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Je remercie Laurent Hazard et Guy Paulus pour tous leurs conseils avisés. Et tous les
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milieux continus qui ont ajouté une dimension humaine. La nature des contrats de recherche
et d’assistanat est tel qu’ils furent nombreux a être passés par les murs de l’université. Je
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de ce séjour une partie inoubliable de ma vie. Je tiens donc à remercier chaleureusement
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List of Symbols

Greek symbols

β :
√

1−M2

0

γ : Poisson ratio of specific heat capacities : cp/cv
Γ : interface separating the inner and the outer domains
ε : Error
µ : phase function [m]
ρ : mass density [kgm−3]
ρ0 : steady mean density [kgm−3]
ρa : acoustic density [kgm−3]
σ : stress tensor [Nm−2]
φ : velocity potential [m2s−1]
φ0 : mean velocity potential [m2s−1]
φa : acoustic velocity potential [m2s−1]

φ̃a : amplitude of the harmonic acoustic velocity potential [m2s−1]

φ̃h : numerical approximation of φ̃a [m2s−1]

φ̃Ih : numerical approximation in the outer region Ωo [m2s−1]
Φα : shape function for the αth degree of freedom
ΦIα : infinite shape function for the αth degree of freedom
ω : angular frequency [s−1]
Ω : domain
Ωi : inner region
Ωo : outer region
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Arabic symbols

ãn : normal acceleration of a vibrating wall [ms−2]
An : normal acoustic admittance [m2skg−1]
A±mn : incident and reflected modal amplitude [m2s−1]
c : speed of sound [ms−1]
c0 : steady mean part of the speed of sound [ms−1]
c∞ : speed of sound at large distance from the source [ms−1]
cp : specific heat capacity at constant pressure [JK−1]
cv : specific heat capacity at constant volume [JK−1]
dofs : number of unknowns of the approximation
E : energy flow out of a surface [J ]
E±mn : incident and reflected modal patern
f : excitation frequency [s−1]
G : geometric factor
h : mesh size [m]
H : Hilbert space
i : imaginary unit =

√
−1

I : Sound intensity [Wm−2]
J ′ : stagnation entropy [Jkg−1]
k : wavenumber [m−1]
k±r,mn : incident and reflected radial wavenumber [m−1]
kB : Boltzmann constant [JK−1]
K±

z,mn : incident and reflected axial wavenumber [m−1]
Ldj : Legendre polynomial of order d for node j
Ls : curve enclosing the boundary Ss
Lv : curve enclosing the boundary Sv
m : angular mode number
m′ : mass flux [kgm−2s−1]
m0 : radial order of the infinite element
mw : mass of a molecule [kg]
M0 : mach number
Mi : Mapping function for node/point i
n : outer normal to the domain
n : radial mode number
nId : number of infinite degree of freedom
n (j) : size of the local approximation space at node j
nni : number of infinite nodes
nodes : number of nodes
Ni : Partition of Unity function of node i
Nm : number of angular modes
Nn : number of radial modes
NM : number of reflected modes (unknown)
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p : fluid pressure [Pa]
p0 : steady mean fluid pressure [Pa]
pa : acoustic pressure [Pa]
p̃a : amplitude of the harmonic acoustic pressure [Pa]
p̃an : analytic amplitude of the harmonic acoustic pressure [Pa]
q : heat flux [Wm−2]
Qw : heat production [J ]
ro : distance to the source point [m]
R : specific gas constant [JK−1mol−1]
Rj : radial function for infinite node j
Rd
j : radial function of order d for node j

s : entropy [Jkg−1K−1]
S : boundary
Si : mapping functions for the interface Γ
SM : Modal boundary
Ss : soft wall
Sv : vibrating wall
t : time [s]
T : Temperature [K]
Tj : circumferential function for infinite node j
ũn : normal displacement of a vibrating wall [m]
v : fluid velocity [ms−1]
v0 : steady mean fluid velocity [ms−1]
v∞ : fluid velocity at large distance from the source [ms−1]
va : acoustic velocity [ms−1]
ṽa : amplitude of the harmonic acoustic velocity [ms−1]
V : the Sobolev space W 1,2 = H1 = {f : f,∇f ∈ L2}
Vjl : lth local approximation function of node j
w̃n : normal velocity of a vibrating wall [ms−1]
Wj : weight function of node j
W I

j : infinite weight function of the infinite node j
WM,nm : modal weight function of the angular and radial mode (m,n)

