UNIVERSITE LIBRE DE BRUXELLES Dl { oS p—
= <ion

Dépdt Institutionnel de I’ Université libre de Bruxelles/
Université libre de Bruxelles Institutional Repository
Thése de doctorat/ PhD Thesis

Citation APA:
Bautier, K. (2001). Dynamics at infinity in anti-de Sitter gravity (Unpublished doctoral dissertation). Université libre de Bruxelles, Faculté des sciences,

Bruxelles.

Disponible a/ Available at permalink : https://dipot.ulb.ac.be/dspace/bitstream/2013/211506/1/e0805627-59ad-471d-b375-0cf 8ef075723.txt

(English version below)
Cette thése de doctorat a été numérisée par I’ Université libre de Bruxelles. L' auteur qui s opposerait a sa mise en ligne dans DI-fusion est invité a

prendre contact avec I’ Université (di-fusion@ulb.be).

Dans le cas ol une version électronique native de la thése existe, I’Université ne peut garantir que la présente version numérisée soit
identique & la version éectronique native, ni qu’elle soit la version officielle définitive de la thése.

Dl-fusion, le Dépdt Institutionnel de I’ Université libre de Bruxelles, recueille la production scientifique de I’ Université, mise a disposition en libre
acces autant que possible. Les oauvres accessibles dans DI-fusion sont protégées par la législation belge relative aux droits d'auteur et aux droits
voisins. Toute personne peut, sans avoir a demander |’ autorisation de I'auteur ou de I’ ayant-droit, a des fins d'usage privé ou a des fins
d’illustration de I’ enseignement ou de recherche scientifique, dans la mesure justifiée par le but non lucratif poursuivi, lire, télécharger ou
reproduire sur papier ou sur tout autre support, les articles ou des fragments d'autres oauvres, disponibles dans DI-fusion, pour autant que :
- Lenom des auteurs, letitre et la référence bibliographique compléte soient cités;

- L’identifiant unique attribué aux métadonnées dans DI-fusion (permalink) soit indiqué;

- Lecontenu ne soit pas modifié.

L’ cauvre ne peut étre stockée dans une autre base de données dans le but d'y donner acces ; I’identifiant unique (permalink) indiqué ci-dessus doit
toujours étre utilisé pour donner accés &’ cauvre. Toute autre utilisation non mentionnée ci-dessus nécessite I’ autorisation de I’ auteur de |’ oauvre ou
del’ayant droit.

English Version

This Ph.D. thesis has been digitized by Université libre de Bruxelles. The author who would disagree on its online availability in DI-fusion is

invited to contact the University (di-fusion@ulb.be).

If a native electronic version of the thesis exists, the University can guarantee neither that the present digitized version isidentical to the
native electronic version, nor that it is the definitive official version of the thesis.

DI-fusion is the Institutional Repository of Université libre de Bruxelles; it collects the research output of the University, available on open access
as much as possible. The works included in DI-fusion are protected by the Belgian legislation relating to authors’ rights and neighbouring rights.
Any user may, without prior permission from the authors or copyright owners, for private usage or for educational or scientific research purposes,
to the extent justified by the non-profit activity, read, download or reproduce on paper or on any other media, the articles or fragments of other
works, available in DI-fusion, provided:

- The authors, title and full bibliographic details are credited in any copy;

- The unique identifier (permalink) for the original metadata page in DI-fusion is indicated;

- The content is not changed in any way.

It is not permitted to store the work in another database in order to provide access to it; the unique identifier (permalink) indicated above must
aways be used to provide access to the work. Any other use not mentioned above requires the authors' or copyright owners' permission.



https://dipot.ulb.ac.be/dspace/bitstream/2013/211506/1/e0805627-59ad-471d-b375-0cf8ef075723.txt
mailto:di-fusion@ulb.be?subject=Questions
mailto:di-fusion@ulb.be?subject=Questions

D 03125

Université Libre de Bruxelles
Faculté des Sciences
Service as Physique Théorique et Mathématique

Dynamics at infinity
la anti-de Sitter gravity

These présentée en vue de I'cbtention
du grade de Docteur en Sciences
(grade légal)

' ' Karin Bautier
Chercheur F.R..I.A.

\
Université Libre de Bruxelles

0031







Université Libre de Bruxelles
Faculté des Sciences
Service de Physique Théorique et Mathématique

Dynamics at infinity
IN anti-de Sitter gravity

Théese présentée en vue de I'obtention
du grade de Docteur en Sciences
(grade légal)

Karin Bautier
Chercheur F.R.l.A.

Octobre 2001



Ayant maintenant la quasi-certitude de déposer demain, c’est avec joie et du fond
du coeur que je peux enfin remercier tous ceux et celles qui m'ont aidée a réaliser cette
thése.

Je voudrais tout d'abord exprimer toute ma reconnaissance a mon directeur de thése
Marc Henneaux. Je le remercie de m'avoir initiée a ce domaine de recherche, d'avoir
toujours été disponible pour des discussions enrichissantes et pour I'excellente collabora-
tion que nous avons eue. Je le remercie également de la confiance, du soutien et de la
patience qu'il m'a témoignés tout au long de ma these.

Je voudrais également remercier trés chaleureusement Frangois Englert de m’avoir
donné godt a I'étude de la physique en premiére candidature déja et d’avoir ainsi contribué
a ce qu'année aprés année je continue dans cette voie, jusqu 'a avoir le plaisir de travailler
avec lui sur la deuxiéme partie de cette thése. Je le remercie également de sa patience et
de son soutien, ainsi que de sa relecture attentive du manuscrit.

Je remercie également mes autres collaborateurs Maximo Banados, Olivier Coussaert,
Miguel Ortiz, et particulierement Marianne Rooman et Philippe Spindel, avec qui j'ai eu
de nombreuses discussions intéressantes.

Un tout grand merci aussi a Jean-Marie Frere de m’avoir fait une place dans son
service et pour le soutien qu'il m’a toujours apporté.

Je tiens également a exprimer ici a quel point ce fut un plaisir de partager un bureau
avec Riccardo, Muriel, puis Yves, et d'avoir ainsi fait leur connaissance dans ces circon-
stances particuliéres ou se superposent péle-méle une discussion de physique et un appel
téléphonique tumultueux. Je les remercie de m’avoir si bien supportée, aux sens anglais
et francais du terme. Un grand merci aussi a Riccardo pour la relecture de ma these.

Je voudrais également remercier chaleureusement les occupants successifs du bureau
d'en face, Laurent, qui malgré ou grace a ses périples de part le monde n'a pas cessé de
faire sentir sa présence amicale, et Michel, envers quije suis particulierement reconnais-
sante pour son soutien et ses encouragements pendant la dure période de la rédaction.
Un tout grand merci a Nicolas pour m’'avoir ouvert la voie et pour son soutien, tant
moral qu'alimentaire. Merci également a toutes les personnes des Services de Physique
Théorique et Mathématique et de Physique Théorique que je n'ai pas encore citées et qui
ont contribué directement ou indirectement a I'élaboration de cette thése.

Finalement, c'est de tout coeur que je remercie ici ma mére et mes soeurs, et mes
amis, pour y avoir cru jusqu'au bout et pour m’avoir offert les meilleurs moments de
cette thése. Merci enfin a Vivian tout particulierement.



Contents

1 Introduction

2 Anti-de Sitterspace-time and holography

2.1 The holographie PrinCiple.. ...
2.2 Anti-de Sitter SpPace-timMe ...
2.3 The AdS/CFT COIre€SPONUENCE......ccueiiiiiiiiieeaiie e e e e enes
S AN o 1S OSSR

3 AdSs supersymmetric asymptotics

3.1 Chern-Simons fOrmulation...........ccccoviiiiiiiee e
I 0 A =0 1 (I o | = 1/ 1 Y/ PRSPPSO
3.1.2 The 2-h 1 black NOIE........cooii e
3.1.3  AdSA SUPEIGraVILY ......oiiiiiieiie ettt snee s
3.1.4 Supersymmetry properties of the 2-1-1 black hole...........c.....cc........

3.2 Boundary CONAItIONS........cooiiiiiiiie ittt

3.3 Hamiltonian formaliSm...........cccoiiiiiiiiii e

3.4 ASYMPLOLIC SYMIMEIIY ..ot

3.5 Dynamics at INFINITY ..o

3.6 Extended SUPErSYMMETIY. .. ..ottt eneas

I A o oo 11 T o TSRS

4 Anti-de Sitter gravity and classicalboundary degrees of freedom

4.1 Bulk diffeomorphisms and Weyl transformations on the boundary............
411 Anti-de Sitter boundary ..o
4.1.2 Diffeomorphisms and Weyl transformations..............ccccccoeiieiies

4.2 The Fefferman-Graham ambiguity :classical boundary degrees of freedom
4.2.1 Expansion of the Einstein équations near the boundary...............
4.2.2 The Fefferman-Graham ambiguity and AdS blackholes.................

4.3 Weyl anomaly of the gravitational action..............ccoccoeiiiiiii i,

10
12
14

20
22
22
26
28
31
32
35
38
44
45
48



4.3.1 Variation of the gravitational action under bulk diffeomorphisms
4.3.2 Expansion of the gravitational action and classical Weyl anomaly

OF ItS fINILE PAIT....cei i
4.3.3 Weyl anomaly in two and four dimensions.............cccccceeevviiieee e,
4.4 Conserved tensor on the boUuNdary........ccccceciiie e
4.4.1 Dynamical équations for the boundary degrees of freedom............
4.4.2 Weyl transformation of the boundary conserved tensor..................
45 The 0 = 2 CASE. ..ttt
45.1 Weyl anomaly and boundary degrees of freedom of AdSs gravity
4.5.2 Gravitational degrees of freedom and Liouville theory.................
453 Back to theasymptoticsymmetryalgebra............cccooiiiiiiiicnnienne
4.6 Higher diMeNSIONS......cooiiiiii ettt ens
4.7  DISCUSSION.....ueiiiiieeitie ettt et eeee e satee e steee e neeeeeneeeeas

5 Conclusion
A Weyl transformations ofcurvaturetensors

Bibliography

60

63
66
67
67
70
74
74
76
79
82
88

91

93

96



Chapter 1

INtroduction

The holographie principle assumes that, in any theory of quantum gravity, physics con-
tained within a certain volume should be described on the boundary surrounding this
volume by a quantum theory which présents about one degree of freedom per Planck
area contained in the boundary surface. In the context of the string theory approach
to quantum gravity, a particular set up has been viewed as a manifestation of this prin-
ciple [1, 2, 3]. It is the conjectured équivalence between some string theory, or its low
energy supergravity limit, on anti-de Sitter space-time times a compact space, and some
quantum conformai field theory living on the anti-de Sitter boundary [4], In this frame-
work, the supergravity action turns to be the (logarithm of) the generating functional of
corrélation functions of the conformai quantum field theory [5, 6].

In this thesis, we show that there are classical degrees of freedom on the conformai
boundary of anti-de Sitter and that the asymptotic dynamics of classical gravity with a
négative cosmological constant, of which anti-de Sitter is the most symmetric solution,
might in fact be controlled by a classical conformai field theory on its boundary. This
may be viewed as a classical ancestor for the holographie principle, realizing at the clas-
sical level the correspondence between a gravity theory for asymptotically anti-de Sitter
space-times and a conformai field theory on their boundary. Classical gravity with a
négative cosmological constant will be called anti-de Sitter gravity, in référencé to its
most symmetric solution.

In three dimensions, the asymptotic symmetries and dynamics of anti-de Sitter gravity
héave been studied in [7, 8]. The algebra which préserves the boundary conditions for an
asymptotically anti-de Sitter space-time in 2 -I- 1 dimensions is given by (twice) the
Virasoro algebra, which is the conformai 2ilgebra in two dimensions. The canonical
realization of this algebra présents a central extension, with a central charge proportional
to the anti-de Sitter radius and to the inverse of the three-dimensional Newton constant
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[7] . The dynamics realizing this symmetry at infinity is described by Liouville theory
[8] . The Liouville field constitutes therefore locally the classical degree of freedom of
three-dimensionaJ anti-de Sitter gravity.

The non-trivial central charge in the asymptotic symmetry algebra is particular to
three dimensions and is related to the enhancement of symmetry on the boundaxy from
the anti-de Sitter isometry group in three dimensions to the infinite-dimensional con-
formai group in two dimensions. This central charge provides a semi-classical hint into
bicick hole microphysics. Indeed, the degeneracy of States for a conformai field theory with
this central charge gives rise to, under appropriate conditions, exactly the Bekenstein-
Hawking entropy for the 2-1-1 black hole [9]. However, Liouville theory does not satisfy
these conditions. The Liouville field alone cannot generate the full blaek hole entropy
and can merely be viewed as a collective coordinate of the underlying microscopie theory
[20].

In this thesis, the above properties of three-dimensional anti-de Sitter gravity are
extended to the supersymmetric case, which is known to be an important ingrédient of
black hole entropy computations in string theory and which is a feature of the gravity
théories considered in the conjectured duality between string théories on anti-de Sitter
space-time and conformai quantum field théories on its boundary.

We next show that classical degrees of freedom on the conformai boundary of anti-
de Sitter are also présent in higher dimensions. Their effective boundary action has
a Weyl anomaly for even dimensions and is conformaldly invariant for odd ones. These
degrees of fireedom are encoded in traceless tensor fields appearing in the expansion of the
metric near the boundary and generate ail the anti-de Sitter Schwarzschild and Kerr black
holes. We argue that these fields describe components of the energy-momentum tensor of
a boundary theory and that this theory could be given a local expression in terms of local
boundary fields. As in the three-dimensional case, the quantization of these fields might
fail to provide a microscopie description of black hole entropy. However, in the light of
the above correspondence between anti-de Sitter supergravity and a conformai quantum
field theory on the boundary, or in any attempt to quantize gravity, it is interesting to
better understand the nature of the conformai boundary degrees of freedom of classical
gravity with a négative cosmological constant.

The aim of Chapter 2 is to give a pedagogical introduction to the context in which
this research takes place. It includes a présentation of the holographie principle for
the description of the quantum degrees of freedom of gravity. The geometry of anti-
de Sitter space-time is described. The chapter also contains a brief introduction to the
équivalence between string and gravity théories on anti-de Sitter space-time and some
quantum conformai field théories living on its boundary. Finally, there is a section
devoted to anti-de Sitter space-time in three dimensions, reviewing the results about its
asymptotic symmetries and dynamics and about their implications, as well as those of



the above équivalence, for the entropy of the 2 + 1 black hole.

The next two chapters présent original résulta.

In Chapter 3, we extend the known résulta about the asymptotic symmetries and
dynamics of AdSs gravity to the supersymmetric case [11, 12]. It is useful to turn to the
Chern-Simons formulation of three-dimensional gravity. The boundary conditions for the
metric of an asymptotically anti-de Sitter space-time are translated into this formalism.
We construct the asymptotic conditions for the Rarita-Schwinger fields, which involve a
chiral projection of the spinors at infinity. Together with the boundary conditions on the
bosonic fields, these ensure that the asymptotic symmetry algebra is the superconformai
algebra. In the canonical realization of this algebra through the Poisson brackets of
the generators of the asymptotic symmetries, a central extension appears. The central
charge is equal to the one of pure gravity. We then sketch how the asymptotic degrees
of freedom are described by super-Liouville theory. We also consider the extended (p, q)-
supergravity models, for which the asymptotic symmetry algebras are the superconformai
algebras with quadratic non-linearities in the currents.

In Chapter 4, we show that, in ail dimensions, classical gravity with a négative cosmo-
logical constant possesses boundary degrees of freedom and that these are described by a
boundary effective action which is conformally invariant for odd-dimensional boundaries
and présents a classical Weyl anomaly for even ones [13,14]. This last resuit is obtained by
computing the variation of the gravitational action under diffeomorphisms which induce
Weyl transformations on the boundary of asymptotically anti-de Sitter space-times. By
expanding the Einstein équations near the boundary, we show, for boundaries of dimen-
sion two, three and four, that the gravitational boundary degrees of freedom are encoded
in a conserved tensor and argue that this tensor might be the energy-momentum tensor
of some local boundary fields. The (2 + I)-dimensional case is analyzed explicitly [13].
Finally, we show how to construct in ail dimensions actions which présent classically the
gravitational Weyl anomaly and illustrate the method in four dimensions.

Our conclusions are summarized in Chapter 5.



Chapter 2

Anti-de Sitter space-time and
holography

2.1 The holographie principle

In this section, we review how the semi-classical analysis of Bekenstein [15] and Hawking
[16] of the black hole entropy has led 't Hooft and Susskind to advocate that any theory
of quantum gravity should satisfy the so-called holographie principle [1, 2].

The entropy of a black hole has been shown by Bekenstein [15] to be proportional to
the area of its event horizon:

2.1)

where the exact numerical factor has been derived by Hawking [16] when he discovered
that a black hole can émit radiation. Indeed, the Hawking température of this radiation
as seen by an observer at infinity is given by [16]:

SttGM'’

Writing OM = TSS, one obtains équation (2.1), up to an intégration constant which will
be assumed to be zéro.

The fact that the entropy of a black hole given in équation (2.1) is proportional to its
area has been interpreted by Bekenstein as determining an upper bound on the entropy
of any région of space-time of volume V enclosed in a surface of size A, in the presence
of gravity. This bound says that the entropy contained in that région cannot exceed that
of a filling black hole, i.e. cannot be larger the A/AG [17]. Indeed, if the région inside V
had an entropy bigger than the one of the filling black hole and an energy just smaller
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than his, then, by throwing in an infinitésimal amount of matter, such a black hole could
be formed and the second law of thermodynamics would be violated.

As an example of a System satisfying the Bekenstein entropy bound, consider a gas at
some température T inside a région of size V. To be observable from the outside world,
the energy of the gas must be less than the mass of a black hole of size V or, equivalently,
the radial size of the région V must be larger than its Schwarzschild radius:

EG<vi. (2.2)
The energy of the gas at température T is given by:

E~VT\ (2.3)
Its entropy is equal to:

S~ VT\

Using équations (2.2)-(2.3), one obtains the following bound for the entropy:

which is stronger that the Bekenstein bound.

In statistical mechanics, the entropy is given by the logarithm of the number of
microscopie States corresponding to the same macroscopie State. Therefore, for a System
of n binary degrees of freedom corresponding to n spins that can take only two values,
n is proportional the maximal entropy of the System. The statistical interprétation of
the Bekenstein bound has led 't Hooft [1] to make the assumption that, in any theory
of quantum gravity, physics inside a certain région of space-time should be described by
degrees of freedom on the surface surrounding that région and that the number of those
degrees of freedom is limited roughly to one binary degree of freedom per Plcinck area in
this surface [1, 2]. This has been called the holographie principle.

Notice that the limitation of the number of degrees of freedom by the area of the
surface surrounding a certain région of space-time is much stronger than that obtained
by putting a cut-off at the Planck scale. Indeed such a cut-off would induce an entropy
proportional to the volume of that région, corresponding to about one binary degree of
freedom per Planck cell in that région. Now, for sufficiently large volume, this is bigger
than the area surrounding it. This radical decrease in the number of degrees of freedom
in the presence of gravity is explained by the fact that most of the States of a quantum
field theory regulated by a Planckian cut-off would have so much energy that they would
collapse into a black hole and could not influence the évolution of the system [1].

In section 2.3, a realization of the holographie principle will be presented in the
context of string theory, relating the propagation of string in anti-de Sitter space-time
to a conformai quantum field theory on its boundary. The geometry of anti-de Sitter
space-time is considered in the next section.
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2.2 Anti-de Sitter space-time

Anti-de Sitter is the most symmetric solution of the Einstein équations for gravity with a
négative cosmological constant. A review of its géométrie properties can be found in [18].
It is a space-time with négative constant curvature. Anti-de Sitter space-time AdS” in
D = d + | dimensions can be constructed as a hyperboloid of radius | embedded in a
(d -f 2)-dimensional flat space with two time-coordinates. The metric of the embedding
space is;

ds® = dXf-\-... + dXj - dX* - dXii. (2.4)

The équation of the hyperboloid is the following:
XA AA-Xj-XN-X, = ~I\ (2.5)

Global coordinates for AaSd are defined by:

Xq = Zcoshpcos(r/2),
X-i = 1coshpsin(r//),
Xi = 1sinhP Cli, i=1,...,d, Mz~ =1, (2.6)

where, when D = 3, the last line accounts to:
Xi = 1sinh P cos (p, X2—I sinh p sin ps.
These coordinates yield the following metric for AdS/5:
ds® — I"dp” — cosh” p dr”™ -I- P sinh™ p dU”_i, 2.7)

with:
tZzGrf_i = difl 4- sin” ipidipl -I-... -I- sin® <pi ... sin® <Pd-2d<Pd-i-

With 0 < p < 00 and 0 < t < 27t, they cover the hyperboloid once but there are closed
timelike curves. One therefore considers the universal covering space of the hyperboloid
unwrapping the time coordinate « by enlarging its range of variation to —00 < t < 00.
It is this space-time which is usually referred to when speaking of anti-de Sitter.

The above coordinates are the ones used in Chapter 3. The metric for AdSs is read
in équation (2.7) as:

ds™ = I"dp” — cosh”™ p ¢Zr* -I- Z* sinh™ p c¢Zip™.
By the change of radial coordinate sinhp = r/I, one obtEUns the usual metric:

ds® = -[1 4- {r/DNdTA + [1 + (1/Z)"]~*dr™ -I- rdip. (2.8)
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Anti-de Sitter space-time has the property that light rays can travel to spatial infinity
in a finite amount of time. Going to D = 2 for simplicity, one writes the équation for a
lightlike géodésie in AdS? as:

ds™ - I*dp™ — cosh®P dr™ = 0.
The solution of this équation, with p = 0 at time r = 0, is given by:
+/1 = = arctansinhp.

One sees that the géodésie reaehes spatial infinity in a finite amount of time equal to
T = I|-ii/2. Reversely, light rays arrive from infinity in a finite time. This shows that
anti-de Sitter is not globally hyperbolic i.e. there is no Cauehy surfaee on whieh to put
initial eonditions. In order to make the Cauehy problem well-posed, suitable boundary
eonditions must be speeified at spatial infinity [19].

This partieulcirity of anti-de Sitter shows up elearly in its Penrose diagram. One sets
for P the following eonformal eoordinate ehange:

eoshP = :
eosa

that brings eonformzilly (i.e. in a way that light rays are eonserved) spatial infinity at a
finite value of the radial eoordinate, namely at a = 7t/2. Forgetting about the eingular
variables, the metrie (2.7) beeomes:

ds* = eosh P [———+ da”.

One sees that AdS? is eonformal to a vertieal band of Minkowski spaee-time. In this
diagram, light rays are at 45 degrees and the above eharaeteristie that they ean reaeh
infinity in a time equal to 1°/2 beeomes manifest. It is also elear that the boundary at
spatial infinity, whieh is the line a = 7t/2, is timelike. These features show the importiinee
of the dynamies at infinity in anti-de Sitter spaee-time.

