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F. Tii savais qu'il y a des milliards d 'années, il y a eu le Big-Bang ! 

R. Ah ah, oui bien sijr, et moi je m'appel le Albert Einstein. 

F. M'enfin, tu rigoles ou quoi ? Tu ne crois pas que la théorie du Big-Bang soit vraie ? 

R. Le monde a été créé en sept jours.. . Tu devrais pour tan t le savoir... 

F . Mais enfin R., c 'est ce que raconte la religion ça... La science, elle, appo r t e des faits... On peu t 
vérifier l 'hypothèse du Big-Bang en mesurant la tempéra ture du rayonnement cosmique. C'est en 
quelque sorte im rayonnement fossile qui nous explique ce qui s 'est réellement passé. C'est du même 
ordre que reconstituer l 'histoire de l 'évolution des espèces ! 

R. L'évolution des espèces ? 

F. Ben oui, la théorie de Darwin, celle qui montre que les espèces évoluent au cours du temps et 
que l ' homme descend du singe. 

R. C'est toi le singe... 

F. Mais enfin, tu vas pas me dire que tu crois pas à cela non plus ? 

R. Tu sais, ta science, c'est tout a u t a n t une croyance. Tu te bases sur des soi-disant faits, des 
croyances, des choses que tu n 'as jamais réellement vu de tes propres yeux. E t main tenan t , t u joues 
au scientifique qui veut imposer ses opinions aux autres. Laisse donc les gens croire ce qu'i ls veulent ! 

On fait la science avec des faits, comme on fait une maison avec des pierres ; mais une accumu­
lation de faits n'est pas plus une science qu'un tas de pierres n'est une maison. 

Henri Poincaré (1854-1912), L a science et l 'hypothèse. 
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A first step into theoretical physics 

Theoret ical physics is a branch of physics whose ult imate goal is to formula te a (hopefully) 
unified theory t ha t would be able to describe ail phenomena tha t sur round us, ail laws 
of Mother Nature . One could picture it as the search for the DNA code of Na ture . Our 
most serions candidate for this unified theory, the "theory of everything' ' , is known as 
String Theory. As of today, the ideas developed in theoretical physics may ra the r sound 
like matheraa t ica l curiosities disconnected f rom reality. However, one should be aware 
t ha t a certain amount of mathemat ica l abs t rac t ion has always been required to cons t ruc t 
théories t h a t describe phenomenas of Nature . This awkward feeling one may expérience 
with respect to contemporary theoretical physics is certainly strongly correlated to the 
absence of expérimental vérifications of the théories developed and studied by the ac tua l 
communi ty of theoretical physicists. 

Once upon a time, physicists used to formula te théories to describe phenomena of Na tu re 
they could expérience. Isaac Newton's theory of classical mechanics and law of universal 
gravi ta t ion were formulated in 1687 relying upon expérimenta. However, we know today 
tha t Newton 's theory of classical mechanics only describes Systems of particles at sizes and 
velocities we can expérience in daily life. An experimentally tested theory is a valid theory 
if it gives a good description of some phenomena "within the limits of accuracy of the 
exper iments one can design to check its validity". 

T h e first hint that Newton's classical mechanics is only useful to describe Systems in 
spécifie régimes appeared through the formulat ion of the laws of e lectromagnet ism, describ-
ing electric, magnet ic and optic phenomena, as given by James Clerck Maxwell in 1861. 
From one point of view, the theory of electromagnetism is clearly différent f rom classical 
mechanics as it is a field theory where the variables can dépend on the t ime coord ina te b u t 
also on the coordinates of space. From another point of view, e lectromagnet ism is also a 
theory whose formulation was dictated by experiments. As such, if the théories of bo th 
Maxwell and Newton were describing physical Systems, they should rely on the same un-
derlying physics. The discovery of electromagnetic plane waves, as solutions of Maxwell 's 
équations, and the Michelson-Morley exper iment led to conclude tha t light was an electro­
magnet ic wave tha t traveled at the same velocity in any Galilean référence f rame. Th i s was 
obviously in contradiction with the underlying concepts of Newton 's classical mechanics. 
This s i tuat ion is maybe one of the most i l lustrative examples where inconsistency be tween 
théories relying on experiments was dealt with through theoretical considérations. 

T h e resolution of this contradiction was brought in by Einstein in 1905 in his theory 
of spécial relativity. Einstein postulated tha t one can not go faster than light a n d t h a t 



physics should be équivalent in every inertial référence frame. To agrée with this, one has 
to generalize the notion of Galilean référence frames. Relativistic classical mechanics is 
a generalization of Newton 's classical mechanics t ha t takes into account effects predicted 
by spécial relativity. The beauty of spécial relativity is tha t Maxwell 's field theory of 
electromagnetism was already cast in a form t h a t agrées with Einstein's theory. As such, 
Maxwell's theory is a relativistic field theory. 