Operators

∇ : gradient operator
∇· : divergence operator
∇× : curl operator
∆ : Laplacian operator
D
Dt

: Total time derivative
: : the double dot product of two tensors
〈 〉 : time average
< : Real part
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6

Three-dimensional formulation: performance analysis

This chapter analyses the performances of the Mapped Infinite Partition of Unity Method
for three-dimensional applications. We deal with inner and exteriors applications and com-
pare the accuracy and the efficiency of the method for different enrichments.

The characteristics of the computer are given in chapter 5. The analytical solutions of
the applications analysed in this chapter are detailed in sections 5.1 for duct propagation
and 3.3 for multipole radiation.

6.1 Duct propagation

In this section, we investigate the performances of the Mapped Infinite Partition of Unity
Method in inner regions. We consider acoustic propagation in straight ducts of infinite
length. Analyses are performed on ducts with circular, rectangular and annular cross-
sections. Note that we compute ducts of finite length with boundary conditions simulating
infinite propagation. This is done in this section by prescribing either modal or Neumann
boundary conditions.

6.1.1 Circular cross-section

A convergence analysis is performed to evaluate the efficiency of some enrichments. We
consider the propagation at 800 Hz of the second radial mode (n = 2) of the first azimuthal
order (m = 1). This is prescribed with modal and transmitted boundary conditions. Figure
6.1 illustrates the L2 relative error with respect to the number of degrees of freedom. The
number of elements in the axial direction is taken proportional to 3j and those in the
cross-section j × j (j being a parameter of the convergence analysis). Note that we do not
generate these meshes for the cubic enrichment. In this last case, we use 2j + 2 elements
along the axial direction and j + 2 × j + 2 elements in the cross-section. The cubic
enrichment requires less elements to be accurate (lower j). The aim is then to ensure a
good representation of the section, even for low number of elements in the axial direction.
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6.1 Duct propagation

Figure 6.1 illustrates the same behaviour as those we observed for axisymmetric appli-
cations: the highest order for the enrichment leads to the most accurate solution and the
best convergence rate.
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Fig. 6.1. Relative error (εr = 1 means 100% of error) plotted with respect to the number of degrees of freedom
(dofs): propagation of the second mode (n = 2), first axisymetric order (m = 1) and excitation frequency 800 Hz
(kRd = 7.39) (Some simplifications have been made in the legend. The terms {x, y, ...} of the cubic enrichment
have to be read as {(x− x0) , (y − y0) , ...})

A performance analysis (figure 6.2) is performed to compare the efficiency of the method
in terms of computational time. This is the reason why we plot the computational time with
respect to the non-dimensional wavenumber (kD). The computational time corresponds to
the time required to generate the mesh, compute the matrices of the system and solve the
application with a given kD such that the accuracy (L2 relative error) remains bounded:
εr ≤ 5%. The mesh is chosen to have 2j elements along the axial direction and j × j
within the cross-section. We observe, as it is illustrated for axisymmetric models, that it is
more convenient to use high order enrichments. For the same amount of CPU time, higher
frequencies can be computed with higher enrichment order. It is expected that higher order
requires less computational time for the same accuracy. In figure 6.2, we try to compare
different solutions with the same level of accuracy. However, it is not the case for third
order polynomial enrichments1, which explains why it is more time consuming. We may also
conclude that the computation for a given excitation frequency requires less computational
time for higher enrichment orders. The required CPU time increases exponentially with
respect to the non-dimensional wavenumber kD. It is obvious that computations would