Let us now deseribe the Poinearé eoordinates whieh will be mostly used in Chapter
4. We introduee the eoordinates U = X-i Xd and V = X-i — Xd and solve équation
(2.5) for V:

V= “t-XF - X7),

where Xf is written for Posing, for U ™~ 0, x- = Xi/U and t = Xg/U, we find
the following parametrization of the hyperboloid:

—Xjti  1—1l..] 1

Xo = tu,
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X-1 = —(1+Xj -

The metric (2.4) becomes in these new variables:

dsh = + UN-dt™ + dij + ... + dxL_i). (2.9)

Notice also that the isometry group of AdS”, as being a hyperboloid embedded in a
{D + I)-dimensional space with two times, is SO{2,d) with D =d + |. This is precisely
the conformai group in d dimensions (for d greater than two). This implies that the
holographie theory dual to a gravity theory on anti-de Sitter is likely to be a conformai
theory. This relation between symmetry groups in the bulk and on the boundary plays an
essential réle in the AdS/CFT correspondence presented in the next section. The précisé
way in which the isometry group of anti-de Sitter generates conformai transformations
on its boundary will be presented in section 4.1 of Chapter 4, where it will also be shown
how the boundary of anti-de Sitter is identified with compactified Minkowski space-time.

2.3 The AdS/CFT correspondence

The correspondence described in this section between string theory on anti-de Sitter
AdSzj=d+i times a compact manifold and a d-dimensional conformai field theory provides
a concréte realization of the holographie principle presented in section 2.1 [3]. This duality
has been conjectured by Maldacena [4] and a review on the subject can be found in [18]
as well as a wide list of references. The correspondence relies on the introduction of
D-branes in string theory [20], wich are defined in perturbation theory as surfaces where
open strings can end, and on the fact that these surfaces appear in supergravity as the
p-branes solitonic solutions which carry Ramond-Ramond charges.

Let us consider an extremal 3-brane solution of ten-dimensional 1B supergravity cor-
responding to an electric source of charge N for the Ramond-Ramond field. Extremality
is translated into the fact that the mass of the solution saturdtes a lower bound in
terms of its charge. This extremality condition is also the BPS condition with respect
to ten-dimensional supersymmetry and the extremal solution préserves one half of the
supersymmetry. The metric of this 3-brane solution is the following [21]:

ds® = M {—dt™ -I- dXI + dX\ + dX\) + J1 + Adr 4- rAdil), (2.10)

where P is proportional to Giofi, with Gio the ten-dimensional Newton constant and p
the energy density of the brane. In terms of string parameters, one has Gio =
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with g the string length and g, the string coupling. The tension of one brane is propor-
tional to In ternis of these paréimeters, P is then equal to ATvggl*N. There is an
horizon at r = 0. The dilaton is constant for this solution and the metric can be extended
beyond the horizon. The metric (2.10) describes a semi-infinite throat of radius | inserted
in flat space. Note that the description of the 3-brane as a supergravity solution is valid
as soon as the curvature is small with respect to the string scale i.e. when Z = /«. The
string coupling must also be small in order to suppress string loop corrections: </*<!.
Using P ~ gsI®N, this is translated into 1 > g"N < N.

Neax the horizon (inside the throat), r <C 7 and the 1 can be neglected in the harmonie
fonction appearing in équation (2.10). The metric beeomes:

dsh = | + dxj + dx| + dxl) + . + INdTN,

which, comparing with équation (2.9) with U = r/Z, is the metric of AdS®, x 5®, with
both radii equal to Z

In string perturbation theory, this extremaJ 3-brane solution can be described in
terms of £>3-branes. These £)-branes are surfaces where open strings can end and aré
also sources for the closed strings. A stack of N Z13-branes carry the same Ramond-
Ramond charge as the corresponding 3-brane solution. The loop expansion parameter of
open string perturbation theory is g"N. The D-brane description is therefore valid when
ggN C 1, which is complementary to the supergravity régime.

We consider a System of N £>3-branes in 1IB string theory. The perturbative excita-
tions of this System are those of the closed strings in empty flat space and of the open
strings ending on the D-branes. In the low energy limit Zg 0, the H-branes découplé
from the bulk and the worldvolume theory describing their massless excitations reduces
to (3 - I)-dimensional A" = 4 U{N) super-Yang-Mills (SYM) theory. The Yang-Mills
coupling is given in terms of the string coupling hy gyj™ = gs-

We now consider 11B string theory in the background described by équation (2.10).
Looking at this metric, one sees that the excitations inside the throat (the near horizon
région) are strongly redshifted. Therefore the low energy excitations as viewed from
infinity are the massless States propagating in flat space and ail the string theory exci-
tations inside the throat. Recalling that the near horizon geometry is AdS* x 5%, the
comparison of this System with the low energy description of the above System of D3-
branes has led to a conjectured duality between type 1I1B string theory on AdS* x 5® and
(3 + I)-dimensionaJ Af — 4 U(N) super-Yang-Mills [4].

One must take care of the range of validity of the varions approximations. Let us go
first to the supergravity approximation 1 4; g®N < N. Using = pg, one obtains the
weakest form of the conjectured duality, relating 11B supergravity around the AdSs x 5
background and Af = 4 SYM theory at large 't Hooft coupling gyM~» large N
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limit [4]. Stronger versions of the conjecture could also be considered, going beyond the
supergravity approximation. Gauge theory at finite 't Hooft coupling but with N 00
could then be studied by examining string scale corrections to the supergravity limit.
The strongest form of the conjecture would be that jV' = 4 SYM and string theory on
AdSs X axe in fact the same for ali values of gs and N [4]. It has been explained
in [5, 6] in what précisé sense the two dual théories should be identified, suggesting
on geometrical grounds that the conformai field theory lives on the boundary of anti-
de Sitter and giving a method for computing corrélation functions in the gauge theory by
supergravity calculations in the anti-de Sitter background. Notice also that it has been
shown in [3] that the conformai field theory has about one degree of freedom per Planck
area. As one has a duality between a field theory without gravity in d = 4 dimensions
and a gravity theory in d +1 = 5 dimensions, it constitutes a true example of holography.

A similar duality can be elaborated by considering a System of DI- and D5-branes.
The near horizon geometry of the corresponding supergravity solution contains an AdSz x

factor, with or without the discréte identifications that lead to a black hole in three
dimensions [4, 22]. The low energy field theory on the worldvolume of the ZI-branes is a
(1 +)-dimensional conformai field theory. We will corne back to this configuration in the
next section where we consider the case of AdSs in the framework of three-dimensional
classical gravity as well as in the context of string theory where the AdS/CFT corre-
spondence takes place. In particular, we examine the entropy of three-dimensional and
five-dimensional black holes and how Z?-branes dynamics provides a microscopie expla-
nation for it.

2.4 AdSa

We begin this section by recalling the resuit of Brown and Henneaux [7] according to
which any theory of gravity on AdSs provides a représentation of the conformai algebra
in two dimensions with a central charge equal to ¢ = 31/2G, where | is the anti-de Sitter
radius and G the three-dimensional Newton constant. This resuit is reviewed in the next
chapter in the Chern-Simons formulation of AdSs gravity [23, 24] while extending it to
the supersymmetric case. We briefly introduce it here.

The isometry group of anti-de Sitter space-time in 2 + 1 dimensions is 50(2,2) and
AdSs possesses six Killing vectors, three for each 50(1,2) factor of 50(2,2) [25]. Besides
anti-de Sitter spane-time, the Einstein équations for gravity with a négative cosmological
constant A = —1/P présent also the BTZ black hole solutions [26]. These black holes can
be obtained from anti-de Sitter space-time by appropriate discrete identifications [25].
Their metric is given by:

ds® = —NAdP -- N Adr 1 r{N'~dt (- d(pY, (2.11)
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with:

(rlh2 -M + {J/2rf,
-J3/2r".

Notice that AdS corresponds to the same metric with M — -1 and J = 0. These black
holes possess only two Killing vectors [25]. Therefore, acting on them with the AdS
Killing vectors generates new configurations, which are used to construct boundary con-
ditions for asymptotically anti-de Sitter space-times [27]. The asymptotic behaviour cor-
responding to these conditions is the same to leading order as the asymptotic behaviour
which is commun to thé”ahti-de Sitter and the black holes solutions. The subdominant
terms, which correspond to the mass and angular momentum of these solutions, are re-
laxed in the boundary conditions to arbitrary functions of t and ip. The Killing vectors
that préservé these conditions dépend now on two arbitrary functions of u = (/1) -I- (p
and V = (/) — P, enhancing each so(l,2) AdS isometry aJgebra to the complété set of
modes of the Virasoro aJgebra. These two algebras form the conformai algebra in two
dimensions. The canonical realization of this asymptotic symmetry algebra through the
Poisson brackets of the symmetry generators présents a central extension whose central
charge is equal to ¢ = 3//2G. This non trivial central charge is related to the enhancement
of symmetry at the boundary and to the fact that the asymptotic Killing vectors cannot
generally be extended in the bulk into exact Killing vectors of any three-dimensional
metric [7]. In the case of the BTZ solutions, the zéro modes of the Virasoro generators L
and L are related to the mass and angular momentum of the black hole by the following
expressions:

(2.12)

with k = ¢/6 = 1/4G.

The above conformai symmetry is realized classically in the relation of AdSs gravity
with Liouville theory [8]. This relation is based on the description of three-dimensional
gravity by a Chern-Simons theory [23, 24]. The asymptotic boundary conditions reduce
it to a WZW model, with a restriction on the WZW currents that yields the Hamiltonian
réduction of the 50(1,2) WZW model to Liouville theory [8]. This réduction is outlined
in section 3.5 of the next chapter in the supersymmetric case.

The above resuit on the asymptotic symmetry of AdSs has been derived in classical
gravity and is therefore valJid as soon as the AdS curvature (or the cosmological constant)
is small in Planck units, i.e. as soon as:

1»G.

However, Strominger [9] has shown that the knowledge of the central charge encountered
in the asymptotic symmetry algebra allows to compute microscopically the entropy of
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the three-dimensional black hole. We write the lapse function N appearing in the BTZ
metric of équation (2.11) as:

with:

:C(mi

The Bekenstein-Hawking entropy of the black hole is given by:

A _T™
4G ~
where A is the area of the black hole horizon.

The asymptotic growth of the degeneracy of States in a conformai field theory is given
in terms of the central charge ¢ and of the levels Lq and Lg of the excited States as:

S (2.13)

d{c,Lo,Lo) ~

leading to the Cardy formula for the entropy [28]:

N=2ry C + 271NN, (2.14)

which is valid for a unitary conformai field theory and for Lqg, Lg = c. In the case of
the BTZ black hole with large M viewed as an excited state of a conformai field theory
with central charge given by the one of the asymptotic symmetry algebra ¢ = 3Z/2G,
the values of Lq and Lg in terms of M and J “lre given in équation (2.12). They are
expressed in terms of r+ and r_ as:

N = Zo = NMNr+"N-r_ )N

recalling that ¢ = 6k. Inserting these values in équation (2.14) yields a microscopie
entropy in exact agreement with the Bekenstein-Hawking resuit given in équation (2.13)
for the BTZ black hole [9].

This statistical dérivation of the black hole entropy only needs information on the
value of the central charge which is provided by the semi-classical analysis of Brown and
Henneaux. It is not clear however which is the conformai quantum field theory that
describes the microcopical degrees of freedom of the black hole and to which the Cardy
formula applies.

As three-dimensionail gravity can be written "s a Chern-Simons theory and that this
theory is renormalizable [24], it could provide by itself the searched-for theory. However,
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as mentioned before, the Chern-Simons theory reduces to Liouville theory [8]. Now this
theory is not unitary and the effective central charge corresponding to its density of States
as given by the Cardy formula of équation (2.14) is Ce// = 1 [29], rather than ¢ = 3//2G
which is large in the semi-classical limit. This observation led Maxtinec [10] to propose
that the Liouville field is merely a collective coordinate of the underlying conformai field
theory, writing:
< >CFT-w'ij

As it will be explained in Chapter 4, the Liouville energy-momentum tensor is
related to the Virasoro generators of the asymptotic symmetry dgebra and concentrates
ail the gravitational classical degrees of freedom. As it is constructed solely from the
CFT energy-momentum tensor, gravity cannot distinguish among CFT States of the
same energy and charges.

We now turn to the System of DI- and £>5-branes that we mentioned in the previous
section in the context of the AdS/CFT correspondence. We will see how L>-branes
dynamics provides a microscopical dérivation of the entropy of string theoretic five-
dimensional black holes [30, 31] and how, in the low energy limit used in the previous
section, this State counting applies to the three-dimensional BTZ black hole too [22].

Consider in type IIB string theory A% coinciding DI-branes and H5-branes
wrapped on a four-torus T* with their non compact direction along the DI-branes. As
the branes are coinciding in the non compact direction, this corresponds to an extremal
1-brane configuration in the supergravity description. In the near horizon limit of the
previous section, its metric becomes that of AdSs x 5*, with radius P — "AdS — "S3 —
Ssn/ATi where ge is the six-dimensional string coupling. It is given in terms of the
ten-dimensional string coupling Cg by gg = g™v, with {2irlg)*v equal to the volume of
the four-torus T* [4].

Under the compactification of the remaining non compact direction along the D-
branes on a circle of radius R and the addition of momentum N/R in one direction along
this circle, the corresponding 1-brane configuration forms a five-dimensional extremal
black hole [30]. The addition of momentum in the other direction along the circle leads
to a non extremal black hole in the supergravity picture [31], see [32, 33] for a review.

The extremal configuration préserves part of the supersymmetry and corresponds to
BPS States. This property has been used to transport a degeneracy counting in the D-
brane régime to the supergravity régime in order to provide a microscopical dérivation
of the five-dimensional black hole entropy [30]. The Bekenstein-Hawking entropy of the
extremal black hole is [32]:

S=¢ = 2n"NNiNg. (2.15)

The counting of States in the H-brane picture is described in [30] in its original dérivation
and in [32] in a shghtly different one. The States to be considered are the massless
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excitations of the strings attached to the Zl-branes, namely the (1,1), (5,5), (1,5) and
(5,1) strings. The momentum N/R implies that the strings are moving along one direction
and are left-moving. The States giving rise to the highest degeneracy are the excitations
of the (1,5) and (5,1) strings, which correspond to scalars in the matter multiplet of the
six-dimensional worldvolume theory. Excitations of the (1,1) and (5,5) strings, which
correspond to scalars in the six-dimensional vector multiplet, separate the H-branes and
lead therefore to a smaller number of massless States. Moreover, if many (1,5) and (5,1)
strings are excited, the (1,1) and (5,5) strings become massive and can be dropped from
the State counting. The total number of possible States for the strings corresponds to
ANIN5 bosons and 4A% Ats fermions for each momentum. The State counting is the same
as the asymptotic degeneracy formula of a 1-t-I conformai field theory of central charge
¢ = 6NIN5 (where a boson contributes to 1 and a fermion to 1/2) at level N with only
left-moving modes. Note that the theory on the brane is a (1 -I- I)-dimensional theory
as soon as R is large enough. The entropy is therefore given by the Cardy fomula (2.14)
and is equal to [30]:
S = 2ITy/NNiN5,

which reproduces exactly the Bekenstein-Hawking entropy (2.15) of the five-dimensional
extremal black hole. The microscopie entropy in the near extremal case has been com-
puted in [31], by considering the addition of right-moving modes.

Let us return now to the System of DI- and D5- branes considered before whose
near horizon geometry is AdSz x S*. The dual conformai field theory of the AdS/CFT
correspondence describing the excitations in the near horizon is in fact the IR fixed point
of the field theory living on the D1-D5 branes. This conformai field theory has been
constructed in the original dérivation [30] of the extremal black hole entropy, where the
£>l-branes were viewed as instantons in the U{Ns) SYM theory on the worldvolume
of the D5-branes. Their low energy dynamics is described by a (1 -I- I)-dimensional
sigma model whose target spane is the instanton moduli space, which reduces to the
symmetric product {T*)'“/Sk, where 4fc is the dimension of the instanton moduli space
and k = NiNs- This theory is a superconformai field theory with central charge ¢ = 6k,
which is the value of the central charge considered when computing the degeneracy of
States of the five-dimensional black hole.

Recalling that the radius of the anti-de Sitter appearing in the near horizon satisfies
I* = CgNiNslg/v and that the three-dimensional Newton constant is given by G =
glliM™M™M v (using the ten-dimensional Newton constant Gio = and the volumes
of the three-sphere V53 = 27t"/* and of the four-torus Vr* = {2nls)*v), one sees that
the central charge ¢ = 6NiNs of the dual conformai field theory is equal to the Brown-
Henneaux central charge ¢ = 3//2G. Moreover, it has been shown in [22] that the
compactification of the direction common to the DI- and D5-branes together with the
momentum along this direction that bring the original 1-brane configuration to a five-
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dimensional black hole induce near the horizon precisely the discréete identifications that
bring the metric of AdSa to the BTZ one. Hence the near horizon geometry of the five-
dimensional black hole contains a BTZ x  factor [22]. Therefore, the counting of States
that explains the entropy of the five-dimensional black hole applies to the BTZ black hole.
The three-dimensional black holes are really excited States of the dual conformai field
theory and the use of the Cardy formula in [9] to compute their entropy finds here a
justification in the extremal and near extremal cases.



Chapter 3

AdSs supersymmetric
asymptotics

We recall that it has been pointed in [7] that the asymptotic symmetry group of anti-
de Sitter gravity in three dimensions is the conformai group in two dimensions with a
central charge ¢ = 3Z/2G. It is a purely asymptotic phenomenon, in the sense that
the infinite-dimensional conformai group in two dimensions is not the isometry group of
any three-dimensional background geometry. This is one feature that makes the three-
dimensional case particularly interesting and which actually allows for a non-trivial cen-
tral charge in the dynamical readization of the asymptotic symmetry algebra [7]. More-
over, we recall that it was observed in [9] that the degeneracy of States for a conformai
field theory with this central charge gives rise to, under appropriate conditions, exactly
the Bekenstein-Hawking entropy for the 2 + 1 black hole. The central charge appearing in
three-dimensional gravity provides therefore a semi-classical contact with the underlying
microscopie theory which describes the degrees of freedom of the black hole.

Another feature of three-dimensional gravitational théories is that they have no bulk
degrees of freedom, so that the analysis of their asymptotic dynamics is of particular
interest. The bosonic case has been studied in [8], where it was shown that the boundary
dynamics at infinity is described by Liouville theory up to terms involving the zéro modes
and the holonomies that were not worked out.

In this chapter, we extend the analysis of [7, 8] to the supersymmetric context, which
is known, as mentioned in the previous chapter, to play a central r6le in black hole physics.
We use the Chern-Simons formulation of supergravity [23, 24]. The new non-trivial ingré-
dient to be supplied is the précisé asymptotic behaviour of the Rarita-Schwinger fields,
which must be compatible with the symmetries. In particular, one must understand how
the boundary conditions implement two-dimensional supersymmetry at infinity.

20
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The supersymmetry properties of the three-dimensional black holes were investigated
in [34], assuming the existence of asymptotic conditions on the Rarita-Schwinger fields
fulfilling the required properties. However, the asymptotic conditions in question were
not given. The main object of this chapter is to fill this gap, which appears neces-
sary since otherwise, the discussion of the asymptotic dynamics remains rather formai.
We also verify that the given fall-off conditions reduce the theory to super-Liouville.
The asymptotic symmetry algebra is shown to be the superconformai algebra with un-
chaaged central charge ¢ = 3//2G. The boundary conditions involve a chiral projection of
the spinorial fields on the two-dimensional boundary at infinity. Models with extended
supersymmetry are considered, leading to the extended superconformai algebras with
quadratic non-linearities in the currents.

The chapter is organized as follows. In section 3.1, we briefly review the Chern-
Simons formulation of three-dimensional gravity [23, 24]. We express the metric of the
2-f-1 black hole in this formaJism. The Chern-Simons formulation is extended to the case
of AdSs supergravity with the use of supermatrices. Finally, we reproduce the results of
[34] concerning the supersymmetry properties of the 2 + 1 black hole. In section 3.2, the
boundary conditions for the metric of an asymptotically anti-de Sitter space-time of [7]
are reexpressed in the connection représentation used in the Chern-Simons formalism.
Boundary conditions for the Rarita-Schwinger fields are constructed, following the pro-
cedure of [27]. These conditions involve a chiral projection of the spinorial fields on the
two-dimensional boundary at infinity. In section 3.3, the canonicaJ formulation of the
theory is used to dérivé the generators of the supergauge transformations through the
Poisson bracket. These generators are improved by appropriate surface terms related to
the global charges of the theory. Section 3.4 is devoted to the analysis of the asymptotic
symmetry. The general supergauge parameter preserving the boundary conditions given
in section 3.2 is computed. The canonical realization of the asymptotic symmetry algebra
is displayed by working out the Poisson brackets of the generators of section 3.3 with
supergauge parameter replaced by the above one. The algebra obtained in this way is the
superconformald algebra with same central charge as in the bosonic case ¢ = 3//2G. It is
sketched in section 3.5 how the boundary conditions on the bosonic and fermionic fields
reduce AdSs supergravity to super-Liouville theory. Finally, extended supersymmetry
models are considered in section 3.6. The last section contains a brief conclusion.

This chapter is mainly based on [11] (see [12] for a summary). The results of section
3.6 can be found in [45].
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3.1 Chern-Simons formulation

3.1.1 Pure gravity

Gravity in 2 + 1 dimensions can be formulated as a Chern-Simons theory [24]:
Ics[A] =J Tr{AAdA+"TAAAAA), (3.1)

where M is a 1-form connection for the isometry group of the ground State of the corre-
sponding gravity theory. As a 1-form and as an élément of the aJgebra of the isometry
group, its different components can be defined as follows:

A = ANdxM = Ara = A\TAX”?,

where Ta are the generators of the algebra.

The Chern-Simons formulation taJees as variables of general relativity the dreibein e
and the spin connection where the latin indices are tangent-space Lorentz indices
and the greak indices are space-time indices. The relations between the metric and the
dreibein are given by:

Qfiv — e e "Mabt
= e\e\9, 3.2)

where rjab is the metric of Minkowski space-time. The spin connection Uf*ab is needed
to construct the covariant dérivative of a spinor ip, which will be useful when adding
supersymmetry:

= d"xp -b “UnabJ™\tp,
where J@*" are the generators of the Lorentz algebra so(l, 2) in the spinorial représentation

with indices in the adjoint and u”ab is therefore antisymmetric in the Lorentz indices.
The dreibein satisfies the following constraint:

D”e\ = d™e\ + =0. (3.3)

This équation implies that the metric is covariantly constant and that the connection is
torsion free. The antisymmetric part of équation (3.3) completely détermines the spin
connection in terms of the dreibein. It can be written more compactly with the use of
the 1-forms e* - and uiab = ijJuabdx” as:

de“+  Ag*=0. (3.4)
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Notice that, in three dimensions, the Lorentz generators 7 can be written more
simply as Ja = "abcJ™ with, in our conventions, = —eo0i2 = 1- Any element B of the
Lorentz algebra so(l,2) can then be decomposed alternatively as:

B = 5"Ja or B = ~5a6J“"
The two different types of components are then related by the following équations:
Bat = -tabcB™. (3.5

Those relations clearly apply to the spin connection.

In the absence of a cosmological constant, the ground State of gravity is Minkowski
space-time and the relevant symmetry group is 750(1,2). The Chern-Simons connection
is then written as:

A = w*“Ja + e*“Pa,

where the spin connection is the gauge field for the Lorentz transformations and the
dreibein is the gauge field for the translations.

When the cosmological constant is négative, the ground State is anti-de Sitter space-
time whose isometry group is 50(2,2). The algebra so(2,2) is the same as iso(l, 2) apart
from the fact that the “translations” do not commute:

[Ja, J@] ““ Aabed [Ja,?"6] ~ ~abcF [Paijt] ~ ~abc<h !

