
Chapter 17

Multirhythmicity for a Time-Delayed
FitzHugh-Nagumo System with Threshold

Nonlinearity

Lionel Weicker, Lars Keuninckx, Gaetan Friart,

Jan Danckaert and Thomas Erneux

Abstract A time-delayed FitzHugh-Nagumo (FHN) system exhibiting a threshold

nonlinearity is studied both experimentally and theoretically. The basic steady state

is stable but distinct stable oscillatory regimes may coexist for the same values of

parameters (multirhythmicity). They are characterized by periods close to an integer

fraction of the delay. From an asymptotic analysis of the FHN equations, we show

that the mechanism leading to those oscillations corresponds to a limit-point of

limit-cycles. In order to investigate their robustness with respect to noise, we study

experimentally an electrical circuit that is modeled mathematically by the same delay

differential equations. We obtain quantitative agreements between numerical and

experimental bifurcation diagrams for the different coexisting time-periodic regimes.

17.1 Introduction

Excitable systems play important roles in biology and medicine. Phenomena such as

the transmission of impulses between neurons, the cardiac arrhythmia, the aggre-

gation of amoebas, the appearance of organized structures in the cortex of egg

cells, all derive from the activity of excitable media [1–3]. The classical example

of an excitable phenomenon is the firing of a nerve. According to the Hodgkin and

Huxley (HH) equations [1, 4] a sub-threshold depolarization dies away monotoni-

cally, but a super-threshold depolarization initiates a spike potential. FitzHugh and
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Nagumo (FHN) [5, 6] later formulated a simplified version of the HH equations that

describes the essential features of the nerve impulse in terms of two differential equa-

tions. The phase-plane analysis of the possible trajectories clarifies the conditions

for excitability. A successful spike is generated only if a perturbation from the rest

state surpasses a critical threshold.

The effects of time delays in neurosystems have recently attracted a lot of

attention [7]. Delays are inherent in neuronal networks due to finite conduction

velocities and synaptic transmission. Small neurons transmit over short distances

<1 mm at velocities <2 m/s. Large neurons transmit over longer distances (cm to

meters) at velocities of 10–100 m/s [8]. Specific synchronization or desynchroniza-

tion patterns are essential for neural functioning and they have been investigated

by formulating network models. Early studies considered coupled phase oscillator

systems [9–12] that allowed analytical results. Biologically more realistic network

models are now explored showing how time delays affect the structural heterogeneity

of the network [13–16]. While most studies concentrated on populations of coupled

limit-cycle oscillators, work has also been done on coupled excitable units. The case

of two delayed coupled FHN systems has been examined in detail showing that stable

periodic oscillations may coexist with a stable steady state [17–19]. The bifurcation

phenomenon is fully induced by the delay τ and represents a new form of oscillatory

synchronization exhibiting a period close to 2τ . Physically, the delayed coupling

allows the sequential spiking of the two cells by controlling the timing of each pulse.

In [20], we applied asymptotic techniques appropriate for slow-fast systems and

constructed periodic solutions of a two delayed-coupled FHN system. We found

that in addition to the 2τ -periodic solution, there exist periodic solutions of period

2τ/n where n = 1, 2, . . . for the same values of the parameters. We experimentally

investigated their robustness with respect to noise by designing an electronic circuit

that simulates our two coupled FHN system. In this chapter, we consider only one

FHN system subject to a delayed feedback and wonder if a stable periodic solution

may still be an alternate to a stable steady state. This question was recently raised

by Hövel (Sect. 6.3 in [21]). His work was motivated by earlier studies of Schöll and

coworkers [22–24] who explored the effect of the delayed feedback on noise-induced

oscillations. Here, we deliberately consider a delayed FHN problem where no Hopf

bifurcation is possible even in the presence of a delayed feedback. We however

anticipate that a periodic solution may appear through a limit-point of limit-cycles.

