the technique used by Fine in [10], we first show that it is enough to prove an
infinitesimal version of what we actually want to prove. In order to simplify notations, we
define

di (t) = || Ok s, — Quy (1)

Now fix some 7y > 0. For ¢ > 79 we put

di (t) = ||Ox = Ok, (1 —10) B

and

& (1) = ||Qr.p, (t —10) — Qu (1)

Lemma 3.3.1. &(t) is decreasing.

Proof. Putting
Ak = Qf, — Oxr(10)

we can rewrite &, in a more condensed way as

Ek(l‘) = ”Ak (t —t()) ||k

Now let ¢ ; be an orthonormal basis of eigenvectors of 47rk”+1P,;‘Pk with associated eigen-

values V ;. Then

&(t)? = L e T (A 9 j)?
J

and hence

To

=—2Y Vi j (A 0 )* < 0.
J
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O
Lemma 3.3.2.
Lol <L
dt k o - dt k o
Proof. By the triangular inequality, we have that
dy (to +At) < dy (to +At) + & (to + Ar).
Hence we can write
d di (to + At) + & (to + At) — di (1
dt fo  At—0 At
Moreover, since & (t) is decreasing, and since & (fy) = dy (tp) we are done. O

Clearly these arguments hold for any time #y > 0. The last ingredient in the proof is be
the following proposition. Its proof is not necessarily complicated but since the calculations

involved are very lenghty we postpone them to the next section.

Proposition 3.3.3. The following estimate holds uniformly for ty > 0,

=0 (k—1/2> .

We are now in position to complete the proof of theorem 3.1.2. Integrating the inequality

d -
—d (t
dtk()

in lemma 3.3.2 for ¢y going from O to 7', we get

am< [ qa

dty.
To

Since by proposition 3.3.3, %Jk (1) ‘ o= 0 (k‘l/ 2) uniformly in 7, there is a constant C
such that

which proves the result.

3.3.1 Proof of Proposition 3.3.3

We saw in the last section that the remaining step in proving Theorem 3.1.2 was to show that
%Jk (1) |t0 =0 (k_l/z) uniformly in 7.
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Lemma 3.3.4. Let (X,||-||) be a normed space. Lett — Y(t) and t — 1 (t) be two smooth
paths in X such that y(0) = 1n(0). Then

d
vy =nol| | =170 -n)]
Proof. We compute
d Ny @) = @)l
v =noll|_| = im OO
_ nm7() 10 (t)—n(O)H
t—0 t t—0 t
= [|7(0) = n(0)]
]
Applying the lemma to the quantity
d
@), = HQkﬁ x5, (£ =10) )

and using the fact that f; and Oy fio (t —to) solve equations (3.1.1) and (3.1.2) respectively,

one sees that in order to prove proposition 3.3.3 it is sufficient to show that

| Quar — 47k PEP(Ox f) Hz =0(k™"),

uniformly on compact subsets of C**(X,R) in the C*-topology.

First observe that

1Ok ar — 4k P POk ) I}
=||Qear|l+ |47k PEPU(Qk f)||2 — 2 (Qrag, 47K PEPU(Q f) i

I
= e (Q2ag) + 16K 2Tr (P P(Qxp)) = 8TKTr (QuarPiPi (Oucs))

Theorem 2.4.1 from chapter 2, gives us the asymptotics of the last term of this expression,

wn
Tr (QrarPi P (O y)) 4ﬂk/ 2—+0(k ). (3.3.1)

In the next lemma, we compute the nessessary asymptotics for the first term.
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Lemma 3.3.5. There is an asymptotic expansion
2N [ 2@ n—1
’ X n!

Proof. Recall that by definition,

wn

(Ok.r) aﬁ—/fsaas[i

Hence, we can write

t(0iy) = [ (O 10 605 2 )
= [ F@Kpa) 2

Using the asymptotic expansion for Ky ¢ from theorem 2.3.6 yields the result.

From equation 3.3.1 and lemma 3.3.5 it follows that

“ N 2 o" _
1Ok af — 167kP; P(Q f) |7 = 1682k 2 Tr <(PkPk(Qk,f)) ) —/XfAsz +0(k™).

Hence it is sufficient to show the following asymtotic result:

Proposition 3.3.6. Let f € C* (X,R). There is an asymptotic expansion

Tr((P;‘Pk(Qk,f))z) 16ﬂ2kn+2 / I f —+0(k—” ).

The proof of this proposition is in principle not more difficult than the proof of the
various asymptotic expansions we already got. However the computations become much
more involved. Before we start with the actual proof, let us first recall the following general
fact.

Lemma 3.3.7. Any matrix A can be decomposed into the sum of a Hermitian and a skew-

Hermitian matrix,
A=Ay +Asy
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where

1
An=3 (A +AT)

1
Asit =5 (A—AT) .

Moreover if A is Hermitian and B skew-Hermitian, then

Tr(AB) = —Tr(AB)

which implies that
Re (Tr(AB)) = 0.

The starting point in the proof of proposition 3.3.6 is the following lemma.

