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Multivariate moment based extreme value index estimators
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Abstract Modeling extreme events is of paramount importance in various areas of
science — biostatistics, climatology, finance, geology, and telecommunications, to
name a few. Most of these application areas involve multivariate data. Estimation
of the extreme value index plays a crucial role in modeling rare events. There is
an affine invariant multivariate generalization of the well known Hill estimator —
the separating Hill estimator. However, the Hill estimator is only suitable for heavy
tailed distributions. As in the case of the separating multivariate Hill estimator, we
consider estimation of the extreme value index under the assumptions of multivariate
ellipticity and independent identically distributed observations. We provide affine in-
variant multivariate generalizations of the moment estimator and the mixed moment
estimator. These estimators are suitable for both light and heavy tailed distributions.
Asymptotic properties of the new extreme value index estimators are derived under
multivariate elliptical distribution with known location and scatter. The effect of re-
placing true location and scatter by estimates is examined in a thorough simulation
study. We also consider two data examples: one financial application and one meteo-
rological application.
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1 Introduction

Extreme value theory examines rare behavior of stochastic phenomena. It provides
a theoretical framework for understanding them and statistical tools for estimating
parameters that describe the tail behavior of a distribution. Modeling rare events is
important for instance in analyzing risks in finance and in constructing climate change
models.

The most fundamental of these parameters is the so-called extreme value index. It
plays a crucial role in the description of the tail behavior of a distribution and hence
is the key for understanding much of the anomalous behavior of a random event. One
may refer to de Haan and Ferreira (2006) for the characterization of distributions with
different extreme value indexes.

The Hill estimator, proposed in Hill (1975), is a popular and simple estimator for
the tail index of univariate heavy tailed distributions. However, a considerable defi-
ciency of the Hill estimator is that, when estimating the upper tail index of X , it is
only valid for positive values of the extreme value index. In the case of a non positive
extreme value index, the Hill estimator can still, in some cases, be used for e.g. esti-
mating the lower tail index of the distribution by applying a suitable transformation
first.

For the Hill estimator to be applicable, the underlying distribution has to be heavy
tailed. However, other estimators that are suitable for estimation of the extreme value
index in the set of real numbers have since been proposed in the univariate case, see
for example Fraga Alves et al (2009), Dekkers et al (1989) and de Haan and Ferreira
(2006).

Since real-world phenomena are often in dimension higher than one, considering
multivariate settings for extreme value index estimators is clearly important. How-
ever, in this case classical estimators for the extreme value index are not directly
applicable. This is due to the lack of order relation in Rd, d ≥ 2, as the estimators
known in the univariate setting are based on order statistics.

An affine invariant multivariate generalization of the well known Hill estimator
was recently proposed in Dominicy et al (2015). However, the applicability of the
Hill estimator is limited to distributions with positive extreme value index. There are
important situations in practice where such assumption is not valid: for example, any
distribution with a finite upper bound cannot have a positive extreme value index
(see, for instance, de Haan and Ferreira (2006)). There are extreme value index es-
timators which are applicable in case of any extreme value index. In this paper we
consider multivariate generalisations of two of those estimators: the moment estima-
tor proposed in Dekkers et al (1989) and the mixed moment estimator proposed in
Fraga Alves et al (2009).

As in Dominicy et al (2015), we consider estimation of the extreme value index
under the assumptions of multivariate ellipticity and i.i.d. observations. We provide
affine invariant multivariate generalizations of the moment estimator and the mixed
moment estimator. These estimators are suitable for both light tailed distributions
and heavy tailed distributions. We derive asymptotic properties of the new extreme
value index estimators for i.i.d. observations under multivariate ellipticity and known
location and scatter. A thorough simulation study is conducted in order to examine
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small sample behavior, to assess the effect of replacing true location and scatter by
estimates, and to compare the results of the moment and mixed moment estimator to
the Hill estimator.

The main motivation of this article is the value added of having a simple mul-
tivariate estimator at one’s disposal in a more general case than in Dominicy et al
(2015). In this paper, the assumption of heavy tailedness of the underlying distribu-
tion is no longer required, allowing the estimation of extreme value index for a larger
family of elliptical distributions. Dependence is also not considered.

The rest of the article is organized as follows. In Section 2, we give a brief review
of relevant topics from extreme value theory and introduce the notations used in the
paper. In Section 3, we review the Hill estimator, the moment estimator and the mixed
moment estimator in the univariate setting. In Section 4, we propose multivariate ver-
sions of the estimators, and show the consistency and asymptotic normality of the
estimators under the assumptions of multivariate ellipticity and i.i.d. observations.
Proofs of the theorems are given in Appendix A. Simulations are conducted to assess
finite sample properties. Simulation results are displayed in Section 5 and the corre-
sponding figures and tables are presented in Appendix B. Empirical illustrations with
financial and meteorological data are presented in Section 6. Concluding remarks are
given in Section 7.

2 A brief review and notations

Most of this section is based on chapter 1 and appendix B of de Haan and Ferreira
(2006). The notations introduced here will be used throughout the paper.

A fundamental result in extreme value theory is the Fisher-Tippett-Gnedenko the-
orem. This theorem characterizes the possible asymptotic distributions of extreme
order statistics.

Definition 1 Let F be a cumulative distribution function. We say that F is in the
maximum domain of attraction of a non-degenerate distribution function G (denoted
by F ∈MDA(G)), if for all continuity points x of G it holds that

lim
n→∞

Fn(anx+ bn)→ G(x),

where an > 0 and bn ∈ R are normalizing sequences.

Theorem 1 LetF be a cumulative distribution function. Assume thatF ∈MDA(G).
Now, there exists a parameter τ ∈ R such that the function G = Gτ has the form

Gτ (x) =

{
exp(−(1 + τx)−

1
τ ) if τ 6= 0

exp (− exp(−x)) if τ = 0,

for 1 + τx > 0. In the case τ = 0, x ∈ R.

Definition 2 The parameter τ in Theorem 1 is called the extreme value index of the
distribution F.
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Throughout this paper our main interest lies in estimating the extreme value index
τ under i.i.d. observations. If τ = 0 the survival function 1 − F has an exponential
decay, if τ > 0 the distribution is heavy tailed, and if τ < 0 the distribution is
light tailed. The extreme value distribution Gτ takes the form of the Gumbel, the
Fréchet and the Weibull distribution in these cases, respectively. Note that for F ∈
MDA(Gτ ), where τ > 0, the inverse 1

τ = α is known as the tail index of the
distribution.

The finite right endpoint x∗ of a cumulative distribution function F is given by

x∗ = sup {x ∈ R | F (x) < 1} .

If F has no finite right endpoint, we say that the right endpoint of F is infinite,
denoted x∗ =∞.

Let us recall the definition of a left-continuous inverse function.

Definition 3 Let f be a non-decreasing function. The left-continuous inverse func-
tion f← is defined by

f←(y) = inf {x | f(x) ≥ y} .

When discussing the asymptotic properties of the estimators for the extreme value
index we occasionally refer to the left-continuous inverse

U =

(
1

1− F

)←
,

as several results are convenient to state using the function U .
Let us recall some general definitions related to regular variation.

Definition 4 A measurable function f : R+ → R is regularly varying (at infinity)
with index ξ ∈ R if for any x > 0

lim
t→∞

f(tx)

f(t)
= xξ.

