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Chapter 1 

Introduction 

G e o m e t r y r ep re sen t s rea l wor ld o b j e c t s t h a t o f ten change , move , a r e t r a n s f o r m e d or 

m a n i p u l a t e d . T h e s t u d y of géométrie reeonfiguration a n a l y z e s t h e t r a n s f o r m a t i o n s of 

such g é o m é t r i e o b j e c t s u n d e r s imple ru les a n d cons t ra in t s . B y c o m p o s i n g e l e m e n t a r y 

t r a n s f o r m a t i o n s , c o m p l e x behav io r s émerge , which, if u n d e r s t o o d , c a n lead t o a d e e p 

c o m p r é h e n s i o n of t h o s e ob j ec t s , a n d consequen t ly of t h e d i sc ip l ines t h a t s t u d y t h e m . 

W e s t a r t w i th t h e fol lowing example : a linkage is a s é q u e n c e of fixedlength d is jo in t 

s t r a i g h t b a r s (or edges) a t t a c h e d t o g e t h e r a t t he i r e n d p o i n t s u s i n g j o i n t s a r o u n d which 

t h e b a r s can r o t a t e freely. Now, s u p p o s e you a re given such a l inkage in a fa i r ly t a n g l e d 

configuration. C a n you move t h e edges continuously, w i t h o u t b e n d i n g t h e m or a l t e r ing 

t he i r l eng ths , w i t h o u t l e t t i ng edges cross, a n d keeping t h e m a t t a c h e d a t t he i r j o in t s a n d 

reach a s t r a i g h t con f igu ra t ion , i.e., w h e r e ail edges are on a s a m e l ine? 

Figure 1.1: A locked universal chain w i t h 5 bars. F igure f r o m [ D L O S 0 3 ] . 

W h i l e for s o m e 3D l inkages w i t h only 5 edges, t h i s is k n o w n t o b e imposs ib le (we 

t h e n say t h e l inkage is locked, see F i g u r e 1.1), some r e s t r i c t i ons o n t h e s t a r t i n g config

u r a t i o n suffice t o e n s u r e s t r a i gh t en i n g is a lways achievable (e.g. ail edges in a p l ane ) . 

Stil l , e l e m e n t a r y v a r i a n t s of t h i s p r o b l e m r e m a i n elusive, for i n s t a n c e , if we r e s t r i c t o u r 

4 



CHAPTER 1. INTRODUCTION 5 

a t t e n t i o n t o l inkages w h e r e ail edges a re of t h e s a m e l eng th , it is u n k n o w n w h e t h e r t h e r e 

exis ts a l inkage t h a t is locked or if any conf igura t ion c a n b e s t r a i g h t e n e d . 

L inkages a re e l emen ta ry , a n d can b e used, for e x a m p l e , t o s t u d y t h e r a n g e of m o t i o n s 

of r o b o t i c a r m s . T h e reconf igura t ions of equ i la te ra l p o l y g o n s a r e of in t ense i n t e r e s t t o 

kno t t h e o r i s t s a s well . I n biology, t h e y are o f t e n used t o r e p r e s e n t t h e b a c k b o n e of 

p ro te ins . O n e of o u r h o p e s is t h a t e l e m e n t a r y ques t ions such a s t h e o n e m e n t i o n e d a b o v e 

m i g h t he lp in u n d e r s t a n d i n g of how p ro t e in s fold, which is one of t h e m o s t i m p o r t a n t 

chal lenges of b io in fo rma t i c s , or a t least t o r educe t h e c o m p u t a t i o n a l power r e q u i r e d t o 

s imu la t e a fo ld ing m o t i o n . 

T h i s c a n b e exempl i f i ed by cons ider ing t h e c o m p u t a t i o n a l c o u n t e r p a r t of t h e a b o v e 

ques t ion : given two spécif ie conf igura t ions of a chain , c a n you reconf igure f r o m one t o 

t h e o t h e r ? For u n c o n s t r a i n e d 3D linkages, t h i s p r o b l e m h a s r ecen t ly b e e n s h o w n t o 

be P S P A C E ^ c o m p l e t e , whi le for some of t h e m o r e r e s t r i c t e d con f igu ra t i ons m e n t i o n e d 

above, t h e p r o b l e m is t r iv ia l : t h e answer is a lways yes. Ye t k n o w i n g t h a t t h e a n s w e r 

is yes is n o t necessar i ly t h e end of t h e story, a n d if for s o m e classes of c o n f i g u r a t i o n s 

s t r a i g h t e n a b i l i t y is g u a r a n t e e d , it does no t necessar i ly m e a n t h a t t h e p a t h t o t h e s t r a i g h t 

con f igu ra t ion is k n o w n or easy t o find. T h è s e a r e only a f ew of t h e p r o b l e m s we d i scuss 

in t h i s thes is . 

T h i s work is n o t i n t e n d e d t o b e a n exhaus t ive s u r v e y of g é o m é t r i e c o n f i g u r a t i o n . 

Several excel lent s u r v e y s have been pub l i shed on t h e s u b j e c t [DO05, O 'R07] , i nc lud ing a 

very récen t 450 p a g e s b o o k by Er ik D. D e m a i n e a n d J o s e p h O ' R o u r k e [DO07]. I n s t e a d , 

we will focus on s o m e key topics where we have m a d e a c o n t r i b u t i o n , or w h e r e we feel 

advances a re w i t h i n reach . 

In t h e nex t c h a p t e r , we begin by discuss ing t h e r e c o n f i g u r a t i o n of l inkages in t h e 

p l a n e a n d in u n d e r con t inuons mo t ions . A f t e r def in ing t h e p r o b l e m (Sect ion 2.2) , we 

d iscuss wh ich 2D l inkages can lock or no t a n d how t h e s i t u a t i o n changes if we t h i ck en 

t h e b a r s of a l inkage or rep lace t h e m by po lygons [CDD"*"] (Sec t ion 2.3) . W e t h e n t u r n t o 

l inkages in 3 D a n d p e r f o r m a near ly exhaus t ive analys is of w h i c h c o m b i n a t i o n s of sma l l 

cha ins c a n lock a n d / o r in ter lock [DLOS03, D L O S 0 2 , G L O + 0 4 ] (Sec t ion 2.4) . W e t h e n 

focus o n t h e m o t i o n s of 3 D linkages for which t h e ang le b e t w e e n a d j a c e n t b a r s is fixed 

[ADD+02] (Sect ion 2.5) a n d devise a mode l Connect ing o u r t héo r i e s t o t h a t of p r o t e i n 

fo ld ing in mo lecu la r b io logy [DLO06] (Sect ion 2.6) 

In C h a p t e r 3, we ana lyze combina to r i a l r econf igu ra t ions of l inkages, i.e. w h e n t h e 

n u m b e r of poss ib le o p é r a t i o n s t h a t c a n b e app l ied on a l inkage is finite. A f t e r desc r ib ing 
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t h e b a c k g r o u n d , t h e pocket flip p r o b l e m by E r d ô s a n d the fliptum o p é r a t i o n (Sec t ions 3 .1 

a n d 3.2), we p r é sen t a m o r e t h o r o u g h analys is of o p é r a t i o n s t h a t p e r m u t e t h e o r d e r of 

t h e edges of l inkage [ABD+02 , A B B + ] (Sect ion 3.3). 

Final ly , in C h a p t e r 4 we discuss several p rob lems r e l a t e d t o t h e un fo ld ing of po lyhe -

d r a : t h e un fo ld ing of p o l y h e d r a l b a n d s [ADL"*"] (Sect ion 4.1) a n d of o r t h o g o n a l po lyhe -

d r a [DIL] (Sect ion 4 .2) , a n d how t o w r a p s m o o t h convex su r f aces w i t h a pièce of p a p e r 

[DDIL07] (Sect ion 4 .3) . 

Mos t of t h e r e su l t s desc r ibed in t h i s thes is have been p u b l i s h e d in a séries of a r t i c les 

[ C D D + , D L O S 0 3 , D L O S 0 2 , G L O + 0 4 , A D D + 0 2 , D L O 0 6 , A B D + 0 2 , A B B + , A D L + , D I L , 

DDIL07] . A copy of t h è s e ar t ic les is p rov ided in t h e a p p e n d i x . 



Chapter 2 

Linkages 

A s m e n t i o n e d in t h e i n t r o d u c t i o n , a linkage (or polygonal chain or j u s t chain) is a 

s équence of f ixed- leng th bars (also cal led links or edges) c o n n e c t e d a t the i r e n d p o i n t s 

(or vertices) u s ing joints. 

A configuration desc r ibes t h e pos i t ion of every edge in s p a c e such t h a t ail edge l e n g t h s 

a re r e spec t ed . T h e con f igu ra t i on will b e called simple if n o t w o edges in te r sec t ex cep t a t 

t he i r jo in t s . C o n s t r a i n t s c a n b e imposed on t h e jo in ts . For e x a m p l e , if t h e ang le b e t w e e n 

a n y two consécu t ive edges is fixed, t h e cha in is called a fixed-angle l inkage. 

In t h i s c h a p t e r , we d iscuss reconf igura t ions of hnkages u n d e r c o n t i n u o u s m o t i o n s . 

Contents 

2.1 Définitions 

2.2 Reachability 

2.3 2D Chains of Polygons 

2.4 Small (inter)locked linkages 

2.5 Fiat to flat 

2.6 Protein machine 

7 
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2.1 Définitions 

T h e po lygona l cha in P in h a s n + 1 ver t ices V = {VQ, . . . , Vn), a n d is spec i f ied b y t h e 

fixed edge l e n g t h s d j b e t w e e n Vi a n d Ui+i, z = 0 , . . . , n — 1. W e w r i t e P[i,j], i < j , for 

t h e po lygona l s u b c h a i n c o m p o s e d of ver t ices Vi,...,Vj. I n t e r n a i ve r t i ces t ^ i , . . . , Vn-i a r e 

ca l led joints. A closed cha in is a cha in t h a t connec t s i t s t w o e n d p o i n t s , i.e., VQ = Vn-

O t h e r w i s e , t h e cha in is open. 

A configuration Q = {qo,..., g„) of t h e cha in P (see F ig . 2.1) is a n e m b e d d i n g of P 

i n t o R* ,̂ i.e., a m a p p i n g of each ve r t ex Vi t o a point qi € R^, s a t i s fy ing t h e c o n s t r a i n t s 

t h a t t h e d i s t a n c e b e t w e e n qi a n d qi+i is di. T h e poin ts qi a n d Çt+i a r e c o n n e c t e d by a 

s t r a i g h t line s e g m e n t ej . 

li+l 

Figure 2.1: N o t a t i o n for a con f igura t ion Q. F igure f r o m [ D L O 0 6 ] . 

T h u s , a con f igu ra t i on in R^ c a n b e specif ied by t h e pos i t i on of eo a n d clockwise t u r n 

ang les 9i a t e ach v e r t e x Vi, i = 1,... ,n — 1. A conf igura t ion in R^ c a n b e specif ied b y 

t h e pos i t ion of eo a n d e i , t u r n angles 9i, a n d d ihedra l ang les ôi, i — 1,... ,n - 2, w h e r e 

Si is t h e angle b e t w e e n ha l f -p lanes CiCi-i a n d Cjej+i whose b o u n d a r i e s c o n t a i n ej , a n d 

w h o s e in te r io rs c o n t a i n Ci-i a n d e i+i respect ively. T h e c o n f i g u r a t i o n is simple if n o t w o 

n o n a d j a c e n t s e g m e n t s in te r sec t . 

In R"^, we will d i scuss severa l res t r i c t ions t o valid con f igu ra t i ons . I n a rigid cha in , 

va lues of t u r n angles 9i a n d d ihed ra l angles ôi a r e specif ied a long w i t h t h e edge l e n g t h s 

di in t h e dé f in i t ion of t h e chain , a n d a conf igura t ion of t h a t c h a i n m u s t s a t i s fy t h o s e 

c o n s t r a i n t s . T h e pos i t ion of a r igid cha in c a n t h u s b e fu l ly spec i f ied b y t h e pos i t ion of 

edges eo a n d e i . In a fixed-angle cha in (also somet imes cal led dihedral o r revolute), on ly 

va lues of t h e t u r n ang les 6i a re specif ied a long wi th t h e edge l e n g t h s di in t h e dé f in i t ion 

of t h e cha in . A con f igu ra t i on can t h u s b e descr ibed by t h e p o s i t i o n of eo a n d e i a n d t h e 
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d i h e d r a l angles ôi. A fixed-angle cha in w h e r e ail angles ôi < a for s o m e 0 < a < TT, P is 

cal led a ( < a)-chain} 

T h e m o s t gêne ra i t y p e of cha in , in which on ly edge l e n g t h s a r e speci f ied , is ca l led 

flexible. 

A motion M = ( m o , . . •, run) of a cha in P is a list of n + 1 c o n t i n u o n s f u n c t i o n s 

rrii : [0, oo] —> R'^, i = 0,... ,n, such t h a t M{t) = {mo{t),...,m„(i)) is a c o n f i g u r a t i o n of 

P for a l H 6 [0, oo]. T h e m o t i o n is sa id t o b e simple if ail such c o n f i g u r a t i o n s M{t) a r e 

s imple . W e o f t e n a s s u m e t h a t t h e m o t i o n is finite in t h e sensé t h a t , a f t e r s o m e t i m e T, 

M b e c o m e s i n d e p e n d e n t of t. 

T h e configuration space of a cha in P is t h e set of s imple c o n f i g u r a t i o n s of t h a t cha in . 

T h e n a s imp le m o t i o n c a n b e seen as t h e p a r a m e t r i c é q u a t i o n of a c o n n e c t e d c u r v e in 

t h e con f igu ra t i on space . 

2.2 Reachability 

T h e m a i n p r o b l e m t h a t will be s t ud i ed t h r o u g h o u t th i s c h a p t e r is t h a t of reachability: 

Problem 2.1 Given two configurations Qi and Q2 of a same chain P, is there a (simple) 

motion M that transforms Q i into Q2, i.e. M ( 0 ) = Qi and M ( o o ) = Q2? 

N o t e t h a t t h i s is équiva len t t o ask ing if Q\ a n d Q2 a r e in t h e s a m e c o m p o n e n t of t h e 

conf igu ra t ion space of P. T h i s p r o b l e m h a s m a n y face t s each of w h i c h will b e cons ide red 

in t u r n . Al ready , a s we saw above, t h e déf in i t ion of cha ins a n d c o n f i g u r a t i o n s corne in 

m a n y fiavors: d i m e n s i o n of t h e space, t y p e of j o in t s e tc . , a n d m o r e r e f i n e m e n t s of t h o s e 

will b e def ined a long t h e way. E a c h of t hè se v a r i a n t s will m o t i v a t e a n e q u a l n u m b e r of 

r eachab i l i t y q u e s t i o n s t o solve. 

A l t h o u g h r eachab i l i t y is s t a t e d as a décision p rob lem, of which t h e c o m p l e x i t y will 

have t o b e ana lyzed , it is n a t u r a l t o first a sk w h e t h e r t h e answer t o P r o b l e m 2.1 is 

a lways "Yes", i.e., w h e t h e r t h e conf igura t ion space is a lways c o n n e c t e d . I n such s i t u a 

t ions , we would t a l k a b o u t a universality r e su i t . T h e décis ion p r o b l e m in t h a t case is 

c o m p u t a t i o n a l l y t r iv ia l , b u t th i s does n e t necessaxily i m p l y t h a t i t is e a sy t o find t h e 

t r a n s f o r m i n g m o t i o n M. 

T h e c o m p l e x i t y of dec id ing reachabi l i ty is on ly one of t h e c o m p u t a t i o n a l q u e s t i o n s 

t h a t c a n b e asked . A n o t h e r i m p o r t a n t one is t h a t of t h e c o m p l e x i t y of t h e s imp le s t 

m o t i o n for t r a n s f o r m i n g a chain in to a n o t h e r , as well a s t h e c o m p l e x i t y of C o m p u t i n g 

' S o m e work [ADD"'"02, ADM"'"02] focuses on the angle between adjacent edges, wh ich for us is TT — a. 
Thus "nonacute chains" in t ha t work corresponds to ( < 7r/2)-chains here. 
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such a s imp le m o t i o n . T h i s will r equ i re def in ing the complex i t y of a m o t i o n , a n d t h e r e 

severa l m o d e l s have b e e n cons idered . 

O n e s t a n d a r d t e c h n i q u e for p rov ing a universa l i ty resu i t is t o de f ine a canonical 

configuration for a cha in . For e x a m p l e in t h e case of o p e n un ive r sa l cha ins , t h e canon ica l 

con f igu ra t i on will o f t e n b e chosen t o b e t h e straight configuration, in w h i c h ail t u r n 

angles 6i have va lue 0. A conf igura t ion or a cha in t h a t c a n a lways r e a c h t h e s t r a i g h t 

con f igu ra t i on will b e qual i f ied of straightenable. T h e n , if one c a n show t h a t b o t h Qi and 

Q2 a r e s t r a i g h t e n a b l e , t h e n t h e y can reach each o ther by c o m b i n i n g t h e s t r a i g h t e n i n g 

m o t i o n f r o m Qi a n d t h e reverse of t h e s t r a igh t en ing m o t i o n f r o m Q2. M o r e general ly , if 

b o t h cha ins c a n reach s o m e canonica l conf igura t ion , t h e n t h e y c a n r e a c h each o t h e r . 

However , it is o f t e n t h e case t h a t a s ingle canonical con f igu ra t i on is d i f f icul t t o def ine , 

a n d it is i n s t e a d m o r e n a t u r a l t o consider a class of canonica l con f igu ra t i ons . For e x a m p l e , 

for c losed un iversa l cha ins , we will def ine convex conf igura t ions , a n d a cha in t h a t c a n 

r each s o m e convex conf igu ra t ion will b e qual i f ied of convexifiable. Likewise , for fixed-

ang le cha ins in R^, we def ine a flat conf igura t ion to b e a s imple c o n f i g u r a t i o n such t h a t 

ail edges a n d ver t ices lie in a c o m m o n p lane . A chain or a c o n f i g u r a t i o n t h a t c a n reach 

s o m e flat con f igu ra t i on will b e cal led flattenable. T h e n , in o rde r t o follow t h e s a m e 

r ea son ing as before , it will b e necessa ry to show t h a t a n y canon ica l c o n f i g u r a t i o n in 

t h e c lass can reach a n y o t h e r . T h u s t h i s mo t ivâ t e s t h e s t u d y of r e ach ab i l i t y a n d t h e 

sea rch for un ive rsa l i ty resu l t s in r e s t r i c t ed classes of con f igu ra t i ons ( such a s convex or 

flat con f igu ra t i ons ) . 

W h i l e m a n y classes of cha ins a n d conf igura t ions exh ib i t un iversa l i ty , m a n y o t h e r s d o 

n o t . I n o r d e r t o show th is , it will suffice t o descr ibe two con f igu ra t i ons Qi a n d Q2 of a 

s a m e cha in P a n d p rove t h a t no m o t i o n exis ts t h a t c a n t r a n s f o r m one i n t o t h e o t h e r . 

W h e n Q2 is a canon ica l conf igura t ion (e.g. Qi is not s t r a i g h t e n a b l e ) , t h e n we say t h a t Qi 

is locked. T h e ex i s t ence of locked conf igura t ions is f u n d a m e n t a l in m a n y r e spec t s . T h e y 

n o t o n l y t o d e m o n s t r a t e t h e absence of a universa l i ty resu i t , b u t t h e y h a v e a lso he lped in 

g a d g e t s t h a t were u sed in p rov ing t h e in t r ac t ab i l i t y of some vers ions of t h e r eachab i l i t y 

p r o b l e m . F u r t h e r m o r e , as we show in [DLO06], if sma l l locked cha ins exis t , t h e n t h e 

class of con f igu ra t i ons t h a t c a n reach t h e canonica l con f igu ra t i on is a van i sh ing ly sma l l 

p o r t i o n of t h e en t i r e conf igura t ion space as n , t h e n u m b e r of l inks, g rows . 

N o t e t h a t c l a iming t h e ex is tence of a locked conf igura t ion is équ iva l en t t o s t a t i n g t h a t 

t h e c o n f i g u r a t i o n s p a c e is n o t connec ted . T h u s , t h e va l id i ty of t h e c l a im is i n d e p e n d e n t 

of t h e choice of t h e canon ica l conf igura t ion (s). Because of th i s , we will a l low ourse lves t o 
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c la im t h e ex i s t ence of locked conf igura t ions even when t h e canon ica l c o n f i g u r a t i o n h a s 

n o t b e e n expl ic i t ly def ined . 

W e a lso s t u d y t h e reconf igura t ion of several of chains . T h e s a m e r eachab i l i t y ques

t i ons c a n t h e n b e asked, a n d b e enr iched w i t h t h e concep t of separab i l i ty . A c o n f i g u r a t i o n 

of t w o or m o r e cha ins is sa id t o b e separable if t h e r e is a s imp le m o t i o n t h a t m o v e s t h e m 

a r b i t r a r i l y f a r a p a r t . If n o such m o t i o n exis t , t h e conf igu ra t ion is sa id t o b e interlocked. 

Not i ce t h a t t h e ex i s t ence of an in ter locked conf igura t ion impl i e s t h a t t h e c o n f i g u r a t i o n 

space is no t c o n n e c t e d , whi le t h e converse is n o t necessar i ly t r u e . 

W h i l e seeming ly s imple , t h e ques t ion^ of w h e t h e r a cha in c a n b e locked in h a s 

cha l lenged r e sea rche r s for over 25 years un t i l it was finally a n s w e r e d nega t ive ly in 2000 b y 

Connel ly , D e m a i n e , a n d R o t e [CDR03]. T h e proof relies on t e c h n i q u e s b o r r o w e d f r o m 

r ig id i ty t h e o r y a n d convex p r o g r a m m i n g , as well as t h e c o n c e p t of expansive motions 

( m o t i o n s w h e r e eve ry pa i r of po in t s on t h e chain moves a p a r t ) . S ince t h e n , two f u r t h e r 

a l g o r i t h m s for s t r a i g h t e n i n g o p e n cha ins a n d convexifying closed cha ins were p r e s e n t e d , 

o n e us ing t h e t h e o r y of f r a m e w o r k s a n d p s e u d o - t r i a n g u l a t i o n s [StrOO] a n d t h e o t h e r 

b y m i n i m i z i n g s o m e e n e r g y f u n c t i o n [CDIO04]. A c o m p l è t e h i s to ry of t h i s i m p o r t a n t 

d iscovery c a n b e f o u n d in [DO05, DO07 , SosOl]. 

I n E^ , it is k n o w n t h a t a single open chain hav ing as few as 5 b a r s c a n b e locked, 

see F i g u r e 1.1. T w o p roo f s of t h i s exis t , t h e first p roof for t h i s b y C a n t e r e l l a a n d 

J o h n s t o n [CJ98] a n d uses a précise case analysis . A s o m e w h a t s imple r p roof us ing 

é l é m e n t s of k n o t t h e o r y was p resen ted in [BDD"*'99]. Moreover , it was r ecen t ly s h o w n 

t h a t dec id ing r eachab i l i t y in is P S P A C E - h a r d [AKRW04]. 

Surpr is ingly , is t h e only d imens ion w h e r e t h e con f igu ra t i on s p a c e of un ive r sa l 

cha ins is n o t a lways connec ted , as it was shown t h a t cha ins a n d cycles in R*̂  for d > 4 

c a n a lways b e s t r a i g h t e n e d [COOl]. 

2.3 2D Chains of Polygons 

Of course , t h e m o d e l s desc r ibed in t h e p rev ious sect ions a re p u r e l y t heo re t i c a l , if on ly 

b e c a u s e t h e edges a r e a s s u m e d t o be inf in i te ly th in . I n a récen t p a p e r [CDD+J, we 

th icken t h e edges of cha ins in by g lu ing s h a p e s (adomments) o n t h e m , wh ich a r e 

r equ i r ed no t t o collide. In t h a t case, we show t h a t it m i g h t h a p p e n t h a t t h e cha ins 

b e c o m e locked. However , we m a n a g e t o charac te r i ze q u i t e precise ly t h e a d o r n m e n t s for 

^Posed independent ly by Stephen Schanuel and George Bergman in the early 1970's, U l f Grenander in 
1987, W i l l i am Lenhart and Sue Whitesides in 1991, and Joseph Mi tche l l in 1992 [CDR03] 
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wh ich t h e con f igu ra t i ons space is a lways connectée!. W e show t h a t if t h e a d o r n m e n t s 

o n a n o p e n cha in a r e slender (roughly, if t h e inward n o r m a l f r o m a n y b o u n d a r y p o i n t 

i n t e r sec t s t h e edge) , t h e n expans ive m o t i o n s will be s imple a n d t h u s will s t r a i g h t e n t h e 

cha in w i t h o u t collisions. T h e same , however , is no t t r u e for c losed cha ins . W e a lso show 

t h a t ou r c h a r a c t e r i z a t i o n is t i gh t , in t h e sensé t h a t isosceles t r i a n g l e s w i t h a n y des i red 

a p e x angle < 90° a d m i t locked chains , which is precisely t h e t h r e s h o l d b e y o n d wh ich t h e 

s lender p r o p e r t y no longer holds . 

O u r work h a s a l r e a d y f o u n d app l i ca t ions in the ana lys i s of h i n g e d col lec t ions of 

po lygons . For i n s t ance , a hinged dissection is a chain or a t r e e of p o l y g o n s t h a t c a n b e 

reconf igured in to two or m o r e se l f - touching conf igura t ions w i t h des i r ed s i lhoue t t e s . For 

e x a m p l e . F i g u r e 3 in [CDD"^] shows a classic h inged dissect ion f r o m 1902 for t r a n s f o r m i n g 

a t r i ang le in to a squa re . W h i l e gênera i famil les of d i s sec t ions h a v e b e e n ex tens ive ly 

ana lyzed [AN98 , D D E + 0 5 , D D L S 0 5 , E p p O l , Fre02], near ly n o n e of t h è s e s t u d i e s cons ider 

t h e p r o b l e m of a c tua l l y m o v i n g from one conf igura t ion t o t h e o t h e r w i t h o u t collisions. 

O u r r e su l t s p rov ide p o t e n t i a l t oo l s for resolving thèse p r o b l e m s , a n d a l r e a d y solve a n 

o p e n p r o b l e m f r o m [DDE"''05]. 

2.4 Small (inter)locked linkages 

I n t h i s sec t ion , we c o m e b a c k t o t h e reachab i l i ty p rob lem in 3D. In p a r t i c u l a r we t r y t o 

d é t e r m i n e t h e n u m b e r of b a j s needed for one or more l inkages t o lock a n d / o r in te r lock . 

[Problem 2.2 What 3D chains can lock/interlock? 

A s we saw in Sec t ion 2.2, Can te re l l a a n d J o h n s t o n [CJ98] have p r o v e d t h a t t h e r e is 

a un iversa l o p e n cha in w i t h 5 b a r s t h a t can lock. T h e y also showed t h a t n o cha in w i t h 

4 b a r s or less c a n lock, t h a t a closed hexagon c a n lock b u t n o closed p e n t a g o n . I t is also 

k n o w n t h a t fixed-angle o p e n cha ins w i t h 4 b a r s can lock, b u t n o t 3. T h e con f igu ra t i on 

s p a c e of closed fixed ang le cha ins w i t h 4 b a r s or more c a n have m o r e t h a n one c o m p o n e n t , 

b u t t h e con f igu ra t i on space of a t r i ang le is t r iv ia l ly connec ted . F ina l ly , t h e c o n f i g u r a t i o n 

s p a c e of a r igid chain is a lways connec ted . T h è s e resul ts a r e s u m m a r i z e d in T a b l e 2.1 

W e n o w t u r n t o d e t e r m i n i n g which se t s of linkages c a n in te r lock . T h i s work was 

m o t i v a t e d by a n o p e n p r o b l e m by a ques t ion posed by A n n a L u b i w [DOOO]: I n t o how 

m a n y pièces m u s t a cha in b e e u t so t h a t t h e pièces can b e s e p a r a t e d a n d s t r a i g h t e n e d ? 

T h i s p r o b l e m is m o t i v a t e d by p ro t e in molécules, which c a n b e m o d e l e d b y p o l y g o n a l 
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Open Closed 

Universal 5 6 
Fixed-angie 4 4 
Rigid oo oo 

Tab le 2 . 1 : M i n i m u m number of edges needed for a 3 D cha in t o have a non-connec ted 
con f igu ra t ion space 

chains , a n d , a cco rd ing t o s o m e théor ies , t e m p o r a r i l y sp l i t a p a r t in o r d e r t o r each t h e 

m i n i m u m - e n e r g y folding. 

F i r s t n o t e t h a t con f igu ra t i on spaces involving two closed cha ins c a n never b e e n con-

nec t ed , as it a lways poss ib le t o c o n s t r u c t a conf igura t ion topo log ica l ly équ iva len t t o t h e 

l ink c o m p o s e d of two dis jo in t u n k n o t s , a n d a n o t h e r o n e for t h e l ink 2^ c o m p o s e d of 

two u n k n o t s , one go ing t h r o u g h t h e o the r , see F igure 2.2^. S ince t h o s e a r e n o t t o p o 

logically équiva len t , i t is imposs ib le t o move f r o m one t o t h e o t h e r w i t h o u t c a u s i n g t h e 

conf igu ra t ion t o b e n o n s imple a t some t ime . 

6? 6 i 61 71 

Figure 2 .2 : T h e f i rs t few t w o - c o m p o n e n t l inks. 

I n [DLOS03], we s t u d y t h e smal l in ter locked conf igu ra t ions c o m p o s e d of o n e closed 

a n d one o p e n cha in . T h e r e su l t s a re s u m m a r i z e d Tab le 2.2. T h e p r o o f s a r e s imi la r in 

sp i r i t t o t h e a r g u m e n t above , w i t h a twis t : if we cons t ruc t a n o p e n cha in t h a t h a v e long 
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Closed 
3 4 5 

2 
Open 3 + + 

4 + + + 

Table 2.2: Open chains and closed chains t ha t can interlock ( + ) or ne t (-), depending on 
the number of edges. A clainn t h a t a /c-chain can interlock holds aiso for any /-chain with 
/ > k, and a d a i m t h a t a A;-chain cannot interlock holds aiso for any Z-chain with l < k. 

e n d ba r s , t h e n we c a n s i m u l a t e a two c o m p o n e n t hnk b y s u p p o s i n g t h a t t h e e n d p o i n t s 

of one cha in a r e t i ed t o g e t h e r w i t h a rope . 

T o p rove t h e a b o v e resul ts , we (conceptua l ly) close a n o p e n cha in b y axiding a p ièce 

of rope , t h e n a r g u e t h a t géomé t r i e p rope r t i e s keeps t h e r o p e f r o m in te r fe r ing w i t h a n y 

m o t i o n , a n d t h a t topo log ica l invar ian t s d e m o n s t r a t e d t h a t t h e r e s u l t i n g closed l inks a r e 

in ter locked. However , t h i s a p p r o a c h does no t ex t end t o p r o v i n g in te r lock ing b e t w e e n 

two o p e n chains: we c a n n o t s imp ly close two or more o p e n c h a i n s w i t h ropes b e c a u s e 

t h e ropes m a y in t e r f è re w i t h one a n o t h e r . I n s t ead we e s t ab l i sh g é o m é t r i e inva r i an t s , 

typ ica l ly a b o u t t h e convex hull of j o in t s a n d t h e r e l a t ions of t h e e n d ba r s , o f t e n b y 

cons ide r ing conven ien t p r o j e c t i o n s of t h e l inkage [DLOS02]. I n [GLO+04] it is s h o w n 

t h a t a un iversa l 2 -cha in c a n in ter lock w i t h a universa l o p e n 19-chain . T h e 19-chain was 

t h e n s u b s e q u e n t l y r e d u c e d t o a n 11-chain [GLOZ06]. F i n d i n g t h e smal les t cha in t h a t 

c a n in ter lock w i t h a 2 -cha in r ema ins a n open p rob lem. T h e r e s u l t s a r e shown T a b l e 2 .3 

For se t s of 3 cha ins , we show [DLOS02] t h a t t h r ee o p e n un ive r sa l cha ins w i t h 3 b a r s 

each c a n inter lock, b u t two 3-chains a long w i t h any n u m b e r of 2 -cha ins c a n n o t . T h u s 

we a lmos t comple t e ly cha rac t e r i ze t h e size of c o m b i n a t i o n s of c h a i n s t h a t c a n in te r lock . 

I m p o r t a n t spéc ia l cases r e m a i n s o p e n as, for example , we d o n o t know w h e t h e r a 

cha in c a n lock if ail i t s edges a r e of un i t l eng th . For f ixed-ang le cha ins , we d o n o t k n o w 

w h e t h e r such a un i t c h a i n c a n lock as soon as t h e fixed ang les a r e la rger t h a n 60°. T h i s 

p r o b l e m is of p a r t i c u l a r in te res t s ince p ro te ins have ail edges nea r ly equa l , a n d b o n d 

angles a r o u n d 110°. 

^l ink images produced by Robert Scharein's k n o t p l o t program 
h t t p : / / w w w . e s . u b c . c a / n e s t / i m a g e r / c o n t r i b u t i o n s / s c h a x e i n / K n o t P l o t . h t m l . 

http://www.es.ubc.ca/nest/imager/contributions/schaxein/KnotPlot.html
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2 -cha in 3 -cha in 4 -cha in 5 - cha in 

f lexible r igid f lex ib le f ixed-angle r ig id f lex ib le f i xed-ang le r ig id r ig id 

2 -cha in f lexible - — _ 5 _ ' i _ 5 _ 5 + 15 

r ig id - _ 4 +12 + 14 + 14 + 14 + 
3 - cha in f lexible _ i _ 6 + 18 + + + 

f ixed-angle _ 4 _ 6 +^1 + + + + + 
r ig id _ 5 ^V2 + 18 + + + + + + 

4-cha in f lex ib le _ 2 + 14 + + -1- + + + 
f ixed-angle _ 5 + 14 + + + + + + + 

r ig id _ 5 + 14 + + + -1- -1- + 
5 - cha in r ig id + 15 + + + + + + + + 
11-chain f lexible +* + + + + + + + 

Tab le 2 . 3 : Results on in te r lock ing pairs o f open chains. ( + ) = can, (—) = canno t in te r lock . 

In superscr ip t is t he number o f t he theorem f r o m [ D L O S 0 2 ] p rov ing t h e resui t , or * for 

[ G L O Z 0 6 ] , the o ther entr ies are impl ied. 

2.5 Flat to flat 

W e h igh l igh ted eaxlier t h e i m p o r t a n c e of def in ing a n a t u r a l se t of c anon i ca l conf igura 

t i ons in o r d e r t o solve s o m e in s t ances of t h e r eachab ih ty p r o b l e m , a n d whi le s t r a i g h t 

c o n f i g u r a t i o n s seem Uke a n obv ions o p t i o n for universal cha ins , t h e choice is m o r e difïi-

cu l t t o m a k e w h e n it cornes t o f îxed-angle chains . One m i g h t b e t e m p t e d t o choose flat 

conf igu ra t ions , i.e. con f igu ra t ions w h e r e ail edges lie in a c o m m o n p l a n e . U n f o r t u n a t e l y , 

a f la t c o n f i g u r a t i o n for a given cha in m i g h t n o t b e un ique , a n d even worse , i t m i g h t n o t 

ex is t . 

Never the less , m a n y classes of cha ins (e.g. if ail edges have e q u a l l eng th , or if ail 

t u r n i n g angles a re < 90°) d o have a f la t s t a t e . In t h a t case, is t h e r e a s imp le m o t i o n 

f r o m a n y f la t c o n f i g u r a t i o n t o a n y o t h e r f iâ t conf igura t ion? If yes, we say t h a t t h e cha in 

is flat-state connected. 

[jProblem 2.3 Is every open fixed-angle chain flat-state connected? 

A l t h o u g h t h e gêne ra i p r o b l e m is st i l l unsolved, a sér ies of p a p e r s p a r t i a l l y answer s 

t h i s q u e s t i o n for s o m e i m p o r t a n t classes of chains [ A D M + 0 2 , A D D + 0 2 , AM06] . T h e 

c u r r e n t l y be s t k n o w n re su l t s a re shown T a b l e 2.4 

No t i ce t h a t l inkages a r e no t t h e on ly s t r u c t u r e s t o b e r e p r e s e n t e d in t h e t ab l e . In 

a n a t t e m p t t o u n d e r s t a n d t h e n a t u r e of t h e p rob lem, we have a n a l y z e d t h e flat-state 
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Constraints on Fixed-Angle Linkage r iat-state 
Connectivity Angles Lengths Motions connectivity 

Open chain 
has a monotone state 

7 

Connected [AMOoJ 
nonacute — 
equal acute — 
each in (0,26) for ô < n/3 
each in ( 6 0 ° , 9 0 ° ] unit 

orthogonal — 
180° edge spins 
180° edge spins 

v„on neciea [r \u u j 
Connected [ADM+02] 
Connected [AM06] 
Connected [ADM+02] 
Disconnected [ADD+02] 
Connected [ADD+02] 

Set of chains, 
pinned at one 

each 
end 

orthogonal — 
orthogonal — partially rigid 

Connected [ADD+02] 
Disconnected [ADD+02] 

Tree orthogonal — partialiy rigid Disconnected [ADD+02] 
Graph orthogonal — Disconnected [ A D D + 0 2 ] 

Tab le 2 .4 : K n o w n results. T h e ' — ' means no rest r ic t ion o f t h e t y p e ind ica ted in t h e c o l u m n 

heading. Entr ies marked '? ' are open problems 

connec t iv i t y of m o r e c o m p l e x s t r u c t u r e s a n d res t r i c t ions o n t h e m o t i o n s . I n pa r t i cu lax , 

we s t u d y se t s of cha ins w i t h one e n d p o i n t s t u c k on t h e xy p l ane , p a r t i a l l y r ig id t rees , 

a n d g r a p h s . A de t a i l ed desc r ip t ion of thèse s t r u c t u r e s a n d of t h e r e su l t s c a n b e f o u n d 

in [ADD+02] . 

2.6 Protein machine 

Fixed -ang l e cha ins a r e of p a r t i c u l a r in te res t , p a r t l y b e c a u s e t h e y c a n b e used t o rep-

resen t t h e b a c k b o n e of p ro t e in chains . I n t h i s p a r t of ou r work , we a sk t h e foUowing, 

i n t en t iona l ly vague , ques t ion : 

IjProblem 2.4 What classes of configurations correspond to folded proteins? 

A s a f i rs t s t e p t o w a r d s th i s goal, we s t u d y t h e i m p a c t of t h e w a y a p r o t e i n is p ro

d u c e d on t h e s t r u c t u r e of t h e fo lded b a c k b o n e [DLO06]. O u r i n sp i r a t i on dér ives f r o m 

t h e r ibosome , wh ich is t h e "mach ine" t h a t c r éâ t e s p ro t e in cha ins in biological cells. F ig 

u r e 2 .3 shows a s c h e m a t i c cross sec t ion of a r i bosome a n d i t s ex i t t u n n e l , b a s e d o n a 

m o d e l deve loped b y Nissen e t al. [NHB+OOj. 

W e cons ide r a ve ry s imple géomét r i e m o d e l t h a t r ough ly c a p t u r e s t h e ex i t p o i n t x of 

t h e r i bosome : t h e cha in is p r o d u c e d inside a cone of s o m e ha l f - ang le /3, w i t h t h e cha in 

e m e r g i n g t h r o u g h t h e cone ' s apex . Ail t h r o u g h t h e p r o d u c t i o n process , we r e q u i r e t h a t 

t h e cha in b e i n g p r o d u c e d r e m a i n s s imple a t ail t imes a n d t h e p o r t i o n a l r e a d y o u t of t h e 
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Figure 2.3: T h e r ibosome R in cross-sect ion. T h e protein is c rea ted in t unne l t and émerges 

a t X. F igure f r o m [ D L O 0 6 ] . 

cone never in te r sec t s t h e cone. T h i s cons t r a in t i m m e d i a t e l y impl i e s t h a t t h e m a x i m u m 

t u r n angle a in t h e p r o d u c e d cha in is a t mos t 2/?. 

O u r m a i n resu i t is t h a t a cha in can b e p roduced in o u r m o d e l if a n d on ly if it c a n 

b e flattened. F u r t h e r m o r e , s ince we use a u n i q u e canonica l c o n f i g u r a t i o n t o desc r ibe t h e 

m o t i o n , th i s p rov ides a n a l t e r n a t e proof of t h e flat-state c o n n e c t i v i t y of t h o s e cha ins . 

W e also show t h a t , if s o m e smal l locked cha in exists, t h e t h e p o r t i o n of t h e configu

r a t i o n space t h a t is p r o d u c i b l e ( a n d t h u s flattenable) is van i sh ing ly s m a l l as t h e n u m b e r 

of edges grows. 

In te res t ing ly , t h e canon ica l conf igura t ion we use h a s a n hel ical f o r m t h a t is in m a n y 

ways s imi lar t o t h e s h a p e a p r o t e i n t akes as it na tu r a l l y cornes o u t of t h e r ibosome . 



Chapter 3 

Combinatorial moves 

A s t h e ful l r a n g e of m o t i o n s for l inkages is o f t e n qu i t e complex , m a n y a u t h o r s h a v e 

cons idered r e s t r i c t i ng t h e r econf igu ra t ions to b e f rom a finite set of moves. O n e of t h e 

ear l ies t occur rences of such a p r o b l e m was posed by P a u l E r d ô s in 1935 [Erd35], a n d h a s 

s p a w n e d a la rge n u m b e r of s t ud i e s a n d var ian t s . 

Contents 

3.1 Erdôs flips 

3 .2 Flipturns 

3.3 Permutations 

18 
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3.1 Erdôs flips 

In 1935, P a u l E r d ô s posed t h e following p r o b l e m [Erd35]: g iven a s imp le closed p o l y g o n 

P w i t h n edges, let CH{P) b e t h e convex huU of P. If we r e m o v e P f r o m CH{P), 

we a re lef t w i t h pockets, m a x i m a l connec ted régions t h a t a r e in CH{P) b u t o u t s i d e of 

P. T h e b o u n d a r y of t h e pocke t is composed of one convex hull e d g e cal led t h e lid, a n d 

a con t iguous s u b s e q u e n c e of t h e edges of P. A pocket flip or j u s t flip, t r a n s f o r m s t h e 

po lygon b y ref lec t ing t h e pocke t ' s subsequence of edges ac ros s t h e lid. I t c a n also b e 

seen as a 180° r o t a t i o n of t h e pocke t ' s edges a b o u t the s u p p o r t i n g Une of t h e lid in 3D. 

E v e r y non-convex po lygon h a s a t least o n e pocke t . C a n eve ry p o l y g o n b e convexif ied by 

a finite n u m b e r of s i m u l t a n e o u s pocke t flips? 

A few yea r s l a te r , N a g y [Nag39] n o t e d t h a t p e r f o r m i n g s i m u l t a n e o u s flips m i g h t resu i t 

in a se l f - in te rsec t ing po lygon . He t h e n p r o p o s e d a proof t h a t a n y p o l y g o n c a n b e c o m e 

convex a f t e r a finite n u m b e r of single pocke t fiips. Several f u r t h e r p r o o f s were p u b l i s h e d 

b y d i f fé ren t a u t h o r s s ince t h e n . U n f o r t u n a t e l y mos t of t h è s e p roofs , i nc lud ing t h e first 

o n e by Nagy, c o n t a i n flaws. T h o s e were no t i ced and c o r r e c t e d in a récen t p a p e r by 

D e m a i n e , Gas send , O ' R o u r k e a n d Toussa in t [DGOT06] . I t w a s a lso p roved b y Jo s s a n d 

S h a n n o n in 1973 t h a t it is no t poss ible t o b o u n d t h e n u m b e r of flips n e e d e d t o convexi fy 

a po lygon as a f u n c t i o n of n [Grii95], in fac t it is possible t o c o n s t r u c t a q u a d r i l a t é r a l 

r e q u i r i n g a r b i t r a r i l y m a n y flips t o b e convexif ied. 

W e g n e r [Weg93] def ined t h e déflation a s t h e inverse o p é r a t i o n f r o m a flip, a n d conjec-

t u r e d t h a t a n y p o l y g o n can b e de f la ted a t mos t a finite n u m b e r of t i m e s (while r e m a i n i n g 

s imple ) un t i l n o f u r t h e r dé f la t ion is possible. T h i s c o n j e c t u r e was d i sp roved b y Fevens 

e t al. [FHM+01] w h o p re sen t ed a fami ly of quadr i l a t e ra l s t h a t c a n b e d e f l a t e d inf in i te ly 

m a n y t imes . 

C o m b i n i n g fiips a n d déf la t ions , one could aga in pose t h e r each ab i l i t y p r o b l e m : given 

two con f igu ra t i ons of a s a m e cha in P in R'^, is the re a s é q u e n c e of fiips a n d dé f l a t ion 

o p é r a t i o n s t o go f r o m one t o t h e o t h e r . W e c a n rap id ly o b t a i n a n é g a t i v e answer b y a 

c o u n t i n g a r g u m e n t : t h e n u m b e r of conf igura t ions reachab le f r o m a s t a r t i n g con f igu ra t i on 

b y fiips a n d dé f l a t ions is coun tab le , whi le t h e set of poss ib le c o n f l g u r a t i o n s is n o t . Still 

i t wou ld b e i n t e r e s t i ng t o know w h e n t h e combina t ion of flips a n d dé f l a t i ons a re as 

un ive r sa l a s c o m b i n a t o r i a l moves could get , i.e., are t h e r e p o l y g o n s a n d con f igu ra t i ons 

t h a t c a n reach a n y n e i g h b o r h o o d of t h e conf igura t ion s p a c e v i a a s é q u e n c e of flips a n d 

dé f l a t i ons? 
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3.2 Flipturns 

Flipturns, de f ined b y Jo s s a n d S h a n n o n , axe a s imple v a r i a t i o n o n pocke t flips w h e r e 

i n s t ead of re f lec t ing t h e pocke t t h r o u g h t h e lid, t h e pocke t is r o t a t e d 180° a b o u t t h e 

cen te r of t h e lid. T h i s h a s for effect of revers ing t h e o r d e r of t h e p o c k e t ' s edges whi le 

m a i n t a i n i n g t he i r l e n g t h s a n d o r i en ta t ions . T h u s , because a flipturn on ly p r o d u c e s a 

p e r m u t a t i o n of t h e s a m e edges, t h e y show t h a t a t m o s t ( n — 1)! — 1 f l i p tu rn s c a n b e 

m a d e be fo re t h e p o l y g o n b e c o m e s convex. Th i s b o u n d was i m p r o v e d b y A h n e t al t o 

n ( n — 3 ) / 2 or n ( s — 1 ) / 2 — s w h e n t h e po lygon edges have o n l y s d i f f é ren t s lopes [ABC"^00]. 

T h i s resu i t uses a mod i f i ed déf in i t ion of f l ip tu rns t o h a n d l e d e g e n e r a t e cases m o r e easily. 

Aichholzer e t al. [ACD+02] . showed t h a t a b o u n d oî — An+ 1 h o l d s for t h e or ig ina l 

dé f in i t ion of flipturns, a n d showed t h a t Comput ing t h e longes t s é q u e n c e of flipturns is 

N P - h a r d . W h e t h e r finding t h e sho r t e s t convexifying s équence of flipturns c a n b e d o n e 

in p o l y n o m i a l t i m e r e m a i n s an o p e n p rob lem. T h e y also p rove t h a t t h e convex po lygon 

o b t a i n e d a f t e r a n y m a x i m a l séquence of flipturns is a lways t h e s a m e a n d c a n b e c o m p u t e d 

in 0{n log n ) t i m e b y s o r t i n g t h e edges by slope, a n d p rov ide d a t a s t r u c t u r e s for m a i n t a i n 

t h e po lygon a n d i t s convex huU a f t e r flipturn opé ra t ions , in 0(\og* n) a m o r t i z e d t i m e 

p e r flipturn. 

In [Bie06], Biedl p r e s e n t e d a po lygon such t h a t t h e s h o r t e s t convex i fy ing flipturn 

s équence is of l eng th (n - 1 ) ^ / 8 a n d a n o t h e r one whose longes t s é q u e n c e h a s (n - 2 ) ^ / 4 

flipturns. 

3.3 Permutations 

I n [ABD+02] , we a n a l y z e several f u r t h e r o p é r a t i o n s whose effect is t o p r o d u c e a d i f fé ren t 

p e r m u t a t i o n of t h e s a m e edges, p rese rv ing edge l eng ths a n d o r i e n t a t i o n s . In gênera i , we 

will v iew each edge a s a r oo t ed vec tor , a n d t h e po lygon is a s é q u e n c e of t h è s e vec tors . 

W h e n t a lk ing a b o u t a s imple po lygon , we o f t en requi re t h e p o l y g o n t o b e clockwise 

(counterc lockwise) , i.e., t h e in ter ior of t h e polygon is o n t h e r igh t ( lef t ) s ide of every 

vec to r . 

A reversai or generalized flipturn [ACD'*'02] reverses t h e o r d e r of s o m e s u b s e q u e n c e 

of edges , a n d is t h u s a genera l i za t ion of t h e flipturn o p é r a t i o n . A transposition s w a p s 

t w o s u b s e q u e n c e s of edges . A single edge transposition moves a n e d g e t o a n o t h e r pos i t ion 

in t h e séquence . I t c a n b e seen as a t r anspos i t i on be tween a s ingle edge a n d a n e m p t y 

s u b s e q u e n c e a t s o m e a r b i t r a r y pos i t ion . A n edge swap of poptum reverses t h e o r d e r of 
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t w o a d j a c e n t e d g e . I t is t h u s a spéc ia l c a s e of a reversa i a n d a t t h e s a m e t i m e a s ing l e 

e d g e t r a n s p o s i t i o n . Ai l t h o s e o p é r a t i o n s a r e ca l l ed crossing-free if t h e r e s u l t i n g p o l y g o n 

is s imp le , a n d simple if, s t a r t i n g w i t h a s i m p l e c lockwise p o l y g o n , t h e r e s u l t i n g p o l y g o n 

is s i m p l e a n d t h e c lockwise . 

I n t e r e s t i n g l y , q u e s t i o n s a b o u t t h o s e o p e r a t o r s w i t h o u t r e q u i r i n g s i m p l i c i t y r e q u i r e s 

v e r y l i t t l e g e o m e t r y . I t is in f a c t é q u i v a l e n t t o t h e p r o b l e m of s o r t i n g a c i r c u l a r p e r m u t a 

t i o n of t h e o r d e r e d se t of e d g e o r i e n t a t i o n s u s i n g those o p e r a t o r s . T h è s e p r o b l e m s h a v e 

r ece ived c o n s i d é r a b l e a t t e n t i o n in t h e l i t e r a t u r e . Tab le 3.1 s u m m a r i z e s k n o w n r e s u l t s . 

T h e r e m a i n d e r of t h i s d i s cus s ion focuses o n s i m p l e and c r o s s i n g - f r e e o p é r a t i o n s . 

Convexif iable? min # moves 
t o convex 

f ind ing min 
# moves 

pop tu rn 
Non single-edge t ransp. 

s imple t ransposi t ion 
f l ip tu rn 
reversai 

aiways 
aiways 
aiways 
aiways 
aiways 

e ( n ^ ) [Bal03] 
e ( n ) 
e ( n ) 

0 ( n ! ) [GZ98] 
e ( n ) 

7 

? 
? 
? 

NP-hard [SSL03] 

pop tu rn 
Crossing single-edge t ransp. 

free t ranspos i t ion 
f l ip tu rn 
reversai 

NP-hard [ A B B + ] 
net aiways [ABD+02 ] 

? 

always[Gru95] 
aiways 

? 

e ( n 2 ) [ A B C + 0 0 ] 
0 ( n 2 ) 

7 

? [ACD+02 ] 
NP-hard [ A C D + 0 2 ] 

Simple pop tu rn iff no purse, 
0{n) [ A B B + ] 

e (n'^) [ABD+02] 
[ A B B + ] 

O ( n l o g n ) 
[ A B B + ] 

Table 3.1: Known results for combinator ia l moves 

B e c a u s e r e v e r s a i s a r e a g e n e r a l i z a t i o n of f l i p tu rns , w e c a n eas i ly c o n c l u d e t h a t a n y 

p o l y g o n c a n b e convex i f i ed a f t e r O (n^) r eve r sa i s . Aichho lze r e t a l . [ A C D+02 ] p r o v e d t h a t 

C o m p u t i n g t h e s h o r t e s t c o n v e x i f y i n g s é q u e n c e of reversa i s fo r a g i v e n p o l y g o n is N P - h a r d . 