Lemma 3.3.8. For any A € iu(Ny), we have

* — _ "
Tr ((RR(A))) = ReTr ((4)7) ~2Re | Tr(Afu () Ha()
"\ o"
Hy(x)Ha(y)H —
+ x A('x) A(y) Me(x) (y) (I’l!)z
Proof. Integrating lemma 2.4.2 over X we see that for all A, B € iu(Ny),
(On
Tr (AP PB) = Re Tr (ABjiy) / HpHp— (3.3.2)
Hence we can write
* 2 *
Tr ((Pk P(A)) ) — ReTr(PIP(A / Hp pya HA—. (3.3.3)

Applying formula (3.3.2) a second time to the first term of the right-hand side of (3.3.3)
yields
ReTr (PP (A)Aflk) = ReTr ((Afl) P/EkPk (A))
n!

wn
:ReTr Auk /H Hyp(x)—

Here we had to pay attention since the matrix Afi; is not necessarily Hermitian and we need
to restrict Afl; to its Hermitian part, see lemma 3.3.7. Moreover, we used the fact that the

trace of a skew-Hermitian matrix is imaginary to get the first term of the right-hand side.
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Equation (3.3.3) can now be rewritten as

mn

Tr((P;Pk(A))2) :ReTr((Aﬁk)2> _/ (H(Aﬂk)H(x)+HP;Pk(A)(x)) Ha() e (3.34)

X

Furthermore, by definition

H g, (x) + Hpep(a) (x) = Tr ((Afi) y i (x)) +Tr (P Pre(A) g (x))
o

:RCTY(AﬂkIJk(X))+R6Tf(ﬂk(x)Aﬂk)—/HA(Y)Huk(X)(Y)H

—2R€TI‘ A;,Lk/.tk /HA )

Putting this into (3.3.4) yields the result.

To prove proposition 3.3.6 we apply lemma 3.3.8 with A = Oy ;. We start computing the

three terms separately up to the 3rd order. We use the same notation as in section 2.3.2.

We start with the asymptotic expansion of the inverse of the Bergman function since it

shows up ubiquitously in the calculations.

Lemma 3.3.9. The inverse of the Bergman function By admits an asymptotic expansion given

by
Bl =k (1- Sy S—z—bz k240 (k)
k 87 6472 ‘

Proof. This readily follows from the asymptotic expansion of the Bergman function given in
theorem 2.3.4. O

Lemma 3.3.10. There is an asymptotic expansion

Tr ((Qesfin)?) = Mo (DK +m (N 4 (N2 40 (),
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where

/f n'7
(o L) @
m(n= [ (~5mrar 8ﬂSf)n,,

)= [, (mzf [+ g SIAS — 1 Sl

1 1 o, 5| @
= f(chz&&f)+64—Sf - f>—.

Proof. By the composition of the kernels of Toeplitz operators, we can write

_\2 "
Tr((Qk,fﬂk) )Z/XB lkaB AT

Applying lemma 3.3.9 this can be rewritten as

T ((Q ﬂ)2>:k‘”/ =S (2 Pro( ) K, 0 2
kI x\ 81 64n kI B !

and hence we must compute the following 3 terms,

S s?

—n—1 —n—2

Km0 iKiga e md K /X(W_bz)l(k,fﬂkl,f'
(3.3.5)

To compute the first one, we apply a trick we learned from [11], saying that for f,g,h €
c” (X,R), ka7f,g7h = ngk,f,h- Hence,

/kﬁ Ly /B Ky

Now,
B, 'Kis.s
S 1 s -1 -2 -3
=(1——k "+ —by k2 (bof,f—f—bl,ffk —|—b2ffk )+0(k )
8T 6412 7 ’ ok
S _
=bo.sr+ (bl,f,f 30 ff) k

S 52 B _
+ <bz.,ff— N (T —bz) bo,f,f) K240 (k).
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Since the trick we used before clearly also holds for the coefficients of Toeplitz kernels, i.e.

for example [ by r r = [ fby s, we get

S "
/B lkaf /fbof—+k /(fblf—— 0ff>
S 52 " ,

+k /<fb2f blff+(64 2—b2>bo,f,f)m—|—0(k 3).

Introducing the exact values for the coefficients from section 2.3.2, we see after a short

computation that the first of the 3 terms in (3.3.5) is given by

k_n/kaBl,f
=i [ P2 k”1/4ﬂff—

+k"2/< A SFAf — Sl 4 o f (Rie iéaf))w—n

x \ 3272 32 2 8> , n!

+0 (k).

We now compute to the second term in (3.3.5), namely —k ! Ix %Kk FBS First observe
that by lemma 3.3.9 we have

3 kfnfl L
Kyt g =k "Kipay— g Kipsst0 (k)

- 1
=bo stk l(bhﬂf P bOﬁSf)JFO(k Y-

Introducing the exact values of the coefficients, we can rewrite this as
Akt —ifAf+ L\df|2 +0(k?)
2 AT '

Therefore the second term in (3.3.5) is given by

s
—n—1
—k /X gk S B

_1—n—1 _L 20)_” —n—2 2\ 2 —n—3
—k /X SOk /X( —SFAf - S\df|> 10 (k).
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We now come to the third term in (3.3.5), namely k"~ [,, < s b2> kS B Applying
lemma 3.3.9, we see that it can be written as

o s? " o
k 2/X<W >f2—+0(k 3.

Putting the asymptotics of the three terms together, one sees that only the first one contributes
to the k™ "-term. It follows that ;
(0]
2
YL
x' n

The term in k"~ is composed by a contribution of the first and the second term. We get,

1 1 "
min == [ (/45257 %

Finally the term in k"2 is a combination of the asymptotics of all three terms in (3.3.5).

Explicitely,

1
M) = [ (5558 550 — 1oSla s

+—2f(R1c laaf) +L52f bzfz)(;)—?.

Lemma 3.3.11. There is an asymptotic expansion

wn

/Tr Or. ikt (x)) Hoy () = Mo (/)K" +m (HK " T +m (k" 240 (k")

where

e
m(f)z/x(——f - f)“’—,

— 2 -
772(f)—/<167r2f f oy SPAS L SFAT < (A

162

e 1 L (Ricidaf) — b, | 2
+647r2fs 32ﬂ2f(dS,df)+4ﬂ2f(ch,18&f) sz) -
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Proof. Using notation from section 2.3.2, we can rewrite

Tr (Qr ikt (x)) = B! (K, .51 (%),
and
Hgy;(x) = B (x)Ki s (x).
Hence the integrand is given by

Tr (Qr. rlixtix(x)) Hoy  (x) = B> (1) K, 1 1 (x) Ki () (3.3.6)

By lemma 3.3.9 we easily see that

1 3
-2 _ =21 _ -1 2 -2 -3
=k <1 Pl +<64 S 2b2)k +0 (k )>.

