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Ceci dit, je voudrais remercier de manière plus académique tous les acteurs du projet.
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Geneviève, Yannick, Louise, Dominique, Thierry, Sandrine, Bertha, David, Benôıt, Peter
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ma maman, pour avoir fait de moi l’homme que je suis aujourd’hui et mes amis, plus
particulièrement mes collocataires: Iyad, Mathieu, Quentin, Guerrick, Caroline et Florence.
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List of Symbols

Greek symbols

β :
√

1−M2
0

γ : Poisson ratio of specific heat capacities : cp/cv
Γ : interface separating the inner and the outer domains
ε : Error
µ : phase function [m]
ρ : mass density [kgm−3]
ρ0 : steady mean density [kgm−3]
ρa : acoustic density [kgm−3]
σ : stress tensor [Nm−2]
φ : velocity potential [m2s−1]
φ0 : mean velocity potential [m2s−1]
φa : acoustic velocity potential [m2s−1]

φ̃a : amplitude of the harmonic acoustic velocity potential [m2s−1]

φ̃h : numerical approximation of φ̃a [m2s−1]

φ̃Ih : numerical approximation in the outer region Ωo [m2s−1]
Φα : shape function for the αth degree of freedom
ΦIα : infinite shape function for the αth degree of freedom
ω : angular frequency [s−1]
Ω : domain
Ωi : inner region
Ωo : outer region
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Arabic symbols

ãn : normal acceleration of a vibrating wall [ms−2]
An : normal acoustic admittance [m2skg−1]
A±mn : incident and reflected modal amplitude [m2s−1]
c : speed of sound [ms−1]
c0 : steady mean part of the speed of sound [ms−1]
c∞ : speed of sound at large distance from the source [ms−1]
cp : specific heat capacity at constant pressure [JK−1]
cv : specific heat capacity at constant volume [JK−1]
dofs : number of unknowns of the approximation
E : energy flow out of a surface [J ]
E±mn : incident and reflected modal patern
f : excitation frequency [s−1]
G : geometric factor
h : mesh size [m]
H : Hilbert space
i : imaginary unit =

√
−1

I : Sound intensity [Wm−2]
J ′ : stagnation entropy [Jkg−1]
k : wavenumber [m−1]
k±r,mn : incident and reflected radial wavenumber [m−1]
kB : Boltzmann constant [JK−1]
K±
z,mn : incident and reflected axial wavenumber [m−1]

Ldj : Legendre polynomial of order d for node j
Ls : curve enclosing the boundary Ss
Lv : curve enclosing the boundary Sv
m : angular mode number
m′ : mass flux [kgm−2s−1]
m0 : radial order of the infinite element
mw : mass of a molecule [kg]
M0 : mach number
Mi : Mapping function for node/point i
n : outer normal to the domain
n : radial mode number
nId : number of infinite degree of freedom
n (j) : size of the local approximation space at node j
nni : number of infinite nodes
nodes : number of nodes
Ni : Partition of Unity function of node i
Nm : number of angular modes
Nn : number of radial modes
NM : number of reflected modes (unknown)
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p : fluid pressure [Pa]
p0 : steady mean fluid pressure [Pa]
pa : acoustic pressure [Pa]
p̃a : amplitude of the harmonic acoustic pressure [Pa]
p̃an : analytic amplitude of the harmonic acoustic pressure [Pa]
q : heat flux [Wm−2]
Qw : heat production [J ]
ro : distance to the source point [m]
R : specific gas constant [JK−1mol−1]
Rj : radial function for infinite node j
Rd
j : radial function of order d for node j

s : entropy [Jkg−1K−1]
S : boundary
Si : mapping functions for the interface Γ
SM : Modal boundary
Ss : soft wall
Sv : vibrating wall
t : time [s]
T : Temperature [K]
Tj : circumferential function for infinite node j
ũn : normal displacement of a vibrating wall [m]
v : fluid velocity [ms−1]
v0 : steady mean fluid velocity [ms−1]
v∞ : fluid velocity at large distance from the source [ms−1]
va : acoustic velocity [ms−1]
ṽa : amplitude of the harmonic acoustic velocity [ms−1]
V : the Sobolev space W 1,2 = H1 = {f : f,∇f ∈ L2}
Vjl : lth local approximation function of node j
w̃n : normal velocity of a vibrating wall [ms−1]
Wj : weight function of node j
W I

j : infinite weight function of the infinite node j
WM,nm : modal weight function of the angular and radial mode (m,n)