From expérimental facts, it was already quite clear at the t ime tha t Newton's theory of 
classical mechanics was also not valid to describe very small sized objects such as subatomic 
partiales. T h e description of such Systems was explained through the theory of quan tas a t 
the beginning of the XX"^ century. The q u a n t u m theory of electromagnetism, a relativistic 
quanttim field theory, required the matching of the q u a n t u m theory of particles with spécial 
relativity. T h e formulat ion of such a theory led to the construction of relativistic q u a n t u m 
field théories whicli provide a unified framework to describe field-like objects and particle-
like objects. 

Along the XX*'' century, two new interactions known as the weak and strong interactions 
were uncovered. T h e range of thèse interactions is very small. This makes them purely 
quantum-like in Nature . Jus t like electromagnetism, thèse interactions are also described 
by spécifie q u a n t u m field théories. The unification of the electromagnetic, weak and strong 
interactions is formulated by the Standard Model of particles. In this model, the interactions 
médiate t h e dynamics of the elementary par t s of ma t t e r , called elementary particles. Thèse 
elementary particles are understood as sources of the fields. 

In this whole discussion, we have left aside Newton 's law of universal gravi tat ion. Along 
with the discovery of spécial relativity, it seemed logical tha t one should modify such a 
law in a way t ha t takes into account relativistic effects. Instead of dealing wi th such 
a reformulation, Einstein introduced a total ly new concept of space and t ime based on 
the principle of équivalence, which roughly s ta tes t ha t ail observers fall the same way in 
a gravitational field. Its main idea was to t rans la te the free-fall t ra jec tory foUowed by an 
object submi t t ed to a gravitat ional field into a t r a j ec to ry in a curved spacetime background. 
T h e gravitat ional field is also unders tood as the curving of spacetime, while energy acts as 
its source. This theory of General Relativity was formulated by Einstein in 1915. 

The exper iments one can design today allow us to appreciate the beauty of the q u a n t u m 
field théories of the electromagnetic, weak and s t rong interactions but also of the theory of 
General Relat ivi ty describing the gravitat ional interaction. Thèse théories could be thought , 
at our t ime, just like Newton's law at the t ime it was formulated; they are valid théories 
in the sensé tha t they have survived ail expér imenta l tests one was able to design to check 
their validity. 

However, there is a main différence. Indeed, for example, the theory of gênerai relativity 
has predicted its own domain of validity th rough the existence of black hole singularities. 
For describing such entities, one needs an unders tanding of the gravitational interact ion a t 
the quan tum level. Also, the formulated q u a n t u m field théories are not well unders tood in 
non-per turbat ive régimes. As such, and in the "absence" of expérimental facts, new insight 
is required. 

In the last thir ty years or so, theoretical physics has become more and more a branch 
of physics in itself which tries to approach the formulat ion of a quan tum theory of gravita-
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tion, and the description of non-perturbat ive phenomena, th rough the s tudy of symmetr ies , 
dualities and correspondences between various théories. One of the most notorious theory 
tha t has come out of thèse analyses is known as String Theory . In this theory, one considers 
elementary particles and interactions as différent vibrations of extremely small unidimen-
sional strings. T h e main success of string theory is tha t it provides a q u a n t u m theory t h a t 
contains gravity, i.e. the spin 2 particle is also unders tood as a mode of the v ibra t ing string. 

To deal with the many puzzling phenomena Nature wants to reveal us, one needs to 
be equipped with appropr ia te mathematical tools. The work presented in this thesis deals 
with aspects of the theory of General Relativity and its symmetr ies . I would like to consider 
this work as a pièce of the puzzle. 
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About this thesis 

The research I conducted during thèse last four years, which is repor ted in this thesis, was 
motivated by the apphcat ion of the electromagnetic duaUty idea to gênerai relativity. I t has 
been shown, in 2004, tha t such a duality symmetry exists a t the level of the linearized act ion 
of gênerai relat ivi ty [1]. It is known as gravitat ional duality. T h e hope t ha t gravi ta t ional 
duality could be a symmet ry of the non-linear theory finds its origin in the existence of a 
solution of the non-linear Einstein 's équations, known as the Lorentzian T a u b - N U T metr ic , 
which seems to describe a gravitational monopole. This solution présents several aspects 
of an ill-behaved solution of Einstein's équations, as described by the usual not ions and 
tools introduced by gênerai relativity, and is often rejected on physical grounds. However, if 
gênerai relativity predicts its existence, I believe tha t this may not be the correct a t t i t ude . 
Indeed, I th ink one should rather try to explain how it can be described or, a t least, t ry 
to formulate the appropr ia te framework where one could deal with such solutions. Th i s 
thesis addresses the gravitat ional duality symmetry in the linearized theory and highlights, 
from several différent perspectives, the problems underlying a complète unde r s t and ing of 
gravitat ional duality, and the description of dyonic solutions, in the non-linear theory. 

