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Ce passage au service BATir a été une expérience riche sur le plan scientifique mais aussi
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Je pense évidemment à Laurent Hazard et à Guy Paulus, pour leur amitié mais aussi
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List of Symbols

Greek symbols

β :
√

1−M2
0

γ : Poisson ratio of specific heat capacities : cp/cv
Γ : interface separating the inner and the outer domains
ε : Error
µ : phase function [m]
ρ : mass density [kgm−3]
ρ0 : steady mean density [kgm−3]
ρa : acoustic density [kgm−3]
σ : stress tensor [Nm−2]
φ : velocity potential [m2s−1]
φ0 : mean velocity potential [m2s−1]
φa : acoustic velocity potential [m2s−1]

φ̃a : amplitude of the harmonic acoustic velocity potential [m2s−1]

φ̃h : numerical approximation of φ̃a [m2s−1]

φ̃Ih : numerical approximation in the outer region Ωo [m2s−1]
Φα : shape function for the αth degree of freedom
ΦI
α : infinite shape function for the αth degree of freedom

ω : angular frequency [s−1]
Ω : domain
Ωi : inner region
Ωo : outer region
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Arabic symbols

ãn : normal acceleration of a vibrating wall [ms−2]
An : normal acoustic admittance [m2skg−1]
A±mn : incident and reflected modal amplitude [m2s−1]
c : speed of sound [ms−1]
c0 : steady mean part of the speed of sound [ms−1]
c∞ : speed of sound at large distance from the source [ms−1]
cp : specific heat capacity at constant pressure [JK−1]
cv : specific heat capacity at constant volume [JK−1]
dofs : number of unknowns of the approximation
E : energy flow out of a surface [J ]
E±mn : incident and reflected modal patern
f : excitation frequency [s−1]
G : geometric factor
h : mesh size [m]
H : Hilbert space
i : imaginary unit =

√
−1

I : Sound intensity [Wm−2]
J ′ : stagnation entropy [Jkg−1]
k : wavenumber [m−1]
k±r,mn : incident and reflected radial wavenumber [m−1]
kB : Boltzmann constant [JK−1]
K±

z,mn : incident and reflected axial wavenumber [m−1]
Ld
j : Legendre polynomial of order d for node j

Ls : curve enclosing the boundary Ss
Lv : curve enclosing the boundary Sv
m : angular mode number
m′ : mass flux [kgm−2s−1]
m0 : radial order of the infinite element
mw : mass of a molecule [kg]
M0 : mach number
Mi : Mapping function for node/point i
n : outer normal to the domain
n : radial mode number
nId : number of infinite degree of freedom
n (j) : size of the local approximation space at node j
nni : number of infinite nodes
nodes : number of nodes
Ni : Partition of Unity function of node i
Nm : number of angular modes
Nn : number of radial modes
NM : number of reflected modes (unknown)
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p : fluid pressure [Pa]
p0 : steady mean fluid pressure [Pa]
pa : acoustic pressure [Pa]
p̃a : amplitude of the harmonic acoustic pressure [Pa]
p̃an : analytic amplitude of the harmonic acoustic pressure [Pa]
q : heat flux [Wm−2]
Qw : heat production [J ]
ro : distance to the source point [m]
R : specific gas constant [JK−1mol−1]
Rj : radial function for infinite node j
Rd
j : radial function of order d for node j

s : entropy [Jkg−1K−1]
S : boundary
Si : mapping functions for the interface Γ
SM : Modal boundary
Ss : soft wall
Sv : vibrating wall
t : time [s]
T : Temperature [K]
Tj : circumferential function for infinite node j
ũn : normal displacement of a vibrating wall [m]
v : fluid velocity [ms−1]
v0 : steady mean fluid velocity [ms−1]
v∞ : fluid velocity at large distance from the source [ms−1]
va : acoustic velocity [ms−1]
ṽa : amplitude of the harmonic acoustic velocity [ms−1]
V : the Sobolev space W 1,2 = H1 = {f : f,∇f ∈ L2}
Vjl : lth local approximation function of node j
w̃n : normal velocity of a vibrating wall [ms−1]
Wj : weight function of node j
W I

j : infinite weight function of the infinite node j
WM,nm : modal weight function of the angular and radial mode (m,n)

Operators

∇ : gradient operator
∇· : divergence operator
∇× : curl operator
∆ : Laplacian operator
D
Dt

: Total time derivative
: : the double dot product of two tensors
〈 〉 : time average
< : Real part
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7

Aliasing error

The aliasing error occurs for higher order Finite Element Method, never for the linear one. It
only occurs at a particular number of degrees of freedom per wavelength. One interesting
question is to know if the aliasing error also occurs in Partition of Unity Method. To
answer this question more details have to be given on the origin of the aliasing error. This
phenomenon can be explained theoretically with a dispersion analysis.