Moreover, by theorem 2.3.6

g afLlg, 1
Kig=k <f+k (87[5]‘ 47tAf)

+k2 (bz(a))f—i— ﬁﬁf — TlnzS(a))Aer #(Ric, iéaf)) +0 (k) ) :
Multiplying B, by Kj. s we get
B’ K= o)k " +o1(H)k " o)k +0 (k) (3.3.7)
where
oo (f) =1,
mm=—iw—iM,
oz(f)—m52f+ SAf+LA2f fb 2+8L(ch iddf).

Let us now have a look at K, FB Using lemma 3.3.9, write
A k

. 2 —n—3
KlaﬂB,j‘_k H(ka"'k k.f,— S+k ka642 +O<k " ))

=w(H)+nOk ! +n(Hk*+0([K ),
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where

% (f) = Cof,
N (f) :Cl,f+co7f7_%7

L) =Cr+Cy s +C s by

Using the explicit values of the coefficients from theorem 2.3.6, we get

W (f) =1,
1
yl(f):__Afa
1 . .=
B(F) = 53g D g AS — 53 (df.dS) + oy (Ric.iddf).

Combining this with (3.3.7) and integrating over X we get

| BROK, 0 (0 Kg (00 = MoK "1 (K" 4+ (K240 (k)

where

mm:Aﬂﬂ

n!

m (f)=/x<——f - f) o

Y e 2A§ 4
m(f)—/X(mzfA [+ 55 A+ = STAF + L (AF)

162

n

1 ope 1 Ric.idar) — 2 |2
+647t2f S 32ﬂ2f(dS,df)+4n2f(R1c,z88f) f b2> R

Lemma 3.3.12. There is an asymptotic expansion

" A"
Ho, , (X)HQkﬁf (y)HNk(X) () (n!)2

= (/)K" +m (k" +m (N2 +0 ("),

X xX
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71

where
min=[r%.
m(n= [ (- gardr-gusr?) %
mn= . (me 2[4 s A + 13 STAT + s (AF)

I wp, 3 - @
eSS -l-@f(ch,z&af) fb2>—‘

Proof. First observe that
~1
Hoy; = Tr (Qx.rkk) = By Ki-

Furthermore,

n!

[ Hoy )P % = [ Hoy 00T ())&
=B '(x)K kB 'Hoy , (x)

-1
=B, (%) Kk,Bk*ZKkJ (x).

Hence, we can rewrite

0" A " 5 "
HQk,f(x)HQk,f(y)HNk(X)(y) (n!)2 :/XBk Kk’kavBI;ZKk,fF

X xX

From the proof of lemma 3.3.11 we already know that

B2 Kiy = 0o(N)k " +o1(Nk "+ o2k EHO (k)

where
oo (f) =1,
1 1
o (f) = #S f+ 32—SAf+LA2f sz—f—SL(Rlc iddf).

(3.3.8)
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Therefore,

Ky sk, =k " (Koy(r) +5 Koy () K Koyp))
W) +n (" +p(E?+0 (k)

where

% (f)
7 (f)
7 (f)

bo, 6y (1)

b1.6o(f) T 00,6, (1)

b2.6y(f) T 01,61(f) T P0,05(f):

Putting in the exact values yields after some calculations

Yo (f) = f7
1 ()= ~5-AF.
B() = g hf — 553 SMF 55 AT+ s (Ric,iddf).

Keeping in mind relation (3.3.8), we next compute

_ " . e e e
/XBsz"’thB; — =Mo(HK " +m (O +m(HET P+ 0 (),

Kt

where

:/00
:/c0 £ +oi(Hn(),
:/00 N+o(Nnlf)+o(f)n(f).
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Using the explicit values yields

/f nl’
1 n
mn= [ (~geror—gosr) &

B 5 ’ 1
m(f) = [ (WfA [+ 5y A + 1oy STA + < (AF)?

n

1 > 3 . .= ) 0}
+W f +@f(RIC,laaf)—f bz) ?

Having computed all the necessary asymptotics, the proof of proposition 3.3.6 is now
just a matter of putting the right terms together.

Recall from lemma 3.3.8 that for all f € C*(X,R),

a)l’l

Tr (P P(Qip)”) = ReTr ((Qusf)’) —2Re / Tr (Qk. skt (x)) Hoy (¥)—

" N\ 0"
+ XxxHQk_f(x)HQk,f(wHuk(x)(y>W

By lemmas 3.3.10, 3.3.11 and 3.3.12 we immediately see that the k™ "-contribution
vanishes. The term in k="~ ! is given by

1 1, 1 1 "
/ <—HfAf—§Sf ) -2 (—ﬁfAf—gSf) + (——f I ) —

and hence it vanishes too.

Let us rewrite the full k"2 term.
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1

a)n
/<3zﬂ2f f+—SfAf T6n 2S|a’f!2+ f(Rlcu?&f)+64—52f bez)ﬁ'

1 2 1 2
—2/X (WfA f+55] AS+—SfAf+ (Af)?

162

1 1 o
+Wf232 22f(a,’Sa,’f) f(RlClaaf) ?b )F

+/ ( o PO+ 55 FAGS) + 13 STAT+ s (AF):

1672

1 > 3 . .= ) o
+m f +Wf(Rlc,188f)—f b2> ?

After simplifying the obvious terms, the integrand becomes

1 2
6 /AT

2 2
— SfAf - S| dff -5 Ly AS+ fA(Sf) — L fas.af).

322

Now using the fact that
A(Sf) = fAS+SAf —2(dS,df)

and that i o
2 _ . 2
E/Xf as % —/XS(fAf dfP)

one sees that all the terms vanish, except

1 0}
- A2 F—
16n2/)(f f n!