I n [ A B D+02 ] , we s h o w p o l y g o n s t h a t c a n n o t b e convexif ied u s i n g p o p t u r n s o r s i n g l e - e d g e 

t r a n s p o s i t i o n s w i t h o u t i n t r o d u c i n g c ross ings . R e c e n t l y [ A B B + ] , w e r e f i n e d t h e a n a l y s i s 

of p o p t u r n s a n d o b t a i n e d s eve ra l n e w r e su l t s . In te res t ing ly , t h e d i s t i n c t i o n b e t w e e n 

c r o s s i n g - f r e e a n d s i m p l e p o p t u r n s i n f luences d r a m a t i c a l l y t h e c o m p l e x i t y of d e t e r m i n i n g 

if t h e p o l y g o n is convex i fyab l e . I n t h e s a m e p a p e r , we e x t e n d f u r t h e r t h o s e o p é r a t i o n s fo r 

t h e c a s e of u n i t o r t h o g o n a l p o l y g o n s a n d s h o w t h a t p e r m i t t i n g 180° rotations o r untwist 

o p é r a t i o n s suf f ice t o m a k e a n y s u c h p o l y g o n convexi f iab le . I t w o u l d b e i n t e r e s t i n g t o see 

w h e t h e r t h o s e e x t e n s i o n s cou ld b e g e n e r a l i z e d t o gênera i p o l y g o n s . 
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In [ABD+02] , we s t u d y several f u r t h e r c o m p u t a t i o n a l p r o b l e m s on p e r m u t a t i o n s of 

t h e edges of a po lygon , such as f inding t h e p e r m u t a t i o n of smal les t or l a rges t d i a m e t e r . 



Chapter 4 

Polyhedra and surfaces 

O n e of t h e naost classical r econf igura t ion p r o b l e m s is t h a t of p o l y h e d r o n edge unfolding: 

Given a convex p o l y h e d r o n , can we eu t a long s o m e of i t s edges in such a way t h a t i t s 

su r f ace c a n b e u n f o l d e d in to a single p l a n a r po lygon w i t h o u t ove r l ap? T h i s p r o b l e m 

impl ic i t ly goes back t o 1525 w h e n Albrech t Di i rer pub l i shed edge un fo ld ings of convex 

p o l y h e d r a , a n d is t o t h i s d a y unsolved . 

^Problem 4.1 Does every convex polyhedron have an edge unfolding? 

If we a re aJlowed t o eu t t h e p o l y h e d r o n t h r o u g h i t s faces, t h e n we t a l k a b o u t a 

gênerai unfolding. T w o m e t h o d s exist t h a t will p r o d u c e a gênera i un fo ld ings for a n y 

convex p o l y h e d r o n : sou rce unfo ld ings a n d s t a r unfo ld ings . O n t h e o t h e r h a n d , it is 

u n k n o w n w h e t h e r a n y (non-convex) p o l y h e d r o n h a s a gêne ra i un fo ld ing . 

^Problem 4.2 Does every polyhedron (not necessarily convex) have a gênerai unfolding? 

A l t h o u g h t h o s e t w o i m p o r t a n t o p e n p r o b l e m s have r e m a i n e d o p e n for q u i t e s o m e 

t i m e , p rog res s h a s b e e n m a d e a t s t e a d y pace over t h e p a s t few years , eve ry t i m e inc reas ing 

o u r u n d e r s t a n d i n g of t h e p rob lems . We he re i l lus t ra te two a p p r o a c h e s t h a t have lead t o 

i n t e r e s t i ng r e su l t s a n d e n d t h e c h a p t e r b y discuss ing t h e w r a p p i n g of s m o o t h sur faces . 

Aga in , we re fer t h e r eade r t o t h e récent b o o k of D e m a i n e a n d O ' R o u r k e [DO07] for 

a n ex tens ive s u r v e y of t h e a r e a of p o l y h e d r a unfo ld ing . 

Contents 

4.1 Bands 

4.2 Orthogonal polyhedra 

4.3 Wrapping convex smooth surfaces 

23 
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4.1 Bands 

O n e a p p r o a c h t o w a r d s u n d e r s t a n d i n g edge unfo ld ings is t o s t u d y p o l y h c d r a t h a t have a 

spéc ia l s t r u c t u r e . A n o t h e r one is t o loosen t h e r e q u i r e m e n t s of t h e r e su l t ing un fo ld ing . 

Here , r a t h e r t h a n t r y i n g t o unfo ld t h e en t i r e p o l y h e d r o n , we a t t e m p t t o edge -un fo ld a 

l a rge p o r t i o n of a convex po lyhed ron . 

In 1998, E . D e m a i n e , M. D e m a i n e , A. Lub iw, and J . O ' R o u r k e posed t h e fol lowing 

p r o b l e m : A polyhedral band is t h e su r face of a convex p o l y h e d r o n enclosed b e t w e e n 

para l le l p lanes , a n d con t a in ing no po lyhed ron vert ices. C a n eve ry p o l y h e d r a l b a n d b e 

u n f o l d e d w i t h o u t over lap by c u t t i n g a n a p p r o p r i a t e s ingle edge? T h i s case is in s o m e 

sensé t h e s imples t so r t of edge un fo ld ing t a sk o n e could i m a g i n e s ince on ly o n e edge h a s 

t o b e e u t . At t h e s a m e t ime , th i s ques t ion can b e seen as a way t o exp lo i t t h e knowledge 

we h a v e of po lygona l cha ins by th i cken ing t h e m in to b a n d s . 

W e f irs t s t u d i e d t h e nested case where , in s o m e p r o j e c t i o n , one b o r d e r of t h e b a n d 

is in t h e in te r ior of t h e o t h e r . For t h a t case, we show [ADL"*"] t h a t i t is a lways poss ib le 

t o e u t a n edge t o un fo ld t h e b a n d w i t h o u t over lap . F u r t h e r m o r e , we show two d i f fé ren t 

c o n t i n u o n s un fo ld ing m o t i o n s f r o m t h e or ig inal b a n d t o i t s u n f o l d e d con f igu ra t i on . T h e 

resu i t w a s f u r t h e r improved by Aloupis [Alo05] t o inc lude n o n - n e s t e d b a j i d s a n d b a n d s 

w h o s e b o r d e r c o n t a i n s ver t ices . 

4.2 Orthogonal polyhedra 

H e r e aga in , in o r d e r t o fac i l i t a te t h e s t u d y of P r o b l e m s 4.1 a n d 4.2, we will r e s t r i c t o u r 

a t t e n t i o n t o a spéc ia l c lass of po lyhed ra : t h e class of orthogonal polyhedra, in w h i c h eve ry 

face is o r t h o g o n a l t o t h e x, y or z axis. 

O n e of t h e ear l ies t r e su l t s concern ing o r thogona l p o l y h e d r a c a m e from Bied l e t al . 

[BDD+98] w h e r e two sube lasses of p o l y h e d r a a r e ana lyzed: orthostacks a n d orthotubes. 

A n o r t h o s t a c k is a n o r t h o g o n a l p o l y h e d r o n of which eve ry ho r i zon ta l p l a n a r slice no t 

i nc lud ing a ho r i zon ta l face is a s ingle s imple (o r thogona l ) po lygon . A n o r t h o t u b e is a 

(poss ib ly cyelic) s équence of r ec t angu la r boxes glued t o g e t h e r a ceo rd ing t o s o m e rules . 

T h e y show t h e ex i s tence of o r t h o s t a c k s t h a t c a n n o t b e edge -unfo lded , b u t show t h a t 

b o t h o r t h o s t a c k s a n d o r t h o t u b e s can b e genera l ly unfo lded . In t he i r un fo ld ings , t h e y 

u s e c u t s a long p l a n e s o r t h o g o n a l t o t h e c o o r d i n a t e axes. In t h e case of o r t h o t u b e s , ail 

such p l a n e s go t h r o u g h a t least one ve r t ex of t h e po lyhed ron . Such a n u n f o l d i n g is cal led 

grid-edge un fo ld ing . For o r t h o s t a c k s however , t h e y need t o use p l a n e s t h a t d o no t go 
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t h r o u g h a n y v e r t e x a n d a sk w h e t h e r every o r thos t ack c a n b e g r id -edge un fo lded . In 

s u b s é q u e n t ar t ic les , t h e ques t ion was genera l ized to t h e following: 

^Problem 4.3 Can every orthogonal polyhedron be grid-edge unfolded? 

A n o r m a l edge un fo ld ing c u t s t h e p o l y h e d r o n along edges in such a way t h a t t h e 

r e su l t i ng e u t su r f ace is edge -connec ted a n d can b e e m b e d d e d o n t o a p l a n e w i t h o u t over-

l ap . I n a vertex unfolding, t h e p o l y h e d r o n is again e u t a long edges b u t t h e r e su l t ing 

s u r f a c e only needs t o b e connec t ed t h r o u g h vert ices. Ve r t ex un fo ld ings were i n t r o d u c e d 

in [ D E E + 0 2 , D E E + 0 3 ] . 

In [DIL], we p rove t h a t every o r t h o s t a c k c a n be grid-vertex u n f o l d e d , i.e., e u t a long 

ax is -para l le l p l anes inc iden t t o ver t ices of t h e po lyhed ron such t h a t t h e r e su l t i ng su r f ace 

is ve r t ex c o n n e c t e d a n d c a n b e e m b e d d e d on to a p lane w i t h o u t over lap . 

T h i s resu i t was s u b s e q u e n t l y genera l ized in several ways: D a m i a n , F l a t l a n d a n d 

O ' R o u r k e [DFO06] show t h a t every o r t h o g o n a l po lyhed ron c a n b e v e r t e x - u n f o l d e d , a n d in 

a n o t h e r p a p e r [DFO07] t h a t if we a re al lowed t o e u t along a re f ined g r id s u b d i v i d i n g each 

s l ab of t h e gr id t h r o u g h every ve r t ex in to 2^^^"^ pièces, t h e n a n y o r t h o g o n a l p o l y h e d r o n 

a f t e r t h a t r e f i n e m e n t c a n b e gr id-edge unfo lded , t h u s p rov id ing t h e f i rs t gêne ra i u n f o l d i n g 

of a n y o r t h o g o n a l p o l y h e d r o n . Never the less , P r o b l e m 4 .3 r e m a i n s o p e n t o t h i s day. 

A récen t su rvey of un fo ld ing resu l t s for o r thogona l p o l y h e d r a was r ecen t l y p u b l i s h e d 

b y O ' R o u r k e [O'R07]. 

4.3 Wrapping convex smooth surfaces 

W e e n d t h i s c h a p t e r w i t h a p r e l im ina ry resu i t , a n d an o p e n - e n d e d d iscuss ion , on how t o 

w r a p s m o o t h sur faces . 

AU t h e u n f o l d i n g works desc r ibed a b o v e as well as in m a t h e m a t i c a l o r i g a m i desc r ibe a 

m a p p i n g b e t w e e n a f iâ t p ièce of p a p e r a n d a sur face . T h e m a p p i n g desc r ibed is i somet r i c 

in t h e sensé t h a t pa i rwise d i s t ances (def ined as shor tes t p a t h o n t h e pièce of p a p e r ) axe 

p rese rved . A p r o b l e m n a t u r a l l y ar ises if we consider convex s m o o t h su r faces , e.g., t h a t 

h a v e pos i t ive c u r v a t u r e everywhere . 

T h u s , we m u s t f ind a way t o allow chang ing the c u r v a t u r e whi le p r e v e n t i n g f r o m 

s t r e t c h i n g t h e pièce of p a p e r . For this , we def ine a concept of wrapping a s a c o n t r a c t i v e 

m a p p i n g , i.e. w h e r e every pa i rwise d i s t a n c e on t h e pièce of p a p e r e i t he r s t a y s t h e s a m e 

or sh r inks . 
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In [BCO04], B e n b e r n o u , C a h n , a n d O ' R o u r k e defined a s imi la r n o t i o n of unfo ld ing , 

b u t r e s t r i c t ed t o c e r t a i n piecewise ru led sur faces a n d t h e y a n a l y z e d t h e volcano unfolding 

of s m o o t h p r i z m a t o i d s . In such unfo ld ings , t h e p a p e r is w r a p p e d f r o m each p o i n t f r o m 

t h e base a long a s t r a i g h t géodésie l ine on t h e sur face . 

In [DDIL07], we fo rmal ize t h e concep t of w r a p p i n g for s m o o t h convex s u r f a c e s a n d 

focus o n stretched wrappings t h a t c a n b e specif ied by a sur face-cover ing t r e e of s t r e t c h e d 

p a t h s , i.e. p a t h s a long which t h e w r a p p i n g is i sometr ic . W e t h e n a n a l y z e t h e sizes a n d 

s h a p e s of a pièce of p a p e r t h a t c a n cover a s p h è r e of un i t r ad ius . For i n s t a n c e , we show 

t h a t a s p h è r e c a n b e covered by a disk of r ad iu s TT ( sur face TT )̂, a s q u a r e of d i a m e t e r 

2n ( su r face 27r'^) a n d a r ec tang le 2irxir ( sur face 27r^). Surpr is ingly , we t h e n show t h a t 

i t is poss ib le t o cover t h e sphè re w i t h an equ i l a t e ra l t r i ang le of a r e a 1.9986267r^, a 0 .1% 

i m p r o v e m e n t . W e t h e n discussed how to t i le t h e p lane w i t h s h a p e s t h a t w r a p t h e sphère , 

whi le keep ing t h e s h a p e s f a t . T h i s could b e usefu l , e.g., if t h e w r a p p i n g p a p e r is t o b e 

p r o d u c e d in l a rge quan t i t i e s . 



Chapter 5 

Conclusion 

In t h i s thes is , we h a v e p r e s e n t e d a var ie ty of p r o b l e m s a n d r e su l t s o n t h e g é o m é t r i e 

r econf igu ra t ion of l inkages a n d po lyhed ra . A l t h o u g h we cou ld on ly t o u c h on a few 

topics , we h o p e t o h a v e i l l u s t r a t ed some of t h e r ichness a n d d ive r s i ty of t h e s u b j e c t . 

T h e r e a d e r p r o b a b l y no t i ced t h e m a n y door s t h a t eve ry n e w resu i t opens , as is 

c lear ly i l l u s t r a t ed b y t h e severa l ques t ion m a r k s left in m o s t t a b l e of resu l t s . B e y o n d 

thè se obv ious holes t o fill in a n d t h e m a i n ques t ions d i scussed t h r o u g h o u t t h e t e x t , 

severa l p r o b l e m s dese rve discuss ion a n d f u r t h e r work. I will h igh l igh t severa l of t h e m 

a n d i n d i c a t e s o m e poss ib le d i rec t ions t o a t t a c k t h e m . 

[jProblem 5.1 Can a unit linkage lock? 

T h i s p r o b l e m h a s puzz led researchers for m a n y years , s t i l l severa l v a r i a n t s a re w i t h i n 

reach: w h a t locked l inkage h a s t h e m i n i m u m r a t i o be tween i ts longes t a n d sho r t e s t e d g e 

l eng ths? D o e s t h a t r a t i o d é p e n d on n , t h e n u m b e r of b a r s in t h e l inkage? H o w a b o u t 

f ixed ang le cha ins? Is t h e r e a t radeoff be tween t h e fixed angle , t h e n u m b e r of b a r s a n d 

t h e r a t i o ? 

As d iscussed ear l ier , t h e ex is tence of smal l chains h a s s t r o n g imp l i ca t i ons on o t h e r 

resul ts , such as t h e p r o t e i n m a c h i n e resui t , or t h e ex i s tence of h a r d n e s s proofs . 

[jProblem 5.2 What chains correspond to proteins? 

Biologis ts c o n s t a n t l y m a k e obse rva t ions a b o u t t h e g é o m é t r i e s t r u c t u r e of p ro t e in s . 

For e x a m p l e , t h a t t h e e n d p o i n t s of a p ro te in a lways r e m a i n close t o i t s o u t e r layer^. If 

we could fo rma l i ze t h o s e observa t ions , it could b e poss ible t o r e d u c e t h e sea rch s p a c e of 

p r o t e i n fo ld ing s imu la t ions , a n d increase t h e efficiency of t h e s i m u l a t i o n . 

^R. Brasseur, personal communica t ion 
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Problem 5.3 Which results on combinatorial reconfigurations of chains can be gener-

alized to 3D? 

G r û n b a u m a n d Zaks [GZ98] have asked w h e t h e r it is a l w a y s poss ib le t o convexi fy a 

po lygon in 3 D us ing 3 D flips (for some déf in i t ion of a 3D flip), however , it s e e m s like s o m e 

o t h e r o p é r a t i o n s , such as t h e flipturn, c a n general ize m o r e eas i ly a n d m o r e na tu ra l l y . 

Problem 5.4 Can the band unfoldings be combined to generate a new gênerai unfolding 

algorithm? 

O r a n o t h e r i n t e r e s t i ng ques t ion is t o charac te r ize wh ich b a n d s c a n b e t h i ckened so 

a s t o con t a in t h e e n t i r e faces it touches , while still be ing e d g e - u n f o l d a b l e . 

Problem 5.5 Can the unfolding algorithms for orthogonal polyhedra be generalized to 

c-oriented polyhedra? 

M a y b e t h i s way it wou ld b e poss ible t o leverage t h e g ê n e r a i u n f o l d i n g a l g o r i t h m for 

o r t h o g o n a l p o l y h e d r a . 
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A b s t r a c t 

We extend linkage unfolding results from the well-studied case of polygonal linkages to the 
more gênerai case of linkages of polygons. More precisely, we consider chains of nonoverlapping 
rigid planar shapes (Jordan régions) tha t are hinged together sequentially a t rota table joints. 
Our goal is to characterize the familes of planar shapes that admit locked chains, where some 
configurations cannot be reached by continuous reconfiguration without self-intersection, and 
which familles of planar shapes guarantee universal foldability, where every chain is guaranteed 
to have a connected configuration space. Previously, only obtuse triangles were known to admit 
locked shapes, and only line segments were known to guarantee universal foldability. We show 
tha t a surprisingly gênerai family of planar shapes, called slender adomments, guarantees uni
versal foldability: roughly, the distance from each edge along the pa th along the boundary of 
the slender adornment to each hinge should be monotone. In constrast, we show tha t isosceles 
triangles with any desired apex angle < 90° admit locked chains, which is precisely the threshold 
beyond which the slender property no longer holds. 

1 Introduction 
In t h i s p a p e r , we exp lore t h e m o t i o n - p l a n n i n g p r o b l e m of reconfiguring or folding a h i n g e d col lect ion 
of r igid o b j e c t s f r o m one s t a t e t o a n o t h e r whi le avoid ing sel f - intersect ion. T h i s gêne ra i p r o b l e m h a s 
been s t u d i e d s ince t h e b e g i n n i n g s of t h e m o t i o n - p l a n n i n g l i t e r a tu re w h e n Reif [Rei79] p roved t h a t 
dec id ing reconf igurab i l i ty of a " t ree" of p o l y h e d r a , a m i d s t fixed p o l y h e d r a l obs tac le s , is P S P A C E -
h a r d . T h i s r e su i t h a s b e e n s t r e n g t h e n e d in var ions d i rec t ions over t h e yea r s , a l t h o u g h t h e c l eanes t 
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versions were ob t a ined only very recently: deciding reconfigurabi l i ty of a t ree of line segmen t s in 
t h e plane, and deciding reconfigurabi l i ty of a chain of line segmen t s in 3D, are b o t h P S P A C E -
comple te [AKRW04]. T h i s resui t is t ight in t h e sensé t h a t deciding reconfigurabi l i ty of a cha in of 
line segments in t h e p lane is easy, in fact , tr ivial: t he answer is a lways yes [CDR03]. 

Thèse resul ts i l lus t ra te a r a t h e r fine line in reconfigurat ion p rob lems between c o m p u t a t i o n a l l y 
difiicult and compu ta t i ona l l y tr ivial . T h e goal of our work is to charac ter ize w h a t famil les of 
p l ana r shapes and hingings lead to t h e la t te r ou tcome, a universality resuit t h a t reconf igura t ion is 
a lways possible. T h e only known example of such a resuit , however , is t h e family of cha ins of line 
segments , and t h a t p rob lem was unsolved for a b o u t 25 years [CDR03]. (A chain is a séquence of 
line segments jo ined end- to-end t h a t are disjoint except except for consécut ive endpo in t s , where 
t hey are hinged. It is called an open chain when t h e first line segment is not jo ined t o t h e las t , 
a n d closed w h e n it is jo ined t o t h e last segment in a closed cycle.) Even small p e r t u r b a t i o n s t o t h e 
problem, such as allowing a single point where th ree line segments join, leads t o locked examples 
where reconf igura t ion is impossible [CDR02]. 

W h a t a b o u t chains of shapes o ther t h a n line segments? It is easy t o see t h a t a s h a p e tucked in to 
a "pocket" of a nonconvex s h a p e immedia te ly makes tr ivial locked chains w i th two pièces. Back in 
J a n u a r y 1998, t h e t h i r d a u t h o r showed how to s imula te this behavior wi th convex shapes , indeed, 
jus t t h ree tr iangles; see F igure l ( a ) . This example has c i rculated t h r o u g h o u t t h e years t o m a n y 
researchers ( including t h e a u t h o r s of th is paper ) who have asked a b o u t chains of 2D shapes . T h e 
only really unsa t i s fy ing f ea tu re of t h e example is t h a t some of t h e angles a re very ob tuse . B u t w i t h 
a l i t t le more work, one can find examples wi th acu te angles, indeed, equi la tera l t r iangles , a lbei t of 
différent size; see F igure l ( b ) . W h a t could be b e t t e r t h a n equi la te ra l t r iangles? 

A 
(a) (b) 

F i g u r e 1: Simple examples of locked chains of triangles, (a) A locked chain of three triangles, (b) A locked 
chain of equilateral triangles of différent sizes. The gaps should be tighter than drawn. 

It is the re fore reasonab le t o expect , as we did for m a n y years , t h a t t he r e is no in te res t ing class 
of shapes , o ther t h a n line segments , wi th a universal i ty resui t—essent ia l ly ail o the r s h a p e s a d m i t 
locked chains. We show in th is paper , however, t h a t th i s guess is wrong. 

We in t roduce a family of shapes , called slender adomments, a n d prove t h a t ail open chains, 
m a d e u p of a rb i t ra r i ly m a n y différent shapes f rom th is family, can be universal ly reconf igured 
be tween any two s ta tes . Indeed , we show t h a t thèse chains have a n a t u r a l canonica l conf igura t ion , 
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analogs of t h e s t ra igh t conf igura t ion of an open chain. Our resu i t is based on t h e exis tence of 
"expansive mot ions" , proved in [CDR03]. O u r techniques build on t h e t h e o r y of unfo ld ing cha ins 
of line segments , subs tan t ia l ly generahzing and ex tending the resul t s f r o m t h a t theory. Indeed , t h e 
resul t s in th is p a p e r essentially piggy-back onto the resul ts of [CDR03] or any of t h e o the r r esu l t s 
a n d a lgor i thms such as [StrOO] or [Str05] t h a t provide a cont inuons expans ive mot ion of t h e b a s e 
chain. Our resul ts go far beyond w h a t we t hough t was possible (unti l recent ly) . As p a r t of t h e 
m e t h o d s t h a t we descr ibe here, we also consider discrète expansive mo t ions of t h e base chain, t h a t 
do not necessarily come f r o m a cont inuons expansive motion. (A discrète expansion of a chain C 
is s imply ano the r cor responding chain C such t h a t if x and y a re two po in t s in C t h e d i s t ance 
be tween cor responding po in t s x' a n d y' is not smaller t h a n t h e d i s t ance be tween x and y.) In t h a t 
case if ail t h e s lender a d o r n m e n t s are symmetric under the ref lect ion a b o u t t h e line of t h e b a s e 
chain, t hen any expansive discrète mot ion of t h e base chain will have t h e p r o p e r t y t h a t t h e a t t a c h e d 
a d o r n m e n t s will not overlap. It t u r n s ont t h a t t h e cont inuons case, when t h e a d o r n m e n t s a re not 
necessarily symmetr ic , follows f rom t h e discrète symmet r i c case. 

T h e family of slender a d o r n m e n t s has several équivalent déf ini t ions . T h e key idea is t o dis-
t inguish t h e two hinge po in t s on t h e b o u n d a r y of t h e shape Connecting t o t h e adjacent s h a p e s in 
t h e chain, and view t h e s h a p e as an adornment to t h e line segment Connecting t hose two hinges, 
called t he base. Th i s view is w i thou t loss of generality, b u t provides add i t iona l in fo rmat ion relating 
t h e shapes and how they are a t t a c h e d to neighbors, which t u r n s out t o b e crucial t o ob t a in ing a 
universal i ty resui t . An a d o r n m e n t is slender if t h e dis tance f r o m e i ther endpo in t of t h e base t o 
a point moving a long one side of t h e a d o r n m e n t changes monotonical ly . If t h e b o u n d a r y curve, 
def ining t h e a d o r n m e n t , is sufRciently smooth , it is slender if a n d only if every inward n o r m a l of 
t h e shape h i t s t h e base. Equivalent ly, an adornmen t is slender if it is t h e union, in each ha l f -p lane 
having the base as a boundary , of t h e intersect ion of pai rs of disks cen te red a t t h e two e n d p o i n t s 
of t h e base. 

Slender a d o r n m e n t s a re qu i t e gênerai . F igure 2 shows several examples of s lender a d o r n m e n t s . 
T h è s e examples a re themselves slender adornments , bu t also any pa i r can b e jo ined a long the i r 
bases so t h a t t h e union makes ano the r slender a d o r n m e n t . Our resu l t s imply t h a t one can t ake any 
of thèse slender ado rnmen t s , link t h e bases toge ther into an open chain in any way t h a t t h e cha in 
does no t self-intersect, and t h e resul t ing chain can be unfolded w i t h o u t self- intersect ion to a s t r a igh t 
conf igurat ion, a n d t h u s t h e chain can be folded wi thou t self- intersection in to every conf igura t ion . 

We also d e m o n s t r a t e t h e t igh tness of the family of slender a d o r n m e n t s by giving examples of 
locked chains of shapes t h a t are not slender. Specifically, we show t h a t , for any desired angle 
0 < 90°, t he re is a locked chain of isosceles t r iangles w i th apex angle 0. T h i s is precisely t h e fami ly 
of isosceles-triangle a d o r n m e n t s t h a t are not slender. Thus , for cha ins of t r iangles , ob tuseness is 
really désirable, con t ra ry t o our in tu i t ion f rom Figure l ( a ) : t h e key is t h a t t h e apex angle oppos i t e 
t h e base (in t h e a d o r n m e n t view) b e nonacute , not any other angle. T h e proof t h a t our examples 
are locked uses t h e self- touching theo ry developed for t rees of line segments in [CDR02]. 

M o t i v a t i o n . Hinged collections of rigid ob jec t s have been s tud ied previously in m a n y contex ts , 
par t icu lar ly robot ics . O n e récent b o d y of a lgori thmic work by C h e o n g et al. [CvdSG"^] considers 
how chains of polygonal ob jec t s can be immobilized or grasped by a r obo t wi th a l imited n u m b e r 
of ac tua to r s . Grasp ing is a n a t u r a l first s tep toward robot ic manipulation, b u t t h e l a t t e r chal
lenge requires a b e t t e r u n d e r s t a n d i n g of reconfigurabili ty. T h i s p a p e r offers t h e first theore t i ca l 
underp inn ings for reconf igura t ion of chains of rigid ob jec t s (other t h a n line segments ) . 

Ano the r po ten t i a l appl ica t ion is t o cont inuons folding of h inged dissect ions. Hinged dissect ions 
a re chains or t rees of po lygons t h a t can b e reconfigured into two or m o r e self - touching conf igura t ions 
w i th desired s i lhouet tes . For example . Figure 3 shows a classic h inged dissect ion f rom 1902 of a 
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F i g u r e 2 : Examples of siender adornments. The base is drawn bold. The examples in the top row are symmetric. 
Any two of thèse examples can be glued together along a common base so that the union aiso becomes a siender 
adornment. 

F i g u r e 3: Hinged dissection of square to equilateral triangle, described by Dudeney [Dud02 ] . Différent shades 
show différent folded states (overlapping slightiy). 

squa re into an equi la tera l t r iangle of t h e same area. Many gênera i familles of h inged dissect ions 
have been es tabl i shed in t h e récent l i t e ra ture [AN98, DDE+05 , DDLS05, EppOl , Fre02]. O n e 
p rob lem not addressed in th is l i te ra ture , however, is whether t h e reconf igura t ions can ac tua l ly b e 
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executed w i t h o u t self- intersection, as in Figure 3. Our results provide po ten t i a l tools, previous ly 
lacking, for address ing th is p roblem. Whi le hinged dissections have f requent ly been cons idered in 
recreat ional contexts , t hey have recently found appl icat ions in n a n o m a n u f a c t u r i n g [MTW"'"02] a n d 
reconfigurable robot ics [DDLS05]. 

O u t l i n e . Th i s p a p e r is organized as follows. Section 2 defines t h e mode l a n d s lender a d o r n m e n t s 
more precisely, and proves several basic proper t ies . Section 3 descr ibes t h e case when each adorn -
men t is symmet r i c a b o u t i ts base and is impor t an t for proving, in Section 4, t h a t s imple cha ins of 
slender a d o r n m e n t s can always b e unfolded so t h a t t h e base is convex or s t ra igh t . In Sect ion 5 we 
discuss t h e s i tua t ion when t h e ado rnmen t s a re p e r m i t t e d to overlap. Section 6 descr ibes ou r exam
ples of locked chains of isosceles tr iangles, including t h e necessary background f rom sel f - touching 
trees. T h e A p p e n d i x descr ibes an example of a closed chain, wi th slender a d o r n m e n t s a t t a c h e d , 
t h a t has infinitely m a n y c o m p o n e n t s in its conf igurat ion space. 

2 Slender Adornments 

Thi s section provides a fo rmai s t a t e m e n t of t h e ob jec t s we cons ide r—adorned cha ins consis t ing of 
slender a d o r n m e n t s — a n d proves several basic resul ts a b o u t t h e m . 

2 . 1 A d o r n e d C h a i n s 

Our objec t of s t udy is a chain of nonover lapping rigid p lanar shapes ( J o r d a n régions) t h a t a re 
hinged toge the r sequent ia l ly a t ro t a t ab le joints . Ano the r way to view such a chain is t o consider 
t h e underlying polygonal chain, t h e core, of line segments Connecting successive joints. (For an open 
chain, the re is some f r eedom in choosing the endpoin t s for t h e first and t h e last ba r of t h e chain.) 
O n t h e one h a n d , thèse line segments can be viewed as bars t h a t move rigidly w i th t h e s h a p e s to 
which they belong. O n t h e o ther hand , t h e shapes can be viewed as " ado rnmen t s " t o t h e ba r s of 
an under ly ing polygonal chain. Th i s view leads to t h e concept of an "adorned polygonal cha in" , 
which we now proceed to define more precisely. 

An adornment is a s imply connected compac t région in t h e p lane , called t h e shape, t oge the r 
w i th a line segment xy Connecting two b o u n d a r y points , called t h e base. T h e r e a re two boundary 
arcs f r o m x to y t h a t enclose t h e shape , called sides. We require t h e base to b e con ta ined in t h e 
shape; i.e., t h e base m u s t b e a chord of t h e shape . 

We say t h a t two dis t inc t ado rnmen t s overlap when some po in t of one a d o r n m e n t lies in t h e 
inter ior of t h e o ther , and we insist t h a t the relat ive interiors of t h e base chains b e dis joint . T h u s , 
t h e bases of two shapes a re not allowed to touch except a t c o m m o n hinges of t h e po lygonal chain. 
An adorned polygonal chain is a set of nonover lapping a d o r n m e n t s whose bases form a po lygonal 
chain. We pe rmi t t h e shapes to touch on their b o u n d a r y and t o slide along each o ther . 

For our m a i n resui t , T h e o r e m 3, where we assume tha t t h e mo t ion of t h e base is expansive , 
it is not necessary to a s sume t h a t the base chain is simple. It can b e any f ini te e m b e d d e d g r a p h 
w i th s t ra ight edges whose relat ive interiors are pairwise disjoint; a ver tex m a y touch a n edge. 
W h e n t h e base chain is s imple t h e resul ts of [CDR03] or [Str05] g u a r a n t e e t h a t t he r e is such a n 
expansive mot ion . O n t h e t h e o ther hand , a l though an expansive mot ion of t h e base chain of a 
s t r ic t ly s imple closed polygon to a convex convex configurat ion can be gua ran teed , it m a y h a p p e n 
t h a t two real izat ions are not in t h e same configurat ion componen t , as shown in F igure 10, a n d in 
t h e A p p e n d i x the re is a descr ipt ion of a case when the re are infini tely m a n y c o m p o n e n t s in t h e 
conf igura t ion space. 
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T h e viewpoint of a chain of shapes as an adorned polygonal chain is useful for two reasons . 
F i rs t , we can more easily t a lk a b o u t the kinds of shapes , and the i r re la t ion to t h e locat ions of t h e 
incident hinges, in a family of chains: th is informat ion is c a p t u r e d by t h e ado rnmen t s . Second, 
t h e under ly ing polygonal chain provides a mechanism for folding t h e chain of shapes , as well as 
a n a t u r a l unfolding goal: s t r a igh ten t h e under lying open chain or convexify t h e under ly ing closed 
chain. Indeed, we show t h a t , in some cases, unfolding mot ions of t h e polygonal chain induce valid 
unfolding mot ions of t h e chain of shapes . 

2 . 2 S l e n d e r A d o r n m e n t s 

An ado rnmen t is defined t o b e slender if, for a point moving on e i ther side of t h e shape , t h e 
d i s tance to each endpo in t of t h e base changes monotonical ly (possibly not s t r ic t ly monotonica l ly) . 
An a d o r n m e n t is called symmetric if it is symmet r ic a b o u t the line t h r o u g h t h e base. An a d o r n m e n t 
is called one-sided if it hes in j u s t one of the closed half-planes whose b o u n d a r y con ta ins t h e 
base. Clearly, a gênera i a d o r n m e n t is t h e union of two one-sided ado rnmen t s , and a one-s ided 
a d o r n m e n t is t h e in tersect ion of a symmet r i c ado rnmen t with a closed hal f -p lane whose b o u n d a r y 
conta ins t h e base. For any base interval wi th endpoin t s x and y, a n d a po in t z in t h e p lane , w h e r e 
11-2 ~ < \\y — x\\ and | |z — y\\ < | |x — y | | , let L{z) b e the in tersec t ion of t h e disk w i th z on i ts 
b o u n d a r y centered a t x, a n d t h e intersect ion of t h e disk wi th z on i ts b o u n d a r y centered a t y. W e 
call L{z) t h e lens determined by z associated to the base [x,y]. A half-lens, deno ted as L{z), is t h e 
intersect ion of L{z) a n d t h e closed half-plane t h rough t h e base con ta in ing z. See F igure 4 for a 
p i c tu re of a half-lens a n d lens. T h e following are some simple, b u t useful , p roper t i es of lenses. 

P r o p o s i t i o n 1 For any point z in a (symmetric) slender adornment A, L{z) c A (L{z) C A). 

P r o o f : Let z be a point on t h e defining b o u n d a r y of A. Since t h e d i s t ance to x a long t h e b o u n d a r y 
is monotone , no point a long t h e p a t h f rom z to y intersects t h e inter ior of t h e circle centered a t 
X t h rough z. Similarly, no point along t h e p a t h f rom 2 to x in tersec ts t h e interior of t h e circle 
centered a t y t h r o u g h z. T h u s , t h e intersect ion of the circular d isks centered a t x and y, w i th z on 
the i r boundary , a n d t h e closed hal f -p lane containing z, L{z) is con ta ined in t h e a d o r n m e n t . In t h e 
symmet r i c case, t h e in tersect ion of t h e circular disks wi th z on the i r b o u n d a r y L{z) is con ta ined in 
A. See Figiu-e 4. • 

F i g u r e 4 : Figure (a) shows a half-lens in non-symmetric adornment, and Figure (b) show a symmetric lens with 
a point 2 in the interior of the lens and the adornment. 

P r o p o s i t i o n 2 For any point z in the interior of a (symmetric) slender adornment A, there is a 
half-lens L{z') C A (lens L{z') G A) that has z in its interior. 
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P r o o f : T h e half- lens (lens) t h r o u g h z is conta ined in A by Propos i t ion 1. Since z is in t h e inter ior 
of y4, t he r e is ano the r po in t z' in A on t h e line perpendicular t o t h e base segment shght ly f u r t h e r 
away f rom t h e base. T h e n z is in t h e interior of t h e half-lens (lens) def ined by 2'. • 

P r o p o s i t i o n 3 A symmetric adomment is slender if and only if it is the union of the intersection 
of pairs of disks one centered at each endpoint x and y of its base. 

P r o o f : By Propos i t ion 1, L{z) C A. Thus , t h e union of the lenses L{z) for z on t h e b o u n d a r y of 
t h e slender a d o r n m e n t is con ta ined in t h e adornmen t . 

To show t h e reverse con ta inmen t , any point z in t h e interior of t h e a d o r n m e n t lies on a circle 
centered a t x, and th is circle mus t intersect t h e b o u n d a r y of t h e a d o r n m e n t a t (at least) one po in t 
z'. T h e n z is in L{z'). T h u s , t h e un ion of t h e lenses L{z') for z' on t h e b o u n d a r y of t h e s lender 
a d o r n m e n t conta ins t h e a d o r n m e n t . 

To show t h e converse suppose a point z is on the bounda ry of A, any closed a d o r n m e n t def ined 
by a n cont inuons p a t h f r o m x to y on one side. T h e n z must lie in some a d o r n m e n t and so t h e 
lens L{z) itself mus t b e in A. T h u s , t h e p a t h along t h e boundary , away f r o m x, mus t no t enter t h e 
circle t h r o u g h z centered a t x. Thus , t h e p a t h is monotone a t z. A similar a r g u m e n t applies t o y. 

• 

P r o p o s i t i o n 4 Finite unions and arbitrary intersections of slender adomments are slender adom-
ments. 

P r o o f : Th i s follows f rom Propos i t ion 3 in t h e symmet r ic case, and t h e n o n - s y m m e t r i c case follows 
f rom t h e symmet r i c case by in tersect ing wi th t h e closed half-plane con ta in ing t h e line segment . • 

P r o p o s i t i o n 5 Every slender adomment is contained in the symmetric lens determined by either 
of the points equidistant from the endpoints of the base as in Figure 5. 

P r o o f : Any slender a d o r n m e n t mus t b e conta ined in the disk t h r o u g h t h e o the r end of t h e base, 
and t h u s it is in t h e in tersect ion of those two disks. • 

F i g u r e 5: The largest slender adornment with a given base is a lens L{z), where \\z — x\\ = \\y — x\\ and 

Ik - y\\ = lly -

F igu re 2 shows examples of s lender adornmen t s . If a single t r i angle is a t t a c h e d , where t h e base 
fo rms one side, t h e n t h e angle a t t h e o ther ver tex mus t be obtuse or a r ight angle. 

2 . 3 R e m a r k 

Suppose t h a t an a d o r n m e n t is such t h a t its bou n d a ry is a different iable curve f r o m one endpoin t x 
of t h e base to the o ther endpo in t y. T h e n t h e condi t ion of being slender is équivalent t o requir ing 
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F i g u r e 6: The normal property for slender shapes. 

t h a t every inward n o r m a l of t h e s h a p e intersects the base, before exi t ing t h e shape . T h i s is shown 
in Figure 6. T h i s p rope r ty was our original mot iva t ion for defining t h e p r o p e r t y of be ing slender. 
I t insures t h a t s lender a d o r n m e n t s will not get d o s e r toge ther du r ing an expans ive mo t ion of t h e 
base. Bu t t h e m o n o t o n e d i s t ance p roper ty is easier t o handle, a n d it does not raise ques t ions of 
differentiabil i ty. 

2 . 4 K i r s z b r a u n ' s T h e o r e m 

In w h a t follows it is very h a n d y to have t h e following theorem of K i r s zb raun [Kir34]. 

T h e o r e m 1 Suppose a finite set of closed circular disks in Euclidean space are rearranged sa that 
no pair of centers gets strictly doser together. If the original set has an empty intersection, so does 
the rearranged set. 

T h e r e is a discussion and proof of this in [Ale84] as well as références to o the r proofs . We only 
need th is resui t for four disks in t h e Eucl idean plane. 

3 Expanded Slender Symmetric Adornments Never Overlap 

W e first prove t h e following for t h e case of symmet r ic slender ado rnmen t s . N o t e t h a t t h e following 
resui t is for d iscrè te expans ions of t h e base chain. Recall t ha t two a d o r n m e n t s overlap if a po in t in 
one a d o r n m e n t lies in t h e interior of t h e other . Th i s allows the i r boundar i e s t o touch , b u t not t o 
p e n e t r a t e each o ther . No te t h a t t h e bases of a chain do not cross as well, by t h e expans ive p r o p e r t y 
of a discrète mot ion . We do not need the cont inuons expansive p rope r ty for th i s resui t . 

T h e o r e m 2 Consider two configurations X and Y of corresponding chains with symmetric slender 
adornments such that the base chain ofY is an expansion of the base chain of X . We assume that 
the adornments attached to the base chain of X do not overlap. Then, when the corresponding 
adornments are attached to the base chain o f Y , they also do not overlap. 

P r o o f : Suppose Ax a n d Bx a re two slender a d o r n m e n t s a t t a c h e d to différent l inks of t h e base 
chain of X , a n d Ax a n d Bx do not overlap. Let Ay a n d By be t h e cor responding a d o r n m e n t s for 
Y. Suppose t h a t 2 is a point in t h e intersect ion Ay n By, where z is in t h e in ter ior of, say, Ay. 
We wish to f ind a cont rad ic t ion . 

Let Zj{ a n d 2^ b e t h e cor responding dis t inct po in t s in Ax a n d Bx, respectively, t h a t m a p t o 
2 u n d e r t h e e x p a n d i n g m a p of the i r bases. Thus , t h e lenses LAIZA) and LB{ZB) for Ax a n d Bx 
have disjoint interiors , since t h e a d o r n m e n t s do not overlap. Since z is in t h e inter ior of Ay, we 
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can assume t h a t L^(2>i) can be chosen so t h a t t h e closed lenses LA{ZA) a n d LB{ZB) a re dis joint 
also. T h u s t h e four circular disks t h a t correspond to the c i rcular disks t h a t def ine LA{ZA) a n d 
LB{ZB) have an e m p t y intersect ion. By Ki r szbraun ' s T h e o r e m 1, a n d t h e expans ion p r o p e r t y of 
t h e endpo in t s of the bases of Ax and Bx, which are t h e cen te rs of t h e four circular disks, t h e 
intersect ion of t h e cor responding lenses for Ay and By mus t also b e empty , con t rad ic t ing t h e 
a s sumpt ion t h a t Ay and By overlap. See Figure 7. • 

F i g u r e 7 : This is the situation when two adornments overlap. The four circles that used in the application of 
Kirszbraun's Theorem are indicated. Note that, in this figure, the motion from X to V is not an expansion, since 
that would contradict Theorem 2. 

For discrète expansions , it is not possible t o deal wi th n o n - s y m m e t r i c ado rnmen t s . F igure 8 
shows an example of two chains wi th corresponding siender a d o r n m e n t s , one an expans ion of t h e 
o ther . One s t a r t s wi th no overlap, and t h e o ther has such an overlap. 

F i g u r e 8 : This shows two chains, with siender but not symmetric adornments, where one is an expansion of the 
other, while there is an overlap in the expanded configuration, but not the original. 

4 Siender Adornments Cannot Lock 
We now consider t h e gênera i case, assuming a cont inuous expansive mot ion . 

T h e o r e m 3 Suppose there is a continuous expansive motion of the base chain with siender non-
overlapping, not necessarily symmetric, adornments attached. Then the adornments never overlap 
during the motion. 

Z 
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P r o o f : Because of t h e expans ive proper ty , two segments of t h e base chain can only in tersect 
a t common endpo in t s of ad j acen t segments . Thus , suppose ZA, in t h e inter ior of a d o r n m e n t A, 
in tersects ZB in a d o r n m e n t B a t some t ime ti dur ing t h e mot ion. W e look for a con t rad ic t ion . B y 
Propos i t ion 2, the re is a closed half- leus LA for A t h a t conta ins ZA in i t s in ter ior a n d t he re is a 
first t i m e to < ti when LA in te rsec ts ano ther half-lens LB ior B t h a t con ta ins ZB- Necessarily, t h a t 
intersect ion mus t b e on t h e common b o u n d a r y of LA and LB- (Note t h a t LB could b e a single 
po in t on a base segment . ) T h e n the re are th ree cases t h a t can occur . In each case, we wiU show 
t h a t when t h e mot ion is con t inued f rom to t o ti, ZA and zg c a n n o t in tersect . 

Case 1: T h e bases of A a n d B intersect in t h e interior of at least one of t h e bases. Th i s c a n n o t 
h a p p e n because t h e bases are initially disjoint and t h e mot ion is expansive. See F igu re 
9(a) . 

Case 2: T h e base of A or intersects t h e half-lens of t h e o ther . T h e half lens can b e ex t ended t o 
a full symmet r i c lens wi thou t overlaping t h e base of t h e o ther . Apply ing T h e o r e m 2 we 
see t h a t ZA a n d ZB c anno t intersect u p o n fu r the r expansion. See F igure 9(b) . 

Case 3: T h e half lenses of A a n d B intersect . In this case bo th half lenses can be ex t ended t o non-
overlapping symmet r i c lenses. Again we apply T h e o r e m 2 t o see t h a t ZA a n d ZB c a n n o t 
intersect u p o n f u r t h e r expansion. See Figure 9(c). 

F i g u r e 9: This présents the cases when one adornment with its base might start to overlap with the other. The 
dashed lines indicate where one or both of the lens of the adornment can be extended so that it does not intersect 
the relevant part of the other. The thick lines indicate the part of the adornment that is not to be penetrated by 
the other lens or base. The thin lines indicate where some of the rest of the adornment might lie, containing the 
point ZA, say, in the proof. 

• 

C o r o U a r y 4 A strictly simple polygonal chain with slender adomments attached can always be 
straightened or convexified by a continuons motion. 

P r o o f : By [CDR03] T h e r e is a cont inuons expansive mot ion of t h e base chain, where t h e final 
conf igura t ion is convex in t h e case of a closed chain and s t ra ight in t h e case of an open chain. T h e n 
T h e o r e m 3 implies t h a t t h e y can be carr ied along wi thou t overlap. • 

C o r o l l a r y 5 Strictly simple open polygonal chains with slender adomments, attached on the same 
corresponding sides, can always be continuously reconfigured between any two states. 

P r o o f : By Corol lary 4, b o t h s t a t e s can be continuously expansively reconfigured so t h a t t h e base 
chains are s t ra igh t . B u t t h e r e is only one way to do this, since t h e a d o m m e n t s a re a t t a c h e d on 
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t h e same sides. T h u s , one s t a t e can be expanded to have a s t r a igh t base conf igura t ion, a n d t h e n 
cont rac ted to t h e o the r conf igura t ion by runn ing i ts expansion backwards . • 

It is in teres t ing to note t h a t t h e conclusion of Corol lary 5 does not hold for closed chains , even 
though any two convex chains wi th no a d o r n m e n t s can be cont inuously reconfigured f r o m one t o 
t h e o ther . F igure 10 shows a n example, where t h e configurat ion space has two c o m p o n e n t s , w h e r e 
t h e base chain is a quadr i l a té ra l , and where each adornment is a t r i angle a t t a c h e d to i ts base . 

F i g u r e 10: This shows two configurations (a) and (c) of a quadrilatéral with two siender adornments attached 
such that it is not possible to continuously move from one to the other without colliding. Figure (b) shows how 
the two adornments collide as the quadrilatéral is deformed from (a) to (c). 

Indeed, in t h e a p p e n d i x it is shown how to c rea te a quadr i l a té ra l w i th two siender a d o r n m e n t s 
such t h a t t h e conf igura t ion space has infinitely m a n y componen t s . 

It is also in teres t ing to n o t e t h a t when t h e siender a d o r n m e n t s a re a t t a c h e d , a n d t h e base cha in 
is expanded , o f ten it h a p p e n s t h a t t h e mot ion on t h e adorned conf igura t ion is no t expansive . F i g u r e 
11 shows an example . 

F i g u r e 11: The base chain of Figure (a) expands to Figure (b). But the dark points on the corresponding 
siender adornments get doser together. 

5 Generalizations: Overlapping Adornments and Generalized Sien
der Symmetric Adornments 

In t h e discussion so far, we have assumed, when t h e a d o r n m e n t s a re a t t a c h e d to the i r chains, t h a t 
t hey do not overlap. W h a t h a p p e n s when the siender a d o r n m e n t s do overlap? It t u r n s ou t t h a t 
we can apply some of t h e resul t s of [BC02] re la ted to p rob lems concerning areas of un ions a n d 
intersect ions of circular disks in t h e p lane to t h e case when t h e a d o r n m e n t s a re ail symmet r i c . 

P ropos i t ion 3 shows t h a t any symmet r ic ado rnmen t is t h e inf ini té union of s y m m e t r i c lenses 
L{z) for ail z on t h e b o u n d a r y of t h e adornmen t . To apply the t h e o r y of [BC02] it is more convenien t 
t h a t t h e r e only be a f inite n u m b e r of sets involved in t h e union of lenses. B u t it is easy t o see t h a t 
each a d o r n m e n t can b e a p p r o x i m a t e d by a finite union of lenses. 

We first define a flower as a set in t h e plane t h a t can be descr ibed in t e r m s of f ini te un ions a n d 
intersect ions of circular disks, where each disk appeaxs once and only once in t h e in t h e Boo lean 

11 



expression t h a t descr ibes t h e set . For t h e spécial case a t h a n d we need only be conce rned w i t h 
flowers F of t h e following sor t : 

F - ( f i l n B2) u (B3 n BA) u ( 55 n fie) u . . . ( f î ; v - i n EN), (1) 

where each B , , z = 1 , . . . , A'̂  is a circular disk in t h e p lane . Flowers were def ined by [GM92], a n d a 
spécial case of Coro l la ry 8 in [BC02] shows t h e following. Let B{x, r) d é n o t e a disk in t h e p l a n e of 
rad ius r cen te red a t x. 

T h e o r e m 6 Let B{pi,ri) and B{qi,ri),i = l , . . . ,N be two sets planar disks, where \\pi —pi+i\ \ > 
\\qi - qi+i\\ for i odd, and — < \\qi — qjW for ail other pairs i < j . Then the area of the 
flower F in (1) defined for the configuration of pi is less than or equal to the area of the flower F 
defined for the configuration of qi. 

T h e crucial observa t ion is t h a t t he union of t he s lender a d o r n m e n t s can b e a p p r o x i m a t e d by 
flowers. Each lens is t h e in tersec t ion of two disks, one of t h e t e r m s in (1), a n d P r o p o s i t i o n 3 impl ies 
t he following. 

T h e o r e m 7 Suppose that one chain is a discrète expansion of the other and slender symmetric 
adornments are attached to each chain. Then the area of the union of the adornments does not 
decrease. 

Figure 12 shows an e x a m p l e of over lapping symmet r i c a d o r n m e n t s . F igure 13 shows an e x a m p l e of 

F i g u r e 12: This Figure shows three intervais with overlapping symmetric slender adornments. 

a chain wi th n o n - s y m m e t r i c a d o r n m e n t s t h a t e x p a n d s t o ano the r chain a n d t h e a r ea of t h e s lender 
a d o r n m e n t s w i th an e x p a n d e d core decreases. 

F i g u r e 13: This is an example of two chains with non-symmetric slender adornments, where the expanded chain 
with adornments has smaller area. 

A n o t h e r possible genera l iza t ion is t o a t t a c h t h e ana logue of s lender a d o r n m e n t s t o s implicial 
complexes in higher d imens ions . For example , a set A in th ree-space would b e called slender with 
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respect to a triangle base B if for any p lane P pe rpendicu la r t o t h e p lane oi A, P r\ A \s s lender 
w i th respect t o B r\ A. T h e n t h e analogue of Corol lary 4 should also hold us ing t h e no t ion of 
symmet r i c s lender ado rnmen t s . Even t h e ana logue of Theorem 7 for t h e vo lumes of s y m m e t r i c 
slender a d o r n m e n t s would still hold, b u t it could only be asser ted for con t inuous expans ions of 
t h e base chain. T h e higher d imensional version of Corollary 8 in [BC02] is no t known for d iscrè te 
expansions. However, in [CsiOl], t he re is a cont inuous version t h a t will sufHce. In higher d imens ions , 
t h e idea is to a s sume simply t h a t t h e base chain, t o which the a d o r n m e n t s a re a t t a c h e d , is e x p a n d e d . 

6 Locked Chains of Sharp Triangles 

An isosceles t r i angle wi th an apex angle of > 90° and wi th the nonequa l side as t h e base is a s lender 
a d o r n m e n t . By Corol lary 4, any chain of such t r iangles can be s t ra igh tened . In th i s sect ion we 
show t h a t th i s resui t is t igh t : for any isosceles t r iangle wi th an apex angle of < 90° a n d w i t h t h e 
nonequal side as a base, t he r e is a chain of thèse t r iangles t h a t canno t b e s t r a igh tened . 

(a) (b) 

F i g u r e 14: A locked chain of nine equilateral triangles, (a) Drawn loosely. Séparations should be smaller than 
they appear. (b) Drawn tightiy, with no séparation, as a self-touching configuration. 