Specifically, we consider the following FHN equations

εx ′ = −x − y + H [x(t − τ) − a], (17.1)

y′ = x, (17.2)

where H(x) is the Heaviside step function. 0 < a < 1/2 is a threshold parameter for

the onset of pulses. ε ≪ 1 is a small parameter which implies that x is fast compared

to y. τ = O(1) is the delay of the feedback. The presence of a threshold nonlinearity

means that Eqs. (17.1) and (17.2) can effectively be treated as a piece-wise linear

system. The study of piece-wise FHN systems has allowed for important advances
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in the understanding of excitable systems when diffusion is included [1, 25, 26]

and/or delay [26, 27].

The multiplicity of periodic solutions of delay differential equations (DDE) is

not a new phenomenon for oscillators subject to a delayed feedback. It has been

shown for specific problems where the steady state is unstable that the period of the

limit-cycle oscillations exhibits multiple hysteresis loops as the delay increases [28].

It is a generic phenomenon for a large class of DDEs [29]. Here we consider a slow-

fast system with a stable steady state and with an arbitrary delay. We have found

numerically that the coexistence of periodic solutions persist even for small delays

[τ = O(ε)].

The steady state (x, y) = (0, 0) is a stable focus whatever the value of τ . By con-

trast to the analysis in [20], we do not immediately take advantage of the small para-

meter ε but construct a periodic solution by combining two partial solutions valid

for x(t − τ) < a and x(t − τ) > a, respectively. We obtain transcendental equa-

tions for key properties of the solution that we then analyze in terms of parameter a.

We show that the bifurcation mechanism for their emergence is a limit-point of

limit-cycles.

The organization of the chapter is as follows. In Sect. 17.2.1, we investigate

Eqs. (17.1) and (17.2) numerically and highlight the multirhythmicity phenomenon.

More precisely, we observe stable periodic solutions characterized by different peri-

ods for the same values of the fixed parameters. To this end, we use different initial

functions for the delayed variable x . In Sect. 17.2.2, we construct a time-periodic solu-

tion of Eqs. (17.1) and (17.2), and numerically determine bifurcation diagrams for all

the periodic regimes found in Sect. 17.2.1. The bifurcation mechanism is then inves-

tigated analytically in Sect. 17.2.3 where we explore the limit ε → 0. Section 17.3 is

devoted to experiments on an electronic circuit described by Eqs. (17.1) and (17.2).

We show that the periodic solutions predicted theoretically are robust to noise and

we compare quantitatively experimental and numerical bifurcation diagrams. Finally,

we summarize our main results in Sect. 17.4 and discuss how a specific regime has

been selected in real optical devices.

17.2 Theory

17.2.1 Numerical Observations

Equations (17.1) and (17.2) admit only one steady state solution (x, y) = (0, 0).

This state is always stable but under specific initial conditions and parameter values,

we observe different coexisting stable time-periodic solutions (multirhythmicity).

See Fig. 17.1. The different regimes have been obtained using the following initial

conditions
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Fig. 17.1 Time traces for x(t) (black) and y(t) (gray) obtained numerically from Eqs. (17.1) and

(17.2) with the initial conditions given by (17.3) and (17.4). The values of the fixed parameters

are τ = 1, ε = 10−2, and a = 0.2. From (a) to (d), the figure shows different periodic solutions

characterized by their period Tn ≃ τ/n (n = 1, . . . , 4)

x (t) = cos

(

2πnt

τ

)

(−τ < t ≤ 0), (17.3)

y (0) = 0, (17.4)

where n is an integer. Increasing n leads to periodic solutions with smaller periods

and smaller orbits in the phase-plane. Figure 17.2 shows the τ -periodic limit-cycle in

the phase-plane. It consists of two slowly varying parts following the slow manifold

(broken lines)

y = −x + H(x − a) (17.5)

connected by two fast transition layers at nearly constant values of y.

Each periodic solution is characterized by its period Tn ≃ τ/n. Oscillations with

smaller periods have also been found but are not shown for clarity. The extrema of

x do not change significantly as n increases. The change is more dramatic if we

examine the extrema of y and the bifurcation diagram is shown in Fig. 17.3a in terms

of the extrema of y using a as the bifurcation parameter. The bifurcation diagram

is obtained by a continuation method i.e., we integrate Eqs. (17.1) and (17.2) for a

large interval of time changing a by steps and by using the previous solution as the

new initial function.