This concludes the proof of proposition 3.3.6 and hence of proposition 3.3.3.



Chapter 4

Geometric Quantisation and the
Derivative of Hilb,

4.1 Introduction

The fourth chapter of this thesis is dedicated to an intriguing link between geometric quanti-
sation and a program initiated by Donaldson to study the geometry of the space of Kihler
metrics in a fixed cohomology class using finite dimensional approximations.

For the sake of completeness we start recalling some notation and definitions we already
used in the previous chapters. Let L — X be an ample line bundle over a compact complex
manifold of complex dimension n. Write 7Z” for the space of all positively curved Hermitian
metrics on L. Any element 4 € 57 induces a Kihler metric @y, on X by w;, = ﬁFh Further-
more let 2 be the Bergman space of level k, i.e. the space of Hermitian inner products on
HO° (X ,Lk). ¢ carries the structure of an infinite dimensional Riemannian manifold and
its tangent space at a point 4 is naturally identified with the space of smooth, real valued
functions on X. On the other hand the tangent space to %, at b is identified with the space Vj,
of Hermitian endomorphisms on H 0 (X ,Lk) , see section 4.2 or [6] for further information.

Choosing a metric on L induces an L?-inner product on H° (X ,Lk) and hence a map
Hilby : 7€ — %y. Explicitly,
o
ﬁ.

Hilby (1) (s,1) /X B (s(x),1(x))

Remark 4.1.1. Note that this Hilb;-map differs from the one we used in the chapters before.
This time the volume form depends on the point & € 7, whereas before it was fixed.
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There is also a map in the other direction called the Fubini—Study map. Given b € %,
we define FSy(b) as follows: any b-orthonormal basis s = s1,...,sn, of H 0(X,L¥) embeds X
into CPM—!. Pulling back the Fubini-Study metric from O(1) via this embedding defines
a Hermitian metric on L¥. Then take the k-th root to get a genuine metric on L which we
denote by FS;(b). Hence we get a map FS; : ), — 4. Note that FS;(b) does not depend
on the b-orthonormal basis we choose.

A lot of research has been devoted to the geometric quantisation of Kostant [16] and
Souriau [21]. It explains how to naturally associate to every classical observable (i.e. a
smooth function on X), a quantum observable (i.e. a Hermitian operator on a Hilbert space).
The Hilbert space in question is nothing else than H° (X ,Lk) together with the Hilby (h)-
inner product. To define the quantum observables, one first associates to every function
f € C*(X,R) the so-called pre-quantum operator &; s acting on the space C* (X ,Lk) of
smooth sections into L¥. Explicitly

O = 2mkf +iVy).

Here X denotes the Hamiltonian vector field associated to f and V¥ is the Chern connection
on (Lk, hk). The genuine quantum operators oy y are then given by taking the holomorphic
part of the pre-quantum operators by composing G ¢ with the orthogonal projection onto the

sub-space of holomorphic sections in C* (X 7Lk). In this way we get a map
f € CM(X,R) > Ok, f e V.

The starting observation is that this map is nothing else than the derivative of Hilby, see
section 4.4. In this sense one can think of the Hilbi-map as a curved version of geometric
quantisation. It is then natural to ask of what use the higher derivatives of the Hilbg-map
might be and if they have some physical interpretation. Furthermore one might think whether
the differential of the FS;-map also has an interpretation in terms of some dequantisation.
And indeed, in section 4.5 we show that it is nothing else than Berezin’s covariant symbol.
Using expansions of Toeplitz operators one easily sees that the composition dFS; o dHilby
tends to the identity as k goes to infinity and hence, at least asymptotically, Berezin’s covari-
ant symbol can be interpreted as the inverse of geometric quantisation. This sheds new light
on the results obtained by Cahen, Gutt and Rawnsley in [20].

Motivated by the fact that the linearisation of Hilb, gives geometric quantisation we

compute in section 4.6 its next order approximation, namely its Hessian. To state the result,
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define 7 : C* (X,R) — Q%! (TX) to be the operator given by
2(f) =09 (Xy).

2 (f) measures the failure of the Hamiltonian vector field X of being holomorphic and the

operator ¥ is called the Lichnerowicz operator, see also section 2.3.10.

Theorem 4.1.2. The Hessian of Hilby : 7 — %) admits an asymptotic expansion in which
the leading order term is given by the leading order of the Toeplitz operator associated to the

Sfunction (2f,2g). More precisely, as k — oo, one has
(VdHilby), (f:8) = Tigp,9¢ +0 (K" ').

As a corollary we reprove a result by Fine saying that the Hessian of balancing energy
converges to the Hessian of Mabuchi energy, see theorem 2 in [11].

4.2 The geometric structures on .77 and %,

Fixing h € J7, every other element in 77 can be written as hy = ¢*™ I for some smooth
function ¢ and the associated Kéhler metric @y is given by @y = @y + 2idd¢. Explicitly,
we can write

A ={p € C(X,R)| @y = @y +2idd¢ > 0}.

Hence 7 can be thought of as an open subset of the vector space C*(X,R) and we identify

its tangent space Ty.7” with the space of smooth functions on X.

Remark 4.2.1. Note that one can equally well think of 7 as the space of Kihler potentials
with respect to @y. Two elements ¢ and v in 7 give the same Kihler form if and only if
they differ by an additive constant. The space of Kéhler forms in ¢ (L) can then be identified
with 27 /R by modding out these constants.

