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milieux continus qui ont ajouté une dimension humaine. La nature des contrats de recherche
et d’assistanat est tel qu’ils furent nombreux a être passés par les murs de l’université. Je
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List of Symbols

Greek symbols

β :
√

1−M2

0

γ : Poisson ratio of specific heat capacities : cp/cv
Γ : interface separating the inner and the outer domains
ε : Error
µ : phase function [m]
ρ : mass density [kgm−3]
ρ0 : steady mean density [kgm−3]
ρa : acoustic density [kgm−3]
σ : stress tensor [Nm−2]
φ : velocity potential [m2s−1]
φ0 : mean velocity potential [m2s−1]
φa : acoustic velocity potential [m2s−1]

φ̃a : amplitude of the harmonic acoustic velocity potential [m
2s−1]

φ̃h : numerical approximation of φ̃a [m2s−1]

φ̃Ih : numerical approximation in the outer region Ωo [m2s−1]
Φα : shape function for the α

th degree of freedom
ΦIα : infinite shape function for the α

th degree of freedom
ω : angular frequency [s−1]
Ω : domain
Ωi : inner region
Ωo : outer region
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Arabic symbols

ãn : normal acceleration of a vibrating wall [ms−2]
An : normal acoustic admittance [m2skg−1]
A±

mn : incident and reflected modal amplitude [m2s−1]
c : speed of sound [ms−1]
c0 : steady mean part of the speed of sound [ms−1]
c∞ : speed of sound at large distance from the source [ms−1]
cp : specific heat capacity at constant pressure [JK−1]
cv : specific heat capacity at constant volume [JK−1]
dofs : number of unknowns of the approximation
E : energy flow out of a surface [J ]
E±

mn : incident and reflected modal patern
f : excitation frequency [s−1]
G : geometric factor
h : mesh size [m]
H : Hilbert space
i : imaginary unit =

√
−1

I : Sound intensity [Wm−2]
J ′ : stagnation entropy [Jkg−1]
k : wavenumber [m−1]
k±r,mn : incident and reflected radial wavenumber [m−1]
kB : Boltzmann constant [JK−1]
K±

z,mn : incident and reflected axial wavenumber [m−1]
Ldj : Legendre polynomial of order d for node j
Ls : curve enclosing the boundary Ss
Lv : curve enclosing the boundary Sv
m : angular mode number
m′ : mass flux [kgm−2s−1]
m0 : radial order of the infinite element
mw : mass of a molecule [kg]
M0 : mach number
Mi : Mapping function for node/point i
n : outer normal to the domain
n : radial mode number
nId : number of infinite degree of freedom
n (j) : size of the local approximation space at node j
nni : number of infinite nodes
nodes : number of nodes
Ni : Partition of Unity function of node i
Nm : number of angular modes
Nn : number of radial modes
NM : number of reflected modes (unknown)
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p : fluid pressure [Pa]
p0 : steady mean fluid pressure [Pa]
pa : acoustic pressure [Pa]
p̃a : amplitude of the harmonic acoustic pressure [Pa]
p̃an : analytic amplitude of the harmonic acoustic pressure [Pa]
q : heat flux [Wm−2]
Qw : heat production [J ]
ro : distance to the source point [m]
R : specific gas constant [JK−1mol−1]
Rj : radial function for infinite node j
Rd
j : radial function of order d for node j

s : entropy [Jkg−1K−1]
S : boundary
Si : mapping functions for the interface Γ
SM : Modal boundary
Ss : soft wall
Sv : vibrating wall
t : time [s]
T : Temperature [K]
Tj : circumferential function for infinite node j
ũn : normal displacement of a vibrating wall [m]
v : fluid velocity [ms−1]
v0 : steady mean fluid velocity [ms−1]
v∞ : fluid velocity at large distance from the source [ms−1]
va : acoustic velocity [ms−1]
ṽa : amplitude of the harmonic acoustic velocity [ms−1]
V : the Sobolev space W 1,2 = H1 = {f : f,∇f ∈ L2}
Vjl : lth local approximation function of node j
w̃n : normal velocity of a vibrating wall [ms−1]
Wj : weight function of node j
W I

j : infinite weight function of the infinite node j
WM,nm : modal weight function of the angular and radial mode (m,n)

Operators

∇ : gradient operator
∇· : divergence operator
∇× : curl operator
∆ : Laplacian operator
D
Dt

: Total time derivative
: : the double dot product of two tensors
〈 〉 : time average
< : Real part
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8

Industrial application: Turbofan radiation

The previous chapters verify the Mapped Infinite Partition of Unity formulation and il-
lustrate the performances of the method by analysing several academic applications. This
chapter considers the radiation of a turbofan engine.