Figure 14(a) shows t h e cons t ruc t ion for equi la tera l t r iangles (of sl ightly différent sizes). T h i s 
figure is d r a w n wi th t h e pièces loosely separa ted , bu t t h e ac tua l cons t ruc t ion has a rb i t r a r i ly smal l 
sépara t ions a n d a rb i t ra r i ly closely approx ima tes t h e self-touching geomet ry shown in F igu re 14(b). 
S t re tch ing t h e t r iangles in t h i s self- touching geometry, as shown in F igure 15, def ines our cons t ruc
t ion for any isosceles t r iangles wi th an opposi te angle of any value less t h a n 90°. In th i s case, 
however, our cons t ruc t ion uses two différent scalings of the same t r iangle . 

6 . 1 T h e o r y o f S e l f - T o u c h i n g C o n f i g u r a t i o n s 

This view of t h e cons t ruc t ion as a slightly separa ted version of a self- touching conf igura t ion allows us 
t o apply t h e p r o g r a m developed in [CDR02] for proving a conf igurat ion locked. T h i s t h e o r y allows 
us to s t u d y t h e r igidi ty of self- touching configurat ions, which is easier because vert ices canno t move 
even slightly, a n d ob ta in a s t rong form of lockedness of non-self- touching p e r t u r b a t i o n s d r aw n wi th 
sufficiently smal l ( bu t posi t ive) séparat ions . 
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F i g u r e 15: Variations on the self-touching configuration from Figure 14(b) to have any desired angle < 90° 
opposite the base of each triangle. 

To State t h i s r e l a t ion precisely, we need s o m e te rmino logy f r o m [CDR02] . Ca l l a l inkage con
f i gu ra t i on rigid if it c a n n o t m o v e a t ail. Def ine a S-perturbation of a l inkage c o n f i g u r a t i o n t o b e a 
r epos i t i on ing of each v e r t e x w i t h i n d i s t a n c e ô of i t s or iginal pos i t ion , w i t h o u t r e g a r d t o p r e s e r v i n g 
edge l e n g t h s ( b e t t e r t h a n ±2(5), b u t cons i s ten t w i t h t h e combina to r i a l i n f o r m a t i o n of wh ich ver t ices 
a r e o n which s ide of which b a r . Cal l a l inkage locked within e if n o m o t i o n t h a t leaves s o m e b a r 
p i n n e d t o t h e p l a n e moves a n y po in t by m o r e t h a n e. Call a se l f - touch ing l inkage c o n f i g u r a t i o n 
strongly locked if, for a n y des i red e > 0, t h e r e is a (5 > 0 such t h a t ail J - p e r t u r b a t i o n s a r e locked 
w i t h i n e. T h u s , if a se l f - touch ing conf igu ra t ion is s t rong ly locked, t h e n t h e sma l l e r we d r a w t h e 
s é p a r a t i o n s in a non-se l f - touch ing p e r t u r b a t i o n , t h e less the c o n f i g u r a t i o n c a n move . In p a r t i c -
u la r , if we choose e smal l e n o u g h , t h e l inkage m u s t b e locked in t h e s t a n d a r d sensé of h a v i n g a 
d i s c o n n e c t e d c o n f i g u r a t i o n space locally. 

T h e o r e m 8 [CDR02 , T h e o r e m 8.1] / / a self-touching linkage configuration is rigid, then it is 
strongly locked. 

T h e r e f o r e , if we c a n p rove t h a t t h e se l f - touching conf igura t ion in F i g u r e 14(b) ( a n d i t s v a r i a t i o n s 
in F i g u r e 15) a r e r igid, t h e n suff ic ient ly smal l p e r t u r b a t i o n s a long t h e l ines s h o w n in F i g u r e 14(a) 
a r e r igid . 

T h e t h e o r y of [CDR02] also p rov ides tools for p rov ing r igidi ty of a s e l f - touch ing c o n f i g u r a t i o n . 
Specifically, we can s t u d y infinitésimal motions, which ju s t def ine t h e b e g i n n i n g of a m o t i o n t o t h e 
first o rde r . Ca l l a con f igu ra t ion infinitesimally rigid if it has no in f in i t é s ima l m o t i o n s . 

L e m m a 9 [CDR02 , L e m m a 6.1] / / a self-touching linkage configuration is infinitesimally rigid, 
then it is rigid. 

A final t o o l we need f r o m [CDR02] is for p rov ing inf in i tés imal r igidi ty . For each v e r t e x u w e d g e d 
in to a convex angle b e t w e e n t w o b a r s {v,'Wi} a n d {v,W2}, we say t h a t t h e r e a r e t w o zero-length 
connections b e t w e e n u a n d v, one p e r p e n d i c u l a r t o each of t h e t w o b a r s {v,Wi}.^ See F i g u r e 16. 
T h è s e c o n n e c t i o n s m u s t increase t o t h e first o rde r because u m u s t n o t c ross t h e t w o b a r s {v, Wi}. I n 
p r o v i n g in f in i t é s imal r igidi ty, we can choose t o d i sca rd a n y zero- length c o n n e c t i o n s we wish , b e c a u s e 
ignor ing s o m e of t h e noncross ing c o n s t r a i n t s only m a k e s t h e c o n f i g u r a t i o n m o r e f lexible. T o g e t h e r , 

'The définition of such connections in [CDR02] is more gênerai, but this définition suffices for our purposes. 
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F i g u r e 16: Two zero-length connections between vertices u and v. 

t h e bars and t h e zero-length connect ions are t h e edges of the conf igurat ion. Define a stress t o b e 
an assignment of real n u m b e r s {stresses) t o edges such tha t , for each ver tex v, t h e vectors w i th 
direct ions defined by t h e edges incident to v, and wi th magni tudes equal to t h e cor responding 
stresses, sum t o t h e zéro vector. We dénote t he stress on a ba r {v, w} by uJvw, and we déno te t h e 
s tress on a zero-length connect ion between vertex u and vertex v pe rpend icu la r t o {v, w} by LOU,VW 

L e m m a 10 [CDR02, L e m m a 7.2] / / a self-touching configuration has a stress that is négative on 
every zero-length connection, and if the configuration is infinitesimally rigid when every zero-length 
connection is treated as a bar pinning two vertices together, then the self-touching configuration is 
infinitesimally rigid. 

6 . 2 L o c k e d C h a i n s 

We are now in t h e posi t ion t o s t a t e t h e précise sensés in which t h e chains of isosceles t r iangles in 
Figures 14 and 15 are locked: 

T h e o r e m 1 1 The self-touching chains of nine isosceles triangles shown in Figures 14 (b) and 15 
are rigid provided that the apex angle is < 90°. 

Applying T h e o r e m 8, we obta in t h e desired resuit : 

C o r o l l a r y 12 The self-touching chains of nine isosceles triangles shown in Figures 14(b) and 15 
are strongly locked provided that the apex angle is < 90°. Therefore, any sufficiently small non-self-
touching perturbation, similar to the one shown in Figure 14(o.), is locked. 

Sections 6 .3-6.4 prove T h e o r e m U . 

6 . 3 S i m p l i f y i n g R u l e s 

We in t roduce two rules t h a t significantly restrict the allowable mot ions of t h e self- touching config
ura t ion of isosceles t r iangles. 

R u l e 1 If a bar b is collocated with another bar h' of equal length, and the bars incident to b' form 
angles less than 90° on the same side as b, then any motion must keep b collocated with b' for some 
positive time. See Figure 17. 

P r o o f : T h e noncrossing cons t ra in ts at t he endpoin ts of b and b' p revent b f rom moving re la t ive 
to b' unti l t he angles a t t he endpoin ts of b' open to > 90°, which can only h a p p e n af te r a posi t ive 
a m o u n t of t ime. • 
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F i g u r e 17: Rule 1 for simplifying self-touching configurations. 

We can app ly th is rule t o t h e région shown in Figure 18, resu l t ing in a s impler linkage wi th t h e 
s a m e inf ini tésimal behavior . Al though t h e figure shows posit ive sépa ra t ions for visual clarity, we 
are in fact ac t ing on t h e self- touching conf igurat ion of Figure 14(b). 

F i g u r e 18: Applying Rule 1 to the chain of nine equilateral triangles from Figure 14. 

R u l e 2 If a bar b is collocated with an incident bar b' of the same length whose other incident bar 
b" forms a convex angle with b' surrounding b, then any motion must keep b collocated with b' for 
some positive time. See Figure 19. 

F i g u r e 19: Rule 2 for simplifying self-touching configurations. 

P r o o f : T h e noncrossing cons t r a in t s a t t h e endpoin t of b su r rounded by t h e convex angle formed 
by b' a n d b" prevent b f rom moving relat ive to b' unti l t he convex angle opens t o > 90°, which can 
only h a p p e n a f te r a posi t ive a m o u n t of t ime. • 

We can app ly th is rule twice, as shown in Figure 20, to f u r t h e r s impl i fy t h e linkage. 
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F i g u r e 20: Applying Ruie 2 twice to the configuration from Figure 18. 

T h e final s implif icat ion comes f rom realizing t h a t t h e central q u a d r a n g l e g a p be tween t r iangles 
is effectively a t r iangle because t h e right pair of edges are a rigid un i t . T h u s t h e g a p fo rms a 
rigid Unkage ( though it is not infinitesimally rigid, because a hor izonta l movement of t h e cen t ra l 
ver tex would ma in t a in d is tances t o t h e first order) , so we can t r e a t it as p a r t of a large rigid block. 
F igu re 21 shows a simplified d rawing of th is self- touching conf igurat ion, which is rigid if a n d only 
if t h e original self- touching conf igura t ion is rigid. 

F i g u r e 21: The simplified configuration from Figure 20. 

6 .4 S t r e s s A r g u m e n t 

Final ly we a rgue t h a t t h e simpHfied configurat ion of F igure 21 is inf ini tesimally rigid using L e m m a 10. 
T h e conf igura t ion is clearly infinitesimally rigid if B is pinned aga ins t B', C is p inned agains t C, 
a n d D is p inned against D'. It r emains to construct a stress t h a t is néga t ive on ail length-zero 
connect ions . T h e s t ress we cons t ruc t is nonzero only on the edges Connecting po in t s w i th labels in 
F igu re 21; we also set UAD = 0. 

W e s t a r t by assigning t h e stresses incident to A. We choose UJAB < 0 arbi t rar i ly , and set 
^AB' '•— —^AB > 0. is now in equi l ibr ium because thèse s tress d i rec t ions a re paral lel . 

W e s y m m e t r i c a l l y a s s i g n OJBC '•= ^AB < 0 a n d LJB'C — ^A'B' > 0 . T h e r e s u l t i n g f o r c e s o n B a n d 
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B' a re ver t ica l . T h e y c a n b e b a l a n c e d b y a n a p p r o p r i a t e choice of t h e s t r esses UJB^B'A — ^B,B'C' < Oj 

which , t a k e n t o g e t h e r , also po in t in t h e ver t ica l d i rec t ion . 
Ver tex D' h a s exac t ly t h r e e inc iden t stresses—coc'D'^ ^D',DCJ ^^'^ ^D',DE—which d o no t lie in a 

ha l fp l ane . T h u s t h e r e is an equ i l i b r ium ass ignnien t t o thèse s t resses , u n i q u e u p t o scal ing, a n d t h e 
s t resses ail have t h e s a m e s ign. Because zero- length connec t ions m u s t b e néga t ive , we a r e forced 
t o m a k e ail t h r e e of t h è s e s t resses néga t ive . W e also choose t h i s scale f a c t o r t o b e s u b s t a n t i a l l y 
smal le r t h a n t h e s t resses t h a t have been ass igned so far . 

B y ass ign ing UJCD — —i^C'D', we es t ab l i sh equ i l ib r ium at v e r t e x D a s well: t h e forces a t D a r e 
t h e s a m e as a t D', on ly w i t h reversed signs. 

Ver t ex C feels t w o s t resses ass igned so far—LJCD > 0 a n d UJBC < 0- B y t h e choice of scale 
fac to r s , t h e l a t t e r force d o m i n â t e s , leaving us w i t h a néga t ive force in t h e d i r ec t ion close t o CB, 
a n d t w o s t resses u}c,C'B' a n d oJc,c'D' wh ich c a n b e used t o b a l a n c e t h i s force . T h e t h r e e d i r ec t ions 
do no t he in a h a l f p l a n e . T h e r e f o r e LûC,C'B' a n d wc.C'D' can b e a s s igned n é g a t i v e s t resses . 

Final ly , ve r t ex C is also in e q u i h b r i u m because UB'C = —^BC, ^C'D' = —^CD, a n d t h e s t r e s s 
f r o m t h e ze ro - l eng th c o n n e c t i o n s a re t h e s a m e as for C b u t in t h e o p p o s i t e d i r ec t ion . 

In s u m m a r y , we have shown t h e ex i s tence of a s t r e s s t h a t is pos i t i ve on ail ze ro - l eng th connec
t ions . By L e m m a 10, t h e se l f - touch ing conf igu ra t ion is inf in i tes imal ly r ig id , so by L e m m a 9, t h e 
con f igu ra t i on is r igid. B y t h e s imphf i ca t i on a r g u m e n t s above, t h e o r ig ina l se l f - touching conf igu
r a t i o n is a lso r igid. B y T h e o r e m 8, t h e or ig ina l se l f - touching c o n f i g u r a t i o n is s t rong ly locked, so 
suff ic ient ly p e r t u r b a t i o n s a r e locked. 

W e r e m a r k t h a t a n a r g u m e n t s imi lar t o t h e one above , us ing a n a s s i g n m e n t of s t resses , can a lso 
b e used for p rov ing R u l e s 1 a n d 2, w i t h a n a p p r o p r i a t e mod i f i ca t ion of L e m m a 10; however , t h e 
d i rec t a r g u m e n t t h a t we have given is s impler . 

T h e a r g u m e n t rel ied on t h e isosceles t r i ang les hav ing an a p e x ang le of < 90° ( b u t no m o r e ) in 
o r d e r t o g u a r a n t e e t h a t p a r t i c u l a r t r ip les of s t ress d i rec t ions a r e or a r e no t in a ha l fp l ane . I t a lso 
relies on t h e s y m m e t r y of t h e conf igu ra t ion t h r o u g h a ver t ical l ine ( exc lud ing t h e t r i a n g l e in t h e 
u p p e r r igh t ) . T h u s t h e a r g u m e n t genera l izes t o ail isosceles t r i ang le s s h a r p e r t h a n 90°. 

6 . 5 L o c k e d E q u i l a t e r a l T r i a n g l e s 

F i g u r e 22 shows a n o t h e r , s imple r e x a m p l e of a locked chain of equ i l a t e r a l t r i ang les , us ing j u s t seven 
t r i ang le s i n s t e a d of n ine . However , t h i s e x a m p l e c a n n o t be s t r e t c h e d i n to a locked cha in of t r i ang l e s 
w i t h a n a r b i t r a r y a p e x ang le of < 90°, a s in F i g u r e 15. 

To p rove t h a t t h i s e x a m p l e is locked, we first a p p l y Rule 1 a n d t h e n R u l e 2, as shown in F ig 
u r e 23. Unl ike t h e p r é v i e n s e x a m p l e , t h e resu l t ing simplif ied c o n f i g u r a t i o n is no t in f in i tes imal ly 
r ig id ( t h e m i d d l e v e r t e x c a n move inf in i tes imal ly hor izonta l ly) , so we c a n n o t use a s t r e s s a rgu 
m e n t . In t h i s case, however , we c a n use a m o r e di rect a r g u m e n t t o p rove r ig id i ty of t h e s impl i f ied 
c o n f i g u r a t i o n ( and t h u s of t h e or ig ina l se l f - touching conf igu ra t ion ) . 

Le t l d é n o t e t h e s ide l e n g t h of t h e t r i ang les in any of the se l f - touch ing conf igura t ions . Cons ide r 
t h e t w o d a s h e d cha ins Connect ing ver t ices A a n d B in t h e s impl i f ied c o n f i g u r a t i o n . T h e left cha in 
of t w o b a r s forces t h e d i s t a n c e b e t w e e n A a n d B t o b e a t mos t 2i, w i t h e q u a l i t y as in t h e or ig ina l 
c o n f i g u r a t i o n only if t h e ang le b e t w e e n t h e two b a r s r ema ins s t r a i g h t . T h e r igh t cha in of t h r e e 
b a r s c a n on ly o p e n i ts angles , b e c a u s e of t h e t h r e e t r iangles on t h e inside, so t h e r ight cha in a c t s 
as a Cauchy arm. T h e C a u c h y - S t e i n i t z A r m L e m m a (see, e.g., [Conn82] or [SZ67]) proves t h a t t h e 
e n d p o i n t s of such a cha in c a n on ly ge t f a r t h e r away fi-om each o t h e r . T h u s t h e d i s t a n c e b e t w e e n A 
a n d B is a t leas t 21, w i t h e q u a l i t y only if t h e angles in t h e r igh t cha in d o no t change . T h è s e u p p e r 
a n d lower b o u n d s of 2£ on t h e d i s t a n c e b e t w e e n A a n d B force t h e b o u n d s t o hold w i t h equal i ty . 
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(a) (b) 

F i g u r e 22 : A locked chain of seven equilateral triangles, (a) Drawn loosely. Séparations should be smaller than 
they appear. (b) Drawn tightiy, with no séparation, as a self-touching configuration. „ 

F i g u r e 23 : Applying Ruies 1 and 2 to the chain of seven equilateral triangles from Figure 22. 

which preven ts any angles f r o m changing except possibly for t h e angles a t A and B. However, it 
is impossible t o change fewer t h a n four angles of a closed chain such as t h e one formed by t h e left 
a n d r ight dashed chains. (This s imple fact was also proved by Cauchy [Cro97].) Therefore , t h e 
conf igura t ion is rigid. 

Apply ing T h e o r e m 8, we ob ta in t h a t t h e self- touching conf igurat ion is s t rongly locked: 

T h e o r e m 1 3 The self-touching chain of seven equilateral triangles shown in Figure 22(h) is rigid 
and thus strongly locked. Therefore, any sufficiently small non-self-touching perturbation, similar 
to the one shown in Figure 22(a), is locked. 

Appendix 

Here we descr ibe a cons t ruc t ion of a closed chain, a convex para l le logram, w i th s lender a d o r n m e n t s 
a t t a c h e d , where each a d o r n m e n t toge the r wi th i ts base is convex, such t h a t t h e conf igura t ion space 
has infinitely m a n y componen t s . 

W e a t t a c h a single ob tuse t r iangle as a slender adornment t o t h e t o p base segment , as w i th 
F igu re 10. If t h e b o t t o m segment is fixed t h e p a t h of the b o t t o m ver tex in t h e u p p e r a d o r n m e n t 
t r aces ou t a circle, which is shown as a dashed circular arc C in F igure 24(a). 

T h e second slender a d o r n m e n t is a t t ached to t h e b o t t o m segment a n d is t h e convex hull of 
infinitely m a n y points , each slightly above C. T h e points fo rm a n inf ini té séquence p i , p 2 , - - -
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c o n v e r g i n g t o a p o i n t o n t h e r i g h t poo, a n d t h e y a r e c h o s e n s o t h e s t r a i g h t Hne i n t e r v a l from pi t o 
P i + i i n t e r s e c t s t h e l o w e r p o r t i o n of C ( t h e o p e n c i r c u l a r d i sk d e t e r m i n e d b y C ) . A n e x a g g e r a t e d 
p i c t u r e of t h i s c o n s t r u c t i o n is in F i g u r e 2 4 ( b ) . T h u s , t h e u p p e r s l e n d e r a d o r n m e n t i n t e r s e c t s t h e 

l o w e r a d o r n m e n t a n d m i s s e s i t a l t e r u a t e l y i n f i n i t e l y o f t e n . 

(a) 

(b) 

F i g u r e 24 : Figure (a) shows the overall set-up of a parallelogram with two convex slender adornments attached 
such that the configuration space has infinitely many components. Figure (b) is an exaggerated close-up of where 
the two adornments are close. 
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Abs tract 

We study collections of linkages in 3-space that are interlocked in the sense that the linkages cannot be separated 
without one bar crossing through another. We explore pairs of linkages, one open chain and one closed chain, each 
with a small number of joints, and détermine which can be interlocked. In particular, we show that a triangle and 
an open 4-chain can interlock, a quadrilatéral and an open 3-chain can interlock, but a triangle and an open 3-chain 
cannot interlock. 

© 2003 Elsevier Science B.V. Ail rights reserved. 
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1. Introduction 

Consider a simple polygonal chain, either an open arc or a closed polygon, that is embedded in 
3-space. We view the vertices of the chain (except the endpoints of an open chain) as universal joints, 
and the edges of the chain as rigid bars. We call a chain with k bars a k-chain. A motion of the chain is a 
motion of the vertices that préserves the length of the bars, and never causes bars to cross. In particular, 
a straightening of an open chain is a motion that makes ail joint angles become 180°. We say that a 
collection of disjoint, simple chains can be separated if, for any distance d, there is a motion whose 
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resuit is that every pair of points on différent chains has distance at least d. If a collection cannot be 
separated, we say that its chains are interlocked. If a single chain cannot be straightened, we say that it is 
locked. 

It is known that a single, open chain in 3-space, having as few as 5 bars, can be locked [1,2]. Other 
classes of chains are known to be unlocked, but the complexity of deciding whether a given chain can 
be unlocked is not known. One décision procédure applies the roadmap algorithm for gênerai motion 
planning [3,4], which runs in exponential time. 

Our work is inspired by a question posed by Anna Lubiw [5]: Into how many pièces mus t a chain be 
eut so that the pièces can be separated and straightened? This problem is motivated by protein molécules, 
which can be modeled by polygonal chains, and, according to some théories, temporarily split apart in 
order to reach the minimum-energy folding. 

We can observe easy upper and lower bounds for Lubiw's problem: some n-chains require cutting 
at least [(« — 1)/4J vertices for séparation, and no chain requires cutting of more than [(n — 1)/2J 
vertices. The lower bound is obtained by concatenating many copies of the 5-bar "knit t ing needles" 
example f rom [1,2], each sharing one bar with the next as in Fig. 1. Observe that each copy of the locked 
5-bar chain must have one of its four interior vertices eut. The upper bound is obtained by cutting every 
second joint of a chain, and observing that the resulting 2-bar pièces ("hairpins") can be rigidly separated 
arbitrarily far by dilating f r o m a point, because the pièces are starshaped sets. This séparation motion 
dates back at least to de Bruijn in 1954 [6], where he used it to prove separability of convex objects; 
the same motion was shown to apply to the more gênerai situation of starshaped objects by Dawson in 
1984 [7], and the algorithmic side of this resuit is described by Toussaint in 1985 [8]. See also [9]. 

While Lubiw 's problem motivated our original interest in interlocked open chains, we explore here 
interiocking for combinations of open and closed chains. In the next section, we résolve how many bars 
are needed by each chain in order to obtain an interlocked pair, as summarized in Table 1. 

Fig. 1. An n = 17 bar chain that requires cutting at least Y{n — 1)/4J = 4 vertices to separate. 

Table 1 
Our results on when an open chain and a closed chain can interlock. A daim 
that a )fe-chain can interlock holds also for any /-chain with / > k, and a daim 
that a Jt-chain cannot interlock holds also for any /-chain with / < k 

Sec Chain 1 Chain 2 Resuit 

2 closed triangle open 3-chain Cannot Interiock 

3.1 closed triangle open 4-chain Can Interlock 

3.2 closed quadrilatéral open 3-chain Can Interlock 
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2. Triangle and 3-chain cannot interlock 

We begin by showing that a triangle and a 3-chain cannot interlock. As we will sec later, this is in 
some sensé a maximal non-interlocking configuration. 

Theorem 1. An open 3-chain cannot interlock with a triangle. 

Proof. We fol low this notation: A a è c lies in plane H, and the 3-chain C has vertices (/?o, P\, Pi, PT,) 
and bars (/q, l\, h). First assume C is not planar; otherwise, make C nonplanar by a small motion. Let L, 
be the support line of /, and define points = L, n / / . 

(1) Bar II intersects the closed A a è c . In this case, it is possible to move bar /q and bar I2 within the plane 
that it fo rms with /] so that the angle at the joint shared with /i is arbitrarily close to either 0 or ; r , 
because one of the two wedges spanned by thèse two motions does not intersect any other edge. 
Once both end bars have been moved to that position, C is arbitrarily close to a single bar which can 

be translated in the direction pïp2-
(2) Bar li does not intersect the closed Aabc. Because configuration C is non-self-intersecting, we can 

assume that the points {^0. Pi, Pi, Çi) do not lie on a common plane, or equivalentiy [qo, q\, 92} are 
not collinear. Dénote the line containing qo and 92 by 2o,2> as in Fig. 2. In fact , fo r any position of h 
such that (Li n / / ) ^ Q0 2, the Unes containing qopi and p2q2 do not intersect, and do not intersect 
the edges of Aabc. Thus the motion that translates li in a direction orthogonal to Qo,2 and parallel to 
H, away f r o m Aabc, while maintaining LQ and L2 through the original points qo and q2, will avoid 
self-intersection.^ • 

Fig. 2. Translate /j so that the point q\=L\C\H moves away from go,2- Keep the points qo and q2 fixed in H, so that the 
lines LQ and L2 pivot about qo = Lo<^ H and q2 = L2<^ H as li moves. This séparâtes the 3-chain from Aabc. 

See http://www.cs.smith.edu/~orourke/Interlociced/ for an animation of this motion. 

http://www.cs.smith.edu/~orourke/Interlociced/
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3. Interlocked examples and the topological method 

Our two proofs that chains are interlocked follow a similar structure in what we call the topological 
method. We imagine tying the two ends of the open chain with a long rope near infinity, which defines 
a topological link (multicomponent knot) [10, p. 17j. For the two chains to separate, they must fo rm the 
trivial link (referred to as Oj ; see later). First we show that before this happens, the ends of the open chain 
must get close to the closed chain. Second we argue that this proximity is impossible before changing 
the topology of the link. Finally we prove that this circularity leads to a contradiction, so the chains are 
interlocked. 

To make connections to known mathematics for links, we will refer to some links by their numbers 
f r o m standard tables. See [10, p. 287J or [11, p. 1086]. Tables of links are often organized by (minimum) 
crossing number. The superscript in the link notation is the number of components , fo r us always 2. The 
subscript is an arbitrary table index. See Fig. 3."* 

3.1. Triangle and A-chain 

We begin with the configuration illustrated in Fig. 4. 

Theorem 2. A triangle can interlock with a A-chain. 

0? 2? 4? h\ 

6? 61 6 i 71 

Fig. 3. The first few two-component links. 

^ Link images produced by Robert Scharein's k n o t p l o t program http://www.cs.ubc.ca/nest/imager/contributions/scharein/ 
KnotPlot.html. 

http://www.cs.ubc.ca/nest/imager/contributions/scharein/
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P4 

Fig. 4. A triangle and a 4-chain can lock. 

Proof. We choose the fol lowing notation for the configuration of Fig. 4: A triangle abc lies in a plane 
H, with / / + the halfspace above and H~ the halfspace below H. Let the circumcircle of Aabc have 
center o, and radius r . 

The 4-chain alternâtes points and bars po, h, PiJi, h, P4 with the fol lowing placements: po is in 
/ / " , bar lo crosses the interior of Aabc, and ends at a point p\ above o. Bar Zi crosses the interior of 
Aabc again, so p2 e H~. Bar I2 crosses H outside of Aabc, and I3 crosses the wedge formed by lo and 
Il above H. So [po, P2] C H" and {p\, p3, P4) C 

Let R be the real number r + |/i | + I/2I, and set the length of lo and Ij to 2 0 ^ . Consider the open bail 
B of radius 15R, and the bail B' of radius 4 ^ , both centered at o. Initially, po and p4 lie outside of B, 
while a, b, c, p\, p2 and p^ ail lie inside B' c S . As long as po and p4 stay outside B and ail other 
vertices stay inside B, we can attach a sufficiently long unknotted string between po and p^ that remains 
outside B, and thus is never crossed by any of the bars, and our configuration is équivalent to the link 5 ^ 
The non-interiocked configuration corresponds to two separable unknots Op so any motion separating 
this configuration would require po or p^ to enter the bail B ox p\, p2 or p^ to leave B. 

Consider the first event when any p , , / = 0 , . . . , 4, touches the boundary of B. Then before or at that 
event, points p\, p2 and ps must be out of B' but still inside B: When po touches B, point p i must be 

Po 

Fig. 5. When po touches B, point p\, P2 and P3 must be exterior to B'. 



42 E.D. Demaine et al. I Computational Geometry 26 (2003) 37-45 

Fig. 6. This configuration is incompatible with the fact that po or p4 touches the boundary of B. 

exterior to B' by at least R, and therefore p2 and pj are also exterior to B'. See Fig. 5. T h e same applies 
for when p4 touches the boundary of B. When any one of pu Pior pj touches the boundary, the other 
two are at least at a distance 14R f rom o and so are outside of B'. Since we consider the first such event, 
there must be an instant before that when ail three points are outside B' but still inside B. 

At this time, the only éléments possibly inside B', besides Aabc, are the two bars /Q and I3. Then 
either one of IQ and i3 crosses the interior of Aabc, or both do, or neither do. The first case corresponds 
to a link 2f and the third case to two separable unknots Oj ; neither of thèse are équivalent to our starting 
configuration (in the knot-theoretical sensé). Since the rope and the bars have not crossed, the topology 
of the configuration cannot have changed and so thèse cases lead to a contradiction. 

The case in which both IQ and i3 cross Aabc requires a careful analysis. Because end vertices po and 
P4 are still outside of the open bail B, we can replace the string joining them by a great arc y on the 
boundary of B. Let T be the plane parallel to /o and I3, and passing through o. Consider the orthogonal 
projection of the 4-bar linkage onto T. Note that in the projection, the lengths of bars /Q and I3 are 
preserved, and ail other segment lengths are at most their original lengths. Let qo be the intersection of 
lo and plane H. The triangle Aabc is contained in a bail of radius 2R centered at qo, and joints pi, p2 
and p3 lie in a bail of radius R centered at pi. Since p\ is outside B' and qo is inside the circumcircle 
of Aabc, the distance between those two points is larger than 37?, and that distance is preserved in the 
projection. Thus, the projections of the two balls are disjoint and we can separate the projections of p\, 
P2 and p3 f rom the projections of po, PA and Aabc by a line (this séparation is necessary to exclude cases 
such as the one shown in Fig. 6), and the two bars l\ and h can be replaced by a single bar joining p\ and 
P3 without changing the topology of the link. By enumerating ail possible above/below combinations for 
the crossings in that projection, we can infer that configuration is équivalent to 0 , , which is two separated, 
unknotted links, or to A\, which is shown in Fig. 7. But neither of thèse are topologically équivalent to 
our starting configuration, so this first event could never happen. 

Note that a similar argument can be used to show that the chains in Fig. 6 are interlocked as well. • 

3.2. Quadrilatéral and 3-chain 

In the fol lowing, we will use what is known as the linking number of a two component link. We first 
arbitrarily orient both components of the link. Then each crossing drawn in the projection of the link has 
one of two types, associated with a value + 1 or —1. See Fig. 8. 

The linking number of the link is half the sum of the values of ail crossings between the différent 
components; crossings of a component with itself are not counted. For example, the link 5; has 5 
crossings, but only four of them involve both components. The sum of the values of the four crossings 
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Fig. 7. The link 4j , formed when bars /Q and both pass through the interior of Aabc. (Not to scale; gray segments indicate 
omissions.) Joints [pi, p2, P3} can be separated from [a, b, c, po, P4}. 

+ 1 - 1 Link{5l) = 0 

Fig. 8. Sign of a crossing. 

is 0, which yields a linking number of 0. Note that if the orientation of one of the components is reversed, 
then the linking number is negated. It can be proved using some elementary knot theory that the linking 
number of an oriented link is an invariant, that is, it has the same value for ail drawings of the oriented 
link [10, p. 21]. 

Theorem 3. A 4-gon can interlock with a 3-chain. 

Proof. Let the 4-gon be abcd, and again use {lo, l\, h) and {po, p\, p2, p3) to represent the bars and 
vertices of the 3-chain. Starting with the configuration of Fig. 9, let R = \ab\ + \bc\ + \cd\ + \li \ and set 
the length of IQ and I2 to 20R. Consider the open bail B of radius 15R, the bail B' of radius 4R, and the 
bail B" of radius R, ail three centered at a. As in the previous proof, we connect po to ps by a string 
exterior to B. The resulting link is now 6,. We again argue that in order to separate the 4-gon from the 
3-chain, po or p^ has to enter the bail B or pi or p2 have to leave B. Before that, there must be an instant 
when po and p^ are still outside B, pi and p2 are still inside B but out of B', and the only éléments 
possibly inside B', besides abcd, are the two edges lo and I2. 
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Fig. 9. A quadrilatéral and a 3-chain can lock. 

If neither IQ nor I2 intersects B", then the configuration is the link O], contradicting that the topology 
cannot have changed. If one of the two end bars, say IQ, intersects B", let 90 be a point of IQ H B". We 
Project the configuration onto a plane parallel to IQ and I2, preserving the distances along those two bars. 
As in the previous proof, because the length of the segment qoP\ is preserved in the projection, only 
the interiors of k and I2 can intersect the projection of B". This implies that the linking number of the 
configuration will be the sum of the values induced by IQ and abcd, and the values induced by h and 
abcd, divided by 2. Notice that the total of the values induced by a straight edge and a 4-gon is at most 
2, and so the linking number of the configuration is at most (2 + 2 ) / 2 = 2. But the linking number of 6, 
is 3. Because the linking number is an invariant, the topology of the configuration must have changed, a 
contradiction. • 

4. Open problems 

Many open problems remain in the context of interiocking pairs of open chains, which have close 
connections to the motivating problem of Lubiw. For each value of / , what is the smallest j for which an 
/-chain can interlock with a j-chain? 

The topological method of Theorems 2 and 3, where we used a "rope" to close one open chain to 
form a topological linkage, does not easily extend to pairs of open chains. Two ropes would be needed, 
and their potential interactions would need to be controlled. To extend this work, therefore, we will be 
investigating a géométrie method that establishes a collection of géométrie facts and shows that there 
can be no first violation. We believe that we can use such a method to establish three conjectures: that 
a 3-chain can interlock with a 4-chain, that three 3-chains can interlock, but that two 3-chains cannot 
interlock even in the présence of any finite number of 2-chains. 

The proof of Theorem 3 dépends upon a tetrahedron formed by the 4-gon, and does not show that a 
3-chain and a k-gon can interlock for any A: > 4. In fact, adding any small edge to the 4-gon would allow 
the 3-chain to escape. On the other hand, our conjecture that a 3-chain can interlock with a 4-chain, 
once established, would imply that a 3-chain can interiock with a k-gon for any k^Sby Connecting the 
endpoints of the 4-chain with one or more edges. 

Chains that model physical objects, such as robot arms or protein backbones, often have restrictions 
placed on the motion of a joint. There are a number of interesting problems for open and closed chains 
under various restrictions on motions. For example, we conjecture that a rigid, open 3-chain can interlock 
with a flexible, open 3-chain. 
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ABSTRACT 
We advance the study of collections of open linkages in 3-
space that may be interlocked in the sensé that the link
ages cannot be separated without one bar crossing through 
another. We consider chains of bars connected with rigid 
joints, revolute joints, or universal joints and explore the 
smallest number of chains and bars needed to achieve in-
terlock. Whereas previous work used topological invariants 
that applied to single or to closed chains, this work relies on 
géométrie invariants and concentrâtes on open chains. 

Catégories and Subject Descriptors 
F.2.2 [Analys i s of A l g o r i t h m s ] : Nonnumerical Algorithms— 
Geometrical problems and œmputations 

General Terms 
Theory 

Keywords 
Linkages, Knots, Geometry, Configurations, Robotic Arms, 
Protein Models 

1. INTRODUCTION 
Consider a simple polygonal chain that is embedded in 3-

space with disjoint, straight-line edges, which we think of as 
fixed-length bars. We call a chain with k bars a k-chain. The 
A; + 1 vertices of a /c-chain are the two end points, adjacent 
to the end bars, and k — 1 internai vertices, or joints. We 
can place restrictions that each joint be rigid, permitting no 
relative motion between its two incident bars, or be revolute, 
a term that we will consistently use for a rotational joint 
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N S F grants 9988742 a n d 0076984. 
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that préserves the angle between its two incident bars, or be 
flexible, serving as a universal joint that allows any rotation. 

A motion of a chain is a motion of the vertices that pré
serves the length of the bars, respects the restrictions on 
joints, and never causes nonadjacent bars to touch. We say 
that a collection of disjoint, simple chains can be separated if, 
for any distance d, there is a motion whose resuit is that ev-
ery pair of points on différent chains has distance at least d. 
If a collection cannot be separated, we say that its chains 
axe interlocked. 

In this paper, we characterize collections of open chains 
with small numbers of bars that can interlock. Our results 
on pairs of chains, summarized in Table 1, explore when it 
is possible for an open fc-chain to interlock with an open m-
chain. A resuit that an open fc-chain can interlock with an 
m-chain also implies that open or closed Z-chain, with / > k, 
can interlock with an m-chain, and a resuit that no open 
fc-chain can interlock with an m-chsiin also implies that no 
open /-chain with l < k can interlock with an m-chain. 

In addition, we show that 

• Two flexible 3-chains with any finite number of flexible 
2-chains cannot interlock, but three flexible 3-chains 
can interlock. 

• A flexible 4-chain with any finite number of flexible 
2-chains cannot interlock, but a flexible 3-chain and 
4-chain can interlock. 

We prove results on separability of chains in Section 2, and 
on interlocked chains in Section 3. Our proofs assume gên
erai position, namely that no nonincident bars are coplanar 
and no three joints coUinear. Since we can enforce gênerai 
position by a small perturbation, this assumption can be 
maxie without loss of generality. We list some remaining 
open problems in Section 4. 

Previous work has considered motions of single chains and 
of closed chains. A straightening of a flexible chain is a mo
tion that msikes ail joint angles become 180°. If a single 
chain cannot be straightened, we say that it is locked. It is 
known that a single, open chain in 3-space, having as few 
as 5 bars, can be locked [4, 1]. In a companion paper [7], 
we showed examples with open and closed chains that were 
interlocked, including an open 3-chain with a quadrilatéral 
and an open 4-chain with a triangle. In thèse previous works 
it was possible to (conceptually) close an open chain by 
adding a pièce of rope, then argue that géométrie proper-
ties kept the rope from interfering with any motion, and that 
topological invariants demonstrated that the resulting closed 
links were interlocked. However, this approach does not ex-
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2-chain 3-chain 4-cha.in 5-chai n 
flexible rip'îH flexible rpvnliitp 1 igiu flexible TPvnl 111 p rip'îH 

flpvihlp _5 2 _5 _5 ,15 
T 

rigid _ _ _4 + 
3-chain flexible _ i _6 ^18 + + + 

revolute _4 _6 + + + + + 
rigid _5 + + + + + 

4-chain flexible _2 + + + + + + 
revolute _5 + + + + + + 

rigid _5 + + + + + + + 
5-chain rigid ^15 + + + + + + + + 

Table 1: Our resu l t s o n in ter lock ing pairs of o p e n chains . ( + ) = can , ( — ) = CEinnot in ter lock . In s u p e r s c r i p t 
is t h e n u m b e r of t h e t h e o r e m p r o v i n g t h e resui t , t h e o t h e r entr ies are impl i ed . 

tend: we cannot simply close two or more open chains with 
ropes because the ropes may interfère with one another. In-
stead we establish géométrie invariants, typically about the 
convex hull of joints and the relations of the end bars, often 
by considering convenient projections of the linkage. We 
emphasize the différent proof techniques used within each 
section. 

One of the inspirations for our work was a question posed 
by Anna Lubiw [6]: into how many pièces must a chain 
be eut so that the pièces can be separated and straight-
ened? This question is motivated by proteins, which may, 
according to some théories, temporajily split apart in order 
to reach the minimum-energy folding. Our results on open 
flexible chains, along with the locked 5-chain of [4, 1], im-
ply that a set of chains can always be separated ajid every 
chain straightened if the total number of middle bars is less 
than three. If the end bars are long enough, there are inter-
locked configurations whenever the number of middle bars 
is at least three. Soss [8] investigated revolute chains^, also 
motivated by proteins, and created a "staple and hook" ex
ample of an interlocked revolute 3-chain and 4-chain. We 
have an interlocked example with two revolute 3-chains. 

The complexity of deciding whether a given chain can 
be unlocked is not known. One décision procédure applies 
the roadmap algorithm for gênerai motion planning [2, 3], 
which runs in polynomial space but exponential time. Be
cause ail of our results are for a few chains, each of a few 
joints, the roadmap algorithm could in principle establish 
interlock for our examiples, but couldn't discover them and 
probably wouldn't give insight into their structure. On the 
other hand, the sepaxability proofs apply to gênerai classes 
of sets of chains, rather than the spécifie instances handled 
by the algorithm. 

2. SEPARABLE CHAINS 
In this section, we prove that certain configurations are 

^Here, and throughout this paper, a revolute joint is one 
that préserves the angle between the adjacent bars, which is 
called an "edge spin" in [9] and a "dihedral motion" in [8]. 
In some areas "revolute" is used for the larger class of pin 
joints whose axes need not align with one of the bars; we 
use only the restricted définition. 

separable by extending a scaling idea (whose earliest référ
ence we know is de Bruijn [5]) and other arguments to find a 
separating motion. Except for a couple of cases involving a 
flexible 2-chain, the theorems in this section are tight in the 
sensé that, for the chains considered, any additional bars or 
further restrictions on the motion can allow an interlocked 
configuration. 

2.1 Two 3-flexible chain+many 2-flexible can
not interlock 

We show that two 3-chains (even with added 2-chains) 
never form an interlocked configuration. 

THEOREM 1. Two open, flexible 3-chains and any finite 
number of flexible 2-chains can always be separated. 

PROOF. Consider two 3-chains Ci and C2, and especially 
their middle bars, fei and ^2. By our gênerai position as-
sumption, non-adjacent bars are not coplanar. Let K he & 
plane between, and parallel to, the middle links fci and k2-
We may choose the coordinate System such that K is the yz 
plane. If necessary, apply another small perturbation to en-
sure that no two vertices have the same x coordinates except 
for the vertices of ki and of ^2. 

Now, consider the affine transformation x —» QX for any 
real a > 1. Note that this is a non-uniform scaling that 
increases ail distances between pairs of points with différent 
x-coordinates. Thus, it préserves the lengths of ki and k2, 
and increases the length of ail the other edges. 

Create a motion parameterized by time t > 1 by placing 
the chains according to the transform for a = t, and trun-
cating the edges at both ends of each chain to préserve the 
lengths. Because afline transformations préserve incidence 
relationships among Unes, the motion cannot cause any bars 
to touch. As t becomes large, the chains sepaxate arbitrarily 
far, so they are not interlocked. • 

We can prove a similax theorem for an open 4-chain £md 
2-chains. 

THEOREM 2. An open, flexible 4-chain and any finite num
ber of flexible 2-chains can always be separated. 

PROOF. AS in the proof of Theorem 1, rotate the config
uration so that the three joints of the 4-chain are parallel to 
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the yz plane, and apply the affine transformation x —> ax 
for any real a > 1 to increase the distance between ail ver-
tices except the joints of the 4-chain. Each end bar can be 
truncated to obtain a separating motion. • 

A coroUary improves the bound for a problem posed by 
Lubiw, and fnst addressed in [7]. 

CoROLLARY 3. Given o n-chain, it is always possible to 
eut [(n — 3)/2J vertices so that the pièces obtained can be 
separated and straightened. 

PROOF. Cut the 4th joint, then eut every other joint to 
obtain one 4-chain and many 2-chains. • 

The next three subsections establish theorems on pairs of 
chains with restricted motions. 

2.2 2-rigid+3-revolute cannot interlock 

THEOREM 4. A rigid 2-chain and a revolute 3-chain can
not interlock. 

PROOF. Consider the rigid 2-chain P = (po,Pi,P2) and 
the revolute 3-chain R = (ro,ri ,r2,r3) . The gênerai posi
tion assumption ensures that no two non-adjacent edges are 
coplanar. Let H be the plane containing P. Then R inter-
sects H in at most three points: let be the intersection 
between rjri+i and H, if it exists. 

The two lines containing popi and pip2 divide H into 4 
quadrants <5i, . . . , Q4. If quadrant Qi, Q2, or Q3 contains 
no intersection point , then P can be separated by a trans
lation in H: if Qi is empty, we translate P in the direction 
pïp2, if Q2 is empty, we translate P in the direction P2P1, 
and if Q3 is empty, we translate P in the direction pôpi. 
Otherwise, we may assume rjj 6 Qi, r'i^ € Q2 and r[^ e Qs-

Q4 

F i g u r e 1: 2 -cha in P in i t s p l a n e H. 

Now, translate P in H so that joint pi is within a dis
tance £ of rjj as shown in Fig. 1, where £ > 0 is a small 
value to be chosen later. This can be done without intersec
tions. If the segment rj^r^j does not intersect P, then we 
can rotate P counterclockwise about rĵ  until quadrant Q2 
(which is changing shape as P rotâtes) becomes empty— 
then translate P in the direction P2P1. There remains the 
case in which segment r'^^r'^^ intersects P. We anaJyze two 
subcases: either ii = 1 and r[ is in Q i , or ii ^1. 

lîr'i 6 Qi , suppose that the middle bar of R is fixed. Then 
the end bar rori can move in a cone with apex ri and axis 
rir2 passing through rj. If £ was chosen small enough, this 
cone intersects / / in a curve (a conic section) that connects 
point r'o to some point in quadrant Q4 without intersecting 
Qi. Bar rori can rotate until it reaches the ray from r[ 
through r'i^ e Q3 without intersecting bar r2rî, so we can 
rotate r'o into Q4, then can sepairate P by a translation in H. 

For the last case, we assume without loss of generality 
that r[ e Q2, r'o e Qi and r'2 e Qa- Then, for any <5 > 0, we 
can choose e small enough so that P can be translated to be 
at distemce at most S from ri without crossings. Because the 
vertex angles at ri and r2 are fixed, we can choose 5 small 
enough in order to rotate r2r3 without crossings to bring it 
arbitrsirily close to rori. Then, for some small values of S 
and then e, the cone describing the motions of pip2 when 
Popi is fixed does not intersect rir2, and we can move pip2 
until we faJl into one of the previous cases. • 

2.3 2-flexibIe+4-rigid cannot interlock 
When the 2-chain is flexible, the extra degree of freedom 

allows it to escape in its plane from any chain that intersects 
the plane in at most four points. 

THEOREM 5. A flexible 2-chain and a rigid 3-chain, 4 -
chain, or closed 5-chain cannot interlock. 

PROOF. As in the previous theorem, let the 2-chain P = 
(po, Pi, P2) define a plane H and four quadrants, Qi , . . . , (54. 
Consider the at most four points where the other chain R 
intersects H. If one of the quadrants Qj, for j e { 1 , 2 , 3 } , 
does not contain at least one intersection point, then we can 
separate P from R by translation in H. 

We could move point pi along pipi , allowing popi to rotate 
if it reaches any point in Q2, unless and until pi approaches 
a ray p\2 = r î f 2, with ri E RC\Qi and r2 € P n Q2. We 
could then move pi along ray pi2, until pi approaches a ray 
Pi3 = r'iTs, with r'i G P n Qi and rs e P n Qa. If thèse 
motions do not separate the chains, then we have found two 
rays that cross in Q4. This implies that ri 7̂  r[ and we 
know the quadrants of ail four points of RCiH. We can now 
straighten the 2-chain P by a motion in H that préserves 
the ray/chain intersection points ri2 PI P and ris n P . Then 
we can separate P from R by translation. • 

2.4 3-flexible+3-revolute cannot interlock 

THEOREM 6. A flexible 3-chain and a revolute 3-chain 
cannot interlock. 

PROOF. Let P = (po , . . . ,P3) dénote the flexible 3-chain 
and P = ( r o , . . . , ra) dénote the revolute 3-chain. Consider 
the projection of the two chains from the viewpoint pi onto 
a sphère. AU three bars of R and P2P3 project to segments of 
great arcs of angle < n, and popi and pip2 project to points. 
Thus popi can be moved arbitrarily close to ri r2 unless its 
projection is enclosed in a triangle formed by rori, r2r3 and 
P2P3- But then, looking at the projection from viewpoint p2 
instead, P2P3 can be moved arbitrarily close to rir2. Once 
one of the end bars of P is moved close to rir2, the second 
end bar can be moved close to rir2 as well, and they can 
then both be moved close to the midpoint of rir2. 

So we have reached a configuration where both popi and 
P2P3 are at a distance at most e from the midpoint rj of rir2 
for some appropriate £ > 0. Let H be the plane containing 
pi, p2 and r[, and project P onto H in the direction rir2. 
For any given S > 0, we can choose the value of e so that for 
any bar ab intersecting i ï at a distance > S from any point 
of the projection of P , that segment does not touch any bar 
of P. 

Let r'i be the intersection of riri+i with H. If we fix 
the position of rir2, the possible positions of rori and r2r3 
intersect H in two curves (conic sections). Both thèse curves 
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F i g u r e 2: P o s s i b l e p o s i t i o n s for r'o on c o m p o n e n t s of 
t h e d o t t e d e l l ipse in H. 

are eut into pièces by the projection of P. Those pièces will 
be called components for r'o or r'2. 

We will describe several motions of the chain P where 
P1P2 will remain in H and will be translated in some speci-
fied direction, while the support Unes of popi and paPa will 
slide around r'i and remain within a distance s of that point. 
We will call any such motion feasible if there exists a simul-
taneous motion of R, with rir2 fixed, that introduces no 
crossings. This motion will not introduce crossings between 
P ajid itself, or between P and rira. Also, rori and r2r3 

only intersect if the rays r^rô and r'ir'2 are equal, so we will 
have to préserve the radial ordering of rô and r'2 with re
spect to r'i during the motion. The last kind of possible 
crossings would be between the end bars of R and the chain 
P. For those, we observe the possible movements of those 
end bars, which correspond to the components for r'g or r'2. 
If the component for r'o or r'2 is unbounded (e.g. the end 
of a parabola), then the corresponding bar can be moved to 
stop intersecting H, which can only help moving P away. If 
the component for r'o or r'2 is bounded but never dissapears 
during the entire motion, the corresponding bar can be con-
tinuously moved within that component to avoid crossings 
with P. So, if r'o and r'2 are contained in unbounded com
ponents, or in bounded components that never disappear 
during the entire motion, then the motion is feasible. Con-
versely, the only way for a motion not to be feasible is when 
either r'o or r'2 is contained in a bounded component that 
disappears. Because the curves are convex, and r'i is inside 
their convex hull, the disappearance of a component during 
a motion of the Itind described above must involve piP2. 

Fig. 2 dénotes hy X, Y and Z the three kinds of compo
nents that could disappear. Since we have only two points 
to place in those components, at least one of X, Y ox Z 
contains neither r'o nor r'2, and perhaps does not exist. If X 
is empty or non-existent, then we can translate pip2 in the 
direction p2Pi. This translation does not reduce the size of 
Z until P1P2 stops bounding Z, and Y remains unchanged 
by the motion, and so the motion is feasible. If Z is empty 
or non-existent, then translating pip2 in the direction pip2 
produces a feasible motion for the same reasons. If Y is 
non-existent for at least one of the two curves, then X and 
Z are the same component for that curve and we fall into 
the previous case. Finally, suppose Y exists and is empty 
for both curves, and there is a non-empty X component 
ajid a non-empty Z component. Assume that X contains r'o 
and Z contains r'2. Then one of the two curves must be an 
ellipse; assume that it is the curve containing r'o. We can 
translate piP2 with r'o along its component, away from r'i, 
until the Y component of r'o disappears, Connecting the X 
and Z components of r'o and falling back into the previous 
case. • 

3. INTERLOCKED CHAINS 
To show that two or more chains are interlocked we estab-

lish géométrie invariants, often regarding the convex hull of 
selected vertices or joints. We begin with some useful pre-
liminaries. We use a bracket [abcd] to dénote the 4 x 4 
orientation déterminant of the homogeneous coordinates of 
four points a, 6, c, and d. It wil^ be positive if the ray ah is 
consistently oriented with ray cd according to a right-hand 
rule. 

Since we axe concerned with invariants under motion, the 
points in a bracket will move over time. We can make state-
ments about the invariance of faces of convex hulls like the 
foUowing two lemmas; see Figure 3 for an illustration. 

LEMMA 7. Under continuons motion ofa, b, c, andd, dé
terminant [abcd\ is positive iff the convex hull CH (a,b, c,d) 
is a tetrahedron with edges to a, b, and c appearing in counter-
clockwise (ccw) order around d. 

PROOF. This is a conséquence of properties of the orien
tation déterminant. • 

r 

F i g u r e 3: T h e c o n f i g u r a t i o n s for L e m m a s 7 a n d 8. 

LEMMA 8. Suppose, as depicted at the right of Figure 3, 
that the convex hull CH{a,b,c,d,q) initially has six faces 
Aqac, Aqcb, Aqbd, Aqda, Aadc, and Abcd. As long as 
three conditions hold under motion of a, b, c, and d—that 
Aadc and Abcd are faces of convex hull CH(q,a,b,c,d), 
that barpq intersects CH(a,b,c,d) with [pqab] > 0, and that 
qr intersects CH{a,b,c,d) with [qrab] > 0 — t h e convex hull 
CH{a,b,c,d,q) retains its face structure. In particular, ab 
piercts Aqcd. 