There is a natural Riemannian structure on .7 known as the Donaldson—Mabuchi—
Semmes metric. We start recalling its definition and some of its properties. For further
information and proofs, we refer the reader to [6]. At each point ¢ € 57 one defines an inner
product

a)}’l
(f,8)¢ = /ngn—‘f

where f and g are two smooth, real-valued functions thought of as tangent vectors to ¢ at
¢. It happens that the Donalson—-Mabuchi—Semmes metric admits a Levi-Civita connection

(recall that the existence of a metric, torsion free connection is not guaranteed in infinite
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dimensions) which can be described as follows. Let h; = ¢*™/h be a path in J7 and g a
path of tangent vectors along &, which amounts to a function on X x [0, 1]. One defines the

covariant derivative D,LCg, of g; along h; by

dg
DfCg = 8_; +(df,dgr)g, -

One checks that this connection is symmetric and compatible with the metric.

Similar to the fact that .7 can be thought of as an open subset of C* (X,R) we can
embedd Z; into the space of Hermitian forms on H 0 (X,R). Denote by N; the dimension of
the space HY(X, L¥). Note that GL(Ny, C) acts transitively on %, with stabilizer U (Ny) so that
if we choose a point b € %y we can identify % with the symmetric space GL(Ny, C) /U (Ny).

There is a natural Riemannian structure on %, given by

(A,B), :="Tr (b 'Ab~'B)

where b € %) and A, B € T, % = iu(N;). The Levi-Civita connection associated to this
metric can be written as
V=d+a

where the connection 1-form a € Q! (%;,End (T %y)) is explicitly given by

a,(A) (B) = —% (Ab~'B+Bb'A).

4.3 The derivatives of Hilb, and FS;

Recall that we defined Hilby : 57 — %, by

a)n
Hilbi(9) = [ h§() .

To compute its differential at a point ¢ in the direction f, we differentiate Hilb; along the
path e*"/'hy. One gets
n

((dHilbk)¢(f))aB:/X(4nkf+A¢f)h’;,(sa,sﬁ)w

n!

where s = s1,...,5y, is a Hilby(¢)-orthonormal basis of H%(X,L¥). The Laplacian term

o . _ [
in this expression comes from the variation of the volume form n—? and follows from the
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well-known formula
2nidd fAW" ! = Af@"

from Kihler geometry.

Recall that for k large enough the Kodaira embedding theorem tells us that for any basis
s =51,...,5n, of HO(X,LF), 1, : X — CPN«~! given by

t5(x) = [s1(x),- ;53 (%))

embeds X holomorphically into CPV+. The Fubini-Study map was given by the k-th root of
the pull-back of the Fubini-Study metric from O(1) to L¥. Explicitly if s is any b-orthonormal
basis of H° (X ,Lk) and & any auxilliary Hermitian inner product,

hy

hy = —————
LiZolsi®)[j

and FSy(b) = (hb)l/ ¥. To compute the differential of FSy, we differentiate FS; along the
path s(7) = e~24. 5 where A € iu (N +1). One gets

% <_ﬁlogi ’Si(t)<x>|%>

For every positive integer m, consider the map u : CP™ — iu(m+ 1) given in homoge-

1 X Ah (si(x),si(x))

N,
o Ak Rk Isi)l;

neous coordinates by

(21 Zal) g = 28
u(|Zy,..., =—" .
"B Any, 2,2
Moreover, if s = s1,..., sy, is a basis of HO (X,Lk), we denote by U, the composition o 1.

Remark 4.3.1. At this point the conventions we use in this chapter differ from those used in
the previous chapters in the sense that we multiply the map u defined in 2.2.2 by ﬁ. The
reason why we do this is because we recover Fine’s quantisation of the Hessian of Mabuchi

energy from [11] in section 4.6.1 and we want to use his conventions.

Using these notations, the differential of FSy at a point b in the direction A can be written
as |
(dFSk)b (A) = %Tr (A[Jb) .
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4.4 Relation between geometric quantisation and the Hilb,-

map.

We start recalling some of the general theory from geometric quantisation. Let L — X
be a ample line bundle over a compact complex manifold of complex dimension n. Fix
an Hermitian metric ~# on L inducing a Kihler form @ on X. To every smooth function
f € C”(X,R) we associate an Hermitian endomorphism o of the Hilbert space H 0 (X ,Lk).
This is done by composing the Lie algebra map 6 : C*(X,R) — Op(I'(X,L)) given by

G =2nf +iVy,.

with the orthogonal projection IT: I'(X, L) — H°(X,L). Here we use the L>-Hermitian inner
product on I' (X, L) given by

o
<S1,S2>=/l’l(S1,S2)—'.
X n.

Xy denotes the Hamiltonian vector field with respect to @ and V denotes the Chern connection
onL.

In the following lemma (known as Tuynman’s lemma) we compute the matrix of o in
terms of an L?-orthonormal basis of H? (X,L).

Lemma 4.4.1. Given an orthonormal basis s = s1,...,sy of H(X,L), the matrix of the

operator Gy with respect to s is given by
1 o"
(07) ap = /X(27rf+ SAh(sa,5p)

n’

Proof. Using the definitions we see that

(Gf)aﬁ = (s, Gysp)
N
:/}(h(Sa,Gsﬁ)W

@ @
:/infh(Sa,Sﬁ)?_l/)(h(sd,VXfSB)

n
nl
Hence it suffices to compute the second term of the right-hand side. Let v be some vector

field on X. The holomorphic, resp. anti-holomorphic part of v is given by % (vFilv). Using

the fact that the covariant derivative of a holomorphic section s in the direction of a vector
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field of type (0, 1) vanishes we see that

Vi

j(eriIv)Sﬁ =0.

and hence

V[VS[; = iVVSﬁ .

Furthermore we know that Xy = I grad f and so
h (Sa,VXfS[}) = —ih (Sa,vgradfslg) .