Operators

∇ : gradient operator
∇· : divergence operator
∇× : curl operator
∆ : Laplacian operator
D
Dt

: Total time derivative
: : the double dot product of two tensors
〈 〉 : time average
< : Real part
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Appendices

10.1 Mapping functions

10.1.1 Three-dimensional mapping

Finite elements

Mapping functions for the vertices (ξ0 = ξξi and ξi is the local coordinates of the node
i.):

Mi (ξ, η, ζ) =
1

8
(1 + ξ0) (1 + η0) (1 + ζ0) (ξ0 + η0 + ζ0 − 2) (10.1)

The mapping functions for the mid-side points (mapping points):

Mi (ξ, η, ζ) =
1

4

(

1− ξ2
)

(1 + η0) (1 + ζ0) for ξi = 0

Mi (ξ, η, ζ) =
1

4
(1 + ξ0)

(

1− η2
)

(1 + ζ0) for ηi = 0

Mi (ξ, η, ζ) =
1

4
(1 + ξ0) (1 + η0)

(

1− ζ2
)

for ζi = 0 (10.2)

Infinite elements

The infinite mapping is based on 16 mapping functions, corresponding to the location
of 16 mapping points : the 4 base nodes and the four base mapping points (where ‘base’
means lying on the interface Γ ) and their mapping points located at twice the distance
from the source points (which corresponds to the ordinate ζi = 0).

The mapping functions for the points on the corners of the infinite element lying on
the interface Γ : (ζi = −1) and (ξi, ηi) = (±1,±1):

Mi (ξ, η, ζ) =
1

4
(1 + ξ0) (1 + η0) (ξ0 + η0 − 1)

( −2ζ
1− ζ

)

with i = 1 : 4 (10.3)
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10.1 Mapping functions

The mapping functions for the points on the mid-side of the base of the infinite element:
(ζi = −1) and (ξi, ηi) = (0,±1) given at equation 10.4 or (ξi, ηi) = (±1, 0) given at equation
10.5:

Mi (ξ, η, ζ) =
1

2

(

1− ξ2
)

(1 + η0)

( −2ζ
1− ζ

)

with i = 5, 7 (10.4)

Mi (ξ, η, ζ) =
1

2

(

1− η2
)

(1 + ξ0)

( −2ζ
1− ζ

)

with i = 6, 8 (10.5)

The mapping functions for the points of the infinite element for which (ζi = 0) and
(ξi, ηi) = (±1,±1):

Mi (ξ, η, ζ) =
1

4
(1 + ξ0) (1 + η0) (ξ0 + η0 − 1)

(

1 + ζ

1− ζ

)

with i = 9 : 12 (10.6)

The mapping functions for the points on the mid-side at (ζi = 0) and (ξi, ηi) = (0,±1)
given at equation 10.7 or (ξi, ηi) = (±1, 0) given at equation 10.8:

Mi (ξ, η, ζ) =
1

2

(

1− ξ2
)

(1 + η0)

(

1 + ζ

1− ζ

)

with i = 13, 15 (10.7)

Mi (ξ, η, ζ) =
1

2

(

1− η2
)

(1 + ξ0)

(

1 + ζ

1− ζ

)

with i = 14, 16 (10.8)

10.1.2 Two-dimensional mapping

Finite elements

Mapping functions for the 4 vertices:

Mi (ξ, η) =
1

4
(1 + ξ0) (1 + η0) (ξ0 + η0 − 1) (10.9)

where ξ0 = ξξi and ξi is the local coordinates of the node i.

The mapping functions for 4 the mid-side points (mapping points)

Mi (ξ, η) =
1

2

(

1− ξ2
)

(1 + η0) for ξi = 0

Mi (ξ, η) =
1

2
(1 + ξ0)

(

1− η2
)

for ηi = 0 (10.10)

Infinite elements

The infinite mapping is based on 6 mapping functions, corresponding to the location
of 6 mapping points : the 2 base nodes and the base mapping point (where ‘base’ means
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10.2 Modes in a two-dimensional lined duct with uniform mean flow along the duct axis

lying on the interface Γ ) and their mapping points located at twice the distance from the
source points (which corresponds to the ordinate ζi = 0).