We observe that the different solutions exist up to a critical value ac
n . Beyond this

value, the system either jumps to a periodic state exhibiting a larger period or to the
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Fig. 17.2 Limit-cycle in the (x, y) phase-plane together with the slow manifold (17.5) (broken

lines). Same values of the fixed parameters as in Fig. 17.1 and n = 1

stable steady state. The critical values ac
n are listed in Table 17.1. We note that the ac

n

decreases as n increases which suggests that a large number of coexisting regimes

are more likely to be found if a is close to 0. Table 17.1 also indicates the values

obtained experimentally using an electronic circuit (see Sect. 17.3). The agreement is

clearly quantitative. The bifurcation diagrams suggests that each branch of periodic

solutions terminates at a limit point of limit-cycles. In order to verify this bifurcation

mechanism, we construct an analytical solution in the next section.

17.2.2 Construction of the Periodic Solution

The numerical time integrations depend on the basins of attractions of each

periodic solution as well as their linear stability properties. Transients can be

very long near the limit points of periodic solutions which limit the accuracy

of our numerical solutions. In this section, we propose an alternative method based

on an analytical construction of each periodic solution.

Because Eqs. (17.1) and (17.2) are piecewise linear ordinary differential equa-

tions, we may construct a periodic solution by connecting two separate expressions

valid for x(t − τ) < a and x(t − τ) > a, respectively. We obtain strongly nonlin-

ear transcendental equations for different unknown quantities. They will be solved

numerically for a fixed value of ε and analytically in the limit ε small. Figure 17.4

shows the periodic solution of Fig. 17.1b for both x(t) and x(t − τ). Time t = 0 is

chosen as the time where x(t − τ) − a becomes positive causing a sudden increase

of x(t). Time t = t1 is defined as the time where x(t − τ) − a becomes negative

now causing a decrease of x(t). Time t = t2 is the total period where x(t − τ) − a

is again positive. We assume that the period is given by
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Fig. 17.3 Extrema of y as

functions of parameter a for

each Tn-periodic solution

(Tn ≃ τ/n) for n = 1

(black), n = 2 (red), n = 3

(blue), and n = 4 (orange).

The critical points ac
n mark

the point where the

Tn-periodic solution is no

more observed. a Bifurcation

diagrams of the stable

periodic solutions of

Eqs. (17.1) and (17.2). The

fixed parameters are τ = 1

and ε = 10−2. b Bifurcation

diagrams obtained

experimentally using the

electronic circuit described

in Sect. 17.3. c Extrema of y

obtained from the analytical

construction of the periodic

solutions (see Sect. 17.2.2)

for the same values of the

fixed parameters

(b)

(a)

(c)

Tn =
τ + δ(ε)

n
, (17.6)

where δ/n = O(ε) is defined as the small correction of τ/n. Consequently,

x(t − τ) = x(t − nTn + δ) = x(t + δ). (17.7)

gfriart@ulb.ac.be



17 Multirhythmicity for a Time-Delayed FitzHugh-Nagumo System … 343

Table 17.1 ac
n obtained

numerically and

experimentally for the

Tn-periodic regimes

n ac
n numerical ac

n experimental

1 0.45 0.45

2 0.38 0.38

3 0.31 0.31

4 0.23 0.22

a

δδ

x (t)

x ( t)

x ( t-τ)

x ( t-τ)

(b) (c)

t

x (t-τ) x ( t)

t2

t1

(a)

0 t1 t2

0 δ t1 t1+δ

Fig. 17.4 Time series corresponding to Fig. 17.1b showing both x(t) and x(t − τ). Times t = 0, t1,

and t2 mark the points where x(t − τ) − a first becomes positive, then negative, and again positive.

b and c are blow-ups of the fast transition layers at t = 0 and t1, respectively

Equation (17.7) implies that x(−τ) = x(δ) and x(t1 − τ) = x(t1 + δ), as illustrated

in Fig. 17.4b and c. In addition to the amplitude and waveform of the solution, we need

to determine t1 and δ.