During my work on gravitat ional duality, I got interested in the s tudy of charges associ-
ated to asymptot ical ly flat spacetimes a t spatial infinity in gênerai relat ivi ty or supersym-
metric extensions of it. T h e usual "Noether" charges one defiues in gênerai relat ivi ty are 
referred to as "electric" charges. The topological ones, which we were able to define at t he 
linearized level through gravitational duality, are referred to as "magnetic" charges. I t is 
using a spécifie framework, known as the Beig-Schmidt formalism, tha t I s t a r t ed wonder-
ing about a possible formulation of topological charges a t the non-linear level. However, 
I realized t ha t , even nowadays, some subtleties in the définit ions of "electric" conserved 
charges at spat ia l infinity or in hypothèses underlying validity of variat ional principles are 
not completely sett led. In the last two years, I have mainly focused on t rying to clarify 
thèse issues. T h e history will tell us if this was of any help in unders tanding "magnet ic" 
charges a t t he full non-linear level. 

This thesis describes the work tha t was presented in t h e following publicat ions, given in 
chronological order, 

1. "Supersymmetry and Gravitational duality" 
R. Argurio, F. Dehouck, L. I louart 
arXiv:0810.4999v3 [hep-th] P h y s . R e v . D 7 9 : 1 2 5 0 0 1 , 2 0 0 9 . 

2. "Boosting Taub-NUT to a BPS NUT-wave" 
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R. Argurio, F. Dehouck, L. Houar t 
arXiv:0811.0538vl [hep-th] J H E P 0 9 0 1 : 0 4 5 , 2 0 0 9 . 

3. "Why not a di-NUT ? or Gravitational duality and rotating solutions" 
R. Argurio, F. Dehouck 
arXiv:0909.0542 [hep-th] P h y s . R e v . D 8 1 : 0 6 4 0 1 0 , 2 0 1 0 . 

4. "Gravitational duality in General Relativity and Supergravity théories 
F. Dehouck 
arXiv:1101.4020 [hep-th] N u c l . P h y s . P r o c . S u p p l . 2 1 6 : 2 2 3 - 2 2 4 , 2 0 1 1 

5. "On Asymptotic Flatness and Lorentz Charges" 
G. Compère, F. Dehouck, A. Virmani 
arXiv:1103.4078 [gr-qc] C l a s s . Q u a n t . G r a v . 2 8 : 1 4 5 0 0 7 , 2 0 1 1 

6. "Relaxing The Parity Conditions of Asymptotically Fiat Gravity" 
G. Compère, F. Dehouck 
arXiv:1106.4045 

We have chosen to spht this thesis into three par ts , in a way tha t seemed more appro-
pr ia te for a présentation of conserved charges in gravity théories, as we now détail. 

Part I - Electric side: Asymptotic flatness and Poincaré charges 

T h e first par t deals with the définition of "electric" charges for asymptot ical ly flat space-
t imes a t spatial infinity. As we have not been able to make sensé of '''rnagnetic" charges 
in the non-linear context, we will not have much to say about them in this first par t . The 
original work presented here is contained in the two more récent publications listed here 
above. 

Conserved charges for gauge field théories can be constructed from the considération 
of asymptot ic gauge t ransformations, which act as "global" t ransformat ions at large dis­
tances. As a conséquence, the s tudy of such charges must proceed through the description 
of the asymptot ic properties of the fields. In more technical terms, we deal with spécifie 
boundary conditions which specify a par t icular class of solutions t ha t behave asymptotically 
in the same way. Given a set of such boundary conditions, one can s tudy the asymptot ic 
symmetries and construct the "Noether" charges generated by thèse symmetr ies , in terms 
of surface intégrais. 

General Relativity is a non-linear theory of space and time tha t is invariant under 
difïeomorphisms, i.e. under local reparametr iza t ions of coordinates. It is thus also possible 
t o define conserved charges as we have jus t explained. However, this theory présents two 
major difîiculties. The first problem is related to the fact t ha t the field in question is 
the metric. The background field is now also the dynamical field. For const ruct ing charges 
associated to asymptot ic diffeomorphisms, one has to describe first in wha t sensé asymptot ic 
properties of the metric should be unders tood. Secondly, because it is a non-linear theory, 
conserved charges as.sociated to spécifie asympto t ic symmetries might t u rn ont to présent 
non-linearities in the asymptot ic fields. T h e analysis is thus more complicated than for 
linear gauge field théories, such as electromagnetism. 