In order to avoid the appearance of the cosmological constant in the algebra, the gen-
erators Pa have been redefined taking IPa as the new generators. The constant | is the
auti-de Sitter radius and is related to the cosmological constant A through A = —IfP.
Introducing the new generators Jo™ and defined by:

JjW = i(JaxPa),

One can show that the algebra of 50(2,2) décomposés into the algebra of 50(1,2) ®
50(1,2) as follows:

-0

The so0(2,2) connection A = uj\Ja + (e“//)Po can then be written as A = -I- AN~
with:
=Wo + jSa. (3.6)

Both A" and A"~ are now connections for the algebra so(l,2) in the spinorial
représentation. A Chern-Simons action can be written for each of them and we will see
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below that the Einstein-Hilbert action with a négative cosmological constant is équivalent
to the différence between these two Chern-Simons actions [23, 24]:

leh = (3-7)

The generators of each so(l,2) algebra is constructed with the Dirac matrices as Ja =
(1/2)70. The Dirac matrices are taken to be:

They satisfy the following relations:

lab = \ba,lb] = ~abcY,
Tr(7a76) = frtab,
3”(yo'y6'7c) ~ 2ea()c-

The generators Jab are then equal to (1/2)706.
Taking the trace explicitly in (3.1), the Chern-Simons action for 50(1,2) becomes:

/C5[M = -1l i(a AdA™ + AA'AAY% (3.8)

It is invariant under the gauge transformation SA with gauge parameter the O-form A:
SA = OA,

where by définition:
DX = dX + [A,X\.

Since A and A are éléments of so(1,2), this is written in components as:
SA* =dA" -he“""Ac.

The 2-form curvature of the connection A which is associated to the commutator of two
D-derivatives is defined as:
F = dA + AAA.

The équation of motion derived from the action (3.8) is given by the vanishing of the
curvature F.

To recover the Einstein-Hilbert action from the Chern-Simons formulation, one needs
the expression of the space-time curvature in terms of the spin connection. Computing
the commutator of the covariant dérivatives of a spinor ip, one writes:
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and obtains:

'Rliiluab — “b chi/lcb  ~u™Mab c”~ncb’ N

More compaetly, the 2-form curvature of the spin connection is defined as:
TZ = du + U AbJ.

As an element of so(l, 2), its components in the generators Ja are given by:
71% = du* + A Uc. (3.10)

Writing TZa = (1/2)7i“Mdx" Adx", expressions (3.9) and (3.10) are shown to be équiva-
lent with the use of équation (3.5), that relates both types of components of an element
of so(1,2), and of the following formula;

'y Mab*mcd — 2[7a6, Tcd]-

The spin connection curvature contains the same information as the Riemann tensor.
Indeed, making use of équation (3.3) that relates the spin connection and the F \’s, one

obtains:
9w _ )
Poa 17 b pv 4 pL<T* pv — n L — XL pp,i*

The scalar curvature is therefore constructed as;
R = TZ"pabeMe*'r (3.11)
To dérivé the Einstein-Hilbert action, we Write here some additional useful formulae;

dx™ AdxM Adx' =
(3.12)
where
e = det(ca®) = vN-

Only the terms which are linear and cubic in e survive in the différence between the two
Chern-Simons actions /cs[.4(+)] and /c5[A(~)]. After integrating by parts and taking
the trace in the so(l,2) algebra, the linear terms give the following contribution:

Jn “
onl /BaATZ

which, using équations (3.11)-(3.12), becomes:
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The cubic terms in e contribute as:

Relating the constant k to the three-dimensional Newton constant G and the anti-de
Sitter radius | through k = 1/4G, the équivalence (3.7) of the Einstein-Hilbert action and
of the différence between two Chern-Simons actions for 50(1,2) is then demonstrated:

ICS[ANN] = IcS[AN-N] = 1 (eR+ d™x = leh,

up to surface terms coming from the intégration by parts.

3.1.2 The 2-1-1 black hole

The Einstein équations in 2 -t-1 dimensions with a négative cosmological constant admit
black holes solutions discovered by Banados, Teitelboim and Zanelli (BTZ) [26]. Their
metric is given by:
+ N~"dr® + rNiN'Adt + d2M, (3.13)
with:
= {r/lY -Ma (J/2r)2,

N'< -J/2rn

The constants M and J are, respectively, the mass and angular momentum of the black
hole. These solutions can be obtained by maJcing appropriate identifications of the anti-de
Sitter metric [25]:

dsh = —1 -- {r/IY]dt™ + [1 + {r/IYY/Adr? -- ridtp?,

which corresponds to (3.13) with M = —1 and 7 = 0.
To establish the boundary conditions for asymptotically anti-de Sitter spaces in the
Chern-Simons formulation, it will be useful to know the expression of the connections
and A*~> that correspond to the BTZ metric (3.13), at least asymptoticeilly. The
dreibein associated to the metric (3.13) satisfies équation (3.2) and is given, up to a
Lorentz transformation, by:

e’ = —Ndt, = /Iildr’ = rN'~dt -I- rdip.

The related spin connection is computed to satisfy équation (3.4) and is equal to:

Nf r

— —Ndtp, w* = —rrdr, = -Adt -- rN"dip.
N P
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For simplicity, we expand the Chern-Simons connection A in the Caxtan basis of so(l, 2):
A—AN T+ A J-+ A\
where:

=A+ D). ).

To avoid confusion with the Caxtan indices, we rename the connections and Mhee
as A and A respectively. The coordinates u = (t/l) +tp and v = (t/I) — ip are introduced,

giving:

and the same for A. We are now ready to compute the Chern-Simons connections A and
A corresponding to the BTZ black hole (3.13), recalling équation (3.6) that relates them
to the dreibein and spin connection:

A LU+ je. A=LU-je. (3.14)

Their non vanishing components are the following:

N . r N rN-f
A\ = .
IN '~ 20 T+ 2 2 (3.15)
~ 1 +IN N N rN» A rN'A
= - A+ + A ~ )
A\ IN 0 AT ey Ty o SR ) (3.16)

Keeping only the asymptotically leading term in each component, one obtains explicitly
in M and J:

1, = b-Adrb,  Au = J 0 )6  Av =0, (3.17)

and

~ . 0
= = =fN
Ar = bdrb \ 0, Jit, =6 M + 3y ~ (3.18)

A- .) (3.19)

The group element 6(r) is equal to:

and satisfies byob = 70.
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3.1.3 AdSs supergravity

The Chern-Simons formulation of gravity can be extended to supergravity théories, by
replacing one or both of the Chern-Simons groups by supergroups that still contain
50(1,2) in their bosonic part. In what follows we will mostly treat the case of 05p(l|2)
whose bosonic part of the algebra is exactly sp{2) = so(l,2). More general supergroups
will be considered in section 3.6 which is devoted to théories with extended supersymme-
try. Whether one or the other of the Chern-Simons groups is enlarged to 05p(l|2), the
N — 1 (1,0)- or (0, I)-supergravity theory is constructed. The case where both Chern-
Simons actions are generalized to O5p(l|2) corresponds to = 2 (1, I)-supergravity
whose ground State isometry group is O5p(l|2) (gi 05p(112).
The Chern-Simons action for the supergroup 05p(l|2) is:

The field tp is a, 1-form spinor = ipfidx** where %p* is a Rarita-Schwinger field. It is
real so that rp = m0"70 and D is the dérivative constructed with the so(l, 2) connection A
satisfying:

Dip = dtp + A Aip.

As before, action (3.20) is invariant under the gauge transformations:
SxA = DX = dX + [AX], (3.21)
oxtp -- -X%p, (3.22)

where A is a O-form gauge parameter that belongs to so(1,2). It possesses aiso one
supersymmetry under:

opAa - ipralp, (3.23)
Opip = Dp = dp + Ap, (3.24)

where p is the parameter of the supersymmetry transformation and is a 0-form spinor.
The (1, I)-supergravity action is then obtained as the différence between two 05p(l|2)
Chern-Simons actions [23]:
Ics[-A.,ip] - lcs[A,tp],
with A and A still related to the dreibein and the spin connection through (3.14) and
k = 1/4G. Indeed we have:

(3.25)
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up to the same surface terms as in the case of pure gravity. The mfiss terms for the
spinors arise because of the dreibein term in the Z)-derivative. Rescaling ip and by a
factor of y/i to remove the parameter | in front of the kinetic terms, one sees that the
mass pcirameter is equal to 1/1 which is the squareroot of the cosmological constant.

The supersymmetric Chern-Simons action (3.20) can be written more compactly in
terms of a superconnection that belongs to the aJgebra osp(l|2). The generators of this
superalgebra are supermatrices. A supermatrix M is a matrix:

A B\

M =
c D)’

whose Bose-Bose part A and Fermi-Fermi part D have even éléments and Bose-Fermi
part B and Fermi-Bose part C have odd éléments. Its supertrace is defined as:

sTrM = TrA - TrB.

A supertranspose M** is introduced:

in order to have noticing that for matrices B\, B2 with odd
éléments, the usual transposition is such that {B1B2Y = -B"BI.
An element M of the supergroup O5p(l|2) satisfies:

M’ HM = H,

with:

ll_(O

where rj is the simplectic form for Sp{2):

,’=(_1
An element M of the osp(l|2) algebra is defined by:
+ HM = 0.

According to this équation, the bosonic generators are those of sp(2)©so(l) = sp{2) which
is isomorphic to so(l,2). They are obtained by augmenting the previous Ja = (1/2)7q



30 CHAPTER 3. ADSs SUPERSYMMETRIC ASYMPTOTICS

with one row and one column of zéros (and will still be denoted by Ja)- The Cartan
basis is still defined by J+ = J2 + Jo- The fermionic generators are:

7001\ 7 OO0\
e—000, /= 0 O
N\NO 10O/ V-1L0OO/
They satisfy:
{e,e} = 23+, {/,/} =-23_, {e,/} = -2Ji.

The other commutators are given by:

[«/i,e] — e, €] — 0, *A_ /)
= [3+.,1] = e, [J3-.7]1 =0

One associates to a 2-component spinor  the fermionic supermatrix $ defined by:

Let and E be the supermatrices corresponding to the spinors tp and " respectively.
The following equality holds:

sTI(4'E) = iip",

provided the product of two fermions in this expression differs by a factor (—i) from the
standard Grassmann product fulfilling {ab)* = b*a*. This convention will be adopted
each time we multiply supermatrices.

We are now reariy to rewrite the action (3.20) in the manifest super-Chern-Simons
form:

/cs[r] = |© I sTi:(rAdr + HrArAr),
with r = A +'y (where A stands for the so(l,2) connection augmented with one row
and one column of zéros). The supercurvature is.F = dr + rAr and the équations of

motion are just .F = 0. The gauge and supersymmetry transformations (3.21)-(3.24) are
summarized in the supergauge transformation:

or = dA + [T,A],

where A is a O-form element of osp(l|2). The supermatrix formulation simplifies the
generalization to other supergroups which will be studied in section 3.6.
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3.1.4 Supersymmetry properties of the 2 + 1 black hole

To establish the asymptotic conditions for the Rarita-Schwinger fields, the supersymme-
try properties of anti-de Sitter space-time and the BTZ black holes will be needed. They
have been studied in [34]. The metric of AdSs possesses six Killing vectors which malce
up its isometry group 50(2,2) = 50(1,2) ® 50(1,2). Only two of them are compatible
with the identifications that leeid to the BTZ metric [25]. If regarded as solutions of
AdS supergravity with vanishing gravitini, these metrics may possess in addition exact
supersymmetries. The “Killing spinors” corresponding to these supersymmetries are, by
définition, the spinor parameters of the supersymmetry transformation (3.24) that leave
the solution invariant i.e. keep the gravitini to zéro. If (1, I)-supergravity is considered,
the gravitini are the spinors \» and  corresponding to both 05p(l|2) factors and the
Killing spinors p and p are such that:

Stp =dp+ Ap =0, Sil) = dp + Ap = 0, (3.26)

where A and A are the Chern-Simons connections corresponding to the solution whose
supersymmetry properties are studied (see équations (3.15)-(3.16) for their exact expres-
sion). One sees that the number of supersymmetries of a bosonic solution dépends on
the supergravity model which is considered.

The Killing spinors of AdSs and of the BTZ black holes were given in [34]. Anti-de
Sitter space-time, for which = (r/D™ + 1 and = 0, possesses four Killing spinors,
two for each 05p(l|2) factor. In our conventions, they are given by:

p - [(A* + 1)2 — {N - D~i][cos(u/2) -I- sin(u/2)70]a,
p=[{N-h1)2 + (A - D"i][cos(u/2) - sin(u/2)70]4,

where a and a are constant spinors. The extremal black holes for which jjj = Ml
possess one Killing spinor. Consider first the case J = MI. The connection A is given
by équation (3.15) with A = r/l — MI/2r and A*» = —MI/2r*. The corresponding

supersymmetry parameter p that satisfies équation (3.26) is given by:
p=B"( - 7da,
where a is a constant spinor and B is the matrix:

AT 0
0 A-2

B =

It is an eigenvector of the radial 7-matrix of eigenvalue —1. There is no parameter p that
satisfies the Killing spinor équation for A. In the case J = -Ml, only the équation for p
has a solution:

p = B(1 f-7i)a.
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with & a constant spinor which is projected on the eigenspace of 71 with eigenvalue +1.
In the limit M — 0, the matrix B reduces to the element b given in équation (3.19) and
the connections A and A are equal to those corresponding to the extremal black holes for
J = Ml and J = —MI respectively. Hence the massless black hole possesses two Killing
spinors:

P= - 7a, P =6(1 + 71)0, (3.27)

where a and 6 are constant spinors. In the non extremal case, the connections A and A
are asymptotically the same as those of the extremal black holes but for 3 = -M and
J = Ml respectively and consequently they admit no Killing spinor. Notice [34] that the
Killing spinors of the extremtd black holes have the same asymptotic behaviour in r as
those of anti-de Sitter space. However they are periodic in (p while those of anti-de Sitter
are antiperiodic.

3.2 Boundary conditions

The ground State of (1, I)-supergravity is anti-de Sitter space-time which is the solution
with the larger isometry group, namely OSp{l\2) ® 05p(l|2) whose bosonic part is
50(2,2). The boundary conditions to be imposed on the fields at infinity should be
invariant under the anti-de Sitter supergroup since otherwise a symmetry transformation
would map an allowed configuration onto a non-allowed one. Moreover they should
include the asymptotically anti-de Sitter solutions of physical interest, such as the BTZ
black holes. These two requirements prescribe [27] the following procedure to construct
the boundary conditions: one starts with the known physical metrics that should be
included in the theory - here, the BTZ solutions - and acts on them with the anti-de Sitter
supergroup. As the black holes metrics possess less Killing vectors and spinors than the
anti-de Sitter one, this will generate new asymptotic behaviour. The remarkable feature
is that the resulting class of allowed asymptotic fields admits a much larger symmetry
group.

The boundary conditions at infinity on the bosonic fields for an asymptotically anti-de
Sitter space have been given in [7] in the metric représentation and they were reexpressed
in the connection représentation in [8]. The asymptotic form of the Chern-Simons con-
nection A associated to the BTZ solutions (with AdS corresponding to M = —1 and
J = 0) was given in équation (3.17). The gauge transformation (3.21) that préserves
exactly the asymptotically leading term of these solutions is characterized by the gauge
parameter A that fulfills to leading order:

A =16 "TKu)b,
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with ail so(l, 2) Cartan components of t] expressed in terms of ¢} as:

and T]~ constrained by the following équation:

(M-3/0(r/-)'-(?-)" = 0. (3.28)
Only in the case of anti-de Sitter space has this équation a non trivial solution;

T = Acosu+ Bsinu + C.

In the case of the BTZ black holes, where M — J/I is positive, t]~ has to be constant. The
parameter A that préserves the asymptotic form of the connection A given in équation
(3.18) satisfies:

A = bhv)b-~,

1
Il

\(M-j/D)fj+-1(fj+r,

with 77+ equally constrained by équation (3.28). This agréés with the number of Killing
vectors of these solutions [25]: six for anti-de Sitter space and two for the BTZ black
holes.

Acting on the black holes solutions with the AdS gauge parameter, one generates new
terms in the components and which behave then asymptotically as:

where L (resp. L) is a linear combination of cosu and sinu (resp. u). This motivates
to adopt (3.29) with L and L arbitrary fonctions of t and ip as boundary conditions for
the connections, supplemented by the conditions for Ar, A,, Ar and that are just
those given in équations (3.17)-(3.18). Weakening the boundary conditions by allowing
arbitrary L and L is shown to be necessary to have at least 50(2,2) as asymptotic
symmetry group by acting twice with an AdS transformation. The vanishing of and
Au is related to the fact that the “Killing gauge parameters” A and A of anti-de Sitter
do not dépend on v and u respectively. We recall that for constant and positive values of
L and L, the boundary conditions (3.29) represent a black hole, with M = (2/fc)(L -I- L)
and J = {2I/k){L — L). Anti-de Sitter space corresponds to L/k — L/k = —1/A.
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To construct appropriate boundary conditions for the fermionic fields, one follows
the same procedure [27]: one performs on a general black hole solution with no gravitini
a supersymmetry transformation (3.24) whose supersymmetry paxameter is a Killing
spinor of a solution that présents more supersymmetries, namely auti-de Sitter space or
the massless black hole. For example, acting on an extremal black hole solution with the
massless black hole Killing spinors (3.27), one generates gravitini that typically behave
as:

Vr—rt(I-7i)Xr, A Nr-n o+ n)Xr,
Vu ~ rs5+7i)x, ~r“=(l - 7i)x, (3.30)

with Xr, X and Xr, X constant spinors. The action of the AdS Killing spinors would
make them dépend on u zind v respectively. Again the components and ipu remain
zéro. The preceeding computation suggests to adopt (3.30) as boundary conditions for
the Rarita-Schwinger fields with Xr, Xj Xr, X allowed to be arbitrary fonctions of t and
(fi. We Write them:

UT = "Mv- 0, =10U = 0,

(3.31)

asymptotically, with Q and Q arbitrary fonctions of t and v?. Apart from an irrelevant
repllicement of 71 by —71 (due to conventions) in équation (3.30), these boundary condi-
tions differ from those of [27] in two respects. First they involve a slower rate of decrease
at infinity (one less power of r). This was to be expected since we are one dimension
lower and also holds for the bosonic fields [7]. Second and vanish, which is consis-
tent with the fact that the AdS Killing spinors of (1,0)- and (0, I)-supergravity dépend
only on u and v respectively. The boundary conditions are otherwise indentical and in
particular, they crucially involve a projection onto the eigenspaces of the radial 7-matrix,
which makes the induced spinors chiral in two dimensions (recall that 71 appears as the
“75”-matrix on the surface at infinity). This chirality condition is translated in équation
(3.31) by the fact that one of the components of the spinors are zéro. Notice also that
the spinors of both 05p(l|2) factors are of opposite chirality.

The boundary conditions for the bosonic connections (3.29) and for the Rarita-
Schwinger fields (3.31) combine to impose the following asymptotic behaviour on the
Chern-Simons superconnections written in terms of supermatrices as:

LIk Q/Vv2k \ 1 0 \
r,=6-M 1 0 0 b, r, =56 L/k 0 Q/V2k
\ 0 QI"2k 0o 7/ \ -Q/V2k 0 0o /

Fr = b-~"drb, r.=0, tr = bdrb~\ f,, =0 (3.32)
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where b is now the 3x3 supermatrbc obtained by completing the above b by adding
0 in the fermionic positions and 1 in position (3,3). The advantage of the connection
représentation is that one can completely eliminate the r-dependence through the gauge
transformation generated by the similarity transformation b, which acting on F and F
gives:

f = bdib-* + bTib-\ T = b~"dib + b-"tib.

After this gauge transformation has been performed, ail the asymptotically relevant
components of the fields occur at the same order O(1).

3.3 Hamiltonian formalism

Before computing the symmetries that preserve the above boundaxy conditions, we study
the canonical formulation of the theory. We will see that the constraints derived from
action (3.20) generate the supergauge transformations (3.21)-(3.24) through the Poisson
bracket and that a projective représentation of the asymptotic symmetry algebra is pro-
vided by the bracket of the canonical generators themselves. This canonical realization of
the asymptotic symmetry algebra is displayed in the next section where the asymptotic
behaviour of the supergauge parameter of the asymptotic symmetry is computed.
Assuming that the topology of the three-dimensional manifold M is E x SR, the action
(3.20) is recast in Hamiltonian form, where time is set apart from the other variables, as:

1=1 - 1’'0S dtdrx, (3.33)
where the constraints Ga and S are given by:
N ik
Ga = — iipa ipj) =0, S = —ﬁe'WV‘pJ =0
In the Hamiltonian formalism [35], phase space is endowed with a Poisson structure
through which the constraints generate the gauge transformations. This structure is

completely captured by a rank-two, contravariant, antisymmetric tensor c¢*’. In the case
of a first-order action in the time dérivative of the fields:

ily] = i{o-iy" - Fdt,

the function ai{y) constitutes a one-form potentiaJ for the closed two-form cjij:
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This two-form is called the symplectic form and its inverse cr' completely characterizes
the Poisson bracket of the fields:

This construction is adapted to the case of fermionic variables as follows. Starting from
the first-order action:

I[z] = \.]{z’\aA — H)dt,

the symplectic two-form is defined as:
(AAB dzl\ A ’ dzl\ '

where £/i is the Grassmann parity of aa- The Poisson bracket of the fields is then given
by:

The Poisson brackets derived from action (3.33) by this method are:
(3.34)

Recalling the basic non vanishing Poisson brackets between the canonical coordinates g*,
9° and momenta pi, tt":

= {r,7T,} = -3, (3.35)

and writing down the kinetic term of action (3.33) in canonical form:

'Pi H- 0T g
g q ow y

One reads that A® and (k/4n)r)abA” axe conjugated, as well as ip™ and (ifc/27r)(70)“ (.
Using (3.35), the Poisson brackets given in (3.34) axe recovered.

The canonical generator of the supexgauge transformation (3.21)-(3.24) is G{X) + S{p)
with:

G(A) = \.] X~Qad”x, S{p) =J pScPx, (3.36)

up to surface terms that will be considered later. Indeed the following Poisson brackets
axe satisfied (forgetting for the moment about boundary terms):

[A“,G(A)] = T>A" = [V>,G(A)] = -Xip = 6xip,
[A\S{p)] = in"™ = 5,A\ {>P,S{p)} = Dp”" opt)). (3.37)
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The gauge (super)transformations (3.21)-(3.24) forin an algebra, namely osp(l|2). Indeed
the commutator of two transformations is again a gauge transformation:

14a,,<5a2] = [$a,5l)] = [<5p,,(5p]] = (3.38)
whose gauge parameters are the following:
NALAS) = NA,p) = Ap, NPLP2) ~ ~*Pi7°/2. (3.39)

Expressing the action on the fields of both sides of équations (3.38) by the Poisson
brackets (3.37) and making use of the Jacobi identity, one obtains, up to fonctions that
do not dépend on the canonical variables and neglecting boundary terms as before:

[G(M).f?(A2)] = -G([Ai,A2)),
[G(A).5(P)] = -5(Ap), (3.40)
{S(Pi),5(p2)} = -G(-IAT7“P2).

The minus sign that appears in these équations is a matter of convention related to the
fact that the commutator [(5i, 02] acts on the fields firom the left while the generators sit
in the right position in the Poisson brackets (3.37). Apart from that, these équations
express that the generators satisfy the OSp(l|2) algebra in the Poisson brackets.