On the other hand we can write

h (Sa,VXfSﬁ) =d (h (Sa,Sﬁ)) (Xf) —ih (Vgradfsaasﬁ) .
Adding up the last two equations we get

20 (50 V3, 55) = (1 (s:59)) (X7) — (1 (Varaa 555) + (5. Vima155) )
= d (h (s0.55)) (Xy) ~ id (h (s0.53)) (erad f)

Integrating over X and using the fact that divXy = 0 and divgrad f = —Af implies

n

" i ()
/Xh(sa,Vstﬁ) 2 ZE/XAfh(sa,sﬁ)

n!
Putting everything together we get

[ "
(Gf)aﬁ :/in-fl/l(saasﬁ)ﬁ—l/X]’l(Sa,VXfSﬁ)

1 (0]
::AXZﬂf4—§Afﬂﬂ&msﬁ);T.

n!

Even if the map & was a Lie algebra map, there is no reason for ¢ to be one. However
the property is satisfied asymptotically, in the so-called semi-classical limit. More precisely
we will look at higher and higher tensor powers of the line bundle L. The curvatures F *) on
LF and F on L are related by

F® =kF
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and we get a new Kéhler form ®®) = k. The Hamiltonian vector field with respect to the

Kihler form o is then given by

k) _ 1
Xf = zXf

and we define associated pre-quantum operators by

N

=~

~ o (k . . (k)
G r=k (27rf+ lvx} )) =27kf +iVy, .

This operator acts on the space of smooth sections of L* and we need to compose it with
the orthogonal projection 1) onto the space of holomorphic sections with respect to the

inner product given by
n

(0]
(51,820 = /X 1 (s1,52)

!’

This allows us to define quantum operators
Ok,f = H(k) OPk7f.

The next proposition tells us that the Hilbg-map itself can be thought of as some curved

version of geometric quantisation.

Proposition 4.4.2. Let f € C* (X,R) and ¢ € 5. Then

d(Hilbk)¢ (f) = 2Gk7f
where all the objects in Oy r are computed with respect to ¢.

Proof. From lemma 4.4.1 we readily see that the matrix of oy s with respect to an Hilby (¢)-
orthonormal basis s of H" (X LK ) is given by
1 "
(Os) 5 = /X(znkf+ SAP)H(sas5p)

!’

Comparing this with the differential of Hilby yields the result. [

4.5 Relation between Berezin quantisation and the FS;-map

We start recalling the definition of Berezin’s covariant symbol. We follow the presentation of
Cahen, Gutt and Rawnsley in [20].
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Let g be a non-zero point in the fibre of L over x € X. Evaluation of a section s € H(X,L)
defines a multiple /,(s) of ¢ given by

Fixing b € %y, {, is a continuous linear form on the Hilbert space (H O(x,L) ,b) so that by
the Riesz representation theorem, there exist an element e, € H 0(X,L) such that for any
se HO(X,L),

£4(5) = {s,eq)

The section e is called a coherent state.

Definition 4.5.1. To every endomorphism A of H® (X, L) one associates a covariant symbol
AeC”(X,C)by

N (Aey,eq)
Alx) = —=.
legll?

This definition is actually independent of the point g we chose in the fibre over x. In fact,

for ¢ € C*,

leg(s) =cMy(s) and e =c e,

As before, we can do this construction for tensor powers of L and get covariant symbols Ay.

Proposition 4.5.2. The covariant symbol Ay of an Hermitian endomorphism A of H° (X 7Lk)
is given by the derivative of the Fubini—Study map at the point b in the direction A. Explicitly

A(x) = 4rk (dFSy), (A) (x).
Proof. Pick a b-orthonormal basis s of H° (X, L*) and write
eq = Zeg‘sa.
o
Clearly ef = (sq,eq) = {4(s¢) and thus the coordinates of e, is the basis s define a point

[s1(x),...,sn,(x)] in projective space. Since the formula defining A does not depend on

the point ¢ in the fibre over x, we can use the notation of the s4(x) to do the following
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computation:

(AL o Sa(x)sa, Lpsp(x)sp)
Lylsy(x)|?
_ Yap <Asa,sB>sa(x)sB (x)
B Ly lsy(0)[?
_ YopAapsa(x)sp(x)
Lyl

= 47Tr (Aps(x))

4.6 The Hessian of Hilb,

Guided by the observation that the derivative of Hilby is geometric quantisation, we compute

the next order approximation of the Hilbg-map in this section.

Definition 4.6.1. Let (M, gy) and (N, gy) be two Riemannian manifolds and let ¢ : M — N
be a smooth map between M and N. The Hessian of ¢ is defined to be Vd ¢.

A first thing to note about this definition is that dp € T'(M,T*M @ ¢*TN) and V is the
connection on T*M ® @*TN induced by the Levi-Civita connections VM and V¥ on M and

N respectively. Explicitely,
(Vde) (X,Y) =V§ (do(Y)) —de (VXY), (4.6.1)
where V? denotes the pull-back connection.

Theorem 4.6.2. The Hessian of Hilby : 7 — %), admits an asymptotic expansion in which
the leading order term is given by the leading order of the Toeplitz operator associated to the
function (2f,2g). More precisely, as k — oo,

(VdHilby) o (f,8) = Tz 5,99 + 0 (K1)

We postpone the proof to section 4.6.2 and first discuss one of its applications.
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4.6.1 Application

Our starting point is the following lemma.

Lemma 4.6.3. Let ¢ : (M, gy) — (N,gn) and v : (N,gn) — (P,gp) be two smooth functions
between Riemannian manifolds. The Hessian of the composition Yo @ is given by

Vd(yo@)=dy(Vde)+Vdy(de,do).

Proof.

(Vd(yoo9))(X,Y)=V ((wow)(Y)) d(wow)(VxY)
= (Vapx) [dw)) (do (Y)) +dy (Vx (do (Y))) —dy (do (VxY))
=(de)(d<p( )7d<p( ) +dy (Vdo(X,Y))

]

Let F; : #x — R be any functional on Bergman space. Using the Hilbg-map, Fj can be
pulled-back to .7 to get a functional Ej : 7Z — R. Using lemma 4.6.3, we can compute the
pullback by Hilby of the Hessian of F; in terms of the Hessians of Hilb; and E.

