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Light meson spectra and instanton-induced forces
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The spinless Salpeter equation supplemented by an instanton-induced force is used to describe the spectra of
light mesons, including the pseudoscalar ones. The coupling constants of the instanton-induced potential, as
well as the quark constituent masses, are not treated as simple free parameters but are calculated from the
underlying instanton theory. Quite good results are obtained provided the quarks are considered as effective
degrees of freedom with a finite size. A further test of the model is performed by calculating the electromag-
netic mass differences between S-wave mesons.@S0556-2821~98!05815-9#

PACS number~s!: 12.39.Ki, 12.39.Pn, 13.40.Dk, 14.40.Aq
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I. INTRODUCTION

Numerous papers has been devoted to the study of m
spectra in the framework of the potential model. In most
these works, it is assumed that the quark interaction is do
nated by a linear confinement potential, and that a sup
mentary short-range potential stems from the one-gluon
change mechanism~see, for instance, Refs.@1,2#!. The
results obtained with these models are generally in g
agreement with the experiments but the mesonsh and h8
cannot be described without adding an appropriate fla
mixing procedure with supplementary parameters.

On the other hand, Blasket al. @3# have developed a
nonrelativistic quark model which describes quite well
mesons~includingh andh8) and baryons composed ofu, d,
or s quarks. The long-range part of their interaction is t
usual linear confinement potential, but their short-range p
is a pairing force stemming from instanton effects. This fo
presents the peculiarities to act only on quark-antiqu
states with zero spin and zero angular momentum, an
generate constituent masses for the light quarks. The m
problem of this model, and more generally of all nonrelat
istic models, is that the velocity of a light quark inside
meson is not small compared with the speed of light. T
makes the interpretation of the parameters of such mo
questionable@2# @p. 164#.

At present, several works have been devoted to the s
of mesons with the instanton-induced forces in the fram
work of relativistic or semirelativistic models@4–6#, but in
all cases the constituent masses and coupling constants o
instanton-induced forces have been considered as free
rameters fitted to reproduce at best meson spectra. Actu
these quantities can be calculated from instanton theory
this work, our purpose is to develop a semirelativistic mo
for meson spectra including the instanton-induced forces,
with parameters calculated, as far as possible, with the
derlying theory. We will show that such a procedure is p
sible and gives very good results provided the quarks
considered as effective degrees of freedom with a finite s

Our paper is organized as follows. In Sec. II, the mode
constructed and the various parameters are presented, in
ing the quark size parameters. The numerical techniques
the fitting procedure for the parameters are described in
0556-2821/98/58~3!/034015~9!/$15.00 58 0340
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III, where the results are analyzed and a further test of
model is achieved with the calculation of the electromagne
mass differences. Concluding remarks are given in Sec.

II. MODEL

A. Spinless Salpeter equation

Our models rely on the spinless Salpeter equation. T
equation is not a covariant one, but it takes into acco
relativistic kinematics. It can be deduced from the Beth
Salpeter equation by neglecting retardation effects, the m
ing with negative energy states, and the spinor structure
the eigenstates. The spinless Salpeter equation has been
used to describe meson spectra~see, for instance, Refs
@1,6,7#!. This equation has the following form:

H5ApW 21m1
21ApW 21m2

21V~rW !, ~1!

whereV is the potential between the particles and wherepW is
their relative momentum. The vectorpW is the conjugate vari-
able of the interdistancerW.

As usual, we assume that the isospin symmetry is
broken, that is to say, that theu andd quarks have the sam
mass. In the following, these two quarks will be named
the symboln ~for normal or nonstrange quark!.

B. Funnel potential

It is now well accepted that the long-range part of t
interquark interaction is dominated by the confinement. T
best way to simulate this phenomenon in a semirelativi
equation is to use a potential increasing linearly with t
distance. With such an interaction, the Regge trajectorie
light mesons are well reproduced@2# @p. 137#. Moreover,
lattice calculations also find that the confinement is roug
proportional tor 5urWu. The short-range part is very often
Coulomb-like interaction stemming from the one-gluon e
change process. The idea is that, once the confineme
taken into account, other contributions to the potential
ergy can be treated as residual interactions. It is worth no
that the contribution of a constant potential is always nec
sary to obtain good spectra. Finally, the central potential c
sidered in our models is the so-called funnel potential@2#
© 1998 The American Physical Society15-1
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V~r !52
k

r
1ar1C. ~2!

Despite its simple form, this potential was the first one wh
is able to reproduce the charmonium spectrum quite well@2#.
Moreover, it gives very good results even in the light mes
sector~see, for instance, Ref.@7#!.