In the next section, the supergauge parameter (A,p) that préserves the boundary
conditions on the fields given in équation (3.32) will be computed. To each infinitésimal
asymptotic symmetry parameter (A, p) is associated a functional G(A) + S{p) that génér-
ates the corresponding transformation of the canonical variables and it is generalJly taken
for granted that the Poisson bracket algebra (3.40) of the generators with (A,p) equal
to the asymptotic symmetry parameter is just isomorphic to the Lie superalgebra of the
infinitésimal asymptotic symmetries. However the Poisson brackets (3.37) make sense
only if G and S have well defined functional dérivatives. To guarantee this property,
they must be improved by appropriate surface terms B and F:

G{\)= f X"Gad"x + B, S{p)= F pScPx + F. (3.41)
re ' Je

It has been established in [36] that these surface terms are related to the global charges
of the theory. They must be chosen in such a way that their variation cancels the surface
terms appearing in the variation of the “volume piece” of the generators so that the
improved generators (3.41) contain no surface term in their variation. The method to
construct them consists then in looking at the surface terms coming from the variation
of the generators (3.36) and to rewrite them as the total variation of surface intégrais.
The charges B and F are then, within a constcint, the négative of these surface intégrais.
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By means of this procedure, one obtains:

k r ik f
N = a~ /  VabMAAndifi, F=— pip~difi. (3.42)
oTT JsY, Jdy.

up to constants. It remains to be checked whether these charges are well defined i.e. if,
taking into account the asymptotic behaviour of the fields and of the parameters of the
asymptotic symmetries, they are finite. This will be donc in the next section. It was
proved in [37] that the Poisson bracket of two well defined generators is again a well
defined generator. The Poisson brackets (3.40) are then aiso satisfied for the improved
generators (3.41) still up to constants, when the boundaxy terms showing up in the
variations are taken into account. Nevertheless, the fact that the improved generators
(3.41) are only defined up to arbitrary constants implies that the canonical generator
associated to an infinitésimal asymptotic symmetry is not unique. The Poisson bracket
of the generators of two given symmetries can then differ by a constant from the generator
associated with the commutator of these symmetries, having for example:

[G(A),G(A2)] = -G([Ai,A2]) + i*(Ai,A2).

The constant A'(Ai, A2) commutes with everything and constitutes a central term in the
Poisson bracket algebra of the generators. Because of this central extension, the canon-
ical generators only yield what is called a projective représentation of the asymptotic
symmetry group. In our case, this central extension will be shown to be non trivial in
the sense that it cannot be absorbed in a redéfinition of the charges. This is related to
the fact that the asymptotic symmetry group turns out to be much larger than the exact
symmetry group of any background configuration.

3.4 Asymptotic symmetry

The most general supergauge transformations that préservé the boundary conditions
(3.32) for the Chern-Simons superconnection P are characterized by gauge parameters
(A, p) that must fulfill, to leading order;

\{r,u) = b~"T){u)b, p{r,u) = b~"e{u), (3.43)
with:

7+

(3.44)
A€ +1]-Q/k A
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where ' dénotés dérivative with respect to the argument. As usual the algebra element
Tj bas been expanded in the Cartan basis 77 = + 71+J+ + Equations (3.44)
imply that the full residual symmetry can be expressed in terms of two fonctions of the
light-like coordinate u, one bosonic rf~ and one fermionic e. Any three-dimensional gauge
transformation whose parameters fulfill (3.43)-(3.44) keeps the asymptotic behaviour of
the fields (3.32) intact and is called an asymptotic symmetry. It only changes the {t, (p)-
functions L and Q as follows:

6L = in-L)' + {r)'L - ~(7I-)" - ie'Q - J(eQ), (3.45)
0Q = eL- ke" + {mg-Q)" + \{ri~)'Q- (3.46)

As we will see, these fonctions enter the surfaces terms of the improved generators (3.42)
and their transformation law is then useful to compote the représentation of the asymp-
totic symmetry aJgebra through the Poisson brackets of the generators. The asymptotic
form of the gauge parameter (A,p) of the transformations that preserve the boundary
conditions on F can be computed in the same way, but from now on, we consider only
one 05p(l|2) copy, the other copy being treated similarly.

Among the asymptotic symmetries, two gauge transformations that tend to the same
7" and e at infinity should be identified because they differ by a gauge transformation
for which g~ = e = 0 and which is called a pure gauge transformation. As it will be clear
below, the pure gauge transformations have no associated charge and their generators
vanish weakly. They then produce effects which are not to be considered as physically
meaningful and as they form an idéal, it is legitimate to quotientize the asymptotic
symmetry by them [36, 38]. The asymptotic symmetry superaJgebra is therefore defined
as the resulting quotient aJgebra.

The commutator of two gauge transformations fulfilling the above asymptotic con-
ditions is again a gauge transformation that satisfies the same conditions. Using équa-
tion (3.39), one computes the relation between the asymptotic parameters (77°“,e) of the
trémsformation corresponding to the commutator and the asymptotic parameters of the
transformations whose commutator is taken. One obtains;

iVT)'V2 -ViivV2)\

€("-,e)

-V~ + \{ri~y", (3.47)

These correspond exactly to the graded commutation rules of the super-Virasoro algebra.
This infinite-dimensional cdgebra contains osp(l|2) as a subalgebra when the fermions are
antiperiodic (Fourier modes 0 and £1 of 77* and modes | of e). Note, in particular, that
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the parameter of the Lie algebra commutator [<iai,(5a2] of two bosonic transformations
restricted by (3.43)-(3.44) reduces at infinity to the Lie bracket of the residual functions
riv and 7" viewed as vector fields on the circle. Together with the super-Virasoro algebra
of the asymptotic symmetry of the other Chern-Simons OSp{l\2) copy, the asymptotic
symmetry group defined above is isomorphic to the superconformai group in two di-
mensions, which has the particularity to be infinite-dimensional and consequently much
larger than the anti-de Sitter supergroup. This is different than in higher dimensions
where the anti-de Sitter group is isomorphic to the conformai group on the boundary,
i.e. in one dimension lower. This particular feature of 2 -f 1 dimensions will be shown
below to prescribe a non trivial central extension in the canonical représentation of the
asymptotic Ssunmetry algebra.

We now turn to the discussion of the canonical realization of the asymptotic symmetry
algebra. As explained in the previous section, the bracket of the canonical generators
of the asymptotic symmetries provides a projective représentation of the asymptotic
symmetry algebra. To détermine the central extension of the algebra corresponding to
(3.47), one must first work out the complété form of the generators (3.41). This is now
possible since the asymptotic form of both the fields and the symmetry transformations
has been obtained. Replacing in équation (3.42) the fields and symmetry parameters by
their asymptotic value, the obtained charges are:

i.e. the surface terms of the generators are precisely L and Q (up to numerical factors).
The constants in the charges have been adjusted so that these vanish for the zéro mass
black hole, which has L = 0. The surface terms (3.48) are of course equal to the sur-
face terms that one would obtain through a more orthodox “non-Chern-Simons-based”
approach (see [27] for the four-dimensional treatment). In particular, the bosonic piece
B is equal to the chéirge (4.11) of [7] written in terms of the metric.

We are now ready to compute the Poisson braekets of the improved generators (3.41)
which provide, as explained in the previous section, a projective représentation of the
asymptotic symmetry algebra. The generators of the asymptotic symmetries are just the
ones given in équation (3.41) with the fields and gauge parameters fulfilling the conditions
(3.32) and (3.43)-(3.44) respectively. Therefore they satisfy the Poisson brackets given
in (3.40) up to central terms, according to the same arguments that apply to any gauge
transformations algebra and that were exposed in the previous section. It only remains
to détermine the possible central extensions to these brackets. This can be achieved
by a direct calculation of the brackets of the improved generators of the asymptotic
symmetries or by using the general argument given in [7]. This last method relies on
the fact that the Poisson bracket [G(Ai),G(A2)j, for example, can be interpreted as the
change in the improved generator G(Ai) under the transformation generated by G(A2),
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so that:
da,G(AI) = [G(Ai),G(A2)].

On the other hand, since the generators form a central extension of the asymptotic
symmetry algebra, one can write;

Ja,G(AI) = -G([Ai,A2]) + /f(Ai,A2).

The central charge /1"(Ai,A2) is a surface term which is indépendant of the cajionical
variables eind can therefore be evcduated on any background solution. It is most easily
evalJuated on the massless black hole solution. Indeed, the improved generator vanishes
when evaluated on this solution because its volume piece is proportional to the constraint
which is zéro on the équations of motion while the constant in the surface term B has
been chosen so that it vanishes for this solution. In particular G([Ai, A2)]) = 0 and the
central charge A'{Ai,A2) reduces to the value of the generator G(Ai) for the solution
obtained by the deformation of the massless black hole by the transformation generated
by A2. It is non zéro for a general A2 that satisfies the asymptotic conditions (3.43)-(3.44)
because, in that case, A2 does not parametrize an exact symmetry of the massless black
hole. By the above reasoning, the different terms coming from the variation of G(Ai)
will combine to give only surface terms that are independent of the canonical variables.
These surface terms arise from the variation of the surface terms B and correspond to the
variables-independent terms that appear in the transformation law of L given in équation
(3.45). Keeping the relevant term, one obtains on the massless black hole solution:

Ea.G(AI) = K(AIA2) = =7~ / vriV2)"dV- (3.49)

Proceeding in the same way for the other brackets, one finds that the Poisson brackets
of the improved generators, whose gauge parameters cUid fields satisfy the boundary
conditions (3.43)-(3.44) and (3.32), are:

[G(Ai),G(A2)]
[G(A),S(p)]

{5(p1).5(p2)}

-G([Ai, A2D-" /7 v{ritrdv>,
(3.50)

-G(-ipi7“p2) + ™ / ei(e2)"d<-

As the gauge parameters appearing in this algebra satisfy the boundary conditions (3.43)-
(3.44), their asymptotic form is expressed in terms of residual fonctions rj~ and e. The
exact relation between the fonctions corresponding to the gauge parameters présent on
the left and right hand sides of these équations were given in (3.47). As the asymptotic
symmetry is not an exact symmetry of any background, the central extensions are non
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trivial i.c. they cannot be absorbed by a redéfinition of the charges B eind F. Indeed
there exists no background, on which they could be defined as to vanish, that is preserved
by the asymptotic symmetry and the deformed solution would always have non vanishing
charge, i.e. équation (3.49) would be non zéro for any reference background. Let us aJso
notice that if one of the symmetry transformation in the brackets (3.50) is a pure gauge
transformation, the associated central charge vanishes. Refering to our above reasoning
to compute the central terms, this is related to the fact that the charges associated to
such a transformation vanish for ail admissible fields configurations.

For the moment, the above Poisson bracket algebra involves both the pure gauge
symmetries and the non pure ones [36, 38]. The pure gauge symmetries have weakly
vanishing Poisson brackets with ail the other generators, i.e. form also an idéal in the
Poisson sense. It follows that the asymptotic symmetries are “first class” and well defined
in the reduced phase space which is obtained by quotientizing the pure gauge symmetries
and where the constraints are zéro. Using standard terminology, they are “observables”.
The Poisson bracket of these observables in the reduced phase space is the same as their
Poisson bracket in the original phase space (see e.g. [35]). The asymptotic symmetry
algebra is therefore realized in the space of physical observables where it is generated by
B and F (because the volume term of the generators is proportionad to the constraints
which axe zéro in the reduced phase space). According to this, one will dérivé the explicit
form of the super-Virasoro algebra with central extension in two different ways.

One way is to rewrite the Poisson bracket algebra (3.50) with the constraints put to
zéro and the gauge parameters at infinity explicitly expressed in terms of the fonctions
T)~ and € according to équation (3.47). One obtains:

[B[ni], B[t?~]] B[N (%) - 72N'%] - ™~ (%

[Blv-],F[e]] F[n-e'-'"~-iT,-ye],

{T'[ei)F'[e2]}

Blie\e2] + — T ei{e2)"d(p,
where B[rj~] and F[e] are given as in (3.48) by:

= ~Ldi Fle] = / dn.
T [ sn-Ldip, [e] ZTT Jo-£, eQ
It follows from the above algebra that the Fourier components L,, = R[e*“] and Q,, =
F[e*"“] of the fonctions L and Q satisfy the super-Virasoro algebra in its familiax form
(using quantum-mechanical notation and rescaling Q by >/2):
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[Lm,Qn] = {n-“m)Qra+n, (3.51)
{Qm>0Qn} ““ ~“m+n ~ <5m+n,0.

Another way to dérivé this aJgebra is to notice that, as the canonical generators in
the reduced phase space are just the functions L and Q, their Poisson brackets could
have been read directly in the expression of their transformation law that was given in
équations (3.45)-(3.46). Indeed, writing 6L = [L,B + F] and 5Q = [Q,B] + {Q,F}, one
extraits the following Poisson brackets:

[L{a), L{a)] = 27r{L{a) +L{a"))S'{a - a') -nk6"'ia — a"),
[{a).Qf{a)] = 2n{Q{a) + "Qia’))d'{a - cr), (3.52)
{Q(cn), Q{(tY}r = 2mL{a)6{a —a") — 2nikd"{a — a’).

After a renormalization taking L/27t and y/2QI2'ir as generators and a Fourier transfor-
mation, the algebra (3.51) is recovered.

In our conventions, the central term in the algebra of the Z,,’s in équation (3.51) is
proportional to c/12. The central charge is then equal to ¢ = 6fc = 32/2G, which is the
same as the one arising from the analysis of the asymptotic symmetry algebra in the
purely bosonic case [7]. It is related to the facts that the surface term at infinity in the
Virasoro generator involves only the (bosonic) gravitational variables, i.e. the dreibein
and the spin connection, and that the asymptotic boundary conditions that dictate the
approach of these variables to anti-de Sitter remain the same. Any theory with these
features will have the same central charge in the commutator involving the Ln’s. This
central charge is non trivial in the sense that it cannot be absorbed in a redéfinition
of the generators. In fact, as mentioned before, the bosonic part of the asymptotic
symmetry group is isomorphic to the conformai group in two dimensions. The latter
has the particularity, unlike in higher dimensions, to be infinite-dimensional and hence
much larger than the anti-de Sitter group. Anti-de Sitter space being the solution with
maximal symmetry, there exists no background that has the asymptotic symmetry group
as exact symmetry group. Hence, by the reasoning presented above while computing the
central extension of the algebra, the central charge cannot be absorbed in a redéfinition of
the generators [7], The situation is different in four dimensions [27] where the asymptotic
symmetry group is the conformai group in three dimensions, which is isomorphic to the
symmetry group of anti-de Sitter spacetime in four dimensions. Adapting the constants
in the surface terms of the generators so as to make them vanish on this solution, the
canonical représentation of the asymptotic symmetry algebra yields no central extension.
We recall that it was observed in [9] that the degeneracy of States for a conformai field
theory with the above central charge give rise to, under appropriate conditions, exactly
the Bekenstein-Hawking entropy for the BTZ black hole (see also [39]).
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The super-Virasoro algebra (3.51) lias the form of the Ramond graded extension of
the Virasoro aJgebra: it is adapted to the case of periodic fermions and the moding of
the Fourier modes of the fermionic generators is integer. The central charge vanishes
for the sub-algebra generated by (LqiQo) which, together with the corresponding two
modes of the other O5p(1|2) copy, constitutes the exact Killing vectors and spinors of
the massless black hole. According to this, configurations with periodic spinor fields will
be referred as belonging to the Ramond sector whose ground State appears to be the
zéro mass black hole [34]. The anti-de Sitter background has M = -1, i.e. Lqg — —c/24.
Shifting Lo by c/24 so that the charge B vanishes on the anti-de Sitter solution, the
algebra (3.51) takes the form of the Neveu-Schwarz extension of the Virasoro algebra.
It is adapted to antiperiodic fermions and the index on Q is haJf-integer moded. In
that case, the central charge vanishes for the sub-algebra generated by {L+i,Lo,Q=i)
which are true OSp{\\2) symmetries of the anti-de Sitter background, recalling that the
four Killing spinors of anti-de Sitter are indeed antiperiodic [34]. Accordingly, anti-de
Sitter space appears as the ground State of the Neveu-Schwarz sector, made up by the
solutions with anti-periodic spinor fields [34]. Taking into account both OSp{l\2) copies,
one sees that the anti-de Sitter group 50(2,2) constitutes a subgroup of the asymptotic
symmetry group but not an invariant one. There is therefore no obvions way to restrict
the as}nnptotic symmetries to just the anti-de Sitter supergroup [7], i.e. to strengthen
the boundary conditions (3.32) so as to have exactly 05p(l]2) <giO5p(l|2) as asymptotic
symmetry group.

3.5 Dynamics at infinity

The emergence of the super-conformad algebra at infinity with a non-vanishing central
charge can be understood at the dynamical level, in the light of Polyakov’s discovery of
the hidden SL{2, R) symmetry of induced two-dimensional gravity, which is described by
Liouville theory in the conformai gauge [40, 41, 42]. We recall that the SL{2, R) algebrais
isomorphic to the 50(1,2) one. The argument runs as follows [8]. As shown by [43], the
50(1,2) Chern-Simons theory under the boundary condition A, = 0 induces the chiral
Wess-Zumino-Witten (WZW) model at the boundary. The corresponding Kac-Moody
currents are just the (p-components of the connection. Combining the two chiral WZW
models of opposite chiralities obtained from each 50(1,2) factor, one finds a non-chiral
5L(2, R) WZW theory (modulo zéro modes and holonomies not discussed here because
they affect neither the asymptotic symmetry nor the central charge). The constraints
on the Kac-Moody currents arising from the boundary conditions on A,,, which together
with the above condition constitutes anti-de Sitter asymptotics, lead then to Liouville
theory.

In a similar way, the further constraint that the component of the Kac-Moody cur-
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rent along the fermionic generator / vanishes (see (3.31)) turns out to be precisely the
constraint that reduces the WZW theory based on the supergroup OSp{l\2) to chiral
two-dimensional induced supergravity [41, 44]. Altough the 05p(l|2)-WZW theory is
not superconformai, the resulting theory is. What happens is that the other component
(along e) of the Kac-Moody supercurrent is transmuted into the super-Virasoro genera-
tor since its transformation law becomes (3.46) once the gauge parameters are restricted
by (3.43)-(3.44). From the WZW point of view, supersymmetry on the worldsheet axises
therefore in a non trivial way. Bringing the other OSp{\\2) factor leads to the non chiral
two-dimensional induced (1, I)-supergravity, which is described, in the conformai gauge,
by super~Liouville theory. It has been explicitly checked, using the Gauss décomposition
and following the same Unes as in [8], that the three-dimensional supergravity action
(3.25) yields the super-Liouville action (up to zéro modes and holonomies that we have
not explicitly worked out).

The two steps leading from Chern-Simons theory to WZW theory and from the
latter to super-Liouville theory can be implemented kinematically while computing the
asymptotic symmetry algebra. Indeed, if we had imposed only the chirality condition
r,, = 0 asis done in the Chern-Simons  chiral WZW réduction, we would have obtained
a current Kac-Moody algebra rather than the super-Virasoro algebra. The key point
leading to the super-Virasoro algebra is the presence of extra boundary conditions in
(3.32) which transmute the residual gauge field components functions L and Q into
super-Virasoro charges [40, 41, 42]. From the point of view of the chiral bosonic WZW
theory, this transmutation can be seen explicitly as follows. Let affine SL(2,R)k be
generated by J~, JT Impose J~ = | and = 0 (see (3.32)). These are second class
constraints because their Poisson bracket is an invertible matrbc. It follows that =L
satisfies, in the Dirac bracket, the Virasoro algebra with ¢ = 6k.

3.6 Extended supersymmetry

Thanks to the Chern-Simons formulation, the results of this chapter can be adapted to
the case of extended supersymmetry quite straightforwardly. Indeed, the différence of
two Chern-Simons théories based on supergroups which contain 50(1,2) in their even
part possibly describes AdSa supergravity théories. The relevant supergroups have their
fermionic generators transforming as 50(1,2) spinors [45] and were listed in [46]. As
explained before, any theory with these properties must have twice the Virasoro algebra
in its asymptotic symmetry algebra with a central charge equal to ¢ = 3//2G.

In particular, the (p, ¢)-supergravity théories of [23] can be formulated as a Chern-
Simons theory based on the anti-de Sitter supergroup OSp(p\2) ® OSp{g\2). The
50(2,2) = 50(1,2) ® 50(1,2) part of the Chern-Simons connections F and ¥ de-
scribes the gravitational variables (the dreibein and the spin connection). In addition.
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each OSp{N\2) connection contains N gravitini and O{N) gauge fields The
OSp{N\2) generators are constructed as in the OSp{\\2) case presented in section 3.2
and the superconnection F takes the following form:

/ AN A+ A/
A- -AN2 Alyl2
V -4ly2 A2 Bi J

where is antisymmetric and i,j = 1,..., N. Tciking into account the similar form of
the superconnection ¥ and with A and A related to the dreibein and spin connection as
usual, one has [23], up to surface tenus:

Ics[T] - lcs[t] = Teb/ T

(ENdABi* + j1dnx,

which is the action for AdSa (p, ¢)-supergravity. From now, we take p = g = N and
consider one OSp{N\2) factor only.

The dreibein, spin connection and spinor fields obey the same boundary conditions
(3.32) as in the = 1 case, while the SO{N)-cmTents fulfill B> = B'J = 0. This is
translated into the generalized asymptotic conditions:

/ 0 Lk Qjy/2k\
-M 1 0 0 6,
VooQwe Tijfk J

Tr=b-~drb, 1, =0, (3.53)

r, =6

to leading order, where L, Q*‘ and T'* are arbitrary fonctions oft and tp. The most general
supergauge transformations that preserve these boundary conditions are characterized
by gauge parameters (A, p*,/3*") that must fulfill to leading order:

A(t-,u) = b '?7(u)6, p'(r,u) =b 0'Mr,u) - 13**u), (3.54)
with:
ie*Q'
—=27"" 5 2k
v (3.55)

~ {8y AQ-Q'Ik-eiT MK ~
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implying that the full residual symmetry can be expressed in terms of axbitrary functions
T]~, e* and of the light-like coordinate u.

The generators of the asymptotic symmetry transformations are constructed as in
section 3.4 and their surface terms are equal to:

B="1V-Ld,, ~ ~

where the latter is the surface term of the generator of the O{N) gauge transformations.
As before the charges (3.56) are proportional to the functions L, Q* and T*' which appear
in the boundary conditions (3.53) and transform under (3.54)-(3.55) as follows:

SL = (rj-Ly +iT,-yL-Nr,-y"-'-ie™Qy-i{eW + pM" (3-57)
BQ = el —ife(ef)" + « — (eNT*Y) = (ed)T™

+iv-Q'y + \iv-)Q* + (3.58)

JTIl = + k(/3'""y — Me'QN — ex<b). (3.59)

As in section 3.4, we can compute the Poisson brackets between the functions L, Q* and

by writing their variations (3.57)-(3.59) through their brackets with the canonical
generators in the reduced phase space i.e. with the surface terms (3.56). As they stand,
they do not provide a représentation of (half) a superconformai algebra because of the
vanishing of the Poisson bracket of L and T'* and of the unwanted term proportional to
QIT'i that appears in (3.57).

This can be solved by defining a new Virasoro generator L which présents the same
central extension characterized by ¢ = 6k. To this purpose, one notices by looking at
équation (3.59) that the T'A’s form a Kac-Moody algebra. Now it happens that a Virasoro
generator with no central charge can be formed out of Kac-Moody generators by what is
called a Sugawara construction. In the abelian case, this works as follows. Starting from
a Kac-Moody algebra with central charge a:

[T(cr),T(cr)] = aS'(™-cr'),

the generator T”/2a can be constructed, which satisfies a Virasoro algebra with no central
term:

[r"T2(<v), MM (@)] = + T\a"))S'ia - a).