1 In the case of p = 3, the accuracy is close to 1% while it is close to 5% for the second order enrichment.
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6.1 Duct propagation

require huge amount of time as soon as we exceed kD = 10 for the constant enrichment
(degenerated linear FEM). In the case of higher order enrichments, this limit is moved to
higher non-dimensional wavenumbers (kD 45).
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Fig. 6.2. Evolution of the computational Time (s) versus the non-dimensional wavenumber (kD) with an accuracy
under 5%, frequency varying from 100Hz to 2300Hz (560Hz for the constant enrichment: Vjl = {1}), the charac-
teristic length D = 1m is the diameter of the duct.(Some simplifications have been made, terms of the legend such
as {x, y, ...} have to be read as {(x− x0) , (y − y0) , ...})

Tables 6.1, 6.2 and 6.3 give results coming from the previous performance analysis.
Each table presents results obtained for different enrichments: constant, second order and
third order enrichments. The tables give, for several frequencies, the required number of
elements and degrees of freedom required to solve the application within an accuracy of
less than 5%. The tables also illustrate the level of relative error reached2 with this mesh
and the CPU time required.

For the constant enrichment (table 6.1), we observe that the number of degrees of
freedom required to ensure an accuracy below 5% increases a lot compared to those required
for higher order enrichments: at 500Hz, 23807 degrees of freedom are required for the
constant enrichment while only 786 and 2242 degrees of freedom are required for the
second and third order enrichments, respectively. This corresponds to more than a factor
10!

We show that for the same number of degrees of freedom, the computational error
is lower for high order enrichments (figure 6.1). But we also observe that for the same

2 An iterative approach on the mesh parameter j to find, at each frequency, the mesh giving an accuracy below
5% but as close as possible to this value. For high order enrichment functions, an admissible mesh parameter j

could lead to a relative error smaller than the prescribed 5% see table 6.3
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6.1 Duct propagation

number of degrees of freedom, the CPU time required to compute a solution increases with
the order of the enrichment. The constant enrichment requires 18s to compute the solution
for a system of 5294 degrees of freedom. The second order enrichment requires 987s for a
system of 4461 degrees of freedom and 2218s for 4502 degrees of freedom in the case of a
third order enrichment. However, we finally illustrated that for the same level of accuracy,
it is more convenient to compute the solution with a high order enrichment (figure 6.2).
This can be explained by comparing the huge number of degrees of freedom required for
the constant enrichment with higher order ones.

Frequency (Hz) Elements Dofs CPU time (s) εr (%)

100 2662 3314 9 4.29

300 4394 5294 18 4.54

500 21296 23807 170 5

520 27648 30627 252 4.83

540 54000 58623 852 4.78

545 65536 70787 1653 4.93

550 93312 99939 2210 4.72

560 170368 180227 6996 4.84

Table 6.1. Results of the performance analysis of the cylindrical duct with a circular cross-section for the constant
enrichment {1}

Frequency (Hz) Elements Dofs CPU time (s) εr (%)

100 54 786 19 2.98

300 54 786 16 2.62

500 54 786 16 1.77

700 54 786 15 4.77

1000 250 2774 286 4.88

1300 432 4461 987 4.75

1600 1024 9641 4905 3.98

1900 1024 9641 4423 4.52

2100 1458 13302 9067 3.29

2300 1458 13302 9069 4.89

Table 6.2. Results of the performance analysis of the circular duct for the second order enrichment
{

1, (x− x0) , (y − y0) , (z − z0) , (x− x0)
2
, (y − y0)

2
, (z − z0)

2
}
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6.1 Duct propagation

Frequency (Hz) Elements Dofs CPU time (s) εr (%)

100 16 902 46 4.67

300 54 2242 337 1

500 54 2242 412 1.96

700 54 2242 332 1.42

1000 54 2242 335 2.55

1300 128 4502 2218 1.07

1600 250 7922 6820 1.59

1900 250 7922 6349 2.57

2100 432 12742 19491 1.06

2300 432 12742 19036 1.84

Table 6.3. Results of the performance analysis (circular duct) for the cubic enrichment
{