17.2.2.1 0 < t < t1

During the time interval 0 < t < t1, x (t − τ) > a and the Heaviside function is

equal to 1 (see Fig. 17.4b). The equations for x and y are then given by

εx ′ = −x − y + 1, y′ = x . (17.8)
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They admit the solutions

x = Aeλ+t + Beλ−t , (17.9)

y = 1 − (1 + ελ+)Aeλ+t − (1 + ελ−)Beλ−t , (17.10)

where A and B are integration constants and

λ± =
−1 ±

√
1 − 4ε

2ε
. (17.11)

17.2.2.2 t1 < t < t2

During the time interval t1 < t < t2, x (t − τ) < a and the Heaviside function is

equal to 0 (see Fig. 17.4c). The equations for x and y now are

εx ′ = −x − y, y′ = x (17.12)

and admit the solutions

x = Ceλ+(t−t1) + Deλ−(t−t1), (17.13)

y = −(1 + ελ+)Ceλ+(t−t1) − (1 + ελ−)Deλ−(t−t1), (17.14)

where C and D are two new constants of integration. Our problem depends on

seven unknowns namely A, B, C , D, δ, t1, and t2. To obtain additional equations

for these unknowns, we apply connection conditions. The details are relegated in the

Appendix. We obtain a single equation relating t1 and δ given by

0 =
2 − eλ+t21 − eλ+t1

1 − eλ+t2
+

(

eλ−t21 − 2 + eλ−t1

1 − eλ−t2

)

e(λ−−λ+)δ. (17.15)

If we fix t1 and n, we may determine δ numerically from Eq. (17.15) using the

dichotomy method. From (17.47), we then evaluate t2. The coefficients A and B are

obtained from (17.44) and (17.39), respectively. The value of a is computed by using

(17.45). By taking the derivatives of (17.10) and (17.14), we determine the extrema

of y for a single value of t1 and n. If we apply the same procedure for different values

of t1 and n, we obtain bifurcation diagrams where a is the bifurcation parameter.

Figure 17.3c represents the extrema of y as function of the parameter a for dif-

ferent time-periodic regimes (n = 1, 2, 3 and 4). We clearly note that they emerge

from limit-points of limit-cycles located at a = ac
n . Comparing Fig. 17.3a and c, we

note that the extrema obtained numerically by integrating Eqs. (17.1) and (17.2) start

to slightly deviate from the extrema obtained by the analytical construction in the

vicinity of the limit points. Moreover, there are significant differences between ana-

lytical and numerical estimates of the ac
n . It suggests a possible change of stability of
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the branches of periodic solutions near the limit points although we didn’t find any

numerical evidence of a secondary bifurcation to quasi-periodic oscillations. It is

most likely that the periodic solutions are weakly stable in the vicinity of the limit

points.

17.2.3 The Limit ε → 0

In order to further progress analytically, we investigate the asymptotic limit ε → 0.

For τ = O (1), ε → 0 and a → ac
n , we note that |λ+| = O (1), |λ−| = O

(

ε−1
)

, t1 =
O (|ε ln (ε)|) ≪ 1, and t2 = (τ + δ)/n = O (1). The two exponentials exp(λ−t21)

and exp(λ+t21) are then O
[

exp(−ε−1)
]

small quantities and Eq. (17.50) reduces to

1 − λ+t1 +
λ2

+t2
1

2

1 + eλ+τ/n

1 − eλ+τ/n
+

(

−2 + eλ−t1
)

e(λ−−λ+)δ = 0. (17.16)

From (17.16), we extract δ as

δ =
1

(λ− − λ+)
ln

(

1 − λ+t1

2 − eλ−t1

)

,

≃
ln (2)

(λ+ − λ−)
. (17.17)