This is denoted as f ∈ RVξ and ξ is called the index of regular variation.

If f ∈ RV0, we say that f is a slowly varying function. A regularly varying
function f with an index of regular variation ξ can always be written as f(x) =
xξl(x), where the function l is a slowly varying function.

The index of regular variation relates to the extreme value index in the following
way: let F be a distribution function and consider the tail function F = 1 − F .
Let τ ∈ R be the extreme value index of F . The condition τ > 0, i.e. F being
in the maximum domain of attraction of the Fréchet distribution, is equivalent to
x∗ = ∞ and the tail function F being regularly varying with index ξ = −1/τ
(de Haan and Ferreira (2006), Theorem 1.2.1). The condition τ < 0, i.e. F being in
the maximum domain of attraction of the Weibull distribution, is equivalent to the
following conditions: the endpoint x∗ < ∞ and the function F̃ = 1 − F (1/x) is
regularly varying with index ξ = 1/τ . The case τ = 0 is not properly characterized
by regular variation (Mikosch, 1999).
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In order to obtain results concerning the limiting distributions of the extreme
value index estimators, one has to control the rate of convergence of the ratio in
definition 4. For this reason the concepts of extended regular variation and of second-
order regular variation are needed.

Definition 5 A measurable function f : R+ → R is said to be of extended regular
variation if there is a positive measurable function a : R+ → R+ such that for some
τ ∈ R,

lim
t→∞

f(tx)− f(t)

a(t)
=

{
xτ−1
τ if τ 6= 0

log x if τ = 0,

for all x > 0. We denote this by f ∈ ERVτ .

Let us remark the following: let F be a cumulative distribution function. Con-
sider the corresponding U . The conditions U ∈ ERVτ and F ∈ MDA(Gτ ) are
equivalent.

Now the second-order regular variation, which describes the rate of convergence
in Definition 5, is defined as follows.

Definition 6 A function f : R+ → R is said to be of second-order regular variation
if there exist a positive auxiliary function a and a positive or negative functionA with
limt→∞A(t) = 0, such that the limit

H(x) = lim
t→∞

f(tx)−f(t)
a(t) − xτ−1

τ

A(t)
=

1

ρ

(
xτ+ρ − 1

τ + ρ
− xτ − 1

τ

)
,

where

H(x) =


1
2 log2 x, if ρ = 0 = τ
1
ρ

(
xρ−1
ρ − log x

)
, if ρ 6= 0 = τ

1
τ

(
xτ log x− xτ−1

τ

)
, if ρ = 0 6= τ

holds for all x > 0, and where H is not a multiple of (xτ − 1)/τ. The parameter
ρ ≤ 0 here is called the second order parameter of f .

If a function f is of second order regular variation, we write f ∈ 2RVτ,ρ. The cor-
responding functions a and A are referred to as first order and second order auxiliary
function, respectively.

Let F ∈ MDA(Gτ ) be a cumulative distribution function that satisfies the sec-
ond order condition of Definition 6. Let X1, X2, . . . be an i.i.d. sequence of random
variables with distribution F . Theorem 2.4.2. of de Haan and Ferreira (2006) now de-
scribes a connection between the intermediate order statistics of a sample {Xi}ni=1,
the functions a and A appearing in Definition 6 and the parameters τ and ρ appear-
ing in Definition 6. This result provides control over the intermediate order statistics,
which in turn proves instrumental in deriving the limiting distribution of several ex-
treme value index estimators and hence highlights the importance of second order
regular variation in the context of extreme value index estimators.
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3 Estimators for the extreme value index

In this section we review three popular extreme value index estimators: the Hill esti-
mator, the moment estimator and the mixed moment estimator.

Let n be a positive integer and let {Xj}nj=1 be i.i.d. observations of a positive
random variable X . Let X(1,n) ≥ · · · ≥ X(n,n) be the order statistics of the sample
{Xj}nj=1. The classical Hill estimator introduced in Hill (1975) is given by

Ĥ(k,n) =
1

k

k∑
j=1

log

(
X(j,n)

X(k+1,n)

)
.

The Hill estimator has been shown to be consistent for i.i.d. observations when
k = k(n) = kn, the number of observations considered as extremes, satisfies the
conditions kn →∞ and kn/n→ 0 as n→∞ (see Mason (1982)), and has a Gaus-
sian distribution as its limiting distribution under certain conditions discussed in Hall
(1982) and in Haeusler and Teugels (1985).

Generalizing this estimator to the d ≥ 2 dimensional case and related asymptotic
results are discussed in Dominicy et al (2015).

The Hill estimator is a popular estimator in estimating the extreme value index τ
and its inverse α, the tail index, under heavy tailed distributions. However, by con-
struction, the Hill estimator only yields non negative values and thus is not applicable
in the case of a light tailed distribution.

The moment estimator introduced in Dekkers et al (1989) is given by

τ̂M (k,n) = 1 + Ĥ
(1)
(k,n) +

1

2


(
Ĥ

(1)
(k,n)

)2

Ĥ
(2)
(k,n)

− 1


−1

,

where

Ĥ
(i)
(k,n) =

1

k

k∑
j=1

(
log

(
X(j,n)

X(k+1,n)

))i
.

Consistency and asymptotic normality for i.i.d. observations were originally estab-
lished in Dekkers et al (1989).

The mixed moment estimator was introduced in Fraga Alves et al (2009) and it is
given by

τ̂MM (k,n) =
φ̂k,n − 1

1 + 2 min (φ̂k,n − 1, 0)
,

where

φ̂k,n =
Ĥ

(1)
k,n − L̂

(1)
k,n

(L
(1)
k,n)2
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and

Ĥ
(i)
k,n =

1

k

k∑
j=1

(
log

(
X(j,n)

X(k+1,n)

))i
and

L̂
(i)
k,n =

1

k

k∑
j=1

(
1−

X(k+1,n)

X(j,n)

)i
.

Asymptotic properties, including consistency and asymptotic normality, are derived
in Fraga Alves et al (2009) for i.i.d. observations.

The moment estimator and the mixed moment estimator are suitable for estimat-
ing the extreme value index τ under both heavy tailed distributions and light tailed
distributions. In the following section we apply the same strategy as in Dominicy et al
(2015) and propose multivariate versions of the moment estimator and of the mixed
moment estimator.

4 Multivariate moment based estimators and their asymptotic properties under
ellipticity

In this section we propose multivariate versions of the extreme value index estimators
listed in section 3. We consider estimation of the extreme value index under multi-
variate elliptical distributions and i.i.d. observations.

Consider a random variable X : Ω → Rd. It is said to be elliptically distributed
if

X
d
= µ+RΛV, (4.1)

where Σ = ΛΛT is a symmetric positive-definite full-rank matrix, Λ is a constant
matrix, V is uniformly distributed over the unit sphere Sd−1 and the positive real-
valued random variable R is called the generating variate of the distribution. The
random variables R and V are assumed to be independent. Throughout this section
we assume thatR is continuous.

We define the extreme value index τ of X to be the extreme value index of R.
This is appropriate, since ‖V ‖ = 1 and neither µ or Λ are random. Thus a value of
X corresponds to a unique value of R. (Note that the case τ > 0 is discussed in Hult
and Lindskog (2002).)