Aircraft noise is a major concern for approximately 100 square kilometers surrounding
most major airports [81]. Stringent registrations tends to limit this environmental noise in
spite of traffic growth which is planned to double in less than 15 years (India and China air
traffic is expanding at 40% per year). There is then huge pressure on airplane manufacturers
to significantly reduce aircraft noise.

A lot of research has already been conducted to reduce aircraft noise. The european
project SILENCE(R) [80], for instance, was launched in 2001 with the aim to reduce the
noise by up to 6 decibels as of 2008. It involved 51 companies and was funded with a total
budget which exceeding 110 M Euro.

Aircraft noise is composed of three principal sources: airframe, jet and fan. The airframe
is aero-acoustic noise corresponding to turbulent flow. This airframe noise is generated by
landing gear and high lift devices. Engine noise is composed of jet noise which is emitted
at the back of the engine and fan noise which propagates towards the inlet before being
radiated in front of the engine (figure 8.1).

We decided to focus on the noise radiated by the fan because high bypass ratio has
led to significant reduction in jet noise. The fan noise is composed of tonal and broadband
noise. The reduction in fan noise can be obtained by acting on the source (design of low
noise compressors) or on the propagation through the inlet. The perceived noise can be
reduced by attenuation through acoustic treatment in the nacelle (liner) or by diverting the
noise away from the ground with scarf or scoop inlets (figure 8.2). Our goal is to simulate
fan propagation through the inlet and compute the radiated pressure and evaluate the
effect of acoustic treatment or the influence of the inlet geometry.

The noise radiated by the fan may be separated in several contributions. The tonal
noise corresponds to rotor alone or rotor-stator interactions and the broadband noise is
due to turbulence-fan interactions. The rotor alone noise has a frequency corresponding to
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8 Industrial application: Turbofan radiation

(a) (b)

Fig. 8.1. General Electric GE90-115B high bypass turbofan [83].

Fig. 8.2. Illustration of scarf (left) and scoop (right) inlet [82].

the blade passing frequency (BPF) and is represented by the first radial mode of the B th

azimuthal mode (m,n) = (B, 1), where B is the number of blades. At subsonic fan speed,
the rotor alone noise is cut-off. This means that it is an evanescent mode and it does not
radiate noise. However, during takeoff, the fan speed at the tip of the blades is supersonic
and the the rotor alone noise is cut-on, it has then to be taken into account in simulations.
In the case of rotor-stator interactions, rotor wakes impinge on stator vanes. The dominant
tones correspond to harmonics of the blade passing frequency. According to the theory of
Sofrin and Tyler [78], the corresponding azimuthal mode is given by the following relation:
m = iB ± jV , where V is the number of stator vanes, i is the time harmonic index and
j is an integer number. Note that tonal noise is prescribed with a small number of modes
while broadband noise is modelled by a multi-mode source of fixed energy.

A full nacelle analysis requires three-dimensional modelling. Unfortunately such ap-
plications are computationally demanding. A first approach consists in simulating nacelle
radiation by an axisymmetric model which can take into account admittance and non-
uniform flow but only considers axisymmetric geometries (no scarf, no spliced acoustic
liners). Note that Duta and Giles [79] described a spectral formulation allowing to decom-
pose the circumferential geometry by a Fourier spectral representation. They reduced a

150



8 Industrial application: Turbofan radiation

three-dimensional simulation of an asymmetry inlet with a scarfing angle of about 5˚with
approximately 3 million of unknowns to a total of 0.24 million of unknowns for the spectral
approximation.