Let us consider an infinite, two-dimensional1, periodic mesh. The distance along x
between two elements is δx and δy along y. δx and δy are both taken equal to the internodal
distance h.

Fig. 7.1. Illustration of a one-dimensional mesh and linear shape functions.

Fig. 7.2. Illustration of a one-dimensional mesh and quadratic shape functions.

We can identify N different types of nodes on the mesh. All nodes of a given type (p)
share the same number of degrees of freedom (Mp) and are located at the same cyclically
repeating position in the mesh pattern. This is illustrated for infinite propagation in a
one-dimensional domain. The one-dimensional mesh (in grey) and shape functions are

1 These results have been obtained by developing a two-dimensional convected Partition of Unity Method for
inner cavities. This has not been detailed in this work but the formulation can be easily derived from the
three-dimensional one.
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7 Aliasing error

plotted in figure 7.1 and 7.2 for the linear Finite Element Method and the quadratic one
respectively. It can be easily noticed that it only exists one type of node in the linear case
and two (vertices and mid-side nodes) types of nodes in the quadratic case.

As the mesh has a cyclic repeatability, the discrete finite element equations for a given
scheme are identical for all nodes of a particular type. Therefore, a linear system for the
unbounded problem is formed by N distinct types of equations:

N
∑

p=1

∑

m,n

A(q,p)
m,n u

(p)
m,n = 0 for q = 1, 2, ..., N (7.1)

m, n are the position of the nodes in the grid, the matrix Aq,p
m,n is obtained by the convected

wave formulation (shape functions from node p and weight function from type node q) and

u
(p)
m,n the value of the nodal pressure of node type p at location (mδx, nδy).

The wave solution can be expressed by equation 7.2 for a wave propagating in a direction
given by the angle θ such that kx = kcos (θ) and ky = ksin (θ).

u(p)
m,n = u

(p)
0 e(ikxδxm)e(ikyδyn) (7.2)

Each type of node generates a different set of equations. The unknowns are
{

u
(p)
0

}

(p = 1 : N) and correspond to the amplitude of the wave for type node p. This leads to
a linear system (RU = 0) which is the numerical dispersion relation of the model, where

R is the dispersion matrix and U a vector containing all the unknowns u
(p)
0 . When the

wave direction θ is fixed, the system represents an eigenvalue problem for k and U . Non
trivial solutions are obtained when the dispersion matrix is singular, we then look for
det (R) = 0. This determinant is a polynome in K where

(

K = eikh
)

. The total number

of roots
(

K̃ or k̃
)

is defined by the order of the polynomial. Dispersion analysis compares

numerical roots k̃ and physical (prescribed) ones k.

A dispersion analysis has been done for a ‘one-dimensional’ (θ = β = 0) case by Gabard
et al. [72] with free parameters M , k and h.

This analysis shows that the classical linear finite element method leads to only one
type of nodes. The polynomial equation to solve is of order two [72]. It has two roots
corresponding to the physical downstream and upstream propagations.

For quadratic finite elements, the polynome is of order four [72]. Among the four roots,
two of them correspond to the physical upstream and downstream propagation. The two
others are ‘negative copies’ of the physical roots. These roots correspond to k+ + (π/h)
and k−+(π/h). As the interpollant is of the form u0(x) = u0e

ikhm, a physical wavenumber
and its negative copy can lead to the same interpolant at the nodes of the mesh (eq. 7.3).
However, the continuous approximations are not identical.
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7.1 One-dimensional case

u (x) |x=hm = u0e
i(k++π

h)hm

= u0e
ik+hmeiπm

= ±u0e
ik+hm (7.3)

A problem arise for a given couple (k, h) when the correct downstream mode and a
negative copy of the upstream mode have the same wavenumber k+ = k− + (π/h). The
numerical model can not then accommodate two modes with the same wavenumber but
different eigenvectors Ũ .

This analysis shows that the aliasing error only occurs for downstream convected prop-
agation and for a particular combination of the mach number (M), the internodal distance
(h) and the excitation frequency (f).

The following results illustrate the theory and show how aliasing affects the polynomial
Partition of Unity Method. The first set of results corresponds to a pseudo one-dimensional
application showing the effect of the flow on upstream and downstream wave propagation.
Two-dimensional analysis are also performed to emphasize the behaviour of the computa-
tional method with respect to the orientation of the wave, the flow and the mesh.

7.1 One-dimensional case

The application which is considered here is the propagation of a plane wave within a
uniform mean flow in the same or the opposite direction of the wave. Let us consider the
wave traveling along x axis (θ = 0) and the flow either along x (β = 0) or along −x
(β = π).

This can be modelled by a rectangular domain. Walls at y = constant are considered
as rigid walls. The plane wave is prescribed on boundaries at x = constant by modal and
transmitted boundary conditions.