Let X1, . . . , Xn be i.i.d. d-variate random variables from the elliptical distribu-
tion (4.1), and let FR denote the cumulative distribution function of the corresponding
generating variateR. Denote the dot product by 〈· | ·〉:

〈x | y〉 =

d∑
i=1

xiyi,
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•
µ

•
xi

•

••

•

•

•
x◦i

Fig. 1: An illustration of the relationship between points µ, xi and x◦i .

for all x = (x1, . . . , xd) and y = (y1, . . . , yd) in Rd. Denote the separating ellipsoid
by

E(µ,Σ, r) =
{
x ∈ Rd

∣∣ dΣ(x, µ) ≤ r
}
,

where dΣ(x, y)2 =
〈
x− y

∣∣Σ−1(x− y)
〉

and radius r > 0. Define the measure of
the distance between x and x◦ as

Dd (x, µ,Σ, k, n) =
‖x− µ‖
‖x◦ − µ‖

,

where x◦ is chosen so that x◦ − µ is on the boundary of E(µ,Σ, r) and that there
is a constant c > 0 such that c (x◦ − µ) = x − µ. The radius r > 0 is chosen to
be the smallest possible such that exactly k − 1 of the variables X1, . . . , Xn are in
Rd \ E(µ,Σ, r).

The d-variate random variablesX1, . . . , Xn are now given orderX(1,n), · · · , X(n,n),
using Dd such that

Dd

(
X(1,n), µ,Σ, k, n

)
≥ · · · ≥ Dd

(
X(n,n), µ,Σ, k, n

)
.

Note that Dd (Xj , µ,Σ, k, n) = Dd (Xj′ , µ,Σ, k, n) if and only if Xj and Xj′ lie
on the same probability ellipsoid.

The following lemma, that follows from the symmetry properties of the underly-
ing distribution, was presented in Dominicy et al (2015).

Lemma 1 (Dominicy et al, 2015, Lemma 6.1) Let X follow a d-dimensional ellip-
tical distribution with a generating variate R and let Z follow a one-dimensional
elliptical distribution also with the same generating variateR. Then

Dd(X,µ,Σ, k, n)
d
= D1(Z, 0, 1, k, n).



Multivariate moment based extreme value index estimators 9

The power of the lemma above is that it reduces a multivariate situation to a
univariate one. Thus it is possible to use functions Dd to directly work with the gen-
erating variate R of the distribution in a way that is independent of the dimension of
the distribution.

The multivariate (separating) Hill estimator presented in Dominicy et al (2015) is
given by

Ĥ(d,k,n) =
1

k

k∑
j=1

log
(
Dd(X(j,n), µ,Σ, k, n)

)
.

Asymptotic results of the multivariate Hill estimator are discussed in Dominicy
et al (2015). As mentioned above, the Hill estimator is suitable only for heavy-tailed
distributions. In order to be able to estimate the extreme value index of light tailed el-
liptical distributions, we now introduce multivariate versions of the moment estimator
and of the mixed moment estimator.

A multivariate moment estimator is now defined as

τ̂M (d,k,n) = 1 + Ĥ
(1)
(d,k,n) +

1

2


(
Ĥ

(1)
(d,k,n)

)2

Ĥ
(2)
(d,k,n)

− 1


−1

,

where

Ĥ
(i)
(d,k,n) =

1

k

k∑
j=1

(
log
(
Dd(X(j,n), µ,Σ, k, n)

))i
.

A multivariate mixed moment estimator is defined as

τ̂MM (d,k,n) =
φ̂d,k,n − 1

1 + 2 min (φ̂d,k,n − 1, 0)
,

where

φ̂d,k,n =
Ĥ

(1)
d,k,n − L̂

(1)
d,k,n

(L
(1)
d,k,n)2

,

Ĥ
(i)
d,k,n =

1

k

k∑
j=1

(
log
(
Dd(X(j,n), µ,Σ, k, n)

))i
and

L̂
(i)
d,k,n =

1

k

k∑
j=1

(
1− (Dd(X(j,n), µ,Σ, k, n))−1

)i
.

Note that affine invariance of Dd(X,µ,Σ, k, n) ensures that neither multivari-
ate moment estimator nor multivariate mixed moment estimator is affected by lin-
ear transformations of the random variables X1, . . . , Xn. Affine invariance holds
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also when Σ and µ are estimated assuming that the estimates are affine equivari-
ant in the sense that for all non-singular d × d matrices Γ and for all d vectors
δ it holds that Σ̂(Y ) = ΓΣ̂(X)ΓT and µ̂(Y ) = Γ µ̂(X) + δ, where the esti-
mates Σ̂(X), µ̂(X) and Σ̂(Y ), µ̂(Y ) are calculated from the samples X1, . . . , Xn

and Y1, . . . , Yn = ΓX1 + δ, . . . , ΓXn + δ, respectively.

We next consider consistency and asymptotic normality of the multivariate mo-
ment estimator under the assumption of multivariate elliptical distribution.

Theorem 2 Let X1, . . . , Xn be i.i.d. random variables from the elliptical distribu-
tion (4.1). Let the distribution function of the generating variate FR ∈ MDA (Gτ )
with x∗ > 0. For a sequence kn →∞, kn/n→ 0 as n→∞, we have

τ̂M (d,k,n) →P τ.

Assume that U of FR is of second order regular variation and let the correspond-
ing auxiliary functions a and A be as in definition 6. Denote

l = lim
t→∞

(
U(t)− a(t)

τ

)
and

Q(t) =


A(t), if τ < ρ ≤ 0

τ+ − a(t)
U(t) , if ρ < τ ≤ 0 or if τ = −ρ or if 0 < τ < −ρ and l 6= 0

ρ
τ+ρA(t), if 0 < −ρ < τ or if 0 < τ < −ρ and l = 0

A(t), if τ > ρ = 0,

where τ+ = max {τ, 0}. The function Q above is a possible choice for the auxil-
iary function A of f = log(U), in Definition 6 (see Equation (3.5.12), page 103, in
de Haan and Ferreira (2006)).

Theorem 3 Let X1, . . . , Xn be i.i.d. random variables from the elliptical distribu-
tion (4.1). Let the distribution function of the generating variate FR ∈ MDA (Gτ )
with x∗ > 0. Suppose that second-order regular variation holds with a second-order
parameter ρ 6= τ . Then for kn →∞, kn/n→ 0, as n→∞, and

lim
n→∞

√
knQ

(
n

kn

)
= λ,

with Q given above and λ finite, we have that√
kn
(
τ̂M (d,k,n) − τ

)
→D N

(
λµτ,ρ, σ

2
τ

)
,

where

µτ,ρ =



(1−τ)(1−2τ)
(1−τ−ρ)(1−2τ−ρ) , if τ < ρ ≤ 0
τ(1+τ)

(1−τ)(1−3τ) , if ρ < τ ≤ 0

− τ
(1+τ)2

, if 0 < τ < −ρ and l 6= 0
τ−τρ+ρ
ρ(1−ρ)2 , if 0 < τ < −ρ and l = 0 or if τ ≥ −ρ > 0

1, if τ > ρ = 0
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and

σ2
τ =

{
τ2 + 1, τ ≥ 0
(1−τ)2(1−2τ)(1−τ+6τ2)

(1−3τ)(1−4τ) , τ < 0
.

Note that the asymptotic mean value and variance are exactly the same as in the
univariate case. They are also invariant under bijective affine transformations of the
random variables. This is due to the fact that the values of Dd, as in Lemma 1, are
preserved under bijective affine transformations, as discussed above. Since the values
Dd are used in evaluating the estimators, the estimator values are affine invariant, and
so are the asymptotic mean and variance.