This is extended to the non-abelian case in the following way. Starting from the Kac-
Moody algebra:

[Tha), T>T) = r""T%a)S{a - a') + ag<*>0'{a - a'),
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the Sugawara construction gives:
~g™Tiial)T{a’)] - g<>>iT-{a)T>'{a)+T"Ma")T\a"))S'{a - a’).

In our case, defining L as:

L=L+

one préserves the central charge ¢ = 6A of the Virasoro subailgebra and generates the
right Poisson bracket between L and . Moreover one gets rid of the unwanted term
in (3.57). Indeed one has;

SL={g-L) +{g )L -, - Wa) -iEe)Q+ i

Computing the Poisson brackets of the generators L, Q' and , one cornes upon the
extended superconformai algebras described in [47]. These algebras close quadratically
in the SO(iV)-currents T*-*, except for = 2 and N = A (with boundary conditions
breaking 50(4) to one of its SU{2) subgroups) for which one recovers the linear algebras
of [48]. The non-linear extension appeaxing in these asymptotic symmetry algebras is
due to the quadratic term in T** in équation (3.58) which is totally absorbed in the
redéfinition of the Virasoro generator L only in the case N = 2 and disappears when
N = 4 through the breaking of one SU{2). By a redéfinition of the spinorials fields, the
N = A asymptotic symmetry superalgebra is shown to be the same as the one axising
from the asymptotic analysis of SU(1,1|2) AdSa supergravity. The hamiltonian réduction
of the WZW models corresponding to the supergroups studied in this section has been
analyzed in [49] and a detailed dérivation of the super-Liouville theory at infinity through
the Gauss décomposition has been presented in [45].

3.7 Conclusion

We have shown in this chapter that the anti-de Sitter boundary conditions in (1,1)
three-dimensional supergravity lead to an asymptotic symmetry algebra which is twice
the super-Virasoro algebra with a central charge equal to 3If2G. The précisé boundary
conditions given on the spinors involve a chiral projection on the boundary and legitimate
the assumptions of [34]. The theory which realizes this symmetry on the boundary at
infinity has been shown to be super-Liouville theory.

The appearance of the Virasoro algebra as the boundary symmetry algebra of anti-
de Sitter space-time is purely kinematical in the sense that the only ingrédients that
enter the dérivation of both the asymptotic symmetry algebra £md its central charge
are, on the one hand, the asymptotic boundary conditions that dictate the approach to
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anti-de Sitter and, on the other hand, the fact that the surface terms at infinity in the
Virasoro generators involve only the (bosonic) gravitational variables, i.e. the dreibein
and the spin connection. Any theory with these features will have the same central
charge in the commutator involving two L,,’s. It is, for instance, the case of ail the
supergravity models with extended supersymmetry, whose asymptotic symmetries and
dynamics have been studied in [45]. Actually, this resuit applies to Buiy gravity theory
which admits an anti-de Sitter solution. In particular, the Virasoro algebra appears in the
space-time symmetry algebra arising from string propagation on AdSa times a compact
space [50]. The asymptotic central charge received a microscopie dérivation in the study
of the System of DI- and T)5-branes [30], which is duaJ to the above string theory iri view
of the AdS/CFT correspondence conjectured by Maldacena [4].



Chapter 4

Anti-de Sitter gravity and
classical boundary degrees of
freedom

The conjectured équivalence, in the string theory approach to quantum gravity, between
supergravity in D-dimensional anti-de Sitter space-time and some quantum conformai
field theory living on its d-dimensional boundary has been briefly described in Chapter 2
[4, it, 6]. It has been viewed as a manifestation of the holographie principle for quantum
degrees of freedom [1, 2, 3]. In this chapter, we show that there are classical degrees
of freedom on the conformai boundary of AdS and we discuss their relation with the
Fefferman-Graham description of gravity with a négative cosmological constant. These
degrees of freedom generate ail AdS Schwarzschild and Kerr black holes. We verify that
the boundary action that constitutes the finite part of the gravitational action is con-
formai invariant for odd-dimensional space-time boundaries and présents the well known
Weyl anomaly for even ones [33]. We dérivé here this anomaly for general asymptot-
ically anti-de Sitter space-times from local transformations of the boundary, avoiding
ambiguities arising from global transformations. This Weyl anomaly was interpreted
in [33], through the above équivalence, as the anomaly of the corresponding conformai
quantum field theory. We show here that it could be viewed as the classical anomaly of
a d-dimensional theory which would describe the boundary degrees of freedom of anti-
de Sitter gravity. These considérations are applied explicitly to the case of AdSa gravity,
whose asymptotic dynamics is known to be described by Liouville theory [8]. In higher
dimensions, we construct an action exhibiting the same particular behaviour under Weyl
transformations.

The chapter is organized as follows. In section 4.1, the boundary of AdS is defined

50
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and it is shown how bulk diffeomorphisms generate Weyl transformations in d dimensions
on the boundary of asymptotically AdS space-times. In section 4.2, by analysing the
expansion of the Einstein équations near the boundary, it is shown how classical boundary
degrees of freedom sire encoded in the coefficient of order d of the Fefferman-Graham
expansion of the metric and how these degrees of freedom generate ail AdS Schwarzschild
and Kerr black holes. In section 4.3, the variation of the gravitational action under
diffeomorphisms is computed, showing that its finite part is conformally invariant when
d is odd and présents a Weyl anomaly when d is even. In section 4.4, we show, when
d = 2, 3 and 4, that the dynamical équations for the degrees freedom hidden in the
Fefferman-Graham coefficient are summarized into the conservation of a rank-two tensor
on the boundary. This tensor is shown to have the same trsice and conformai properties
as the energy-momentum tensor of any d-dimensional action which has the same classical
Weyl anomaly as the finite part of the gravitational action. Section 4.5 is devoted to the
explicit treatment of the above considérations in the case of AdSa gravity, showing that
the Fefferman-Graham coefficient describes, on the équations of motion, the components
of the Liouville energy-momentum tensor. The asymptotic symmetry algebra presented
in the previous chapter is recovered. In section 4.6, we propose a method to construct,
in ail dimensions, an action with the same classical Weyl anomaly as that computed in
section 4.3. The last section contains a general discussion on the above results, examining
if the description of the boundary degrees of freedom of AdSa gravity by a local field on
the boundary could be extended to the cases of higher-dimensional boundaries.

This chapter describes the results of [14] (see also [13]), although in a more detailed
and extended version, particularly in sections 4.2 and 4.4, where some issues about the
logarithmic term présent in the expansion of the metric in the case of an even-dimensional
boundary are clarified. Section 4.5 constitutes an extended version of [13]. Finally,
section 4.6 contains results which were developed in collaboration with F. Englert.

4.1 Bulk diffeomorphisms and Weyl transformations
on the boundary

This section is devoted to the study of some geometrical properties of anti-de Sitter
space-time which induce the particular behaviour of its boundary under conformai trans-
formations. We will see how the boundary of anti-de Sitter space-time can be identified
with compactified Minkowski space-time and how this boundary is mapped into itself
by the transformations of the AdSE>=d+i isometry group 0(2,d) [6]. This group acts
on the boundary as the conformad group in d dimensions. A coordinate System will be
introduced in which the anti-de Sitter metric is shown to be singular at spatial infinity.
This property will lead to the définition of a conformai class of boundary metrics subject
to a Weyl équivalence relation. In this coordinate System, we will see how bulk diffeo-
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morphisms generate transformations belonging to the extended conformai group on the
boundary, which contains the reparametrization group and the Weyl group as subgroups
[51]1

4.1.1 Anti-de Sitter boundary

We recall from Chapter 2 that anti-de Sitter space-time AdS” in Z) = d -I-1 dimensions
can be constructed as a hyperboloid of radius | embedded in a (d - 2)-dimensional flat
space with two time-coordinates. The metric of the embedding space is:

dsh = dX™ + ...+ dXI] - dXI - dXI (4.1)
The équation satisfied by the points of the hyperboloid is the following:
X+ ...+ XI-XI-XI™ = -7, (4.2)

Clearly, its isometry group is 0(2, d). This space-time contains cIosed timelike curves,
so one replaces it by its universal cover.

We will see now how Minkowski space-time appears at the boundary of anti-de Sitter.
Sending ail the coordinates to infinity while preserving équation (4.2), one may take as
boundary of the hyperboloid the solution of équation (4.2) with / = 0:

X1+ ...+ XXI=-XI1-XIi =0, (4.3)

and with the coordinates subject to an overall scaJing équivalence under a non zéro con-
stant factor. Equation (4.3) expresses the fact that the hyperboloid meets the asymptotic
cone at the boundary. Together with the overall scaling équivalence relation, this équa-
tion describes the so-called projective cone.

In fact, the projective cbne taken as the boundary of anti-de Sitter space-time is
the compactified Minkowski space-time. Indeed, this can be shown [6] by introducing
the coordinates U = X-i -I- Xj éind Xj = Xi/U for U ™ 0. Solving équation (4.2) for
V = X-i — Xd, the induced metric on the hyperboloid is:

dsh = + U™dx\ dx”_i - dxo). (4.4)

Going to the boundary, or equivalently setting | = 0 together with the scaling équivalence
as in équation (4.3), the metric of the asymptotic projective cbdne is then given by:

ds® — UMNdx\ H-... -- dXj_i — dxg), (4.5)

which can be reduced to the Minkowskian metric by using the scaling relation to set
U = 1. The compactification of Minkowski space-time is obtained by adding the points
at infinity corresponding to f/ = 0.
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The isometry group 0(2, d) of anti-de Sitter also préservés the cone given by équation
(4.3) and therefore induces a transformation of the space corresponding to (4.1) that
maps compactified Minkowski space-time to itself. These isométries leave the metric
(4.5) invariant and are realized in compactified Minkowski space-time by the conformai
group in d dimensions. It is straightforward to check that the rotations 0(1, d—1) leave U
invaricint, while the dilatations, the 2d translations and spécial conformai transformations
require a compensating transformation on U. For d = 2, the invariance of (4.5) under
the conformai transformations is larger than O(2,2) and is generated by two copies of
the Virasoro algebra. Let us note that the compactification of Minkowski space-time by
the addition of the points at infinity is essential to perform conformai transformations.
Indeed a conformai transformation can map an ordin2iry point to infinity and is therefore
not defined on Minkowski space-time itself.

Spaces which, at spacelike infinity, can be described locally by the metric given in
équation (4.5) will be called asymptotically anti-de Sitter space-times. This définition
has however to be made précisé by specifying the limiting procedure. To this effect,
it is useful to enlarge the set of boundary geometries to the class of the d-dimensional
space-times described by metrics which differ from (4.5) by a Weyl transformation and
to introduce a Weyl équivalence relation between them. Up to reparametrizations in d
dimensions, this conformai class of boundary metrics is then invariant under the extended
conformai group, which contains as subgroups the reparametrization group and the Weyl
group [51].

We now introduce a particular coordinate System in which the Weyl équivalence
relation among the boundary metrics shows up clearly. It will be shown in the next sub-
section how, in this coordinate System, the extended conformai group can be generated
by bulk diffeomorphisms. Writing = y~*, the metric (4.4) takes the more general
Fefferman-Graham form [52]:

;2dy2 J
= 9yydy™ +9ijdx'dx” = + -gij{x,y)dx*dx", (4.6)

where here the d-dimensional metric gij{x,y) is simply the y-independent Minkowskian
metric Tjy. The boundary is defined by the limit y —¥ 0. Clearly, the induced metric on
the boundary gij{x,y = 0) is singular and it is because of this feature that the boundary
metric of ainti-de Sitter space-time is identified to the Minkowskian metric only up to a
Weyl rescaling. Indeed, this Weyl scaling équivalence can be understood by introducing
a so-called defining fonction f{x,y), taken to be positive and with a first order zéro on
the boundairy y = 0. The boundary metric corresponding to (4.6) is then defined as the
value on the boundary of the product f{X,y)gij{X,y). As the defining fonction f{x,y)
is arbitrary, only a conformai équivalence class of boundary metrics can be defined. The
Minkowskian metric yy {x, y = 0) is the boundary metric corresponding to the particular
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choice of defining function f{x, y) =y and constitutes only a favoured représentative of
the conformai équivalence class of boundary metrics.

From here, let us assume that gij{x,y) in équation (4.6) can be any metric which
tends, when j/ —* 0O, to a regular metric g*0)ij{x). It will be shown in the next section
how, by theorems due to Fefferman and Graham, this generalized form of the metric
(4.6) is shared by the solutions of the Einstein équations with a négative cosmological
constant. As mentioned above, the metric g{o)ij{*) constitutes only a représentative of
the conformai équivalence class of boundary metrics but it will be referred to as the
boundary metric.

4.1.2 Diffeomorphisms and Weyl transformations

We will now see how Weyl transformations on the boundary can be generated by bulk
diffefomorphisms, having in mind that a Weyl transformation of g(o)y(x) préserves the
conformcil équivalence class of boundary metrics. Moreover the diffeomorphisms consid-
ered will be shown to be isomorphic to the extended conformai group, for which we recall
that the reparametrization group and the Weyl group are subgroups [51]. Let us consider
the diffeomorphisms which keep the (d+ I)-dimensional metric in thé Fefferman-Graham
form (4.6). They are characterized by the vanishing of the Lie dérivatives of gyy and gyi-
They are given by [13, 53]:

oy

-2a{x)y, 4.7)

6x’ g (x,y)dy" dja{x) + x'{"), (4-8)

with (x{x) and x*(2;) arbitrary. By computing the Lie dérivative of gij(x,y), it is easily
shown that it induces on g(0)ij(x), up to a reparametrization generated by x'(x), the
following Weyl transformation:

"wg(0)ij(") — 2(r(x)y(0)ij (*)- (4.9)
Hence, these diffeomorphisms act on the boundary metric g{o)ij the extended conformai
group.
Under the assumption that the metric gij{x,y) can be expanded in a power sériés in
y_
9ij{x,y) = YLs(2n)ij{x)y*",
n

the expression of the Lie dérivative of gij under the diffeomorphism (4.7)-(4.8) prescribes
a certain transformation law for each term in the expansion. The transformation of

pij(x,i/) is given by:
Swyij(x,y) = 2a{x)gij{x,y) - y2a{x)dygij (x,y) + Okhi
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+mix,y)djox'ix,y) + gjk(x,y)diox'"“ix,y). (4.10)
The first ternis of its expansion transform as [13, 53];
"WO{ij{x) *

P
awo(iitx) = —2(TH9(iIX) + —g"2)iDIdk<T{X) + ~g~2) iINAK(x{x)

+J {~D"9(2)ij{x) — Di9"2)"j + ~39(2") (4-11)

where indices axe raised with the inverse of the boundary metric g~o)ij{x) and Pj-is the
covariant dérivative in the same metric. These axe the transformation laws prescribed for
the coefficients in the expansion of gij, while the Weyl transformation (4.9) is performed
on the boundaxy metric. We will see in the next section that the hypothesis that the
metric 8ij has a power sériés expansion in a neighbourhood of y = 0 is correct for
the solutions of the Einstein équations. However, for d even and greater than two, a
logaxithmic term must be added in the expansion in y of yij. We will show in section
4.4 how this term contributes to the Weyl transformation of and how, according
to this contribution, the Weyl transformation of y(4) given in équation (4.11) is slightly
modified when d = 4. Some of the coefficients g(2n)’s will be shown to be expressible in
terms of the metric y(0) and in that case, by a simple scaling argument, g"*n) contains
2n dérivatives with respect to the i variables, hence this notation.

4.2 The Fefferman-Graham ambiguity : classical
boundary degrees of freedom

In the previous section, while constructing the d-dimensional metric that describes
the boundary geometry of a space-time characterized by the (d + I)-dimensionaJ metric
given in équation (4.6), we have seen that only a conformai équivalence class of boundaxy
metrics can be defined, for which 9(0)ij(x) constitutes a distinctive représentative. In pax-
ticulax, the boundary of anti-de Sitter space-time is described by the class of conformally
flat metrics.

Now we will see that, given a general boundaxy metric g(0)ij(x), it is possible to re-
construct bulk metrics of the type of équation (4.6) which satisfy in a neighbourhood
of i/ = 0 the Einstein équations for pure gravity with a négative cosmological constant
A = -d(d - D/2I™. However, this recontruction is not unique and yields, in the case
of conformally flat y(0)y(i), distinct solutions in addition to the axiti-de Sitter one. In
paxticulax, this vaxiety of solutions will be shown to include the AdS Schwaxzschild and
Kexr black holes solutions. We will study in this section how the Einstein équations con-
strain the metric 9ij(x,y) in équation (4.6). We will see that the équations for 9ij(x,y),
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when expanded in a power sériés expansion in y, reduce to algebraic équations for the
coefficients of the expansion, apart from the traceless part of one of them which has to
satisfy a differential équation. This coefficient will be shown to describe the classical de-
grees of freedom on the conformai boundary of AdS. The spécifie form of the dynamical
équations satisfied by them will be examined in section 4.4.

4.2.1 Expansion of the Einstein équations near the boundary

The Einstein équations for pure gravity with a négative cosmological constant are:
Rfiu “b Aynif = 0,
with A = —d{d — 1)/2P. Solving for R by taking the trace of this tensor, one obtains;

RfUf “b “o

In the metric of équation (4.6), these équations provide the following équations for the
metric gij{x,y) [55, 56]:

y[29" - 2g9'g-"g' + Tr(g-i5")5" ““ I"Ricci{g) -{d- 2)g' - Tr{g-"g")g = 0, (4.12)
Dihnj - djh\ = 0, (4.13)
Tr(ff“*5") - ~Trig~"g'g~"g") = 0, (4.14)

where ' dénotés pmtiaJ dérivative with respect to y and:
h'j=g™g"r
Multiplying équation (4.12) on the left by g~*, it is expressed in terms of h'j as:
PRY + {d- 2)h'j + h\&Y - y{2dyhY + h\hY) = 0.
The y-lapse constraint, which will be useful in the next section:
G»', + A = -i(iT"™".-2A) =0, (4.15)

is a combination of the trace of équation (4.12) and of équation (4.14) and takes the
form:
iR + 2{d - Dh'i + yih'jh"i - /i* =0.

The 2/-shift constraints are équivalent to équation (4.13). Equations (4.12)-(4.14) can be
solved iteratively by expanding gij{X,y) in a power sériés expansion in y and one will see
how there exist different bulk solutions gij{x,y) corresponding to the same g(0)ij{")-
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Equation (4.12) prescribes the general form of the expansion of gij{x,y) and provides
algebraic récurrence relations for most of its coefficients [52, 57]. The generic term in the
expansion is:

5(2n)(a:)i/",

where n is an integer. When d is odd, there is an additional term:

where the coefficient is traceless with respect to 5(0), namely Tr(*™(,|Jg™j)) = 0. When

dis even and greater than two, there is, in addition of the §{d){x)y"* term, a logarithmic
term:

*(d)(ax)i/MAnidl,
where is traceless with respect to 5(0). The coefficients g(2n){") obtained alge-
braically in terms of g(o)(a:) up ton = (d—1)/2 for d odd and n = d/2 — 1 for d even. For
d odd, the traceless coefficients is algebraically undetermined. For d even, while
the coefficient fc(d)(x) is still determined by y(0)(x), the traceless part of y(d)(x) is

algebraically undetermined. The higher order coefficients are ail algebraically expressed
in terms of y(0)(x) and of the undetermined traceless coefficient g"*(x).

The two lowest order algebraic expressions for the coefficients y(2,) have been com-
puted explicitly from the expansion of équation (4.12), using the expansion of the Ricci
tensor computed from équation (A.4) in Appendix A. They are given by:

P
d-2 2(d - 1) 9Oi*
B or 1 . 3d .
_anad- g d-22OIRTRK - 44 yo(g-2) OOt
gz K * g1y (G YRRl + DKDIR j + DKDJR |
1 d-s-
2(d - 2(d - 1) oF Wi (416)

with non zéro A(4)jj when d = 4 only. These expressions without the logarithmic coeffi-
cient k{4)ij have been given in [53]. The curvature tensors appearing in these expressions
and in what follows are the ones for the metric Di is its covariant dérivative and
indices are raised with the same metric. The indeterminacy of (the traceless part of) gid)
appears clearly in the above équation for d = 2, as the coefficient of 1/(d — 2) vanishes
identically. When d = 4, g(4)y would be singular in the absence of the fc(4)y term, hence
the necessity to introduce the logarithmic term in the expémsion of gij(x, y) in order to
héave a regular expansion [54]. The équation for 5(4)y is non singular only if the algebraic
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expression of fc(4)ij in terms of the boundajy metric g{o)ij cancels the numerator of the
right-hand side of équation (4.16). This condition enforces the following expression for
fc(4)y in terms of the boundary metric g(o)ij-

Hi)ij — 5 25000 [B™RKi - - "\RPRKj + IERIj

+DKDIE"j + DkDjR' + -g(0)ij*R ~ ~Rij — TDidjR (4.17)

This expression could have been derived directly by considering the expansion of équation
(4.12). The équation for (the traceless part of) ff(4)o is then algebraically undetermined
when d = 4.

The traces with respect to g"o) of the expressions given in équation (4.16) are alge-
braically determined in terms of the metric g"o)- Indeed, recalling the tracelessness of
k(d)> these traces are given by:

p
'1N(5(0)5(2)) 2(a- )R

Tr(5(0)5(4)) P pmg  3rf4 72

Ad - 22 A{d\Y ' (4.18)

which are well defined also when d = 2 and 4 respectively.

The indeterminacy appearing at the order in the expansion of gij{x,y) corre-
sponds to degrees of freedom not encoded in the boundary metric. We shall refer to
these indeterminacies as the Fefferman-Graham ambiguity. A solution in a neighbour-
hood of JJ = 0 with boundary metric 5(0) is then determined by the spécification of the
traceless fields g™ although algebraically undetermined, these fields must satisfy the
differential équations obtained by expanding in y équation (4.13). The précisé form of
these équations will be investigated in section 4.4.

Notice that the expressions for g*2) and ff(4) without the logarithmic coefficient A4)y
given in équation (4.16) have been obtained in [53] without the use of the équations of
motion: upon the hypothesis that the coefficients in the expansion of gij{x,y) are ail
expressible in terms of ~(0)0 (2:), their exact expression has been computed by integrating
their transformation law (4.11) under the Weyl transformation (4.9) of g"o)- This com-
putation indicates that geometry alone prescribes the algebraic expressions for g(2n) as
well as the indeterminacy at the order and the necessity to introduce the logaxith-
mic term fe(d) when d is even and greater than two [54]. The transformation law of A(d)
predicts the existence of degrees of freedom not encoded in the metric on the boundary
since it cannot be reproduced by any well defined local fonction of g¢co)1 This indicates
that the existence of degrees of freedom is not restricted to the use of the Einstein équa-
tions. Now, giving up locality, the Weyl transformation rule of g(j) corrected by the
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contribution of can be reproduced by a unique and well-defined function of g(o)-
Indeed, it bas been shown in [54], where a cohomological problem corresponding to the
Weyl transformation properties of the Fefferman-Graham coefficients has been studied,
that the cohomology of the Weyl transformation of A(d) admits a non-trivial solution
corresponding to a non-local expression of g*o)- A non-ambiguous non-local expression
for can then be written. However, we will see in section 4.6 that this expression
can be related to a local one by the introduction of a further degree of freedom, which
restores the above ambiguity.