Experiment shows that vibrational and orbital excitatio
give many more contributions to the meson masses t
variations of spinS or total angular momentumJ in a mul-
tiplet. In this case, a spinless Salpeter equation, only sup
mented by the funnel potential, can yield very satisfact
results. Nevertheless, the situation is completely different
the L50 mesons for which the mass differences betweeS
50 andS51 states are extremely large. For these meso
another interaction must be taken into account in the mo

C. Instanton interaction

The instanton-induced interaction provides a suitable
malism to reproduce well the pseudoscalar spectrum. Ind
it is possible to explain the masses of the pion and the k
and to describe states with flavor mixing ash and h8 me-
sons. The form of the interaction depends on the quan
numbers of the state@3#.

For L5” 0 or S5” 0,

VInst50. ~3!

For L5S50 andI 51,

VInst528gd~rW !. ~4!

For L5S50 andI 51/2,

VInst528g8d~rW !. ~5!

For L5S50 andI 50,

VInst58S g A2g8

A2g8 0
D d~rW !. ~6!

The last potential acts in the flavor space (1/A2(uuū&
1udd̄&),uss̄&). The parametersg and g8 are two dimen-
sioned coupling constants@4# defined as

g5
3

8
geff~s!, ~7!

g85
3

8
geff~n!, ~8!

geff~ i !5S 4

3
p2D 2E

0

rc
dr d0~r!r2

3~mi
02r2ci !, ~9!

where mi
0 is the current mass of the flavori and ci

5(2/3)p2^q̄iqi&, ^q̄iqi& being the quark condensate for th
03401
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flavor. The functiond0(r) is the instanton density as a func
tion of the instanton sizer. For three colors and three flavor
this quantity is given by@4#

d0~r!53.6331023S 8p2

g2~r!
D 6

expS 2
8p2

g2~r!
D , ~10!

where

S 8p2

g2~r!
D 59 lnS 1

Lr D1
32

9
lnF lnS 1

Lr D G , ~11!

within two-loop accuracy@4#. The quantityL is the QCD
scale parameter andrc is the maximum size of the instanton
This is a cutoff value for which the ln-ln term in Eq.~11! is
still reasonably small compared with the ln term.

An interesting property of the instanton-induced intera
tion is the renormalization of quark masses, as it gives c
tributions to the constituent masses. The expression of th
contributions are given by@4#

Dmn5
4

3
p2E

0

rc
dr d0~r!~mn

02r2cn!~ms
02r2cs! ~12!

and

Dms5
4

3
p2E

0

rc
dr d0~r!~mn

02r2cn!2. ~13!

The instanton interaction is not necessarily the only sou
for the constituent masses@3#. Actually we introduce two
supplementary termsdn and ds which can be added to th
running masses. These terms are free parameters and a
dependent on the instanton parameters. Results with van
ing and nonvanishingdn and/or ds are given in Table II,
below. Finally the constituent masses in our models
given by

mn5mn
01Dmn1dn , ~14!

ms5ms
01Dms1ds . ~15!

We can rewrite expressions~9!, ~12!, and ~13! in a more
interesting form for numerical calculations by setting a
mensionless instanton size

x5Lr, ~16!

and defining another dimensionless quantity

an~xc!5E
0

xc
dx H 9lnS 1

xD1
32

9
lnF lnS 1

xD G J 6

xnF lnS 1

xD G232/9

,

~17!

wherexc5Lrc . So we obtain

g5
dp2

2

1

L3Fms
0a11~xc!2

cs

L2
a13~xc!G , ~18!
5-2
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g85
dp2

2

1

L3Fmn
0a11~xc!2

cn

L2
a13~xc!G ,

~19!

Dmn5d
1

LFmn
0ms

0a9~xc!2
~cnms

01csmn
0!

L2
a11~xc!

1
cncs

L4
a13~xc!G , ~20!

Dms5d
1

LF ~mn
0!2a9~xc!22

cnmn
0

L2
a11~xc!

1
~cn!2

L4
a13~xc!G , ~21!

with d53.633102334p2/3. Except the quantityxc , all pa-
rameters involved in Eqs.~18!–~21! have expected value
from theoretical and/or experimental considerations. The
tegration in Eq.~17! must be carried out until the ratio of th
ln term on the ln-ln term in Eq.~11! stays small. This ratio
called R here, increases withx from zero atx5x151/e to
very large values~see Fig. 1!. At x5x2'0.683105, the value
of this ration is 1. This last value corresponds to the mi
mum of the instanton density~see Fig. 1!. Thus we define the
parametere by

xc5x11e~x22x1! with eP@0,1#. ~22!