We next consider, again under the assumption of multivariate ellipticity, consis-
tency and asymptotic normality of the multivariate mixed moment estimator.

Theorem 4 Let X1, . . . , Xn be i.i.d. random variables from the elliptical distribu-
tion (4.1). Let the distribution function of the generating variate FR ∈ MDA (Gτ )
with x∗ > 0. For a sequence kn →∞, kn/n→ 0 as n→∞, we have

τ̂MM (d,kn,n) →P τ.

Assume that U of FR is of second-order regular variation with x∗ > 0, and with
a second-order parameter ρ, τ 6= ρ. Let the corresponding auxiliary functions a and
A be as in definition 6. Then, with

Ā(t) =

(
a(t)

U(t)
− τ+

)
,

where τ+ = max (0, τ) and for τ + ρ < 0

l = lim
t→∞

(
U(t)− a(t)

τ

)
∈ R,

we have that Ā(t)→ 0 and Ā(t)
A(t) → c, for t→∞ with

c =


0, if τ < ρ ≤ 0
τ
τ+ρ , if 0 ≤ −ρ < τ or if 0 < τ < −ρ and l = 0

±∞, if τ + ρ = 0 or ρ < τ ≤ 0 or if 0 < τ < −ρ and l 6= 0.

Let us define B(t) as

B(t) =

{
Ā(t), if c = ±∞
A(t), otherwise .

Theorem 5 Let X1, . . . , Xn be i.i.d. random variables from the elliptical distribu-
tion (4.1). Let the distribution function of the generating variate FR ∈ MDA (Gτ )
with x∗ > 0. Suppose that second-order regular variation holds with a second-order
parameter ρ 6= τ . Then for kn →∞, kn/n→ 0 and

lim
n→∞

√
knB

(
n

kn

)
= λ
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with B given above and λ finite, we have that√
kn

(
φ̂kn,n − φτ

)
→D N

(
λbφ, σ

2
φ

)
,

where

φτ =

{
1 + τ, if τ > 0
1−τ
1−2τ , if τ ≤ 0

,

bφ = bφ(τ, ρ) :=


1−τ

(1−2τ)(1−τ−ρ)(1−2τ−ρ) , if τ < ρ ≤ 0
−4τ(1−τ)

(1−2τ)2(1−3τ) , if ρ < τ < 0
1+τ

(1−ρ)(1+τ−ρ) , if c = τ
τ+ρ

0, otherwise

and

σ2
φ = σ2

φ(τ) =

{
(1 + τ)2, if τ ≥ 0

(1−τ)2(6τ2−τ+1)
(1−2τ)3(1−3τ)(1−4τ) , if τ < 0.

Under these conditions we can state that√
kn
(
τ̂MM,(d,kn,n) − τ

)
→D N

(
λµτ,ρ, σ

2
τ

)
,

where

µτ,ρ =

{
bφ(τ, ρ), if τ ≥ 0

(1− 2τ)2bφ(τ, ρ), if τ < 0

and

σ2
τ =

{
σ2
φ, if τ ≥ 0

(1− 2τ)4σ2
φ(τ) if τ < 0.

Note that, as for the moment estimator, asymptotic mean value and variance are
exactly the same as in the univariate case (see discussion below Theorem 3).

In practice, Σ and µ have to be estimated. We performed a large simulation study
to examine finite sample properties of the multivariate estimates and to also assess
the effect of estimation ofΣ and µ. The simulation study and its results are presented
in Section 5.

5 Simulation study

We assessed the finite sample performances of the moment estimator and the mixed
moment estimator with a Monte Carlo study under several multivariate elliptical dis-
tributions. In order to be able to compare the performance of the two new multivariate
estimators with the multivariate Hill estimator, we carried out the simulation study
for all the three estimators. Table 1 lists the considered values for the extreme value
index τ , dimension, location and scatter, threshold, and sample size. The threshold
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parameter ν > 0 determines the portion of observations used in each evaluation of
the estimator via

kn =
[
ν
√
n
]
,

where for any x > 0, the number [x] is the integer closest to x (if the fractional part
of x is exactly one half, [x] is the smallest integer greater than x). All the different
combinations were simulated under both, known location and scatter, and estimated
location and scatter. We estimated the location and scatter using two different estima-
tion procedures. The first, traditional approach, is based on using the sample mean
vector coupled with the sample covariance matrix. Our second, more robust approach,
is based on using the Minimum Covariance Determinant (MCD) location and scatter
estimates. The latter was introduced in Rousseeuw (1985) and an efficient algorithm
for its implementation was introduced in Rousseeuw and Driessen (1999).

Dimension d 2, 20
Location and scatter (0, I), (µ,Σ)
Threshold ν 0.5,1,2,3,4
Sample size n 500, 1000, 5000
Extreme value index τ -1, 0, 0.5, 0.33, 0.2, 0.1

Table 1: A list of the considered distribution parameters.

We considered two different settings for the location and scatter. In the first setting
we used the location vector 0 and the identity matrix I . In the second one we had
nontrivial location and scatter. The nontrivial location vector had value 10 in each
entry, and for d = 2, the nontrivial scatter matrix was

Σ =

(
11.00 10.50
10.50 11.25

)
.

For dimension 20, the nontrivial scatter matrix Σ is shown in Figure 2.
For each combination of d and τ we simulated 1000 draws of n = {500, 1000, 5000}

observations. The observations were drawn from a multivariate student-t distribution
(τ > 0), from a multivariate normal distribution (τ = 0) and from an elliptical uni-
form distribution (τ < 0). By an elliptical uniform distribution we mean an elliptical
distribution with a generating variate that is uniformly distributed over some fixed in-
terval. In particular, the extreme value index of a student-t distribution with α degrees
of freedom is τ = 1

α (the α’s considered are 2, 3, 5 and 10), the extreme value index
of a normal distribution is 0 and the extreme value index of a uniform distribution
over any given interval is −1.

The results of the simulation study are presented in histograms and tables. The
histograms visualize the obtained empirical distributions of the quantities

√
kn(τ̂−τ)

under different settings. The important features of these figures are the similarity of
the distribution of the observed values of

√
kn(τ̂ − τ) to the normal distribution and

the difference between the sample mean of the observed values of
√
kn(τ̂ − τ) and

zero: the first one assesses whether the finite sample distribution is also close to a
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Fig. 2: True scatter matrix Σ for d = 20.

normal distribution and the second one empirically measures the magnitude of the
bias. The tables, on the other hand, summarize several statistics about the empirical
distributions and the estimation error.

Since our simulation study was large, we only display some of the results here.
The chosen histograms are displayed in Appendix B. The rest of the findings were
very similar to the presented ones. The quantity

√
kn(τ̂ − τ) is displayed in the

histograms. The solid line in the histograms is always placed at 0 and the dotted line
represents the estimated mean of the quantity

√
kn(τ̂ − τ). The dotted curve is the

normal distribution fitted on the observations.
Several statistics about the empirical distributions and the estimation error are

summarized in Tables 4, 5 and 6 at the end of the Appendix B. Due to the large num-
ber of combinations of the simulation settings, in Appendix B we restrict to the case
of 5000 observations in 20 dimensions. For each multivariate extreme value estima-
tor considered here, we present a table containing the following data: the mean of the
empirical values of the extreme value index estimator, the median of these values, the
observed bias of the estimator and the root mean squared error (RMSE) of the estima-
tor. These statistics are calculated for all combinations of the following quantities: the
true extreme value index τ , the threshold ν and the location and scatter (µ,Σ). The
alternatives for τ and ν are given by τ ∈ {−1, 0, 0.2, 0.5}, ν ∈ {0.5, 1, 2, 3, 4}. The
alternatives for the location and scatter are: true location and scatter, sample mean
vector and sample covariance matrix, and the MCD estimates.