The mapping functions for the nodes of the infinite element lying on the interface Γ :
(ξi, ηi) = (±1,−1):

Mi (ξ, η) =
(

ξ2 + ξ0
)

( −η
1− η

)

with i = 1 : 2 (10.11)

The mapping functions for the point on the mid-side of the base of the infinite element:
(ξi, ηi) = (0,−1) given at equation 10.12:

Mi (ξ, η) =
(

1− ξ2
)

( −η
1− η

)

with i = 3 (10.12)

The mapping functions for the points of the infinite element for which (ξi, ηi) = (±1, 0):

Mi (ξ, η) =
1

2

(

ξ2 + ξ0
)

(

1 + η

1− η

)

with i = 4 : 5 (10.13)

The mapping functions for the points on the mid-side at (ζi = 0) and (ξi, ηi) = (0, 0)
given at equation 10.14:

Mi (ξ, η) =
(

1− ξ2
)

(

1 + η

1− η

)

with i = 6 (10.14)

10.2 Modes in a two-dimensional lined duct with uniform mean

flow along the duct axis

We consider a two-dimensional infinite duct composed of a hard wall at the lower wall
of the duct (y = 0) and of a liner for the upper part (y = h). In this special case, the
convected wave equation becomes after the decomposition of variables φ̃a = φxφy, where x
is the axial direction:











β2 ∂2φx
∂x2 − 2ikM ∂φx

∂x
+ k2

xφx = 0
∂2φy
∂y2 + k2

yφy = 0

k2 = k2
x + k2

y

(10.15)

The solution in the x axis can be compared to equation 2.71 as they are solutions of
the same equation:

{

φx = A+e−iK
+
x x + A−e−iK

−
x x

K±
x =

−kM0∓
√
k2−β2k±2

y

β2

(10.16)
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10.3 Outwardly propagating wavelike factor

The acoustic modes propagating in the duct are obtained by solving equation 10.15 in
the y direction and taking into account the effect of the soft wall 2.38. This leads to:

{

φy = Ae−ik
+
y y +Be−ik

−
y y

k±y tan
(

k±y h
)

= iAnρ0c0k − 2iAnρ0c0M0

(

1− M0

2k
K±
x

)

K±
x

(10.17)

The value of the wavenumbers is obtained by solving equations 10.16 and 10.17. This
can be done iteratively.

In the case of lined wall and non-zero mean flow, the wavenumbers of the right traveling
waves

(

k+
y , K

+
x

)

are different from those of the left ones
(

k−y , K
−
x

)

, while in other cases
(hard-wall + flow, hard-wall + no-flow or soft-wall + no-flow) the ’radial’ wavenumbers
k±y are the same for the left and right traveling modes.

10.3 Outwardly propagating wavelike factor

The convected wave equation can be re-written for the case of a uniform one-dimensional
flow oriented along the x axis (v0 = v01x and M0 = v0/c0):

(

1

c0

∂

∂t
+M0

∂

∂x

)2

φa −∇2φa = 0 (10.18)

where β2 = 1−M 2
0 and φa the instantaneous acoustic pressure.

The following transformation [35] allow to re-write the convected wave equation to a
simpler form 10.19.















x′ = x
β

y′ = y
z′ = z
t′ = βt+ M0x

β2c0

(

1

c20

∂′2

∂t′2
+∇′2

)

φa = 0 (10.19)

Expression 10.20 is solution of the modified convected wave equation.