PROOF. Since Aadc and Abcd remain faces of the con
vex hull CH{q, a, b, c, d), they remain faces of CH{a, b, c, d), 
which must be a tetraJiedron. By Lemma 7, [abcd] > 0. 

We claim that q remains in the intersection of halfspaces 
bounded by planes through acd, bcd, abd, and acb. Thèse 
planes are indicated by dotted Unes at the right of Figure 3. 
If point q would exit this intersection by first reaching planes 
through acd or bcd, then a or 6 would no longer be a vertex 
of the convex hull CH{q,a,b,c,d). If q first reEiched ahd or 
acb, then pq or qr could no longer intersect the tetrahedron 
abcd and maintain a positive orientation déterminant with 
ab. (Note that reaching two or more planes simultaneously 
still violâtes the conditions.) Thus, q remains on the convex 
hull and keeps ail its incident faces. • 
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F i g u r e 4: T h r e e flexible 3 -cha ins t h a t interlock. 

3 . 1 T h r e e f lexible 3 - c h a i n s c a n in ter lock 
In this section we show that the three open 3-chains of 

Fig. 4 interlock. We say that chain i, for i 6 { 0 , 1 , 2 } has 
vertices Wi, Xi, yi, and Zi, as illustrated. We will use index 
arithmetic module 3. 

To make this example, one could start with Borromean 
rings made of triangular chains with Wi = Zi, then extend 
the end bars of chain i above and below the surrounding 
chain (i + 1) until the end bars are at least three times 
longer than the middle bars. Let us assume that the middle 
bars have unit length. 

THEOREM 9. Three flexible 3-chains can interlock. 

PROOF. We can make a number of initial géométrie ob
servations, which we will show are géométrie invariants of 
this linkage. When we say a segment pq pierces a triangle 
Aabc, it is a shorthand for saying that fîve brackets are pos
itive: [pabc], [a6cq], \pqab], \pqbc], and \pqca]—that is, points 
p and q are on opposite sides of the plane abc and Aabc is 
oriented consistent with a right-hand rule around pq. We 
have the following for alH € {0 ,1 ,2} : 

(1) The convex hull of the joints Q = CH{{xj,yj \ 0 < 
j < 2}) is an octahedron with edges to Xi+i, j / i- i , Vi+i 
and Xi-i appearing counter-elockwise (ecw) airound Xi 
and eloekwise (cw) around yi. 

(2) Middle bar Xij/i pierces A x i - i j / i - i X i + i . 

(3) End bar XiWi pierces Aj / i - iXi- i j / i+ i , forms positive 
déterminants [xiWiXi+iyi+i] and [xiWij/i+iZt+i], and 
exits the hull Q. 

(4) End bar j/iZi pierces Axi - i i / i_ i i / i+ i (the same triangle 
with the opposite orientation), forms positive détermi
nants [yiZiZi+iyi+i] and [yiZiyt+iXi+i], and exits the 
hull Q. 

As the points and vertices move, let us consider which of 
thèse conditions could fail first. We divide them into two 
classes: hull conditions, where a joint or end point goes in-
side the hull Q or a hull edge disappears as two adjacent 
faces become coplanar, and piercing conditions, where a bar 
fails to pierce its triangle or one of its orientation détermi
nants becomes zéro. 

We begin by showing that the first change cannot be a 
joint disappearing inside the convex hull. Consider ver-
tex Xi. Segment XiWi pierces Ayi-iXi-iyt+i and segment 
Xij/i pierces A i i - i i / j - i X i + i . Since both enter the tetrahe-
dron formed by the middle bars Xi-iyt-i and Xi+iyi+i, we 
can apply Lemma 8 to the 2-chain WiXiyi to see that joint Xi 
cannot be first joint to disappear inside the convex hull. 
Similarly, the two segments Xij/iZi intersect the convex hull 
of the two middle baxs such that we can apply Lemma 8 and 
show that joint yi cannot be the first inside. 

If a convex hull edge disappears, then two adjacent trian
gles become coplanar. By the pigeonhole principle, two of 
the vertices of that quadrilatéral aie from the same chain, 
which implies that a middle bar Xij/i is on the convex hull. 
But as long as Xji/i pierces its triangle, it cannot be on the 
convex hull. We show below that the triangle piercing is 
invariant. 

First, however, we argue that end points Wi and Zi never 
enter the hull, by establishing that the hull diameter is less 
than three as long as 1) and 2) hold. 

LEMMA 10. / / the diameter of the convex hull Q is > 3, 
then either Q contains a joint, or a middle bar lies on the 
boundary of Q. 

PROOF. If the hull diameter is three or more, introduce 
two planes perpendicular to the diameter segment that eut 
it into three equal pièces. Thèse planes eut the hull Q into 
three pièces; by the pigeonhole principle, either the first or 
the third pièce contains (the interior of) only one middle 
bar Xiy,. If both joints of this bar are on the convex hull, 
then this bar lies on the hull because the defining plane 
séparâtes thèse joints from the remaining. • 

Thus, the first failures must be piercing conditions, possi-
bly accompanied by an edge (but not a vertex) disappearing 
from the hull. Without loss of generality, we consider that 
among the first piercing conditions to fail is one for a bax 
on chain 1. In préparation for finding a contradiction, we 
draw the projections of relevant bars from the perspectives 
of joints 3/1 and x i in Figure 5, just before any piercing con
dition fails. 

F igure 5: V i e w s of s e l e c t e d bars a n d hull e d g e s f r o m 
yi and f r o m Xi. 

Consider the projection of the octahedron from yi. By 
(1) , we see a convex quadrilatéral J/2Î/0X2X0 oriented ccw. By 
(2) , point x i is initiaJly inside AxoyoX2; since X23/2 pierces 
AxiyiXo, we also know that x i is inside Ax23/23/o. By (3), 
bar W2X2 pierces Axij/ij/o, so the projection of u;2X2 has x i 
to the left and yo to the right, which restricts the placement 
of xi as in the figure. 
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Now, suppose that the condition that xiyi pierces AxoyoX2 
is among the first to fail—that is, one or more of its five ori
entation déterminants become zéro. We show that each case 
contradicts a known property. (We do one case analysis in 
détail to as illustration.) We know that [xiXoyoX2] > 0 
and [xoyoX2yi] > 0, since the triangle is strictly inside the 
convex hull and both vertices Xi and j/i are on the bound-
ary of Q. Thus, it foUows from Lemma 7 that [xiyixoyo] 
can become zéro only if bars xiyi and xoyo are touching. 
Bracket [xiy].yQX2] can become zéro only if the projection of 
X2W2 has moved to be disjoint from the projection of xiyo, 
meaning that the piercing condition for X2'W2 has previously 
failed. Finally, [XIYIX2A:ol eau become zéro only if the condi
t ion that X21/2 pierces Ax i j / i xo has previously failed. This 
establishes that the piercing condition for xiyi cannot be 
among the first to fail. 

We make a similar argument in the projection from yi for 
the piercing conditions for j/izi . By (4), point zi projects 
to the left of X22/2 and 2/0X0. Because 3/2^2 pierces Axiyij /o , 
the projection of 5/222 has yo to the right and x i to the left; 
the orientation déterminant also says that, in projection, 21 
is to the left of 1/222. Thus, zi is restricted to the shaded 
région. Since yizi goes through the hull, Lemma 7 implies 
that the yizi will touch the bars xoj/o, X2y2, or 3/222 if their 
corresponding brackets go to zéro. Thus, 21 can leave the 
shaded région only by touching a bar or by a previous failure 
of a piercing condition. Notice that the points in the shaded 
région satisfy ail the conditions imposed upon yizi in (4). 

The argument for xitni is similar and establishes that 
there can be no first failure of piercing conditions. This 
complètes the proof of Theorem 9. 

3.2 A 3-chain and 4-chain can interlock 

F i g u r e 6: A n e x a m p l e s h o w i n g a l o c k e d 3 - c h a i n a n d 
4 - c h a i n . A d d e d Unes s h o w t h a t t h e c o n v e x hul l o f 
j o i n t s is a b i - p y r a m i d . 

THEOREM 11. Open flexible 3- and 4-chains can inter
lock. 

PROOF. Figure 6 depicts the core of two linked chains, 
ABCDE and wxyz, where bars between joints have unit 
length and end bars have length greater than BC + CD + 
xy = 3. We analyze the convex hull of the flexible joints 
Q = CH{B, C, D, X, y) as the points move. 

In the initial embedding of Figure 6, we make several ob
servations that we will show are invariants. Recall that a 
statement that, for example, xy pierces ADCB is short-
hand for saying that five orientation déterminants are posi
tive: [xDCB], [DCBy], [xyDC], [xyCB], and [xyBD]. 

(1) : Bar xy pierces ADCB. Equivalently, the hull Q is a 
bi-pyramid, with edges to B, C, and D in ccw order 
around x and cw order around y. 

(2) : End bar DE pierces AByx and hull face ABCx and 
makes positive orientation déterminant \DExw\. 

(3) : End bar BA pierces ACyx and hull face ADCy and 
makes positive déterminants [BAzy] and [BAxt/;]. 

(4) : End bar xw pierces ADCB and hull face ACBy and 
makes positive déterminant [iuxj/2]. 

(5) : End bar yz pierces ABCD and hull face ABCx. 

Any motion that séparâtes thèse chains must change the 
convex hull Q and invalidate observation (1), so some set 
of observations must be first to fail. We show by finding 
contradictions that none of thèse can be among the first, 
establishing that there is no separating motion. Unfortu-
nately, this configuration has no symmetries to eut down on 
the number of cases. 

To begin, we apply Lemma 8 to argue that the first event 
cannot include x or y vanishing inside the hull Q. Consider 
X first. Since xw and xy pierce ADCB, both bars intersect 
tetrahedron CH(B,C,D,E). Since [DEyx] and [DExw] 
are positive, we can apply Lemma 8 to show that x cannot 
vanish into tetrahedron CH{B, C, D, E) without some other 
hull change occurring. But vanishing into CH{B, C, D, E) 
would be necessary before x could vanish into hull Q. Simi-
larly, yx and yz pierce ABCD and straddle BA, so Lemma 8 
implies that the point y cannot vanish into the tetrahedron 
CH{A, B, C, D) unless Q has already changed. 

Next, we show that (1) cannot be among the first condi
tions to fail; that xy must remain inside the hull. Since we 
know that x and y remain on opposites sides of the plane 
BCD, we caxi most easily to argue about orientation déter
minants in 3D by considering projections from the perspec
tives of one of the joints, as illustrated in Figure 7. Consider 

F i g u r e 7: P r o j e c t i o n s o f t h e l i n k a g e o f F i g u r e 6 f r o m 
X, D, B, a n d y. 

the view from x, where we see y inside a ccw-oriented tri
angle ABCD. By condition (2), DE pierces ABCx, and 
[DEyx] is positive (from DE piercing AByx); thèse further 
restrict y to lie in a triangle formed by the projections of 
bars BC, CD and DE. By Lemma 7, the projection of y 
cannot reach the projections of BC or CD without causing 
bars to intersect. Nor can it reach reach BD without causing 
bars xy and DE to intersect unless there has been a previ
ous failure of DE to pierce ABCx, violating condition (2). 
Thus, condition (1) cannot be among the first condition to 
fail. 

As long as the hull keeps its structure, we can make an 
argument like that of Lemma 10 to show that the dicimeter 
of the hull is at most three, which implies that end vertices 
never enter the hull. For end bar piercing conditions, there-
fore, we can continue to consider projections from joints, 
without worrying that a joint or end vertex will disappear 
inside the hull. 
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To see that condition (2) cannot be among the first to fail, 
consider the view from D, where we see a convex quadrilat
éral xCyB whose diagonals are bars that restrict the point 
that is the projection of DE. By (4) and (1), bars xw and xy 
pierce ADCB, so there is a triangle formed by projections 
of bars xw, xy, and BC that contains the projection of E. 
For this point to leave the projection of AByx or ABCx 
or change the sign of [DExw], bar DE would intersect bars 
xw, xy, or BC inside Q, or the condition of (4) that xw 
pierces ADCB would have previously faiiled. 

For condition (3), we have a similar case in the view from 
B. If the projection of A were to leave the projection of 
ACyx or ADCy, bar BA would intersect bar xy, yz, or CD, 
or there would have been a previous failure of condition (5), 
that yz pierces ABCD. 

For the piercing conditions of (4), it is sufficient to estab-
lish that xw always pierces ACBy, because as long as it is 
satisfied and (1) xy pierces ADCB, we automatically have 
xw piercing ADCB. We must aiso establish that [wxj/z] > 0 
as points move. Consider once again the view from x. Bar 
xw projects to a point in a région bounded by the projec
tions of CB, zy, BA, and DE as long as (4) bar xw pierces 
ACBy, (5) bar yz pierces ABCx and satisfies [u)xj/z] > 0, 
(3) bar BA pierces ACyx, and (2) [DExw] > 0. Since xw 
cannot intersect bars CB, zy, BA, or DE, for the projection 
of w to leave ACBy or cause [wiyz] to become négative, 
a piercing condition from (5) or (3) must have previously 
failed. Thus condition (4) cannot be among the first to fail. 

For (5), consider the view from y. As long as xy pierces 
ADCB, bar yz piercing ABCx is the more restrictive con
dition. Bar yz projects to a point in a triangle bounded by 
projections of AB, CB, and xw, since (3) AB pierces ACyx 
and (4) xw pierces ACBy. (In this case, we cannot use the 
condition [DExw] > 0, since the projection of point E could 
lie inside ACBx.) Since yz cannot intersect bars AB, BC, 
or xw, the only way to leave ABCx would be after a previ
ous failure of piercing conditions from (3) or (4). 

Since no event can occur among the first events, we know 
that any motion will préserve the triangles of the convex 
hull Q, and that the chains remain interlocked. • 

3.3 2 -r ig id + 3 -r ig id c a n in ter lock 
The remaining subsections investigate interlocking config

urations with restricted motion. 

F i g u r e 8: A rigid 2 - c h a i n a n d a r ig id 3 - c h a i n c a n 
i n t e r l o c k . 

THEOREM 12. A rigid 2-chain can interlock with a rigid 
3-chain. 

PROOF. The starting configuration is as shown in Fig. 8. 
For the two chains P = (po,Pi,P2), and Q = (90,91,92,93), 
we assimie that point 91 = (0 ,0 ,0 ) , point 92 = (1 ,0 ,0) , baj 
9091 goes through the point q'o = ( 1 , - 1 , - 1 ) , bar 9293 goes 

through the point 93 = ( 0 , 1 , - 1 ) , and ail end bars have 
length L. The vertex angle at pi is 7r/2 < /3 < TT. Draw 
a central projection of the configuration onto the xy plane 
from viewpoint p i , as in Figure 8. 

In the starting configuration, both bars of P intersect 
T = CH(q'o,qi,q2,q3), and during any separating motion, 
those bars must cease intersecting T . The diameter of T is 
less thêm 3, so if L > 3 / tan/3, we know that if po or p2 enter 
T, then one of the end b£u-s of P will have already left T . So 
during any separating motion, one of po or p2 will have to 
cross one of the dotted lines in the projection shown in Fig
ure 8. Note that before the motion starts, the dot product 
of the planar vectors in the projection poP2 -9192 > 0, and 
as soon as one of po or p2 intersects one of the dotted lines 
in the projection, poP2 -9192 < 0. Since this is a continuous 
motion, at some instant we have poP2 -9192 = 0; that is, the 
plane containing 2-chain P is perpendicular to 9192-

Consider the intersections of Q with the plane containing 
P at that instant. The intersection with 9192 is at iy,z) = 
(0,0) , the intersection with 9091 lies on the segment joining 
(0,0) to (—1, —1), and the intersection with 9293 lies on the 
segment joining (0 ,0) to ( 1 , - 1 ) . Thus, the support line 
of poPi would have to be below ( — 1 , - 1 ) and above (0 ,0) 
and the support line of pip2 would have to be above (0 ,0) 
and below ( 1 , - 1 ) . But this would imply that 0 < n which 
contradicts the fact that P is rigid. • 

3.4 2 -r ig id + 4 - f l ex ib le c a n interloclc 
Consider the rigid 2-chain P = (po,Pi,P2) and flexible 

4-chain Q = ( 9 0 , . . . , 94) shown in Fig. 9. The lengths of 
the internai edges ki = 9192, and k2 = 9293 are unity, and 
the length of ail end bars is set to some large value L to be 
determined later. Let T be the tetrahedron with vertices 
{Pi ,9i i92,93}- We show: 

LEMMA 13. Starting from the configuration portrayed at 
the left of Fig. 9, consider any motion where none of the 
vertices po, p2, 90 or 94 ever enter the tetrahedron T. Then 
at ail times, the edges popi and pip2 both intersect triangle 
919293-

PROOF. Along with the conclusion stated in the lemma, 
we will show that a few other conditions remain true at ail 
times during the motion: 

[90919293] < 0, [91929394] > 0 

boPi9o9i] < 0, boPi9i9i+i] > 0 for i = 1 , 2 , 3 
[P1P29394] > 0, b2Pi9i9>+i] > 0 for i = 0 , 1 , 2 

and the edges popi and pip2 intersect triangle A919293, 9091 
intersects Apig293 and 9394 intersects AP19192. We prove 
this by showing that none of thèse conditions can be the first 
one to become false. Note that thèse conditions also imply 
that pi remains above the plane containing A919293. 

First consider ail déterminants involving popi or pip2. For 
this, we Project the configuration from the viewpoint pi onto 
the A9ig293 as in the middle of Fig. 9. Let 9Ô be the inter
section of the edge 9091 and the triangle Apig293, 90 projects 
to the intersection point of the projections of the edges 9091 
and 9293. Likewise, let 94 be the intersection of the edge 
9394 and the triangle AP19192; point 94 projects to the in
tersection point of the projections of the edges 9394 and 9192-
Also, let r be the projection of the intersection between the 
projections of the edges 9091 and 9394; point r is the projec
tion of points on those two edges that lie inside T. 
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View from Pi <?; View from qi 

Figure 9: A rigid 2 - c h a i n P and a flexible 4 -cha in Q, w i t h v i e w s from v e r t i c e s pi a n d qi. 

In the projection, po becomes a point lying inside the tri-
jingle Arq'oqs. The three edges of this triangle are the pro
jection of portions of edges completely contained in T, and 
Po is not contained in T, so none of the déterminants in-
volving popi can change sign as the first violated condition 
without involving an edge crossing. The same argument can 
be made about edge pip2 and triangle Arq'^qi. The same 
projection also shows that the edges popi and pip2 will not 
stop intersecting triangle Agi 9293 before some déterminant 
involving one of thèse two edges changes sign. 

For the events involving qoqi, we project the configuration 
from the viewpoint qi onto the Apig293 as in the right of 
Fig. 9. Let Po be the intersection of popi and Agig293, Po 
projects to the intersection point of the projections of the 
edges popi and 9293- Let p2 be the intersection of pip2 
Eind Agi 9293, p'2 projects to the intersection point of the 
projections of the edges pip2 and 9293- In the projection, 
go becomes a point lying inside the triangle ApoPiP2- The 
three edges of this triangle are the projection of portions of 
edges completely contained in T, and go is not contained 
in T, so none of the déterminants involving gogi can change 
sign as the first violated condition without involving an edge 
crossing. The same projection also shows that gogi will not 
stop intersecting triangle Apig2g3 before some déterminant 
involving gogi changes sign. The events involving g3g4 can 
be treated in the same manner, and so none of the events 
can occur first. • 

THEOREM 14. Given any angle 0 < P < ir, there is an 
interlocked œnfiguration of a 2-chain with a 4-chain, if the 
vertex angle of the 2-chain is restricted to stay > 0 during 
the entire motion. 

PROOF. Consider the configuration shown at the left of 
Fig. 9. We show that the length L of ail 4 end bars can be 
made large enough so that the configuration is interlocked. 
By the previous lemma, in order to unlock P and Q, point 
Po or p2 must enter tetrahedron T through Agi 92 93. At the 
time one of thèse endpoints, say po, enters A919293, P1P2 
still intersects Agig293. But the closest point to po on pip2 
is at distance Lsinp. Since the diameter of the triangle 
A9ig293 is less than 2, the configuration will be locked if 
Lsin/? > 2, or L > 2/sin/3. • 

3.5 2-flexible + 5-rigid can interlock 

THEOREM 15. A flexible 2-chain can interlock with a rigid 
5-chain. 

PROOF. We can build this configuration with the coor-
dinates of Figure 10 and check that initially it has positive 

orientation déterminants [piP29«9>+il) ^ ^ { 0 , 1 , 2 } , and 
[poPiÇtÇi+i], for i G {2 ,3 ,4 } . The four planes 9i9i+igi+2 for 
i 6 { 0 , 1 , 2 , 3 } define a tetrahedron r, shown dotted in Fig
ure 10, that contains pi . We can calculate the coordinates 
« and t, as in the figure, so tetrahedron r = CH{q2,q3,s, t). 

In fact, pi cannot leave t without causing baxs of the two 
chains to intersect. Consider the view from pi. Ends po 
and p2 Project to points that are contained in triangles that 
are projections of bars of Q. Thèse projected triangles are 
invariant as long as pi is in t : Because the planes gog293 
and g5g3g2 completely contain r, the end bars of Q project 
onto g2g3 until two edges of a projected triangle becomes 
collinear, which occurs only if pi reaches a face of t . But this 
would also force an intersection in the projection between an 
end bar of P and a bar of Q. Since the length of the end 
bars of P is > 9, and the greatest distance of r from a point 
of the projected triangle is |sgi| = 6, the bars do intersect, 
as promised. • 

PI' 

s = 
t--

: (+4, -2 , -2) 
: (+4, +1,-2) 
: (+2, 0, 0) 
: (-2, 0, 0) 
: M , - 1 , - 2 ) 
: (-4. +2, -2) 

: (-7.5,-1,-t) 
:(0, 0 ,+ l ) 

: (+7.5,+!,-*) 

^(0,-1,+2) 
:(0,+] ,+2) 

q, % 
View from p. 

Figure 10: A flexible 2 - c h a i n a n d a r igid 5 - c h a i n c a n 
interlock. 

3.6 3-rigid + 3-flexible can interlock 
As shown in Section 2.1, two flexible 3-chains cannot in

terlock. To obtain a locked configuration for two 3-chains, 
we could restrict the motion of the chains in severaJ ways. 
To make thèse ways précise, consider a 3-chain with vertices 
Po, Pi, P2, and P3, and define 
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• the vertex angle at pi, for i = 1,2, which is the angle 
Zpi - ip iP i+ i , and 

• the dihedral angle of the 3-chain, which is the angle 
between the orthogonal projections of popi and p2P3 
onto a plane perpendicular to pip2. 

In a flexible chain, thèse angles are completely unrestricted. 
For a revolute chain, the vertex angles cannot change during 
the motion. We will prove that two 3-chains can be locked 
if: 

• The sum of the two vertex angles for each chain is 
bounded from above by some angle a < TT, or 

• Each of the three angles of one of the chains is bounded 
from below by some angle (3 > 0, the other chain being 
completely flexible. 

F i g u r e 11: T w o 3 - c h a i n s t h a t i n t e r l o c k if t h e j o i n t s 
a r e r e s t r i c t e d . 

Consider the 3-chains P = ( p o , . . . , ps) and Q = (go, •. •, 93) 
shown in Fig. 11. The lengths of middle edges i = pip2 and 
fc = 91^2 are unity, and the length of ail end bars is set to 
some large value L to be determined later. Let T be the 
tetrahedron with vertices {p i ,P2 ,9 i ,92} - We first show: 

LEMMA 16. Starting from the œnfiguration of Fig. 11, 
œnsider any motion where none of the vertices po,P3,9o or 
qs ever enter the tetrahedron T, then at ail times, 

, , f < 0 for i = j = l > 
[p iP.+i*gj+i ] I > 0 other^e, 

and the end bar starting at each vertex of T intersects the 
opposite facet of the tetrahedron. 

PROOF. It can be verified that expression (1) is true at 
the stairting configuration. Consider the first occurrence of 
an event that might cause (1) to become false. To consider 
[PoPi9j9j+i] for j = 0 , 1 , 2 , we project the inside of T from 
vertex pi . This is illustrated in Figure 12. 

F i g u r e 12: V i e w f r o m pi 

Point pi sees the triangle q\q2P2 containing po. T h e seg
ment qoq\ intersects Apip2g2 and thus intersects p2g2 in the 
projection, and the segment 9293 intersects Apip2gi and 
so intersects p2gi in the projection. Because po is ax;tuaJly 
the projection of popi, the possible projections of popi are 
bounded by the segments qoqi, 9192, and 9293. AU the other 
cases are symmetric to this one except [pip29i92]- But this 
corresponds to the segments i and k becoming coplanar and 
T becoming empty. But this cannot happen before one of 
the other events. • 

THEOREM 17. Given any angle 0 < /3 < TT, there is an 
interlocked configuration of two 3-chains where the dihedral 
angle and both vertex angles of the first chain are > P during 
any motion and the other chain is unrestricted. 

PROOF. By Lemma 16, the dihedral angle of P is at most 
the angle 9 between Apip2gi and Apip292 (and thus 0 > /3) 
as long as po,P3,9o and 93 stay out of T . The restriction 
on the vertex angles of P also imply that one of the angles 
/p iP29 i and Zpip292 is at least 0, and the same for the 
angles Zp2Pi9i and Zp2Pi92. Since i and k are both of 
length 1, then if the longest distance between any two points 
in T is D, then p i 9 i , P192, P291, and P292 are ail of length 
> D — 2. Along with the restrictions on the angles of P, 
this implies that {D — 2 ) s in /3 < 1 as long as po,P3,9o and 
93 stay out of T . Thus if we set the length L of the end bars 
larger than 2 -I-1/ sin /3, po, P3,90 and 93 will never enter T , 
and the configuration is locked. • 

CoROLLARY 18. A rigid 3-chain and a flexible 3-chain 
can interlock. 

3.7 3 - revo lute + 3 - revo lu te c a n in ter lock 
In this subsection we consider 3-chains of Figure 11 as 

revolute chains, and consider the cônes obtained by rotating 
each of the end bars axoimd the middle edge. We will need 
a new lemma: 

LEMMA 19. In any motion starting from the configura
tion of Fig. 11, the four canes defined by the chains P and 
Q have a non-empty intersection as long as none of the ver
tices Po, p3, 90, or 93 enter the tetrahedron T. 

PROOF. Using Lemma 16, we claim that the end bars of 
one of the chains have to intersect both cônes of the other 
chain. To see this, observe that if, say, bar popi does net 
intersect the cone at 91, then [poPi9o9i] and [P0P19192] have 
opposite signs (because 9091 is inside the cone), which con-
tradicts lemma 16. Pick a point 9 at the intersection of 
the boundary of the two cônes of Q, such that 991 and 929 
have a positive orientation with popi and p2P3. This implies 
that bars popi and pip2 both intersect the triangle 91929. 
Construct p the same way, and notice that the triangles 
P1P2P and 91929 intersect. Since the triangles are subsets 
of the cone intersections of their chains, this complètes the 
proof. • 

THEOREM 20. Given any angle 0 < a < TT, there is an 
interlocked configuration of two 3-chains where the sum of 
the two vertex angles of each chain stays < a during any 
motion (and the dihedral angles are unrestricted). 

PROOF. Let Ri, for i = 1,2, be the union, over ail possible 
pairs of vertex angles with sum < a, of the intersections of 
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the two cônes of C,. Note that Ri is contained in a sphère 
of radius (cot((7r — a ) / 2 ) + l ) / 2 centered at the midpoint 
of its middle bar. By Lemma 19, we know that Ri and R2 
intersect, and so do the sphères that contain them, as long 
as the conditions of lemma 16 are satisfied. So if we set 
the length L of the end bars larger than cot((7r — a)/2) + 2, 
then vertices po, ps, qo and qs will never enter T, and the 
configuration is interlocked. • 

CoROLLARY 21. Two revolute 3-chains can interlock. 

4. C O N C L U S I O N 
We have settled the majority of the problems for small 

interlocked chains. Two problems that would complète Ta
ble 1 remain open, as well as other questions that we find 
interesting: 

1. 

2. What is the smallest k for which a revolute fc-chain 
can interlock with a flexible 2-chain? Does cutting 
one-third of the vertices of a flexible chain suffice to 
separate the pièces? Corollary 3 says one-half sufRces, 
but our results do not immediately lead to a better 
bound. 

3. What are the interlocking configurations for sets of 
three or more chains with restricted motions? For ex
ample, we conjecture that a revolute 3-chain and two 
rigid 2-chains can interlock. 

4. What is the complexity of deciding whether given chains 
are interlocked? 

A c k n o w l e d g m e n t s 
We thank Andréa Mantler for her careful reading of the 
proofs. Work in this area was initiated in the Waterloo al-
gorithmic open-problem session, and continued at CCCG 
2000, with contributions by Thérèse Biedl, Hamish Carr, 
Eowyn Cenek, Timothy Chan, Beenish Chaudry, Martin De-
maine, Rudolf Fleischer, John lacono, Anna Lubiw, Veron-
ica Morales, Katherine Sinclair, Geetika Tewari, and Ming-
wei Wang. The last author wishes to thank Sarah Snoeyink 
for pipe cleaners and cofïee stirrers. 

5. R E F E R E N C E S 
[1] T. Biedl, E. Demaine, M. Demaine, S. Lazard, 

A. Lubiw, J. O'Rourke, M. Overmars, S. Robbins, 
I. Streinu, G. Toussaint, and S. Whitesides. Locked and 
unlocked polygonal chains in 3D. In Proc. lOth 
ACM-SIAM Sympos. Discrète Algorithms, pages 
866-867, January 1999. Pull version LANL arXive 
cs.CG/9910009. 

[2] J. Canny. A new algebraic method for robot motion 
planning and real geometry. In Proceedings of the 28th 
Annual Symposium on Foundations of Computer 
Science, pages 39-48, Los Angeles, California, October 
1987. 

[3] J. Canny. Some algebraic and géométrie computations 
in PSPACE. In Proceedings of the 20th Annual ACM 
Symposium on Theory of Computing, pages 460-469, 
Chicago, Illinois, May 1988. 
J. Cantarella and H. Johnston. Nontrivial embeddings 
of polygonal intervais and unknots in 3-sp£ice. J. Knot 
Theory Ramifications, 7(8):1027-1039, 1998. 

[5] N. G. de Bruijn. Nieuw Archief voor Wiskunde, 2:67, 
1954. Problems 17 and 18. Answers in Wiskundige 
Opgaven met de oplossingen, 20:19-20, 1955. 

[6] E. D. Demaine and J. O'Rourke. Open problems from 
CCCG'99. In Proc. 12th Canad. Conf Comput. Geom., 
pages 269-272, August 2000. 

[7] Erik Demaine, Stefan Langerman, Joseph O'Rourke, 
and Jack Snoeyink. Interlocked closed and open 
linkages with few joints. Submitted. Preliminary 
version by DLO'R in CCCG, 2001. 

[8] M. Soss. Géométrie and Computational Aspects of 
Molecular Reconfiguration. PhD thesis, McGill 
University School of Computer Science, 2001. 

[9] M. Soss and G. T. Toussaint. Géométrie and 
computational aspects of polymer reconfiguration. J. 
Math. Chemistry, 27(4):303-318, 2000. 

What is the smallest k for which a flexible fc-chain 
can interlock with a flexible 2-chain? We believe that 
6 < /c < 11. 
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A 2 - C H A I N C A N I N T E R L O C K W I T H A A - C H A I N 

JULIE GLASS, S T E F A N L A N G E R M A N , J O S E P H O'ROURKE, J A C K S N O E Y I N K , 
A N D J I A N Y U A N K. ZHONG 

ABSTRACT. One of the open problems posed in [3] is: what is the minimal number 
k such that an open, flexible /c-chain can interlock with a flexible 2-chain? In this 
paper, we establish the assumption behind this problem, that there is indeed some 
k that achieves interlocking. We prove that a flexible 2-chain can interlock with a 
flexible, open 16-chain. 

1. I N T R O D U C T I O N 

A polygonal chain (or j u s t chain) is a l inkage of r ig id b a r s ( l ine s e g m e n t s , e d g e s ) 
c o n n e c t e d a t t h e i r e n d p o i n t s ( jo in t s , ve r t i ces ) , wh ich f o r m s a s i m p l e p a t h ( a n open 
chain) o r a s i m p l e cyc le ( a closed chain). A folding of a c h a i n is a n y r e c o n f i g u r a t i o n 
o b t a i n e d b y m o v i n g t h e ve r t i ce s so t h a t t h e l e n g t h s of e d g e s a r e p r e s e r v e d a n d t h e 
e d g e s d o n o t i n t e r s e c t o r p a s s t h r o u g h o n e a n o t h e r . T h e v e r t i c e s a c t a s u n i v e r s a i 
j o i n t s , so t h è s e a r e flexible chains. If a co l l ec t ion of c h a i n s c a n n o t b e s e p a r a t e d b y 
fo ld ings , t h e c h a i n s a r e s a id t o b e interlocked. 

I n t e r l o c k i n g of p o l y g o n a l c h a i n s was s t u d i e d in [4, 3], e s t a b l i s h i n g a n u m b e r of 
r e s u l t s r e g a r d i n g w h i c h co l l ec t ion of c h a i n s c a n a n d c a n n o t i n t e r l o c k . O n e of t h e 
o p e n p r o b l e m s p o s e d in [3] a sked for t h e m i n i m a l k s uch t h a t a f l ex ib le o p e n A;-chain 
c a n i n t e r l o c k w i t h a f l ex ib le 2 -cha in . A n u n m e n t i o n e d a s s u m p t i o n b e h i n d t h i s o p e n 
p r o b l e m is t h a t t h e r e is s o m e k t h a t ach ieves in te r lock ing . I t is t h i s q u e s t i o n we 
a d d r e s s he re , s h o w i n g t h a t k = 16 suff ices . 

I t w a s c o n j e c t u r e d in [3] t h a t t h e m i n i m a l k sa t i s f ies 6 < A; < 11. T h i s c o n j e c t u r e 
w a s b a s e d o n a c o n s t r u c t i o n of a n 11 -cha in t h a t likely d o e s i n t e r l o c k w i t h a 2 - c h a i n . 
W e e m p l o y s o m e i d e a s f r o m t h i s c o n s t r u c t i o n in t h e e x a m p l e d e s c r i b e d he re , b u t fo r 
a 16 -cha in . O u r m a i n c o n t r i b u t i o n is a p r o o f t h a t k = 16 suf î ices . I t a p p e a r s t h a t 
u s i n g m o r e b a r s m a k e s i t eas ie r t o o b t a i n a f o r m a i p roo f of i n t e r l o c k e d n e s s . 

R e s u l t s f r o m [3] i nc lude : 

(1) T w o o p e n 3 - c h a i n s c a n n o t i n t e r lock . 
(2) N o co l l ec t ion of 2 - c h a i n s c a n in te r lock . 
(3) A flexible o p e n 3 - c h a i n c a n in t e r lock w i t h a f lexible o p e n 4 - c h a i n . 

T h i s t h i r d r e su i t is c r u c i a l t o t h e c o n s t r u c t i o n we p r é s e n t , w h i c h e s t a b l i s h e s o u r 
m a i n t h e o r e m , t h a t a 2 - c h a i n c a n i n t e r l o c k a 16-cha in ( T h e o r e m 1 b e l o w . ) 
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2. I D E A OF P R O O F 

W e first s k e t c h t h e m a i n i dea of t h e p r o o f . If we c o u l d b u i l d a r i g id t r a p e z o i d 
w i t h s m a l l r i n g s a t i t s f o u r ve r t i ce s (Ti,T2, T3, T4), th i s c o u l d i n t e r l o c k w i t h a 2 - cha in , 
a s i l l u s t r a t e d in F i g u r e l ( a ) . Fo r t h e n p u U i n g ve r t ex v of t h e 2 - c h a i n a w a y f r o m 
t h e t r a p e z o i d w o u l d neces sa r i l y d i m i n i s h t h e hal f a p e x a n g l e a, a n d p u s h i n g v d o w n 
t o w a r d t h e t r a p e z o i d w o u l d i n c r e a s e a. B u t t h e only s lack p r o v i d e d f o r a is t h a t 
d e t e r m i n e d by t h e d i a m e t e r of t h e r ings . W e m a k e a s o u r s u b g o a l , t h e n , b u i l d i n g 
s u c h a t r a p e z o i d . 

FIGURE 1. (a) A r ig id t r a p e z o i d w i t h r i ngs w o u l d i n t e r l o c k w i t h a 2-
cha in ; (b ) A n o p e n c h a i n t h a t s i m u l â t e s a r igid t r a p e z o i d ; (b ) F i x i n g a 
Crossing of aa' w i t h bb'. 

W e c a n c o n s t r u c t a t r a p e z o i d w i t h f o u r l inks , a n d r i g id i fy it w i t h t w o c ros s ing 
d i a g o n a l l inks . I n f a c t , o n l y o n e d i a g o n a l is necessa ry t o r i g i d i f y a t r a p e z o i d in t h e 
p l a n e , b u t c lea r ly a s ing le d i a g o n a l leaves t h e f r e e d o m t o fo ld a l o n g t h a t d i a g o n a l in 
3 D . T h i s f r e e d o m will b e r e m o v e d by t h e in te r locked 2 - c h a i n , h o w e v e r , so a s ing le 
d i a g o n a l suf ï ices . T o c r e a t e t h i s r ig id i f ied t r a p e z o i d w i t h a s ing l e o p e n c h a i n , we n e e d 
t o e m p l o y 5 l inks , a s s h o w n in F i g u r e l ( b ) . B u t t h i s wi l l o n l y b e r i g id if t h e l i nks 
t h a t m e e t a t t h e t w o v e r t i c e s i nc iden t t o t h e d i a g o n a l a r e t r u l y " p i n n e d " t h e r e . I n 
g ê n e r a i we w a n t t o t a k e o n e s u b c h a i n aa' a n d p i n i ts c r o s s i n g w i t h a n o t h e r s u b c h a i n 
bb' t o s o m e s m a l l r é g i o n of s p a c e . See F i g u r e l ( c ) for t h e i dea . 

T h i s p i n n i n g c a n b e a c h i e v e d b y t h e " 3 / 4 - t a n g l e " i n t e r l o c k i n g f r o m [3], r e s u i t (3) 
a b o v e . So t h e i d e a is r e p l a c e t h e t w o c r i t i ca l c ross ings w i t h a s m a l l c o p y of t h i s 
c o n f i g u r a t i o n . T h i s c a n b e a c c o m p l i s h e d w i t h 7 l inks p e r 3 / 4 - t a n g l e , b u t s h a r i n g w i t h 
t h e i n c i d e n t i n c o m i n g a n d o u t g o i n g t r a p e z o i d l inks p o t e n t i a l l y r e d u c e s t h e n u m b e r of 

V 

(») (c) 
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l inks n e e d e d p e r t a n g l e . W e h a v e ach ieved 5 l inks a t o n e t a n g l e a n d 4 a t t h e o t h e r . 
T h e o t h e r t w o ve r t i ce s of t h e t r a p e z o i d n e e d t o s i m u l a t e t h e r i n g s in F i g u r e l ( a ) , a n d 
t h i s c a n b e a c c o m p l i s h e d w i t h o n e e x t r a l ink p e r v e r t e x . T o g e t h e r w i t h t h e 5 l inks 
for t h e m a i n t r a p e z o i d ske le ton , we e m p l o y a t o t a l of 5 + (5 + 4 + 1 + 1) = 16 l inks . 

3 . A 2 - C H A I N CAN INTERLOCK AN O P E N 1 6 - C H A I N 

3.1. O p e n flexible 3 - a n d 4 - c h a i n s c a n i n t e r l o c k . I t w a s p r o v e d t h a t o p e n flexible 
3- a n d 4 -cha ins c a n i n t e r lock in [3]. T h e c o n s t r u c t i o n , w h i c h we call a 3/4-tangle, is 
r e p e a t e d in F i g u r e 2. 

FIGURE 2 . F ig . 6 f r o m [3]. 

I t was p r o v e d in T h e o r e m 11 of [3] t h a t t h e convex hul l CH{B,C, D,x,y) of t h e 
j o i n t s B, C, D, x, a n d y d o e s n o t change . 

W e f i rs t e s t a b l i s h b o u n d s o n h o w far t h e ver t ices of t h e c o n s t r u c t i o n c a n move . L e t 
BC = CD = xy = l u n i t , a n d e n d b a r s AB = DE = xw = yz = 3 u n i t s . 

L e m m a 1 . Let P be the midpoint of xy. Then in any folding of the interlocked 3-
and 4- chain: (1) The distance between P and the endpoints w, z of the 3-chain can 
be no more than 3 .5 units, (2) The distance between P and joints B, C, D, x, and y 
can be no more than 2 .5 units, and (3) The distance between P and the endpoints A, 
E of the 4-chain can be no more than 5 .5 units. 

Proof. (1) S ince P is t h e m i d p o i n t of b a r xy, x a n d y a r e e x a c t l y 0 .5 u n i t s a w a y f r o m 
P. T h e j o i n t s w, x a n d P f o r m a t r i ang le , by t h e t r i a n g l e i n e q u a l i t y Pw < Px + xw — 
0.5 + 3 = 3 .5 u n i t s ; s imi la r ly , Pz < 3.5. 

(2) W e n o w p r o v e t h a t t h e d i s t a n c e b e t w e e n P a n d t h e j o i n t s B, C, D, x, a n d y 
c a n b e n o m o r e t h a n 2 .5 u n i t s . In t h e convex hul l CH{B, C, D, x, y), b a r xy p i e r ces 
ABCD, w h e r e B a n d D c a n b e i m a g i n e d t o b e c o n n e c t e d b y a r u b b e r b a n d , t h e n 
BD < BC + CD = 2. W e obse rve t h a t : (i) a n y two p o i n t s ins ide ABCD o r o n t h e 
b o u n d a r y BC, CD, BD a r e less t h a n 2 u n i t s a p a r t , a n d (ii) t h e d i s t a n c e b e t w e e n t h e 
m i d p o i n t P a n d t h e p l a n e d e t e r m i n e d by B,C, D m u s t b e less t h a n 0 .5 u n i t s . F r o m 
t h e f ac t t h a t b a r xy p i e rces ABCD, t h e d i s t a n c e b e t w e e n P a n d a n y p o i n t o n or 
ins ide ABCD is less t h a n 2 + 0.5 = 2.5 u n i t s . S ince P is t h e m i d p o i n t of b a r xy, x 
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a n d y a r e e x a c t l y 0 .5 u n i t s a w a y f r o m P. T h e r e f o r e , P a n d t h e j o i n t s B, C, D, x, 
a n d y c a n b e n o m o r e t h a n 2 .5 u n i t s a s c l a i m e d . 

(3) F ina l ly , b y t h e t r i a n g l e i n e q u a l i t y PA < PB + AB < 2.5 + 3 = 5 .5 u n i t s ; 
s imi lar ly , PE < 5.5. • 

Fo r e > 0, c h o o s i n g BC = CD — xy = | e , a n d end b a r s Ab = DE = xw = yz = 
y ie lds t h e foUowing: 

C o r o U a r y 1 . In the above interlocked 3- and 4-chains, let P be the midpoint of xy, 
then ail joints B,C, D,x,y and endpoints A,E,w,z stay inside the e-ball centered at 
P. 

3.2. A 2 - c h a i n c a n i n t e r l o c k a n o p e n 1 6 - c h a i n . T a k e t w o 3 / 4 - t a n g l e s , w h e r e a i l 
j o i n t s a n d e n d p o i n t s of t h e p a i r s t a y w i t h i n a n e-ball c e n t e r e d a t t h e m i d p o i n t of t h e 
m i d d l e l ink of t h e 3 - c h a i n . P o s i t i o n t h e t a n g l e s a s two of t h e "ve r t i ces" of a t r a p e z o i d 
w i t h t h e l inks a r r a n g e d a s s h o w n in F i g u r e 3. T h i s d e s i g n foUows F i g u r e l ( b ) in 
sp i r i t , b u t va r i e s t h e c o n n e c t i o n s a t t h e d i a g o n a l e n d p o i n t s t o i n c r e a s e l ink s h a r i n g . 
T h e lower r i g h t v e r t e x ach ieves m a x i m u m s h a r i n g , in t h a t ai l t h r e e i n c i d e n t t r a p e z o i d 
e d g e s a r e s h a r e d w i t h l i nks of t h e 3 / 4 - t a n g l e . T h e u p p e r l e f t v e r t e x s h a r e s t w o i n c i d e n t 
l inks . W e e x t e n d t h e f i r s t a n d las t l inks of t h e t r a p e z o i d c h a i n t o b e ve ry l o n g so t h a t 
t h e e n d v e r t i c e s of t h e c h a i n a r e well e x t e r i o r t o a n y of t h e e -ba l l s . 

3 .2 .1 . 2-chain Through Trapezoid Jag Corners. Ca l l t h e s i m p l e s t r u c t u r e a t t h e o t h e r 
t w o c o r n e r s jag loops. T h è s e c o r n e r s a lso c a n b e a s s u r e d t o r e m a i n in a n e-ba l l s i m p l y 
b y n i a k i n g t h e e x t r a l ink l e n g t h e. T h u s we h a v e t h a t a i l c o r n e r s of t h e t r a p e z o i d s t a y 
w i t h i n e-bal ls . 

W e first a r g u e t h a t t h e j a g l oop "gr ips" t h e 2 -cha in l ink t h r o u g h i t , u n d e r t h e 
a s s u m p t i o n of n e a r r i g i d i t y of t h e t r a p e z o i d . Le t {u,v,w) b e t h e 2- l ink c h a i n , a n d let 
{a,b,c,d) b e t h e v e r t i c e s c o n s t i t u t i n g a 1-link j a g a t a c o r n e r of t h e t r a p e z o i d . T h e 
s h o r t l ink of t h e j a g is bc. T h e n e a r - r i g i d i t y of t h e t r a p e z o i d p e r m i t s u s t o t a k e ab t o 
b e r o u g h l y h o r i z o n t a l ( t h e b a s e of t h e t r a p e z o i d ) a n d cd t o b e r o u g h l y a t a n g l e 9 w i t h 
r e s p e c t t o t h e b a s e ( t h e a n g l e a t a b a s e c o r n e r of t h e t r a p e z o i d ) . T h e l ink uv is n e a r l y 
p a r a l l e l t o de, a n d is w o v e n t h r o u g h t h e j a g a s i l l u s t r a t e d in F i g u r e 4. T h e w o r d s 
" r o u g h l y " a n d " n e a r l y " h e r e a r e i n t e n d e d a s s h o r t h a n d fo r " a p p r o a c h e s , a s e —> 0." 

L e m m a 2 . The plane containing Aabc continues to separate v above from u below 
(where "above" is determined by the counterclockwise ordering of a,b,c) under ail 
nonintersecting foldings of the chains. 

Proof. W e a r g u e t h a t uv c o n t i n u e s t o p r o p e r l y p ie rce Aabc u n d e r ai l fo ld ings , f r o m 
w h i c h i t fo l lows t h a t t h e in i t i a l s e p a r a t i n g p r o p e r t y is m a i n t a i n e d . T h e overa l l s t r u c 
t u r e of t h e t r a p e z o i d p r e v e n t s uv f r o m m o v i n g d i r e c t l y t h r o u g h Aabc: n e i t h e r v n o r 
u c a n g e t close t o t h e t r i a n g l e . So t h e on ly w a y t h e p i e r c i n g c o u l d e n d is if uv p a s s e s 
t h r o u g h a s ide of Aabc. T w o of t h è s e s i d e s — a b a n d bc—are l inks , a n d a v o i d i n g in
t e r s e c t i o n p r e v e n t s p a s s a g e t h r o u g h t ho se . T h u s uv w o u l d h a v e t o p a s s t h r o u g h oc . 
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FIGURE 3 . A n o p e n 16-cha in f o r m i n g a n e a r l y r ig id t r a p e z o i d . 

w h i c h is n o t a l ink . H o w e v e r , t o d o th i s , we n o w a r g u e it w o u l d h a v e t o p a s s t h r o u g h 
t h e l ink cd. 

T h e g a p b e t w e e n ab a n d cd is a t i nos t \bc\ = e. uv m u s t p a s s t h r o u g h t h i s g a p 
t o " e s c a p e " a n d p a s s t h r o u g h t h e s e g m e n t ac. B e c a u s e \uv\ ^ e, uv m u s t t u r n 
" s ideways" t o p a s s t h r o u g h i t . M o r e precisely, le t Q b e a p l a n e p a r a l l e l t o ah a n d cd 
a n d m i d w a y b e t w e e n t h e m , i.e., Q pa s se s t h r o u g h t h e m i d p o i n t of t h e g a p . uv m u s t 
a l i gn t o lie n e a r l y in Q t o p a s s t h r o u g h t h e g a p . B e c a u s e uv is o n t h e " w r o n g s ide" 
of ab, t h e r e a r e o n l y t w o w a y s uv c a n r e a c h Q: e i t he r t o a l i gn r o u g h l y p a r a l l e l t o ab, 
o r t o a l i gn r o u g h l y p a r a l l e l t o cd. I n e i t h e r case , it w o u l d t h e n b e p o s s i b l e t o p a s s 
uv t h r o u g h t h e g a p , b y k e e p i n g i t close t o t h e l o n g l ink t o w h i c h it is n e a r l y p a r a l l e l . 
H o w e v e r , t h e first a l i g n m e n t p l aces uv a t a n a n g l e n e a r 6 w i t h r e s p e c t t o cd\ b u t it 
m u s t b e n e a r l y p a r a l l e l t o cd. T h e s econd a l i g n m e n t r e q u i r e s flipping uv a r o u n d so 
t h a t u is a b o v e v in t h e v i ew s h o w n in t h e figure, in o r d e r t o g e t o n t h e o t h e r s ide 
of ah. B u t t h i s t h e n m a k e s uv a p p r o x i m a t e l y a n t i p a r a l l e l t o cd, r a t h e r t h a n n e a r l y 
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V 

c 

FIGURE 4 . A l - l i n k " jag ." 

p a r a l l e l a s i t m u s t be . T h u s t h e o n l y e s c a p e r o u t e is i m p o s s i b l e , a n d uv m a i n t a i n s i t s 
p i e r c i n g of Aabc. • 

C o r o l l a r y 2 . The l-link jag interlocks with uv, under the constraints imposed by the 
nearly rigid trapezoid. 

3.2 .2 . 2-chain Through Trapezoid Tangle Corners. N e x t w e a r g u e t h a t t h e h n k uv c a n 
t h r e a d t h r o u g h t h e c o r n e r T^ of t h e t r a p e z o i d so t h a t it is " g r i p p e d " b y t h e 3 / 4 - t a n g l e 
t h e r e . N o t e t h a t t h e {Ti^T^) t r a p e z o i d l ink c o n n e c t s t o t h e 3 - c h a i n a t T4, w h i c h is 
i tself j u s t a j a g l o o p . B u t uv c a n n o t t h r e a d p r o p e r l y t h r o u g h b o t h j a g l o o p s o n e i t h e r 
e n d of t h e ( r i , T 4 ) l ink . So i n s t e a d we t h r e a d uv t h r o u g h t h e 4 - c h a i n a t 74. 

FIGURE 5 . A 4 - c h a i n , p a r t of a 3 / 4 - t a n g l e , c a n b e v i e w e d a s t w o j a g l o o p s . 

N o w , a 4 - c h a i n c a n b e v iewed a s two j a g loops ; see F i g u r e 5. M o r e o v e r , t h e 4 - c h a i n 
a n d 3 - c h a i n p a r t i c i p a t i n g in a 3 / 4 - t a n g l e c a n b e v iewed a s e a c h ly ing n e a r l y in p l a n e s 
t h a t a r e t w i s t e d w i t h r e s p e c t t o o n e a n o t h e r . S o we c h o o o s e t o t w i s t t h e 4 - c h a i n a t 
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T4 so t h a t uv t h r e a d s p r o p e r l y t h r o u g h o n e of i t s two j a g l oops . S imi l a r ly , t h e Unk 
vw t h r e a d s f r o m t h e j a g a t T3 t h r o u g h t h e 3 - c h a i n a t T2 ( a n d n o t t h r o u g h t h e 4 - c h a i n 
t o which (r4,T2) is connected) . 

A p p l y i n g C o r o l l a r y 2 t o g u a r a n t e e i n t e r l o c k i n g yie lds : 

L e m m a 3 . The 2-chain links, when threaded as just described, are interlocked with 
the 3/4:-tangles, under the constraints of a nearly rigid trapezoid. 

W e s h o u l d m e n t i o n t h a t t h e f o r e g o i n g a r g u m e n t w o u l d b e u n n e c e s s a r y if w e h a d 
i n s t e a d u s e d a 2- l ink j a g s a t Ti a n d T3, w h i c h w o u l d give f r e e d o m t o p o s i t i o n t h e j a g 
t o p e r m i t p i e r c i n g t h e t a n g l e s however des i r ed ( a n d w h i c h w o u l d l ead t o a n 18- l ink 
i n t e r l o c k i n g c h a i n ) . 