Due to the affine invariance properties of all the three multivariate estimators,
results obtained using the location and scatter (0, I) and using the pair (µ,Σ) are
identical. Figure 9 shows the histograms for the three multivariate estimators under
bivariate normal distribution (τ = 0). The sample size is 1000 observations, the
estimation method is the sample mean vector and the sample covariance matrix, and
the threshold value is 2. The first column displays the plots for the case (0, I) and the
second column for (µ,Σ). The first row displays the results for the moment estimator,
the second one for the mixed moment estimator and the last one for the Hill estimator.
We can see that the histograms are identical. Due to affine invariance this holds for
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all the settings considered, being it using the true location and scatter, the estimated
sample mean vector and sample covariance matrix or MCD. Thus, in the sequel, we
mention neither the true value of the location nor the true value of the scatter.

As expected, as the sample size increased, all the three estimators perform better.
We depict the evolution of the sample size n by three figures. Figure 10 displays
the results for an elliptical uniform distribution (τ = −1) under estimated sample
mean vector and sample covariance matrix with dimension 20 and a threshold ν = 3.
Note that in Figure 10 the Hill estimator performs poorly. This is expected as the Hill
estimator was constructed for the case where the extreme value index τ > 0. Remark
as well that for the light tailed distribution it seems that an increase in the number
of observations does not really improve the estimates. This is perhaps due to the low
threshold which for 5000 observation takes too many extreme points into account.
Less extreme points would possibly be better for light tails.

The effect of different location and scatter estimation methods did influence the
performance of the estimators. We compared the results obtained by using known lo-
cation and scatter against the results obtained using the traditional sample mean vec-
tor and sample covariance matrix, and against the results obtained using the MCD es-
timates. Figure 11 displays the results for a multivariate normal distribution (τ = 0).
The dimension was chosen d = 20 and the threshold was set ν = 3. Since the effect
of the sample size n was considered above, a large sample size n = 5000 was chosen
here. In the setting of Figure 11, estimation of location and scatter (either using MCD
or the sample mean vector and the sample covariance matrix) only had a small effect
on the performance of the moment estimator and of the mixed moment estimator.
Since multivariate normal distribution is not heavy tailed, the Hill estimator naturally
fails irrespective of the used location and scatter estimation method. Under heavier
tails, MCD performed significantly better than sample mean and sample covariance.
Under a uniform distribution moment and mixed-moment estimators had significant
error when location and scatter were replaced by estimates. Under known location
and scatter they performed well. This could be explained by badly chosen threshold
or by high dimension. The histograms for these cases are not displayed here.

The chosen threshold ν had a significant effect on the performance of the extreme
value index estimators. Figure 12 depicts the histograms for an elliptical student-t dis-
tribution with 5 degrees of freedom (τ = 0.2) for all choices of ν ∈ {0.5, 1, 2, 3, 4}.
The dimension in the displayed figures is 2 and the sample size n = 5000. In the
setting of Figure 12 the performance of all three multivariate extreme value estima-
tors improves as the threshold evolves from 4 to 0.5. Note that the moment estimator
and the mixed moment estimator work better than the Hill. The reason for this could
be that the student-t distribution with 5 degrees of freedom has a relatively small ex-
treme value index. In the case of an elliptical student-t distribution with 2 degrees
of freedom, the Hill works much better (the results not displayed here). Under the
elliptical uniform distribution the moment estimator works well when the threshold
is not too low. However, for the mixed moment estimator there seems to be a bigger
bias. Again, the Hill estimator does not work since the distribution is not heavy tailed.
In the case of the multivariate normal distribution the performances of the moment
estimator and the mixed moment estimator are good and improve as the threshold is
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decreased. The Hill estimator fails. The corresponding histograms are not displayed
here.

The fitted normal distribution, represented by the dotted curve, seemed to agree
with the related histogram well in all cases where the sample size was large. The fit
improved significantly when the sample size was increased from 500 to 5000, as can
be observed from Figure 10. Higher values of ν seemed to produce a histogram closer
to the fitted normal distribution, see Figure 12.

The effect of estimating the location and scatter is also evident from Tables 4,
5 and 6, as can be seen by comparing the columns under the label ”True” with the
columns under the labels ”Sample” and ”MCD”. It also seems that, in the case of
a negative extreme value index, low thresholds tend to produce large biases. In the
heavy tailed case, on the contrary, relatively low thresholds seemed to produce the
best results. In the case of a negative extreme value index, the moment based estima-
tors preformed reasonably well for high thresholds. In the case of a positive extreme
value index the Hill estimator was dominant in performance.

We conclude that in the case of a nonnegative extreme value index, the perfor-
mance of all the three multivariate extreme value index estimators is good and im-
proves as the sample size increases and as the threshold evolves from 4 to 0.5. In the
case of a nonpositive extreme value index, the Hill estimator fails completely. Under
known location and scatter, the moment based estimators perform well. However, for
negative extreme value indices moment based estimators are affected by the estima-
tion of location and scatter — the only reasonably good results were produced by the
moment estimator with a high value of ν.

6 Empirical illustration

To illustrate the use of multivariate moment estimator and multivariate mixed moment
estimator in practice, we consider two datasets: stock return residuals and temperature
differences.

Figure 3 displays the daily stock returns of General Electric Company (GE) plot-
ted against the daily stock returns of Nokia Corporation (NOK) from January 3rd
2007 to June 17th 2016.

In order to make the financial data i.i.d. and in order to protect against conditional
volatilities, we applied standard procedures as in Dominicy et al (2013): we filtered
both time series using an AR(2)-GARCH(1,1) process and collected the residuals, see
Figure 4. We do not discuss the theoretical properties of tail index estimators under
filtered time series, we refer to Hill (2015) for technical details.

For obtaining the residuals, we used software called Eviews: The used estima-
tor for the AR(2)-GARCH(1,1) was QMLE (quasi maximum likelihood estimator),
the used optimization algorithm was BFGS (Broyden-Fletcher-Goldfarb-Shanno al-
gorithm), the heteroskedasticity consistent covariance was used to compute the quasi-
maximum likelihood (QML) covariances and standard errors using the methods de-
scribed in Bollerslev and Wooldridge (1992) and the used step method was Mar-
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Fig. 3: The daily stock returns of General Electric Company (GE) plotted against the
daily stock returns of Nokia Corporation (NOK) from January 3rd 2007 to June 17th
2016.

quardt. Once we estimated our AR(2)-GARCH(1,1) model, Eviews computed the
residuals used in this empirical illustration.

We estimated the location and scatter using the sample mean vector and the sam-
ple covariance matrix (µ̂, Σ̂), and MCD (µ̂MCD, Σ̂MCD). We then used the quan-
tities D2 (see Lemma 1), obtained with respect to these location and scatter esti-
mates, to estimate the extreme value index of the underlying random variable. We
set kn = 0.05n. The results are collected in Table 2. All estimators produce rather
similar results. The distribution seems to be heavy tailed with an extreme value index
τ ≈ 0.3.