VdF, (dHilby, dHilby) = VdE; — dFy (VdHilby).

A very interesting functional on %, is balancing energy. It can be defined via its derivative
by putting for b € % and A € iu (N; + 1),

(dFi), (A) = Tr(Afip)

where [, = [y Hb%- The left hand-side of this expression actually defines a 1-form on %,
and one needs to check that it is closed so that it can be integrated to get a function on %,
(well defined up to a constant). Balancing energy can be thought-off as a finite dimensional
analogue of yet another functional defined on .7# which is called Mabuchi energy. Similar to

what we did for balancing energy, Mabuchi energy can be defined via its derivative by

wn
= [ 1s0)-2.

where ¢ € 7 and f € C* (X,R). Again one has to check that the left-hand side defines a
closed 1-form to get a function on .7#. Using the asymptotic expansion for the Hessian of

Hilb; we got in theorem 4.6.2, we recover the following theorem proved by Fine in [11].
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Theorem 4.6.4. Under the map Hilby : 7€ — By the pull-back of the Hessian of balancing
energy admits an asymptotic expansion in which the leading order term is the Hessian of
Mabuchi energy. More precisely, for any f,g € C*(X,R) there is an asymptotic expansion
as k — oo given by

n

k}’l
(VAR i o) ((@Hilby)g (1) (dHilbg) (g / F7*95—2 +0 (k).

Proof. Using theorem 4.6.2 and the formula for the differential of balancing energy, the
second term of the right-hand side of formula 4.6.1 is given by,

(AFi) i o) (VHibL)  (£,8) = Tr ((ValHilbi) (1, ) fe )

B sa,sﬁ) (slg7sa) 0" Ny
Z X xX (21,2 A7 py ni2 -

Using the asymptotics for the Bergman kernels from section 2.3.2 and the fact that the
operator ¥ is self-adjoint, one easily sees that the leading order term in this expression is
given by

L / ro 9™ (4.6.2)

T Jx n!
On the other hand, we know from lemma 2 in Donaldson’s paper [8] that the differential of
Ey = Fy oHilby is given by
n

(@B, (1) = [ (4nkptBp0)

This expression admits an asymptotic expansion

(dEx), (f) = (a0)g (HK + (aa)y (HK+0 (k7).

Using the asymptotic expansion of the Bergman function from section 2.3.2, one sees that

o n+1 (D_n
(00) (f) =47k an,

ki’l n
() (1) =5 | S

These two quantities define 1-forms on .7 which by construction can be integrated up
and define functionals AY and E up to constants. AY is sometimes called the Aubin—Yau
functional and E is nothing else that Mabuchi energy (up to the k" /27-factor). The Hessian

of AY computed with respect to the Donaldson—-Mabuchi—Semmes metric vanishes, whereas
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the Hessian of Mabuchi energy is given by Z*%. To sum up, we get that the leading order
term of the right-hand side in 4.6.1 is given by

kn . wn
S /X 17" 78% (4.6.3)

Putting the terms 4.6.2 and 4.6.3 together yields the result.
[

Remark 4.6.5. Note that in our example, we used balancing energy as functional on By, but
the technique works in principle for any other functional on %, as well.

4.6.2 Proof of theorem 4.6.2

We start recalling some standard formulas from Kéhler geometry of which a proof can be

found for example in [22].
Lemma 4.6.6. Let h, = ¢**/'h be a path in . We have:
1. @y =y +12iddf ;
2. 2niddfA@" ' =Af@" ;
3. n(n—1)2iddf N2iddg A @" "> = AfAg — (2idd f,2iddg).

Throughout the proof, we work at a point ¢ € .77 and all quantities are computed with
respect to ¢ except mentioned otherwise. We fix s = s1,.. ., sy, to be a Hilby (¢ )-orthonormal
basis of H? (X, L¥). For y € ., the matrix of the inner product Hilby () with respect to s
is given by

: K Dy
(Hllbk(W))aB = /th (Sa,Sﬁ) F
Note that by definition (Hilbi(¢9)) o5 = 84p-

Using formula (4.6.1) and the expression of the connection on %, described in section
4.2 we get for f,g € Ty = C” (X,R),

V (dHilby) (7, 8) = f- (dHilby), () — 3 [(@Hilby), (1), (dHilbe) (2)])

~ (aHilb) ¢ (DF(g))
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Here [[-,]] denotes the anti-commutator [[A, B]] = AB+ BA.

We first compute the three terms of the right-hand side separately and then combine them.

Lemma 4.6.7. Let f,g € C* (X,R) and put §(s,t) = fs+ gt. The second variation
9,95 (Hilby (¢(s,1))) [s=oli=0
of Hilby(¢(s,t)) is given by
2,2
1677k T rg + ATk Ti agear + Ty apag—(2idar 2id0g)-
Proof. First recall that given @ (s,7) € S, the associated family of Hermitian metrics on L is

given by

hq)(sJ) — €4ﬂ(fs+gt)h¢.

We compute

9,05 (Hilby (¢ (s,2))) |s=olr=0

wn
_al (/h o) Saasﬁ) (P(Sf))
) 2nidd f A @'
(/ 4Tk I 0, (c,5p) "’“”)

0(0,1) sa,s[;)
0]
:/)(167r2k2fgh’(§, (sa-58)

s=01r=0

n! =0

2nz88g/\(0” ! 2nidd f A wgil

+/X47tkfh§) (Sar5p) +/4nkgh¢ (Sar5)

n! n!
n(n+1)2idd f A2iddg A !>
K -
+/){ ¢ (Sa,Sﬁ) n'
Using lemma 4.6.6 this can be rewritten as
(O (O

167r2k2/fghk (s55) —2 +47rk/ (FAg+8Af) M (sa:55) —

- _ (Dn
+/X (AfAg— (2100 f,2i0dg)) s (sa,sp) n_‘f’

which proves the lemma.
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Lemma 4.6.8. For f,g € C*(X,R), we have
(dHilby), ( _Ifc(g)) = 4k Ty (af,dg) + T A(df.dg)

Proof. This follows from the expression of the differential of Hilb; and the Levi-Civita
connection on .7Z. In fact since f and g can be thought of as constant vector fields on 57 we

have that D7 (g) = (df,dg).