From (17.49) and using (17.16) and (17.17) in order to eliminate exp
[

(λ− − λ+) δ
]

and exp (−λ+δ), we obtain

a =
1

ε
[

λ+ (1 − ln (2)) − λ−
]

[

1

2
+ λ+t1

(

1

1 − eλ+τ/n
−

1

2

)

−
eλ−t1

4

]

. (17.18)

We wish to find a limit point of limit-cycles. To this end, we analyze the condition

da/dt1 = 0. From Eq. (17.18), we find

t1c =
1

λ−
ln

[

2
λ+

λ−

(

1 + eλ+τ/n

1 − eλ+τ/n

)]

. (17.19)

Using λ+ ≃ −1 and λ− ≃ −ε−1 + 1, we simplify Eqs. (17.18) and (17.19), and

obtain

a =
1

[1 − 2ε + ε ln (2)]

[

t1

(

1

2
−

1

1 − e−τ/n

)

+
1

2
−

e−ε−1t1

4

]

, (17.20)
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Fig. 17.5 The different curves represent the interval of time t1 as functions of a for n = 1 (black),

n = 2 (red), n = 3 (blue), and n = 4 (orange). They are obtained from Eq. (17.20) which is the

leading approximation of the exact conditions for ε small. For each periodic solution, we note two

branches that emerge from a limit point

and

t1c = −ε ln

[

2ε

(

1 + e−τ/n

1 − e−τ/n

)]

. (17.21)

The critical values ac
n are obtained by inserting (17.21) into (17.20). Figure 17.5 is

obtained from Eq. (17.20) and represents the time t1 as function of a for n = 1, 2, 3,

and 4. As in Fig. 17.3c, we observe that oscillations of period τ/n beyond ac
n are

no more possible. Moreover, we note that the critical values obtained by evaluating

numerically the analytical conditions valid for arbitrary ε or their approximations

for ε small are very close. They are listed in the Table 17.2.

Table 17.2 ac
n obtained

analytically (exactly and in

the limit ε → 0) for the

Tn-periodic regimes

n ac
n exact ac

n (ε → 0)

1 0.462 0.461

2 0.434 0.433

3 0.411 0.409

4 0.391 0.388
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17.3 Experiments

17.3.1 Circuit

In order to test the experimental accessibility of our theoretical results, we have build

a nonlinear electronic circuit that simulate our FHN system (see Fig. 17.6).

Assuming the values of R1, R2 and R3 are sufficiently close to each other, the

evolution equations for Vx and Vy are given by

R2C2

dVx

dt
= −Vx − Vy − Vz + 3Vre f , (17.22)

dVy

dt
=

Vx

R4C4

−
Vre f

R4C4

+
Vre f

R5C4

−
Vy

R5C4

, (17.23)

while

Vz = −Vref H(Vx (T − TD) − Va) + Vref.

The Heaviside function is accomplished by comparator U3a . The circuit was built

on a ‘breadboard’ and connected to a commercially available Digilent Nexys 2 Field

Programmable Gate Array (FPGA) board. The FPGA board is programmed as a

digital delay line with provisions for storing and generating signals. The interfacing

between the digital FPGA and the analog circuit is done by using several ‘PMOD’

Fig. 17.6 A single FHN circuit. U3a is used as a comparator to build the Heaviside step function.

The delay is built using an FPGA equipped with AD and DA converters (not shown)

gfriart@ulb.ac.be
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AD0

a y(t)FHN

x(t −  )τ x(t)

delay line memory

Digital part

storage
’a’ value

memory

memory

storage

Fig. 17.7 Schematical view showing how the data flows in the experiment

analog-to-digital (AD) and digital-to-analog (DA) plug-in modules, also from Dig-

ilent. Figure 17.7 shows how the digital part is programmed and connected to the

analog FHN circuit. x(t) is read by AD0 and a delayed version x(t − τ) is output by

DA1. In between is a patch of memory, programmed as a digital delay line. At the

same time another patch of memory is used to store a time trace of x(t). DA1 is used

to output the value of a, which is fixed in each run of the experiment. Before each run

of the experiment, the initial function (17.3) is loaded in the delay line memory. y(t)

is read by AD1 and stored in another section of memory. A Python script running on

a host PC is responsible for controlling the experiment, initializing the FPGA board,

downloading the data, etc.