The study of conserved charges in gênerai relativity was ini t ia ted by considering a class 
of spacetimes tha t approach Minkowski spacetime, in two différent régimes known as null 
infinity and spatial infinity. Thèse solutions are referred to as asymptot ical ly fiât space­
times. We only restrict in this first part to considérations a t spat ia l infinity. T h e s tudy of 
asymptotically flat spacet imes a t spatial infinity has a long history. Nevertheless. the topic 
has constantly been evolving through the years, see e.g. [2, 3, 4, 5, 6, 7, 8] for a relevant 
sample of classic works before the eighties, [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19) for a 
sample of works in the last th i r ty years. The tradit ional approach presented in the l i terature 
can be summed up as follows. T h e set of boundary conditions are fixed so tha t they define 
a set of physically interesting spacetimes, such as the Schwarzschild or Kerr black holes, 
and so tha t charges can be made finite and conserved. Thèse works have ail found t h a t 
the non-trivial asymptot ic symmetries restrict to the isometries of the Minkowski metric. 
As such, one obta ins a description of asymptotically flat space t imes a t spatial infinity in 
te rms of Poincaré charges. One impor tant feature of ail thèse cons t ruc t ions is t h a t the set 
of conserved charges are linear in the fields. 

The spécification of the asymptot ic symmetries, through the choice of spécifie bounda ry 
conditions, is however a quite difficult task. In this first pa r t , we would like to emphasize 
the importance of the s tudy of the équations of motion to see w h a t restrictions should be 
imposed on the asymptot ic fields. Also, we will discuss the problem of régulat ion of infini-
ties which seems to have been, up to now, the main guideline in the choice of bounda ry 
conditions. Through the s tudy of the équations of motion and the définit ion of a good vari-
ational principle, we achieve a description of a class of asymptot ical ly flat metrics t h a t is 
more gênerai t han previously considered in the literature. O u r conserved and finite charges 
represent a larger asympto t ic symmetry group than the Poincaré group. Also, we find t h a t 
the Lorentz charges may présent non-linearities in the asymptot ic fields. 

C h a p t e r 1: Th i s first chapter is intended as a broad review of conserved charges asso-
ciated to global and gauge symmetr ies of an action as described by Noether ' s theorem. We 
mainly focus on the construct ion of "global" charges for gênerai relativity. For example, 
we review the construct ion of Abbo t t and Deser [10] who defined charges associated to 
isometries of a background metric. In the asymptotically flat régime, we présent a review 
of the methods used to describe the asymptotic properties of Minkowski spacetime. At 
spatial infinity, we présent the work of Regge and Teitelboim [6] who first obtained, f roin 
the Hamiltonian act ion, Poincaré surface charges as generators of a sympto t i c symmetr ies . 

C h a p t e r 2: We review the Beig-Schmidt formalism to describe asymptot ical ly flat 
spacetimes at spatial infinity. We propose an extension of their définit ion of a sympto t i c 
flatness by considering an exteuded class of metrics. We s tudy the generic construct ion of 
independent, conserved, finite, and non-trivial charges one can bui l t for such spacet imes 
through the s tudy of the équat ions of motion in the asymptot ic expansion. 

Although we recover the s t anda rd results for the "usual" b o u n d a r y conditions, we stress 
out tha t the équations of motion do impose less stringent restr ict ions. 

C h a p t e r 3: This chapter élaborâtes on the considérations presented in chapter 2 while 
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making use of covariant methods to construct charges associated to asympto t ic symmetries. 
Our first resuit is a clear unders tanding of the équivalence between counter- term charges 
constructed from the stress-energy tensor of Mann and Marolf [17] and the construction 
of Ashtekar and Hansen [8]. From the s tudy of the symplectic s t ruc tu re for our class of 
spacetimes, we show tha t the variat ional principle of Mann and Marolf is ill-defined when 
spécifie pari ty conditions are not iniposed. We propose a régulat ion of the phase space for 
a class of spacetimes, where we do not impose thèse parity conditions, th rough a fixation of 
the auibiguity in the off-shell Einstein-Hilbert action and the symplectic s t ruc ture obtained 
from this action. This analysis generalizes the constructions t ha t are présent in the liter-
a ture and provides a new way of looking at spatial infinity in the asymptot ical ly flat régime. 