The Mapped Infinite Partition of Unity Method has been developed for axisymmet-
ric geometry as well as three-dimensional applications. We illustrate in this chapter na-
celle radiation with the axisymmetric formulation. The geometry is realistic in the sense
that it approximates the dimensions and curvatures of modern turbofan excepted for non-
axisymmetric features (azimuthally segmented liners, scarf or scoop angle). The geometry
of the application is illustrated with a mesh of 1260 elements in figure 8.3. We analyse the
radiation of the rotor alone tone of an engine of 26 fan blades operating close to its maxi-
mum speed corresponding to the (26, 1) mode at blade passing frequency: nondimensional
wave number ka = 30 (f = 4000Hz and a = 0.4m). These characteristics aim to represent
real applications and are inspired from an analysis performed by Astley [84].

−1 −0.5 0 0.5 1 1.5
−0.5

0

0.5

1

1.5

Fig. 8.3. Illustration of the geometry of the nacelle and an associated inner mesh of 1260 Q8 quadratic elements.
Note that infinite elements (not represented) are attached to the interface Γ with the outer region.

The current analysis illustrates the radiation of mode (26, 1) at ka = 30 for three
different cases. We first consider no flow propagation, then take into account non-uniform
flow and finally apply acoustic treatment within the convected simulation. The radiation
of each case is illustrated with plots of the pressure within the computational domain. We
also use directivity paterns to select appropriate discretizations and compare the constant
enrichment, second order enrichment of the Mapped Infinite Partition of Unity Method
and quadratic Finite Element simulations (ACTRANTM ). The infinite radial order used
for the computations is m0 = 15.
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8.1 Radiation without flow

8.1 Radiation without flow

The distribution of the pressure is illustrated in figure 8.4 for the inner region and a partly
in the outer region.

We compare directivity plots obtained with the Mapped Infinite Partition of Unity
Method. The aim is to find the appropriate discretization for the application and compare
the required number of degrees of freedom for the constant enrichment and the second
order enrichment.

Directivity patterns (figure 8.5) represent the pressure in decibels1 for a point located
on a circle of radius r = 2m and centered at the origin. Note that the maximal pressure in
the nacelle is over 142dB. We observe that the Mapped Infinite Partition of Unity Method
with second order enrichment converges already with 9000 degrees of freedom while the
constant enrichment requires 36000 degrees of freedom.

We also checked the validity of using an infinite radial order ofm0 = 15. Figure 8.6 illus-
trates the directivity pattern computed for three different radial orders: m0 = {10, 15, 20}.
The radial order m0 = 10 gives wrong results. The two other radial orders show close
results, excepted discrepancies at angles close to 80◦.

1 pdB =
(

20log
(

p

pref

))

with pref = 0.00002Pa
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8.1 Radiation without flow

(a)

(b)

Fig. 8.4. MIPUM 0-15-1 (36720 degrees of freedom): Radiation of mode (26, 1) at ka = 30 without flow: (a) real
part of the pressure (b) absolute value of pressure.
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8.1 Radiation without flow
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Fig. 8.5. Directivity pattern for the radiation of mode (26, 1) at ka = 30 without flow: (a) MIPUM 0-15-1 (b)
MIPUM 2-15-2.
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Fig. 8.6. Directivity pattern for the radiation of mode (26, 1) at ka = 30 without flow: MIPUM 2-10-2 (-), MIPUM
2-15-2 (-) and MIPUM 2-20-2 (-).
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8.2 Convected radiation

8.2 Convected radiation

The convected radiation is illustrated in figure 8.8. The input steady mean flow is illustrated
in figure 8.7 for the inner region. In the outer region, the flow is assumed to be uniform
and oriented in the axial direction: v0 = −50 1zm/s. The mean flow has been computed
by the software ACTRANTM . Note that the mean flow is computed on a mesh of 2080
nodes and then interpolated on the nodes of the acoustic mesh.