In this work e is a pure phenomenological parameter who
value must be contained between 0 and 1. To save calc
tion times, we have calculated some values ofan(xc) func-
tions for some given values ofe, and we use a spline algo
rithm to find other values. A good accuracy can be obtain
since these functions and their derivatives are known.
have verified that the spline procedure allows an accur
better than 1023 on values of quark masses and instan
coupling constants. So no numerical integration is necess
The functionsa9(x), a11(x), anda13(x) betweenx1 andx2
are given in Fig. 2.

D. Effective quarks

The quark masses used in our model are the constit
masses and not the current ones. It is then natural to sup
that a quark is not a pure pointlike particle, but an effect
degree of freedom which is dressed by the gluon and qu
antiquark pair cloud. As a correct description of this effec
far from being obvious, we use a phenomenologicalAnsatz,
as is the case in many other works~see, for instance, Refs
@1,6#!. It seems natural to consider that the probability de
sity of a quark in the configuration space is a peaked func
around its average position. The form that we retain i
Gaussian function

r i~rW !5
1

~g iAp!3/2
exp~2r 2/g i

2!. ~23!
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aIt is generally assumed that the quark sizeg i depends on the
flavor. So we consider two size parametersgn and gs for
quarksn ands, respectively. Any operator which depends
the quark positionsrW i andrW j must be replaced by an effectiv
one which is obtained by a double convolution of the ori

TABLE I. Centers of gravity~c.o.g.! of L and I multiplets in
GeV for mesons chosen to fix the parameters of the models.
values of the c.o.g. and their corresponding errors are given
formula ~33!. The symbol ‘‘mf ’’ means ‘‘mixed flavor.’’ A meson
name used to represent a multiplet in Figs. 4, 5, and 6 is underli

State Flavor I JP(C) N 2S11LJ c.o.g.

p nn̄ 1 021 1 1S0 0.13860.003

v nn̄ 0 122 1 3S1 0.77260.001

r nn̄ 1 122 1 3S1

h1(1170) nn̄ 0 112 1 1P1 1.26560.013

b1(1235) nn̄ 1 112 1 1P1

f 1(1285) nn̄ 0 111 1 3P1

a1(1260) nn̄ 1 111 1 3P1

f 2(1270) nn̄ 0 211 13P2

a2(1320) nn̄ 1 211 1 3P2

p2(1670) nn̄ 1 221 1 1D2 1.68160.012

v(1600) nn̄ 0 122 1 3D1

r(1700) nn̄ 1 122 1 3D1

v3(1670) nn̄ 0 322 1 3D3

r3(1690) nn̄ 1 322 1 3D3

f 4(2050) nn̄ 0 411 1 3F4 2.03960.022

a4(2040) nn̄ 1 411 1 3F4

p(1300) nn̄ 1 021 2 1S0 1.30060.100

v(1420) nn̄ 0 122 2 3S1 1.45460.026

r(1450) nn̄ 1 122 2 3S1

K s̄n 1/2 02 1 1S0 0.49660.002

K* (892) s̄n 1/2 12 1 3S1 0.89260.001

K1(1270) s̄n 1/2 11 1 1P1 1.38260.005

K0* (1430) s̄n 1/2 01 1 3P0

K1(1400) s̄n 1/2 11 1 3P1

K2* (1430) s̄n 1/2 21 1 3P2

K2(1770) s̄n 1/2 22 1 1D2 1.77460.012

K* (1680) s̄n 1/2 12 1 3D1

K2(1820) s̄n 1/2 22 1 3D2

K3* (1780) s̄n 1/2 32 1 3D3

f ss̄ 0 122 1 3S1 1.01960.001

h1(1380) ss̄ 0 112 1 1P1 1.48260.009

f 1(1510) ss̄ 0 111 1 3P1

f 28(1525) ss̄ 0 211 13P2

f3(1850) ss̄ 0 322 1 3D3 1.85460.007

f(1680) ss̄ 0 122 2 3S1 1.68060.020

f 2(2010) ss̄ 0 211 2 3P2 2.01160.080

h mf 0 021 1 1S0 0.54760.001
h8 mf 0 021 1 1S0 0.95860.001
5-3
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TABLE II. Optimal parameters found for various models~see Sec. III C!. Values between square brackets are fixed quantities in
model. When available, the expected value of a parameter is also given in the column ‘‘Expt.’’ TheAnsatzto calculategmf ~see Sec. II D!
is indicated and the parametersmn , ms , g, g8, andrc are calculated. The quantityx2~light! is the value of thex2 given by relation~32! for
the set of mesons from Table I. The corresponding quantity for an extended set of mesons~see Sec. III C! is indicated byx2~all!.