φa (x
′, t′) = e

iωt′

β
e
−ik
β

√
x′2+y′2+z′2

√

x′2 + y′2 + z′2
(10.20)
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10.4 Effect of uniform mean flow on plane wave propagation

This corresponds to:

φa (x, t) = eiωte
ikM0x

β2
e
−ik
β

√

x2

β2 +y2+z2

√

x2

β2 + y2 + z2
(10.21)

Then we regroup spacial x terms in the wavelike factor µ:

e−ikµ(x,M0) = e
−ik

(

−
M0x

β2 + 1

β2

√
x2+β2(y2+z2)

)

(10.22)

To ensure continuity of the potential across the interface Γ , the wavelike factor µ (x,M0)
is taken equal to 0 for ζ = −1. The wavelike factor is then expressed in parent coordinates:

µ (x,M0) =
8
∑

i=1

Si (ξ, η)

β2

(

1 + ζ

1− ζ

)

(

−M0 (xi − x′i) +
√

(xi − x′i)
2 + β2

(

(yi − y′i)
2 + (zi − z′i)

2)
)

(10.23)

with xi, yi, zi and x′i, y
′
i, z

′
i being respectively the coordinates of the nodes and mapping

points (lying on the interface Γ ) and the source points.

10.4 Effect of uniform mean flow on plane wave propagation

Considering the general case of a plane wave propagating in a free domain:

φ̃a = Aeikxxeikyy (10.24)

We consider an infinite plane without any object which could modify the propagation.
The flow is assumed to be uniform. The direction of the constant mean flow velocity of
amplitude v0 is given by angle β such that:

vx = v0cos (β)
vy = v0sin (β)

(10.25)

Using these assumptions in the two-dimensional convected wave equation for a wave
propagating with a wavenumber k =

√

k2
x + k2

y leads to:

−k2
x − k2

y +M2cos2 (β) k2
x +M2sin2 (β) k2

y −
2kMcos (β) kx − 2kMsin (β) ky

2M2cos (β) sin (β) kxky + k2 = 0 (10.26)
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10.4 Effect of uniform mean flow on plane wave propagation

If, for instance, the uniform mean flow is along x (β = 0), this equation is simplified:

k2 = k2
y +

(

1−M2
)

k2
x + 2kMkx (10.27)

The above equation defines an ellipse (figure 10.1) aligned with the flow direction in
the (kx , ky) plane. The parametric equation is given by:

kx
k

=
cos (θ)

1 +Mcos (θ)
(10.28)

ky
k

=
sin (θ)

1 +Mcos (θ)
(10.29)

Fig. 10.1. Influence of a flow along x on the physical wavenumber

If θ and β vary, the general wave number is given by:

kM = k
1

1 +Mcos (θ − β)
(10.30)

where kM is the effective wavenumber by taking into account the mean flow.

The equation (10.30) means that the mean flow velocity and the orientation between the
wave and the flow has an effect on wave propagation. As a consequence, a wave propagating
in a convected medium does not exhibit a wavenumber corresponding to the excitation
frequency. This remark has to be taken into account to determine the size of the elements.
In convected wave propagation, the rule of the thumb is still a reference. However, the
wavelength which has to be used in the rule must be the smallest wavelength. The mesh
has to represent the propagation of the physical wave. The physical wavenumber can vary
a lot from the one related to the excitation frequency, especially for high mach numbers.
For example, if M = 0.8, there is a factor 10 between the upstream and the downstream
wavenumbers.
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10.5 Local enrichment: Application to the multipole

10.5 Local enrichment: Application to the multipole

The aim of locally enriched nodes is to improve the approximation without generating a
new mesh. This section illustrates local enrichment for the radiation of a multipole (N=7)
at 700Hz. For this application, there is no particular regions to enrich (no flow, no edges).
The radiation is quite the same in the whole domain. We decided to analyse a uniform
pressure distribution problem. We selected two ways of enriching the nodes. The first one
selects the nodes whose distance to the origin is lower than r1 (scheme1: figure 10.2(a)).
The other selects nodes at a larger distance than r2 (scheme2: figure 10.2(b)). At the origin,
enrichment functions are of order p=0. Selected nodes will be enriched with non complete
polynomial functions p = 2−{zr}1. Figure 10.3 illustrates the evolution of the L2 norm with
respect to the number of degrees of freedom. This figure shows classic convergence curves:
uniform enrichment (p = 0 and p = 2 − {zr}) over the domain, each point correspond to
a given mesh. The other curves correspond to a given mesh with varying the enrichment
following scheme1 or scheme2. Both meshes considered for this application corresponds to
n elements in the radial direction and n elements in the circumferential one with n = 20
and 40.