Boundary conditions can be constructed by putting the coefficients of the expansion
of J/) that can be expressed algebraically in terms of p(0) to their value in terms of
5(0). We therefore define as asymptotically anti-de Sitter space-time C any space-time
which can be parametrized in a neighbourhood of y = 0 by a Fefferman-Graham metric
(4.6) and such that g"o) is conformally fiat and that the following boundary fields:

9(2)("M)i9(4) (M) + 1+ 19(d-iH(") d odd,
9(2) (a:), 5(4) (a:). ..., 9(d-2) (X), fe(d) (x), Tr(g”gjg(d) (x) d even, (4.19)

are expressed algebraically in terms of g(0){x) in accordance with équation (4.12). As
mentioned above, the work of référencé [53] shows that these boundary conditions axe
in faet a direct conséquence of the transformation of 5y(x, y) given in équation (4.10)
under the diffeomorphism (4.7) and (4.8).

4.2.2 The Fefferman-Graham ambiguity and AdS black holes

We now see how the degrees of freedom encoded in the fields 5(%) generate ail AdS
Schwaxzschild and Kerr black holes in ail dimensions D = d-- 1. The metric of AdS
Schwarzschild black holes of mass M is:

A
ds? j.d-2 (4.20)

where A = vdGdM. Gp is the gravitational constant in D dimensions and id is a D-
dependent numerical coefficient. When r -> o0, the relation between r and the variable y
in the metric (4.6) is dr/r  —dy/2y or equivalently by a suitable choice of the intégration
constant r/l — Hence the leading order in y of the mass term in the coefficient of
dt”® is of order yM”. As the mass term has no counterpart in the pure AdS”+i geometry
for which yij{x,y) = 5(0)y(x), its leading contribution to the expansion of gij{x,y) is the
traceless quantity which is here a constant indépendant of x.

The tracelessness of the mass term can be verified explicitly. The relation between r
and y is defined by;
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Setting, for d > 2, 2r/Z — ~ — 1/(, one obtains, up to order

Expressing this equality to the same order in terms of r, one gets:
r 1/ 1 A2
I ~ wi\

from which one easily vérifiés that Tr{g"*g(*d)) vanishes. For d = 2, the exact relation

between r and y is obtained aJong similar lines by the change of variable 2rfl = ~ + It~

and the vanishing of Tr{g"g”2)) follows.

These conclusions can be extended to Kerr black holes. The dependence on r and
hence the leading order in y of the mass term in équation (4.20) follows from dimensional
considérations: GdM has dimension D — 3 = d — 2 and its contribution to gu cannot
dépend on I. Similarly the angular momentum J will give a term proportional to Gd*/ in
gttp of the same dimensionality. This is the leading dependence on the angular momentum
in the Kerr metric and is again encoded in the traceless field

4.3 Weyl anomaly of the gravitational action

In this section, we compute the variation of the gravitational action with a négative
cosmological constant under diffeomorphisms that do not vanish on the boundary. After
removing divergent counterterms, the remaining part of the action is shown to be finite
when the boundary is taken to spatial infinity. The divergent terms are shown to be
independent of the Fefferman-GraJiam fields introduced in the previous section and
the “renormalized” action constitutes an effective action for these boundary degrees of
freedom. Computing the variation of the gravitational action for the particular diffeo-
morphisms which induce Weyl transformations on the boundary, it is shown that the
effective action présents the well known classical Weyl anomaly when the dimension of
the boundary is even and is Weyl invariant when it is odd [55]. This Weyl anomaly is
related to the presence of a logarithmically divergent term in the original action when d
is even [6].

4.3.1 Variation of the gravitational action under bulk diffeomor-
phisms

The Einstein-Hilbert action in D = d-H 1 dimensions with a négative cosmological con-
stant A = —d{d — 1)/2/* and with suitable boundary term is:
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1 = Ins/MNK-c)d<‘x, (4.22)

wheresS isay = y d-dimensional boundary with topology Sd-i XR. The surface term 1 is
introduced as usual to render the action stationary for solutions of the Einstein équations
with fixed fields on the boundary <5 [58]. The notation is for the déterminant of the
d-dimensional metric Cij of équation (4.6) and K = K\ where Kij is the extrinsic
curvature tensor in the same metric. The constant c is introduced for convenience and
will be fixed later. As the variation of S is sensitive only to diffeomorphisms that do no
vanish on the boundary S, we perform a diffeomorphim in D dimensions defined by an
infinitesirhaJ displacemeiit field  (x, y) which variishés outside a neighbourhood of the
surface y = 0 which contains the surface S.

To compute the corresponding variation of the action (4.21), we first write the surface
term (4.22) in covariant form by introducing the H-vectors normal to the surface
element on S. By embedding the displaced surface S under the diffeomorphism in a
family of surfaces characterized by infinitésimal displacements where a varies from 0
to 1, one defines a field normal to the surfaces a = constant. The extrinsic curvature
scaJar can be written as a D-dimensional scalar:

K =
The surface element is written as:
dEN = Me Al AddXN ALLLAXAN

and one has:
\/—gnd“x = y/*"n~dUft.

The surface term (4.22) becomes:
=8N VA(IMA +co)n"dEN
It is then written as a volume intégral of a D-divergence, which gives:
L=~ ANGMA + onndnez,

such that the variation of the action is obtained by taking the Lie dérivative of integrands
of volume terms only. We get:

"v/=~{a+feh+-2[(nD;, o) NN rds.. (4.23)
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In this expression, we substitute the following identity:

where it is easily checked that:
= K\K#, n\X; X =N Rx M = RM

and the last term gives no contribution on S. Using the Gauss-Codazzi équation:

R'jki = - iIK\Rji - R'iRjk), (4.24)
where curvature tensor in the same metric gij as before, one finds the
following relation between the curvature scalars in D and d dimensions:

R = + 2R«\i - {K\Kr - KYK\).
Using the identity = \/—g™"d'x with » and the above ones, équa-
tion (4.23) becomes:
b = =T~ N + K\K™ - KYK\ - 2cJf* Adi™x.

Inserting the Gauss-Codazzi équation (4.24) into the y-lapse constraint (4.15):
R" ij + n NAN _ MK\KN - KM"K)) =0,

we get:
+ (4.25)

Writing the identity (4.24) in terms of the metric gij of équation (4.6), one obtains:

recalling that h'j = g™dygkj- Taking c = —{d — 1)/l and using:

RMM =yR, A= -’\<FT/,

équation (4.25) can be written:

This équation is similar to the équation obtained in reference [56] for the variation of the
Einstein-Hilbert action but there axe two noticeable différences. First, our resuit is valid
for arbitrary local variations Sy around the surface y = y. Second, as shown below, in
the limity 0, équation (4.26) does not require the évaluation of the action (4.21) on a
solution of the Einstein équations but only on an arbitrary asymptotically anti-de Sitter
space-time C.
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4.3.2 Expansion of the gravitational action and classical Weyl
anomaly of its finite part

We study the behaviour in y of équation (4.26) by expanding the coefficient of 6y in
power sériés of y. It is divergent when y 0 and taJces the form;

s J 'I'AQ/Z oy d odd
Lyeir2 W |
N él A\ AN
6"S I yd/2 + .+ v + C»(l) 06y d”x, d even, (4.27)
where the intégrais are Ccirried out on the surflice y = y. The higher order terms that
are not explicitly written in these expressions dérivé from terms in the expeuision of the
action that vanish when y goes to zéro and need not be considered here. The terms
retained in équation (4.27) arise from order less than in the expansion of \/—q,
R and /i*j, and potentially from terms in h'* (which contains a y-derivative) of order
or y'MNny when d is even in the expansion of the metric Qij. However, due to
tracelessness, there is no contribution containing There is neither contribution from
the logarithmic term when d is even for the same reason. The divergent terms that
multiply Sy in équation (4.27) dépend then only on the fields appearing in the boundary
conditions given in équation (4.19). For an asymptotically anti-de Sitter space-time G,
these fields are defined as aJgebraic expressions of p(o) for which the j/-lapse constraint
(4.15) used in the dérivation of (4.26) is identically satisfied. Thus, as announced, when y
tends to zéro, the computed variation (4.26) is valid for ail asymptotically anti-de Sitter
space-times G- The divergent terms in équation (4.27) have no dynamical content.
Notice that, in the case of a boundary S staying at y = y with y a non vanishing
constant, the variation ofthe action (4.21) under diffeomorphism arises from the variation
6y normal to the boundary surface. Indeed équation (4.26) vanishes if 0y is zéro on the
surface y = vy, i.e. if the normal part of the displacement field ~M~(x,y) defining the
diffeomorphism vanishes on the boundary surface S.
We dénoté by S(G) the action S evaluated on a space Q. The variation given in
équation (4.27) which is valid for such a space can be integrated. Its intégration with
respect to the functionaJ variation 6y{x) gives:

d odd.
= /[J§/721 + —-+-j- + Bolny + B,(ff) + ofy) d”x, d even. (4.28)

The higher order terms that are not explicitly written vanish in the limit jf ™~ 0. Com-
paring these équations with équation (4.27) for a local variation Sy, one obtains the
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following identifications among the coefficients:

Bfi = ——An+i, for T—1,..., (/2 -1,
Bo = vli, (4.29)

where the coefficients A, are given by algebraic expressions of the metric p(o) deduced
from the expansion of équation (4.26). The BdG) term is independent of ¥ and finite.
It corresponds to the arbitrary intégration “constant” with respect to y. FVom équation
(4.29), one learns that the divergent terms in équation (4.28) are surface intégrais of local
functions of g"o) only. The fields enter only BdG) which contains therefore ail the
dynamics. After substracting the divergent terms and taking the limit y 0, one may
view J BdG)ddx as an effective boundary action for these dynamical degrees of freedom
and writes /BdG)d™x = SfiniG)- Its behaviour under Weyl transformations will be
analyzed in what follows, using the particular diffeomorphisms of section 4.1.

Let us recall that there are two ways to compute the quantity S*S given in équation
(4.27) which is the variation of the action S(G) given in équation (4.28) for a local
variation 6y of the boundary surface y = y- One way is to compare the action with
boundary ai y = y with the action with boundary ai y = y + Sy (where in our case
y is constant whether 6y dépends on y and on the x-variables that parametrize the
surface y — Vy)- This is how the intégration of équation (4.27) has been carried out
to find équation (4.28). The other way of computing the variation is to keep fixed the
parameters space on which the intégrais appearing in the action are performed i.e. the
boundary surface remains described by the équation y = y. In that case, it is the fields
on which dépend the integrands that are varied according to their Lie dérivative under
the diffeomorphism whose normal part is characterized by C* = 8y. Of course, these two
methods give the same resuit and, for the particular difireomorphism of section 4.1, this
provides a way to compute the Weyl variation of Sfin (G)-

Hence, we now apply this to the diffeomorphism described by équations (4.7) and
(4.8) to obtain information on the behaviour of the surface intégrais ¥ Bnd“x and Sfin{G)
under Weyl transformations. Indeed, we have shown in section 4.1 that the Lie dérivative
of the metric gij{X,y) for the diffeomorphism (4.7) and (4.8):

oy = —2a{xy,

(fx* g'dx,y)dy'dja{x)+ X*{x),

induces on the Weyl transformation given in équation (4.9). The transformation rule
of p(d) which enters the integrand BdG) of the finite term is prescribed by the expansion
of the Lie dérivative of gij(X,y) and is given in équation (4.11) for d = 2 and 4, to be
corrected by adding the contribution of the fc(4) term. The variation of S(G) induced
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by these Weyl transformation rules is then equal to its variation under 6y = -2(r{x)y.
Computing the Lie dérivatives of the coefficients B,, and Bc in équation (4.28) for the
diffeomorphism (4.7) and (4.8) and compaxing with équation (4.27) with 6y replaced by
-2a(x)y, one finds, with the use of équation (4.29):

Bn d”X 2nJ Bn(T d“x, (4.30)

Bo dI"x 0, (4.31)
SWSFiniG r o d odd 4.32)
OWSHiniG) \ -2 JBoa d”x d even. '

One sees in équation (4.32) that the Weyl variation of the y-independent term Sfin{Q)
of S{G) is proportional to the coefficient of the logarithmic term in 5(°) and Sfin{G)
présents therefore a classical Weyl anomaly when d is even. This is due to the fact that,
for the particular variation 6y — —2a(x)y, the variation of Iny is indépendant of y and
is therefore finite in the limit y 0. Notice that if we integrate équation (4.27) for the
Weyl transformations induced by the Lie dérivatives, we find équation (4.28) up to Weyl
invariant terms, i.e. up to the logarithmic term when d is even and up to SfiniG) when
d is odd, according to équations (4.31) and (4.32).

We now analyse équations (4.30)-(4.32) in more details.

The Weyl transformation (4.30) of the coefficients of négative powers of y contributes
to the variation given in équation (4.27) by the same quantity as when they are varied
with respect to y by 6y = —2ay. Removing these divergences will then have no effect
on the equality between the Weyl variation of the remaining terms (the logarithmically
divergent term if présent and the finite term) and their variation under 6y = —2a{x)y. As
a check of équation (4.30), we give here the variation of the Bi-term in four dimensions.
Using équations (4.27) and (4.29), we see that Bi is equal to minus the zéro order
coefficient of the expansion of the coefficient of 6y/y"* in équation (4.26), i.e.:

= 3076 YITOMOR,
where here and in what follows R is written for the curvature in the metric 9(0)ij- The
variation of Bi under the Weyl transformation (4.9) is the following:

which is equal to 2Bia up to a total dérivative as stated in équation (4.30).
Equation (4.32) expresses that the boundary effective action Sfin{G) is Weyl invariant
when d is odd and présents, when d is even, the well known Weyl anomaly Ad [6, 55]
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defined through:

SwsSfiniG) — _§ A*—g(o)Ad O d"x.

It is equal to:

\j-9{0)Ad = -2Bo, (4.33)

where Bq, according to équations (4.27) and (4.29), is the coefficient of 6y/y in the
expansion of the integrand of équation (4.26). Let us emphasize again that the Weyl
anomaldy of Sfin(G) is related to the presence of the logarithmic term in (4.28) for d even
[6]. Indeed, after the subtraction of the ternis in négative powers of y, the (5y-variation of
the sum of the finite term 5/j,,(C) and of the logarithmic term (if présent) is still equal
to their Weyl variation. It is indépendant of y and the Weyl variation of Sfin{G) is thus
equal to the (5y-variation of the logarithmic term (or to zéro when this term is absent).
The Weyl anomaly of the “renormalized” action S/iniG) can therefore be interpreted as
the variation of the logarithmically divergent term under the variation Sy around the
boundary surface y =y, i.e. the y-independent term in the expansion of the action S(G)
is sensitive to the way in which the limit y — 0 is taken.

The absence of logarithmic divergence in the variation of the gravitational action
given in équation (4.27) also shows that the coefficient of the logarithmic term in the
action (which is proportional to the Weyl anomaly) is Weyl invariant. Indeed, putting
together équations (4.31) and (4.33) gives the following condition on the Weyl anoméily:

\] \J-9{0)Ad d"x = 0. (4.34)

This relation reproduces the general classification of trace anomalies in any even dimen-
sions [59, 60]. Indeed, there are two ways of solving équation (4.34): Ad is either a total
dérivative or a Weyl invariant up to a total dérivative. In the first case. Ad is propor-
tional to a topological invariant and the only available parity-even candidate is the Euler
density. It is referred to as the type A anomaly. The case where Ad is Weyl invariant is
called a type B anomaly and can be constructed out of products of contractions of the
Weyl tensor and their covariant dérivatives. There is also a third type of anomaly which
is called trivial in the sense that it can be removed by local counterterms depending only
on the boundary metric [60].

4.3.3 Weyl anomsily in two and four dimensions

The précisé form of the Weyl anomaly of S/i,(G), depending only on the boundary
metric, is computed, according to équation (4.33), by looking at the coefficient of cr in
the finite part of the variation a"S given in équation (4.26) for the particular 6y = -2<ry.
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When d= 2, this gives [61]:

- ¥ R (4.35)
“ 2G24T¢

which corresponds to the type A anomaly. This value of the anomaly corresponds to the
central charge ¢ = 3//2G of the asymptotic symmetry algebra discovered by Brown and
Henneaux [7] and reviewed in Chapter 3. The précisé link between the Weyl anomaly
and the central charge of the Virasoro algebra will be examined in section 4.5 where the
d — 2 case will be studied in detail.

In the d — 4 case, the Weyl anomaly of Sfi,{G) derived from équation (4.26) is the
following:

This expression can be decomposed into the sum of a type A anomaly A4 and a type B
one AT as follows [55]:

where A4 is the Euler density in four dimensions and AT is the Weyl tensor squared.
We have shown in this section that the finite part Sfin{G) of the action (4.21) for
asymptotically anti-de Sitter space-times G contains alJl the dynamics encoded in
It is Weyl invariant when d is odd and présents the well known Weyl anomaly when d
is even. Notice that even if the anomaly is a local expression of g"Qf, Sfin{G) may be
non-local. However we will see in the next section, by analyzing the dynamical équations
for yj'jj in d = 2, 3 and 4, that these fields could be related to the energy-momentum
tensor of some boundaxy local fields $.

4.4 Conserved tensor on the boundary

4.4.1 Dynamical équations for the boundary degrees of freedom

We now examine the form of the équations of motion for y(j), whose traceless part
encodes the degrees of freedom on the boundary of asymptotically anti-de Sitter space-
times. These équations axise from the expansion in y of the Einstein équations (4.13),
which correspond to the j/-shift constraints and are givén by:

Dih'j - djh'i = 0,
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where we recall that:
hY =9/“dygkj.

The algebraic récurrence relations coming from équation (4.12) give already information
on the form of the expansion of Dih'* — djh\ in a power sériés in y. Indeed ail terms
of order less than must vanish identically because they contain only coefficients
ff(2n)(”) which are determined algebraically in terms of g(0)i®)- Consequently the term
in which gives the dynamical équation for has the property to reduce to
an identity for ail higher dimensional boundaries when its explicit dépendance on the
dimension is tahen into account. For example, the order zéro in y of équation (4.13),
with the use of équation (4.18) on the trace of g(2), gives:

Di 9(2) + =0 (4.37)

This provides when d = 2 the équations of motion for y(2), while for d > 2, using the

expression of g"2) in terms of y(o) given in équation (4.16), it reduces to the Bianchi
identity:

Notice that the structure of the équations of motion heis been studied in [54] in a coho-
mological approach.
In genercil, the term in in the expansion of équation (4.13) tahes the form:

Aiha) i+ 5(0) = 0. (4.38)

Apaxt from the terms coming from the power sériés expansion of (x,y) and from the
coefficient k(*d)i") of tho logarithmic term when d is even and greater than two, the
quantities ipi[g(o)] aJtso from the expansion of the Christoffel symbols in the covariant
dérivative with respect to the metric gij(x,y) in (4.13). These quantities contain then
only terms determined in terms of dérivatives of g{o){x), hence expressible in terms of
curvature terms of the boundary metric. They dépend explicitly on d. We show for the
cases d = 2, 3 and 4 that they can be brought into a covariant dérivative of the form
jDi4(d)* j- characteristic allows to express the dynamical équations for g*d) given in
équation (4.38) as the conservation of a rank-two tensor.

When d = 2, the équations of motion for g(2) have been given in équation (4.37) and
satisfy this property. For d = 3, we take the dérivative of équation (4.13) with respect
to y™~. The Christoffel symbols axe not affected at this order and taking into account
the vanishing of the trace 3(3)%) we simply get:

72i3(3)j — (4.39)
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For d = 4, we take into account the first two order terms coming from the expansion of
the ChristofFel symbols in the covariant dérivative and obtain:

D., MRKi - — 2R"RkKj §—0. 4.40
(«<o>m>+S (R™RK 2R"RK } (4.40)

The terms of order y in the expansion of équation (4.13) prescribes the addition of

(/2)D,k in this équation but this term cancels identically in agreement with the
terms in y Iny of the same équation and with the fact that is an algebraic expression
of ff(0)+

The form of équations (4.37), (4.39) and (4.40) can be summarized in:

(4.41)

where Md)jj is constructed out of curvature tensors of ff(0)y- From the conservation law
(4.41), we may define a conserved tensor:

T\d)ij {9{d)ij “h ~{a)ij) > (4.42)

where ad is a numerical coefficient. The traces of those tensors are equal to:

2

73)\ = 0, (4.43)

and dépend only on the boundary metric 9{0)ij- Provided the constants Q2 and Q4 are
set to the following values:

~ 8nGl’ N ATrGr

these traces reproduce the gravitational Weyl anomalies Ad given in équations (4.35) and
(4.36) for d = 2 and 4 and its vanishing for d = 3.

Note that any traceless and conserved quantity could be added to the right-hand side
of équation (4.42) without changing the properties of the tensor T(d)ij- In particular and
as mentioned above, this is the case of the logarithmic coefficient A(4)y in d = 4.

Remark that in fiat space the équations of motion given in équation (4.38) already
express for ail d the conservation of the quantity 9(d)ij because then V'{[5(0)] vanishes.
The extension of this conservation équation to the case of general boundary metric y(0)
relies on the précisé form of t"<[5(0)] and does not involve the dynamical fields
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A conserved tensor of the t3'pe of équation (4.42) could then possibly be constructed in
higher dimensions (see [62] for ail d odd and for d = 6).

These results suggest that, for ail d, the degrees of freedom hidden in the Fefferman-
Graham ambiguity (x) can be expressed in terms of a conserved tensor and that this
tensor is the energy-momentum tensor of some local boundaxy fields. Its trace would, on
the équations of motion, be equal to the gravitational anomaly Ad-

Indeed we recall that the above properties of the tensor T(d)ij, which were proven
for d = 2, 3 and 4, are those of the energy-momentum tensor T("d)ij of action whose
classical Weyl anomaldy is Ad- Consider such a d-dimensional action 5[g(0)y,”] of some
boundaxy fields $ in the background boundaxy metxic g[o)ij- Its energy-momentum
tensor TAd)ij is defined by:

~S[g(0)ij,"]

(4.44)
2 ~9(0)jj

The equality between the trace of the energy-momentum tensor on the équations of
motion and the Weyl anomaly of the action under the Weyl transformation (4.9) is
expressed in the following relation:

—mmm JZ-memen aw9o{0)ij H---------- TT------- Ooiv® - ndy a+
s w ij I \VV/-9{0)T"d) <5$
_ - d even
I v-9(0)-ad (T (4.45)
X 0 d odd,
where dénotés the variation of the fields $ under the Weyl transformation (4.9).

We emphasize that, on the équations of motion, T(*d)ij “uid T(*d)ij have the same
trace (at least, in the cases of d = 2, 3 and 4 where it was computed) and are both
conserved. The conservation of T(*d)ij proceeds from the invariance of 5[3(0)y, $] under
d-dimensional repaxametrization, while that of T(d)ijj is imposed by the Einstein équations
thxough équation (4.38) at least fox d = 2,3 and 4. Notice that the conservation of T(d)iji
as well as the value of its trace, do not rely on the précisé form of the équations of motion
of the fields $.

4.4.2 Weyl transformation of the boundary conserved tensor

We now show that the tensor T("d)ij of équation (4.42) and the energy-momentum tensor
T(d)ij not only obey the same conservation law and have the same trace. They also vaxy
in the same way under Weyl transformations, at least when d = 2 and 4.