F ina l ly , t h e r e is m o r e t h a n e n o u g h f lexib i l i ty in t h e d e s i g n t o e n s u r e t h a t uv a n d 
vw c a n i n d e e d s h a r e t h e s a m e 2 -cha in a p e x t». 

3 .2 .3 . Apex v Cannât Move Far. T h u s t h e 2 - cha in {u, v, w) c a n n o t s l ide f r e e of a n y of 
t h e t r a p e z o i d c o r n e r s u n l e s s o n e of i t s ve r t i c e s e n t e r s t h e e -ba l l c o n t a i n i n g t h e c o r n e r . 
W e a r g u e b e l o w t h a t t h i s c a n n o t occu r . W e s t a r t w i t h a s i m p l e p r e l i m i n a r y l e m m a . 

L e m m a 4 . When e is sufficiently small, a line piercing two disks of radius e can 
angularly deviate from the line Connecting the disk centers at most S < 2e/L, where 
L is the distance hetween the disk centers. 

Proof. F i g u r e 6 i l l u s t r â t e s t h e l a rges t a n g l e 5, {\)Lsin6 = e, so sinô = 2e/L, a n d t h e 
SIH X 

c l a i m fo l lows f r o m t h e f a c t t h a t l im = 1. • 

L e t t h e t r a p e z o i d h a v e b a s e of l e n g t h 2B, s ide l e n g t h L, a n d b a s e a n g l e 9. L e t t h e 
t r i a n g l e d e t e r m i n e d b y t h e t r a p e z o i d h a v e h e i g h t h a n d h a l f - a n g l e a a t t h e a p e x , so 
t a n ^ = h/B, or h = fi t a n ^. See F i g u r e 6 ( b ) . T h e foUowing l e m m a c a p t u r e s t h e k e y 
c o n s t r a i n t o n m o t i o n of t h e 2- l ink. 

L e m m a 5 . / / the sides of the trapezoid pass through the e-disks illustrated, then the 
height of the triangle approaches h as e ^ 0. 

Proof hjnin o c c u r s w i t h a t r i a n g l e a p e x a n g l e oi a + ô a n d a b a s e a n g l e of ^ — ^. L e t 
b b e t h e a m o u n t b y w h i c h B is l e n g t h e n e d . I n /\xyz, b — , a n d in AxYZ, 

tân{6 - S) = T h u s we h a v e t h a t 

hmin= ( B + —-^—j-] tàn{9 - 5) = Btànie - S) + — 7 ^ - ^ . 
\ s m ( ^ — à) / cos(6/ — à) 

T h u s hmin is c o n t i n u o n s n e a r e = 0. Also , if e ^ 0 t h e n S 0 s ince ô < j^. T h e r e f o r e 
lime_>o hmin = B tan 9 = h s ince t a n ( ^ ) = h/B. 

F o r hmax ai l t h e s igns r eve r se t o yie ld t h a t l im^^o hmax = B t a n 0 = h. 
W e c o n c l u d e t h a t t h e h e i g h t of t h e t r i a n g l e a p p r o a c h e s h a.s e a p p r o a c h e s 0 a s 

de s i r ed . • 
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3.2 .4 . Main Theorem. W e c o n n e c t 3 D t o 2 D v i a t h e p l a n e d e t e r m i n e d b y t h e 2 - l ink 
in t h e p r o o f of t h e m a i n t h e o r e m be low. 

T h e o r e m 1. The 2-link chain is interlocked with the 16-link trapezoid chain. 

Proof. L e t H b e t h e p l a n e c o n t a i n i n g t h e 2- l ink cha in . W e k n o w t h a t t h e l i nks of t h e 
2 - cha in m u s t p a s s t h r o u g h e-bal ls a r o u n d t h e f o u r ve r t i ces of t h e t r a p e z o i d . H m e e t s 
t h è s e ba l l s in d i sk s e a c h of r a d i u s < e. T h e T r a p e z o i d L e m m a s h o w s t h a t t h e h e i g h t 
of t h e t r i a n g l e a p p r o a c h e s h as e a p p r o a c h e s 0. T h u s , b y c h o o s i n g e s m a l l e n o u g h , we 
l imi t t h e a m o u n t t h a t t h e a p e x v of t h e 2- l ink c h a i n c a n b e s e p a r a t e d f r o m or p u s h e d 
t o w a r d t h e t r a p e z o i d t o a n y des i r ed a m o u n t . 

W e p r e v i o u s l y e s t a b l i s h e d (in C o r o l l a r y 2 a n d L e m m a 3) t h a t t h e 2 - c h a i n l inks a r e 
i n t e r l o c k e d w i t h t h e 3 / 4 - t a n g l e s a n d j a g loops t h r o u g h w h i c h t h e y p a s s , u n d e r t h e 
a s s u m p t i o n t h a t t h e t r a p e z o i d is n e a r l y r ig id . T h e n e a r - r i g i d i t y of t h e t r a p e z o i d c o u l d 
o n l y b e d e s t r o y e d b y a 2 - c h a i n l ink e s c a p i n g f r o m one of t h e j a g l oops t h r o u g h w h i c h 
it is t h r e a d e d . B u t u p u n t i l t h e t i m e of t h i s f i rs t e scape , t h e t r a p e z o i d is n e a r l y r ig id ; 
a n d so t h e r e c a n b e n o first e s c a p e . 
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T h u s , c h o o s i n g e s m a l l e n o u g h t o p r e v e n t a n y of t h e v e r t i c e s of t h e 2 - h n k c h a i n 
f r o m e n t e r i n g t h e e-baUs e n s u r e s t h a t t h e 2 - h n k c h a i n is i n t e r l o c k e d w i t h t h e t r a p e z o i d 
c h a i n . • 

4 . D I S C U S S I O N 

W e d o n o t b e h e v e t h a t A; = 16 is m i n i m a l . W e h a v e d e s i g n e d t w o d i f f é r e n t 11-
c h a i n s b o t h of w h i c h a p p e a r t o in t e r lock w i t h a 2 -cha in . H o w e v e r , b o t h a r e b a s e d o n 
a t r i a n g u l a r s k e l e t o n r a t h e r t h a n o n a t r a p é z o ï d a l ske le ton , a n d p l a c e t h e a p e x v of 
t h e 2 - c h a i n c lose t o t h e 11-cha in . I t s e e m s it wil l r e q u i r e a d i f f é r e n t p r o o f t e c h n i q u e 
t o e s t a b l i s h i n t e r l o c k i n g , fo r t h e s i m p l i c i t y of t h e p roof p r e s e n t e d h e r e re l ies o n t h e 
ve r t i ce s of t h e 2 - c h a i n r e m a i n i n g f a r f r o m t h e e n t a n g l i n g c h a i n . 

A n o t h e r d i r e c t i o n t o e x p l o r e is c losed cha ins , for w h i c h i t is r e a s o n a b l e t o e x p e c t 
f ewer l inks . R e p l a c i n g t h e 3 / 4 - t a n g l e s w i t h " k n i t t i n g need le s " c o n f i g u r a t i o n s [2][1] 
p r o d u c e s a c losed c h a i n t h a t a p p e a r s i n t e r locked , b u t we h a v e n o t d e t e r m i n e d t h e 
m i n i m u m n u m b e r of l inks t h a t c a n ach ieve th i s . 

A c k n o w l e d g e m e n t . W e t h a n k E r i k D e m a i n e f o r d i scuss ions t h r o u g h o u t t h i s w o r k . 
W e t h a n k t h e p a r t i c i p a n t s of t h e D I M A C S R e c o n n e c t W o r k s h o p h e l d a t S t . M a r y ' s 
Co l l ège in J u l y 2004 for h e l p f u l d i scuss ions . J O R a c k n o w l e d g e s s u p p o r t f r o m N S F 
D T S a w a r d D U E - 0 1 2 3 1 5 4 . 
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A b s t r a c t . We explore which classes of linkages have the property that 
each pair of their flat states—that is, their embeddings in without 
self-intersection—can be connected by a continuous dihedral motion that 
avoids self-intersection throughout. Dihedral motions préserve ail angles 
between pairs of incident edges, which is most natural for protein models. 
Our positive results include proofs that open chains with nonacute an
gles 8ire flat-state connected, as axe closed orthogonal unit-length chains. 
Among our négative results is an example of an orthogonal graph linkage 
that is flat-state disconnected. Several additional results are obtained for 
other restricted classes of linkages. Many open problems are posed. 

1 I n t r o d u c t i o n 

Motivation: Locked Chains. There has been considérable research on reconfig
urat ion of po lygonal chains in 2 D and 3 D while preserving edge l engths and 
avoiding self- intersection. Much of this work is on the problem of which c lasses 
of chains can lock in the sensé that they cannot be reconfigured t o s tra ight or 
convex configurations. In 3D, it is known that some chains can lock [4], b u t t h e 
exact class of chains t h a t lock has not been delimited [3]. In 2D, n o chains can 
lock [5,13]. Ail of thèse results concern chains with universal joints. 

* Research initiated at the 17th Winter Workshop on ComputationaJ Geometry, Bel-
lairs Research Institute of McGill University, Feb. 1-8, 2002. 

p. Bose and P. Morin (Eds.): ISAAC 2002, LNCS 2518, pp. 369-380, 2002. 
(c) Springer-Verlag Berlin Heidelberg 2002 
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Motivation: Protein Folding. T h e backbone of a protein can b e mode led as 
a po lygonal chain, but the jo ints are not universal; rather t h e b o n d s be tween 
residues form a nearly fixed angle in space. T h e s tudy of such fixed-angle chaans 
was ini t iated in [11], and this paper can be viewed as a cont inuat ion of t h a t 
study. A l t h o u g h most protein molécules are linear polymers , m o d e l e d by o p e n 
polygonal chains, o thers are rings (closed polygons) or star a n d dendrit ic poly
mers (trees) [12,6]. 

T h e po lymer physics c o m m u n i t y has s tudied the s ta t i s t i c s of "self-avoiding 
walks" [9,10,15], i.e., non-self- intersecting configurations, o f t e n constra ined t o 
the integer latt ice . To generate thèse walks, they consider transformat ions of 
one conf igurat ion t o another, such as "pivots" [7] or "wiggling" [8]. Usua l ly thèse 
transformat ions are not considered true molecular movements , o f t en permi t t ing 
self- intersect ion during the mot ion, and perhaps are better v iewed as string edits . 

In contrast , th i s paper mainta ins the géométr ie integrity of t h e chain through-
out the transformat ion , t o more closely model the prote in fo ld ing process. W e 
focus primarily o n transformations between planar conf igurat ions . 

Fixed-angle linkages. Before describing our results, we in troduce some défini
tions. A (gênerai) linkage is a graph wi th fixed lengths ass igned t o each edge . 
T h e focus of th i s paper is fixed-angle linkages, which are l inkages wi th , in addi
tion, a fixed angle assigned between each pair of incident edges . W e use the t e r m 
linkage to include b o t h gênerai and fixed-angle linkages. 

A configuration or realization of a gênerai linkage is a pos i t ion ing of t h e 
linkage in M.^ (an ass ignment of a point in to each vertex) achieving the 
specif ied edge lengths . T h e configuration space of a l inkage is the set of ail 
its conf igurat ions . To match physical reality, of spécial interest are non-self-
intersecting configurations or embeddings in which n o t w o noninc ident edges 
share a c o m m o n point . T h e free space of a linkage is the set of all i ts embeddings , 
i.e., the subset of conf igurat ion space for which the l inkage d o e s not "collide" 
w i t h itself. 

A conf igurat ion of a fixed-angle linkage must addit ional ly respect the spec
ified angles . T h e déf init ions of configuration space, e m b e d d i n g , and free space 
are the same. A reconfiguration or motion or folding of a l inkage is a c o n t i n u u m 
of conf igurat ions . Mot ions of fixed-angle l inkages 
are d is t inguished as dihedral motions. 

Dihedral motions. A dihedral mot ion can be "fac-
tored" in to local dihedral motions or edge spins [11] 
about individual edges of the linkage. Let e = 
{vi,V2) b e an edge for which there is another edge 
Ci incident t o each endpoint Vi. Let 77j be the plane 
through e and e , . A (local) dihedral motion about e 
changes the dihedral angle be tween the planes 77i 
and 772 while preserving the angles between each 
pair of edges incident t o the same endpoint of e. F i g . 1. A local dihedral mo-
See Fig. 1. T h e edges incident t o a c o m m o n vertex tion (spin) about edge e. 
in a fixed-angle l inkage are moved rigidly by a dihedral mot ion . In particular. 
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if t h e edges are coplanar, t h e y remain coplanar.^ If we v i e w e and ei 6 77] as 
f ixed, t h e n a dihedral mot ion spins 62 about e. 

Flat-state connectivity. A flat state of a linkage is an e m b e d d i n g of the l inkage 
into R-̂  w i t h o u t self- intersection. A linkage X is flat-state connected if, for each 
pair of i ts (dist inct , i.e., incongruent) flat s tates Xi and X2, there is a dihedral 
m o t i o n from Xi to X2 that s tays within the free space throughout . In gênerai 
th i s dihedral m o t i o n alters the linkage t o nonflat embeddings in intermediate 
be tween t h e two flat s tates . If a linkage X is not flat-state connected , w e say it 
is flat-state disconnected. 

Fla t - s ta t e d i sconnect ion could occur for two reasons. It could be t h a t there 
are two flat s ta te s Xi and X2 which are in différent c o m p o n e n t s of free space 
but the same c o m p o n e n t of configuration space. Or it could b e that the two flat 
s ta te s are in différent c o m p o n e n t s of configuration space . T h e former reason 
is the more interest ing s i tuat ion for our investigation; currently we have no 
nontrivial e x a m p l e s of t h e latter possibility. 

Results. T h e m a i n goal of this paper is to delimit the c lass of l inkages t h a t are 
flat-state connected . Our results apply to varions restricted classes of l inkages, 
which axe specif ied by a number of constraints , bo th topo log ica l and géomét 
rie. T h e topolog ica l c lasses of linkages we explore include gênerai graphs, trees, 
chains (paths) , b o t h o p e n and closed, and sets of chains. W e s o m e t i m e s restrict 
ail link lengths t o be the same, a constraint of interest in the context of protein 
backbones; we call thèse unit-length linkages. We consider a variety of restric
t ions on the angles of a fixed-angle linkage, where the angle be tween t w o incident 
l inks is the smaller of the two angles between them wi th in their c o m m o n plane. 
A chain has a monotone state if it has a flat s tate in which it forms a m o n o t o n e 
chain in t h e plane. For sets of chains in a flat state , we pin each chain at one of 
t h e end links, keeping its posi t ion fixed in the plane. 

In some cases we restrict the mot ions of a linkage in o n e of t w o ways . First , 
w e may enforce t h a t only certain edges permit local dihedral mot ion , in which 
case we call the l inkage partially rigid. (Such a restrict ion also constrains the 
flat s ta tes that we can hope t o connect , s l ightly modi fy ing the déf ini t ion of flat-
s ta te connected . ) Second, we may restrict the mot ion t o consis t of a séquence 
of 180° edge spins, so that each move returns the l inkage t o the plane. Most 
of our e x a m p l e s of flat-state disconnected linkages are e i ther partial ly rigid or 
restricted t o 180° edge spins. 

W i t h the above définit ions, we can présent our results succ inct ly in Table 1. 

^ Our définition of "dihedral motion" includes rigid motions of the entire linkage, 
which could be considered unnatural because a rigid motion has no local dihedral 
motions. However, including rigid motions among dihedral motions does not change 
our results. For a linkage of a single connected component, we can modulo out rigid 
motions; and for multiple connected components, we always pin vertices to prevent 
rigid motions. 
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T a b l e 1. Summary of results. The '—' means no restriction of the type indicated in 
the column heading. Entries marked '?' are open problems 

Constraints on Fixed-Angle Linkage Flat-state 
Connectivity Angles Lengths Motions connectivity 

Open chain ? 
has a monotone state ? 
nonacute Connected 
equal acute Connected [2] 
each in (60°,90°) unit Connected [2] 

180° edge spins Disconnected 
orthogonal 180° edge spins Connected 

Set of chains, each orthogonal Connected 
pinned at one end orthogonal partially rigid Disconnected 
Closed chain ? 

nonacute ? 
orthogonal ? 

orthogonal unit Connected 
Tree ? 

orthogonal ? 

orthogonal partially rigid Disconnected 
Graph orthogonal Disconnected 

2 F l a t - S t a t e D i s c o n n e c t i o n 

It m a y help to s tart w i t h négat ive results, as it is not i m m e d i a t e l y clear how a 
l inkage could be flat-state disconnected. Several of our e x a m p l e s revolve around 
t h e same idea, which can be achieved under several models . We start w i t h par
t ial ly rigid orthogonal trees, and then modi fy the e x a m p l e for o ther c lasses of 
linkages. 

2 .1 P a r t i a l l y R i g i d O r t h o g o n a l T r e e 

A n orthogonal tree is a tree linkage such that every pair of inc ident l inks m e e t 
at a mult iple of 90°. Partial rigidity spécifies that only certain e d g e s permit 
dihedral mot ions . N o t e that the focus of a dihedral m o t i o n is an edge , not the 
jo int vertex. 

Fig. 2 ( a - b ) shows t w o incongruent flat s tates of the s a m e or thogona l tree; 
we'll call the flat s ta te s X(a) and X(b)- Ail but four edges of the tree are frozen, 
t h e four incident t o the central degree-4 root vertex x. Call t h e 4-l ink branch 
of the tree conta in ing a the a-branch, and similarly for t h e others . Label the 
vert ices of the a -branch {a,ai,a2,a3), and similarly for the other branches. 

We observe three propert ies of the example . First, as m e n t i o n e d previously, 
fixed-angle l inkages have the property that ail links incident t o a particular 
vertex remain coplanar throughout ail dihedral motions. In Fig. 2, th i s m e a n s 
t h a t {x, a, b, c, d} remain coplanéir; and we v iew this as t h e plane 77 of the flat 
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(a) (b) 

F i g . 2. Two flat states of a partially rigid orthogonal tree. The four open edges are the 
only ones not rigid, permitting dihedral motions. 

s ta tes under considération. N o t e that , for example , a rotat ion of a a b o u t bd 
would mainta in the 90° angles between ail edges adjacent consecut ive ly around 
X, but would alter the 180° angle between xa and xc, and thus is no t a f ixed-angle 
mot ion . 

Second, the short hnks, or "pins," incident to vert ices b', c', and d' m u s t 
remain coplanar wi th their branch, because t h e y are rigid. For example , the b' 
pin must remain coplanar wi th xb, for otherwise the rigid edge bb' would twis t . 

Third, X^a) and do indeed represent incongruent flat s ta te s of the s a m e 
linkage. T h e purpose of the b' pin is t o ensure t h a t its relat ion t o (say) t h e c' p in 
in the two s ta te s is not the same. W i t h o u t the b' pin, a flat s ta te congruent t o 

could be obta ined by a rigid mot ion of the entire linkage, f i ipping it upside-
down. It is clear that s ta te Xj;,) can be obta ined from s ta te Xça) by ro ta t ing 
the a-branch 180° about xa, and similarly for the other branches. T h u s t h e t w o 
flat s ta te s are in the s a m e component of configuration space. W e now show t h a t 
t h e y are in différent c o m p o n e n t s of the free space. 

T h e o r e m 1. The two flat states in Fig. 2 of an orthogonal partially rigid fixed-
angle tree cannot be reached by dihedral motions that avoid crossing links. 

P r o o f : E a c h of the four branches of 
the tree must b e rotated 180° to achieve 
s ta te . We first argue that two oppo
si te branches cannot rotate to the same 
side of t h e /7 -p lane , either both above or 
b o t h below. W i t h o u t loss of generality, 
a s sume b o t h the a- and the c-branches 
rotate above 77. Then , as i l lustrated in 
Fig. 3, ver tex a i must hit a point on the 
C1C2 edge, for t h e length a a i is the same 
as t h e d i s tance from a t o ciCg. 

F i g . 3. The a- and c-br£inches collide 
when rotated above. 
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Now we argue that two adjacent 
branches cannot rotate to the same side of II. Consider the a- and 6-branches, 
again wi thout loss of generality. As it is more difficult to identify an exact pair 
of points on the two branches that must colhde, we instead employ a topological 
argument. Connect a shallow rope R from a t o 03 underneath U, and a rope 
S from 6 to 63 that passes below R. See Fig. 4. In X^^), the two closed loops 

Fig . 4 . With the additions of the ropes R and S underneath, the a-chain is not linked 
with the 6-chain in (a), but is linlced in (b). 

A = ( i î , 0 , 0 1 , 0 2 , 0 3 ) and B — (5 ,6 ,61 ,62 ,^3) are unlinked. But in .X'(b), A and 
B are topological ly linked. Therefore, it is not possible for the o- and 6-branches 
to rotate above II without passing through one another. 

B y the pigeon-hole principle, at least two branches must rotate though 77. 
Whether thèse branches are opposite or adjacent, a collision is forced. • 

2.2 O r t h o g o n a l G r a p h s a n d Pci r t ia l ly R i g i d P i n n e d C h a i n s . 

We can couvert the partially rigid tree in Fig. 2 t o a complete ly flexible graph by 
using extra "braces'" to effectively force the partial rigidity. We can also convert 
the tree into four partially rigid chains, each pinned at one endpoint near the 
central degree-4 vertex. Thus we obtain the foUowing two results: 

C o r o l l a r y 1 The described orthogonal fixed-angle linkage has two fiât states 
that are not connnected by dihedral motions that avoid crossing links. 

C o r o l l a r y 2 The four orthogonal partially rigid fixed-angle pinned chains cor-
respending to Figure 2 are not connected by dihedral motions that avoid crossing 
links. 

3 N o n a c u t e O p e n C h a i n s 

We now turn to posit ive results, starting with the simplest and perhaps most élé
gant case of a single open chain with nonacute angles. After introducing notat ion, 
we consider two algorithms establishing flat-state connectivity, in Sect ions 3.1 
and 3.2. 
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A n abstract po lygonal chain C of n l inks is def ined b y i ts f ixed s é q u e n c e 
of link lengths , {£i,... ,£„), and whether it is open or c losed. For a f ixed-angle 
chain, t h e n — 1 o r n angles be tween adjacent links are also f ixed. A rea l izat ion 
C of a chain is speci f ied by t h e pos i t ion of i ts n + 1 vert ices: vo,vi,... ,Vn- If 
t h e chain is c losed, Vn = VQ. T h e l inks or edges of t h e cha in are = {vi-i,Vi), 
i = 1 , . . . , n , so t h a t t h e vector along t h e ith l ink is Vi — Vi-i. T h e p lane in w h i c h 
a f lat s t a t e C is e m b e d d e d is called II or t h e xy-plane. 

3 .1 L i f t i n g O n e L i n k a t a T i m e 

T h e idea beh ind t h e first (unrestr icted) a lgorithm is t o l ift t h e l inks of t h e 
chain one-by-one into a m o n o t o n e chain in a vertical plane. O n c e w e reach th i s 
canonical state, we can reverse and c o n c a t e n a t e mot ions t o reach any flat s t a t e 
from any other . 

We beg in by describing t h e case of or thogonal chains, as i l lus trated in Fig . 5, 
and the a lgor i thm will general ize to arbitrary nonacute chains . T h e invariant at 
t h e beg inn ing of each s tep t of the a lgor i thm is t h a t w e have l i f ted t h e cha in 
e i , . . . , ei into a m o n o t o n e chain in a vert ical plane, whi le t h e rest of t h e chain 
e i + i , . . . , e„ remains where it began in the xy-plane . Initially, i = 0 a n d t h e l i f ted 
chain conta ins n o links, and w e s i m p l y lift t h e first l ink e i t o vert ical b y a 90° 
e d g e sp in around t h e second link 62- For gênerai i, w e first sp in t h e l i f ted chain 
around i ts last (vertical) link Cj so t h a t the vertical p lane conta ins t h e n e x t l ink 
t o Hft, e j + i , and so t h a t the chain e i , . . . , Cj+i is monotone . T h e n w e pick u p e^+i 
by a 90° e d g e spin around e,+2- T h r o u g h o u t , the Ufted chain remains m o n o t o n e 
and conta ined in the pos i t ive -z halfspace, so we avoid se l f - intersect ion. 

F i g . 5 . Picking up a planar orthogonal chain into a monotone canonical state. (a) 
Lifting edges ei = {vo,vi) and 62 = (vi , V2): a, h, c. (b) Lifting edges 63 and 64: d, e, / . 

N o n a c u t e chains behave similarly t o orthogonal chains, in part icular , t h e 
canonica l s t a t e is m o n o t o n e , a l though it m a y no longer a l t ernate b e t w e e n left 
and right turns. N o w there may be mult ip le monotone s ta tes , and w e m u s t 
choose t h e s t a t e t h a t is m o n o t o n e in the z dimension. T h e key property is t h a t , 
as t h e chain e i , . . . , ro tâtes about e j + i , t h e chain remains m o n o t o n e in t h e z 
direct ion, so it d o e s not penetrate t h e xy -p lane . 

T h i s a lgor i thm proves the fol lowing resuit: 

T h e o r e m 2 . Any nonacute fixed-angle chain is flat-state connected. 
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3 . 2 L i f t i n g T w o L i n k s a t a T i m e 

T h e algorithm above makes at most 2 edge spins per link pickup, for a total of 
2n edge spins to reach the canonical state, or An edge spins t o reach an arbitrary 
flat s tate from any other. This bound is tight within an addit ive constant . 

We can reduce the number of edge spins to 1.5n to reach the canonical s tate , 
or 3n to reach an arbitrary flat state, by lifting two edges in each step as foUows. 
As before, in the beginning of each step, we spin the hfted chain e i , . . . , Cj about 
the last link to orient it to be coplanar and monotone wi th the next link e^+i. 
N o w we spin by 90° the lifted chain and the next two links Cj+i and 6^+2 about 
the foUowing link ej+s, bringing e^+i and ej-|_2 into a vertical plane, and t i l t ing 
the lifted chain e i , . . . ,6^ down to a horizontal plane (parallel to the xy-plane) 
at the top. T h e n we spin the old chain e i , . . . ,6 , by 90° around Cj+i, placing it 
back into a vertical plane, indeed the same vertical plane containing Cj+i and 
ei+2, so that the new chain e i , . . . , e i + 2 becomes coplanar and monotone . We 
thus add two links to the lifted chain after at most three motions , proving t h e 
1.5n upper bound; this bound is also t ight up to an addit ive constant. 

Corol lary 3 Any nonacute fixed-angle chain with n links can be reconfigured 
between two given flat states in at most 3n edge spins. 

4 M u l t i p l e P i n n e d O r t h o g o n a l O p e n C h a i n s 

In this section we prove that any collection of open, orthogonal chains, each 
wi th one edge pinned t o the xy-p\ane, can be reconfigured to a canonical form, 
establishing that such chadn collections are flat-state connected. We also require 
a "gênerai position" assumption: no two vertices from différent chains have a 
c o m m o n x- or y-coordinate. Let d , i = l , . . . , k, he the collection of chains in 
the xy-plane. Each has its first edge pinned, i.e., VQ and vi have fixed coordinates 
in the plane; but dihedral motion about this first edge is still possible (so the 
edge is not frozen). Call an edge paraillel to the x-axis an x-edge, and similarly 
for y-edge and z-edge. T h e canonical form requires each chain t o be a staircase 
in a plane parallel to the z-axis and containing its first (pinned) edge. If the first 
chain edge is a y-edge, the staircase is in a yz quarter plane in the halfspace 
2 > 0 above xy; if the first chain edge is an x-edge, the staircase is in an xz 
quarter plane in the halfspace z < 0 below xy. 

T h e algorithm processes independently the chains that are dest ined above or 
below the xy-plane, and keeps them on their target sides of the x?/-plane, so there 
is no possibil ity of interférence between the two types of chains. So henceforth 
we will concentrate on the chains Ci whose first edge is a y-edge, with the goal of 
lifting each chain Ci into a staircase Si in a yz quarter plane. At an intermediate 
state, the staircase Si is the portion of the lifted chain above the x7/-plane, and 
Ci the portion remaining in the xy-p\&ne. T h e pivot edge of the staircase is i ts 
first edge, which is a z-edge. Let {... ,Ci,bi,ai) be the last three vertices of the 
chain Ci. Let ai have coordinates {ax,ay); we'll use analogous notat ion for 6j 
and Ci. Vertex Oj at the foot of a staircase is i ts base vertex and the last edge of 
the chain, {bi,ai), is the staircase's base edge. 
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A f t e r e a c h s t e p o f t h e a lgor i thm, t w o invariants axe reestabUshed: 

1. Ai l s ta ircases for ail chains are in (parallel) yz quarter planes; 
2. T h e base edge for every staircase is a y-edge, i .e., is in t h e p lane of t h e 

staircase. 

W e will call thèse two condi t ions the Induction Hypothesis. 

T h e m a i n idea of the a lgor i thm is t o pick u p two consécut ive e d g e s of o n e 
chain, w h i c h t h e n ensures t h a t t h e next edge of that chain is a y-edge. T h e 
cha in is chosen arbitrarily. To s impl i fy the présentat ion, we a s s u m e w i t h o u t loss 
of general i ty t h a t Cj is t o the right of bi. F irst , the s ta ircases w h o s e p ivot ' s x-
coord inate s lie in t h e range [foxiCi] are reoriented t o avoid cross ing above t h e 
{bi,Ci) edge . 

F i g . 6. (a) First, y-edge {ai,bi) picked up; (b) Planes parted and flattened in prépa
ration; (c) Two States of staircase shown: Aligned with the second, x-edge (6i,Ci), and 
after pickup of that edge; (d) Staircase rotated into vertical plane, and flattened planes 
made upright. 

W i t h Si a l igned w i t h its base y-edge , t h e {ai,bi) edge c a n b e picked u p in to 
a vert ical p lane w i t h o u t collision; see Fig. 6a. We now al ign Si w i t h {bi,Ci), by 
"parting" t h e p lanes at bx toward the left , lay ing ail p lanes left of bx d o w n toward 
—X (Fig. 6b) , and t h e n rotat ing Si to be horizontal . N o w we pick u p {bi,Ci) i n to 
a xz quarter plane, after laying down ail p lanes right of Cx', see F ig . 6 (c ) . Final ly , 
reorient t h e x z - p l a n e t o be vert ical and t h e n restore ail t i l t ed p lanes t o their yz 
or ientat ion . We have reestabl ished the Induct ion Hypothes i s . See F ig . 6 (d) . 
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Repeat ing this process eventually Hfts every ohain into parallel vertical 
planes, leaving only the first (pinned) y-edge of each chain in the xy-p lane . 

5 U n i t O r t h o g o n a l C l o s e d C h a i n s 

Our only algorithm for flat-state connect ivi ty of closed chains is special ized t o 
unit- length orthogonal closed chains. Despite the specialization, it is one of the 
most complex algorithms, and will only be mentioned in this abstract . We use 
orthogonally convex polygons as a canonical form, justif ied by the first l emma: 

L e m m a 1. Let C and D be two orthogonally convex embeddings of a unit-length 
orthogonal closed chain with n vertices. There is a séquence of edge spins that 
transforms C into D. 

T h e more difficult half is establishing the following: 

L e m m a 2 . Let C be a flat state of a unit-length orthogonal closed chain with n 
vertices. There is a séquence of edge spins that transforms C into an orthogonally 
convex embedding. 

Thèse lenimas establish the following theorem: 

T h e o r e m 3 . Any unit-length orthogonal closed chain is flat-state connected. 

6 1 8 0 ° E d g e S p i n s 

A natural restriction on dihedral motions is that the mot ion décomposes into a 
séquence of moves, each ending wi th the chain back in the xy-p\ane—in other 
words, 180° edge spins. This restriction is analogous to Erdôs flips in the con-
text of locked chains [14,1,3]. In this context , we can provide sharper négat ive 
results—gênerai open chains can be flat-state disconnected—and sl ightly weaker 
posit ive results—orthogonal open chains are flat-state connected. 

6 . 1 R e s t r i c t e d F l a t - S t a t e D i s c o n n e c t i o n o f O p e n C h a i n s 

We begin by i l lustrating the difficulty in reconfiguring open chains by 180° edge 
spins; see Fig. 7. Spinning about edge 1 does nothing; spinning about edge 2 

F ig . 7. (a-b) Two flat states of a chain that caimot reach each other via a séquence of 
180° edge spins. (c) Attempt at spinning about edge 4. 
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causes edges 1 and 3 to cross; spinning about edge 3 makes no important change 
t o the fiât state; spinning about edge 4 causes edges 2 and 8 t o cross a s shown in 
Fig . 7(c); spinning about edge 5 causes edges 4 and 6 to cross (in particular); and 
t h e remaining cases are symmetric . Th i s case analysis establ ishes t h e fol lowing 
theorem: 

T h e o r e m 4 . The two incongruent flat states in Fig. 7(a-b) of a fixed-angle open 
chain cannot be reached by a séquence o / 1 8 0 ° edge spins that avoid crossing links. 

6 . 2 R e s t r i c t e d F l a t - S t a t e C o n n e c t i o n o f O r t h o g o n a l O p e n C h a i n s 

T h e main approach for proving f lat-state connectivity of orthogonal chains is 
out l ined in two figures: spin around a convex-hull edge if one ex i s t s (Fig. 8) , and 
otherwise décompose the chain into a monotone (staircase) part and an inner 
part, and spin around a convex-hull edge of the inner part (Fig. 9). Such spins 
avoid collisions because of the e m p t y infinité strips R{ei), R{e2), ••• through 
t h e edges of the m o n o t o n e part of the chain. In Fig. 9, the m o n o t o n e port ion 
of t h e chain is 61 ,62 ,63 , which terminâtes wi th the first edge 63 that does n e t 
have an entire e m p t y strip R{e3). Each spin of either t y p e makes the chain 
more monotone in the sensé of turning an edge whose endpoints turn in t h e 
s a m e direction into an edge whose endpoints turn in oppos i te directions; hence, 
t h e number of spins is at most n. Us ing a balanced-tree structure t o mainta in 
informat ion about recursive subchains, each step can be executed in O ( l o g n ) 
t ime , for a total of 0 ( n l o g n ) t ime. In addition, we show how the a lgori thm can 
be modif ied to keep the chain in the nonnegative-a; halfspace wi th one ver tex 
p inned against the x = 0 plane. 

V,-.; V( 

free half space 

% ^ 
«2 

«('3) 

6v, 

F i g . 8. A dihedral rotation about a 
convex-hull edge résolves a violation of 
the canonical form. 

F ig . 9. Determining the chain e i , 62, 
. . . , 61-1 that c£in be rotated about ej. 

T h e o r e m 5 . Orthogonal chains are flat-state connected even via restricted sé
quences of 180° spins that keep the chain in the nonnegative-x halfspace with 
one vertex pinned at x = 0. The séquence of 0{n) spins can be computed in 
O ( n l o g n ) time. 
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7 C o n c l u s i o n a n d O p e n P r o b l e m s 

See Table 1 for several open problems. In part icular, thèse three classes of chains 
seem most interesting, wi th the first being t h e main open problem: 

1. Open chains (no restrictions). 
2. Open chains with a monotone flat s tate . 
3. Or thogonal trees (ail joints flexible). 
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Géométrie Restrictions on Producible 
Polygonal Protein Chains' 

Erik D . D e m a i n e , ^ S te fan Langerman,-^ and J o s e p h O'Rourke'* 

Abstract. Fixed-angle polygonal chains in three dimensions serve as an interesting model of protein back-
bones. Here we consider such chains produced inside a "machine" modeled crudely as a cone, and examine 
the constraints this model places on the producible chains. We call this notion producible, and prove as our 
main resuit that a chain whose maximum tum angle is a is producible in a cone of half-angle > a if and only 
if the chain is flattenable, that is, the chain can be reconfigured without self-intersection to lie flat in a plane. 
This resuit establishes that two seemingly disparate classes of chains are in fact identical. Along the way, we 
discover that ail producible configurations of a chain can be moved to a canonical configuration reserabling a 
hélix. One conséquence is an algorithm that reconfigures between any two flat states of a "nonacute chain" in 
0(n) "moves," improving the 0(n^)-move algorithm in [ADD"*"]. 

Finally, we prove that the producible chains are rare in the foUowing technical sensé. A random chain 
of n hnks is defined by drawing the lengths and angles from any "regular" (e.g., uniform) distribution on any 
subset of the possible values. A random configuration of a chain embeds into by in addition drawing the 
dihedral angles from any regular distribution. If a class of chains has a locked configuration (and no nontrivial 
class is known to avoid locked configurations), then the probabihty that a random configuration of a random 
chain is producible approaches zéro geometrically as n ^ oo. 

Key Words. Polygonal chains, Locked chains, Fixed-angle chains, Flattenable chains, Protein folding, 
Protein backbone. 

1 . I n t r o d u c t i o n . T h e b a c k b o n e o f a prote in m o l é c u l e m a y b e m o d e l e d as a three-

d i m e n s i o n a l p o l y g o n a l chain , w i t h jo in t s represent ing re s idues and fixed-length l inks 
( e d g e s ) represent ing b o n d s . T h e jo in t s are not universal; rather s u c c e s s i v e b o n d s f o r m 

near ly fixed a n g l e s in s p a c e . T h e m o t i o n s at the jo in t s are then c a l l e d dihedral m o t i o n s . 

T h e s tudy o f such fixed-angle c h a i n s w a s init iated in [ S T ] and c o n t i n u e d in [ADM"^] 

and [ A D D + ] . T h è s e papers i d e n t i f i e d ^ a r states o f a c h a i n — e m b e d d i n g s into a p l a n e 
w i t h o u t s e l f - i n t e r s e c t i o n — a s g e o m e t r i c a l l y interesting. A c h a i n that c a n r e c o n f i g u r e 

in R-' v i a dihedral m o t i o n s b e t w e e n any t w o o f its flat s tates i s c a l l e d flat-state con-

nected. A c h a i n that has a flat state but is in a conf igurat ion that c a n n o t reach that 
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Fig. 1. The ribosome R in crosssection. The protein is created in tunnel / and émerges at x. 

State (via dihedral motions, without self-intersection) is called unflattenable or simply 
locked} 

We look here at a particularly simple but natural constraint on the "production" of a 
fixed-angle chain. Our inspiration dérives from the ribosome, which is the "machine" 
that créâtes protein chains in biological cells. Figure 1 shows a schematic cross section 
of a ribosome and its exit tunnel, based on a model developed by Nissen et al. [NHB"*"]. 
We consider a very simple géométrie model that roughiy captures the exit point x of 
the ribosome: the chain is produced inside a cone of some half-angle ^, with the chain 
emerging through the cone's apex. See Figure 2. This constraint immediately implies that 
the maximum tum angle a in the produced chain is at most 2/S. We consider the somewhat 
stronger condition that a < f). Thèse conditions are consistent with our analogy to the 
ribosome, where the cone is roughiy a half-plane (half-angle fi = 90°) and the chain has 
obtuse angles around 110° (tum angle a = 70°). 

We show in Section 3 that this simple constraint guarantees that ail producible chains 
are flattenable and furthermore mutually reachable. There are several interesting aspects 
to this resuit. First, we are naturally led in our proof to a canonical form, called a-CCC, 
which bears a resemblance to the helical form preferred by many proteins. Second, we 
show in Section 5 that long "random" chains are locked with probability approaching 1, 
implying that producible protein chains are rather spécial. Third, we show in Section 4 
that if we strengthen the production model to allow producing chain tum angles of more 
than 2fi, then locked chains can be produced. This example shows the importance of our 
condition that a < j6 (or a similar condition such as a < 2fi). 

2. Définitions 

2.1. Chains and Motions. The fixed-angle polygonal chain P has n + l vertices V = 
{VQ, ..., v„) and is specified by the fixed tum angle Oj at each vertex i»,, ( = 1 , . . . , n — 1, 

' In fact, this définition is slightiy more spécifie than the usual notion of "locked," which says that there are 
two arbitrary configurations of the linkage that are mutually unreachable. 
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Z 

Fig. 2. The chain is produced in cone , and émerges at the origin into the complementary cone below 
the jry-plane. 

and by the edge length di between i;, and , / = 0 , . . . , n — 1. When ail angles < a 
for some 0 < a < jr, P is called a ( < a)-chain.^ We write P[i, j ] , i < j , for the 
polygonal subchain composed of vertices Vi, ... ,Vj. 

A configuration Q — {qo q„) of the chain P (see Figure 3) is an embedding 
of P into R^, i.e., a mapping of each vertex u, to a point q, e M?, satisfying the 
constraints that the angle between vectors and qiqi+i is Oj, and the distance 
between qi and qi+i is di. The points ^, and qi+i are connected by a straight line 
segment e, . Thus, a configuration can be specified by the position of eo and dihedral 
angles 5,, / = 1, . . . , n — 2, where 5, is the angle between planes and + The 
configuration is simple if no two nonadjacent segments intersect. 

A motion M = ( m o , . . .,m„) of a chain P is a list of « + 1 continuous functions 
m,: [0, oo] - » K-\ i = 0 , . . . , n, such that M ( f ) = (mo(0, • • •. « « ( O ) is a configuration 
of P for ail r e [0, oo]. The motion is said to be simple if ail such configurations M{t) 

' Other work [ADM+l, [ADD"*"] focuses on the angle between adjacent edges, which for us is — a. Thus 
"nonacute chains" in that work corresponds to (< 7r/2)-chains here. Our use of the turn angle is more in 
consonance with cone production. 

-o 

Fig. 3. Notation for a configuration Q. 
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are simple. We normally assume that the motion is finite in the sensé that, after some 
time T, M becomes independent of t. 

2.2. Chain Production. As mentioned above, our model is that the chain is produced 
inside an infinité open cone with apex at the origin, axis on the z-axis, and half-angle 
(angle to the positive z-axis) /6; see Figure 2. In fact the production happens in the closure 

of the cone (the cone plus its surface). Vertices and edges are produced sequentially 
over time inside the cone and eventually exit through the origin. The production 
process maintains the invariant that at most one link, the last link produced, is (partially) 
inside the cone; once a link is fuily outside the cone it must remain so. The last produced 
link must constantly touch the origin, with one half of the segment inside the cone and 
the other half outside the cone. The rest of the chain can move freely as long as it stays 
simple and never meets the cone C^. 

More precisely, at time to = 0, the machine créâtes qo at the apex of C^, q\ inside 
Cp, and the segment eo Connecting them; see Figure 4. In gênerai, at time t,, vertex ^, 
reaches the origin, and and are created at arbitrary locations inside the cone Cp. 
The vertex qi stays in Cp between times and /,, and stays outside after time /,. 
In total there are n + 1 critical times satisfying 0 = to < t\ < • • • < t„. 

Formally,ayS-pro^^MC/Zon F i sase to f M-l-1 continuousfunctions/;•: [ f ,_ i ,oo] R^, 
j = 0 , . . . , n, such that, for ail t e , tj], f j ( t ) e C^, F{t) = ( M t ) , f j ( t ) ) is 
a simple configuration of the segment ej-\ is incident to the origin, and no segment e, 
intersects CpJ < y — 1. A configuration Q is fi-producible if there exists a ^-production 
F with F(oo) — Q.V^e say that a configuration is (> û;)-producible if it is ;6-producible 
for some fi > a. 

One conséquence of this model is that, as the last link produced exits the cone C^, it 
must enter what we call the complementary cone B^. For fi < 7r/2 (a convex cone C^), 
the complementary cone 6 ^ is the mirror image of with respect to the xy-plane. For 
fi > 7î'/2 (a reflex cone C^), the complementary cone is the région of space exterior 

Fig. 4. Production of ea and e\ during ï e [fo, t\ 1. 
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Fig. 5. Production in cone of P > n/2. Hère /S = 100°, so that the full cone angle is 200°. The viewpoint is 
under the xy-plane. (a) eo exits to the exterior of the cone during t e [tg, / | ) . (b) ei is created at r = / | inside 
the cone, forming, in this instance, a tum angle of 100°. 

to Cfi. (This région is smaller than the mirror image of Cp in this case.) Figure 5 shows 
an example of production when fi > 7i/2. 

This complementary cone restricts the achievable tum angles in the producible chains: 

LEMMA 1. To produce a chain whose maximum tum angle is a using a cone C^, we 
must have a/2 < fi < n — a/2. 

PROOF. Suppose di = a. At time f,, when qi+i is created inside the cone, qi is at the 
apex, and is outside. Because we stipulate continuons motion, must be inside 
the cone Bp be low the jcv-plane, for it must have been there throughout t e ?,). 
For the same reason, + i must be in the mirror image of with respect to the xy-
plane, because e, is just about to enter Bp. The cone Bp and its mirror image each form 
an angle min(/6, n — fi) with the z-axis, so in order for and e, to fit those cônes, 
a/2 <mm(P,7T - P). • 

Note that arbitrarily sharp tum angles can be produced in a cone Cjr/2, which might 
be viewed as a half-space with a pinhole exit at the origin. 

We prove that there exists a simple motion between any two /3-producible configura
tions of the same chain, and that ail such configurations are flattenable. Next we define 
the notion of a "simple" motion. 

2.3. Complexity ofa Motion. There are of course many ways to define the complexity 
of a motion M . A s a first approximation, we could assume that each dihedral angle 
S^{t) of the segment is a piecewise-linear function of time /, and the complexity 
T(M) of the motion M is the total number of linear pièces over ail functions S^(t). That 

is, T{M) = X!/'=i' T{S^), where T(&f) is the number of linear pièces in the function 
. Unfortunately, this définition is not acceptable, as it restricts the range of possible 

motions M. The définition can be generalized to allow arbitrary functions & f ( t ) , given 
some corresponding measure of complexity T{8^), with the added restriction that for 
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every time range / e [r,s] during which 5,- (?) is a linear function, that time range 
contributes at most 1 to the complexity T(S^). For example, if (t) is a piecewise-
poly nomial function, T {8^ ) could be defined as the sum of the degrees of the polynomial 
pièces; or more generally T{8^ (t)) might measure the number of infiection points or 
monotonie pièces of S^{t). 

The complexity of a production F can be defined in an analogous way, where S!"(t) 
is defined only for the time range t > The resulting value will only account for 
the dihedral motions outside the cone C^. We still need to add the complexity of the 
movement of point before it exits the cone for ail / , i.e., at time / e [/,, 
If we assume that the chain exits the cone at a constant rate, we only need to consider 
the vector u''(t) = (0, for / e [r,, f ,+i) , described in polar coordinates by the 
angle of with the z-axis, and the angle y'^U) of the projection of u''{t) 
onto the xy-pïane with the x-axis. The complexity will be expressed by T(Y'^) and 
T(^p^), with the restriction that T(p^) be at least the number of connected components 
in {t: p'^it) = 0). For example, the number of pièces in a piecewise-linear function, 
or the sum of degrees in a piecewise-polynomial function, would qualify. We further 
impose on Tiy'') and T{p^) the same restriction as for T{&[). The total complexity of 
the production is then T{F) = J2"~f ) + 7'(p'') + T(y''). 

3. Producible = Flattenable. Key to our main theorem is showing that every ( > a)-
producible configuration of a ( < a)-chain can be moved to a canonical configuration, 
and therefore to every other ( > a;)-producible configuration of that chain. 

3.1. Canonical Configuration. We begin by defining the canonical configuration of 
( < a)-chains, called the a-cone canonical configuration or a-CCC. To understand the 
constraints of a configuration Q better, consider normalizing ail edge vectors qiqi+i to 
unit vectors M, — iqi+\ — - ̂ ,11 which lie on the unit sphère. The a - C C C 
is constructed to have the property that ail such vectors lie along a circle of radius 
a/2 on that sphère. In other words, the vectors M, lie on the boundary of a cone with 
half-angle a/2. 

To ease the description, we use the cone Ca/i (not C„) to define a -CCC, but note 
that the cone and the chain could be rotated and transiated. By convention, we place 
Mo on the boundary of Ca/2 in the positive quadrant of the yz-plane. Because Q is 
a configuration of P, the angle between M,_I and M, is Oj and so, on the sphère, M, 
lies on the circle of radius 0, centered at . Because 6, < a , this circle intersects the 
boundary of Ca/2. We set to be the first intersection counterclockwise from t<, _i on the 
boundary of Ca/2 (where counterclockwise is viewed from the origin). See Figure 6 for an 
example. 

The position of the M, 'S on the unit sphère as described above, along with the position 
of <7o, uniquely détermine the position of the a -CCC of the chain. Because the M, vectors 
ail have positive z coordinates, we know that the resulting configuration is simple. See 
Figure 7. We can aiso show that the a -CCC is completely contained in Ca/i-

LEMMA 2. If ail unit edge vectors Ui are contained in a cone C^ for some half-angle 
P > 0, then the configuration Q is inside qo + Cfi, the cone transiated so its apex is at 
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Fig. 7. A chain in ils a-CCC configuration. Here 8, = 7r/4foralli . 
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qo- Furthermore, if UQ ^ « i , then only thefirst bar of the chain can touch the boundary 
ofqo + Cfi. 

F*ROOF. The proof is by induction on n. The claim holds for the one-point chain Q[n, n]. 
Assume "] is contained in a cone with apex qi. Now q\ is in the cone with apex 
^0. so the cone with apex at q\ is contained in the one with apex at ^o- Furthermore, the 
boundary of thèse cônes intersect only if q\ is on the boundary of + C^, and in that 
case the intersection is contained in the line of support qoqi. • 

In the a-CCC, Ui is always différent from H , > I . 

3.2. Canonicalization. Next we show how to find a motion from any ( > a)-producible 
configuration of a ( < û;)-chain to the corresponding a-CCC. 

THEOREM 1. If a configuration Q of a (< a)-chain P is (> a)-producible by a pro
duction F, then there is a motion M from Q to the a-CCC, with T(M) < T{F) + 3n. 

PROOF. Suppose that Q is yS-producible for fi > a, and that F is a /3-production 
with F{oo) = 2 . By scaling time appropriately, we can arrange that r, = and the 
configuration freezes at time n + 1, i.e., F{t) = F{n + 1) for ? > n + 1. 

We construct a motion M from Q to the a-CCC, constructed inside C^. A key idea 
in our construction is to play the production movements backwards. More precisely, 
for ail / = 0 , . . . , n, we define m, (/) = -|- 1 — t) for the (reverse) time interval 
t e [0, n -I- 2 — / ]. (Beyond reverse time n -I- 2 — / , the original production time is less 
than n -I- 1 — (n -I- 2 — () = ! — 1 and thus / , is no longer defined.) To complète the 
construction, we just have to define for ; > n + 2 — /, that is, the motion of the 
part of the chain that has already re-entered the cone C^. 

During the time interval (n — i, M -|- 1 — /) , the edge is entering the cone Cp 
through the origin, P[Q, i] is outside C^, and P[i -\- 1, «] is inside Cp. We maintain the 
invariant that P[i, n] is in a-CCC, contained in a cone C„/2 translated and rotated to 
some position Câ/2- See Figure 8. So the dihedral angle of ej does not change for j > i, 
i.e., P[i -\- 1, n] is held rigid. Because P[0, i] moves freely outside of according to 
the reversed movements of the /S-production, we can only control the dihedral angle of 
e, in order to maintain that Cà/i (and so P[i -\- 1, «] ) stays inside C^. 

Again, consider the vectors Uj. The invariant means that ail «y , y = 1, 
touch the boundary of some circle a of radius a / 2 on the unit sphère centered on the apex 
of the cone, and cr must be inside Cp. For any position M,, we place cr so that its center 
is on the great arc between M, and «+;, where u+- is the unit vector along the the z-axis. 
This implies that M, is the farthest point from «+, on a and since, by the production 
constraints, M, is in C^, cr is in as well and the invariant is satisfied. As long as 
Uj / M+j, this position of cr is unique and the resulting motion is continuous because 
the production is continuous. When M, = M+,, a discontinuity might be introduced, 
but thèse discontinuities can easily be removed by stretching the moment of time at 
which a discontinuity occurs and filling in a continuous motion between the two desired 
States. 
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Fig. 8. Cône C„/2 is nested inside Cp. The diameler of the former is no more than the radius of the latter. 

At time t — n + \ — i, vertex /' enters and the invariant needs to be restored for 
the next phase. At that time, the vector M,_I hes in C^, and «, is on a circle T of radius Oj 
centered at M,-] . Let a' be the desired new position for CT, that is, the circle whose radius 
is a / 2 , and whose center is on the great arc between M,_I and u+-. We know that CT' and r 
intersect and ail intersections are inside because CT' is in C/j. See Figure 9(a). We first 
move M, along T to the first intersection between CT' and r counterclockwise from « , _ | 
on CT' (Figure 9(b)) by changing the dihedral angle of e,_i , and simultaneously moving CT 
accordingly as described above by changing the dihedral angle of e,. This can be done 
while maintaining the invariant because the intersection of r and is connected. We 
then rotate CT about M, to the position CT' (Figure 9(c)) by changing the dihedral angle of 
ei. This motion can be done while maintaining the invariant because the set of dihedral 
angles of e, for which CT is in is connected. 