]

Lemma 4.6.9. Let f,g € C* (X,R). There is an asymptotic expansion of the anti-commutator
[[(dHilby), (f), (dHilby), (8)]] given by

2 —1
K Tinotr.e) t R Tk (r.9) + Tk (1) HOKT)

where

Mo(f,8) =327°fg

M (f.g) =87m(fAg+gAf)) —8m ((df,dg) + (dg,df))

m(f,g) =2((D"°9f,D*'dg) + (D'P9g, D19 f)) +4(Ric,id f Ndg+idg AIf)
—2((0f,0(Ag)) + (9(Af),0g) + (g, d(Af)) + (I(Ag),df)) +2AfAg.

Proof. We have

(dHilby)g (f) o (dHilby) , (2)
= Tkankf+af © Tk ankg+ag
= 16752](2 Tk,f o Tk,g +4rk (Tkﬂf o Tk,Ag + Tk,Af o Tk,g) + Tk,Af o Tk,Ag

Using the notation from theorem 2.3.8 we can rewrite this as

2,2 1 ) 3
167°k" (Tico(r.0) 7o Thcy(r.0) Th “Thca(rg) +OK ™))

+ 47k (T cy (180 +Colafe) T K Tecy(r.ag)+Ci(87.0) + O )
+ T co(arag + O

Putting the terms of the same order together gives

2 —1
K T oo(1.6) Tk Tk oy(f.9) + Tros(r.g) HOKT),
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where

GO(fag) = 167[2C0(f7g)
61(f.g) = 167°Cy(f,8) +4m (Co(f,Ag) + Co(Af,8))

Using the exact values of the coefficients from theorem 2.3.8 these can be rewritten as

oo(f.g) = 167 fg
o1(f,g) = —8m(df,dg) + 4 (fAg+ gAf))
ox(f,8) =2(D"9f,D%' dg) +4(Ric,id f Ndg) —2 ((9f,d(Ag)) + ((Af),dg)) +AfAg.

By symmetry we deduce that the term [[(dHilby), (f), (dHilby), (g)]] is given by

2 —1
K Ty no(r.9) F 5 Teni(r.g) + Tems(r.g) T OKT)

where

Mo(f,8) =327°fg

M (f.g) =87m(fAg+gAf)) —8m ((df,dg) + (dg,df))

m(f.g) =2 ((D'9f,D%'9g) + (D'°9g, D" 3 f)) + 4(Ric,id f A dg +idg N If)
—2((0f,0(Ag)) + (9(Af),0g) + (98, d(Af)) + (I(Ag),df)) + 2AfAg.

]

End of the proof of theorem 4.6.2.

Putting lemma 4.6.7, 4.6.8 and 4.6.9 together we get

| | ' (I -
(VaHilbe) (f.8) = F - (dHilby), (&) — (dHilby), (D;C(g)> _ 5[[(dHllbk)q) (f), (dHilby) 4 (g)]]
2,2
=167k T o + 4Tk T rag+enf + Tk.,Ang—Qié&f,Ziéag)
— A4k Ty (af.ag) — Tka(af.dg)

1
2,2
— 167k Ty po +4TKT 1 59y (0g.07) — 47Kk rag+enr — 5 Tkm(s.0)
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One readily sees that the terms in k% vanish. Furthermore since

(df,dg) = (df,dg) + (dg,df)

we see that the term in k vanishes too so that the leading order is the leading order of the
Toeplitz operator applied to the function

AfAg — (2idd f,2iddg) — Adf,dg)
— ("9 f,D%'9g) + (D'09g,D*' I f)) — 2(Ric,id f Ndg+idg AIf)
+ ((91,0(Ag)) + (9(Af),08) + (98,9 (Af)) + (9(Ag),df)) — AfAg.

Formula (5.79) in [19] tells us that
Af,08) = (OAf,0g) +(df,dAg) —2(VI X9 f, VI X dg) —2(Ric,id f A dg).

The curvature term in the right-hand side comes from the non-commutativity of the Bochner-
Laplacian with the 9 and d-operators.

Applying this formula to the term

A(df.dg) =A((f,dg) +(dg,9f))
enables us to rewrite the leading order as

_(2id0f,2id9g) +2 (<vT*Xa FVTX gy 4 (VT X g vT'X 5 f>)
— ((D"°9f,D%' 3g) + (D' 09,013 ))

Observing that
(V™9 f,.VI"*9g) = (D'09 £, D" dg) + (D' f,D'09g)

and

(2iddf,2iddg) =2 (D™ af,D'0dg) + (D™ 9g, D'V f))

the leading order term simplifies to

(D'09f,0%' 3g) + (D' 09,013 ).
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In terms of the Lichnerowicz operator & : C* (X,R) — Q%! (TX) this can be written as

(2f,%g).

To see this, note that D%!9f is a section of (T*X)%! @ (T*X)%!. Using the metric, we
can identify @ f with an element of the holomorphic tangent bundle (TX)'0. Furthermore,
on (TX)'0 the (0,1)-part of the covariant derivative coincides with the usual d-operator.
Hence under this identification, D%'9 f = o (gradl’0 f). Moreover, (TX)' is canonically
isomorphic to (TX,J) and hence we can think of D%!9 f as a section of Q%! (TX). Finally,
under the isomorphism (7X)"? = (TX,J), one has that

() =2¢(, '>|(TX)1=0'

Observing that d commutes with J since X is Kihler concludes the proof.
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