17.3.2 Voltage and Time Scaling

In order to compare experimental measures with theoretical results, we reformulate

Eqs. (17.22) and (17.23) in dimensionless form. Numerical simulations show the

dimensionless variables to be within the interval [−1,+1]. The micro-controller

uses voltages between 0 and 5 V as output and input on the DA and AD converters

respectively. Therefore, Vref = 2.5 V was chosen as ‘zero’. We introduce the new

variables x , y, and z as

x, y, z =
Vx,y,z − Vref

Vref

. (17.24)

Va is generated by a DA1 and its value is between 2.5 and 5 V. This enables us

to vary Va in the Python script. The internal representation is signed sixteen bit,

having values between −32,768 and 32,767 with 0 being Vref. Comparison between
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Table 17.3 Measured values of different components

Component Nominal Measured

R4 47 k� 46.8 k�

C4 100 nF 104.9 nF

R2 47 k� 46.9 k�

C2 1 nF 1.02 nF

Eqs. (17.22) and (17.23), and the system equations shows that real and dimensionless

times are related as

treal = R4C4tdimensionless. (17.25)

Inserting (17.24) and (17.25) into Eqs. (17.22) and (17.23) leads to

εx ′ = −y − x + H [x(t − τ) − a], (17.26)

y′ = x − y

(

R4

R5

)

, (17.27)

where

ε =
R2C2

R4C4

.

In order to properly obtain the Heaviside function, R10 must be much smaller than R3

to assure that Vz goes to Vref during the phase that the output of the comparator is not

sinking current. On the other hand, R10 cannot be too small so that the comparator

can adequately bring Vz low output during the other phase.

The ratio R4/R5 ≈ 0.006 is sufficiently small to ignore the last term in Eq. (17.27).

Equations (17.26) and (17.27) then have the same form as Eqs. (17.1) and (17.2).

We choose R2C2 = 50µs and R4C4 = 5 ms to fix ǫ to 0.01. The digital delay is

programmed to sample at Ts = 5µs. Since τ = N Ts/(R4C4), the length of the delay

line is N = 1000 samples.

To compensate for tolerances, actual component values were measured (see

Table 17.3) and the delay line length N set appropriately to yield ε ≈ 0.01 and τ ≈ 1.

R1, R2 and R3 were hand selected to have values very close to each other.

Since

τ =
N Ts

R4C4

= 1, (17.28)

the delay line length N was set to

N = τ
R4C4

Ts

=
1 · 4.9093 ms

5 µs
= 981.86. (17.29)
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Because N is an integer, we choose N = 982 which gives an actual τ = 1.0001. The

actual value for ε is

ε =
R2C2

R4C4

=
47.738 µs

4.9093 ms
= 0.00974 ≈ 0.01. (17.30)

17.3.3 Experimental Results

A scan over the parameter a = 0 . . . 0.5 was made for n = 1, 2, 3 and 4. Each value

for a and n was run for a time of 10 s, equivalent to 2000τ , to allow the circuit to

stabilize. The reported extrema of y are the averages of the extrema over the last

10 delay line recordings. See Fig. 17.3b. For n = 4, the running time was increased

by 1 min to conclude for stability, since even after 10 s, a jump could be observed.

The critical values ac
n for different n are listed in Table 17.1.

17.4 Discussion

In this chapter, we performed a theoretical and experimental study of a time-delayed

FHN system with threshold nonlinearity. Different coexisting stable periodic regimes

are observed for the same values of the parameters (multirhythmicity). The period of

the oscillations is close to Tn ≃ τ/n, where τ is the delay and n is a positive integer.