The complexity of ail dihedral motions outside of Q is Yll^f T(Sf). The dihedral 
motions of during times t e (n — i, n + 1 — /) mirror exactly y'^(n + 1 — /), except at 
discontinuities, which correspond to times for which M, — U+^, which is exactly when 

Fig. 9. Restoring the invariant. View looking down «+;. (a) a and a' are both radius a/2, determined by C„/2, 
which moves inside Cp, centered on «+;. r is of radius S,. (b) «, walks to the counterclockwise point of cr' Dr. 
(c) CT is rotated about «,. Here a/2 = 30° < 6*̂  = 50° < a = 60° < ^ = 70°. 
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+ 1 — r) = 0, so the total complexity of thèse dihedral motions is bounded by 
7'(p'^) + T(y''). Finally, whenever a vertex attains the apex of the cône, w e perform 
three dihedral rotations (linear functions of time) to restore the invariant. Summing it 
ail, w e obtain T(M) < f l l l f T { S f ) + T{p'') + T(y'') + 3n = T(F) + 3n. • 

COROLLARY 1. For any two simple (> a)-producible configurations Q\ and Qi of a 
common (< a)-chain, with respective productions F\ and F2, there is a simple motion 
M from Q\ to Qj—thatis, A/(0) = g i and M (00) = Qi—forwhich T(M) <T{F^)-[-
T{F2)+6n. 

PROOF. Because Q\ and Qi are ( > ûr)-producible, the previous theorem gives us 
two motions M\ and A/2 with Mi (0 ) Q^, M\(OQ) = a -CCC, M2(0) = Qi, and 
A/2(oo) =: a - C C C . By rescaling time, we can arrange that A/i(?) A/2(/) = a - C C C 
f o r / b e y o n d s o m e t i m e r . T h e n d e f i n e A / ( f ) = A/ i (OforO < t < T,M{t) - M2(2T-t) 
for r < r < 2T, and Mit) ^ Q2 for t >2T. • 

LEMMA 3. An a-CCC of a {< a)-chain is fi-produciblefor any a/2 < fi < n — a/2. 
The complexity of the production is at most 2n — l . 

PROOF. Let Q be a a - C C C positioned in Ca/i with qo at the origin. Let q{t) hc the point 
at distance / from qo along Q. The position of the produced portion o f the a - C C C at 
time t isQ translated so that ^ {/ ) is at the origin and deleting ail the edges of Q completely 
inside C„/2. By Lemma 2, ail edges of F{t) except for the edge containing the origin are 
contained in the cone Ba/2- F is thus a valid ;3-production for any a/2 < fi < JT — a/2. 
The ^-production does not use any dihedral rotation so T{Sf ) < 1, p''(t) = a/2 for ail 
t so T{p'^) < 1, and y'' is constant for every edge, so T(y'') < n • 

COROLLARY 2. If a configuration Q of a (< a)-chain has a fi-production F for some 
fi > a, then it has a fi'-production F' for ail a/2 < fi' < n — a/2 and T(F') < 
T(F)-\-5n + l. 

PROOF. Using Theorem 1, let A/ be the motion from g to an a - C C C , and let M' be 
the reverse motion from the a - C C C to Q. Let R be the sum of the edge lengths of the 
chain. The production F' first produces an a - C C C in Ba/2 using Lemma 3. The a - C C C 
is then translated by a distance R/sina/2 in the négative direction along the z-axis. At 
this point, the sphère centered at q„ and of radius R does not intersect the outside of 
Ba/2- Keeping q„ fixed, w e perform the motion M'to obtain configuration Q. • 

3.3. Connection to Fiat States. Finally, we relate flat configurations to productions 
and prove our main resuit that flattenability is équivalent to producibility. 

LEMMA 4. Ail flat configurations of a (< a)-chain have a fi-production F for any fi 
satisfying a < fi < 7i/2. Furthermore, T(F) < n. 
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PROOF. Assume the configuration is in the xv-plane. Any such flat configuration can 
be created using the foilowing process. First, draw eo in the xy-plane. Then, for ail 
consécutive edges e, , create in the vertical plane through ei^i at angle with the 
xy-plane, then rotate it to the desired position in the xy-plane by moving the dihedral 
angle of ^,_ | . During the création and motion of e, , it is possible to enclose it in some 
continuously moving cone C of half-angle /8 whose interior never intersects the x y -
plane: at the création of e, , C is tangent to the xy-plane on the support line of and 
with its apex at p, , and thus contains e, . During the rotation of e, , e, will eventually 
touch the boundary of C. We then move C along with e, so that both e, and the xy-plane 
are tangent to C. When e, reaches the xy-plane, we translate C along e, until its apex 
is pi+i . Viewing the construction relative to C and placing C on gives the desired 
/S-production. • 

COROLLARY 3. ( 5 Tt/2)-chains areftat-state connected. The motion between any two 
flat configurations uses at most 8n dihedral motions. 

PROOF. Consider two flat configurations Q and Q' of a ( < 7r/2)-chain. By Lemma 4, 
Q and Q' are both (7r/2)-producibIe, and so, by CoroUary 1, there exists a motion M 
such that M(0) = Q and A / ( + o o ) = Q'. • 

COROLLARY 4. AU a-producible configurations of (< a)-chains are flattenable, pro-
vided a < TC/2. For a production F, the flattening motion M has complexity T(M) < 
T(F) + 7n. 

PROOF. Consider an a-producible configuration Q of an ( < a)-chain P. Because 
a < n/2, the chain P also has a flat configuration Q' [ADD+J. By Lemma 4, Q' is 
producible, and so by Corollary 1, there exists a motion M such that M(0) = Q and 
M ( + o o ) — Q'. The bound on T(M) is by composition of the bounds in Lemma 4 and 
Corollary 1. • 

We note that the restriction in our results to a < 7t/2 accords with the gener-
ally obtuse (about 110°) protein bond angles, which correspond to tum angles a of 
about 70°. 

4 . A M o r e Powerfu l Machine . We now show that our resuit does not hold without 
the assumption a < fi, under a somewhat stronger model of production that also breaks 
the a <2fi d a i m of Lemma 1. 

The stronger model of production séparâtes the création of the next vertex u,+i from 
the moment that the previous vertex u, reaches the origin. Specifically, we suppose that 
u,>i is not created at , but rather imagine the time instant r, to be stretched into a 
positive-length interval [?,, //], allowing time for f / i ; , - ! to rotate exterior to the cone 
prior to the création of (at time t-). This flexibility removes the connection in 
Lemma 1 between the half-angle fi of the cone and the tum angles a produced, permitting 
chains of large tum angle from any cone. Indeed, the séquence of motions depicted in 
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Fig. 10. Production of a locked chain under a model that permits large tuming angles to be created. For clarity, 
the cone is reflected to aim upward. (a) eo = (90. 9i ) émerges; (b) tum at q\ ; (c) tum at ^2 and dihedral motion 
at q\ places e\ in front of cone; (d) nearly fully produced; (e) chain spun about C2 (or viewpoint changed); 
(0 rotation at </3 away from viewer places chain behind cone; (g) «3 émerges; (h) final locked chain shown 
loose; the tum angle 63 at can be made arbitrarily close to n. 

Figure 10 exploits this large-angle freedom to émit a 4-link fixed-angle chain that is 
locked. 

5. R a n d o m C h a i n s . This section proves that the producible/flattenable configurations 
are a vanishingly small subset of ail possible configurations of a chain, for almost any 
chain. Essentially, the results below say that if there is one configuration of one chain in 
a class that is unflattenable, then a randomly chosen configuration of a randomly chosen 
chain from that class is unflattenable with probability approaching 1 geometrically as the 
number of links in the chain grows. Furthermore, this resuit holds for any "reasonable" 
probability distribution on chains and their configurations. 

To define probability distributions, it is useful to embed chains and their configura
tions into Euclidean space. A chain P = {d\,..., 0„_i; ê?O, • • •, d„^\) e [0,7r/2]"~' x 
[0, 00)" is specified by its tum angles 9i and edge lengths d,. A configuration Q = 

. . . , 5„_2) e [0, 277-)""^ of P is specified by its dihedral angles. We also need to 
be précise about our use of the term "unflattenable" for chains versus configurations. 
A simple configuration Q is unflattenable or simply locked if it cannot reach a flat 
configuration; a chain P is lockable if it has a locked configuration. 

We consider the following gênerai model of random chains of size n. Call a probability 
distribution regular if it has positive probability on any positive-measure subset of some 
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open set called the domain, and has zéro probabiHty density outside that domain7 For 
Huclidean <i-space M'', a probability distribution is regular if it has positive probability 
on any positive-radius bail inside the domain. Uniform distributions are always regular. 

For chains of k links, we emphasize the regular probability distribution 7-"®' ob-
tained by drawing each tum angle 0, independently from a regular distribution 0 , and 
drawing each edge length d, independently from a regular distribution V. Similarly, 
for not-necessarily-simple configurations of a fixed chain P, we emphasize the regular 
probability distribution obtained by drawing each dihedral angle 5, independently from 
a regular distribution A. We can modify this probability distribution to have a domain 
of ail simple configurations of P instead of ail configurations of P,by zeroing out the 
probability density of nonsimple configurations, and rescaling so that the total proba
bility is 1. The resulting distribution is denoted Q''-^, and it is regular because of the 
following well-known property: 

LEMMA 5. The subspace of simple configurations of a chain P is open. 

PROOF. Consider the space [0, Ẑ r)*̂ "̂  of ail configurations of P. The simplicity of a 
configuration Qoi P can be expressed by the 0{k-) constraints that no two nonadjacent 
segments intersect. Thèse (semi-algebraic) constraints are ail of the form g(Q) < 0 where 
g{Q) = g(8i,..., 5^-2) is a multinomial of a constant number of terms in sin(5,) and 
cos(5,). Each constraint defines an open set in the configuration space. The conjunction 
of the constraints corresponds to the intersection of thèse finitely many sets, which is 
open. • 

First we show that individual locked examples immediately lead to positive proba-
bilities of being locked. The next lemma establishes this property for configurations of 
chains, and the following lemma establishes it for chains. 

LEMMA 6. For any regular probability distribution Q on simple configurations of a 
lockable chain P, ifthere is a locked simple configuration in the domain of Q, then the 
probability of a random simple configuration Q of P being locked is at least a constant 
c > 0. 

PROOF. Let Q' be a locked simple configuration in the domain of Q. Let C be the 
component of the space of simple configurations containing Q', and let D be the inter
section of C and the domain of Q. Because C is open and thus D is open, there exists a 
constant £ > 0 such that the bail B of radius £ centered at Q' is contained in D, and ail 
Q" e B are locked as well. Choose c to be the probability of choosing a configuration 
in B, which is positive by regularity. • 

LEMMA 7. For any regular probability distribution V on chains, ifthere is a lockable 
chain in the domain ofV, then the probability of a random chain P being lockable is at 
least a constant p > 0. 

' A closely related but more spécifie notion of regular probability distributions in one dimension was introduced 
by Willard [Wil] in bis extensions to interpolation search. 
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PROOF. Consider the space of ail chains and configurations of those chains, C = 
[0, ;r/2]"~' X [0, oo)" x [0, 27r)"~^. As described in Lemma 5, the constraint that a par-
ticular configuration is locked can be phrased as a set of open semi-algebraic constraints, 
except now the constraints dépend on ail 3« — 3 variables (not just the dihedral angles). 
Intersecting ail thèse open semi-algebraic sets results in a subspace £ C C of ail locked 
configurations of ail chains. Projecting this open set down to C ç [0,7r/2]"~' x [0, cx))" 
by dropping the dihedral angles results in another open semi-algebraic set, because open 
semi-algebraic sets are closed under projection. 

Now let P' be a lockable chain in the domain of V, let C be the component of C 
containing F', and let D be the intersection of C and the domain of V. Because C, and 
thus D, is open, there is a constant £ > 0 such that the bail B of radius e centered at 
P' is contained in D, and ail P" e 5 are lockable. Choose p to be the probability of 
choosing a chain in B, which is positive by regularity. • 

Next we show that thèse positive-probability examples of being locked lead to in-
creasing high probabilities of being locked as we consider larger chains. 

THEOREM 2. Let P„ be a random chain drawn from the regular distribution V®-^. If 
there is a lockable chain in the domain ofV^^'^ for at least one value of n, then 

lim Pr[P„ is lockable] = 1. 
n-»oo 

ïim„-^.oo Pr[Pn is lockable] — 1. Furthermore, if Qn is a random simple configuration 
drawn from the regular distribution Q^"^, then 

lim Pr[Q„ is flattenable] = lim Pr[Q„ is producible] = 0. 
n-*oo rt->oo 

l im„^oo^''[Gn is flattenable] = l im„^oo/'''[Ôn is producible] = 0. Both limits con
verge geometrically. 

PROOF. Suppose there is a lockable chain of k links. By Lemma 7, ^[Pk is lockable] > 
p > Ç>. Break P„ into \n/k\ subchains of length k. Each of thèse subchains is chosen 
independently from Vf'^ and is not lockable with probability < 1 — p. N o w Pn is 
lockable (in particular) if any of the subchains are lockable, so the probability that P„ is 
not lockable is < (1 — p)^"^^^ which approaches 0 geometrically as n grows. Likewise, 
by Lemma 6, the probability that Qk is locked is > cp for some constant 0 < c < 1, 
and so the probability that Q„ is flattenable is < (1 - cp)^"/''^ which approaches 0 
geometrically as n grows. • 

Thus, producible configurations of chains become rare as soon as one chain in the 
domain of the distribution is lockable. The locked "knitting needles" example of [CJ] 
and [BDD+] can be built with chains satisfying a < ;r/2 by replacing the acute-angled 
universal joints with obtuse, fixed-angled chains of very short links. Thus for any regular 
distribution including such examples in its domain, we know that configurations of ( < a ) -
chains are rarely producible for the case we have considered, a <TI/2. We do not know 
of any nontrivial regular probability distribution P ® ' ^ whose domain has no lockable 
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chains. In particular, for equilateral (ail edge-lengths equal) fixed-angle chains, it is not 
known whether angle restrictions can prevent the existence of locked configurations. 
As protein backbones are nearly equilateral, it is of particular interest to answer this 
question. 

Future directions for research include resolving the locked question just mentioned, 
incorporating the short side-chains that jut from the protein backbone, and more realis-
tically modeling the ribosome structure. 
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Computing Signed Permutations of Polygons * 
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A b s t r a c t 
Given a p l a n a r polygon (or chain) wi th a list of edges {ei , 6 2 , 6 3 , . . . , 

}, we examine the effect of several opé ra t ions t h a t permute 
th i s edge list, resul t ing in the fo rmat ion of a new polygon. T h e m a i n 
opéra t ions t h a t we consider are: reversais which involve inver t ing t h e 
order of a subl is t , transpositions which involve in te rchanging subcha ins 
(subl is ts) , a n d edge-swaps which are a spécial case a n d involve inter
changing two consécutive edges. Using thèse p e r m u t i n g opéra t ions , 
we explore t h e complexi ty of pe r fo rming cer ta in act ions , such as con-
vexifying a given polygon or ob ta in ing its mi r ror image. W h e n each 
edge of t h e given polygon has also been assigned a direction we say 
t h a t t h e po lygon is signed. In th is case any edge involved in a reversai 
changes di rect ion. T h e complexi ty of some problems varies d e p e n d i n g 
on w h e t h e r a polygon is signed or unsigned. An add i t iona l res t r ic t ion 
in m a n y cases is t h a t polygons r ema in s imple a f t e r every p e r m u t a t i o n . 

1 Introduction 
M u c h f o c u s h a s b e e n p l a c e d r e c e n t l y o n t h e p r o b l e m of s o r t i n g a p e r m u t a t i o n 
of n i n t e g e r s b y reversais [HP98 , B P 9 5 ] . A s o n e m i g h t guess , a s ing le r e v e r s a i 
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is a p p l i e d t o a c o n s é c u t i v e se t of t h è s e i n t ege r s a n d t h e r e s u i t is t h a t t h e i r 
o r d e r is i n v e r t e d . T h e key p r o b l e m t h a t a r i ses is d e t e r m i n i n g t h e m i n i m u m 
n u m b e r of r e v e r s a i s n e c e s s a r y t o so r t a g iven p e r m u t a t i o n . T h i s n u m b e r is 
ca l led t h e reversai distance of t h e p e r m u t a t i o n . A v a r i a t i o n of t h i s p r o b l e m 
involves sî^Tied p e r m u t a t i o n s [BMYOl] . In t h i s c a s e a n y i n t e g e r a f f e c t e d b y 
a g iven r eve r sa i a l s o c h a n g e s parity. 

E a c h of t h è s e i n t e r e s t i n g c o m b i n a t o r i a l p r o b l e m s h a s i t s r o o t s in b io in -
f o r m a t i c s a n d m o l e c u l a r b io logy [HP98 , H P 9 6 , B P 9 5 , C J M + 0 0 , B M Y O l ] . 
Speci f ica l ly , g é n o m e s h a v e b e e n m o d e l e d as l i nea r o r cyc l ic s é q u e n c e s , w h e r e 
each é l é m e n t in a s é q u e n c e is a block of s m a l l e r é l é m e n t s t h a t a r e n e v e r 
s e p a r a t e d . A p o p u l a r m o d e l for m u t a t i o n involves i n v e r t i n g p a r t s of t h è s e 
s é q u e n c e s . In o r d e r t o d é t e r m i n e t h e n u m b e r of s u c h m u t a t i o n s n e e d e d t o 
t r a n s f o r m o n e g é n o m e t o a n o t h e r , o n e m a y c o m p u t e t h e r eve r sa i d i s t a n c e of 
t h e a s s o c i a t e d p e r m u t a t i o n s . A n e x t e n s i o n of t h i s m o d e l is t o c o n s i d e r t h e 
d i r e c t i o n of e a c h block. T h i s l e ads t o t h e s t u d y of s i g n e d p e r m u t a t i o n s . W e 
i l l u s t r a t e s i g n e d i n v e r s i o n s in F i g u r e 1 w h i c h h a s b e e n m o d i f i e d f r o m [BP95] . 

Mouse 2 3 > ^ / 7 Mouse 

o 2 ( ^ ( 3 o 7 o 

Mouse 

, \ 2 7 ( ^ 3 > ^ / o 

Mouse 

, \ 
' / 2 7 O o < \ o 
, \ 
' / 7 2 ( 3 O o B > 

2 7 ( • O o « > 

Human < ^ ( ^ > ) 7 2 ( 3 

F i g u r e 1: A m o s t p a r s i m o n i o u s e v o l u t i o n a r y s c é n a r i o f o r t h e t r a n s f o r m a t i o n 
of h u m a n i n t o m o u s e c h r o m o s o m e a s s u m i n g t h a t t h e X c h r o m o s o m e evolves 
solely b y i n v e r s i o n s [BP95] . E a c h b lock r e p r e s e n t s a c o n s e r v e d l i nkage g r o u p 
of gènes . R e v e r s a i d i s t a n c e is e q u a l t o s ix. 

T h e p r o b l e m of C o m p u t i n g transposition distance a l so s t e m s f r o m b io in -
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f o r m a t i c s . In t h i s case , a t r a n s p o s i t i o n involves e x c h a n g i n g t w o d i s j o i n t s e t s 
of c o n s é c u t i v e i n t e g e r s in a p e r m u t a t i o n . C o m p u t i n g r e v e r s a i d i s t a n c e h a s 
b e e n s h o w n t o b e N P - h a r d [Cap99] for u n s i g n e d p e r m u t a t i o n s , b u t f o r t h e 
s i g n e d ve r s ion a l i n e a r t i m e a l g o r i t h m ex i s t s [BMYOl] . C o m p u t i n g t r a n s p o 
s i t i o n d i s t a n c e is of u n k n o w n c o m p l e x i t y [ C J M + 0 0 ] . T h e r e a d e r m a y a l s o b e 
i n t e r e s t e d in [ B H K O l , B P 9 8 , E E K + 0 1 ] . 

In t h i s p a p e r w e e x t e n d t h e i dea s m e n t i o n e d a b o v e f r o m o n e d i m e n s i o n 
t o t w o . I n s t e a d of c o n s i d e r i n g p e r m u t a t i o n s of i n t e g e r s , we c o n s i d e r p e r m u 
t a t i o n s of edges w h i c h f o r m p o l y g o n s or cha ins . W e d e f i n e o p é r a t i o n s s u c h 
a s edge-swaps, reversais a n d transpositions, in a n a l o g y t o . W e i n t r o d u c e 
t h e n o t i o n s of signed permutations of polygons and chains. T h è s e c o n c e p t s 
g ive r ise t o a w i d e r a n g e of p r o b l e m s t o b e so lved . 

2 Définitions 
F i r s t we i n t r o d u c e t h e n o t i o n of a signed polygon o r signed permutation of a 
p o l y g o n . A n y p o l y g o n P m a y b e d e s c r i b e d by a l i s t of e d g e s {e i , 6 2 , 6 3 , . . . , 
e „ _ i , e n } . A s i g n e d p o l y g o n is n o d i f f é r e n t , e x c e p t t h a t e a c h e d g e is a l s o 
a s s i g n e d a d i r e c t i o n . T h e s a m e h o l d s fo r cha ins . T h i s is a g e n e r a l i z a t i o n 
of t h e n o t i o n of p a r i t y t h a t is u sed in . If t h e d i r e c t i o n s of a i l e d g e s a r e 
c o n s i s t e n t a s we t r a v e r s e a p o l y g o n or c h a i n , t h e n t h i s p o l y g o n o r c h a i n is 
oriented. I n F i g u r e 2 we i l l u s t r a t e s o m e s i g n e d p o l y g o n s a n d c h a i n s . 

F i g u r e 2: F r o m l e f t t o r i g h t , a s igned p o l y g o n , s i gned c h a i n , o r i e n t e d p o l y g o n , 
o r i e n t e d c h a i n . 

W i t h o u t loss of gene ra l i t y , s u p p o s e t h a t we a r e d e a l i n g w i t h a n o r i e n t e d 
p o l y g o n . A transposition of t w o edges A a n d B i nvo lves i n t e r c h a n g i n g t h e i r 
p o s i t i o n s so t h a t t h e r e s u l t i n g p o l y g o n r e m a i n s o r i e n t e d . T h i s is i l l u s t r a t e d in 
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F i g u r e 3. If ^ a n d B a r e c o n s é c u t i v e , t h i s o p é r a t i o n is d e f i n e d a s a n edge-swap 
o r p l a i n l y swap ( F i g u r e 4 a ) . I t is n o t d i f i î cu l t t o see t h a t e n t i r e s u b c h a i n s 
m a y a l so b e t r a n s p o s e d . A single-edge t r a n s p o s i t i o n i nvo lves t r a n s p o s i n g a n 
e d g e w i t h a n e m p t y s u b c h a i n . O n e m a y a l so t h i n k of t h i s o p é r a t i o n a s a 
t r a n s p o s i t i o n b e t w e e n t h e s ing le e d g e a n d o n e of i t s n e i g h b o r i n g s u b c h a i n s 
( F i g u r e 4 b ) . 

F i g u r e 3: T r a n s p o s i n g two edges A a n d B. 

F i g u r e 4: (a) A n e d g e s w a p . (b) A s ing le -edge t r a n s p o s i t i o n . 

A reversai of a s u b c h a i n b e l o n g i n g t o a p o l y g o n i nvo lves i n v e r t i n g t h e 
o r d e r of t h e e d g e s in t h e s u b c h a i n . G e o m e t r i c a l l y t h i s r o t â t e s t h e s u b c h a i n 
r i g id ly in t h e p l a n e by a n a n g l e of TT SO t h a t i t s e n d p o i n t s a r e p l a c e d e x a c t l y a t 
e a c h o t h e r ' s o r i g i n a l l o c a t i o n . Fo r u n s i g n e d p o l y g o n s t h i s o p é r a t i o n a p p e a r s 
i d e n t i c a l t o t h e fliptum o p é r a t i o n i n t r o d u c e d by J o s s a n d S h a n n o n [GZOl] . 
H o w e v e r , h e r e we a l low reve r sa i s t o t a k e p lace o n a n y s u b c h a i n , n o t o n l y 
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o n p o c k e t s . F o r s i g n e d p o l y g o n s t h e d i r e c t i o n of e a c h e d g e i n v o l v e d in t h e 
r e v e r s a i is s w i t c h e d , a s is d o n e fo r p a r i t y in . I n F i g u r e 5 w e i l l u s t r a t e a 
r e v e r s a i of s u b c h a i n { c j , . . . , Cj} fo r a s i g n e d ( i n i t i a l l y o r i e n t e d ) p o l y g o n . O n e 

F i g u r e 5: R e v e r s i n g a s u b c h a i n of a s i g n e d p o l y g o n . 

c a n see t h a t f o r u n s i g n e d p o l y g o n s , a n e d g e - s w a p is m e r e l y a t r a n s p o s i t i o n or 
a r e v e r s a i of t w o c o n s é c u t i v e edges . F o r s i g n e d p o l y g o n s t h e r e is a d i f f é r e n c e 
in t h e r e s u l t i n g d i r e c t i o n of e a c h e d g e . 

E a c h of t h e o p é r a t i o n s a b o v e r e s u l t s in t h e s a m e s h a p e w h e n u s e d o n a 
p o l y g o n , r e g a r d l e s s of t h e d i r e c t i o n s of i t s edges . I n o t h e r w o r d s , t o c o m p u t e 
h o w a p o l y g o n c h a n g e s s h a p e , o n e c a n i m a g i n e t h a t i t is o r i e n t e d . H o w e v e r , 
fo r c h a i n s a l t e r n a t e d é f i n i t i o n s ex i s t . F o r e x a m p l e c o n s i d e r t h e o r i e n t e d c h a i n 
in F i g u r e 6 . W e m a y c h o o s e t o p e r f o r m a r e v e r s a i o n e d g e s {A, B, C) in a t 
l e a s t t w o w a y s . O n e w a y ( s h o w n on t o p ) is i d e n t i c a l t o w h a t is d o n e f o r p o l y 
g o n s . T h i s is c o n v e n i e n t b u t a l so m e a n s t h a t t h e e n d p o i n t s of t h e c h a i n wi l l 
n e v e r m o v e . A s e c o n d w a y ( s h o w n a t t h e b o t t o m ) is t o p r é s e r v e o r i e n t a t i o n . 
T h i s m a y a l l o w t h e c h a i n t o f o r m m o r e i n t e r e s t i n g c o n f i g u r a t i o n s . W e u s e 
t h e l a t t e r d é f i n i t i o n in T h e o r e m 3.6 in t h e n e x t s e c t i o n . 

3 Permuting Polygons 
S c o t t [Sco82] h a s s h o w n t h a t p rec i se ly t w o p e r m u t a t i o n s of a n e d g e l i s t f o r m 
o r i e n t e d c o n v e x p o l y g o n s , a n d t h è s e h a v e m a x i m a l a r e a . I t is a l s o k n o w n 
t h a t if t h e l o n g e s t e d g e of a p o l y g o n h a s u n i t l e n g t h , t h i s p o l y g o n m a y b e 
p e r m u t e d t o fit i n t o a c i r c le of r a d i u s \ / 5 [GY79] . 
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F i g u r e 6: T w o w a y s t h a t a r eve r sa i m a y b e d e f i n e d o n a c h a i n . 

F o r t h e r e m a i n d e r of t h i s s ec t ion we p r é s e n t o u r r e s u l t s c o n c e r n i n g p e r 
m u t a t i o n s of p o l y g o n s or cha in s . W e i m p o s e t h e r e s t r i c t i o n t h a t s i m p l i c i t y 
m u s t b e m a i n t a i n e d a t ail t i m e s , un l e s s m e n t i o n e d o t h e r w i s e . 

I n F i g u r e 7 a we s h o w a p o l y g o n w h i c h d o e s n o t a d m i t a n y e d g e - s w a p s . 
E x a m p l e s s u c h a s t h i s o n e m a y b e e x t e n d e d eas i ly t o c r e a t e a n y n - g o n w h i c h 
wil l n o t a d m i t e d g e - s w a p s . In F i g u r e 7b we s h o w a p o l y g o n w h i c h d o e s n o t 
a d m i t s i n g l e - e d g e t r a n s p o s i t i o n s , w i t h t h e e x c e p t i o n of a f e w e d g e - s w a p s f o r 
s o m e e d g e s t h a t a r e a l m o s t co l l inear . T h è s e t r a n s p o s i t i o n s c a n n o t c h a n g e 
t h e b a s i c s h a p e . T h u s we see t h a t s o m e t i m e s local p e r m u t a t i o n s wil l n o t b e 
su f f i c ien t t o a c h i e v e de s i r ed r e c o n f i g u r a t i o n s . 

( a ) ( b ) 

il 
F i g u r e 7: P o l y g o n (a) d o e s n o t a d m i t e d g e - s w a p s . P o l y g o n (b) d o e s n o t 
a d m i t s i n g l e - e d g e t r a n s p o s i t i o n s . 
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T h e o r e m 3 . 1 A simple polygon may be convexified with O(n^) reversais 
while maintaining simplicity after each reversai 

Proof: T h i s r e s u i t h o l d s f o r t h e m o r e r e s t r i c t e d r e v e r s a i o p é r a t i o n of 
f l i p t u r n s [ A B C + 0 0 ] . • 

T h e o r e m 3 . 2 A star-shaped polygon can be convexified with 0{n^) edge-
swaps while maintaining star-shapedness after each edge-swap, and this bound 
is tight in the worst case. 

Proof: Le t A; b e a p o i n t in t h e ke rne l a n d w i t h o u t loss of g e n e r a l i t y 
s u p p o s e t h a t t h e p o l y g o n is o r i e n t e d c lockwise . If t h e p o l y g o n is n o t convex , 
t h e r e m u s t ex i s t t w o success ive edges ÔÈ a n d bc w h i c h f o r m a l e f t h a n d t u r n 
(see F i g u r e 8 a ) . S ince t h e p o l y g o n is s t a r - s h a p e d , b is t h e o n l y v e r t e x in 

Va-' 

(a) (b) 

va.',-

• ' 
k 

• ' 
k 

F i g u r e 8: U s i n g e d g e - s w a p s t o convex i fy a s t a r - s h a p e d p o l y g o n . 

t h e c o n e f o r m e d b y t h e ha l f - l i nes ka a n d kc. If we e d g e - s w a p ab a n d bc, we 
o b t a i n t h e c o n f i g u r a t i o n s h o w n in F i g u r e 8b . T h e n e w p o s i t i o n of b ( s h o w n 
as b') m u s t b e s o m e w h e r e in t h e t r i a n g l e {a,c,k'). T h e s w a p p e d e d g e s a r e 
s t i l l v i s ib le f r o m k, a n d t h e y d o n o t i n t e r f è r e w i t h t h e o t h e r e d g e s of t h e 
p o l y g o n . T h u s t h e p o l y g o n r e m a i n s s t a r - s h a p e d . F u r t h e r m o r e a n y p o i n t in 
t h e ke rne l r e m a i n s in t h e kerne l a n d a n y p o i n t in t h e p o l y g o n r e m a i n s in t h e 
p o l y g o n . 

E v e r y e d g e e m a y b e f o u n d on ly w i t h i n a h a l f p l a n e d e t e r m i n e d b y a l i ne 
p a r a l l e l t o e t h a t p a s s e s t h r o u g h k. N o w s u p p o s e t h a t t w o e d g e s , ôÈ a n d 
cd f o r m a r i g h t h a n d t u r n . T h i s m e a n s t h a t b a n d c c o ï n c i d e a s s h o w n 
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in F i g u r e 9. I t is i m p o s s i b l e t o m o v e t h è s e edges w i t h i n t h e i r r e s p e c t i v e 
h a l f p l a n e s a n d i n t o a l e f t h a n d t u r n w i t h o u t o b s t r u c t i n g v i s ib i l i t y f r o m k t o 
e i t h e r b o r c. T h u s o n c e a p a i r of edges f o r m i n g a l e f t h a n d t u r n a r e s w a p p e d , 
t h e y wil l n e v e r f o r m a l e f t h a n d t u r n a g a i n . T h e p o l y g o n wil l b e c o m e c o n v e x 
o n l y w h e n t h e r e a r e n o s w a p s t o b e m a d e o n lef t h a n d t u r n s . S ince a n y p a i r 
of e d g e s m a y b e s w a p p e d a t m o s t once , 0{n^) s w a p s suf f ice t o c o n v e x i f y a 
s t a r - s h a p e d p o l y g o n . In F i g u r e 10 we s h o w t h a t t h i s b o u n d is t i g h t . E v e r y 
e d g e Ci {2 < i < n — 2) m u s t b e s w a p p e d w i t h e d g e s e i , . . . , e i _ i f o r t h e 
p o l y g o n t o b e c o m e convex . • 

F i g u r e 10: A s t a r - s h a p e d p o l y g o n w h i c h r e q u i r e s Q ( n ^ ) e d g e - s w a p s t o b e c o m e 
c o n v e x . 
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F o r t h e f o l l o w i n g t w o t h e o r e m s we d o n o t e n f o r c e s imp l i c i t y . 

T h e o r e m 3 .3 Determining whether a signed polygon may be permuted using 
transpositions so that its shape is rotated by an angle O/TT takes 0 ( n l o g n ) 
time in the algebraic décision tree model of computation. 

Proof: S ince o n l y t r a n s p o s i t i o n s a r e a l lowed, e a c h e d g e of t h e p o l y g o n 
m u s t h a v e i t s opposite a l so p r é s e n t in t h e p o l y g o n . T h i s p r o p e r t y a l s o suf f ices 
if we d o n o t i m p o s e t h e r e s t r i c t i o n of m a i n t a i n i n g s i m p l i c i t y a t a i l t i m e s . B y 
" o p p o s i t e " we m e a n a n edge w i t h t h e s a m e ang le , b u t o p p o s i t e d i r e c t i o n . 
Fo r e x a m p l e , in F i g u r e 11 edges a,b,c,d,e of t h e p o l y g o n o n t h e l e f t a r e 
m a t c h e d b y e d g e s â , b, c, d, ë. T h i s m e a n s t h a t t h e s h a p e of t h i s p o l y g o n m a y 
b e r o t a t e d b y a n a n g l e of TT ( shown o n r i g h t ) w i t h a p p r o p r i a t e t r a n s p o s i t i o n s . 

F i g u r e 11: L e f t : a s i gned p o l y g o n fo r w h i c h eve ry e d g e is m a t c h e d b y a n 
" o p p o s i t e " . R i g h t : a p e r m u t a t i o n of t h e p o l y g o n w i t h t h e s a m e s h a p e r o t a t e d 
b y a n a n g l e of TT. 

If we t r a n s l a t e eve ry edge t o t h e o r ig in (so t h a t t h e y a r e d i r e c t e d a w a y 
f r o m t h e o r i g i n ) , we o b t a i n a se t of n p o i n t s . T h e s h a p e of t h e g iven p o l y 
gon c a n b e r o t a t e d if a n d on ly if eve ry s u c h p o i n t h a s a r e f l e c t i o n t h r o u g h 
t h e o r i g in . T h i s c a n b e d e t e r m i n e d in O ( n l o g n ) t i m e w i t h a r a d i a l s o r t , 
a n d t h e m a t c h i n g lower b o u n d is o b t a i n e d b y a r é d u c t i o n f r o m Set Equality 
(see [Ead88] ) . • 

T h e o r e m 3 . 4 Determining whether we can obtain the mirror image of a 
signed polygon using transpositions takes G ( n l o g n ) time in the algebraic dé
cision tree model of computation. 

g 



Proof: I n o r d e r t o b e a b l e t o o b t a i n a m i r r o r i m a g e , t h e r e m u s t ex i s t 
a n a x i s t h r o u g h w h i c h eve ry e d g e b a s i t s re f lec t ion p r é s e n t ( a l l o w i n g t r a n s 
l a t i o n ) . Fo r e x a m p l e c o n s i d e r t h e p o l y g o n on t h e l e f t in F i g u r e 12. If we 
t a k e a v e r t i c a l l ine a s a n a x i s of s y m m e t r y , t h e n e d g e s d a n d j a r e r e f l e c t i o n s 
of e a c h o t h e r . T h e s a m e h o l d s for p a i r s {b,h) a n d { f , k ) . V e r t i c a l e d g e s d o 
n o t n e e d a m a t c h i n g e d g e . If s u c h a n ax i s exis ts , t h e n a m i r r o r i m a g e of t h e 
p o l y g o n c a n b e o b t a i n e d u s i n g t r a n s p o s i t i o n s . A s in T h e o r e m 3 .3 we c a n 
p l a c e eve ry e d g e a t t h e o r ig in t o o b t a i n a se t of n p o i n t s . T h e s y m m e t r i e s 
of t h i s p o i n t se t m a y b e f o u n d u s i n g t h e K n u t h - M o r r i s - P r a t t s t r i n g m a t c h 
i n g a l g o r i t h m [ K M P 7 7 ] . T h e overa l l t i m e c o m p l e x i t y is 0 ( n l o g n ) . T h i s is 
p o i n t e d o u t b y E a d e s [Ead88] w h o a l so m e n t i o n s t h a t s u c h r e f l e c t i o n t e s t s 
h a v e Q{n\ogn) lower b o u n d s on fixed d e g r e e déc is ion t r e e m a c h i n e s . • 

b h 
^ ; 

c 
: ^ 

c 
y 

d 
e 

f ^ 

j 
e 
[ k 

g f a a 

h 
i 

y 

a a 

b 
i 
_ d 

k f 

F i g u r e 12: T w o p o l y g o n s t h a t a r e m i r r o r i m a g e s a n d h a v e d i f f é r e n t p e r m u 
t a t i o n s of t h e s a m e e d g e l i s t . 

T h e o r e m 3 .5 Given an oriented polygon P and a rectangle R, deciding 
whether P can be permuted by transpositions into an oriented polygon P' 
that can be drawn inside R is (weakly) NP-complete. ^ 

^This resuit also holds if P' is to be placed inside a strip or circle, instead of a rectangle. 
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Proof: C o n s i d e r a n i n t e g e r p a r t i t i o n p r o b l e m w i t h S = {ao, a i , . . . , a „ _ i } 
a n d > 0 fo r a i l i. L e t A = Ylaes ^ f ^ - D e c i d i n g w h e t h e r t h e r e is a s u b s e t S' 
of 5 w i t h X l a e s ' a = A \s (weak ly ) N P - h a r d . C o n s i d e r t h e f o U o w i n g p o l y g o n 
P. D é n o t e t h e e d g e s of P in c o u n t e r - c l o c k w i s e o r d e r b y {eo, e i , . . . , e2„+3}. 
T h e edges w i t h even i n d i c e s a r e pa ra l l e l t o t h e x - a x i s ; t h e e d g e s w i t h o d d 
ind ices a r e p a r a l l e l t o t h e y -ax i s . Le t e b e a pos i t ive n u m b e r less t h a n o n e . 
T h e e d g e eo h a s l e n g t h ao + E d g e s e^ for z = 2 , 4 , 6 , . . . , 2 n — 2 h a v e l e n g t h 
ai/2. E d g e e2n h a s l e n g t h A. E d g e e2n+2 h a s l e n g t h A + e. E d g e s e j fo r 
i = 1 , 3 , 5 , . . . , 2 n -I- 1 h a v e l e n g t h L E d g e e2„+3 h a s l e n g t h n + 1. 

W e a lso a s s ign d i r e c t i o n s t o t h e edges , so t h a t t h e e d g e s f o r m a c o u n t e r -
c lockwise t r a v e r s a i of P. Ai l edges of l e n g t h 1 g o u p . T h e e d g e s Cj for 
z = 0 , 2 , 4 , . . . , 2 n — 2 g o f r o m lef t t o r i g h t . T h e few r e m a i n i n g e d g e s g o d o w n 
a n d r i g h t t o l e f t , a s i l l u s t r a t e d in F i g u r e 13 (a ) w i t h n = 7 . 

16 

17 

16 

17 

14 

12 
10 

12 
10 

14 

( a ) : p o l y g o n P 

(b ) : p o l y g o n P ' 

F i g u r e 13: P o l y g o n s P a n d P' w i th 18 v e r t i c e s . 

L e t i ? b e a r e c t a n g l e of s ize ^ -I- e by n -I-1. W . l . o . g a s s u m e t h a t R h a s 
(—e,0) a n d {A,n + 1) a s i t s l e f t - b o t t o m a n d r i g h t - t o p c o r n e r . S u p p o s e P 
c a n b e p e r m u t e d i n t o a p o l y g o n P' t h a t c a n be d r a w n in t h e r e c t a n g l e R. 
A g a i n w . l . o .g a s s u m e t h a t e2n+2 of P' l ies a l o n g t h e t o p s i d e of R a n d e2n+3 
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a l o n g t h e l e f t s i de of R. T h i s i m p l i e s t h a t t h e lef t a n d r i g h t e n d p o i n t s of e2n 
a r e (0, y) a n d {A, y) f o r s o m e v a l u e of y w i t h l < y < n. M o r e o v e r t h e e d g e 
eo l ies b e l o w e2n- T h e edges f o r m a c o u n t e r - c l o c k w i s e t r a v e r s a i of P'. S i n c e 
e2n h a s a d i r e c t i o n t h a t goes f r o m r igh t t o le f t , t h e h o r i z o n t a l e d g e s a b o v e 

c o n n e c t t h e l e f t e n d p o i n t of e2n w i t h t h e r igh t e n d p o i n t of e2„+2, so t h e i r 
l e n g t h s m u s t a d d u p t o A. T h e r e f o r e t h e p a r t i t i o n h a s a s o l u t i o n if a n d o n l y 
if P c a n b e p e r m u t e d i n t o a p o l y g o n P' t h a t f i ts in R. F i g u r e 13 (b ) s h o w s a 
p e r m u t a t i o n of t h e p o l y g o n in F i g u r e 13(a) t h a t f i t s in r e c t a n g l e R. • 

T h e o r e m 3 . 6 The maximum endpoint distance over ail permutations of an 
oriented chain may be computed in O ( n l o g n ) time. 

Proof: F i x o n e e n d p o i n t a t t h e o r ig in . E n d p o i n t d i s t a n c e d é p e n d s o n l y o n 
t h e d i r e c t i o n of e a c h e d g e . If we k n e w t h e d i r e c t i o n in w h i c h t o p o s i t i o n t h e 
s e c o n d e n d p o i n t , i t w o u l d b e a s i m p l e m a t t e r t o se l ec t t h e d i r e c t i o n of e a c h 
e d g e in o r d e r t o m a x i m i z e t h e d i s t a n c e . P o s i t i o n t w o v e c t o r s a t t h e o r ig in 
fo r e a c h edge , r e p r e s e n t i n g i t s pos s ib l e d i r ec t i ons . S o r t t h e v e c t o r s r a d i a l l y 
a n d c o m p u t e t h e s u m of ail v e c t o r s in o n e h a l f p l a n e d e t e r m i n e d b y a l ine 
£ t h r o u g h t h e o r i g in . T h i s r e p r e s e n t s t h e m a x i m u m d i s t a n c e in a d i r e c t i o n 
p e r p e n d i c u l a r t o £. B y r o t a t i n g £ a n d u p d a t i n g t h e v e c t o r s u m w h e n e v e r a 
v e c t o r e n t e r s o r e x i t s t h e r o t a t i n g h a l f p l a n e , we o b t a i n t h e e n d p o i n t d i s t a n c e 
over ai l d i r e c t i o n s . T h e t i m e c o m p l e x i t y is d o m i n a t e d b y t h e s o r t i n g s t e p , so 
t h e e n t i r e p r o c é d u r e t a k e s O ( n l o g n ) t i m e u s i n g 0 ( n ) s p a c e . • 
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Vertex Pops and Popturns 
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M a r t i n L. D e m a i n e ^ R o b i n F la t land" Ferran H i u t a d o * * S t e f a n Langerman*^^ J o s e p h O'Rourke*^ 

P e r o u z Taslakian^^ Godfr i ed Toussaint^^ 

1 Introduction 

T h i s p a p e r cons iders t r a n s f o r m a t i o n s of a p lanar po ly 
g o n P accord ing t o t w o t y p e s of o p é r a t i o n s . A vertex 
pop (or a pop) ref iects a v e r t e x Vi, i G { 1 , . . . , n}, across 
t h e l ine t h r o u g h t h e t w o a d j a c e n t ver t i ce s Vi-i and Vj+i 
( w h e r e i n d e x a r i t h m e t i c is m o d u l o n ) . A poptum ro
t â t e s Vi in t h e p lane b y 180° a b o u t t h e m i d p o i n t of t h e 
l ine s e g m e n t Vi-iVi+i. P o p s a n d p o p t u r n s are m o v e s 
s imi lar t o "Erdôs p o c k e t flips" a n d "flipturns" [5, 3] in 
t h a t t h e y préserve t h e l e n g t h s of t h e p o l y g o n edges . 

O u r goal in t h i s p a p e r is t o s t u d y w h i c h p o l y g o n s c a n 
b e c o n v e x i f i e d b y a séries of p o p s or p o p t u r n s , under var
ions in ter sec t ion res tr ic t ions a n d de f in i t i ona l variants . 

W e d i s t i n g u i s h b e t w e e n t h r e e t y p e s of p o l y g o n s . A 
simple polygon is non-se l f - in tersec t ing , in t h a t e d g e s in-
t e r s e c t o n l y at c o m m o n e n d p o i n t s . A p o l y g o n is weakly 
simple if i t s b o u n d a r y d o e s n o t "properly cross" itself . 
F ina l ly , a gênera i polygon m a y b e se l f - in tersec t ing w i t h 
proper cross ings . P o p s a n d p o p t u r n s c a n eas i ly intro-
d u c e w e a k or proper cross ings , so t h e la t ter t w o c lasses 
are o f t e n m o r e na tura l t o s tudy . 

W e a l so f o c u s o n t w o s u b c l a s s e s of p o l y g o n s . In a n 
orthogonal polygon, ad jacent e d g e s m e e t a t right angles . 
In a n equilateral or unit polygon, ail e d g e l e n g t h s are 
equa l , say, t o 1. In equi la tera l p o l y g o n s , p o p s a n d p o p 
t u r n s b e c o m e ident ica l o p é r a t i o n s . 

W e wil l see t h a t a v e r t e x p o p c a n crea te a hairpin ver
tex (or a pin): a v e r t e x Vi w h o s e inc ident e d g e s over lap 
col l inearly . If a l so Vi-i=Vi+i ( w h i c h arises na tura l ly in 
un i t p o l y g o n s ) , t h e n t h e re f l ec t ion l ine for a p o p of Vi is 
n o t d e t e r m i n e d . W h e t h e r t o a l low a p o p of such a pin, 
a n d if so, h o w t o de f ine it , l e a d s t o m a n y in teres t ing 
var ia t ions , d e t a i l e d in S e c t i o n 3 b e l o w . 
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P o l y g o n s M o v e s C o n v e x i f i a b l e ? 
arbitrary popturns yes, always 
simple popturns yes ifï no purse 
weakly simple, 
unit, orthogonal 

pops4-180° rot. 
or pops-l-untwists 

yes, always 

T a b l e 1: S u m m a r y of our resul ts . 

Our results. T a b l e 1 l i s t s our results . If c r o s s i n g s are 
p e r m i t t e d , it r e m a i n s u n r e s o l v e d w h e t h e r e v e r y p o l y 
g o n can b e c o n v e x i f i e d v i a v e r t e x p o p s , b u t w e s h o w 
p o p t u r n s suf f ice . R e s t r i c t i n g t o s i m p l e p o l y g o n s , it i s 
k n o w n t h a t e v e r y s t a r - s h a p e d p o l y g o n c a n b e c o n v e x 
if ied by p o p t u r n s [1, T h m . 3.2]. W e charac ter i ze pre-
c i se ly t h e c la s s of p o l y g o n s t h a t c a n b e c o n v e x i f i e d b y 
s imple p o p t u r n s : t h o s e w i t h o u t a "purse." O u r final 
resuit is s p e c i a l i z e d t o un i t o r t h o g o n a l p o l y g o n s , w h i c h 
can be r e c o n f i g u r e d u n d e r var ions ha irp in m o v e restr ic
t ions . 

2 Popturns 

T h e p o l y g o n P w i t h c l o c k w i s e ver t i ce s {vi,V2, • • • ,Vn) 
c a n be s e e n as a cyc l i c s é q u e n c e of r o o t e d v e c t o r s 
(e 1 , . . . , e„ ), w h e r e e j = ( f i _ i , ). A s é q u e n c e o f v e c t o r s 
is simple if t h e y f o r m a s i m p l e p o l y g o n , a n d clockwise if 
e a c h vec tor h a s t h e interior of P o n i t s r ight s ide . In t h e 
fo l lowing, w e wi l l u s e t h e t e r m s séquence of vectors a n d 
polygon i n t e r c h a n g e a b l y . A p o p t u m t h e n c o r r e s p o n d s 
t o s w a p p i n g t w o a d j a c e n t v e c t o r s in the ir cyc l i c order-
ing. We ca l l t h e p o p t u r n weakly simple if t h e r e s u l t i n g 
p o l y g o n is s i m p l e . T h e t w o v e c t o r s t o b e p o p t u r n e d a n d 
their i m a g e s f o r m a para l l e logram. W e call t h e p o p t u r n 
simple if t h i s p a r a l l e l o g r a m d o e s n o t in tersec t or c o n t a i n 
P. T h i s i s t h e c a s e if a n d o n l y if t h e r e s u l t i n g p o l y g o n 
is s imple a n d c l o c k w i s e . 

If we p e r m i t cros s ings , p o p t u r n s c a n c o n v e x i f y b y s i m -
ulat ing b u b b l e sort o n e d g e d irec t ions , w h e r e e a c h ad
jacent s w a p c o r r e s p o n d s t o a p o p t u r n ; see [2, p. 32]. 

T h e o r e m 1 Any polygon of n vertices can be convexi
fied (permitting crossings) by a séquence of at most 5 ( 2 ) 
popturns. 
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I n t h e r e m a i n d e r of t h i s sec t ion , w e c o n c e n t r a t e o n 
s i m p l e p o l y g o n s and s i m p l e p o p t u r n s . T h e turning an
gle Ti = Ty. a t v e r t e x Vi is t h e c lockwise ang le b e t w e e n 
t h e v e c t o r s Cj a n d e j + i (—TT < < TT), a n d t h e to
tal turning angle Tij = T^^^e^ b e t w e e n e d g e s a n d Cj 

is '''i- B e c a u s e t h e p o l y g o n is c losed , s imple , and 
c lockwise , Tij + Tj^i = 2TT. N o t i c e t h a t t h e t o t a l t u r n i n g 
angle Te .̂e^ b e t w e e n t w o edges , e, a n d Cj d o e s no t c h a n g e 
af ter a s i m p l e p o p t u r n u n l e s s a n d sj are adjacent , i .e. , 
j = i + 1 or j = 2 — 1 , a n d t h e p o p t u r n is per formed at 
the ir c o m m o n ver tex . Cons ider , for e x a m p l e , Fig . l ( a ) , 
in w h i c h a p o p t u r n at vs reorders t h e s é q u e n c e of vec tors 
{ . . . , 6 1 , 6 2 , 6 3 , 6 4 , . . . } t o { . . . , 6 1 , 6 3 , 6 2 , 6 4 , . . . } . O n l y 
t w o e d g e - t u r n i n g a n g l e s change: Tê êa = 5"' b e c o m e s 

= ( 2 + | ) 7 r , w r a p p i n g a r o u n d t h e ent ire po lygon; 

m e a n w h i l e , Tej^ej = 1 1 ^ b e c o m e s T̂ ^ — 

F i g u r e 1: (a) P o p t u r n at V3 o f { 6 2 , 6 3 } . (b) P u r s e 
Ci, . . . , 6 j . 

A purse is a (cyc l i c ) s u b s e q u e n c e 6 j , . . . , such t h a t 
Tij < —TT; see F ig . l ( b ) . W e s h o w t h e fo l lowing: 

L e m m a 2 If Ci,... ,ej is a purse, then and ej can 
never be made adjacent by any séquence of simple pop
turns, and Tij is constant. 

P r o o f : A s s t a t e d prev ious ly , Tg.^ej wi l l b e a f fec ted by 
a p o p t u r n o n l y if a n d ej are a d j a c e n t , i .e . , j = i + 1 
or j = z — 1. In t h e f irst case , T^J = r^^^+i m u s t b e 
s t r i c t l y b e t w e e n —TT a n d TT. In t h e s e c o n d case, Tij = 
Tj+ij = 2TT — Tjj+i, w h i c h is s t r i c t l y b e t w e e n TT and 
37r. However , purse 6 ^ , . . . , ej h a s Tij < —TT, m e e t i n g 
n e i t h e r case. B e f o r e 6i a n d ej b e c o m e adjacent , Tij 
m u s t change , but be fore Tij c a n c h a n g e , Ci and 6j m u s t 
b e c o m e adjacent . T h u s a n d ej wi l l never b e c o m e 
adjacent . • 

A v e r t e x Vi is reflex if Ti < 0. A p o p t u r n at a ref lex 
v e r t e x is ca l led a reflex popturn. 

L e m m a 3 Given a simple clockwise polygon, if the pop
turn at a reflex vertex Vi is not simple, then the polygon 
has a purse. 