The aim of this analysis is to illustrate the aliasing error. It means that we vary the
number of degrees of freedom per wavelength and check the occurance of a peak of error.

As computations are made for upstream and downstream propagations with mach num-
ber varying from 0 to 1, results are compared on the number of degrees of freedom per
physical wavelength (2π/kMh with kM is the effective wavenumber obtained by taking into
account the effect of the mean flow) and not the wavelength corresponding to the excitation
frequency (2π/kh) with:

kM =
2πf

c0 (1 +Mcos (β))
(7.4)
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7.1 One-dimensional case

The computational domain has been discretized by 10 elements along x and 10 along y.
The wave is prescribed by modal and transmitted boundary conditions. The Finite Element
and Partition of Unity Methods will be compared to results obtained by Gabard et al. [72].

To vary the number of degrees of freedom per wavelength, we vary the excitation
frequency. This study has been made for mach number values from 0.1 to 0.9 in upstream
and downstream propagations.

The enrichment of the Partition of Unity Method is of second order in x and y:
{1, x2, y2}.

We can deduce that both Finite Element results (computed with a ‘degenerated Par-
tition of Unity Method’ (figure 7.3) and those (figure 7.4) issued from paper [72]) are
identical. The aliasing error does not have any influence on the classical Finite Element
Method, as predicted by the theory.

The E2 error corresponds to the mean of
∣

∣p̃an − p̃h
∣

∣ / |p̃an| evaluated at each node of
the domain.

While considering the Partition of Unity (figure 7.5) and the second order Finite El-
ement (figure 7.6) results, we directly see the occurance of peaks of error. These peaks
correspond to the aliasing error. They occur in the downstream propagation case with a
mach number higher than 0.5. We can note that there only is one aliasing peak per mach
number.

The Partition of Unity Method shows really good convergence rate compared to the
other methods. This is due to the order of the enrichment and of the Partition of Unity
shape functions.

Fig. 7.3. Illustration of the aliasing (L2 relative) error [%]: Finite Element computations (Partition of unity with
the constant enrichment); upstream (left) and downstream (right) propagation (M=0.1 (∗) to 0.9 (o )).

The results show that aliasing error is disturbing. As predicted by the theory, the
aliasing error occurs for downstream propagation at larger number of degrees of freedom per
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7.1 One-dimensional case

Fig. 7.4. Reproduced from [72]. Illustration of the aliasing (E2) error : linear Finite Element results; upstream
and downstream propagation (M=0.1 to 0.9).

Fig. 7.5. Illustration of the aliasing error : Partition of Unity computations; upstream and downstream propagation
(M=0.1 (∗) to 0.9 (o )).

Fig. 7.6. Reproduced from [72]. Illustration of the aliasing error : Second order Finite Element results; upstream
and downstream propagation (M=0.1 to 0.9).
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7.2 Two-dimensional case

wavelength than those prescribed by the rule of 6 to 10 degrees of freedom per wavelength.
The range of Mach number where the aliasing error is disturbing corresponds to common
values in turbofan applications.

7.2 Two-dimensional case

In this section, a two-dimensional analysis is performed to analyse the effect of the ori-
entation of the flow (β) and the wave (θ) with respect to the orientation of the mesh. A
plane wave propagates in a square computational domain. The wave is prescribed on the
four boundaries with a mass flux rate boundary condition.

The (E2) error for the partition of unity for M = 0.8 and using 17.7 degrees of freedom
per wavelength, is plotted in the β − θ plane in figure 7.7. The enrichment used for the
computation is proportional to {1, x2, y2}.

This result is compared with the figure 7.8 [73]. It corresponds to the dispersion error
for the second order finite element for M = 0.75 and 10 degrees of freedom per wavelength.

Both figures show the same behaviour. The distribution of the dispersion error is dom-
inated by isolated islands of errors while everywhere around the error is relatively low.
These islands lie on the diagonal β = θ which corresponds to an alignment of the flow
and the wave. However, the error peaks occur only in the vicinity of the x or y axes (i.e.
β = θ = 0, π/2, π, 3π/2).
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Fig. 7.7. Dispersion error E2 in function of θ and β with partition of unity for M = 0.8 and 17.7 degrees of freedom
per wavelength .
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7.2 Two-dimensional case

Fig. 7.8. Reproduced from [73]. E2 error in function of θ and β with second order finite element for M = 0.75 and
10 degrees of freedom per wavelength (E2 varying from 0.1 to 1.5%).

The conclusions from Gabard [73] for the convected Finite Element Method are also
valid for the Partition of Unity Method. Indeed, we also observed that the aliasing error
only occurs when the flow, the mesh and the wave are aligned. All three conditions are
required. This remark can be used in applications. If for example the flow is not aligned
with the mesh, this error will not occur. Since in general, the direction of the flow can
be computed before acoustic computations, aliasing error will not occur if the mesh is
constructed so that it is not aligned with the flow.
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