Part II: Magnetic theory through duality 

Gravitat ional duality is a symmetry of the linearized Hamil tonian act ion of General Rela-
tivity. If we can define "electric" charges, one should be able to define "magnetic" charges 
to characterize the solutions obtained through duality t ransformat ions . It is in this sensé 
tha t the linearized T a u b - N U T solution was first understood as a gravi ta t ional dyon, see for 
example [20, 21, 22). 

The second part of this thesis deals with gravitational duali ty in the linearized theory. 
We use it as a playground to construct topological charges and s tudy the sources of dual 
solutions obtained through duali ty rotat ions. 

C h a p t e r 4: This chapter is a review of the electromagnetic duali ty as a classical sym­
metry of Maxwell's équations. We also briefly comment on the great successes of this 
theoretical construction, such as the explanation of the quant izat ion of the electric charge. 

C h a p t e r 5: In hère, we review the gravitat ional duali ty as a symmet ry of the équations 
of motion. We propose a définition of ten "magnetic" charges a t spat ia l infinity, thèse are 
referred to as the dual Poincaré charges. We use this construct ion as a playground to s tudy 
the dual solutions of some "electric" solutions such as the Schwarzschild and Kerr black 
holes, and the shock pp-waves. In the présence of topological contr ibutions, we point out 
the difficulty, already at the Hnearized level, of a définition of Lorentz charges in terms of 
surface intégrais. 

Part III: Gravitational duality and Supersymmetry 

Supersymmetry has been one of the ma jo r ingrédients in providing évidence for dualities 
in the realm of string théories and M-theory. In part icular , there is a very tight relation 
between U-duality [23], the most gênerai duality eucompassing electric-magnetic duality, 
S-duality and T-duality, and the existence of BPS bounds following from the most gênerai 
maximally extended supersymmet ry algebra. This relation foUows f rom the fact tha t s tates 
(or supergravity solutions) which préserve some supersymmetr ies also sa tu ra te a BPS bound 
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which takes the form M = \Z\, where Z is a U-duality invariant combinat ion of ail the 
possible charges arising in the spécifie theory one is considering. Thèse charges, which 
correspond to possibly extended charged objects, arise in the supe r symmet ry algebra as 
central extensions [24, 25], and this is the reason why they enter in the BPS bound . 

It is however striking tha t U-duality acts only on the right h a n d side of the BPS bound, 
while it leaves the left hand side. M, invariant. It is na tura l to ask whether there are more 
gênerai duali ty t ransformat ions tha t also act on M. It is because of thèse considérat ions 
tha t we believe gravi tat ional duality, which maps the mass M to a magnetic mass A'̂ , may 
play an impor tan t rôle, see also [1, 26, 27, 28, 29, 30, 31, 32] 

It is the purpose of this par t III to s tudy the "magnetic" solutions as supersymmet r ic 
solutions of supergravi ty théories and their "topological" contr ibut ions to the B P S bounds 
and the supersymmetry algebras. 

C h a p t e r 6: To deal with solutions of supergravity théories, we s t a r t by a review of 
several aspects relevant to the original work presented in the next chapter . We review how 
supergravities are local supersymmetr ic théories and présent the M = 1 and Af = 2 super-
gravities. We then e labora te on the construction of bosonic solutions to thèse théories. We 
then comment on a spécifie method to solve for the Kiling spinors, pa rame te r s of super­
symmetry t ransformat ions . 

C h a p t e r 7: In this last chapter, we establish the supe r symmet ry propert ies of the 
Lorentzian charged T a u b - N U T solution in A/̂  = 2 supergravity and review the appearance 
of the N U T charge in the B P S bound. We also recover the expressions for the dual mo-
menta established in Pa r t II by considering a complexified Wi t ten-Nes te r two-form. This 
construction also i l lustrâtes how the NUT charge copes wi th t h e A/" = 2 supe r symmet ry 
algebra. We end up by discussing thèse considérations in A/' = 1 supergravity th rough the 
s tudy of pp-waves solutions. 
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Chapter 1 

General relativity and conserved charges 

In this chapter , our main concern will be to review the fact t h a t , for gênerai relativity, 
conserved charges can be expressed as surface intégrais and are associated to asympto t ic 
symmetr ies which are to be unders tood as asymptot ic diffeomorphisms t ha t préserve the 
form of a given class of metrics a t infinity. 