P r o o f : Let v'^ b e t h e p o s i t i o n o f Vi a f t e r t h e p o p t u r n . If 
t h e p o p t u r n a t Vt is n o t s i m p l e , t h e n t h e p a r a l l e l o g r a m 
Vi-iViVi+iv[ i n t er sec t s P. S u p p o s e t h a t P h a s n o purse . 
It fo l lows t h a t e d g e 6i+2 is o u t s i d e of t h e para l l e l ogram. 
T h e n by the J o r d a n c u r v e t h e o r e m , t h e r e is a proper 
intersect ion b e t w e e n t h e b o u n d a r y of P a n d Vi+iv^ or 
v'^Vi-i. A s s u m e b y s y m m e t r y t h a t t h e r e is s u c h a n inter
sec t ion o n t h e e d g e Vi+iv'i a n d le t q b e t h e first proper 
in tersec t ion e n c o u n t e r e d w h i l e w a l k i n g f r o m Vi+i to u-; 
see F ig . 2. 

F i g u r e 2: P r o o f of L e m . 3. 

Let P' be a c o u n t e r c l o c k w i s e p o l y g o n f o r m e d b y tak-
ing t h e port ion of P b e t w e e n Uj+i a n d q a n d a v e c t o r e' 
from q to Vj+i. Let e* b e t h e v e c t o r p r e c e d i n g e' in P'. 
T h e p o l y g o n P' is c losed , s imple , a n d c o u n t e r c l o c k w i s e . 
T h u s t h e to ta l t u r n i n g ang le Te\e* + '''e'y = —27r. B u t 
the vec tor e* i s part o f a v e c t o r of P, s a y BJ, a n d is 
paral le l t o e'; thus , Tij = Tg/^g*. F ina l ly , e* a n d e' are 
adjacent , so re*,e' m u s t b e s t r i c t l y b e t w e e n —TT a n d TT, 
and Tij = Te'̂ e* = —Te',e' — 27r < —TT. T h u S Ci, . . . , 6 j is 
a purse . • 

T h e o r e m 4 A simple polygon P can be convexified by 
a finite séquence of simple popturns if and only if P 
contains no purse. 

P r o o f : If P c o n t a i n s a purse 6 i , . . . , 6 ^ , t h e n b y déf i 
n i t ion , Tij < —TT and b y L e m . 2, Si a n d sj wi l l never 
b e c o m e adjacent , w h i c h i m p l i e s t h a t t h e v a l u e of Tij 
will r emain t h e s a m e after a n y s é q u e n c e of s i m p l e p o p 
turns . In a c lockwise c o n v e x p o l y g o n , t h e t o t a l t u r n i n g 
angle b e t w e e n every pair of e d g e s is n o n - n e g a t i v e . T h i s 
impl i e s P can never b e c o m e c o n v e x a f t er a n y s é q u e n c e 
of s i m p l e p o p t u r n s . 

N o t e tha t a p p l y i n g a n y s é q u e n c e of p o p t u r n s t o P 
will resui t in a p o l y g o n w h i c h is a p e r m u t a t i o n of t h e 
original vectors . If P c o n t a i n s n o purse , t h e n b y L e m . 3, 
the p o p t u r n a t a n y ref lex v e r t e x is s i m p l e . S u c h a p o p 
turn wil l increase t h e area of t h e p o l y g o n , s o t h e s a m e 
p e r m u t a t i o n of v e c t o r s wil l never b e r e p e a t e d . S i n c e t h e 
n u m b e r of dif férent p e r m u t a t i o n s of v e c t o r s i s finite, a n y 
s é q u e n c e of ref lex p o p t u r n s wi l l have t o b e finite as wel l . 
At t h e e n d of s u c h a m a x i m a l s é q u e n c e , n o re f lex v e r t e x 
r e m a i n s and t h e p o l y g o n is c o n v e x . • 

N o w we can m o r e prec i se ly b o u n d t h e n u m b e r of p o p 
turns needed t o c o n v e x i f y a p o l y g o n : 
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L e m m a 5 Let P be a polygon that has no purse. Any 
maximal séquence of reflex poptums will convexify an 
n-gon P after exactly \{ii,j)\Tij < 0 } | < ( j ) poptums. 

T h e s i t u a t i o n is s ign i f i cant ly m o r e c o m p l e x in t h e case 
o f w e a k l y s i m p l e p o p t u r n s . In t h e full vers ion w e prove: 

T h e o r e m 6 Deciding if a polygon can be convexified by 
a séquence of weakly simple poptums is NP-Hard. 

3 U n i t O r t h o g o n a l Po lygons 

W h e n res tr ic ted t o s i m p l e pops , e v e n t h e 12-ver tex po ly 
g o n in F ig . 3a c a n n o t b e convex i f i ed . Here w e l o o s e n 
t h a t res tr ic t ion a n d a l low ha irp in vert ices . A hairpin 
v e r t e x Vi in a un i t p o l y g o n has Vi-i=Vi+i, w h i c h leaves 
a p o p of Vi unde f ined . W e feel it i s na tura l t o def ine t h e 

(•) (b) 
ù 

F i g u r e 3: (a) A un i t p o l y g o n t h a t c a n n o t b e convex i f i ed 
b y pure pops . (b , c ,d ) C o n v e x i f y i n g b y p in p o p p i n g . 

p o p o f a p in Vi w h e n Vi^i = Ui+i as t h e re f lec t ion across 
t h e l ine L p e r p e n d i c u l a r t o t h e p i n e d g e s a n d t h r o u g h 
the ir c o m m o n e n d p o i n t . T h i s p e r m i t s c o n v e x i f y i n g t h e 
p r e v i o u s e x a m p l e ; see F ig . 3 ( b - d ) . T h r o u g h a n e x t e n 
s ion of t h e a r g u m e n t in T h m . 4, w e c a n s h o w t h a t p o p s 
t o g e t h e r w i t h p i n p o p s st i l l d o n o t suff ice t o c o n v e x i f y 
ail un i t p o l y g o n s w h i l e r e m a i n i n g w e a k l y s i m p l e — a g a i n , 
t h e p o l y g o n m u s t h a v e n o purse. B u t rather t h a n détai l 
t h i s a r g u m e n t , w e t u r n i n s t e a d t o p o s i t i v e results . 

3 . 1 P î n - m o v e Ex tens ions 

T h e r e are three na tura l p i n - m o v e e x t e n s i o n s : r o t a t i n g 
a p in 9 0 ° , r o t a t i n g 180° , or "untwis t ing" a pin. T h e 
first is re la ted t o t h e work of D u m i t r e s c u and P a c h [4], 
in t h a t the ir "coin moves" can b e s i m u l a t e d in certa in 
c o n t e x t s w i t h t h e he lp of 90° p i n ro ta t ions . However , 
w e d o n o t pursue t h i s c o n n e c t i o n , a n d o n l y observe t h a t 
9 0 ° r o t a t i o n s are s u b s u m e d by 180° ro ta t ions . W e n e x t 
s h o w t h a t t h e s e c o n d t w o p in m o v e r a e n t s , and there-
fore t h e first, p e r m i t c o n v e x i f y i n g a n y uni t o r t h o g o n a l 
p o l y g o n whi l e r e m a i n i n g w e a k l y s i m p l e . 

Le t P b e a un i t o r t h g o n a l p o l y g o n . W e def ine a U-
s h a p e d b o u n d a r y p ièce (vi, V j + i , î ^ j - i , t^j) t o b e a cup 
if Vi+i a n d Vj-\ are b o t h ref lex or b o t h c o n v e x and 
Vi+i,... Vj-i are coUinear. T h e l ine s e g m e n t ViVj is t h e 
c u p lid. A c u p is open if n o p i è c e of dP l ies a long i t s 
lid. A horizontal cup (or H-cup) i s a n upright or ups ide 
d o w n U-shape; a vertical cup (or V - c u p ) is a C/-shape 
o n i t s s ide . 

D u r reconf igurat ion a l g o r i t h m c o u v e r t s P t o a canon-
ical f o r m b y m o v i n g p ins a r o u n d dP. If [vi-i,Vi,Vi+i] 

is a pin, cal l Vi i t s tip a n d Vi-i = Vi+i i t s base. W e dis -
t ingu i sh t w o t y p e s of p ins . A flat p in h a s t h e t i p v e r t e x 
Vi co ïnc ident w i t h e i t h e r Vi-2 or Vi+2', see F i g s . 4a , 4b . 
A barb p i n h a s a t i p v e r t e x Vi d i s t inc t f r o m b o t h Vi-2 
and Vi+2', see F igs . 4c , 4d . 

V. . 
(d) (a) W (c) 

F i g u r e 4: (a ,b ) F l a t p ins (c ,d) B a r b p ins . 

N o w w e re lax t h e c o n d i t i o n t h a t p o p s préserve s im-
pl ic i ty of t h e p o l y g o n , a n d al low for s i m p l e p in "twists" 
in a smal l n e i g h b o r h o o d a r o u n d their b a s e p o i n t . A 
twisted p in (e .g . F ig . 5b) is t h e resui t of p o p ( u i ) a p p l i e d 
in t h e f o l l o w i n g t w o condi t ions : (i) [vi-i,Vi,Vi+\] i s a 
s imple ( u n t w i s t e d ) flat pin, and (ii) ViVi+i a n d Vi+iVi+2 
are o r t h o g o n a l (cf . F i g s . 4b , 5a) . O n c e a p i n b e c o m e s 
twi s ted , w e i m m e d i a t e l y u n t w i s t it (cf. F ig . 5c ) . N o t e 
t h a t our p o p o p é r a t i o n s a p p l y o n t h e s i m p l e p o l y g o n 
o b t a i n e d b y s e p a r a t i n g t h e pin b a s e i n t o t w o p o i n t s 
w i t h i n a n eps i l on -d i sk of t h e base , a s i l l u s t r a t e d in t h e 
pin drawings . A l t h o u g h p in u n t w i s t i n g m a y s e e m like 
"cheating," in fac t t h e o p é r a t i o n is q u i t e n a t u r a l , for t h e 
c o ï n c i d e n c e of w i t h « i + i m e a n s t h a t F igs . 5 b a n d 5c 
are g e o m e t r i c a l l y ident ica l . A l t h o u g h it m a y a p p e a r 

V V 

(a) 

Figure 5: (a) Ini t ia l p i n [vi-i,Vi,Vi+i] (b) P i n t w i s t e d 
af ter pop{vi) (c) U n t w i s t e d pin. 

from Figs . 5a, 5c t h a t t h e resui t of p o p p i n g / u n t w i s t i n g 
a pin is t h e s a m e as r o t a t i n g t h e p in 180° a b o u t i t s re
flex base p o i n t , t h e p o p a n d t h e 1 8 0 ° - t u r n o p é r a t i o n s 
are not a l w a y s ident ica l . N e v e r t h e l e s s , w e s h o w t h a t 
t h e y are é q u i v a l e n t in t h e sensé t h a t t h e c o m p o s i t e op
érat ions ( see Sec 3 .3 ) u s e d b y our a l g o r i t h m c a n b e de-
fined in t e r m s of e i ther p o p / u n t w i s t p i n o p é r a t i o n s or 
p o p / 1 8 0 ° - t u r n p i n r o t a t i o n s . 

3.2 Canon i ca l F o r m 

Let P b e a p o l y g o n w i t h 2x hor izonta l e d g e s and 2y 
vert ical e d g e s . T h e canonical form of P is a r e c t a n g l e 
of l e n g t h x a n d he ight y. It is u s e d as a n i n t e r m e d i a t e 
s t a g e in reconf igur ing P in to a n o t h e r p o l y g o n w i t h a 
s a m e n u m b e r of hor izonta l a n d vert ica l edges . 
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3.3 Compos i te Opérat ions 

We define three composite opérations used b y the recon
figuration algorithm. Each can be implemented using 
p o p / u n t w i s t opérations or p o p / 1 8 0 ° - t u r n opérations. 
SLlDE(n) : Moves the pin II one latt ice edge cw around 

( ^ = 9 
V n 11 ^ Tj*̂  

1 1 

u 
(b) (d) 

I V 

Figure 6: (a, b) Sliding a barb pin (c, d, e) Sliding a 
fiât pin. 

the boundary. See Fig. 6. 
WALK(n, c): AppUes a séquence of SLIDE opérations 
to walk the pin H cw along dP until i ts base coincides 
with corner point c. 
P O P S w E E P ( n , c): Hère II is an outward pointing barb 
pin whose base vertex b is connected to vertex c by 
a straight boundary segment. This opérat ion pops ail 
vertices on the boundary segment, start ing wi th b. 

3 .4 Conver t ing P To Canonical Form 

Let T = êr he the leftmost among the topmost maxi
mal horizontal sections of dP, with i (r) the left (right) 
endpoint of T. The algorithm uses the composi te op
érations t o couvert P into a canonical rectangle R that 
has its lower-right corner at r (see Fig. 7d). Initially, R 
is degenerate and coincides wi th line segment [£, r]. 

T h e algorithm repeatedly créâtes a pin II and walks 
it around dP to the t o p left corner te of R (initially 
te = i), where it uses a POPSWEEP opérat ion to expand 
n into a new (top) row or (left) co lumn of R. A pin is 
created by popping ail base vertices of an open cup, 
which always exists (Lem. 7). E.g. , in Fig. 7d, popping 
base vertex 62 of cup (a2, ^21C2, ^2) créâtes a pin (see 
Fig. 7e). T h e cup must be open, for otherwise popping 
the base vertices results in dP touching along non-pin 
edges. In the first itération, the algorithm uses a pin II 
corresponding to an upright open H-cup; this ensures 
that, once it reaches £, ïl expands into a row extending 
from £ to r, turning R into a one-row rectangle {£ = 
be,te,tr,r). Figs. 7a-7g show this for two pins. 
L e m m a 7 If P is not a rectangle, it has at least one 
open cup in the halfplane H bounded above by T. 

i=|[i a, r u 

(b) (c) (d) 

R n R 
r b-l 

L 

(f) (g) 

Figure 7: (a) P (b) H-cup ( a i , 6 1 , c i , d i ) turned into 
pin n by pop(6 i ) (c) P in II after WALK (d) Rectangle 
R after POPSWEEP (e-g) Same steps for next pin. 

P r o o f : If P is not a rectangle, then the reconfiguration 
is not complète and some part of dP lies in the interior 
of H. Therefore, P has at least one upright horizontal 
cup in H, namely the iJ -cup with a lowest horizontal 
edge as base. Of ail upright horizontal cups in H, let 
C = {vi,Vi+i,.. .Vj-i,Vj) be one wi th a highest base. 
Assume for the sake of contradiction that C is not open . 
Then its lid conta ins some (maximal) horizontal sect ion 
U f c , V k - \ - s of dP. A s s u m e w.l.o.g. that k > j . Uvk and 
Vj coïncide, t h e n {vj^2,Vj-i,Vj = Vk,Vk+i) is an o p e n 
V-cup in H and the proof is finished, and similarly if 
Vk+s and Vi coïncide. So assume k j and k + s / i. 
Then Vk, Vk+s must be the base of an upright H-cup, 
call it D. Simple arguments show that D lies in H and 
is higher than C, a contradiction. • 

T h e o r e m 8 The described algorithm transforma P into 
a rectangle in 0{n^) pop opérations. 

A c k n o w l e d g m e n t s . We thank the other partici
pants of the 2007 Workshop on Reconfiguration at the 
Bellairs Research Inst i tute of McGill University. 

Références 

[1] G. Aloupis, P. Bose, E. D. Demaine, S. Langerman, H. 
Meijer, M. Overmaxs, £ind G. T. Toussaint. Computing 
signed permutations of polygons. In Proc. 14th Canad. 
Conf. Comput. Geom., pages 68-71, August 2002. 

[2] B. Ballinger. Length-Preserving Transformations on 
Polygons. PhD thesis, Univ. Calif. Davis, 2003. h t t p : 
/ /www.math.ucdavis .edu/~brad/ . 

[3] E. D, Demaine, B. Gassend, J. O'Rourke, and G. T. 
Toussaint. Polygons flip finitely... right? In Proc. Snow-
bird Conférence Discrète and Computational Geometry: 
Twenty Years Later. AMS, 2007. To appear. 

[4] A. Dumitrescu and J. Pach. Pushing squares around. In 
20th Annu. ACM Sympos. Comput. Geom., pages 116-
123, 2004. 

[5] G. T. Toussaint. The Erdôs-Nagy theorem and its ram
ifications. Comput. Geom. Theory AppL, 31(3):219-236, 
2005. 

http://www.math.ucdavis.edu/~brad/


Edge-Unfolding Nested Polyhedral Bands^ 

Greg Aloupis^'^, Erik D. Demaine^'^, Stefan Langerman*^'^, 
Pat Morin'^'^, Joseph O'Rourke®''*, Ileana Streinu^'^ and 

Godfried Toussaint ̂ '̂  

^School of Computer Science, McGill University 

^MIT Computer Science and Artificial Intelligence Laboratory 

'^Département d'Informatique, Université Libre de Bruxelles 

^School of Computer Science, Carleton University 

^Department of Computer Science, Smith Collège 

A b s t r a c t 

A band is t h e in t e r sec t ion of t h e sur face of a convex p o l y h e d r o n w i t h t h e s p a c e 
be tween two para l le l p lanes , as long as th i s space does no t c o n t a i n a n y ver t i ces 
of t h e p o l y h e d r o n . T h e in te rsec t ion of t h e p lanes a n d t h e p o l y h e d r o n p r o d u c e s 
two convex po lygons . If one of thèse polygons con t a in s t h e o t h e r in t h e p r o j e c t i o n 
o r t h o g o n a l t o t h e para l l e l p lanes , t h e n t h e b a n d is nested. W e prove t h a t ail n e s t e d 
b a n d s c a n be unfolded, by c u t t i n g a long exac t ly one e d g e a n d fo ld ing con t inuous ly 
t o p lace ail faces of t h e b a n d in to a p lane, w i t h o u t in t e r sec t ion . 

Key words: p o l y h e d r a , folding, slice curves 

* A p r e l i m i n a r y vers ion of t h i s p a p e r a p p e a r e d in Proceedings of the 16th Canadian 
Conférence on Computational Geometry, A u g u s t 2004, pages 6 0 - 6 3 . 

Email addresses: a t h e n s O c s . m c g i l l . c a (Greg Aloupis ) , e d e m a i n e @ i n i t . e d u 
(Er ik D. D e m a i n e ) , s t e f a i i . l a n g e r m a n 3 u l b . a c . b e ( S t e f a n L a n g e r m a n ) , 
m o r i n S s c s . c a r l e t o n . c a ( P a t Mor in ) , o r o u r k e O c s . s m i t h . e d u ( J o s e p h 
O ' R o u r k e ) , s t r e i n u Q c s . s m i t h . e d u ( I leana S t re inu) , g o d f r i e d Q c s . m c g i l l . c a 
( G o d f r i e d T o u s s a i n t ) . 
^ S u p p o r t e d in p a r t by N S E R C . 
2 S u p p o r t e d in p a r t by N S F C A R E E R award C C F - 0 3 4 7 7 7 6 a n d D O E g r a n t D E -
F G 0 2 - 0 4 E R 2 5 6 4 7 . 
^ C h e r c h e u r qual i f ié d u F N R S . 

S u p p o r t e d in p a r t b y N S F g r a n t DUE-0123154. 
^ S u p p o r t e d in p a r t by N S F g r a n t CCF-0430990 . 

Preprint submitted to Elsevier Science 1 June 2007 

mailto:edemaine@init.edu
http://stefaii.langerman3ulb.ac.be
http://streinuQcs.smith.edu


1 I n t r o d u c t i o n 

I t h a s l o n g b e e n a n u n s o l v e d p r o b l e m t o d é t e r m i n e w h e t h e r e v e r y p o l y h e d r o n 
m a y b e e u t a l o n g e d g e s a n d u n f o l d e d flat t o a s ing le , n o n - o v e r l a p p i n g p o l y -
g o n [12,9,7,6] . A n i n t e r e s t i n g s p é c i a l c a s e e m e r g e d in t h e l a t e 1990s : ^ c a n t h e 
band of s u r f a c e of a c o n v e x p o l y h e d r o n e n c l o s e d b e t w e e n p a r a l l e l p l a n e s , a n d 
c o n t a i n i n g n o p o l y h e d r o n v e r t i c e s , b e u n f o l d e d w i t h o u t o v e r l a p b y c u t t i n g a n 
a p p r o p r i a t e s i n g l e e d g e ? A b a n d a n d i t s a s s o c i a t e d p o l y h e d r o n a r e i l l u s t r a t e d 
i n F i g u r e 1. 

F ig . 1. A p o l y h e d r o n e u t by two paral le l p lanes , a n d t h e p r o j e c t i o n of t h e r e su l t ing 
b a n d o n t o t h e xy p l ane . 

T h i s b a n d f o r m s t h e s i d e f a c e s of w h a t is k n o w n a s a prismatoid ( t h e c o n v e x 
h u l l of t w o p a r a l l e l c o n v e x p o l y g o n s in K^) b u t t h e b a n d u n f o l d i n g q u e s t i o n 
i g n o r e s t h e t o p a n d b o t t o m f a c e s of t h e p r i s m a t o i d . A n e x a m p l e w a s f o u n d 
( b y E . D e m a i n e a n d A . L u b i w ) t h a t s h o w s h o w flattened b a n d s c a n e n d u p 
o v e r l a p p i n g if a " b a d " e d g e is c h o s e n t o e u t ; see F i g u r e 2 . 

F ig . 2. P r o j e c t i o n of a b a n d t h a t self - intersects w h e n e u t a l o n g t h e w r o n g edge 
a n d unfo lded . Lef t : o r ig ina l b a n d . Edges a t t h e b o t t o m a r e n e a r l y coUinear. R igh t : 
se l f - in te rsec t ing unfo ld ing . 

B a n d - l i k e c o n s t r u c t s h a v e b e e n s t u d i e d b e f o r e . B h a t t a c h a r y a a n d R o s e n f e l d [3] 
d e f i n e a p o l y g o n a l ribbon a s a f i n i t e s é q u e n c e of p o l y g o n s , n o t n e c e s s a r i l y 
c o p l a n a r , s u c h t h a t e a c h p a i r of s u c c e s s i v e p o l y g o n s i n t e r s e c t s e x a c t l y i n a 

^ P o s e d by E . D e m a i n e , M . D e m a i n e , A. Lub iw, a n d J . O ' R o u r k e , 1998. 
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c o m m o n side. T r i a n g u l a r a n d rec tangu la r r i bbons ( b o t h o p e n a n d closed) have 
also b e e n s tud ied . A r t e c a a n d Mezey [2] deal wi th c o n t i n u o n s r ibbons . S imple 
b a n d s can b e used as l inkages t o t r ans fe r mechanica l m o t i o n , as p o i n t e d o u t 
by C u n d y a n d RoUet t [5]. O p e n and closed rings of r igid pane l s connec t ed 
by hinges have also b e e n considered in robot ics as a n o t h e r m o d e l for r o b o t 
a r m s wi th revo lu te jo in ts . For example , the i r s ingular i t ies a re well u n d e r s t o o d 
m a t h e m a t i c a l l y [4]. As a spécial case of t h e more gênera i •panel-and-hinge 
s t r u c t u r e s s tud i ed in r igidi ty theory, t h e y a re re levant t o p ro t e in mode l ing 
[13]. In ail t hèse ins tances , a lmost no a t t e n t i o n was p a i d t o ques t ions r ega rd ing 
the i r non-se l f - in tersec t ing s t a t e s or the i r self-collision-avoiding mot ions . 

T h e r e is one unfo ld ing resui t t h a t is pa r t i cu la r ly relevant t o our p rob lem, which 
m a y b e i n t e r p r e t e d as unfo ld ing infinitely t h i n bands . T h i s resui t s t a t e s t h a t 
a slice curve, t h e in te rsec t ion of a p lane w i t h a convex po lyhed ron , develops 
(unfolds) in t h e p l ane w i t h o u t overlap [8,10]. Th i s resu i t holds regard less of 
where t h e curve is eu t . T h u s , b o t h t h e t o p a n d t h e b o t t o m b o u n d a r y of any 
b a n d (and in fac t any slice curve be tween) canno t self- intersect a f t e r a b a n d 
h a s been f l a t t ened . So over lap can only occur f r o m in t e r ac t ion w i t h t h e e u t 
edge, as in F igu re 2. 

Here we will p rove t h a t a pa r t i cu la r t y p e of b a n d c a n b e unfo lded b y ex-
plicit ly iden t i fy ing a n edge t o be eut . A b a n d is nested if p ro j ec t i ng t h e t o p 
b o u n d a r y A o r thogona l ly on to t h e p lane of t h e b o t t o m b o u n d a r y B r e su l t s 
in a polygon nes t ed inside B. For example , t h e b a n d in F igure 1 is nes t ed . 
Intui t ively, we m i g h t expec t t o ob ta in a nes t ed b a n d if b o t h para l le l p l anes 
eu t t h e p o l y h e d r o n nea r i ts " top" . W e prove t h a t ail nes ted b a n d s c a n b e 
unfo lded . O u r proof provides more t h a n non-over lap in t h e final p l a n a r s t a t e : 
i t ensures non- in te r sec t ion t h r o u g h o u t a con t inuons unfo ld ing mo t ion . 

2 B a n d s 

W e first def ine b a n d s m o r e formal ly a n d analyze t he i r combina to r i a l a n d gé
omét r i e s t r u c t u r e , w i t h o u t r ega rd t o unfold ing. 

Let P b e t h e su r face of a convex po lyhedron w i t h no cop lanar faces. Let 
Zq, Zi,..., Zm d é n o t e t h e sor ted z coord ina tes of t h e ver t ices of P. P ick two 
z coo rd ina t e s ZA a n d ZB t h a t fall s t r ic t ly be tween two consécut ive ver t ices 
Zi a n d a n d suppose t h a t ZA is above ZB- Zi < ZB < ZA < Zi+i. T h e 
band d e t e r m i n e d by P, ZA, a n d ZB is t h e in tersect ion of P ' s sur face w i t h t h e 
hor izon ta l s l ab of p o i n t s whose z coord ina tes sa t i s fy ZB < z < ZA-

T h e b a n d is a p o l y h e d r a l surface wi th two c o m p o n e n t s of b o u n d a r y , cal led A 
a n d B. Specifically, we define A as t h e top (polygonal) chain of t h e b a n d , i.e., 



t h e i n t e r s e c t i o n of P ' s s u r f a c e w i t h t h e p l a n e z — ZA, a n d B is t h e bottom 
chain, c o r r e s p o n d i n g t o t h e p l a n e z = ZB- B o t h c h a i n s A a n d B a r e c o n v e x 
p o l y g o n s in t h e i r r e s p e c t i v e h o r i z o n t a l p l a n e s , b e i n g s l ice c u r v e s of a c o n v e x 
p o l y h e d r a l s u r f a c e P. AU v e r t i c e s of t h e b a n d a re v e r t i c e s of e i t h e r A ov B. 

E v e r y v e r t e x of t h e b a n d is i n c i d e n t t o e x a c t l y t h r e e e d g e s : t w o a l o n g t h e c h a i n 
A OT B c o n t a i n i n g t h e v e r t e x , a n d t h e t h i r d C o n n e c t i n g t o t h e o t h e r c h a i n . 
T h i s t h i r d e d g e , c a l l ed a hinge, is p a r t of a n edge of t h e o r i g i n a l p o l y h e d r o n 
P C o n n e c t i n g a v e r t e x of P w i t h z c o o r d i n a t e less t h a n t o a v e r t e x of P 
w i t h z c o o r d i n a t e g r e a t e r t h a n ZA- T h e h i n g e f r o m e a c h v e r t e x of t h e b a n d 
d e f i n e s a p e r f e c t m a t c h i n g b e t w e e n v e r t i c e s of t h e t o p c h a i n A a n d v e r t i c e s of 
t h e b o t t o m c h a i n B. T h i s m a t c h i n g is c o n s i s t e n t w i t h t h e cyc l i c o r d e r s of A 
a n d B i n t h e s e n s é t h a t , if v e r t e x of A is p a i r e d w i t h v e r t e x biOÎ B, t h e n t h e 
v e r t e x Oi+i c l o c k w i s e a r o u n d A f r o m a j is p a i r e d w i t h t h e v e r t e x bi+i c l o c k w i s e 
a r o u n d B f r o m bi. T h i s c o r r e s p o n d e n c e d e f i n e s a c o n s i s t e n t c l o c k w i s e l a b e h n g 
of t h e v e r t i c e s ao, a i , . . . , an-i of A a n d t h e v e r t i c e s bo,bi,..., bn-i of B, u n i q u e 
u p t o a c o m m o n cyc l ic s h i f t . ^ 

E a c h f a c e of t h e b a n d is a q u a d r i l a t é r a l s p a n n e d b y t w o a d j a c e n t v e r t i c e s a , 
a n d Oi+i o n t h e t o p c h a i n A a n d t h e i r c o r r e s p o n d i n g v e r t i c e s bi a n d ô j+i o n 
t h e b o t t o m c h a i n B. T h i s f ac i a l s t r u c t u r e foUows f r o m t h e e d g e s t r u c t u r e of 
t h e b a n d . E a c h f a c e is p l a n a r b e c a u s e i t c o r r e s p o n d s t o a p o r t i o n of a f a c e of 
t h e o r i g i n a l p o l y h e d r o n P. B e c a u s e e d g e s a j a i + i a n d bibi+i l ie i n a c o m m o n 
p l a n e a s wel l a s in p a r a l l e l h o r i z o n t a l p l a n e s , t h e e d g e s t h e m s e l v e s m u s t b e 
p a r a l l e l . T h u s e v e r y f a c e of t h e b a n d is in f a c t a t r a p e z o i d , w i t h p a r a l l e l t o p 
a n d b o t t o m e d g e s . 

3 N e s t e d B a n d s 

N e x t w e a n a l y z e t h e g é o m é t r i e s t r u c t u r e of n e s t e d b a n d s i n p a r t i c u l a r , s t i l l 
w i t h o u t r e g a r d t o u n f o l d i n g . 

A b a n d is nested if t h e o r t h o g o n a l p r o j e c t i o n of A i n t o t h e xy p l a n e is s t r i c t l y 
c o n t a i n e d i n s i d e t h e o r t h o g o n a l p r o j e c t i o n of B i n t o t h e xy p l a n e . (Of c o u r s e , 
a b a n d is j u s t a s n e s t e d if i n s t e a d B's p r o j e c t i o n is c o n t a i n e d i n s i d e ^ ' s p r o 
j e c t i o n , b u t i n t h a t c a s e w e j u s t r e f l ec t t h e b a n d t h r o u g h t h e xy p l a n e . ) 

N e s t e d b a n d s h a v e a p a r t i c u l a r l y s i m p l e s t r u c t u r e w h e n p r o j e c t e d i n t o t h e 
xy p l a n e . A s w i t h a i l b a n d s , e a c h f a c e p r o j e c t s t o a t r a p e z o i d . T h e u n i q u e 
p r o p e r t y of a n e s t e d b a n d is t h a t n o n e of i t s e d g e s c r o s s i n p r o j e c t i o n . T h i s 
p r o p e r t y foUows b e c a u s e t h e p r o j e c t e d e d g e s a r e a s u b s e t of a t r i a n g u l a t i o n of 

T h r o u g h o u t t h i s p a p e r , indices a re t a k e n m o d u l e n . 
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t h e p r o j e c t i o n s of A a n d B, which themselves do no t in tersect b y t h e n e s t e d 
p roper ty . (In non-nes t ed bands , edges of A intersect edges of B in p ro j ec t i on . ) 
T h u s t h e p r o j e c t e d t r apézo ïda l faces of t h e b a n d form a p l a n a r d é c o m p o s i t i o n 
of t h e région of t h e xy p l ane inter ior t o t h e pro jec t ion of B a n d ex te r io r t o 
t h e p r o j e c t i o n of A. W h e n deal ing w i t h project ions , we will refer t o A (B) as 
t h e inner (outer) chain. 

In t h e xy p ro jec t ion , t h e normal cone of a ver tex Cj of A (or m o r e genera l ly 
any convex polygon) is t h e closed convex région be tween t h e two ex te r io r r ays 
t h a t s t a r t a t ai a n d are pe rpend icu l a r t o t h e incident edges ai-iai a n d ajOi+i 
respectively. See F igure 3. T h e two rays fo rming this cone d é c o m p o s e t h e local 
ex ter ior of A a r o u n d Oj in to t h r e e régions: left (counterclockwise) , inside, a n d 
r ight (clockwise) of t h e no rma l cone. 

Fig. 3. T h e n o r m a l cone of a ver tex Oj. 

L e m m a 1 In the xy projection of a nested band, not ail hinges aibi can be to 
the right (or ail to the left) of the normal cônes of their inner endpoint ai. 

P R O O F . T h e following proof refers exclusively to t h e xy p ro j ec t i on . S u p p o s e 
by s y m m e t r y t h a t ail h inges a re clockwise (r ight) , or on t h e r ight bo rde r , of 
t he i r respec t ive n o r m a l cônes on t h e inner chain A. For each i, def ine Tj t o 
b e t h e t r a p e z o i d w i t h vert ices a j - i , O j , 6i, and let hi d é n o t e i t s he igh t , 
i.e., t h e d i s t ance be tween t h e oppos i t e paral le l edges a t - i a» a n d bi^ibi. See 
F igu re 4. Because aibi is r ight of t h e pe rpend icu la r a t Oj t o a^ai+i, a n d b e c a u s e 
t h e in ter ior angle a t bi is convex, t h e convex angle aibibi-i is less t h a n t h e 
convex angle biaiai+i. T h u s , t h e height hi of Tj is less t h a n t h e he igh t hi+i 
of t h e clockwise nex t t r apezo id Tj+i. App ly ing this a r g u m e n t t o every Tj, we 
o b t a i n a cycle of s t r ic t inequal i t ies ho < hi < • • • < hn-i < ho, which is a 
con t rad ic t ion . • 
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Fig . 4. If t h e h i n g e aibi is r igh t of t h e n o r m a l cone a t ai, t h e n t h e t o p s h a d e d ang l e 
is less t h a n t h e b o t t o m s h a d e d angle , so hi < / l i+i-

4 O p e n i n g C o n v e x C h a i n s 

B e f o r e w e s t u d y t h e u n f o l d i n g of b a n d s , w e first s t u d y w h a t h a p p e n s w h e n 

o p e n i n g a c o n v e x c l o s e d c h a i n ( p o l y g o n ) b y c u t t i n g i t a t s o m e v e r t e x ai a n d 

i n c r e a s i n g a i l o t h e r i n t e r n a i a n g l e s . 

W e i n t r o d u c e s o m e b a s i c n o t a t i o n a n d t e r m i n o l o g y f o r a c o n v e x c l o s e d c h a i n ; 
r e f e r t o F i g u r e 5 ( a ) . G i v e n a c l o c k w i s e - o r i e n t e d c o n v e x c l o s e d c h a i n A = 

( a o , a i , . . . , a n - i ) i n t h e p l a n e , t h e interior angle aj a t a v e r t e x a^ , 0 < j < 
n — 1, is t h e a n g l e a j - i a ^ Q j + i l o c a t e d o n t h e r i g h t s i d e of t h e c h a i n . L e t 
Tj = n — aj b e t h e tum angle a t aj, w h i c h i s p o s i t i v e ( t o t h e r i g h t ) b e c a u s e 
of t h e c l o c k w i s e o r i e n t a t i o n of A. L e t dj b e t h e c o u n t e r c l o c k w i s e a n g l e of t h e 
v e c t o r aj — a ^ - i from t h e p o s i t i v e x a x i s . If ai — a j - i is f i x e d a l o n g t h e p o s i t i v e 

X a x i s , t h e n f o r a c h a i n w i t h a i l r i g h t t u r n s , w e h a v e 6i = 0 , = r i _ i , a n d 

i n g ê n e r a i , 

0i-k = E (1) 
j=i-k 

A n opening of a c o n v e x c l o s e d c h a i n A a t is a m o t i o n A'{t) t h a t c u t s t h e 

c h a i n a t a j , h o l d s t h e e d g e a j - i a j fixed, a n d m o n o t o n i c a l l y i n c r e a s e s a i l o t h e r 

i n t e r i o r a n g l e s . S e e F i g u r e 5 ( b ) . M o r e p r e c i s e l y , a n o p e n i n g of A a t ai c o n s i s t s 

of a n o n s t r i c t l y i n c r e a s i n g f u n c t i o n 5j : [0,1] [0, r , ] , w i t h Sj{0) = 0 , f o r e a c h 
j ^ i. F o r a n y t G [0 ,1 ] , t h e o p e n e d c h a i n A'{t) = {a*{t), a[_^_^{t), a\_^_2{t),..., 

o ^ _ i ( i ) , a o ( t ) , a[{t),..., a[{t)) a t t i m e t i s o b t a i n e d f r o m A b y f i x i n g a ' j ( i ) = a j , 
f i x i n g o - _ i ( i ) = a j - i , a n d o p e n i n g e a c h i n t e r i o r a n g l e a j , j i, to a'j{t) = 
aj + ôj{t). T h e o p e n i n g s é p a r â t e s t w o c o p i e s of a^; w e c a l l t h e s t a t i o n a r y c o p y 
tti a n d t h e m o v i n g c o p y a*{t). B e c a u s e Sj{0) = 0, t h e o p e n i n g m o t i o n s t a r t s 
a t ^ ' ( 0 ) = A. B e c a u s e ôj{t) i s n o n s t r i c t l y i n c r e a s i n g , t h e i n t e r i o r a n g l e s a'j{t) 
o n l y o p e n w i t h t. B e c a u s e 5j{t) < TJ, t h e i n t e r i o r a n g l e a'j{t) r e m a i n s a t m o s t 
(Xj + Tj = -ïï, so t h e o p e n e d c h a i n A'{t) h a s o n l y r i g h t t u r n s . T h u s t h è s e c h a i n s 
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Fig . 5. (a) A convex closed chain A, a n d (b) a n o p e n i n g of ai+i. 

A'{t) can use t h e s ame défini t ions of interior angle a'j{t), t u r n angle T j ( t ) , 

a n d counterclockwise angle 9j{t) a t a ver tex a^(t), j ^ i, a n d t h e ana log of 
E q u a t i o n (1) still holds. 

L e m m a 2 During any opening A'{t) of a convex closed chain A at ai, every 
edge a[{t)a[^^{t) turns clockwise in the sensé that the vector a'^_^i{t) — a'^{t) 
rotâtes only clockwise as t increases; in particular, a*{t)ai+i{t) turns clockwise. 

P R O O F . T h e t r a n s f o r m a t i o n of an edge ak-iak of A t o a'f,_-^{t)a'f.{t) i nduced 
by t h e open ing a t t i m e t can be expressed as a compos i t ion of ro ta t ions , 
r o t a t i n g clockwise by 5j{t) a round each ver tex aj for j = k, k + 1,... ,i — 1. 
In par t i cu la r , t h e vector a'j^{t) — is a ro ta t ion of Cfc — Uk-i clockwise by 
Yl)ZJk^j{^)- Because Si{t) > 0 a n d 5i{t) only increases w i t h t, ak+i{t) - ak{t) 
r o t â t e s only clockwise as t increases. • 

L e m m a 3 During any opening A'{t) of a convex closed chain A at Oj, the 
Euclidean distance between any two vertices a'j(t) and a'i^{t) only increases 
with t. 

P R O O F . Cauchy ' s a r m l e m m a [8,10] s t a t es t h a t open ing t h e in ter ior an
gles a i , a 2 , . . . , Oin-i of a convex open chain ooi Oii • • •, nons t r i c t l y increases 
t h e EucUdean d i s tance be tween t h e endpo in t s OQ a n d o„. T h e l e m m a foUows 
f r o m app ly ing Cauchy ' s a r m l e m m a to the chain aj, a ^ + i , . . . , or t h e chain 
Cfc, ttfc+i,... ,aj, whichever excludes t h e missing edge ajO*. • 

W e define t h r ee classes of shapes t h a t an open chain A' = (a*, a[_^_i, a-+2) • • • > 
a'^_-i,aQ,a[,...,a'^ w i t h only r ight t u r n s may have: convex, weakly convex, 
a n d spiral . Refer t o F igure 6. T h e chain A' is convex if jo in ing t h e endpo in t s 
a[ a n d a* w i th a closing segment yields a convex polygon. T h e cha in A' is 
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weakly convex if jo in ing t h e endpo in t s a- a n d a* w i t h a s egmen t yields a 
nonconvex s imple po lygon wi th no exter ior angles smal ler t h a n 7r/2. Such a 
weakly convex cha in is called R-weakly convex or L-weakly convex d e p e n d i n g 
on which e n d p o i n t is on t h e huU: if a[ is on t h e hull, t h e n t h e cha in is L-weakly 
convex; if a* is on t h e hull, t h e n t h e chain is R-weakly convex. If t h e cha in A' 
is ne i ther convex nor weakly convex, t h e n it is a spiral. 

Fig . 6. T y p e s of chains , f r o m left t o r ight : convex, R-weakly convex, sp i ra l . E n d p o i n t s 
a r e j o i n e d by d a s h e d line segment s . 

L e m m a 4 During any opening A'{t) of a convex closed chain A at ai, A'{t) 
remains convex or weakly convex, and the endpoint a*(t) remains outside the 
normal cone of a^. 

P R O O F . Def ine t h e forbidden région t o b e the n o r m a l cone of ai u n i o n e d 
w i t h t h e q u a r t e r - p l a n e above t h e hor izonta l ray e m a n a t i n g l e f twa rd f r o m Oj; 
see F igu re 5. Initially, no ver tex aj is inside t h e forb idden région. B y L e m m a 3, 
n o ve r t ex a'j{t) can cross a n edge ak_i{t)a'i^{t), for to cross t h e edge, a'j{t) would 
have t o a p p r o a c h one of t h e edge 's endpo in t s . In pa r t i cu l a r , no v e r t e x a'j{t) 
can cross t h e edge a j - i a j . Because t h e opened chain A'{t) ha s only r igh t t u r n s , 
t h e only way for a ve r t ex a'j (t) of t h e chain t o enter t h e fo rb idden rég ion is for 
a*{t) t o cross t h e ray r e m a n a t i n g f r o m normal t o ajCj+i . Such p é n é t r a t i o n 
is possible only w h e n a*{t) is above or on t h e hor izonta l l ine t h r o u g h t h e edge 
ai-iai, so we consider values of t for which t h i s is t h e case. 

W e c la im t h a t , for such values of t, t h e direct ion of t h e edge a*{t)a'^_^_l{t) 
r e m a i n s in t h e clockwise r ange f rom t h e direct ion of Uiai^i to t h e ho r i zon ta l 
l e f tward d i rec t ion . By L e m m a 2, t h e edge t u r n s clockwise f r o m i t s or ig inal 
d i rec t ion of aitti+i. If t h e di rect ion were ever to reach hor i zon ta l l e f tward , it 
would b e imposs ib le t o connect a'i+i(t) t o a i_ i by only t u r n i n g r igh t a n d us ing 
a t o t a l t u r n angle less t h a n 2n. (Turn angles only decrease while open ing , a n d 
t h e in i t ia l t o t a l t u r n angle excluding ai is less t h a n 27r.) T h e ver t ices aj{t) 
t h u s r e m a i n in t h e clockwise wedge a r o u n d a*{t) f r o m t h e d i r ec t ion of a j a i + i 
t o hor izon ta l l e f tward . T h è s e vert ices a re t h e possible cen te rs of a clockwise 
r o t a t i o n a f îec t ing a*{t). T h e resul t ing ins t an taneous d i rec t ion of m o t i o n of 
a*{t) is t h u s in t h e clockwise r ange f r o m t h e direct ion of t h e n o r m a l r a y r t o 
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vert ical downwards ( the previous cone of directions r o t a t e d clockwise by 7r/2). 
Fur the rmore , in t h e case of ins tan taneous mot ion along t h e di rect ion of r , t h e 
ac tua l mo t ion of a*{t) is clockwise of t he direction of r. Therefore , a*{t) moves 
away f r o m the ray r for thèse values of t, so it could never cross r. • 

L e m m a 5 Let A'{t) and A"{t) be openings of a convex closed chain A at 
Cj+i and at Ui, respectively, with the same angle-opening ôj{t) functions for 
j ^ + If A'{t) is R-weakly convex, then A"{t) cannot be L-weakly convex. 

P R O O F . Because t h e l emma concerns only a single t ime t, we omi t t h e t 
a rgumen t . We app ly a séries of t r ans fo rmat ions t h a t t r a n s f o r m A' in to A"\ 
refer t o F igure 7. Because A! is R-weakly convex, a* mus t b e in t h e uppe r -
r ight q u a d r a n t of a\_^-^. Now we make a new eu t at a-, a n d t r a n s l a t e t h e ent i re 
opened chain, except t h e fixed edge ajOi+i, so t ha t a* r e -a t t aches t o a-^.^. We 
let a'I déno te t h e t r ans l a t ed copy of a-, and let a**a'l_^i déno te t h e original fixed 
edge. Now a" m u s t be in t h e lower-left quad ran t of a**. 

F i g . 7. (a ) A n o p e n e d c h a i n A!. (b) T r a n s l a t i n g p a r t of t h e c h a i n t o s w i t c h t h e e u t 
v e r t e x . T h i s is a n e w o p e n e d cha in A" e x c e p t t h a t t h e ang l e a j + i is n o t y e t o p e n e d . 

Now we have a new opened chain, except t h a t we have not t a k e n care of t h e 
open ing of angles a" a n d a^+i. Because A' opened t h e angle a t a\ by r o t a t i n g 
t h e chain t h a t we merely t rans la ted , a n d a" no longer has a n angle t o open, we 
mus t r o t a t e t h e t r ans l a t ed chain to r e tu rn it t o the original or ien ta t ion . Th i s 
ro t a t i on is counterclockwise, because the opening ro ta t ion a t a[ was clock
wise. Next , because a'/_,_i (previously a*) has an angle not présent in A', we 
m u s t open t h a t angle by again ro ta t ing the entire t r an s l a t ed chain. Again t h e 
ro t a t i on is counterclockwise t o open a-'+j. (Technically, we should also r o t a t e 
t h e ent i re chain t o make a'/_ia-' horizontal , bu t th i s does not change weak 
convexity.) Dur ing thèse counterclockwise rota t ions , a" migh t cross into t h e 
lower-right q u a d r a n t of a**, b u t a'/ cannot cross into t h e upper - le f t q u a d r a n t 
of a**. There fo re c u t t i n g a t Oj canno t p roduce an L-weakly convex chain. • 
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5 U n f o l d i n g N e s t e d B a n d s 

Having comple ted our s t udy of unfolding eut chains, we now r e t u r n t h e original 
p roblem of unfolding bands . Our resul ts on chains help u n d e r s t a n d t h e mot ions 
of t he t o p b o u n d a r y A a n d the b o t t o m B of t h e band . T h e rest of our s t u d y 
focuses on t h e eu t edge, which can cause intersect ion as in F igure 2 if we are 
not careful . 

Af te r cu t t i ng a single hinge, a flattening motion is a cont inuons mot ion du r -
ing which each face moves rigidly bu t remains connected to each ad j acen t face 
via thei r common hinge, and the final configurat ion is planax. If no intersec
t ion occurs dur ing t h e mot ion, t hen th is mot ion is a continuons unfolding. 
If t he resul t ing conf igurat ion is non-self-intersecting, b u t intersect ion occurs 
dur ing t h e mot ion , t h e n we call t he mot ion an instantaneous unfolding a n d 
t h e resul t ing conf igura t ion an unfolded state. T h u s in F igure 2 we would say 
t h a t t he b a n d has been flattened, bu t because it self-intersects it has not un
folded. Thèse no t ions can be defined precisely by specifying rigid mot ions of 
t h e faces as func t ions of t ime t h a t sat isfy t h e connect ivi ty const ra in ts , s imilar 
t o openings of chains. 

We now descr ibe t h e par t icu la r f la t tening mot ion t h a t will lead t o our unfold
ing, t h o u g h it requires some effort t o prove non-intersect ion, par t i cu la r ly of 
t he final s ta te . T h e f la t ten ing mot ion is based on squeezing toge ther t h e two 
parallel planes z = ZA a n d z = ZB t h a t contain A a n d B, keeping t h e p lanes 
paral lel a n d keeping each chain on its respective plane. At t i m e t e [0,1], 
t h e squeezing mot ion reduces t he vertical sépara t ion be tween t h e two paral le l 
planes down to (1 — t){zA — ZB), t h a t is, it hnear ly in te rpolâ tes t h e sépara t ion 
f rom the original ZA — ZB down to 0. 

T h e squeezing uniquely dé termines t he hinge d ihedra l angles necessary t o 
keep t h e vertices of t h e b a n d on their respective moving planes (assuming 
exact ly one edge of t h e b a n d has been eut) . See F igure 8 for an example 
of t he p ro jec ted mot ion . For nested bands , t he mot ion increases t h e inter ior 
angle at every ver tex of each chain in project ion. T h i s p rope r ty can be seen 
by examining any two ad jacen t faces t h a t a re being "squeezed". B o t h faces 
r o t a t e cont inuously t o become more horizontal . If we forced one of t h e faces 
t o keep its vert ices in t h e parallel planes, b u t allow t h e second face t o only 
follow th i s mot ion rigidly (i.e., t he dihedral angle a t t h e hinge r emains fixed), 
t h e n t h e edges of t h e second face would no longer be on t h e hor izonta l planes. 
To compensa te , t h e second face mus t per form a (dihedral) ro t a t i on a b o u t t h e 
hinge. In fact , t h e inter ior angle a t t h e hinge mus t increase ( f la t ten) , caus ing 
t h e interior angles of t h e chains to increase (open). Because t h e interior angle 
a t a ver tex of a nes ted b a n d can open only to TT, t he opening chain will a lways 
have only r ight t u rn s . T h u s we can apply t he analysis of opening chains f r o m 
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Section 4. For example , L e m m a 4 tells us t h a t t he opening chains never become 
spirals, so in par t icu la r never self-intersect while f l a t t en ing (a fac t a l ready 
known f rom the slice-curve resuit of [8,10]). 

Fig. 8. A view from above of a nested band during a squeezing motion. The original 
configuration has a lighter shade. For each trapezoid, the height increases and its 
parallel edges rotate clockwise relative to their original positions. 

As t h e parallel planes squeeze together , each band face r ema ins a t r apezo id in 
t h e pro jec t ion . Edges a ia j+i a n d remain parallel a n d r e t a i n the i r orig
inal lengths t h roughou t . Hinge project ions lengthen as t h e b a n d is squeezed, 
which causes t h e t rapezo id angles t o change. Because bi a n d move or-
thogonal ly away f rom a j O i + i , acu te t rapezoid angles increase t oward 7r /2 a n d 
ob tuse angles decrease toward T T / 2 . 

T h e goal of th is section is t o show t h a t t h e band does no t self-intersect if 
we eu t a spécifie hinge. We ment ion t h a t self-intersection of t h e b a n d in 3D 
impHes self-intersection in project ion, so it sufïices t o prove t h a t t he r e is no 
self-intersection in pro jec t ion to establ ish t h a t there is no self- intersect ion in 
3 D . 

Suppose t h a t we eu t hinge aibi and hold a i - i O i fixed along t h e x axis in t h e 
posi t ive direction. T h e mot ion séparâ tes two copies of a f , we call t h e s t a t i ona ry 
one Oj, a n d call t he moving one a*, as in Figure 5. Correspondingly , for t h e 
ou ter chain, t h e direct ion of remains fixed (it moves away f r o m tti-iUi 
because t h e t rapezo id enlaxges in project ion, but r emains paral le l ) , a n d b* is 
a "moving" endpoin t . T h u s t h e eut hinge is split into edges aibi a n d a*b*. See 
F igure 9. 

Call a cha in A safe if it is ei ther convex, or it is R-weak;ly convex a n d t h e 
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bi-1 bi 

/ V 
a 1 

Oi-1 bi 
X> 0 

\ / a i - \ a i di-l ai Y 1 

O-i+l T 

\ Ûi+l P i L 
\ / / 

(») (b) 

Fig . 9. (a) P r o j e c t i o n of t i ie inner convex chain A and p a r t of t h e o u t e r cha in B. 
Hinge Uibi a n d t h e n o r m a l cone of ve r t ex a re shown. (b) T h e r e su i t of c u t t i n g a t 
ttibi a n d f l a t t en ing . 

h i n g e aibi is l e f t of o r i n t h e n o r m a l c o n e a t ai, or i t is L - w e a k l y c o n v e x a n d 
ttibi is r i g h t of o r i n t h e n o r m a l c o n e a t Oj. A n o p e n i n g of t h e b a n d is safe if t h e 
o p e n e d i n n e r c h a i n A is s a f e . See F i g u r e 10. W e will p r o v e t h a t s a f e o p e n i n g s 
of t h e b a n d n e v e r s e l f - i n t e r s e c t , i .e. , a r e u n f o l d i n g s . T h e n w e wi l l p r o v e t h a t 
t h e r e is a l w a y s a s u i t a b l e h i n g e a j è j t h a t l e a d s t o a s a f e o p e n i n g . 

bi-1 bi 

l* 1 
/ / a j _ i a i 1 

Fig . 10. A f t e r c u t t i n g a t a j , t h e inner cha in will become R - w e a k l y convex if a* e n d s 
u p a b o v e t h e l ine d e t e r m i n e d by ai-\ai ( d o t t e d ) . In th is case , t h e e u t is l abe led sa / e 
if h inge aiftj ( dashed ) is lef t of o r in t h e n o r m a l cone a t a j (which is n o t t h e case in 
t h i s figure). 