The Weyl transformation of the d-dimensional energy-momentum tensor (4.44) is
completely determined by the Weyl anomaly Ad of the action from which it is derived.
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Indeed, applying 5w to équation (4.44) and commuting, in its right-haind side, ew and
the functional derivative with respect to gives, with the use of équation (4.45):

5wT(d)ij — -{d- 2)aT(@ij - 2 {\J-9(0)*dcr” | (4.46)
y/-9(0) <55(0)

under the assumption that the transformation rule for the fields $ on which dépends
the action 5[g(0)ij, $] is independent of g(0)ij and its dérivatives. In the right-hand term
of équation (4.46), the first term arises from the contribution of the déterminant of the
metric and from the partial derivativejrf <5wg(o)o respect to The second term
cornes from the exact commutation of sw and the functional derivative with respect
to One sees that in the absence of the Weyl anomaldy, which is the case of odd-
dimensional théories, the energy-momentum tensor transforms homogeneously according
to its conformai weight which is equal to -(d-2). This homogeneous term arises from the
Weyl transformation of y/—g(6) and from the partial derivative of dwg(o)ij with respect
to o[y

In two dimensions, the value of the gravitational Weyl anomaly is given in équation
(4.35). It is equal to:

-42 = 012—R,

with Q2 = I/SvrGL The conformai weight of T"2)ij is zéro and the anomalous part of the
transformation (4.46) gives (see équation (A.6) in Appendix A) [62]:

<5wT(2)ij = azp {Didja - g(o)yu<T). (4.47)

In four dimensions, the Weyl anomaly to be considered is given by équation (4.36)
as:

~g = 04N :

with Q4 = 1/47tG/. The transformation rule of the energy-momentum tensor dictated by
équation (4.46) is then (see équation (A.7) in Appendix A) [62]:

AWT(4)y —2(rT(4)y -(- Q4 [*5(0)0 (R™RKi — - 2R\R,™N + "RRi_
+DkDi + DkDj (“"R\a) - g”o)ijDkDi
-1 ("RijON — "Didj () + DR<MI (4.48)

We now compare the above expressions for d = 2 and 4 with the transformation of
T(d)ij generated by the variation of g(o)ij “md g(d)ij prescribed by the Lie derivative of
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9ijix,y) given in équation (4.10), for which A(0)ij undergoes the Weyl transformation
(4.9).
When d = 2, the expression of T(2)ij is read from équations (4.37) and (4.42) as:

T(2)ij = 002 ("9{2)ij + )

with Q2 = I/SttGZ. It is easily checked that under the Weyl transformation of 9(0)ij given
in équation (4.9) and for the transformation rule of 9(2)ij given in équation (4.11), the
transformation of 7(2)y reproduces exactly the transformation of the two-dimensional
energy-momentum tensor given in équation (4.47).

When d = 4, the matching of the variation of 7(4)" under the diffeomorphism given
in équations (4.7) and (4.8) and the Weyl transformation of the four-dimensional energy-
momentum tensor given in équation (4.48) is a little more subtle. Indeed, looking at
the order of the expansion of équation (4.10), one sees that the logaxithmic term

Iny, which appears in the expansion of 9ij(x,y) for d even and greater than
two, contributes to the variation Ow9(d)ij by ~ term of the form [54]:

-2ak(d)ij- (4-49)

In the particular case of d = 4, the remaining contribution to Sw9{4)ij coming from
the coefficient g(4)ij was given in équation (4.11). The expression of T(*4)ij is read from
équations (4.40) and (4.42) as:

7(d)tj — oid ~3(M)tj "h 2®(0)o A RRIij 2Rii(R] ",
with 04 = I/AttGU Replacing in équation (4.11) 9(2)ij by its expression (4.16) in terms of
9(0)ij and using the transformation rule of 9(4)ij given in équation (4.11) and corrected by
the contribution of fc(4)tj as in équation (4.49), one obtains for the variation of 7(4)jj under

the diffeomorphism that induces on 9(0)ij the Weyl transformation (4.9) the following
resuit:

MW7) = -20-7(4)Y -0- [&a (*RAjdkerd +Dj "RMdKCrd — g"QAijRDKdiCT
. 1 1. 2
-2D™MRijdkO — Riju”0 - -diRdjO — -djRdiO — -Didja
2 L= 1 I .
35(0)y-Rn<T -I- -9(0)ijd™“RdkO 2(7047M{4)ij

Replacing k”4)ij by its value given in équation (4.17), this variation reproduces exactly
the Weyl transformation (4.48) of the four-dimensional energy-momentum tensor derived
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from Einy action whose Weyl anomaly is equal to A4 and for which the Weyl transforma-
tion rules of the field # on which it dépends are independent of the background metric
H{0)ij-

Let us mention the fact that the coefficient fc(d) of the logarithmic term can be ex-
pressed in terms of the Weyl anomaly [54], at least for the cases where we computed it
explicitly, namely when d= 2, 3 and 4. We write;

MNd)ij ~ ~ | 1t (4.50)

such that, according to équation (4.49), the contribution of this term to the variation of

T(d)ij is given by:

Through équation (4.50), the absence of logarithmic term in the expansion of gij{x, y) in
the odd-dimensional case appears to be related to the cancellation of the Weyl anomaly
in that case. Notice that only the type B part of the Weyl anomaly A contributes to k("d)ij
because the type A anomaly being a total dérivative has vanishing Euler-Lagrange dériva-
tives [54]. This explains the absence of logarithmic term in the expansion of 9ij{X,y) in
two dimensions where the Weyl anomaly is only of type A. The rightness of équation
(4.50) is verified when d = 4 by comparing équation (4.17) of section 4.2 and équation
(A.8) of Appendix A.

One should notice that any traceless and conserved tensor which transforma homo-
geneously with conformai weight — (d — 2) under a Weyl transformation could be added
to T(d)ij without changing its above properties. As mentioned before, this is the case of
k{d)ij> whose transformation rule is derived from équation (4.10) and is indeed given by
[54]:

Swk(d)ij = —{d-2)ak(d)ii-

Looking at équation (4.46), one sees that it is also true for the energy-momentum tensor
derived from any Weyl invariant action.

We recall here that it has been shown in [54] that the cohomologicaJ problem set up
from the Weyl transformations properties of T(d)ijj while corrected by the contribution
of the logarithmic coefficient k(*d)ij> has a non-trivial solution which dépends on the
boundaxy metric only. However this solution is obtained [54] by computing the
energy-momentum tensor of the non-local effective action generating the Weyl anomaly
[60]. We wiill see in section 4.6 how this non-local action can be rendered local by
introducing a further field <.
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45 The d = 2 case

In this section, we recall and apply the results of the previous sections to the case of
two-dimensional boundaries. For AdSa gravity, there is the well known resuit of Brown
and Henneaux [7] according to which the asymptotic symmetry algebra is given by twice
the Virasoro algebra with a central extension whose central charge is equal to ¢ = 31/2G.
This resuit has been reviewed in Chapter 3 in the Chern-Simons formaJdism while giving
its supersymmetric extension. The réduction of AdSa gravity to Liouville theory for
asymptotically anti-de Sitter spacetimes has been shown in [8] in the case of flat bound-
ary metrics. That réduction has been outlined in section 3.5 of the previous chapter,
generalizing it to the réduction of AdSs supergravity to super-Liouville (see also [45]).
The réduction in the case of curved boundary metrics has been treated in [63, 64]. Parts
of these results will be recovered here, in the case of a general boundary metric which,
being two-dimensional, is conformally flat.

451 Weyl anomaly and boundary degrees of freedom of AdSs
gravity

Integrating the variation of the gravitational action under diffeomorphism, we found in
section 4.3 that this action is, when d = 2, the sum of an action which is finite in the
limit of a boundary staying at y = 0 and of a logarithmically divergent term. Putting
together équations (4.28) and (4.33), we write:

S{C) = —\I Ing dFx + SMG), (4.51)

where, according to équation (4.35):

A2 = "R, (4.52)
with 02 = 1/87tG1l. We héave shown that the diffeomorphism:
Sy - -2a(x)y,

sx = ~ndia) | gnxy)dy! (4.53)

which was given in équations (4.7) and (4.8), induces the following Weyl transformation
on the boundary:
Swo(0)ij{x) =2a{x)g”o)ij{x).

According to this and because the logarithmically divergent term is Weyl invariant (or
equivalently because the variation of S(¢) contains only finite terms), the quaintity A"
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which appeaxs in the coefficient of the logarithmic term in S{Q) is precisely the Weyl
anomaly of the finite boundary action S/i,, (QI

We now recall the results of sections 4.2 and 4.4 concerning the asymptotic solutions
of the Einstein équations for AdSa gravity and some of their geometricald properties.
We héave seen in section 4.2 that geometry predicts, when d = 2, an indeterminacy at
the order y of the expansion of the metric gij{X,y) appearing in the Fefferman-Graham
form of the metric, which was given in équation (4.6). Indeed the équation for 5(2)»j
obtained by integrating the Lie dérivative of the (2 + I)-dimensional metric under the
diffeomorphism (4.53) has its traceless part undetermined, due to a factor of (d-2) in the
denominator while the-numerator is a vanishing geometrical-identity in two dimensions
[53]. Notice that this is different than in higher even dimensions, where the contribution
of the coefficient fc(d) of the logarithmic term appearing in the expansion of gij{x,y)
is needed to remove a singularity and to obtain an indeterminacy. The coefficient
has been shown to be equal to the Euler-Lagrange dérivative of the Weyl anomaly with
respect to the boundary metric A(o)y its absence in two dimensions is due to the fact
that, in that case, the Weyl anomaly A2 is of type A only and has therefore vanishing
Euler-Lagrange dérivatives [54].

In section 4.2, we have seen how the indeterminacy for g"2) is found in the expansion of
the Einstein équations, which provide algebraic récurrence relations for ail the coefficients
of the expansion of gij{x,y) in terms of the lower order ones, besides for the traceless
part of 3(2) which remciins indeterminate. This indeterminacy has been referred to as
the Fefferman-Graham ambiguity and the traceless fields 3"2) carry the gravitationaJd
boundary degrees of freedom not encoded in the boundary metric 3(0)- However, to
provide a solution of the Einstein équations, 3(2) must still satisfy a differential équation
which concentrates ail the dynamics of AdSs gravity. This équation can be éxpressed in
the form of the conservation of a tensor T(2)ij related to 3(2)tj by the following expression
(see équations (4.37) and (4.42) in section 4.4):

TQ)ij = 012 (*9Q)ij + -~9(0)ij™ 1 (4.54)

The trace of this tensor is equal to the Weyl anomaly A2 of Sfin{G) given in équation
(4.52), provided tt2 is fixed as before to 02 = 1/8nGl. Its Weyl transformation rule is
deduced from the Lie dérivative of the coefficient 3(2)0 under the diffeomorphism (4.53)
and has been shown in the previous section to be given by;

<5W7(2)0 ~ a.2i”M{DidjO - 3(0)0Co). (4.55)

We recall from the previous section that the above properties of the tensor T(2)ij (hs
conservation law, the value ofits trace and the way it varies under Weyl transformations)
are those of the energy-momentum tensor T(2)o of any two-dimensional action with same
classical Weyl anomaly A2 as S/i,,(C).
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4.5.2 Gravitational degrees of freedom and Liouville theory

We will see now how the Liouville action 5(/,) constitutes such an éiction, i.e. it présents a
classical Weyl anomaly equal to A2 and its energy-momentum tensor T(")ij has therefore
its trace equal to A2 on the équations of motion and has the same Weyl transformation
rule as that presented in équation (4.55). Moreover it is conserved by covariance of the
Liouville action. We will show later how the degrees of freedom carried by the Liouville
field are sufficient to describe the asymptotic solutions of the Einstein équations.

The Liouville action is the following:

S(L) = —"13 + Ae2<) dPX, (4.56)
and its energy-momentum tensor is derived as:
T(L)ij = oi2l™ di(f)dj<j) — Didj(I> + g(o)y — Ad"“4>dk<i> — (4.57)

It is easily shown that under the Weyl transformation:

AWO(0)ij = 2<T5(0)ij,

ow<i> = -O-,

the Weyl anomaly of 5(1) is equal to that of Sfin{G) and the transformation rule of
T("L)jj is that given in équation (4.55), when aa has the same value as before, namely
Qa = I/SttGL Moreover, the trace of T(M)ij is equal to this anomaly when the équation
of motion of 4 is satisfied. The constant A in front of the Weyl invariant potential
term is arbitrary because it does not contribute to the Weyl anomaly. Moreover any
Weyl invariant matter action could be added to the Liouville action without changing its
conformai properties.

We will now show that, on the équations of motion, we can identify the tensor 7(a)ij
of équation (4.54) which carries the gravitational degrees of freedom encoded in Nith
the Liouville energy-momentum tensor T(mj. We write:

T{2)ij =T(L)ij, (4.58)

with the expression of in terms of () and g(o)ij given in équation (4.57) and taking
into account the équations of motion. This équation provides, on the équations of motion,
an expression of the Fefferman-Grabam coefficient 9{2)ij in terms of the Liouville field <
and of the boundary metric 5(0)»j- We will show that, for the solutions of the équations of
motion, this équation is intégrable, giving rise to an expression of the Liouville field 4 in
terms of the gravitational field fl(2)ij- This provides a bijection between the asymptotic
solutions of the Einstein équations, which are translated into the conservation of the
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tensor T(2)ij, and the energy-momentum tensors constructed out of the solutions of the
Liouville équation and shows that the suggestion mentioned in the previous section,
according to which the degrees of freedom hidden in the FefFerman-GrahEun ambiguity
5(2) can be expressed in terms of the energy-momentum tensor of some boundary fields,
is verified when d = 2. This bijection is translated, through équation (4.58), into the fact
that, for any value of the tensor T”2)ij constrained only by its conservation law, there
exists a solution 0 of the Liouville équation of motion for which it is equal to the value
of its energy-momentum TAL)ij-

We begin to show that it is sufficient to check this for a fiat boundary metric 5(0)1
In two dimensions, a general curved metric is conformally flat and the metric 5(0) can
locally always be put in the following form:

9(0)uv =-~e'dudyv, 9(o)uu = 9(0)w = 0, (4.59)

with U = {t/l) -I-ifi and v = {t/I) — (p. In this coordinate System, the fact that the trace of
an energy-momentum tensor T("2)ij Is equal to the Weyl anomaly A2, given in équation
(4.52) is expressed as:

N2)uv ~ Q2" dudxip.

In that case, the conservation of T(2)ij can be written as [65]:

dvtu{u,v) =0, dutv{u,v)=0, (4.60)

where and are related to the components T"2)uu and T("2)w of the energy-momentum
tensor by the following expressions:

T{2uu = o2 ~dlp — {duP)™ + tu,
TRw = 02 \plp - (9,.p)N + U. (4.61)
Computing the functions and for the particular case of the Liouville energy-

momentum tensor given in équation (4.57), one finds:
t(L)u = «2/* [(9,0) — 97°0] t(L), = Q2" [(5,0)~ — an0] , (4.62)

where ¢ = 4>-\- p. We recognize the components T 1)uu and T1)w of équation (4.57) for
the field O with flat 5(0)y, corresponding to vanishing p in équation (4.59). Moreover
équation (4.60), which expresses the conservation of the tensor T(L)ij in the case of a
general curved metric 9{o0)ij> is the conservation équation of the energy-momentum tensor

computed for the field O in flat space. Therefore, it is sufficient to demonstrate
the integrability on the équations of motion of équation (4.57) in flat space in order to
show that it is valid for any curved boundary metric 5(0)o-
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We are now ready to study the integrability of équation (4.57) with respect to <". The
équation of motion derived from the Liouville action (4.56) is the following:

—2D<> + R + 2XeM>' = 0. (4.63)

With y(o) given by équation (4.59), it can be written:

4dudv”™ + = 0.

A general solution of this équation is given by [66]:

2" = s (4.64)
A(-/P)2’

where / and g are arbitrary fonctions of u and v respectively and ' dénotés dérivative
with respect to the argument. Computing and given in équation (4.62) or
equivalently the components TA"Duu and T(*I)vv as given in équation (4.57) with flat p(o)
and # replaced by 4>, one finds:

t(L)u = t(i)y = (4.65)

where P®/ (similarly for g) dénotés the Schwarziem dérivative of / with respect to its
argument u:

The integrability of équation (4.57), which, taking into account the Liouville équation
of motion, is équivalent to équation (4.65), is then translated into the integrability of the
following équation for f{x):

F{x) = VIf{x).

This équation has a solution which is given by / = with Wj (i = 1,2) solving the
following differential équation:
w" + Fwi = 0.

Given and related through équations (4.54), (4.58) and (4.61) to a gravita-
tional solution specified by it is therefore possible to solve équation (4.65) for /
and g and to déterminé the corresponding Liouville solution through équation (4.64).
7(d)y is then equal to the energy-momentum of this Liouville solution. Hence, at the
level of the équations of motion, we have shown locally that ail the degrees of freedom
encoded in the Fefferman-Graham traceless field are described by the Liouville field
on an arbitrary curved two-dimensional background and the Liouville action is locally
équivalent to Sfin{G)- This équivalence is consistent with the generalization to curved
boundaries [64] of the réduction of AdSs gravity to Liouville theory demonstrated in [8].
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4.5.3 Back to the asymptotic symmetry algebra

We now turn to the analysis of the Brown-Henneaux asymptotic symmetry algebra [7]
which is given, as reviewed in Chapter 3, by twice the Virasoro algebra with central
charge ¢ = 31/2G. Looking at the gravitational side, we first identify in the formalism of
this chapter the Brown-Henneaux Virasoro generators and specify their transformation
under the diffeomorphism that reproduces the asymptotic symmetry transformation.
For simplicity, we consider the flat boundary metric y(0) given in équation (4.59) with
P = 0. In this case Q2A(2)ij is just equal to 7(2)y- Similarly to what has been shown for
T("L)ij in fhn previous subsection, the generalization to curved boundaries can be done
by considering the functions and whose relations with T(2Juu nnd T(2)w are given
in équation (4.61).

We begin by looking at the BTZ black hole solution [26]. We express the coefficients
g{2)ij in terms of the mass M and the angular momentum J of the black hole or equiva-
lently in terms of the functions L and L introduced in Chapter 3. These functions appear
in the boundary conditions satisfied by an asymptoticaldly anti-de Sitter space-time. In
the case of the BTZ solutions, they are constant and equal to:

with k = 1/4G. We recall that the BTZ metric is given by:
ds2 = ~ ~ + épv,
with:

AT2 = {rlIf-M + {JI12rf,
-J/2rn.

Through the following change of radial variable:

2 1 pPL PL Pra
e y TEr T 7y pu2

and U = {tfl) -I- (p, U = (t/Z) — (p, the BTZ metric takes the Fefferman-Graham form [67]:

Pdy" 1 PL,., PL PIL
dsh = —i’ dudyv 4 du” H avh —y- dudyv,
4j/ y k k P

whose expression has the particularity to stop at the order y. We extract from this
expression the following identification between the components of T(2)ij and the functions
L and L:

T@nu - TR)w — "5'7',(-,
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Enlarging this identification to the arbitrary functions L{t, ip) and L{t, ip) appearing in the
boundary conditions (see [68]), one recognizes 7(2)utt and T"2)w as the Brown-Henneaux
generators whose algebra was given in équation (3.52) in Chapter 3.

We are now able to describe the (2 + I)-diffeomorphism which induce on L and L the
transformation that corresponds to the asymptotic symmetry transformation presented
in Chapter 3 and leads to the Virasoro algebra. We consider the diffeomorphism given in
équations (4.7)-(4.8). Let us notice that in the particular case where Oa — 0, the Weyl
transformation:

~wg(o)ij = 2cT5(0)ij,

does not change the curvature of the boundary and can be compensated by a two-
dimensional conformai reparametrization generated by the functions appearing in
équation (4.8) with [69]:

_ 1
(J{U,V) - - 2

Let us Write 6w the variation under the diffeomorphism (4.7)-(4.8) with x* = 0 ~nd
the variation under the diffeomorphism (4.7)-(4.8) with « = 0. Taking:

X = ri{u), fi{v), =-"NiNn'+ V"), (4.66)

with ' denoting dérivative with respect to the argument, we have:

Pl f e P
AWOI{2)i —on AWO{2)t
~><9{2) UU (W(2)uus-+~ 9{2)uui wW ivo{2)w)' + >>'.7'A(2)WK

Consequently, the diffeomorphism characterized by équation (4.66) does not change the
boundary metric fl(0) and induces on T{2)uu and T(2)w the following transformation:

uUzpP

(W + a~HT=)uu (»?7(2Quuy + n"T(=)uu
((5iv + (5x)'*2)W ATRW y+MT7(2)w (4.67)

These transformation rules are the same as the bosonic part of the one given in équation
(3.45) for z//27+, indicating that T(2)uu and T(*2)w form two Virasoro algebras with central
charge ¢ = 31/2G.

It is clear from our dérivation that the non central part ofthe Viréisoro algebras is just
generated by the longitudinal two-dimensional conformai reparametrization decomposed
as usual into two one-dimensional reparametrizations. The central term arises from the
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Jy-part of the (2 + I)-difFeomorphism i.e. from the deformations normal to the surfaces
y = constant.

We now look at the emergence of the Virasoro algebra on the Liouville side, consider-
ing only the algebrathat corresponds to the coordinate u (the coordinate v is treated sim-
ilaxly). We rederive the Virasoro algebra, using the identification of the Brown-Henneaux
generator L/27t with the Liouville energy-momentum tensor component T(*1)uu through
équation (4.58) and computing the Poisson bracket of T(L)uu with itself. The Liouville
action (4.56) in canonical form, with flat (o) and potential term set to zéro for simplicity,
is given by:

S{L) = — (<A dtdtp,

where N dénotés d4>/dt and 4>' dénotés d<I>/d(p. The momentum p conjugated to &
derivated from this action is p = 0:2/A. The component of the Liouville energy-
momentum tensor (which is equal to when 4 is replaced hy ¢ = <& + p in the case
of curved y(0)) is expressed in terms of O and p as:

o2
I(Z,)txu =

with the use of the équation of motion 170 = 0". Using the canonical Poisson bracket:

[OEDN,p((T)] = J(cr —ct').

one obtains:

[T(L)un(a)7T(A)’m(al)] = (T(Z,),,,,(a) T(i),,,,(a‘)) 6‘{a - a‘} - - al)!

which reproduces the Virasoro algebra with the Brown-Henneaux central charge ¢ =
247TQ2/V2 = 31/2G.

The generator *(£,), adapted to the cMse of curved boundaxies allows to understand
how the central extension in the Virasoro algebra is related to the Weyl anomaly, which is
zéro when the boundary is flat. Indeed, differs from the tensor T(*1)uu by a function
of the conformai factor of the boundary metric (see équation (4.61). Therefore, under
a conformai reparametrization u = u{l), the transformation law of diflFers from a
tensorial one. The function p appeaxing in équation (4.59) transforma according to:

P=P+ 21"

where u' = du/di. From this équation and the tensorial transformation properties of
T"(L)uu. one gets [65]:

(4.68)

i3
Lya{a) = wM(r,)«(u) — 02" — 4

2 u vVu'j ’
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where we recognize the Schwarzian dérivative of ucay). For an infinitésimal transformation
U = a + 7}, one obtains the following transformation for t(L)u:

02
LU — {(VADu) d"VALU n V)

recovering the transformation of the Virasoro generator as in équation (4.67). We see that
the central term occurs because of the non tensorial transformation properties of
This déviation of t(/,), from a tensor is related through energy-momentum conservation
to the value of the Weyl anomaly (see équation (4.61)).