Parameter Model I Model II Model III Model IV Model V Expt.

mn
0 ~GeV! 0.015 0.013 0.004 0.015 0.015 0.002–0.015@10#

ms
0 ~GeV! 0.215 0.196 0.199 0.271 0.166 0.100–0.300@10#

L ~GeV! 0.245 0.299 0.223 0.231 0.262 0.20920.033
10.039 @10#

^n̄n& (GeV3) (20.243)3 (20.223)3 (20.236)3 (20.250)3 (20.240)3 (20.22560.025)3 @12#

^s̄s&/^n̄n& 0.706 0.834 0.704 0.700 0.703 0.860.1 @12#

a (GeV2) 0.212 0.225 0.207 0.201 0.235 0.2060.03 @13#

k 0.440 0.283 0.366 0.367 @0.000#
C ~GeV! 20.666 20.781 20.593 20.551 20.860
gn (GeV21) 0.736 0.730 0.764 0.773 0.586
gs (GeV21) 0.515 0.186 0.552 0.524 0.409
dn ~GeV! 0.120 0.147 @0.000# @0.000# 0.120
ds ~GeV! 0.173 0.228 0.118 @0.000# 0.194
e 0.031 0.162 0.011 0.046 0.003
gmf A2gngs Agn

21gs
2 A2gngs A2gngs A2gngs

mn ~GeV! 0.192 0.206 0.061 0.090 0.176
ms ~GeV! 0.420 0.443 0.351 0.312 0.385
g (GeV22) 2.743 2.767 3.117 3.336 2.002
g8 (GeV22) 1.571 1.213 1.846 1.807 1.241
rc (GeV21) 1.541 1.402 1.664 1.598 1.461

x2~light! 14.9 16.7 10.9 73.1 43.9
x2~all! 35 95.5
s
as

wo

ter

to
on
nal bare operator with the density functionsr i andr j . As a
double convolution is a heavy procedure which generate
very complicated form for the convoluted potentials, we
sume that the dressed expressionÕi j (rW) of a bare operator
Oi j (rW), which depends only on the relative distancerW5rW i

2rW j between the quarksqi andqj , is given by

Õi j ~rW !5E drW8Oi j ~rW8!r i j ~rW2rW8!, ~24!

FIG. 1. One-loop and two-loop approximations of the instan
density@see Eq.~10!# as a function of the dimensionless instant
size x5Lr. The absolute value of the ratioR ~see Sec. II C! and
the values ofx corresponding toe50 ande51 are indicated.
03401
a
-

wherer i j is also a Gaussian function of type~23! with the
size parameterg i j given by

g i j 5Ag i
21g j

2. ~25!

This formula is chosen because the convolution of t
Gaussian functions, with size parametersg i andg j , respec-
tively, is also a Gaussian function with a size parame
given by Eq.~25!.

n
FIG. 2. Values of the functionan(xc) @see Eq.~17!# as a func-

tion of xc and e for the three interesting values ofn. The curves
begin atxc5x151/e (e50), and end atxc5x2 (e51).
5-4
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LIGHT MESON SPECTRA AND INSTANTON-INDUCED FORCES PHYSICAL REVIEW D58 034015
After convolution with the quark density, the funn
dressed potential has the form

Ṽ~r !52k
erf~r /g i j !

r
1arFg i j exp~2r 2/g i j

2 !

Apr

1S 11
g i j

2

2r 2D erf~r /g i j !G1C, ~26!

while the Dirac distribution is transformed into a Gauss
function

d̃~rW !5
1

~g i jAp!3
exp~2r 2/g i j

2 !. ~27!

Despite this convolution, we will consider, for simplicity
that the instanton-induced forces act only onL50 states.

The modification of the confinement potential seems v
important but, actually, only its short-range part is modifie
It has little effect for a potential whose essential role is
govern the long-range dynamics. It has been verified@6# that
the convolution of the linear potential could be neglec
without changing sensibly the results, but we have never
less used the form~26! to be consistent.

The Coulomb part of the interaction is transformed into
potential with a finite value at the origin. This can be seen
a means to simulate asymptotic freedom. It has also b
noticed that the use of an error function removes the sin
larity of the spin-spin interaction, when this correction
taken into account@2# @p. 162#.

The introduction of a quark size is only necessary, from
mathematical point of view, to avoid collapse of the eige
values due to the presence of a Dirac distribution in
instanton-induced interaction. The definition of the size
rameterg i j is not obvious in the case of the nondiagon
term of the instanton-induced interaction~6!. This matrix
element mixesunn̄& and uss̄& flavor states. So, what defin
tion do we choose forg i j that we will notegmf in this case?
A first possibility is to take

gmf5Agn
21gs

2, ~28!

as in the case ofus̄n& mesons. But we can also choose

gmf5A2gngs, ~29!

for instance. Other choices are possible, but we only t
into account these two definitions in the following.