Hill Moment Mixed Moment
(µ̂, Σ̂) 0.294 0.334 0.347

(µ̂MCD, Σ̂MCD) 0.328 0.332 0.332

Table 2: Estimates of the extreme value index of the distribution of the stock market
data. We set kn = 0.05n.

Figure 5 displays the daily maximum temperatures (Fahrenheit) in Barcelona,
Spain, from June 1st 2005 to June 1st 2015. The plot of the corresponding minimum
temperatures is similar and hence omitted. In order to eliminate the clear seasonal
pattern in the time series, we consider differences between the consecutive obser-
vations. The differences of maximum temperatures are displayed in Figure 6. The
plot of the differences of the daily minimum temperatures is again similar and hence
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Fig. 4: The residuals of the daily stock returns of General Electric Company (GE)
plotted against the residuals of the daily stock returns of Nokia Corporation (NOK)
from January 3rd 2007 to June 17th 2016.

omitted. After taking the differences, the time series seem stationary and we treat the
data as i.i.d. observations. The data was acquired through a request to the National
Oceanic and Atmospheric Administration, USA.

Figure 7 displays the differences of the daily mininmum temperatures plotted
against the differences in the daily maximum temperatures. Because the measurement
results were given in precision of one Fahrenheit, one observes a regular grid pattern
emerging. In order to better illustrate the spread of the observations, a histogram
of the Mahalanobis distances with respect to the sample mean vector and sample
covariance matrix is given in Figure 8.

As above, we applied multivariate extreme value index estimators to the data.
We set kn = 0.05n. The results are collected to Table 3. In this case, the underly-
ing distribution seems light tailed. Moment estimator and mixed moment estimator
produce negative extreme value index estimates, while the Hill estimator (due to its
construction) still provides positive estimates.

Hill Moment Mixed Moment
(µ̂, Σ̂) 0.178 -0.062 -0.011

(µ̂MCD, Σ̂MCD) 0.182 -0.062 -0.011

Table 3: Estimates of the extreme value index of the distribution of the Barcelona
temperature data. We set kn = 0.05n.
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Fig. 5: The daily maximum temperatures in Barcelona, Spain, from June 1st 2005 to
June 1st 2015.

Fig. 6: Consecutive differences in the daily maximum temperatures in Barcelona,
Spain, from June 1st 2005 to June 1st 2015.

7 Conclusion

A multivariate Hill estimator was recently proposed in Dominicy et al (2015). In
this article we have studied analogous generalizations of moment and mixed moment
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Fig. 7: Consecutive differences in the daily minimum temperatures plotted against
the consecutive differences in the daily maximum temperatures in Barcelona, Spain
from June 1st 2005 to June 1st 2015.

Fig. 8: Histogram of the Mahalanobis distances of the observations displayed in Fig-
ure 7. Sample mean vector and sample mean covariance matrix were used as location
and scatter estimators.

extreme value index estimators. They are significant from the practical point of view,
since the applicability of the Hill estimator is limited to the case of a positive extreme
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value index. We have also illustrated practical implementation of the new estimators
in two real data examples.

We have derived asymptotic results in the case of known location and scatter of
the underlying distribution. The case of estimated location and scatter has been stud-
ied empirically. The results suggest that the estimators are applicable in the case of
estimated location and scatter: the error caused by estimation of location and scatter
was most significant in the case of a negative extreme value index. Also in that case,
results improved as sample size increased and threshold was kept moderate. So far
there are no theoretical results on the asymptotic behaviour of the multivariate mo-
ment based extreme value index estimators under estimated location and scatter. This
provides an interesting problem for future research.

Currently we only consider i.i.d. observations. It would also be interesting to ex-
amine multivariate extreme value index estimators for weakly dependent data. One
challenge in considering weakly dependent observations would be to generalize mix-
ing conditions, needed in univariate settings, to the multivariate case.
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A Proofs of theorems

A.1 Proof of Theorem 2

Let X1, . . . , Xn denote i.i.d. random variables from d variate elliptical distribution (4.1) with a gen-
erating variate R, let Z1, . . . , Zn denote i.i.d. random variables from univariate elliptical distribution
with the same generating variate R, and let Y1, . . . , Yn denote i.i.d. random variables from FR. Let
the multivariate moment estimators τ̂M (d,k,n) and τ̂M (1,k,n) be calculated from X1, . . . , Xn and
Z1, . . . , Zn, respectively, and let τ̂M (k,n) be the univariate moment estimator calculated from the right

tail of Y1, . . . , Yn. It follows from Lemma 1 and the continuous mapping theorem that τ̂M (d,k,n)
d
=

τ̂M (1,k,n). Since |Zi| and Yi are equal in distribution, we know that τ̂M (1,k,n) and τ̂M (k,n) are equal
in distribution. The rest of the proof follows from the consistency proof for the univariate moment estima-
tor presented in Dekkers et al (1989), and from the assumptions.

A.2 Proof of Theorem 3

Let X1, . . . , Xn denote i.i.d. random variables from the d variate elliptical distribution (4.1) with a
generating variate R, let Z1, . . . , Zn denote i.i.d. random variables from univariate elliptical distribu-
tion with the same generating variate R, and let Y1, . . . , Yn denote i.i.d. random variables from FR.
Let the multivariate moment estimators τ̂M (d,k,n) and τ̂M (1,k,n) be calculated from X1, . . . , Xn and
Z1, . . . , Zn, respectively, and let τ̂M (k,n) be the univariate moment estimator calculated from the right

tail of Y1, . . . , Yn. Since τ̂M (d,k,n)
d
= τ̂M (1,k,n) and since τ̂M (1,k,n)

d
= τ̂M (k,n) (see the proof of

Theorem 2), the rest of the proof follows from the limiting normality of the univariate moment estimator
proven in Dekkers et al (1989), and from the assumptions.

A.3 Proof of Theoren 4

Let X1, . . . , Xn denote i.i.d. random variables from the d variate elliptical distribution (4.1) with a gen-
erating variate R, let Z1, . . . , Zn denote i.i.d. random variables from univariate elliptical distribution
with the same generating variate R, and let Y1, . . . , Yn denote i.i.d. random variables from FR. Let the
multivariate mixed moment estimators τ̂MM (d,k,n) and τ̂MM (1,k,n) be calculated from X1, . . . , Xn
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and Z1, . . . , Zn, respectively, and let τ̂MM (k,n) be the univariate mixed moment estimator calculated
from the right tail of Y1, . . . , Yn. It follows from Lemma 1 and the continuous mapping theorem that

τ̂MM (d,k,n)
d
= τ̂MM (1,k,n). Since |Zi|

d
= Yi, we that τ̂MM (1,k,n)

d
= τ̂MM (k,n). The rest of the

proof now follows from the consistency proof for the univariate mixed moment estimator presented in
Fraga Alves et al (2009), and from the assumptions.