From numerical simulations of Eqs. (17.1) and (17.2), we found that these solu-

tions exist from a = 0 to a critical value a = ac
n . Beyond this point, the oscillations

either jump to another oscillatory state with a larger period (smaller n) or to the sta-

ble steady state. We also noted that ac
n decreases as n increases. In order to test their

robustness with respect to noise, we built a system that is described mathematically

by the same FHN equations. We obtained quantitative agreement between numerical

and experimental bifurcation diagrams.

An analytical construction of the Tn-periodic solution is possible and leads to

a nonlinear transcendental equation. Using the dichotomy method, we determined

the bifurcation diagram and showed that the periodic solutions emerge from limit-

points of limit-cycles. Simple analytic expressions for the location of the limit points

are derived by considering the limit ε → 0. Although numerical and experimental

bifurcation diagrams are in good quantitative agreement, the point where a specific

periodic solution disappears doesn’t match the computed limit point. This difference

is likely due to the weak stability of the solutions near the limit points. However,

a possible instability near the limit point cannot be ruled out (see [29] for a sim-

ple example). We believe that this multirhythmicity is generic to a large class of

slow-fast delay systems. Recently, coexistence of stable oscillations of period close

to τ/n have been observed numerically and experimentally for an optoelectronic

oscillator [30] as well as for a laser subject to polarization rotated feedback [31].
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The stable periodic solutions however emerge from Hopf bifurcation points rather

than limit points. The mathematical model for the optoelectronic oscillator displays

quite similar equations as our FHN system. It is a two variables slow/fast system

with an S-shaped slow manifold. The small parameter ε results from the large delay

of the feedback loop.

For applications, the selection of a specific periodic solution is an important issue.

In [30], a pattern generator is included in the electric part of the optoelectronic

oscillator feedback loop. The system is then excited initially with a signal exhibiting

the chosen frequency. In [31], a weak conventional optical feedback is added to

the laser subject to a polarization rotated feedback. By controlling the delay of the

feedback control with respect to the delay of the rotated feedback a specific square-

wave with the desired period can be generated.
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Appendix

A Connection at t = t1 and t = t2

We first require that the solutions (17.9)–(17.10) and (17.13)–(17.14) are equal at

the critical times t = t1 and t = t2. This leads to the following four equations

C + D = Aeλ+t1 + Beλ−t1 , (17.31)

1 − (1 + ελ+)Aeλ+t1 − (1 + ελ−)Beλ−t1 = −(1 + ελ+)C − (1 + ελ−)D,

(17.32)

Ceλ+t21 + Deλ−t21 = A + B, (17.33)

−(1 + ελ+)Ceλ+t21 − (1 + ελ−)Deλ−t21 = 1 − (1 + ελ+)A − (1 + ελ−)B,

(17.34)

where t21 ≡ t2 − t1. We now determine the constants A, B, C , and D as functions of

t1 and t2.

From Eqs. (17.31) and (17.33), we determine

Aeλ+t1 = C + D − Beλ−t1 , (17.35)

Ceλ+t21 = A + B − Deλ−t21 . (17.36)
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Inserting these expressions of A exp(λ+t1) and C exp(λ+t21) into Eqs. (17.32) and

(17.34), respectively, leads to two coupled equations for B and D

Beλ−t1 = D −
1

ε (λ+ − λ−)
, (17.37)

Deλ−t21 =
1

ε (λ+ − λ−)
+ B. (17.38)

By using (17.37), we eliminate D into Eq. (17.38) and find

B =
1 − eλ−t21

ε (λ+ − λ−)
[

eλ−t2 − 1
] . (17.39)

Introducing then B given by (17.39) into Eq. (17.37), we obtain D as

D =
eλ−t1 − 1

ε (λ+ − λ−)
[

eλ−t2 − 1
] . (17.40)

Inserting (17.37) into (17.35) and (17.38) into (17.36) provides two coupled equations

for A and C given by

Aeλ+t1 = C +
1

ε (λ+ − λ−)
, (17.41)

Ceλ+t21 = A −
1

ε (λ+ − λ−)
. (17.42)