To arrive a t such s ta tements , we first review, in section 1.1, the Lagrangian and Hamil-
tonian reformulat ions of Newton 's classical mechanics. This allows us t o s ta te Noether ' s 
theorem which shows tha t to any differentiable symmetry of an action, one can associate a 
conserved charge, known as the Noether charge. The study of the conserved charges of a 
System can thus be engineered from the study of the symmetries of the action. In Hamil-
tonian formalism, we see t ha t the Noether charges of the System a re also the genera to rs of 
the symmetr ies of the action. To describe gauge Systems, we briefly review the Hamil to-
nian formulat ion of constrained Systems. We obta in that gauge symmetr ies a re generated 
by first class constraints and are thus vanishing on-shell. In section 1.2, we présent the 
Lagrangian and Hamil tonian formulations of General Relativity. We also review how Ein-
stein 's équations can be brought into a System with a well-posed initial value formulation. 
In section 1.3, we apply Noether ' s theorem to gauge fields théories and show t h a t conserved 
charges should be associated to asymptot ic symmetries. For gênerai relativity, we review 
the construct ion of Abbo t t and Deser [10] who constructed conserved charges associated to 
isometries of a background raetric. The section 1.4 is devoted to the s tudy of t h e asymp­
totic région of Minkowski spacetime, the spacetime of spécial relativity. We discuss the 
présence of two separated régions at infinity known as null and spat ial infinity. Focusing 
on spat ial infinity, we review two différent ways t h e information reaching this région can be 
described by means of a limiting procédure of information contained on three-dimensional 
hypersurfaces. T h e séminal work of Regge and Teitelboim [6] which established the rôle of 
surface intégrais as generators of asymptot ic symmetries a t spat ia l infinity is reviewed in 
section 1.5. Eventually, we end up in section 1.6 by a brief summary and a discussion about 
several aspects concerning the déterminat ion of asymptot ic symmetries . This discussion is 
also intended as a motivation for the original work presented in the next two chapters . 
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1.1 Gauge symmetries and associated charges 

Gauge théories are théories tha t are invariant under local t ransformations of the variables. 
In more formai language, one says tha t gauge t ransformat ions map an allowed state , de-
scribed by the observables (in the case of electromagnetism by the values of the electric and 
magnetic fields,...), to another allowed équivalent s tate . There is thus some redundancy in 
the description of the physical variables. T h e fact tha t gauge t ransformations are maps 
between équivalent s tates is to be unders tood in constrast with global symmetr ies which 
are symmetries of the theory bu t do change the s ta te of the System. 

In this section, we review basic facts abou t the Lagrangian and Hamiltonian formalisms 
of classical mechanics. We stress out how Noether ' s theorem is expressed in those two 
languages. In the Hamiltonian formalism, we see t ha t the Noether charge, associated to a 
symmetry of the Hamil tonian action, is also the generator of tha t symmetry. We then see 
how gauge Systems are constrained Hamil tonian Systems and briefly review the s tudy of 
such Systems. The main resuit of this section is the expression of the generator of a gauge 
symmetry, i.e. the conserved charge. We see tha t the generating function can be expressed 
in the basis of (fîrst class) constiaints . It is thus zéro on-shell. In the next section, we 
will comment on how thèse considérations are generahzed to field théories and how one can 
make sensé of non-trivial conserved charges associated to asymptot ic gauge symmetries . 

We should stress out tha t the considérations in this section are largely borrowed from 
the book of M. Henneaux and C. Teitelboim [33] and also from unpublished notes prepared 
for lectures I gave in september 2010, in collaboration with C. Troessaert, at the s ixth 
Modave Summer School, Modave, Belgium. 

1 .1 .1 Lagrangian and Hamiltonian formalisms 

The Lagrangian and Hamil tonian formalisms are reformulations of the theory of classical 
mechanics of Newton. The basic tool of the Lagrangian formalism is to use, instead of the 
usual coordinates used in Newton 's classical mechanics (and leading to vectorial équat ions) , 
generalized coordinates qi. When some of Newton 's équations niay be r edundan t and way 
more complicated to solve, the use of thèse independent coordinates describe the real degrees 
of freedom of the System and simplify greatly its study. The Euler-Lagrange équat ions 
(1788), desribing a System with A'̂  degrees of freedom, were obtained by re-expressing 
d 'Alember t ' s principle of virtual works using variational calculus. The resuit is 

1 ^ _ | ^ 1 = 0, (1.1.1) 
dt dqi dqi 

where i = 1...N. Newton's vectorial équations are reduced to a System of N second order 
difFerential équations. Hère, L is the Lagrangian 

L^L{q^,q^)=T-V, (1.1.2) 

where T and V are respectively the kinetic and potential energy of the System. 
During his work on reformulating Lagrange classical mechanics, as we review below, 

Hamilton noticed that Euler-Lagrange équat ions can actually be obtained from an act ion 
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principle. Tiiis is known as Hamil ton 's principle and states t ha t s t a r t ing from the act ion 

S = J Ldt, (1.1.3) 

and demanding t ha t the variation of this action is zéro, or asking s ta t ionar i ty of this action, 
SS — 0 we recover Euler-Lagrange équations. Dérivation of équat ions of motion by means 
of a variational principle is by now a central concept in physics. We say t h a t an act ion 
possesses a good variational principle if the variation of the act ion is zéro u p o n imposing 
the équations of motion. 