Fig. 8.7. Illustration of the steady mean flow distribution: Mach number

The directivity pattern at a distance of 2m for the convected radiation is shown at
figure 8.9 for different discretizations. The maximal value of the pressure in the nacelle is
about 138dB. Figure 8.10 compares directivity for converged solutions. This shows that
both MIPUM 2-15-2 and quadratic Finite Element Method converges towards the same
solution.
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8.2 Convected radiation

(a)

(b)

Fig. 8.8. Quadratic Finite Element Method (105016 degrees of freedom): Radiation of mode (26, 1) at ka = 30
without acoustic treatment: (a) real part of the pressure (b) absolute value of pressure.
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8.2 Convected radiation
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Fig. 8.9. Directivity pattern for the convected radiation of mode (26, 1) at ka = 30 without acoustic treatment:
(a) MIPUM 2-15-2 (b) QFEM.
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Fig. 8.10. Directivity pattern for the convected radiation of mode (26, 1) at ka = 30 without acoustic treatment:
comparison of converged directivity for QFEM and MIPUM 2-15-2.
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8.3 Convected radiation and influence of liners

8.3 Convected radiation and influence of liners

A liner is inserted in the nacelle from x = 0.5m to x = 0.75m. It is simulated by prescrib-
ing an admittance boundary condition with an admittance of: An = 0.001001 + 0.0005i.
Computed results from quadratic Finite Element method and second order enrichment
Mapped Infinite Partition of Unity Method are compared in figure 8.11. The distribution
of the pressure is illustrated from the fan plane to the lip of the nacelle because the noise
is completely attenuated by the liner.

(a) (b)

Fig. 8.11. MIPUM 2-15-2 with 30828 degrees of freedom (top) and QFEM with 105016 degrees of freedom
(bottom): Radiation of mode (26, 1) at ka = 30 with admittance: (a) real part of the pressure (b) absolute value
of pressure. The distribution of the pressure is illustrated from the fan plane to the lip of the nacelle.
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7. J.M. Melenk, I. Babuška, The partition of unity finite element method: basic theory and applications, Comput.
Methods Appl. Mech. Engrg. 139 (1996) 289-314.
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27. B. Szabó, A. Düster, E. Rank, The p-version of the finite element method, in: E. Stein, R. de Borst, T.J.R.
Hughes (Eds.), Fundamentals, Encyclopedia of Computational Mechanics, vol. 1, Wiley, New York, 2004 (Chap-
ter 5).

28. R.J. Astley, P. Gamallo, Special short wave elements for flow acoustics, Comput. Methods Appl. Mech. Engrg.
194 (2005) 341-353.

29. R.J. Astley, P. Gamallo, The Partition of Unity Finite Element Method for Short Wave Acoustic Propagation
on Non-uniform Potential Flows, Int. J. Numer. Methods Eng. 65 (2006) 425-444.

30. R.J. Astley, G.J. Macaulay, J.-P. Coyette, L. Cremers, Three-dimensional wave-envelope elements of variable
order for acoustic radiation and scattering. Part I. Formulation in the frequency domain, J. Acoust. Soc. Am.
103 (1998) 49-63.

31. R.J. Astley, J.-P. Coyette, Conditioning of infinite element schemes for wave problems, Commun. Numer. Meth.
Engng. 17 (2001) 31-41.

32. D. Dreyer, O. von Estorff, Improved conditioning of infinite elements for exterior acoustics, Int. J. Numer.
Methods Eng. 58 (2003) 933-953.
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de Bruxelles (2008).
86. P.A. Nelson, O. Kirkeby, T. Takeuchi, and H. Hamada, Sound fields for the production of virtual acoustic

images, Letters to the editor, J. Sound Vib. 204 (1999) 386-396.
87. Y. Reymen, W. De Roeck , G. Rubio, M. Bealmans, W. Desmet, A 3D Discontinuous Galerkin Method for

aeroacoustic propagation, Proceedings of the 12th International Congress on Sound and Vibration 2005.
88. G. Gabard, Exact integration of polynomial-exponential products with an application to wave based numerical

methods, Commun. Numer. Meth. Engng (2008) doi: 10.1002/cnm.1123.
89. New York University, http://math.nyu.edu/faculty/greengar/shortcourse fmm.pdf, 1st december 2008.

174