Using (17.41), we eliminate C in Eq. (17.42) and find

A =
eλ+t21 − 1

ε (λ+ − λ−)
[

eλ+t2 − 1
] . (17.43)

Finally, introducing A given by (17.43) into Eq. (17.41) provides C as

C =
1 − eλ+t1

ε (λ+ − λ−)
[

eλ+t2 − 1
] . (17.44)

From Fig. 17.4b, we note that x increases at time t = 0 when x(t − τ) = a. At time

t = δ, it is the turn of x to equal a. From Fig. 17.4c, we note that t = t1 and t = t1 + δ

mark the times where x(t − τ) and then x are equal to a. Using (17.9) with x(δ) = a

and (17.13) with x(t1 + δ) = a, we obtain

Aeλ+δ + Beλ−δ = a, (17.45)

Ceλ+δ + Deλ−δ = a. (17.46)
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Equations (17.31)–(17.46) with

t2 = Tn, (17.47)

defined by (17.6), are six equations for seven unknowns, namely A, B, C , D, t1,

and δ. We introduce the expressions of A, B, C , and D into Eqs. (17.45) and (17.46),

and find

aε (λ+ − λ−) =
1 − eλ+t21

1 − eλ+t2
eλ+δ +

eλ−t21 − 1

1 − eλ−t2
eλ−δ, (17.48)

aε (λ+ − λ−) =
eλ+t1 − 1

1 − eλ+t2
eλ+δ +

1 − eλ−t1

1 − eλ−t2
eλ−δ. (17.49)

Substracting side by side, we eliminate aε (λ+ − λ−). Multiplying then by e−λ+δ ,

we have

0 =
2 − eλ+t21 − eλ+t1

1 − eλ+t2
+

(

eλ−t21 − 2 + eλ−t1

1 − eλ−t2

)

e(λ−−λ+)δ. (17.50)

References

1. J. Keener, J. Sneyd, Mathematical Physiology (Springer, 1998)

2. C. Fall, Computational Cell Biology (Springer, 2002)

3. B. Ermentrout, D. Terman, Mathematical Foundations of Neuroscience (Springer, 2002)

4. A.L. Hodgkin, A.F. Huxley, J. Physiol. 117(4), 500 (1952)

5. R. FitzHugh, Biophys. J. 1(6), 445 (1961)

6. J. Nagumo, S. Arimoto, S. Yoshizawa, Proc IRE 50(10), 2061 (1962)

7. E. Schöll, G. Hiller, P. Hövel, M. Dahlem, Philos. Trans. R. Soc. London Ser. A 367(1891),

1079 (2009). doi:10.1098/rsta.2008.0258. http://rsta.royalsocietypublishing.org/content/367/

1891/1079.abstract

8. W.J. Freeman, Int. J. Bifurcat. Chaos 10(10), 2307 (2000)

9. S. Kim, S.H. Park, C.S. Ryu, Phys. Rev. Lett. 79, 2911 (1997). doi:10.1103/PhysRevLett.79.

2911

10. M.K.S. Yeung, S.H. Strogatz, Phys. Rev. Lett. 82, 648 (1999). doi:10.1103/PhysRevLett.82.

648

11. M.Y. Choi, H.J. Kim, D. Kim, H. Hong, Phys. Rev. E 61, 371 (2000). doi:10.1103/PhysRevE.

61.371

12. W.S. Lee, E. Ott, T.M. Antonsen, Phys. Rev. Lett. 103, 044101 (2009). doi:10.1103/

PhysRevLett.103.044101

13. G. Deco, V. Jirsa, A. McIntosh, O. Sporns, R. Kötter, Proc. Nat. Acad. Sci. 106(25), 10302

(2009)

14. G. Deco, V.K. Jirsa, J. Neurosci. 32(10), 3366 (2012)

15. R. Ton, G. Deco, A. Daffertshofer, PLoS Comput. Biol. 10(7), e1003736 (2014)

16. C. Cakan, J. Lehnert, E. Schöll (2013). arXiv:1311.1919
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