III. NUMERICAL RESULTS

A. Numerical techniques

The eigenvalues and the eigenvectors of our Hamilton
are obtained in expanding trial states in a harmonic oscilla
basisunlm&. In such a basis, matrix elements of the poten
are given by
03401
y
.
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e-
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e

n
r
l

^n8lmuV~r !unlm&5 (
p5 l

l 1n1n8

B~n8,l ,n,l ,p!I p , ~30!

with

I p5
2

G~p13/2!
E

0

`

dx x2p12exp~2x2!V~bx!. ~31!

The quantitiesI p are the Talmi integrals, while the coeffi
cientsB(n8,l ,n,l ,p) are geometric factors@8# which can be
calculated once for all. The parameterb is the oscillator
length which fixes the scale of the basis states. With t
parameter a dimensionless lengthx5b/r can be defined. In
our model all the Talmi integrals for the potential part of t
Hamiltonian are given by analytical expressions@6#. The ma-
trix elements of the kinetics part can be calculated with n
merical integrations, but we prefer to use another techniq
much more accurate and less time consuming. This met
is described in Ref.@7#. We just give here the main points o
the procedure. We calculate the matrix elements of the
erator pW 21m2 in the oscillator basis~this is an analytical
calculation!. Let us assume thatP is the corresponding ma
trix, D the diagonal matrix of the eigenvalues ofP, andU
the transformation matrix (D5U21PU). Then the matrix

elements of the operatorApW 21m2 are contained in the ma
trix UD1/2U21. This procedure is about 6 times faster than
numerical integration and gives a better accuracy. The u
zation of this procedure and the analyticity of the Talmi i
tegrals lead to a very short time of calculation. A minimiz
tion with 13 parameters lasts about 10–20 min on a Pent
200 workstation.

At last, it is worth noting that all the results obtained wi
the technique described above have been verified with
three-dimensional Fourier grid Hamiltonian method@9#.

B. Fitting procedure

The purpose of this work is to try to reproduce the sp
trum of light mesons with a quite simple model. Indeed w
use only a central potential supplemented by an instan
induced interaction to describe the pseudoscalar sector.
need 13 parameters to obtain a satisfactory theoretical s
trum. The instanton interaction is defined by six paramete
The current quark masses, the quark condensates for the
vorsn ands, the QCD scale parameterL, and the maximum
size rc of the instanton. Three parameters are used for
spin-independent part of the potential: the slope of the c
finementa, the strengthk for the Coulomb-like part, and the
constantC which renormalizes the energy. Four suppleme
tary parameters are introduced: the effective size of
quarksn ands, and two termsdn andds , which contribute
to the constituent quarks masses.

In our model, the quantum numbersL, S, andI are good
quantum numbers. ForL50 states, the instanton-induced in
teraction raises the degeneracy betweenS50 ~pseudoscalar!

andS51 ~vector! mesons, butS51 nn̄ mesons, which dif-
fer only by isospin, have the same mass. This is in qu
good agreement with the data. In the sectorL5” 0, the
5-5
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F. BRAU AND C. SEMAY PHYSICAL REVIEW D58 034015
instanton-induced interaction vanishes and the potentia
spin independent. Consequently, states which differ only
S, J, and I are degenerate. In a first approximation, th
corresponds also quite well to the experimental situation

To find the value of the parameters, we minimize ax2

function based on the masses of 18 centers of gra
~c.o.g.! of multiplets containing well-known mesons~see
Table I!:

x25(
i

FMi
theor.2Mi

expt.

DMi
expt. G 2

, ~32!

where the quantityDMi
expt. is the error on the experimenta

masses~it is fixed at the minimum value of 10 MeV!. The
quantum numbersv ~vibrational or radial quantum number!,
L, andS of these mesons are determined on an assignm
made in the Particle Data Group tables@10#. It is worth not-
ing that all members of several multiplets considered h
are not known. So we calculate the center of gravity w
only the known mesons; no attempt is made to estimate
masses of the missing states. The usual procedure to defi
center of gravity is

M c.o.g.5

(
J,I

~2I 11!~2J11!MJ,I

(
J,I

~2I 11!~2J11!

. ~33!

In the following, a center of gravity will be indicated by th
name of the state of the multiplet with the higher quant
numbersJ and I . At last, note that we do not include th
mesonsa0(980) and f 0(980) in the L51 multiplet since
experimental considerations and some theoretical works@10#

@pp. 99, 557# suggest that they are notqq̄ mesons.
To perform the minimization, we use the most recent v

sion of theMINUIT code from the CERN library@11#.