1, (x− x0) , (y − y0) , (z − z0) , (x− x0)
2
, (y − y0)

2
, (z − z0)

2
, (x− x0) (y − y0) , (x− x0) (z − z0) , (y − y0) (z − z0) ,

(x− x0)
3
, (y − y0)

3
, (z − z0)

3
, (x− x0) (y − y0) (z − z0) , (x− x0)

2 (y − y0) , (x− x0)
2 (z − z0) , (x− x0) (y − y0)

2
,

(y − y0)
2 (z − z0) , (x− x0) (z − z0)

2
, (y − y0) (z − z0)

2
}

We also analyse both the assembly and solving time required for a frequency of 500 Hz.
The value Tsloving/Tassembly equals 0.64 for the constant enrichment and is around 0.005
for the other enrichments. This means that solving requirements are important for the
constant enrichment, while for high order enrichments, the assembly of the matrices is
huge compared to the time required by the solver. It is also important to note that the
same mesh (for high order enrichments) is admissible over a large frequency range (i.e. 54
elements for the third order enrichment gives accurate results from 300 to 1000 Hz). We
also know that the matrices of the system are frequency independant as long as we deal
with polynomial enrichment functions. Then, for a multiple frequency analysis (usual in
acoustics) the assembly (time consuming part) could be performed once while the solving
(marginal compared to the assembly) needs to be performed for each frequency. It is not
the same for the constant enrichment for which the solving time can not be neglected
compared to the assembly.

6.1.2 Rectangular cross-section

We simulate a plane wave propagation in a duct for which the length is L = 1m and
the edges of the rectangular cross-section are 1m wide. The plane wave is prescribed with
Neumann boundary conditions on the cross sections located at z = 0 and z = L.

A performance analysis (figure 6.3) is performed to compare the efficiency of the
method. This is the reason why we plot the computational time with respect to the non-
dimensional wavenumber (kD). The computational time corresponds to the time required
to generate the mesh, compute the matrices of the system and solve the application with a
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6.1 Duct propagation

given kD such that the accuracy (L2 relative error) remains bounded: εr ≤ 5%. The mesh
is chosen to have 2j elements along the axial direction and j × j within the cross-section.
We observe, as it is shown for axisymmetric models, that it is more convenient to use high
order enrichments. For the same amount of computational time, higher frequencies can
be computed with higher enrichment order. We may also conclude that the computation
for a given frequency requires less time for higher enrichment order. Computations require
huge amount of time as soon as we exceed kD = 20 for the constant enrichment (degen-
erated linear FEM). In the case of higher order enrichment, this limit is moved to higher
non-dimensional wavenumbers (kD = 40).
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Fig. 6.3. Computational Time (s) versus the non-dimensional wavenumber (kD) with an accuracy under 5%,
frequency varying from 100Hz to 2000Hz (1140Hz for the constant enrichment: Vjl = {1}), the characteristic length
D = 1m is one edge of the rectangular cross-section. Some simplifications have been made, terms of the legend
such as {x′, y′, ...} have to be read as {(x− x0) , (y − y0) , ...})

As it has been done for the duct with the circular cross-section, tables 6.4, 6.5 and 6.6
give further of informations to figure 6.3. We see the huge increase of degrees of freedom
with the frequency for the constant enrichment compared to the others. Note that the
performed relative error with the third order enrichment is low compared to the prescribed
5% of accuracy.

6.1.3 Annular cross-section

We briefly illustrate the performances of the Mapped Infinite Partition of Unity Method
for acoustic propagation in an annular duct (ri = 0.2m and ro = 0.5m).
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6.1 Duct propagation

Frequency (Hz) Elements Dofs CPU time (s) εr (%)

100 2 12 1 4.24

300 432 637 2 4.84

500 31250 34476 276 4.77

700 54000 58621 732 4.97

900 43904 47937 484 4.85

1100 65536 70785 993 4.92

1120 78608 84525 1472 4.77

1140 118638 126400 3196 4.85

Table 6.4. Results of the performance analysis of the duct with a rectangular cross-section for the constant
enrichment {1}