W h a t Emmy Noether proved in 1918, is tha t to every s y m m e t r y of the action, one can 
associate a conserved charge. By invariance of the action we mean t h a t under a t ransfor­
mat ion of the generalized coordinates 

Qi (]I{Q,S) = qi{q,0) + — s + 0 ( 6 - 2 ) ^ (1.1.4) 
s=0 

where qi{qj,Q) = qi{0), the action is such tha t 6S = 0. Alternatively, th is means t h a t the 
variation of the Lagrangian is equal to a total derivative 

ÔL 
dL 
ds s=0 dt 

(1.1.5) 

To recover Noether ' s resuit, we see tha t from considering a generic variation of 6L, we can 
Write 

dL _ dL dq' dL dq' _ df 
ds dq^ ds dq^ ds dt ' 

and tha t , upon using the Euler-Lagrange équations of motion, we have 

d_ 
Jt 

dL_dq^ 
dcf ds f 0 . 

(1.1.6) 

(1.1.7) 

A constant of the motion, or a conserved charge Q, is a funct ion such t h a t dQ/dt ~ 0. We 
have thus proven t ha t when a gênerai t ransformation is a s y m m e t r y of the action, one can 
define an associated conserved charge which is 

Q 
dL^dq' 
dq^ ds f (1.1.8) 

As an example, let us suppose we want to deal with a system tha t is invariant under 
t ranslat ions of time. We set the parameter s = t and from (1.1.6) we have f — L m the 
above démonstra t ion. The conserved charge is jus t 

dH ^ „ dLdq' ^ .i ^ 
(1.1.9) 

We vvill see in the following tha t H is known as the Hamiltonian. I t represents the energy 
of the System. Through Noether ' s theorem, we see that the conserved energy of a System 
is associated to the invariance of this System under time t ranslat ions . 
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Rowan Harailtoii (1805-1865) noticed tha t the Lagrangian formahsm may be confusing 
because the generalized velocities Qk = dq^/dt seem at first sight to dépend on the gener-
ahzed coordinates. However, given the 2N initial coordinates q and q, we would like to 
specify, using the Euler-Lagrange équations^, the fu ture of the System at any t ime t. If this 
can be done, we say t ha t the System has à good initial value formulation. We thus see tha t 
the (ii{t) are depending on the N initial conditions (7i(0) of the generalized velocities bu t 
not on the generalized coordinates Çj. Hamil ton 's reformulat ion of the Lagrangian formal-
ism résides in a change of variables to get rid of this potent ia l confusion and set the 2N 
coordinates on the same footing. He introduced a set of 2N independent coordinates qi and 
Pi where pi are the conjugate momenta defined as 

dL 

We wili refer to thèse coordinates as the carionical coordinates. To formulate the theory in 
terms of thèse canonical variables, Hamil ton defines the funct ion H, called the canonical 
Hamiltonian 

H,= piq'-L, (1.1.11) 

where L is the Lagrangian. The easiest way to see t ha t i / is a funct ion of q and p is to 
realize tha t the Hamil tonian is the Legendre t ransform of the Lagrangian which maps the 
space {q,q) to the so-called "phase space" (g,p) and vice-versa. 

The Legendre t ransform of a function / is the funct ion / defined by 

f{(l.P,y) = max [pjy - f{q,y)] , (1.1.12) 
y 

and dépends a priori on the three variables q, p, y. However, one easily sees tha t the right 
hand side of this last équat ion is maximized when 

| t o - / 0 / ) ) = p - | = « - . = | , (1.1.13) 

which means tha t if we invert this last relation to obta in as a function of p, the Legendre 
transform only dépends on q and p and is defined by 

fiq,p)=py{p)-fiq:y{p))- (1-1-14) 

Said tha t , and given the définition (1.1.11), one easily vérifies tha t the Hamil tonian 
H — H{q,p) is indeed the Legendre t ransform of the Lagrangian L{q,q) for the variable 
y = q. Doing this t ransformat ion, we have replaced the coordinate q by the coordinate p. 