C. Meson spectra

A great number of parameter sets have been found for
model Hamiltonian. We present here only five among
most interesting ones, denoted from I to V. Parameters
these models are presented in Table II. All these models h
common features. For instance, it is always possible to
tain a quite good fit with a low current quark massmn

0 , in
agreement with the bounds expected@10#. The strange quark
massms

0 varies more significantly following the model, bu
its value is always reasonable@10#. The QCD scale param
eter L is a very sensible parameter of our model since
small change can largely modify the quantities deduced fr
the instanton theory@see Eqs.~18! to ~21!#. Nevertheless, the
values found are always in agreement with usual estimat
@10#. Values for the quark condensates are also reason
@12#. There is no direct measurement of the string tens
parametera, but lattice calculations favor the value 0.2
GeV2 with about a 30% error@13#. Our values are in good
agreement with this prediction.
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The strengthk of the Coulomb-like potential can strongl
vary from one model to another~see, for instance, Ref.@2#!.
The values found in this paper are always less than
which can be considered as an upper limit for relevant v
ues. In model V, we have fixedk50 as in the model of Ref.
@3#. But thex2 obtained is not good; this is essentially due
radial excitationsr(1450),p(1300), andf(1680). We con-
clude that the Coulomb-like potential must be taken into
count and that instanton-induced forces cannot explain a
the short-range part of the potential. Actually, this remark
already mentioned in Ref.@3#. As we can see from Table II
the constant potential is always necessary to obtain g
spectra. Its origin is not simple to explain. It can be cons
ered as a mechanism linked to the flux-tube model of mes
@5#. It has also been suggested thatC'22Aa @2# @p. 190#.
Our models are not in very good agreement with this l
prediction, as we can note a deviation as large as 40%.
we do not consider that it is as an important drawback of
models.

There is no real estimation of the quark sizes. They
purely phenomenological parameters whose role is to t
into account relativistic effects@1# as well as sea-quark con
tributions. In all our models the size of then quarks,gn , is
nearly a constant, around 0.7–0.8 GeV21. The n-quark size
drops down to 0.6 GeV21 in model V without the
Coulomb-like potential. This shows the strong influence
this interaction in determininggn . It is worth noting that the
introduction of quark sizes modifies deeply the structure
the potential. This is illustrated in Fig. 3 where the dress
and nondressed potential for ther meson are presented. Th
s-quark size depends on theAnsatzchosen to calculategmf .
Whengmf5Agn

21gs
2, gs can take vanishing values withou

generating collapse of the eigenenergies. This is no lon
true if gmf5A2gngs. The first definition ofgmf is chosen in
model II and we can remark that in this case the value ofgs
is significantly smaller than in other models, where the s
ond definition is used.

FIG. 3. Interquark potentialV(r ) in GeV as a function ofr in
GeV21 for the r and p mesons. The potential for ther meson
without taking into account the effect of the quark sizes~non-
dressed! is also presented. The corresponding potential for thep
meson cannot be shown because the presence of a Dirac distrib
coming from the instanton-induced interaction.
5-6
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Table II shows that the contributions of parametersdn and
ds can be quite large when they are not fixed in the minim
zation. The origin of these terms is not clear but their valu
indicate that the instanton effects cannot generate solely
constituent masses in our model Hamiltonian. We ha
found sets of parameters which give reasonablex2 values
with vanishingdn and/ords but, in this case, the constituen
quark masses can be very small. Model III has actually
lowestx2 value that we have found but the constituent qu
masses are so small that a generalization of this mode
baryon spectra appears very problematic@14#.

In all sets of parameters that we have determined,
value ofe is always close to zero. This is consistent with t
fact that the cutoff radius for the integration over instant
density must be small enough in order that the ln-ln term
Eq. ~11! must be reasonably small compared with the
term. Actually, we can fix arbitrarilye50 without spoiling
the results, while values close to unity yield bad results.

In Figs. 4–6, we present the meson spectra of mode
We consider this model as the best we have obtained. M
III is characterized by a lowestx2 value but, as mentioned

FIG. 4. Comparison of experimental~open circles with the cor-
responding error bars! and calculated~solid diamonds! spectra of

nn̄ mesons for model I. Framed names indicate centers of gravit
multiplets used to fix the parameters.