(a) (a)

Fig. 10.2. Illustration of the selection of the nodes to enrich: (a) scheme1 - (b) scheme2 . The region with p = 0
is in blue, the one with p = 2− {zr} in orange.

Figure 10.3 shows that locally enriched nodes significantly improve the accuracy of the
solution. Even if there is no particular reason to enrich one region compared to another
regarding the uniform pressure distribution, it can be observed in figure 10.3 that it is
slightly better to enrich nodes close to the source. In this case the best improvement in
accuracy is obtained for high number of nodes enriched with p = 2− {zr}.

1 We also made simulations with complete polynomials of order 2. We noticed that, on a same mesh, the accuracy
was the same with the complete and the non complete sets. We then decided to continue with the non complete
enrichment as for the same mesh, it leads to lower degrees of freedom than the complete one.
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Fig. 10.3. Multipole (m=0,n=7) radiation at 700 Hz : evolution of the L2 norm with respect to the number of
degrees of freedom.
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7. J.M. Melenk, I. Babuška, The partition of unity finite element method: basic theory and applications, Comput.
Methods Appl. Mech. Engrg. 139 (1996) 289-314.
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13. Th. Strouboulis, I. Babuška, K. Copps, The design and analysis of the generalized finite element method,
Comput. Methods Appl. Mech. Engrg. 181 (2000) 43-69.

14. C. Farhat, I. Harari, L.P. Franca, The discontinuous enrichment method, Comput. Methods Appl. Mech. Engrg.
190 (2001) 6455-6479.

15. B. Pluymers, W. Desmet, D. Vandepitte, P. Sas, Application of an efficient wave-based prediction technique
for the analysis of vibro-acoustic radiation problems, J. Comput. Appl. Math. 168 (2004) 353-364.

16. P. Gamallo, R.J. Astley, A comparison of two Trefftz-type methods: The ultraweak variational formulation
and the least-squares method, for solving shortwave 2-D Helmholtz problems, Int. J. Numer. Methods Eng. 71
(2007) 406-432.

17. P. Gamallo, R.J. Astley, The partition of unity finite element method for short wave acoustic propagation on
non-uniform potential flows, Int. J. Numer. Methods Eng. 65 (2006) 425-444.

18. T. Huttunen, P. Gamallo, R.J. Astley, Comparison of two wave element methods for the Helmholtz problem,
Commun. Numer. Meth. Engng. Article in Press (2008) doi:10.1002/cnm1102.

19. T. Huttunen, P. Monk, J.P. Kaipio, Computational aspects of the ultra weak variational formulation, J. Com-
put. Phys. 182 (2002) 27-46.

20. T. Huttunen, J.P. Kaipio, P. Monk, An ultra weak method for acoustic fluid-solid interaction, J. Comput. Appl
Math. 213 (2008) 166-185.

171



References

21. P. Monk, D.-Q. Wang, A least squares method for the Helmholtz equation, Comput. Methods Appl. Mech.
Engrg. 175 (1999) 121-136.

22. R. Sevilla, S. Fernández-Méndez, A. Huerta, NURBS-enhanced finite element method (NEFEM), Int. J. Numer.
Methods Eng. Early ViewW (2008) doi: 10.1002/nme.2311

23. E. Chadwick, P. Bettess, O. Laghrouche, Diffraction of short waves modeled using new mapped wave envelope
finite and infinite elements, Int. J. Numer. Methods Eng. 45 (1999) 335-354.

24. E. De Bel, P. Villon, Ph. Bouillard, Forced vibrations in the medium frequency range solved by a partition of
unity method with local information, Int. J. Numer. Methods Eng. 162 (2004) 1105-1126.

25. L. Hazard, Ph. Bouillard, Structural dynamics of viscoelastic sandwich plates by the partition of unity finite
element method, Comput. Methods Appl. Mech. Engrg. 196 (2007) 4101-4116.

26. T.J.R. Hughes, J.A. Cotrell, Y. Bazilevs, Isogeometric analysis: CAD, finite elements, NURBS, exact geometry
and mesh refinement, Comput. Methods Appl. Mech. Engrg. 194 (2005) 4135-4195.
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