Frequency (Hz) Elements Dofs CPU time (s) εr (%)

100 2 84 1 0.02

300 2 84 1 1.65

500 16 315 2 2.33

700 16 315 2 3.78

900 54 784 15 2.70

1100 128 1575 75 1.64

1300 128 1575 75 3.47

1500 432 4459 844 2.33

1600 250 2772 432 4.87

1800 432 4459 1115 3.64

2000 686 6720 3510 4.59

Table 6.5. Results of the performance analysis of the duct with a rectangular cross-section for the second order
enrichment

{

1, (x− x0) , (y − y0) , (z − z0) , (x− x0)
2
, (y − y0)

2
, (z − z0)

2
}

If we consider the propagation of a plane wave at 800 Hz. The mesh is generated with
5 elements along the axial direction and 5 × 5 within the cross-section. The constant
enrichment leads to a L2 relative error of εr = 1.12% while the second order one leads to
εr = 0.000497%.

In the case of the propagation at 800 Hz of the second radial mode of the first azimuthal
order with a mesh of 8 elements along the axial direction and 8 × 8 within the cross-section.
The constant enrichment leads to εr = 25% while the second order gives εr = 0.52%.
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6.2 Multipole radiation

Frequency (Hz) Elements Dofs CPU time (s) εr (%)

100 2 240 2 0.01

300 2 240 2 0.22

500 16 900 38 0.10

700 16 900 39 0.87

900 16 900 36 1.97

1100 54 2240 318 0.64

1300 54 2240 317 1.83

1500 128 4500 1746 1.18

1600 128 4500 2581 1.18

1800 128 4500 2043 2.64

2000 250 7920 11283 1.85

Table 6.6. Results of the performance analysis of the duct with a rectangular cross-section for the
third order enrichment

{

1, (x− x0) , (y − y0) , (z − z0) , (x− x0)
2
, (y − y0)

2
, (z − z0)

2
, (x− x0) (y − y0) ,

(x− x0) (z − z0) , (y − y0) (z − z0) , (x− x0)
3
, (y − y0)

3
, (z − z0)

3
, (x− x0) (y − y0) (z − z0) , (x− x0)

2 (y − y0) ,

(x− x0)
2 (z − z0) , (x− x0) (y − y0)

2
, (y − y0)

2 (z − z0) , (x− x0) (z − z0)
2
, (y − y0) (z − z0)

2
}

We observe the same behaviour if for the same application we consider a uniform mean
flow of v0 = −100m/s1z: constant enrichment and second order one leads to εr = 98%
and εr = 13%, respectively.

Note that this short analysis does not take into account the number of degrees of
freedom nor the required CPU time. There is factor 5 between the number of degrees of
freedom of constant and second order enrichment. We just illustrate that we can improve
the accuracy without remeshing, just by increasing the order of the approximation.

6.1.4 Conclusion

These sections illustrate the performances of the Mapped Infinite Partition of Unity Method
for the propagation in ducts (considered as cavities). Three different cross-sections and two
boundary conditions are analysed. We may conclude that the use of high order enrichments
is convenient to obtain good accuracy with low CPU time and to avoid remeshing.

6.2 Multipole radiation

We analyse the performances of the Mapped Infinite Partition of Unity Method for exterior
three-dimensional applications. We simulate the propagation of a multipole by considering
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6.2 Multipole radiation

a quarter of sphere which vibrates (as it is done in the three-dimensional verification section
4.2).

We first plot the L2 relative error (computed in the inner region) with respect to the
number of degrees of freedom (figure 6.4) in order to compare the accuracy of the method.
The vibrating (quarter of) sphere has a radius r1 = 1m and the interface Γ is located
at r2 = 2m. The inner region is meshed with 6 (j × j) elements on the sphere and 3j
elements along the radial direction (j being a parameter of the convergence analysis). The
number of infinite elements equals the number of elements on the vibrating sphere.