FIG. 5. Same as for Fig. 4 but fors̄n mesons.
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above, the corresponding constituent quark masses are
small to hope to obtain good baryon spectra. Thex2 value of
model II is also good but the strange quark size seems v
small with respect to the usual estimations found in the
erature. In order to decide between models I and II, we h
tested these two potentials in the heavy meson sector.
fitting the masses and the sizes of the quarksc andb on 10
c.o.g. ofcc̄, bb̄, s̄n, cs̄, and b̄n mesons, we have recalcu
lated ax2 value for the all 28 c.o.g. considered in this pap
~18 for light mesons and 10 for heavy mesons!. The results
are indicated in Table II. Clearly, model I is preferable. T
bad value obtained for model II is due to an interplay b
tween the small strange quark size and the low Coulo
strength.

The partialx2 for each meson~actually, each c.o.g. of a
meson multiplet! of model I is below 1.6, except for the
p(1300),r(1450), anda4(2040) mesons. In Fig. 4, we ca
see that thenn̄ mesons are quite well reproduced. The larg
error is obtained for thep~1300!, but the uncertainty on this
meson is very large. We can remark on a slight deviat
from the linear Regge behavior, but it can be very well
produced within semirelativistic kinematics when only a li
ear potential is used.

In the s̄n sector, vibrational excitations of theL50 me-
sons are not satisfactorily reproduced~these states are no
taken into account in the minimization procedure!. From the
experimental point of view, the situation is not clear@10#.
For instance, internal quantum numbers ofK* (1410) and of
K* (1680) are not well defined yet. This problem was a
revealed in some previous works@5,6#. But all the ground
states are quite well reproduced.

The ss̄ sector is poor in experimental data but all th
states obtained in our model are in quite good agreem
with these data. In the mixed-flavor mesons, we reprod
theh andh8 states. The two vibrational excitations of the
mesons can be identified quite well with theh(1295) and the
h(1760). Note that a calculated state lies between
h(1295) andh(1440), which is a non-qq̄ meson candidate
@10#. At last, we find a supplementary state between
h(1760) and theh(2225), the last one being a not-wel
established state.

of

FIG. 6. Same as for Fig. 4 but forss̄ and mixed-flavor mesons
5-7
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D. Electromagnetic corrections

The electromagnetic mass differences between me
are usually ignored in studies of meson spectra. The reas
that these mass differences are very small, of the orde
some MeV, compared with the orbital and vibrational ex
tations due to the strong interaction, which can amoun
about 1 GeV. Nevertheless, it is interesting to calculate
electromagnetic splittings as they provide further tests of
model. In particular, the mass differences are very sens
to the short-range part of the wave functions.

The electromagnetic mass differences between me
are due to two distinct effects. A first contribution is pr
vided by the mass difference between theu andd quarks. In
our models we have assumed that these two quarks hav
same mass, but it is no longer relevant to calculate elec
magnetic phenomena. In the following, we will assume t
mn5(m̄d1m̄u)/2, where m̄i is the real constituent quar
mass. We defineed5m̄d2mn and eu5m̄u2mn . For the
strange quark, we havem̄s5ms andes50. The second con
tribution is due to the electromagnetic potential existing
tween quarks. In a first order approximation, this interact
has the following form:
n
l
it
a

he
h
-

r
ar
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e
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n
.
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Vem~r !5a
QiQj

r
, ~34!

wherea is the electromagnetic fine-structure constant, a
Qi is the quark charge for the flavori in units of e. This
approximation is too crude since the first relativistic corre
tions of Vem andVem have similar contributions to the elec
tromagnetic mass differences@2#. We will consider only S-
wave mesons, that is to say, that the spin-spin interactio
the only nonvanishing correction. As we work in the fram
work of semirelativistic models, we will use a relativize
version of the spin-spin potential. A method to obtain suc
potential is suggested in Ref.@2# @p. 198# and has been use
in Ref. @1#. The idea is to replace the factors 1/mi by the

operators 1/ApW 21mi
2 in the interaction expression.

The contribution of the electromagnetic HamiltonianHem
can be calculated within first order in perturbation theo
@15#. Assuming that this Hamiltonian is the difference b
tween the total Hamiltonian~strong plus electromagnetic!
and the Hamiltonian used in our models, the electromagn
contribution, is, in a first order approximation,
^Hem&5mie iK 1

ApW 21mi
2L 1mje jK 1

ApW 21mj
2L 1aK QiQj

r
L 2a

8p

3 K QiQjSW i•SW jF 1

ApW 21mi
2
d~rW !