Similarly, the transformation property of the field () = < + p under the conformai
reparametrization u = u(Q) differs from that of a scalar. It is given by:

AG) =Mu) + ilnu’,
which gives, for the infinitésimal transformation u = G + r):
H =ri$ + i/j".

It is easily checked that it is the same transformation rule as the one of 4 which is
generated by its Poisson bracket with Frfr(L)urdip. Moreover its non tensorial part is
equal to 6w4> = —o for a = -(1/2)tj' as in équation (4.66) (with = 0).

Let us notice that the non tensorial transformation of t(i,)u(u) in équation (4.68) under
the conformai reparametrization u = u(Q) is encoded in the fact that <(n)u(**) itself is
proportional to the Schwarzian dérivative of the fimction / that is used to construct a
Liouville solution as shown in équation (4.65). Indeed the Schwarzian dérivative has the
following behaviour under composition:

2?27?2/(u(Q)) = u'2p»/ + piu,

giving rise to the Schwarzian dérivative of u{u) in équation (4.68).

4.6 Higher dimensions

In this section, we give a method to construct a d-dimensional action which présents
the classical Weyl anomaly computed in section 4.3 and we apply it explicitly to the
four-dimensionalJ case. This construction involves a generalization of the Liouville action
to higher even dimensions relying on the particular structure that relates its équation
of motion, the form of the action and the Weyl anom£dy. We can consider the Liouville
action with the potential term put to zéro as our analysis of the gravitational action
gives information only on the anomalous behaviour of its finite part Sfin{G) under Weyl
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transformation and does not constrain the addition of Weyl invariant terms. Looking
at équation (4.56), one sees that the second term of the Liouville lagrangian can be
expressed in terms of the Weyl anomady as:

The variation of this term for 6w4> = ——produces the anomaly while its variation induced
by the Weyl transformation of the metric 6w9(0)ij — *<"9(0)ij compensates exactly the
Weyl variation of the first term. Another feature of Liouville theory is that its équation of
motion given in équation (4.63) is_Weyl invariant and can be expressed more compactly
in terms of the metric py = as .R + 2A = 0. This équation, when A = 0, is just
the expression of the vanishing of the anomaly A2 when computed for the metric gij.

These considérations suggest a receipt to build generalizations of the Liouville action
to higher even-dimensionad cases. We begin by constructing a d-dimensional équation of
motion for a field ¢ from the expression of the gravitational Weyl anomaJy computed in
section 4.3. We then show that the action integrated from this équation présents this
classical Weyl anomaly.

Let us Write:

V/NAd{9ij) = 0, (4.69)

with Ad{gij) the Weyl anomaly computed for the metric gij = in d dimensions.
The left hand side of this équation is by construction Weyl invariant if the Weyl transfor-
mation of the field 4 is ew<j> = -cr- Due to this property, the Euler-Lagrange dérivative
with respect to () of the Weyl transformation of the lagrangian Cd from which the équa-
tion of motion (4.69) is derived vanishes. Indeed, because the Weyl transformation rules
~wg(0)ij and 6w<I> do not dépend on the field <, the Euler-Lagrange dérivative with re-
spect to (> and the variation under Weyl transformation do commute. Therefore, doing
this commutation in the following expression of the Weyl invariance of the équation of
motion derived from Cd'"

one obtains:

j~iewcd) = 0.

Solving this équation implies that the Weyl transformation of the lagrangian 6wCd is
indépendant of the field ~ and its dérivatives up to a total dérivative. Recalling that the
classical Weyl anomaly Ad associated to the action Sd corresponding to this lagrangian
is defined through:
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one sees that the possible (“dépendent total dérivative in 6wCd does not contribute to
the anomaly Ad- The Weyl anomaly Ad of the action Sd corresponding to the équation
of motion given in équation (4.69) is then indépendant of > and its dérivatives, allowing
to compute the Weyl variation of Sd with ¢ and its dérivatives set to zéro, as follows:

SwSd =

We now use this feature to show that Ad is in fact equal to the original Ad from which
the équation of motion (4.69) has been constructed. The left hand side of équation (4.69)
can be written:

iSij) — \J~9(0)d(p(O)ij) d*  (5(0)ij> *A)i

where Adicij) and Ad{g{o)ij) are the gravitational Weyl anomalies of section 4.3 com-
puted for the metrics ay = and ff(o)y respectively and (fl(0)ij) <A) is an ex-
pression depending at least linearly on < or its dérivatives. The lagrangian from which
équation (4.69) is derived has then the following form:

Cd = a [<-970)Adi9(0)ij)4> + ~d(5(0)ij,<A)] , (4-70)

with a a constant which will be fixed later and [9{0)ij 10) an at least quadratic expres-

sion in ¢ and its dérivatives, which cornes from the intégration of The Weyl
transformation of this lagrangian under ew9(o)ij = 2a5(o)y and = —0' gives:
ewCd = a \-"-g(0)Ad{9(o)ij)o A , (4.71)

where (fl(0)ij, «") cornes from the Weyl variation of ~y-g{o)Ad{9{0)ij) and C™g(0)ip <)
in équation (4.70) and dépends at least linearly on (> or its dérivatives. Now, using the
above demonstrated property that 6wCd is indépendant of 4 and its dérivatives up to a
total dérivative, we compute the Weyl anomaly of the action associated to équation (4.69)
by putting ¢ and its dérivatives to zéro in équation (4.71). In this case, .7”(p(0)y, O,cr)
vanishes and one has:

SwSsd = = —aJ A-g(O)—“d{9{0)iJ’)

Setting a = —1, we have shown that the Weyl anomaly of the lagrangian (4.70) obtained
by integrating the équation of motion (4.69) is precisely the one we start with to build
this équation, namely the gravitational Weyl anomaly computed in section 4.3. While
the variation under 6w<i> = -cr of the first term of the lagrangian given in équation (4.70)
provides the Weyl anomaly, the Weyl transformation of the remaining terms written as
CMg(o)ijid>) compensates the variation of the first term under <5wA(0)i = " 9(0)ij-
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In the particular case of d = 4, we recall the value of the Weyl anomaly given in
équation (4.36):

mN-9(0)Ai = - \r™, (4-72)

with «4 = \I4-kGIl. Computing this anomaly with the curvature tensors equal to those
of the metric 5~ and expressing it in terms of the metric y(0)y and of the field O, one
obtains the following équation of motion for () (see équation (A.3) in Appendix A):

~ n m X¥|1o0)R) + AR"di<i>dj<i>
-4D0G(/) + 4D"&’4>Didj4> — 4D<f>d"<t>di(j)) — 8D'&i<l)di(l)dj4>] = 0.

The lagrangian which can be obtained by integrating this équation of motion is con-
structed by staxting with a term of the form —y/—g"Ad<t>- As in the Liouville case,
the variation of this term induced by oéw<i> = —<r gives the anomédy while the other
terms in the lagrangian must compensate its variation for the Weyl transformation of
the background metric 9(0)ij- In four dimensions, one finds the following action [70]:

54 =
+2 diG>di(> + 2DG)dA(pdi() + d'(>di()& (>dit> éx, (4.73)

which has the particularity to be quartic in the dérivatives of (>. It is easily checked that
the équation of motion derived from this action is in fact the above one.

A related action for the conformai factor (> is described in [70, 71, 72], which is
quadratic in the dérivatives of 0. Its Weyl anomaly differs from the one given in équation
(4.72) by aterm proportional to Q.R, which constitutes a trivial type of anomaly in the
sense that in can be removed by the addition of a local counterterm depending on the
metric only. This action is the following [70, 71, 72]:

5y +1 " (4.74)

where coefficients have been adapted to the comparison with équation (4.73) and A4 is
the Weyl covariant fourth order operator acting on (> [70]:

Al 02 + 2Di dj

2 + 2RAWidj - "Ra + i (5A) di.
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The Weyl anomaly associated to the above action is given by:

BWSA = “AN / \F-N) +1°7) A

which, as mentioned before, differs from the variation of the action 54 given in équation
(4.73) by a trivial type term.

The différence between actions (4.73) and (4.74) contains the cubic and quartic ternis
of action (4.73) and is equal to;

5/12 = Si — 3J -3 N
-\Rd'(t>did> + + 2a<))d<))dii> + d's>dis>d™Mdjp»  ex. (4.76)
0

This action can be written [70, 71, 72] as the finite variation of a local expression in the
boundary metric under the Weyl transformation sending 5(0)y to 9ij = Indeed,
using équation (A.l) in Appendix A, one has:

+ y/-9(0) {0<p04> + d*4>di(>d"(pdij(t>
-ARD<f) — "RdM>did> + 2n(f>d (DA .
Equation (4.76) is then written as follows:
(4.77)

This property implies that the anomaly associated to this action is of the trivial type.
Indeed, any function of gy is Weyl invariant under Swo(o)ij — "<"9{0)ij ow<j> = —0o'
and we have, using équation (A.5) in Appendix A:

war; = Jy-sQR - as—J -9

where the Weyl anomaly is induced by the Weyl variation of a local expression in the
metric g(0)ij-

Action S” given in équation (4.74) and whose Weyl anomaly given in équation (4.75)
is equal to:

$J-9(0)-A-t> — “ar0 (R™WRij — ,

and contains non trivial contributions, can also be written as the finite Weyl variation of
a functional of the boundary metric. However, in constradistinction with the case of Sr2,
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this functional is a non-locaJd action [70, 71, 72]. It is the four-dimensional ajialogue to the
Polyakov action [73], which is the non-local functional whose finite Weyl variation is equal
to the Liouville action in two dimensions. Notice that the presence of the S/t2 terms in
action 57, and hence their trivial contribution proportions! to U.R in the corresponding
Weyl anomaly, is needed to have a quadratic action [70, 72]. Moreover, this trivial part
of the EUiomaly is necessary to define the operator A4 which appears in the expression of
the action for the conformai factor < as the finite Weyl variation of a non-local functional
of the boundary metric [70]. The quantization of the action given in équation (4.74)
has been considered in [74].

Non-local effective actions for Weyl anomalies have been presented in [75] for ail even
dimensions. A way of obtaining them by dimensional regularization has been given in [72]
where their local expression in terms of the conformai factor field <) has been constructed.
The energy-momentum tensors derived from these non-local actions are the non-trivial
solutions of the cohomological problem set up in [54] for the Weyl transformation prop-
erties of the Fefferman-Graham coefficients providing non-ambiguous, well-defined,
albeit non-local expressions of the boundary metric g(o) for these coefficients [54].

Of course, any Weyl invariant action can be added to fiction Sd (given in équation
(4.73) for d = 4) without changing its anomaly. In particular, one can add the usual
Weyl invariant scalar action in d dimensions:

N = 3J \/-9(0) (d’ipdiip + d'~x.
This action is indeed invariant under the Weyl transformation:

SW9{O)ij = 20-5(0)t>, —_—

in agreement with the conformai weight of a scalar field in d dimensions which is equal
to —(d — 2)/2. As the Weyl transformation rule of the higher-dimensional generalization
of the Liouville field 0 is Ow4> = ~o-, it is related to the scalar field ip by the following
équation:

This scalar action reproduces the vémishing of the Weyl anomaly computed from the
gravitational action in the case of odd-dimensional boundaries.

We have given in this section a way to construct an even d-dimensional local action
Sd which can be viewed as a generalization of the Liouville action in the sense that it
exhibits the classical Weyl anomaly Ad found in the variation of the gravitational action
under a particular diffeomorphism. The vanishing of this anomaly when d is odd is
appropriately reproduced by the usual Weyl invariant scalar action. However it is not
clear that the energy-momentum tensor T(*d)ij derived from these actions can describe,
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on the équation of motion of the field ail the asymptotic solutions of the Einstein
éguations encoded in the conserved tensor T(d)ij* M it is the case when d = 2. This issue
will be discussed in the next section.

Concerning the fact that, for even d, the finite part Sfin{G) of the gravitational action,
the action Sd and the non-local functional from which it can be constructed have ail the
same classical Weyl anomaly Ad, let us mention the work of référencé [76] where the
variation of the gravitational action under the finite form [77] of the diffeomorphism (4.7)-
(4.8) is computed for d = 2 and 4. As for its infinitésimal version, this diffeomorphism
induces a Weyl transformation of the boundary metric g{o)ij where a is
now a finite parameter [77]. It is shown in [76] that the finite part of the variation
of the gravitational action under this diffeomorphism leads, when d = 4, to minus the
action 54[p(o)y,<r] given in équation (4.73), with < replaced by a which parametrizes
the finite diffeomorphism (and the corresponding Weyl transformation). By the same
reasoning as the one presented in section 4.3 in the case of infinitésimal transformations,
this variation can be interpreted as the finite Weyl transformation of 5/j,,(C). Now
54[A(o)tj, tr] is precisely equal to minus the variation of the action S4[g"o)ij,<t>] itself under
the finite Weyl transformations and 4 > —a. It is aJso the finite
Weyl variation of the non-local action from which 54[5(0)y) <A] can be constructed. Indeed,
recalling from équation (4.76) that Si = 8" + Sr2, we can write:

54[A0)tp 0] ~ “s[c ~g{0)ij] ~ “O[ff(0)tjli

where m5¢g[5(0)y] contains the non-local functional of the boundary metric mentioned pre-
viously [70, 71, 72] whose finite Weyl variation générates 5, plus the local piece gen-
erating 5*2 as in équation (4.77). Therefore, under the finite Weyl transformations
9{0)ij and O — (1, one has:

Avv54[5(0)ij.0] = ~~*wSg[g™o)ij] = -54[g(0)y,0-]-

Consequently, the finite Weyl transformation of Sfin{G) computed in [76] is the same
as that of the action 54[y(0)tj,0] given in équation (4.73), as well as that of minus its
0-independent non-local associate 5g[ff(o)tj]-

4.7 Discussion

In this chapter, we have recovered the classical Weyl anomaly Ad of the finite part
SfiniG) of the gravitational action with a négative cosmological constant in the case of
even-dimensional boundaries and its vanishing in the case of odd-dimensional ones [55].
The value of the anomaly has been computed by acting with particulcir diffeomorphisms
which generate Weyl transformations on the boundary. This einomaly originates from
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the presence, for d even, of a logarithmically divergent term in the gravitational action
(61,

Classical boundary degrees of freedom have been identified by considering the FefFer-
man-Graham expansion of the metric near the boundary [52, 57]. These degrees of free-
dom are encoded in the traceless part of the coefficient of this expansion which,
in contradistinction with the lower order coefficients, is not determined algebraically in
terms of the boundary metric g(o) by the Einstein équations. This indeterminacy has
been referred to as the Fefferman-Graham ambiguity. It has been shown to generate ail
the anti-de Sitter Schwarzschild and Kerr black holes.

By anaiyzing the form of the dyhamicad eqliations for p(d), which'are induced by
the expansion of the Einstein équations, we have shown, for d = 2, 3 and 4, that this
coefficient defines a conserved tensor T(d)ij on the boundary (see [62] for d = 6 and ail
d odd). Moreover, the trace of this tensor has been shown to reproduce the value of
the Weyl anomaly of S/i,,(G). These conservation and trace properties are exactly those
of the energy-momentum tensor of any d-dimensional theory which présents the same
classical Weyl anomaly as Sfin{G). These two tensors have aiso been shown to vary in
the same way under Weyl transformations [62]. However the above features do not allow
to answer the following two questions: (1) is T(*d)ij th® energy-momentum tensor derived
from Sfin{G) and (2) can it be expressed as the energy-momentum tensor of some local
boundary fields?

Concerning the first question, we recall that, as shown in section 4.3, the divergent
terms that are removed from the gravitational action in order to obtain 5/j,,(C) do not
dépend on the dynamical fields g™y The remaining piece Sfin{G) contains therefore
ail the dynamics in the limit where the boundary is sent to spatial infinity and should
describe the boundary degrees of freedom encoded in gy

A boundeiry energy-momentum tensor for asymptotically anti-de Sitter space-times
has been constructed in [78]. Its définition was inspired by the energy-momentum tensor
of Brown and York [79] and it has been made finite by removing local counterterms from
the gravitational action. These counterterms are the same as those used to construct
SfiniG) [62]. This tensor has been explicitly computed in [62], for ail odd d and even
d up to six, by working out its expression in terms of the coefficients of the Fefferman-
Graham expansion of the metric: it has been shown to be equal to T("d)ij aJid is indeed
the energy-momentum tensor derived from the finite part Sfin{G) of the gravitational
action [62]. Thus, at least for these cases, the answer to the first question is yes. We
stress that this resuit implies that the dynamical part of the Einstein équations, which
is translated into the conservation of T(d)iii dérivés from the invariance of Sfin{G) under
reparametrizations in d dimensions.

We now turn to the question of the existence of local boundary fields whose energy-
momentum tensor could provide a description of T(d)ij- We recall that the trace of this
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tensor, as well as its conservation law and its transformation rule under Weyl transfor-
mations, are characteristic of the energy-momentum tensor derived from any covariant
d-dimensionaJ action with Weyl anomaJdy equal to Aj (which is zéro when d is odd).

Inspired by the réduction of three-dimensional AdS gravity to Liouville theory [8], we
have shown in section 4.5 that the expression of T(2)ij as the energy-momentum tensor
of the Liouville field < is intégrable on the équations of motion. This provides a local
boundaxy description of any Einstein solution in terms of a solution 0 of the Liouville
équation of motion. Therefore, the Liouville action describes the degrees of freedom
encoded in ¢g*2)-

We have given in section 4.6 a way to construct, in ail even dimensions d, a classical
Weyl anomalous action. This action has the same classical Weyl anomaldy as Sfin{G) and
dépends on a field O which is the generaldization of the Liouville field in higher dimensions.
We have also recalled the form of the Weyl invariant scalar action for ail d and the scalar
field has been expressed in terms of O.

Besides the fact that the energy-momentum tensor derived from these actions has the
same conformai and trace properties as Td)ij, we have not proven, for d / 2, that the
field O is sufficient to describe ail the relevant degrees of freedom encoded in Hence
the second question remains open.



Chapter 5

Conclusion

We have shown that the asymptotic central charge of AdSs gravity, which is related to
the number of microscopie degrees of freedom describing the 2+1 black hole, is the
same whether the classical theory considered is purely bosonic or supersymmetric. This
central charge provides therefore no information about the supersymmetry of the theory.

We have shown next that in pure gravity with a négative cosmological constant,
there are classical degrees of freedom on the d-dimensional conformai boundary of anti-
de Sitter in ail dimensions. Their boundary effective action has a Weyl anomaly for
even dimensions and is conformally invariant for odd ones. These degrees of freedom
are encoded in the traceless part of the coefficient 5(d) of the Fefferman-GraJiam
expansion of the metric near the boundary and generate ail the AdS Schwarzschild and
Kerr black holes. The ancilysis of the Einstein équations suggests that this coefficient can
be expressed in terms of the energy-momentum tensor of some local boundary fields.

One has given a way to formulate an even-dimensional action which has the same
classical Weyl anomaly as the one computed firom the gravitational action and dépends
on a generalized Liouville field 4. Together with the usual conformai invariant scalar
field theory which exists in ail dimensions, it may provide the energy-momentum tensor
describing the Einstein solutions on the boundary. This is true locally for d = 2. In higher
dimensions, it remains to be seen if a scalar field, or the related generalized Liouville field
in even dimensions, is sufficient to describe ail the gravitational solutions. This question
deserves further examination, in which the global aspects of this description should be
taken into account.

At the microscopie level however, this boundary field might fail to describe the degrees
of freedom responsible for the black hole entropy. In 2 + 1 dimensions for instance, even
though the central charge corresponding to the Weyl anomaly permits to compute the
entropy of the BTZ black hole, the quantization of the Liouville field on the boundary
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cannot account for it. In higher dimensions, the asymptotic gravitational degrees of
freedom, whcther or not expressible in terms of 0, are encoded in As for d = 2,
these fields do not contain enough degrees of freedom to generate the black hole entropy.
This failure casts doubts on the existence of a theory of quantum gravity based on the
degrees of freedom of pure classical gravity only.



Appendix A

Weyl transformations of
curvature tensors

In this appendix, we give the transformation properties of curvature tensors under Weyl
transformations and some Euler-Lagrange dérivatives of expressions containing these
tensors. These results are useful to dérivé some équations of Chapter 4.

The computed transformations are induced by the Weyl variation of the metric Cij,
which appears in the curvature tensors through the Christoffel symbols r*j,’s as follows;

iy =~ {djoki + dkji - diQjK),

Hij — H —ofci —-Ojl  +aigilij -1 jfcj

The Weyl variations under the finite Weyl transformation that sends the metric Cij
to Qij = are read from the following expressions, which relate functions computed
for the metric Cij in terms of the metric Qij:

f}, = r),+S*dk<I> + 6\dj<i>-gjkd™4>,
Rij = Rij-{d-2)Didj<I>-gijO(f> + {d-2)di4>dj<i>-{d-2)gijd"(>dk(>,
R = e-"[R-2{d-DD()-{d-D{d-2)d'(i=di(f\. (A.D

We work out the finite variation of expressions which contain the above quantities and
are proportional to the Weyl anomalies in two and four dimensions, computed in Chapter
4. In two dimensions, one needs:

YV/™"R = y/N{R-2a4,). (A.2)
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In four dimensions, the Weyl transformation of the anomaly is given by;
R Rij - \g'"R) Didj<i>
+AWANdi4)dj<i} — AU<bU<i> + 4D'&><I)Didj(j> - 40(>d'<I>di4> — 8D'd"(I)di(I>dj(f>] (A.3)

We give hereafter some infinitésimal variations which axe useful to compute Euler-

Lagrange dérivatives and infinitésimal Weyl transformations:
— 2~ {DjSgki + DkSgji — DiSgjk),

= i {D"DiSgkj + D'"Dj6gki — Odgij - g"**DiDjSgki) ,
SR

-RMSgij + D'DHgij - g"USgij. (A.4)

We axe now able to compute the following infinitésimal Weyl transformations under

5w9ij — ~cM9ij, in accordance with équations (A.l) for (> equal to an infinitésimal param-

eter a:
Swwv/~ = day/?,
= S'jdk<T + S\dj(T - gjkd"a,
SwRij = -{d- 2)DidjO - gijOa,
SWR = -2aR-2{d-DHUa. (A.5)

Prom équation (A.4), we compute the Euler-Lagrange dérivatives of expressions which
axe related to the Weyl anomalies in two and four dimensions. These formulas are needed
to compute in section 4.4 of Chapter 4 the Weyl transformations ofthe energy-momentum

tensors derived from the anomalous actions. In two dimensions, we have:
- {Didj<l) - gijD<j)). (A.6)
In four dimensions, the expression of interest is:
~ [V~ (¥R, - \r™ = /A (R™RKi —
-2R\RKj + *RRij {>-h DKDi -n DADj {R\,j>) - gijDkDi
—_o{Rij#) - \dA {R4>) + D{R4>)1

= { \9ij (R™Rki — ifT"") - 2R\RKj + ~"RRij 4- + DKDjR\
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—uy — -ADidjR+ -gy Uit » + Di [RNdk<!>) + Dj {R"idk4>)
— 2D Rijdk# — — -diRdj(j) - -djRdicj) — -RDidjcj)
+9ij (—~R'*‘Dkdi4> + \d'‘Rdk<t> + Iro<P* I, (A7)

where the coefficient of <) corresponds to:

[v/=2 N\aij {R>“Rki — "R") - 2R\RKj + "RR
+DkDIiR"j + DKDjR"i — ORij - \DidjR + "ijaR] . (A.8)
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