A.4 Proof of Theorem 5

LetX1, . . . , Xn denote i.i.d. random variables from the d variate elliptical distribution (4.1) with a gener-
ating variateR, let Z1, . . . , Zn denote i.i.d. random variables from univariate elliptical distribution with
the same generating variate R, and let Y1, . . . , Yn denote i.i.d. random variables from FR. Let the mul-
tivariate mixed moment estimators τ̂MM (d,k,n) and τ̂MM (1,k,n) be calculated from X1, . . . , Xn and
Z1, . . . , Zn, respectively, and let τ̂MM (k,n) be the univariate mixed moment estimator calculated from

the right tail of Y1, . . . , Yn. Since τ̂MM (d,k,n)
d
= τ̂MM (1,k,n) and since τ̂MM (1,k,n)

d
= τ̂MM (k,n)

(see the proof of Theorem 4), the rest of the proof follows from the limiting normality of the univariate
mixed moment estimator proven in Fraga Alves et al (2009), and from the assumptions.
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B Figures and tables

Fig. 9: Identity vs Sigma (sample estimates): n = 1000, d = 2, ν = 2, τ = 0

(a) (0, I) (b) (µ,Σ)

(c) (0, I) (d) (µ,Σ)

(e) (0, I) (f) (µ,Σ)

The histograms of the three extreme value index estimators (M (top row), MM (second row) and Hill (last
row)) under estimated location and scatter. Observe that replacing location and scatter (0, I) by (µ,Σ)
does not affect the results. The underlying distribution was a bivariate normal distribution (τ = 0, d = 2),
the sample size was n = 1000 and the used threshold was ν = 2. Location and scatter were estimated by
the sample mean vector and the sample covariance matrix.
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Fig. 10: Sample estimation (evolution of sample size): d = 20, ν = 3, τ = −1

(a) n = 500 (b) n = 1000 (c) n = 5000

(d) n = 500 (e) n = 1000 (f) n = 5000

(g) n = 500 (h) n = 1000 (i) n = 5000

The histograms of the three extreme value index estimators (M (top row), MM (second row) and Hill
(last row)) under estimated location and scatter. The effect of increasing the sample size n is considered.
The underlying distribution was an elliptical uniform distribution (τ = −1) in dimension 20. The used
threshold was ν = 3. Location and scatter were estimated by the sample mean vector and the sample
covariance matrix.

True Sample MCD
Mean Median Bias RMSE Mean Median Bias RMSE Mean Median Bias RMSE

τ = −1
ν = 0.5 0.0036 0.0036 1.0036 1.0036 0.0088 0.0088 1.0088 1.0088 0.0097 0.0097 1.0097 1.0097
ν = 1 0.0073 0.0073 1.0073 1.0073 0.0114 0.0115 1.0114 1.0114 0.0145 0.0144 1.0145 1.0145
ν = 2 0.0145 0.0144 1.0145 1.0145 0.0171 0.0171 1.0171 1.0171 0.0210 0.0210 1.0210 1.0211
ν = 3 0.0219 0.0219 1.0219 1.0219 0.0236 0.0235 1.0236 1.0236 0.0263 0.0263 1.0263 1.0263
ν = 4 0.0296 0.0294 1.0296 1.0296 0.0307 0.0306 1.0307 1.0307 0.0332 0.0331 1.0332 1.0332

τ = 0
ν = 0.5 0.1031 0.1027 0.1031 0.1042 0.1002 0.0998 0.1002 0.1013 0.1034 0.1024 0.1034 0.1045
ν = 1 0.1203 0.1197 0.1203 0.1209 0.1171 0.1165 0.1171 0.1177 0.1204 0.1197 0.1204 0.1210
ν = 2 0.1422 0.1417 0.1422 0.1426 0.1387 0.1381 0.1387 0.1391 0.1422 0.1416 0.1422 0.1426
ν = 3 0.1588 0.1585 0.1588 0.1591 0.1558 0.1553 0.1558 0.1560 0.1645 0.1641 0.1645 0.1648
ν = 4 0.1734 0.1734 0.1734 0.1736 0.1702 0.1701 0.1702 0.1704 0.1809 0.1807 0.1809 0.1811

τ = 0.2
ν = 0.5 0.2287 0.2273 0.0287 0.0482 0.2122 0.2113 0.0122 0.0369 0.2292 0.2285 0.0292 0.0485
ν = 1 0.2406 0.2397 0.0406 0.0490 0.2283 0.2278 0.0283 0.0379 0.2410 0.2403 0.0410 0.0492
ν = 2 0.2574 0.2565 0.0574 0.0610 0.2476 0.2477 0.0476 0.0514 0.2574 0.2566 0.0574 0.0609
ν = 3 0.2710 0.2707 0.0710 0.0730 0.2625 0.2623 0.0625 0.0646 0.2708 0.2705 0.0708 0.0728
ν = 4 0.2829 0.2825 0.0829 0.0843 0.2754 0.2754 0.0754 0.0768 0.2927 0.2922 0.0927 0.0939

τ = 0.5
ν = 0.5 0.5031 0.5020 0.0031 0.0854 0.3901 0.3894 -0.1099 0.1246 0.5029 0.5011 0.0029 0.0851
ν = 1 0.5069 0.5055 0.0069 0.0602 0.4358 0.4324 -0.0642 0.0797 0.5072 0.5065 0.0072 0.0601
ν = 2 0.5142 0.5129 0.0142 0.0445 0.4714 0.4714 -0.0286 0.0470 0.5144 0.5132 0.0144 0.0450
ν = 3 0.5188 0.5195 0.0188 0.0394 0.4882 0.4873 -0.0118 0.0334 0.5189 0.5182 0.0189 0.0395
ν = 4 0.5237 0.5229 0.0237 0.0385 0.4984 0.4980 -0.0016 0.0286 0.5385 0.5378 0.0385 0.0490

Table 4: Statistics for the multivariate Hill estimator
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Fig. 11: True vs Sample estimation vs MCD: n = 5000, d = 20, ν = 3, τ = 0

(a) True (b) Sample (c) MCD

(d) True (e) Sample (f) MCD

(g) True (h) Sample (i) MCD

The histograms of the three extreme value index estimators (M (top row), MM (second row) and Hill (last
row)). The effect of replacing true location and scatter by estimates is considered. Our first estimates were
the sample mean vector and the sample covariance matrix. The second ones were MCD estimates. The
underlying distribution was a multivariate normal distribution (τ = 0) in dimension 20. The number of
observations was 5000 and the used threshold was ν = 3.

True Sample MCD
Mean Median Bias RMSE Mean Median Bias RMSE Mean Median Bias RMSE

τ = −1
ν = 0.5 -1.0757 -1.0008 -0.0757 0.4504 -0.3157 -0.2892 0.6843 0.7175 -0.3091 -0.2707 0.6909 0.7247
ν = 1 -1.0555 -1.0186 -0.0555 0.3057 -0.3691 -0.3523 0.6309 0.6501 -0.3512 -0.3240 0.6488 0.6983
ν = 2 -1.0154 -1.0057 -0.0154 0.1876 -0.5425 -0.5362 0.4575 0.4739 -0.4872 -0.4774 0.5128 0.5302
ν = 3 -1.0154 -1.0089 -0.0154 0.1546 -0.6936 -0.6891 0.3064 0.3294 -0.5225 -0.5170 0.4775 0.4883
ν = 4 -1.0127 -1.0095 -0.0127 0.1420 -0.7946 -0.7878 0.2054 0.2359 -0.6463 -0.6412 0.3537 0.3679