1

ApW 21mj
2G L ,

~35!
ce
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where the symbol@O# is used to indicate the symmetrizatio
of the operatorO. The expression~35! reduces to the usua
nonrelativistic form when quark masses tend toward infin
@2# @p. 169#. Mean values of operators can be evaluated
well by using the harmonic oscillator development of t
wave functions as well directly in configuration space. T
isospin breaking between theu andd quarks is a free param
eter in our models, and so this quantity has been fitted
reproduce theK12K0 mass difference. The results fo
model I are shown in Table III. Other models give simil
results since in all cases the pseudoscalar states are we
scribed. In magnitude, all results are around 2 times the
perimental data, but the hierarchy of mass differences is

TABLE III. Electromagnetic mass differences for some meso
in MeV. The results of our model I are compared with the data

Model I Experiment@10#

mp12mp0 7.184 4.59460.001
mr12mr0 1.361 20.30062.200
mK12mK0 fitted 23.99560.034
mK* 12mK* 0 211.047 26.70061.200

md2mu 26.610a &15

aFitted to reproduce themK12mK0 difference.
y
s

e

to

de-
x-
e-

served. In particular the quantitymd2mu has a good sign.
This is not always obvious to obtain in potential models@16#.
It is worth noting that our models are optimized to reprodu
meson mass spectra with an accuracy of around 10 MeV,
not to obtain the best possible wave function. So we cons
that the results found are quite well satisfactory.

We also tried to calculate the electromagnetic mass
ferences with the nonrelativistic equivalent of Eq.~35!, but
the results obtained are very bad. For instance, isospin br
ing betweend andu quark can be found as large as 50 Me
We have found that the nonrelativistic form of the electr
magnetic spin-spin interaction is responsible for so poor
sults. This indicates that relativized forms of operators
important to obtain coherent results in semirelativistic mo
els. Since the Coulomb-like strong interaction is of pure v
tor type, a strong spin-spin interaction must be introduce
one wants to take into account the relativistic corrections
the strong potential. We can guess that the use of a rela
ized form will be highly preferable than the usual nonre
tivistic form.

IV. CONCLUDING REMARKS

It is well known that the spinless Salpeter equati
supplemented by the so-called funnel potential can desc
quite well the main features of the meson spectra@7#. The

s
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LIGHT MESON SPECTRA AND INSTANTON-INDUCED FORCES PHYSICAL REVIEW D58 034015
mass differences between members of aL multiplet are gen-
erally small with respect to vibrational and orbital excit
tions. Except in the pseudoscalar meson sector, the spin
approximation is then generally good. The instanton-indu
forces provide a satisfactory way to describe the structur
light S-wave mesons, including the annihilation pheno
enon.

Several works are devoted to the study of meson spe
within relativistic or semirelativistic models using instanto
effects @4–6#. In these works, the instanton parameters
simply considered as free parameters to be fitted on dat
our paper, we try to calculate these parameters from the
derlying theory. Our model relies on the spinless Salpe
equation supplemented by the usual funnel potential and
instanton-induced force. Thirteen parameters are neces
to completely fix the Hamiltonian. This number could appe
large, but six parameters are strongly constrained by exp
mental or theoretical considerations, namely, the curr
quark masses, the QCD scale parameter, the quark con
sates and the string tension. The Coulomb strength and
constant potential are unavoidable parameters of pote
models. Actually, the Coulomb-like potential could be r
placed by an interaction taking into account the asympt
freedom, but it is a complication especially necessary w
describing heavy meson spectra.

The relevance of the remaining five parameters is m
questionable. If quarks are considered as effective degre
freedom, then a size as well as a constituent mass ca
associated with a quark. Generally, the quark size is
scribed with a two-parameter function of the constitue
mass. As we consider only two different flavors, it is usel
to introduce such a quark size parametrization. To
knowledge, there is no reliable estimation of the quark s
but our values are in good agreement with values found
cl
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other works@1,6#. The radial part of the instanton-induce
potential is a Dirac distribution, and so it is necessary
replace this form by a short-range potential peaked at
origin. The introduction of quark sizes offers a natural w
to realize that, without introducing a new free parame
which is the instanton range.

The two-dimensioned coupling constants of the instant
induced force are calculated from the instanton theory. T
interaction generates also constituent masses for the
quarks. Our work shows that other contributions must
added to explain the large constituent masses ofn and s
quarks. These contributions which lie between 100 and
MeV are quite large. It is possible to cancel them, but
price to pay is then to obtain unrealistic very small consti
ent masses. We consider that it is better to keep the la
values of these contributions. Their origin is not clear b
sea-quark or relativistic effects could explain their presen

The parametere reflects the uncertainties about the for
of the instanton density, which is known within the two-loo
approximation. The values found in all models are consist
with the fact that the cutoff radius of the instanton size m
be small.

We have shown that the light meson spectra can be
scribed by a semirelativistic model including an instanto
induced force whose characteristics are calculated from
underlying theory. Moreover, calculation of electromagne
mass differences between mesons indicates that the w
functions obtained are quite satisfactory. The next steps
to calculate meson widths and to generalize the mode
baryons. Such a work is in progress.
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