This analysis is performed with a constant frequency: 300Hz (corresponding to a non-
dimensional wavenumber of kR = 5.54 with R = 1m being the radius of the vibrating
sphere). The prescribed velocity corresponds to the radiation of a multipole of order N = 2
with an azimuthal order equal to zero: m = 0. The radial order of the infinite element
functions is chosen to be m0 = N + 1 = 3 and b0 = 1 which leads to linear circumferential
functions.

Figure 6.4 illustrates the convergence rate of the Mapped Infinite Partition of Unity
Method for three enrichments: constant, linear and second order. We observe that the
convergence rate and the accuracy increase with the enrichment order.
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Fig. 6.4. Relative error (εr = 1means 100% of error) plotted with respect to the number of degrees of freedom
(dofs): radiation at 300 Hz (kRd = 5.54) of a multipole of order N = 2 and azimuthal order m = 0.

We also illustrate the efficiency of the method by comparing the CPU time required
to solve the multipole radiation within an accuracy of less than εr ≤ 5% (fig. 6.5). The
radius of the vibrating sphere is r1 = 1m and that of the interface Γ : r2 = 2m. The
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6.2 Multipole radiation

mesh is generated with 6 (j × j) elements on the vibrating sphere and 5j elements along
the radial direction. We simulate the propagation of a multipole of order N = 2 and of
azimuthal order m = 0. The range of frequencies analysed varies from 100 Hz to 1200 Hz
(note that this analysis is limited to 800Hz for the constant enrichment). The radial order
of the infinite element functions is chosen to be m0 = N +1 = 3 and b0 = 1 which leads to
linear circumferential functions.

Figure 6.5 illustrates that the CPU time required varies exponentially with the non-
dimensional wavenumber. A small increase in the wavenumber (after kR = 15 for the
constant enrichment) requires huge additional time to compute an accurate solution. We
also notice that the CPU time required to compute the solution in the case of high enrich-
ment order is high for low frequencies (low kR). This is due to the number of degrees of
freedom per node and the integration scheme for high order polynomials. For instance, the
third order enrichment leads to 4147s for 100Hz. However, the mesh is generated with the
parameter j = 2 then only 168 elements and 24 infinite elements. But this low number of
elements leads to high number of degrees of freedom (5346) and a lot of numerical inte-
gration points in the inner and outer regions3. Note that this discretization gives accurate
results over a large frequency range (i.e. f = 400Hz, kR = 7.39 leads to an error of 3.54%).
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Fig. 6.5. Computational Time (s) versus the non-dimensional wavenumber (kR) with an accuracy under 5%,
frequency varying from 100Hz to 1200Hz (to 800Hz for the constant enrichment), the characteristic length R is the
radius of the vibrating sphere.

3 For instance, the use of enrichment functions based on parent element coordinates (instead of global coordinates),
would allow to compute the shape functions at the integration points once for all elements and then reduce the
CPU time for the assembly of the matrices
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6.2 Multipole radiation

We also decide to evaluate the influence of the parameter b0. We consider the radia-
tion at 150 Hz of a multipole of order N = 7 (then an infinite radial order of m0 = 8)
and azimuthal order m = 0. We use in the inner region the second order enrichment
{1, x, y, z, x2, y2, z2}. The radius of the vibrating sphere is r1 = 1m and the number of
elements on this surface is 6 (4 × 4). We then compare the L2 relative error in the inner
region by choosing successively b0 = 0, 1 and 2. We consider the interface located at the
radius r2 = 1.01m and one element along the radial direction. We obtained εr = 7.28% for
b0 = 0, εr = 4.91% for b0 = 1 and εr = 4.69% for b0 = 2. The accuracy is improved by
increasing the interpolation in the circumferential direction.

We may conclude that it is convenient to use a high enrichment order to obtain accurate
solution and to reach higher frequencies. Nevertheless a low number of elements with high
order enrichments leads to high number of degrees of freedom, then requires a huge amount
of CPU time even for low frequency. High order enrichments are then more convenient at
high frequencies.
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