τ = 0
ν = 0.5 -0.1270 -0.1023 -0.1270 0.2295 -0.1412 -0.1154 -0.1412 0.2396 -0.1283 -0.1044 -0.1283 0.2316
ν = 1 -0.1088 -0.0968 -0.1088 0.1629 -0.1179 -0.1085 -0.1179 0.1697 -0.1074 -0.0966 -0.1074 0.1620
ν = 2 -0.1088 -0.0968 -0.1088 0.1629 -0.1103 -0.0995 -0.1103 0.1416 -0.1016 -0.0938 -0.1016 0.1354
ν = 3 -0.1019 -0.0971 -0.1019 0.1266 -0.1124 -0.1085 -0.1124 0.1355 -0.1477 -0.1421 -0.1477 0.1705
ν = 4 -0.1045 -0.0999 -0.1045 0.1227 -0.1129 -0.1086 -0.1129 0.1295 -0.1321 -0.1284 -0.1321 0.1477

τ = 0.2
ν = 0.5 0.1213 0.1358 -0.0787 0.1924 0.0662 0.0847 -0.1338 0.2178 0.1192 0.1308 -0.0808 0.1935
ν = 1 0.1469 0.1513 -0.0531 0.1385 0.0993 0.1077 -0.1007 0.1589 0.1455 0.1523 -0.0545 0.1389
ν = 2 0.1591 0.1615 -0.0409 0.0986 0.1212 0.1267 -0.0788 0.1158 0.1593 0.1645 -0.0407 0.0981
ν = 3 0.1599 0.1644 -0.0401 0.0847 0.1270 0.1335 -0.0730 0.1015 0.1607 0.1657 -0.0393 0.0845
ν = 4 0.1600 0.1655 -0.0400 0.0754 0.1299 0.1346 -0.0701 0.0924 0.1397 0.1446 -0.0603 0.0901

τ = 0.5
ν = 0.5 0.4268 0.4482 -0.0732 0.2090 0.0641 0.0957 -0.4359 0.4706 0.4273 0.4481 -0.0727 0.2085
ν = 1 0.4630 0.4693 -0.0370 0.1363 0.2156 0.2293 -0.2844 0.3038 0.4625 0.4711 -0.0375 0.1371
ν = 2 0.4804 0.4848 -0.0196 0.0944 0.3124 0.3189 -0.1876 0.2014 0.4803 0.4853 -0.0197 0.0945
ν = 3 0.4885 0.4929 -0.0115 0.0779 0.3572 0.3624 -0.1428 0.1559 0.4884 0.4921 -0.0116 0.0779
ν = 4 0.4925 0.4957 -0.0075 0.0674 0.3844 0.3868 -0.1156 0.1278 0.4835 0.4875 -0.0165 0.0713

Table 5: Statistics for the multivariate moment estimator
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Fig. 12: Sample estimation (evolution of threshold): n = 5000, d = 2, τ = 0.2

(a) ν = 4 (b) ν = 4 (c) ν = 4

(d) ν = 3 (e) ν = 3 (f) ν = 3

(g) ν = 2 (h) ν = 2 (i) ν = 2

(j) ν = 1 (k) ν = 1 (l) ν = 1

(m) ν = 0.5 (n) ν = 0.5 (o) ν = 0.5

The histograms of the three extreme value index estimators (M (left column), MM (middle column) and
Hill (right column)) under estimated location and scatter. The effect of increasing the threshold ν is con-
sidered. The underlying distribution was an elliptical student-t distribution with 5 degrees of freedom
(τ = 0.2) in dimension 2 and the sample size was n = 5000. Location and scatter were estimated by the
sample mean and the sample covariance matrix.
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True Sample MCD
Mean Median Bias RMSE Mean Median Bias RMSE Mean Median Bias RMSE

τ = −1
ν = 0.5 -1.0584 -0.9864 -0.0584 0.4360 -0.3059 -0.2818 0.6941 0.7249 -0.2985 -0.2626 0.7015 0.7327
ν = 1 -1.0234 -0.9884 -0.0234 0.2874 -0.3552 -0.3404 0.6448 0.6620 -0.3238 -0.2990 0.6762 0.7174
ν = 2 -0.9576 -0.9492 0.0424 0.1768 -0.5116 -0.5066 0.4884 0.5016 -0.4525 -0.4452 0.5475 0.5610
ν = 3 -0.9297 -0.9238 0.0703 0.1525 -0.6373 -0.6349 0.3627 0.3783 -0.4770 -0.4719 0.5230 0.5308
ν = 4 -0.9001 -0.8970 0.0999 0.1555 -0.7093 -0.7046 0.2907 0.3070 -0.5746 -0.5725 0.4254 0.4341

τ = 0
ν = 0.5 -0.0761 -0.0671 -0.0761 0.1686 -0.0890 -0.0785 -0.0890 0.1747 -0.0766 -0.0701 -0.0766 0.1701
ν = 1 -0.0638 -0.0579 -0.0638 0.1091 -0.0714 -0.0665 -0.0714 0.1146 -0.0626 -0.0567 -0.0626 0.1086
ν = 2 -0.0544 -0.0510 -0.0544 0.0819 -0.0600 -0.0545 -0.0600 0.0850 -0.0529 -0.0482 -0.0529 0.0804
ν = 3 -0.0479 -0.0459 -0.0479 0.0681 -0.0556 -0.0543 -0.0556 0.0742 -0.0763 -0.0757 -0.0763 0.0928
ν = 4 -0.0448 -0.0420 -0.0448 0.0598 -0.0510 -0.0491 -0.0510 0.0643 -0.0587 -0.0569 -0.0587 0.0706

τ = 0.2
ν = 0.5 0.1664 0.1394 -0.0336 0.1827 0.1099 0.0921 -0.0901 0.1760 0.1645 0.1368 -0.0355 0.1841
ν = 1 0.1676 0.1511 -0.0324 0.1304 0.1218 0.1116 -0.0782 0.1334 0.1657 0.1496 -0.0343 0.1299
ν = 2 0.1644 0.1577 -0.0356 0.0912 0.1309 0.1259 -0.0691 0.1015 0.1643 0.1593 -0.0357 0.0909
ν = 3 0.1605 0.1578 -0.0395 0.0777 0.1328 0.1327 -0.0672 0.0901 0.1604 0.1585 -0.0396 0.0775
ν = 4 0.1583 0.1572 -0.0417 0.0690 0.1339 0.1345 -0.0661 0.0826 0.1403 0.1406 -0.0597 0.0795

τ = 0.5
ν = 0.5 0.4903 0.4630 -0.0097 0.2578 0.1440 0.1386 -0.3560 0.3721 0.4910 0.4683 -0.0090 0.2581
ν = 1 0.4878 0.4719 -0.0122 0.1725 0.2436 0.2414 -0.2564 0.2725 0.4868 0.4740 -0.0132 0.1723
ν = 2 0.4851 0.4816 -0.0149 0.1204 0.3192 0.3186 -0.1808 0.1966 0.4849 0.4816 -0.0151 0.1201
ν = 3 0.4900 0.4879 -0.0100 0.1008 0.3587 0.3591 -0.1413 0.1576 0.4898 0.4899 -0.0102 0.1007
ν = 4 0.4894 0.4854 -0.0106 0.0860 0.3837 0.3817 -0.1163 0.1324 0.4663 0.4616 -0.0337 0.0881

Table 6: Statistics for the multivariate mixed moment estimator