O u r n e x t l e m m a c o v e r s a n o p e n e d b a n d b y a c l o c k w i s e - t u r n i n g f a m i l y of r a y s 
e m a n a t i n g f r o m t h e i n n e r c h a i n d é p e n d e n t on ly o n t h e e u t e d g e s a n d n o t 
o n t h e o u t e r c h a i n B. T h i s c o v e r i n g wi l l a l l ow u s t o p r o v e n o n o v e r l a p of t h e 
o p e n e d b a n d — i n f a c t , a n i n f i n i t é v e r s i o n of t h e b a n d w i t h n o b o u n d i n g o u t e r 
c h a i n — i n c e r t a i n c a s e s u s i n g t h e n o n o v e r l a p of A. 
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L e m m a 6 For any safe opening of the band, there is a function r assigning 
a ray r(p) from each point p on the chain A such that 

(1) r is a continuons function; 
(2) the direction of r{p) rotâtes only clockwise as p moves along A from a* 

to ail 
(3) the total turn angle made by r{p) as p travels along A from a* to is at 

most 2TT; 
(4) the ray r{p) is locally exterior to the polygon formed by A and the edge 

aia*; and 

(5) the ray r{ai) passes through bi, and the ray r{a*) passes through b*. 

(Only Property 4 requires safeness.) 

P R O O F . F i r s t we ass ign r ( a j ) for each ver tex a^. W e set r ( a i ) t o t h e ray f r o m 
ttj pass ing t h r o u g h bi, a n d set r (a*) be t h e ray f r o m a* pass ing t h r o u g h b*. 
T h u s we o b t a i n P r o p e r t y 5. For each j ^ i, let [itjjWj] d é n o t e t h e clockwise 
r ange of d i rec t ions of r ays t h a t are left of t h e two inc ident edges a n d 
Oj-aj+i ( and hence locally exter ior t o A). We set t h e d i rec t ion of r ( a j ) , j ^ z, 
accord ing t o t h r e e cases: 

(1) If t h e d i rec t ion of r (o i ) is in t h e clockwise range [wj, Wj], t h e n we set t h e 
d i rec t ion of r{aj) t o t h e di rect ion of r{ai). 

(2) Othe rwise , if t h e d i rec t ion of r (a*) is in t h e clockwise r a n g e [uj, Wj], t h e n 
we set t h e d i rec t ion of r{aj) t o t h e direct ion of r ( a* ) . 

(3) Otherwise , we set t h e direct ion of r{aj) t o t h e d i rec t ion in t h e midd le 
of t h e r ange [uj^Wj], i.e., r{aj) is t h e angulax b isec tor of t h e ex ter ior 
(nonconvex) angle a t Oj. 

Finally, we m a k e r a con t inuous func t ion over po in t s on A b y l inear ly inter-
po la t i ng t h e d i rec t ion f r o m r ( a j _ i ) t o r ( a j ) for po in t s a long t h e edge aj^iaj, 
keeping t h e rays left of t h e edge. T h u s we ob ta in P r o p e r t y 1. 

Next we show P r o p e r t y 2 for t h e po in t s along any edge aj-iUj. We spli t in to 
t h r e e cases. If r ( a j _ i ) a n d r{aj) are exter ior angula r b i sec tors of a j _ i a n d aj, 
respectively, t h e n t h e c la im foUows because t h e exter ior angles a re nonconvex, 
so r ( a j _ i ) is left of t h e edge no rma l (a t û j - i ) , while r{aj) is r igh t of t h e edge 
n o r m a l (a t aj). If r ( a j _ i ) ha s t h e s ame direct ion as r ( a* ) , t h e n r ( a j _ i ) m u s t b e 
s t r ic t ly left of t h e l ine f r o m a^+i t o aj (in direct ion) , whi le r{aj) is nons t r i c t ly 
r ight of t h i s line, so t h e claim follows. T h e case w h e n r ( o j ) ha s t h e s a m e 
d i rec t ion as r ( a i ) is symmet r i c . T h u s we o b t a i n P r o p e r t y 2. 

Nex t we show P r o p e r t y 3. Along each edge aj^iaj of A for which r ( a j _ i ) a n d 
r{aj) a re angu la r b isectors , t h e ray t u r n s ^ ( r j _ i + r j ) : ^TJ_I t u r n f r o m r ( a j _ i ) t o 
a n o r m a l t o aj-iaj, a n d ^TJ t u r n f r o m t h a t no rma l t o r{aj). T h u s t h e t o t a l t u r n 
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caused by such edges is a t mos t | Zlj^i.i+iC'^j-i+T?) = ICj '^j-n-l(ri-i+ri+i). 
In t h e original chain A be fore opening, t h e t o t a l t u r n angle Tj is 27r, a n d 
open ing t h e cha in on ly decreases t he t u r n angle TJ a t each ve r t ex aj, so Ylj T? 
r ema ins a t m o s t 27r. T h u s t h e t o t a l t u r n of ray f rom be ing n o r m a l t o a*at+i t o 
be ing n o r m a l t o a i - i O i , v is i t ing t h e angula r bisectors of Uj, j ^ i, in be tween , 
is a t m o s t 2n — r^. If t h e p r o j e c t e d t rapezo id angle a t ( Z a j _ i a t 6 i ) is acu te , 
t h e n th i s t o t a l t u r n h a s a l ready accounted for reaching (in fac t , going beyond) 
t h e d i rec t ion of ray r ( a i ) ; if t h e angle is obtuse , however , t h e n we m u s t also 
a d d t h e clockwise angle f r o m t h e normal of ai^iai t o r{ai) t o t h e t o t a l t u r n . 
Similarly, if t h e p r o j e c t e d t r apezo id angle a t a* (Z6*a*aj+i) is ob tuse , t h e n we 
m u s t a d d t h e clockwise angle f r o m r (a*) t o t h e n o r m a l of a*ai+i t o t h e t o t a l 
t u r n . Before t h e open ing , t h e s u m of thèse two clockwise angles is Tj, a n d t h e 
f i a t t en ing of t h e t r a p e z o i d s only decreases thèse p r o j e c t e d angles . T h u s , t h e 
add i t i ona l t u r n r e m a i n s a t mos t Tj. T h e t o t a l t u r n angle of t h e r ays is t he re fo re 
a t mos t 27r, p rov ing P r o p e r t y 3. 

F ina l ly we show P r o p e r t y 4. T h e p rope r ty holds a long any edge aj-iaj of A, 
w i t h respec t t o t h a t edge, because rays r ( a j _ i ) a n d r{aj) a re b o t h chosen t o 
b e left of t h e edge aj^iaj, a n d because by P r o p e r t y 2, r{aj) is clockwise of 
r ( a j _ i ) in t h e h a l f p l a n e left of O j - i C j . It r emains t o show P r o p e r t y 4 a t Ui a n d 
a* w i th respec t t o t h e closing edge aia*. Assume w i t h o u t loss of genera l i ty t h a t 
A is e i ther convex or R-weakly convex. (Otherwise , imag ine o p e n i n g f r o m t h e 
o the r side, swapp ing t h e rôles of Oj a n d a*.) In e i ther case, a*ai+i is a n edge 
of t h e convex huU of A. Because t he incident p ro j ec t ed t r a p e z o i d of t h e b a n d 
is left of t h i s edge, a*b* a n d hence r (a*) a re left of t h i s edge. T h u s r{a*) is 
exter ior t o A. For convex chains, t he same a r g u m e n t shows t h a t r{ai) is left 
of t h e edge a j _ i a j a n d hence exter ior t o A, comple t ing t h e proof in th i s case. 
Now consider R-weakly convex chains. By safeness, aibi a n d hence r{ai) is left 
of or in t h e n o r m a l cone a t Cj. By L e m m a 4, a* is r igh t of t h i s n o r m a l cone. 
Hence, r{ai) is locally o u t w a r d wi th respect t o t he edge aia*. The re fo re , in ail 
cases, we have P r o p e r t y 4. • 

L e m m a 7 For any ray assignment r on a safe opened chain A satisfying 
Properties 1-4 of Lemma 6, no two rays r{p) andr{q) intersect for two points 
pi^q of A.^ 

P R O O F . Cons ider any two po in t s p a n d q on A, a n d a s s u m e by s y m m e t r y 
t h a t q a p p e a r s a f t e r p in t h e clockwise order a r o u n d A. Let i b e t h e d i r ec ted 
line f r o m p t o q. For t h e rays r (p ) and r ( ç ) t o in tersec t , t h e y have t o b e on 
t h e s ame side of i. 

S u p p o s e f îrst t h a t r ( p ) a n d r ( ç ) are b o t h r ight of as in F igu re 11 (a) . For 

* Thereby avoiding to ta l protonic reversai [11]. 

14 



(a) ( b ) (c) 

Fig. 11. Three cases of rays r(p) and r{q) a t tempting to cross. 

thèse rays to intersect , r{q) mus t be clockwise of r{p) in t h e ha l fp lane r ight 
of ê. As we move a po in t x f rom p to g clockwise a r o u n d A, r{x) m u s t r o t a t e 
cont inuously clockwise by Proper t i es 1 and 2 of Lemma 6. D u r i n g th is mot ion , 
r{x) sweeps t h e clockwise angle f rom r{p) t o the reverse d i rec t ion of £, t h e n 
it sweeps t he TT clockwise angle f rom t h e reverse direct ion of £ to t h e forward 
direct ion of £, and finally it sweeps t he clockwise angle f r o m t h e forward direc
t ion of £ to r{q). If r{p) is counterclockwise of r{q) in t h e ha l fp l ane right of £, 
t h e first a n d last angle mus t overlap, summing to more t h a n TT, a n d hence r{x) 
m u s t sweep an angle more t h a n 27r dur ing x's motion, con t rad ic t ing P r o p e r t y 3 
of L e m m a 6. There fore r{p) a n d r{q) cannot intersect r ight of £. 

I t remains to consider t h e case when b o t h r{p) and r(q) a re left of £. For thèse 
rays t o intersect , r{p) mus t be clockwise of r{q) in t h e ha l fp l ane left of £. As a 
first subcase, suppose t h a t t he entire subchain of A f r o m p t o g is nons t r ic t ly 
left of i, as in F igure 11 (b); in par t icular , th is subcase h a p p e n s when A is 
convex. As in t h e previous case, if we move a point x f r o m p to q clockwise 
a r o u n d A, r{x) m u s t r o t a t e continuously clockwise by P r o p e r t i e s 1 a n d 2 of 
L e m m a 6. If r{p) is clockwise of r{q) in t he hal fp lane left of £, t h e n r{x) mus t 
a t some point locally enter t he polygon, contradict ing P r o p e r t y 4 of L e m m a 6. 
Hence r{p) and r{q) canno t intersect in this subcase. 

We are left w i th t h e subcase when A is weakly convex a n d t h e subcha in of 
A be tween p and q is a t some point right of as in F igure l l ( c ) . T h i s last 
p r o p e r t y imphes t h a t i intersects A between p and q. A s s u m e w i t h o u t loss of 
general i ty t h a t A is R-weakly convex. and t h u s a* is above t h e hor izonta l line 
h t h r o u g h a j - i a j . (Otherwise , imagine opening from t h e o the r side, swapping 
t h e rôles of ai and a*.) Now h pa r t i t ions the chain A in to two convex subchains , 
where t h e subcha in above h précèdes t he subchain below h in t h e clockwise 
order of A. For £ to intersect A be tween p a n d q, p a n d q m u s t b e on oppos i te 
sides of h, and by t h e clockwise ordering, p must b e above h a n d q m u s t b e 
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below (or on) h. By R-weak convexity, b o t h a* a n d p a re in t h e upper- r ight 
q u a d r a n t f rom Oj. In paxticular, t h e Une i" t h rough t h e closing edge a^a* a n d 
t h e Une i' t h r o u g h ai a n d p b o t h have posit ive slope. Now £' pa r t i t ions t h e 
por t ion of A clockwise a f t e r p into two convex subchains , a n d if we direct i' 
from pto ai, t h e subcha in nonstr ic t ly left of £' conta ins p. For £ t o intersect A 
between p and q, q m u s t b e on t h e subchain r ight of which is in t h e lower-left 
q u a d r a n t of ai. Hence, t h e slope of £ must be posit ive a n d a t mos t t h e slope 
of £'. (Note t h a t t h e slope of a line does not dépend on t h e l ine 's or ientat ion.) 
Fur thermore , t h e slope of £' is a t most t he slope of £". By P rope r t i e s 1, 2, a n d 
3 of L e m m a 6, t h e di rect ion of r{ai) mus t be in t he clockwise range from t h e 
direct ion of r{q) t o t h e direct ion of r{p). In par t icular , th i s cone of direct ions is 
in t h e ha l fp lane left of £. By t h e slope a rguments above, th i s cone is conta ined 
in t he nonconvex clockwise wedge f rom the ray s t a r t ing a t Oj t h r o u g h a* t o 
t h e horizontal le f tward ray s ta r t ing a t Oj. Bu t t h e n r{ai) locally enters t h e 
polygon, con t rad ic t ing P r o p e r t y 4 of Lemma 6. • 

L e m m a 8 For any ray assignment r on a safe opened chain A satisfying 
Properties 1-5 of Lemma 6, the union of rays r{p) over ail points p on A 
covers the opened band. 

P R O O F . T h e chains A a n d B, together wi th t he hinges aibi a n d o*6*, define 
a b o u n d e d b u t possibly self-intersecting polygon, namely, t h e opened band . 
For each point p on A, let b{p) dénote the first point of t h e b o u n d a r y of th is 
polygon t h a t is in tersected by the ray r{p). By boundedness of t h e polygon, 
t h e ray r{p) mus t exit t h e band . By P rope r ty 4 of L e m m a 6, r{p) canno t 
immedia te ly exit a t p; a n d by L e m m a 7, r{p) canno t exit by intersect ing A 
a t any o ther poin t q because t h e n r{p) would intersect r{q). By L e m m a 7, 
r (p ) canno t exit by intersect ing either of t he hinges, because t h e n it would 
intersect r ( a j ) or r{a*). Thus , r{p) mus t exit t he polygon by intersect ing B a t 
some point b{p). 

By P r o p e r t y 1 of L e m m a 6, b{p) varies continuously along B. By L e m m a 7, 
b{p) ^ b{q) for any two points p ^ q oî A. By L e m m a 5, b{ai) — bi a n d 
b{a*) = b*. Thus , as we vary p a long A f rom a* to Oj, b{p) varies continuously 
a n d monotonica l ly a long B f rom b* t o bi. At any point p du r ing th is mot ion, 
t h e ray r{p) covers t h e segment pb{p) conta ined by t h e b a n d . Thèse segments 
define a ruling of t h e band , s t a r t ing at a*b*, ending a t Oibi, a n d in be tween 
moving along t h e two o ther b o u n d a r y chains A and B. 

T h e conséquence is t h a t t he con t inuum of segments pb{p), a n d hence t h e 
conta in ing rays r{p), cover the band . Th i s conséquence can b e seen pe rhaps 
more clearly by dividing the ruling a t t he finitely m a n y key t imes when p is a 
ver tex of A or b{p) is a ver tex of B. T h e n we effectively divide t h e problem into 
t h e régions of t ime be tween thèse key t imes, where we s imply have a l inear 
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r u l i n g of a q u a d r a n g l e . • 

C o m b i n i n g L e m m a s 7 a n d 8, w e o b t a i n t h e foUowing i m p o r t a n t c o n s é q u e n c e : 

C o r o l l a r y 9 Any safe opening of a band does not self-intersect. 

N o w w e t u r n t o p r o v i n g t h a t a s a f e o p e n i n g a l w a y s e x i s t s . B y L e m m a 1, t h e r e 
is a v e r t e x w h o s e h i n g e is c o u n t e r c l o c k w i s e of t h e n o r m a l c o n e a t a ^ , w h i l e 
t h e h i n g e a t a j t+ i is c l o c k w i s e of i t s r e s p e c t i v e c o n e . F o r t h e c u t s a t b o t h 
v e r t i c e s t o p r o d u c e u n s a f e i n n e r c h a i n s , c u t t i n g a t m u s t p r o d u c e a n L-
w e a k l y c o n v e x c h a i n , w h i l e c u t t i n g a t 0^+1 m u s t p r o d u c e a n R - w e a k l y c o n v e x 
c h a i n . S e e F i g u r e 12. 

F ig . 12. T w o successive vert ices, ak a n d ak+i, whose c u t s p r o d u c e d i f f é ren t weak ly 
convex cha ins ( i nd i ca t ed by t h e curves below t h e ver t ices) . 

B u t b y L e m m a 5, t h i s s i t u a t i o n is i m p o s s i b l e . T h u s , w e c a n a l w a y s f i n d a 
s u i t a b l e v e r t e x t o e u t so t h a t t h e i n n e r c h a i n o p e n s t o a s a f e p o s i t i o n , w h i c h 
b y C o r o l l a r y 9 i m p l i e s t h a t we c a n a l w a y s find a n e d g e t o e u t a l o n g so t h a t 
a n e s t e d b a n d h a s a n u n f o l d e d s t a t e . T h i s c o m p l è t e s t h e p r o o f of o u r m a i n 

r e s u i t : 

T h e o r e m 1 0 Every nested band has an unfolded state. 

T h e n o n i n t e r s e c t i o n of t h e final s t a t e t u r n s o u t t o b e t h e m a i n c h a l l e n g e f o r o u r 
u n f o l d i n g m o t i o n , a n d w e c a n u s e i t t o e s t a b l i s h n o n - i n t e r s e c t i o n t h r o u g h o u t : 

T h e o r e m 1 1 Every nested band has a continuons unfolding motion. 

P R O O F . T h e s q u e e z i n g m o t i o n t h a t w e h a v e d e f i n e d h a s t h e p r o p e r t y t h a t 
a i l t h e p o i n t s w i t h t h e s a m e o r i g i n a l h e i g h t h a v e t h e s a m e n e w h e i g h t a t a n y 
t i m e t d u r i n g t h e s q u e e z i n g m o t i o n , a n d v i ce v e r s a f o r i < 1. T o s e e t h i s , 
p a r a m e t e r i z e a p o i n t p o n t h e b a n d b y i t s o r i g i n a l h e i g h t Zp d i v i d e d b y t h e 
h e i g h t z of t h e o r i g i n a l b a n d . A f t e r p a r t i a l l y s q u e e z i n g t h e b a n d t o h e i g h t zs, 
t h e n e w h e i g h t oî p wi l l b e zs{zp/z). 
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Now, suppose t h a t two poin ts p and q intersected a t some t i m e t < 1 du r ing 
t h e squeezing mot ion . At th is t ime, t h e points have t h e same height , so a t 
thei r original posi t ions a t t ime 0, p a n d q mus t also have t h e s ame height h. 
We can view t h e mot ion of p and q as t he development of a shce curve z = h. 
B u t by t h e resul ts of [8,10], p a n d q can never intersect. 

We conclude t h a t no intersect ion can occur until t h e final f l a t t ened configu
ra t ion of t he band , which is a s ingulari ty where the above a r g u m e n t s do no t 
apply. By Theo rem 10, the re is a eut t h a t produces an unfo lded s t a t e . The re -
fore, by mak ing the same eut a n d applying t h e squeezing mot ion , we o b t a i n 
a cont inuons unfolding of t h e band . • 

6 R e m a r k s 

We no te t h a t ano ther na tu r a l cont inuons unfolding mot ion exists, consis t ing of 
n — 1 peeling moves. Af te r cu t t ing a hinge t h a t produces an unfolded s t a t e , we 
begin by per forming a dihedral ro ta t ion abou t its ne ighbor ing hinge, so t h a t 
two t rapezo ids become coplanar . Subséquent moves are s imple d ihedra l ro ta 
t ions a b o u t successive hinges, and each s tep adds one more t r apezo id t o t h e 
coplanar subset . Because th is mot ion is not necessary for our resul ts on nes ted 
bands , a deta i led proof of its correctness is omi t ted . We ment ion it , t hough , 
because follow-on work establishes t h a t th i s motion unfolds non-nes ted bands , 
even those t h a t conta in polyhedron vertices on their bounda r i e s [1]. 

Even wi th it es tabl ished t h a t a rb i t r a ry b a n d s can be unfolded w i t h o u t over-
lap, it r ema ins in teres t ing to see whether th i s can lead t o a non-over lapping 
unfolding of pr i smatoids , including the t o p a n d b o t t o m faces. It is n a t u r a l t o 
hope t h a t thèse faces could be nestled on opposi te sides of t h e unfo lded b a n d , 
b u t we do not know how to ensure non-overlap. 
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Biedl et al. ' presented an algorithm for unfolding orthostacks into one pièce without 
overlap by using arbitrary cuts along the surface. They conjectured that orthostacks 
could be unfolded using cuts that lie in a plane orthogonal to a coordinate axis and 
containing a vertex of the orthosteick. We prove the existence of a vertex unfolding using 
only such cuts. 

Keywords: Edge unfolding; orthogonal polyhedra; cutting; folding. 

1. I n t r o d u c t i o n 

A long-standing open question is whether every convex polyhedron can be edge 
unfolded—eut along some of its edges and unfolded into a single planar pièce with
out overlap 12,11,7,10 related open question asks whether every polyhedron'' ( n o t 

*A preliminary version of this paper appeared in Revised Selected Papers from the Japan Con
férence on Discrète and Computational Geometry, Tokyo, Oct. 2004, LNCS 3742, 2005, pages 
76-82. 
t Research supported in part by NSF grants CCF-0347776, OISE-0334653, and CCF-0430849, and 
by DOE grant DE-FG02-04ER25647. 
tResearch supported in part by NSF grants OISE-0334653 and CCF-0430849. 
5 Chercheur qualifié du FNRS. 
"A polyhedron (without boundary) is an embedded connected polyhedral complex without bound-
ary, i.e., a connected set of polygons in Euclidean 3-space such that (1) every two polygons meet 
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Fig. 1. Thèse orthostacks are net edge-unfoldable The first one is also not vertex-unfoldable. 

necessarily convex but forming a closed surface) can be generally unfolded—eut 
along its surface (not just along edges) and unfolded into a single planar pièce with-
out overlap. Biedl et al. ^ made partial progress on b o t h of thèse problems in the 
context of orthostacks. An orthostack is an orthogonal polyhedron'' of which every 
horizontal planar slice not including a horizontal face is a single s imple (orthog
onal) polygon. Biedl et al. showed that not ail orthostacks can be edge unfolded 
(see Figure 1), but that ail orthostacks can be generally unfolded. In their gênerai 
unfoldings, ail cuts are parallel to coordinate axes, but many of the cuts do not 
lie in coordinate planes that contain polyhedron vertices. Given the lack of pure 
edge unfoldings, the closest analog we can hope for wi th (nonconvex) orthostacks 
is t o find grid unfoldings in which every eut is in a coordinate plane that contains 
a polyhedron vertex. In other words, a grid unfolding is an edge unfolding of the 
refined ( "gridded" ) polyhedron in which we slice along every coordinate plane con-
taining a polyhedron vertex. Biedl et al. ^ asked whether ail orthostacks can be grid 
unfolded. 

We make partial progress on this problem by showing that every orthostack can 
be grid vertex-unfolded, i.e., eut along some of the grid Unes and unfolded into a 
vertex-connected planar pièce without overlap. Vertex unfoldings were introduced 
in the différence from edge unfoldings is that faces can remain connected along 
single points (vertices) instead of having to be connected along whole edges. A s 
before, a vertex unfolding must be a single planar pièce wi thout overlap. In fact, 
our vertex unfoldings consist of a single path of polygons, w i th consécutive polygons 
connected together at common vertices. Furthermore, as argued in connect ions 

at either a common vertex, a common edge, or not at ail; (2) every edge is incident to exactly 
two polygons; and (3) every vertex is incident to exactly a topological disk of polygons, with 
only cyclically adjacent polygons sharing an edge. Note that a polyhedron is treated as a surface 
throughout this paper. 
''An orthogonal polyhedron is a polyhedron (without boundary) in which every face is perpendic-
ular to a coordinate axis. This définition implies that every face is an orthogonal polygon. 
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through a ver tex never need to cross: for four incident faces A,B,C,D in cycl ic 
order around a vertex u if a vertex unfolding connects ^ t o C and B to D b o t h 
v ia V, we can uncross the connect ion and keep the unfolding a single path by making 
différent connect ions through v. Our unfolding places faces orthogonal ly into the 
plane: ail edges of the unfolded faces axe parallel to a coordinate axis. (This property 
is not forced by gridness in vertex unfoldings.) Our unfo ld ing may, however, place 
faces so as to touch along boundary edges; we guarantee nonoverlap only of p o l y g o n 
interiors. 

Our use of grid refinement seems to be necessary for vertex-unfolding, because 
the box-on-box example in Figure l ( l e f t ) has no vertex-unfolding if we are allowed 
t o eut only a long edges. It remains open whether there is such an example re-
quiring grid cuts for a vertex-unfolding, but where every face has no holes (i.e., is 
homeomorphic t o a disk). 

Since the conférence version of this paper, Damian et al. ^ generalized our tech
niques to grid vertex-unfold ail orthogonal polyhedra of genus zéro. Also, by further 
axis-parallel refinement of an orthogonal polyhedron beyond the grid, t h e y have 
shown how t o edge-unfold "orthostacks wi th orthogonal ly convex slabs" ^, "Man
hat tan towers" ^, "well-separated orthotrees" ^, and gênerai orthogonal polyhedra 
T h e last case requires an exponential amount of ref inement, making the two spécial 
cases of interest . 

2 . G r i d V e r t e x U n f o l d i n g 

Given an orthostack K, let 20 < Zi < • • • < Zn be the dist inct z coordinates of 
vertices of K. Refer t o Figure 2. Subdivide the faces of K by cut t ing along every 
plane perpendicular to a coordinate axis that passes through a vertex of K. T h i s 
subdivis ion rectangulates K We use the term rectangle t o refer to one é lément of 
this facial subdivis ion, while face refers to a maximal edge-connected set of coplanar 
rectangles. ( T h u s faces can have holes, but at most one in an orthostack.) We use 
up and dovm t o refer t o the z dimension, and use left and right t o refer t o t h e x 
dimension. 

2.1. Rectangle Categorization 

We partit ion t h e rectangles of K into several catégories. Af ter this categorizat ion, 
the descript ion of the unfolding layout is not difficult. 

For i — 0, l , . . . , n — 1, define the i-band to b e the set of vertical rectangles 
(i.e., tha t lie in an xz plane or in a yz plane) whose z coordinates are be tween Zi 
and Zi+i- B y t h e définit ion of rectangles, ail of the rectangles of an i -band have t h e 
same extent in the z dimension, namely, [zi, Zi+i]. B y t h e définit ion of an orthostack, 
each i -band is connected, forming the boundary of an extruded simple orthogonal 
polygon. 

For i = 0 , 1 , . . . , n , we define the i-faces t o be t h e faces of K in the horizontal 
plane z = Zi. As we have defined them, an z-face has several properties. It m a y 
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0-begin 

l-down-iiber- 1-begin 
rectangles 

0-up-liber-rectangles 

1-connecting 
séquence 

2-down-uber-
rectangle 

1-band 
1-end 

1-up-uber-
rectangle 

0-band 

0-end 

Fig. 2. Top-left: A rectangulated orthostack K with three distinct z coordinates 2 0 , 2 1 , 2 2 - Top-
right: Categorization into i-band rectangles (light), i-iiber rectangles (médium), and i-connecting 
rectangles (dark); and the tour visiting j-band and i-connecting rectangles. Bottom: The resulting 
unfolding. 

have the interior of K above or below it (but not b o t h ) . T h e per imeter of the i-
face ( b o t h per imeters if the i - face has a hole) has a n o n e m p t y intersect ion w i t h the 
{i — l ) - b a n d , provided i > 0, and with the i-band, provided i < n. (If an i - face 
/ is incident t o on ly t h e i -band, then ail edges of / m u s t b e incident t o vertical 
faces above z = Zi, which form a cycle of faces in the i -band , so by connect iv i ty of 
the i -band no other i - face can be incident t o the i -band; also, by connect iv i ty of 
the polyhedron, there cannot b e another i-face meet ing on ly the (i — l ) - b a n d ; so / 
must be the b o t t o m face of the polyhedron. Similarly, an i - face incident t o on ly the 
(i - l ) - b a n d m u s t b e t h e t o p face of the polyhedron.) 

We also need the not ions of the "begin rectangle" and "end rectangle" of the 
i -band. C h o o s e the 0-band begin rectangle to be an arbitrary rectangle of the 0-
band. For i > 0, define t h e i-band end rectangle to b e t h e rectangle of t h e i -band 
that is adjacent t o the i -band begin rectangle in the c lockwise direct ion as v iewed 
from +z. For i > 1, define the i-connecting face t o be t h e i - face t h a t shares an edge 
wi th the (i — l ) - b a n d e n d rectangle, if such a face ex is t s . Thus , the i - connect ing 
fax;e does not ex i s t if and only if the (i — l ) - b a n d end rectangle shares an edge wi th 
the i -band. For i > 1, choose the i-band begin rectangle t o b e one of the rectangles 
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of the i -band t h a t shares an edge w i t h the z-connecting face, if it ex is ts , or else the 
rectangle of t h e i -band that shares an edge w i t h the {i — l ) - b a n d e n d rectangle . T h e 
i-band interior rectangles are rectangles of the i -band t h a t are nei ther t h e beg in 
rectangle nor the end rectangle. 

Def ine the i-connecting séquence t o be an arbitrarily chosen edge -connec ted 
séquence of rectangles in the z-connecting face, if it ex is ts , s tart ing at t h e rectangle 
t h a t shares an edge wi th the (z — l ) - b a n d end rectangle and end ing at the rectangle 
t h a t shares an edge w i t h the z-band begin rectangle. T h i s séquence is chosen t o 
conta in the fewest rectangles possible (a shortest p a t h in t h e dual graph o n the 
rectangles in the z-connect ing face), in order t o prevent t h e p a t h from loop ing around 
an island and thereby isolat ing interior portions of the z-face. If the z-connect ing 
face does not ex is t , the z-connecting séquence is the e m p t y séquence . T h e rectangles 
in the z-connect ing séquence are cal led i-connecting rectangles; ail o ther rectangles 
of the z-faces are called normal rectangles. 

We now merge ail normal rectangles wi th their normal ne ighbors in t h e x di
mension. Call t h e résultant rectangular régions iiber-rectangle s. T h u s z-faces are 
part i t ioned into t h e z-connecting rectangles and the z-i iber-rectangles. Every z-iiber-
rectangle is connec ted to the perimeter of an z-face; otherwise , the rectangles that 
c o m p o s e it could be used t o construct a shorter z-connect ing path . T h u s , every z-
ûber-rectangle shares an edge wi th either the (z - l ) - b a n d or t h e z-band (or both) . 
Def ine an i-up-ûber-rectangle t o be an ûber-rectangle t h a t is incident t o the z-band 
and an i-down-ûber-rectangle t o be an ûber-rectangle t h a t is incident t o the (i — 1)-
band. If an ûber-rectangle is incident t o both , we c lass i fy it arbitrarily. 

T h u s we have part i t ioned K into z-band begin rectangles , z-band e n d rectan
gles, z-band interior rectangles, z-up-ûber-rectangles, z -down-ûber-rectangles , and 
z-connect ing rectangles . We now proceed t o a description of t h e unfolding. 

2.2. Unfolding Algorithm 

Our unfolding of an orthostack consists of several c o m p o n e n t s s trung together at 
d is t inguished rectangles called anchors. Specifically, there are t w o t y p e s of compo
nents , z-main c o m p o n e n t s and z-connecting components , b o t h of which are anchored 
at two rectangles , a begin rectangle and an end rectangle. T h e i-main component 
cons is t s of the entire z-band (the z-band beg in rectangle, the z-band interior rect
angles, and the z-band end rectangle) , the (z + l ) -down-ûber -rec tang les , and the 
z-up-ûber-rectangles . T h e i-connecting component cons i s t s of t h e (z — l ) - b a n d end 
rectangle , the z-connect ing rectangles (if any) , and the z-band beg in rectangle . It 
serves t o connec t the (z — l ) - m a i n c o m p o n e n t and t h e z-main c o m p o n e n t (at the 
(z — l ) - b a n d e n d rectangle and the z-band begin rectangle , respect ive ly) . 

To ensure t h a t c o m p o n e n t s do not overlap each other , we enforce t h a t the com
ponent s are anchored in the fol lowing sensé. A c o m p o n e n t is anchored at anchor 
rectangles R and S if, in the unfolded layout of the c o m p o n e n t , no rectangles are 
in the hatched région of Figure 3. More precisely, every rectangle is s tr ic t ly right of 
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Fig. 3. A component anchored at R and S must avoid the hatched régions, remaining within the 
shaded région. 

R and strictly left of S, or directly above R, or directly below S. 
We can combine two anchored components wi th a c o m m o n anchor whi le avoiding 

overlap. More precisely, given a component C anchored at anchors R and S, and 
another c o m p o n e n t C anchored at S and T with the same orientat ion of S, we 
can combine the two unfolded layouts by translating C so t h a t the two copies of 
S coïncide (with matching orientations) . T h e condit ions on the rectangles in the 
two component s C and C' guarantee nonoverlap of the combined unfolded layout. 
To guarantee the matching orientations of anchors, we enforce that the posi t ive z 
direction of every vertical ( i -band) rectangle becomes t h e posi t ive y direction in the 
planar unfolding. 

We edge-unfold the z-main component by leaving one edge a t tached between 
t h e ûber-rectangles of the component (arbitrarily, if there is a choice) , and cut t ing 
along ail of the other edges of the ûber-rectangles. As shown in Figure 4, the layout 
induced by this edge unfolding consists of a central horizontal rectangular strip, 
which contains ail i -band rectangles, and has the {i + l ) -down-uber-rectangles con-
nected to the top of this strip, and the i-up-iiber-rectangles connec ted t o the b o t t o m 
of this strip. T h e le f tmost rectangle of this strip is the i -band begin rectangle, and 
the r ightmost rectangle of the strip is the i -band end rectangle. There is noth ing 
below the le f tmost rectangle or above the rightmost rectangle because thèse vacant 
locat ions axe where the Connecting rectangles are attached, and Connecting rectan
gles are not i iber-rectangles. (In the spécial cases i = 0 and i = n, there can be 
an i iber-rectangle below the le f tmost rectangle and above the r ightmost rectangle, 
respectively, but in thèse cases, we can choose to at tach the i iber-rectangle at its 
oppos i te edge.) Therefore the edge unfolding of the i -main c o m p o n e n t is anchored 
at the i -band begin and end rectangles. 

We vertex-unfold the i -connect ing component by a séquence of modif icat ions t o 
t h e edge-unfolding of t h e rectangles in the component . Let RQ, RI, ... ,Rk dénote 
thèse rectangles in connected order, where RQ is the (i — l ) - b a n d end rectangle and 
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Fig. 4. An example of an unfolded i-main component. The dark rectangles are the i-band begin 
rectangle (left) and i-band end rectangle (right). They are connected by the remainder of the 
i-band (light). Above the i-band are the {i+ l)-down-ùber-rectangles and below are the i-up-ùber-
rectangles (médium). This example is a possible outcome for the 0-main component of Figure 2. 

Rk is the i - b a n d beg in rectangle. T h e i -connect ing rectangles Ri,R2,..., Rk-i ail 
c o m e from an i-face, so t h e y were planar even before the edge unfolding. T h e (i — 1)-
band end rectangle RQ is adjacent t o Ri a long the edge original ly in the posi t ive 
z direction; we rotate the edge-unfolding so that th i s edge is the t o p edge of RQ, 
w i t h Ri s tacked above. N o w for 2 < j < k, assume t h a t RQ, RI, . . . , Rj-i have been 
placed, and Rj-i and Rj remain connected at a c o m m o n e d g e which is not the 
left edge of Rj-i- There are three cases, depending on whether Rj shares the top, 
b o t t o m , or right edge of Rj-i', see Figure 5. In the third case, we d o nothing; in the 
first two cases, we vertex-unfold Rj by 90° around t h e right e n d p o i n t of t h e shared 
edge. After th i s s tep, Rj+i lies in one of the dark shaded squares, sharing Rj's 
top, b o t t o m , or right edge, so the induct ion proceeds. We handle the i -band begin 
rectangle Rk d i f ïerent ly t o guarantee the proper orientat ion. A g a i n there are three 
cases, depend ing on whether Rk shares the top, b o t t o m , or right edge of Rk-i', see 
Figure 6. T h e shared edge corresponds the edge of Rk in the négat ive z direction, so 
in each case we vertex-unfold if necessary to make t h a t edge the b o t t o m edge in the 
unfolding. In the end, each rectangle Rj is strictly right of the previous rectangles , 
except Rk which might be on top of Rk-i- Thus, the anchored unfolding of the 
i - connect ing c o m p o n e n t does not self-intersect. 

B y combin ing the anchored unfoldings of the 0 -main c o m p o n e n t , the 1-
connect ing c o m p o n e n t , the 1-main component , etc. , the (n — l ) - m a i n component , 
the ( n — l ) - c o n n e c t i n g component , and the n-main c o m p o n e n t , we obta in the desired 
ver tex unfolding: 

T h e o r e m 1. Every orthostack can be grid vertex-unfolded. 
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Fig. 5. How to vertex-unfold Ri after Ro, Ri,. •., Ri-i have been placed (ail but the last of which 
are in the hatched région). There are three cases, from left to right: Ri above, Ri below, and Ri 
to the right. In ail cases, Ri+i is in one of the dark shaded régions, which is never left of R, after 
vertex-unfolding. The illustrated unfoldings work no matter what are the sizes of the rectangles. 

Fig. 6. How to vertex-unfold the last rectangle R^ after RQ, Ri,..., Rf;-i have been pléiced (ail 
but the last of which are in the hatched région). There are three cases, from left to right: R^ 
above, Rf; below, and Ri^ to the right. In ail cases, we must orient R^ so that the edge opposite 
Rk—i is on top. The illustrated unfoldings work no matter what aie the sizes of the rectangles. 
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T h e construct ion leads t o an a lgori thm whose running t i m e is l inear in the 
number of rectangles , which is at m o s t quadratic in the combinator ia l c o m p l e x i t y 
of the polyhedron. 
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Wrapping the Mozartkugel 

Martin L. Demaine* John lacono^ Ste fan L a n g e r m a n 

Abstract 

W e s t u d y wrappings of the unit sphère by a pièce 
of paper (or, perhaps more accurately, a pièce of 
foil). Such wrappings differ from standard origami 
because t h e y require infinitely m a n y inf inites imally 
smal l "folds" in order t o transform the flat sheet into 
a posi t ive-curvature sphère. Our goal is to find shapes 
t h a t have smal l cirea even w h e n e x p a n d e d t o shapes 
t h a t t i le the plane. We characterize t h e smal lest 
square t h a t wraps the unit sphère, show t h a t a 0.1% 
smaller equilateral triangle sufSces, and find a 20% 
smaller shape t h a t still t i les t h e plane. 

K e y w o r d s : chocolaté , marzipan, praline, nougat 

1 Introduction 

T h e Mozartkugel ("Mozart sphère") [9, 8] is a famous 
fine Austr ian confect ionery: a sphère wi th marzipan 
in i t s core, encased in nougat or praline cream, and 
coated w i t h dark chocolaté . It was invented in 1890 
by Paul Fiirst in Salzburg (where Wolfgang A m a d e u s 
Mozart w a s born) , s ix years after he founded his con
fect ionery Company, Fûrst . Fûrst ( the company) still 
t o this day makes Mozartkugeln by hand, about 1.4 
mil l ion per year, under the n a m e "Original Salzburger 
Mozartkugel" [6]. At the 1905 Paris Exhibi t ion , Paul 
Fiirst received a gold medal for the Mozartkugel . 

M a n y other companies now make similar 
Mozartkugeln , but Mirabell is the market leader wi th 
their "Echte (Genuine) Salzburger Mozartkugeln" [7]. 
Over 1.5 bil l ion have been made , about 90 mil l ion 
per year, original ly by hand but now by industrial 
m e t h o d s , and Mirabell c la ims their product t o be 
the only Mozartkugel that is perfect ly spherical. 
T h e y are also the only Mozartkugel t o be taken into 
outer space , by the first Austr ian astronaut Franz 
Viehbôck as a gift t o the Russ ian c o s m o n a u t s on the 
M I R space s tat ion . Desp i t e industrial techniques , 
each Mozartkuge l still takes about 2.5 hours to make. 

A l t h o u g h m o s t of a Mozartkugel is edible, each 
sphère is individual ly w r a p p e d in a square of alu-
m i n u m foil. To minimize the a m o u n t of this wasted , 
inedible material , it is natural t o s tudy the smal lest 
pièce of foil t h a t can wrap a unit sphère. Because the 

*MIT, {edemaine,mdemaine}@mit.eclu 
^Polytechnic University, http://john.poly.edu/ 
'Chercheur qualifié du FNRS, Université Libre de Bruxelles, 

stefaji. langerman@ulb. ac. be 

pièces will be eut from a large shee t of foil, we w o u l d 
also like the unfolded s h a p e t o t i le t h e plane. 

We formalize th i s pract ical problem in the next sec
tion; the m a i n diff iculty is t o al low a cont inuum of 
infinitésimal folds t o curve the paper , a feature not 
normally mode led by m a t h e m a t i c a l origami. W e t h e n 
s tudy wrappings by squares and equi lateral tr iangles , 
and show that the latter leads t o a smal l (0.1%) sav-
ings, which m a y prove s ignif icant o n the m a n y mil
l ions of Mozartkugel c o n s u m e d each year. E v e n bet -
ter, if we allow wrapping by arbitrary shapes t h a t 
t i le the plane, we show how t o achieve a 20% sav-
ings. In addit ion t o direct sav ings in mater ia l cos t s 
for Mozartkugel manufacturers , the reduced mater ia l 
usage also indirect ly c u t s d o w n o n CO2 émiss ions , a n d 
therefore partial ly so lves t h e g loba l -warming problem 
and consequently the l i t t le -reported but equal ly im
portant choco la te -mel t ing problem. 

2 Wrapping Problem 

In standard m a t h e m a t i c a l origami [4, 5], a pièce of 
paper is a two-d imens ional mani fo ld (usual ly flat), 
and a folding is an i sometr ic m a p p i n g of th i s pièce of 
paper into Euc l idean 3-space. Here isometric m e a n s 
that distances are preserved, as measured by shortes t 
paths on the pièce of paper before and after m a p p i n g 
v ia the folding. 

But there is no i sometr ic fo lding of a square in to a 
sphère: i sometric fo lding préserves curvature. There
fore we define a new, less restrict ive t y p e of fold
ing that al lows chang ing curvature but still prevents 
stretching of the mater ia l . Namely , a wrapping is a 
continuons contract ive m a p p i n g of a pièce of paper 
into Eucl idean 3-space. Here contractive m e a n s t h a t 
every d is tance either decreases or s tays t h e same, as 
measured by shortest p a t h s on t h e pièce of paper be
fore and after m a p p i n g v i a the folding. T h i s déf in i t ion 
effectively assumes that the l ength contract ion can b e 
achieved by cont inuons inf ini tés imal pleat ing. 

We can m o d e l o n e fami ly of wrappings by express
ing which d i s tances are preserved isometrically. A n 
optimal wrapping should be isometric along s o m e 
path, for otherwise we could uni formly scale the en-
tire wrapping and make a larger object . We call a 
path stretched if t h e wrapping is i sometric a long it. A 
stretched wrapping has t h e property t h a t every po int 
is covered by s o m e s tretched path. Such a wrapping 
can be specif ied by a set of s tretched p a t h s w h o s e 
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union covers t h e ent ire pièce of paper . A l t h o u g h no t 
ail such spéc i f i ca t ions are v a l i d — w e n e e d t o check t h a t 
ail o ther p a t h s are c o n t r a c t i v e — t h e spéc i f i ca t ion d o e s 
un ique ly d é t e r m i n e a wrapping . W e s p e c i f y ail of our 
w r a p p i n g s in th is way, under t h e bel ief t h a t s tre tched 
w r a p p i n g s are general ly t h e m o s t eff ic ient . 

A spéc ia l case of s t re tched w r a p p i n g is w h e n t h e 
s t re tched p a t h s cons i s t of t h e shortes t p a t h s from one 
po int X to every o t h e r po int y. In th i s case , we are 
roll ing g e o d e s i c s in t h e p ièce of paper o n t o geodes ic s 
of t h e target surface. T h i s s i t u a t i o n corresponds t o 
c o n t i n u o n s unfo ld ings of s m o o t h p o l y h e d r a as con-
s idered by B e n b e r n o u , C a h n , a n d O ' R o u r k e [1]. Al
t h o u g h perhaps t h e m o s t natural k ind of wrapping , 
th i s spéc ia l case is t o o restr ict ive for our purposes , 
as it e s sent ia l ly forces t h e sphère t o b e w r a p p e d by a 
disk of radius TT, for t h o s e g e o d e s i c s to reach around 
t o t h e pô le o p p o s i t e x. W e will s h o w h o w t o wrap 
w i t h far less paper t h a n th i s disk of area TV^. 

N o t e t h a t , if we s tart w i t h an arbitrari ly long and 
narrow rectangle , w e c a n w r a p t h e sphère us ing pa
per area arbitrari ly c lose t o t h e surface area An of 
t h e sphère [3]. T h i s w r a p p i n g is no t very practical , 
however; in part icular , it m a k e s it diff icult t o m a k e a 
n o n d i s t o r t e d logo o n t h e surface of t h e sphère. 

T h e o n l y other k n o w n o p t i m a l w r a p p i n g resuit 
(where no c o n t r a c t i o n is necessary) is w r a p p i n g a uni t 
c u b e w i t h a square [2]. 

3 Pe ta l W r a p p i n g 

Our w r a p p i n g s are b a s e d on t h e fo l lowing k-petal 
wrapping. O n t h e sphère we first c o n s t r u c t k s tre tched 
p a t h s p i , P 2 i • • from t h e s o u t h pô le t o t h e north 
pôle , d i v i d i n g t h e 27r angle around each pô le in to k 
equal parts of 27r/fc. T o each p a t h pi we ass ign an 
"orange peel" w i t h a p e x angles 27r/fc, centered on 
t h e p a t h pi a n d b o u n d e d b y t h e Voronoi d i a g r a m of 
Pi-i,Pi,Pi+i. T h è s e orange pee l s par t i t ion t h e surface 
of t h e sphère into k equa l pièces. 

T h e n w e cons truc t a c o n t i n u u m of s tre tched p a t h s 
t o cover each orange peel . Specif ical ly , for every point 
q a long e a c h p a t h pi, we cons truc t t w o s tre tched p a t h s 
e m a n a t i n g from q, p r o c e e d i n g a l o n g geodes i c s perpen-
dicular t o Pi in b o t h direct ions , a n d s t o p p i n g at t h e 
b o u n d a r y of pj's orange peel . 

T h è s e s t re t ched p a t h s cover e v e r y po int of t h e 
sphère (cover ing b o u n d a r y po int s twice ) . It remains 
t o find a su i tab le p ièce of paper t h a t w r a p s accord-
ing t o t h è s e s t re tched paths . T h e m a i n chal lenge is 
t o unfo ld t h e half of an orange pee l left of a p a t h pi. 
T h e n we c a n eas i ly g lue t h e t w o ha lves toge ther a long 
t h e ( s tra ight ) unfo lded p a t h pi, a n d finally jo in t h e 
resu l t ing p e t a l s a t t h e unfo lded s o u t h pôle . 

T o unrol l half of a pe ta l , w e parameter i ze as s h o w n 
in F igure 1. Here B = n/k is t h e ha l f -peta l angle; 
c is a g iven a m o u n t t h a t w e traverse a long t h e center 

p a t h Pi s tart ing at t h e s o u t h - p o l e endpo in t ; A = TT/2 
spécif ies that w e t u r n p e r p e n d i c u l a r from t h a t po int ; 
a n d b is the d i s t a n c e t h a t w e travel in t h a t d irect ion . 
Our goal is t o d é t e r m i n e b in t e r m s of c. 

A 

Figure 1: Half of a pe ta l , l a b e l e d in préparat ion for 
spherical t r igonometry . 

B y t h e spherical law of cos ines , 

cos C = — cos A cos B + s in A s in B cos c. 

N o w coSi4 = cos(7r/2) = 0 a n d s in A = s in(7r/2) = 
1, so th is é q u a t i o n s impf i f i e s t o c o s C = s in B cos c. 

Hence , s i n C = \ / l — sin'^ B cos^ c. B y t h e spher ica l 
law of sines, 

s in B s in C 

s in b s in c 

Subs t i tu t ing s in — sin B cos^ c, w e o b t a i n 

s in B \ / l — sin'^ B cos^ c 

s in b s in c ' 

i .e., 
s in B s in c 

s m b = =. 
V 1 — sin'^ B cos-^ c 

Taking arccos of b o t h s ides , w e d é t e r m i n e t h e va lue o f 
b in t erms of t h e p a r a m e t e r c a n d t h e k n o w n q u a n t i t y 
B = n/k. 

Figure 2 s h o w s t w o e x a m p l e s of t h e resu l t ing p e t a l 
unfolding, w i t h k = 3 a n d k = A. 

4 Square W r a p p i n g 

T h e angle at t h e t ip of t h e p e t a l s c a n b e c o m p u t e d 
by tak ing t h e der ivat ive db/dc a t c = 0. For k = 
4, th i s derivative is 1 w h i c h impl i e s a half ang le o f 
7r/4. Because t h e p e t a l s are convex , t h e c o n v e x huU 
of t h e petal unfo ld ing for = 4 is e x a c t l y t h e square 
of diagonal 27r. N o smal ler square c o u l d w r a p t h e 
unit sphère b e c a u s e t h e l e n g t h of t h e p a t h Connect ing 
t h e center of t h e square t o t h e po int m a p p e d t o t h e 
ant ipodal po in t m u s t have l e n g t h at l east n. T h i s 
square has area 27r^. 

N o t e that t h e s a m e area is a t t a i n a b l e by a rec tan
gle of d imens ions 2n x TT: draw o n e p a t h p axound t h e 
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(b) Jt = 4 

F igure 2: Pe ta l unfo ld ings . 

equator of t h e sphère a n d cover the sphère by a contin-
uuin of s tre tched p a t h s perpendicular to p e m a n a t i n g 
from every point of p unti l t h e north and t h e south 
pôle of t h e sphère. T h e s a m e rectangle is a lso exac t ly 
a 2 -pe ta l unfolding. Interest ingly, the area of th i s 
rectangle w r a p p i n g is also 27r. T h e Echte Salzburger 
Mozar tkuge l is w r a p p e d by Mirabel l us ing t h e same 
rectangle ( e x p a n d e d a bit to ensure overlap) but w i t h 
a s l ight ly différent folding. 

5 Triangle Wrapping 

For k = 3, the angle at the t ip of the pe ta l s can be 
c o m p u t e d s imilarly t o o b t a i n 2TT/3, wh ich is natural 

as the three p e t a l s m e e t at t h e north pôle, their an
gles summing t o 27r. However , the convex hull of t h e 
3-petal unfolding is not a tr iangle . W e c o m p u t e i t s 
smallest enc los ing equi lateral tr iangle. T h e s u p p o r t -
ing lines of t h e tr iangle will b e each tangent t o t w o 
of the petals . T h e tangent po int on t h e peta l c a n b e 
computed by f inding the po in t (c, b) on its b o u n d a r y 
t h a t max imizes t h e d irect ion (—cos(7r/3) , s in(7r/3)) . 
P lugging th is in to t h e prev ious équat ions , we o b t a i n 

c = arccos " è ) ~ 0 .710086. 

T h i s implies t h a t t h e s u p p o r t i n g l ine is at a d i s tance 

f - i a r c c o s ( 4 ï - i ) + f a r c s i n ( ^ ) 

w 0 .620 1 907r 

f rom the center. T h e area of t h e inscribing equi lat 
eral triangle is therefore 3/i^ tan(7r/6) » 1.998626TT'^, 
about 0.1% less t h a n the 27r'̂  area of the sma l l e s t 
wrapping square. 

6 Tiling 

Instead of e x p a n d i n g the p e t a l unfo ld ings t o t i lable 
regular po lygons , w e can pack t h e peta l unfo ld ings 
directly and e x p a n d t h e m jus t t o fill the ex tra space . 
Figure 3 shows an even b e t t e r t i l ing result ing f rom 
t h e 3-petal unfolding. A quick c o m p u t a t i o n s h o w s 
t h a t only a b o u t 1.6 TT'̂  area of paper is required for 
each wrapping, a subs tant ia l improvement . 

Figure 3: Pack ing t h e 3 -peta l unfolding. 



7 Conclus ion 

T h i s paper in i t iâtes a new reseaxch direction in the 
area of computational confectionery. W e leave as o p e n 
problems the s tudy of wrapping other géométr ie con-
fectioneries, or further improving our wrappings of the 
Mozartkugel . In particular, w h a t is the opt imal con-
vex shape t h a t can wrap a unit sphère? W h a t is the 
opt imal s h a p e t h a t also ti les the plane? W h a t about 
s m o o t h surfaces other than the sphère? 
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