'Note that tlic initial conditions are supposée! to be cornpletely independent liorc. This is not always the 
case as tliere can be relations betwccn thern, that we call constraints. Constrained Systems will bc discussed 
in the following. 
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The Lagrangian fo imahsm s ta r t s from the définition of a Lagrangian , the con juga te 
momenta and the Euler-Lagrange équations 

d L 
L = L{q^,qi), p'= — , 

àqi 

dt àqi àqi 

The propert ies of the Legendre t ransform allow to recover, f rom the Hamil tonian , ail t he 
information about the Lagrangian through the inverse relations t ha t express the velocities 
in te rms of the coordinates and the momenta . In Hamil tonian formalism, vve bave t h e 
Hamil tonian and Hamil ton 's équations 

H ( , . , P . ) = M ' - L , | 5 = ~ , 4 ' = I f , ( 1 . 1 . " ' ) 

where the last two équations in (1.1.16) come f rom the following two variations^ 

The relation (1.1.17) is a rewriting of Lagrange's équations 

0 = l | t _ | i = , « _ | t . , . + | | . ( , , 1 . ) 
dt àq-n oq-a àq-n àq"-

One easy way to recover Hamil ton 's équations is from the variat ional principle 

0 = ÔS = S J Ldt = S J [ p ^ q n - H)dt 

Hf'SqnW. (1.1.20) / 
Note tha t we also need to set 5qi{t\) = ôqi{t2) = 0. Here, the act ion 5 is called the 
Hamil tonian action. 

An impor tan t object one can define on the phase space {q, p) is the Poisson bracket 

y?" dpn dpn dq"-

where F and G are functions of the canonical variables p and q. Using this bracket , the 
équations of motion take the simpler and more compact form 

F = [F,H], (1.1.22) 

^The first équation is the formai variation of a quantity H wliile the second onc is the variation of 
H = piij' - L. 
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whith F = p OT F = q, 01 more general ly F = F{q,p). We see tha t the Poisson bracket 
defines t h e évolution of the dynamica l var iables F{q,p). 

An i m p o r t a n t p roper ty of this bracket is t h a t for every funct ion G{q, p, t) on phase space, 
we have 

dG dG . dG .i dG ,^ dG . ^ 

where in the second equal i ty we m a d e use of Hami l ton ' s équat ions . As we a l ready said, a 
funct ion G{q,p,t) is a cons tan t of m o t i o n if it fulfills dG/dt — 0. T h e Poisson bracket of 
two cons tan t of mot ions wili thus be a n o t h e r cons t an t of motion. Indeed, given G\ and G2, 
two cons tan t s of mot ion, we have 

[ [Gi ,G2] , /?] = [G i , [G2 , / f ) l + [ [ G i , / f ] , G 2 ] = [ G i , - ^ l + [ - ^ , G 2 l 

= - ^ [ G i , G 2 ] , (1.1.24) 

where we used t h e Jacobi identity, which the Poisson bracket satisfies, a n d (1.1.23). Th i s 
resuit States no th ing else t h a n 

In other words, we have shown t h a t t h e cons t an t s of mot ion form a closed a lgebra under 
the Poisson bracket . Note eventual ly t h a t if a func t ion G does not d é p e n d explicitly on 
t ime, t h e condi t ion for G to be a cons t an t of motion reduces to 

[ i / ,G] = 0 <^ G== — - = 0 , (1.1.26) 
dt 

meaning t h a t it mus t Poisson c o m m u t e wi th H. Th i s also implies t h a t if t he Hami l ton ian 
does not dépend on t ime, it is au toma t i ca l l y a cons t an t of mot ion. 

Let us now revisit Noe the r ' s t heo rem in t h e Hami l ton ian formal ism. Here, one could t ry 
to generaliise the change of coord ina tes t h a t left t he Lagrang ian act ion invar ian t by defiiiiiig 
a gênerai t r ans fo rma t ion of the fo rm 

5qi = Qi{q,P,t) , 5pi = Pi{q,p,t) , (1.1.27) 

t ha t would leave the Hami l ton ian ac t ion invar iant . As previously said, we look for'^ 

5 L = % M . (1.1.28) 
dt 

Now, by Computing SL = 5{piq'' — H), we get 

•'Actually, onc could also take a function / that dépends on q and p as we are off-sliell. However, one 
can show that redéfinitions, involving trivial symmetries of the équations of motion, permit to get rid of this 
depcndencc. 
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By further expanding the total time derivatives, one obtains 

Off-shell, the Q'S and the p 's are independent of the g's and p 's . One sees t ha t the équat ion 
actually découplés into a set of three équations, the first two t e n n s can easily be seen to 
rewrite as 

Defining G = PjQ^ — f and using the définition of the Poisson bracket , we can wri te 

Sqi = Qz = [qi, G] , 5pi = Pi= b „ G] . (1.1.32) 

If we now plug this last resuit into the last term of (1.1.30), we ob ta in 

Q _ d{p'Qi-f) dH p dH^^dG^dHdG dH dG 
dt dpi ' dqi ' dt dpi dqi dqi dpi 

= -g^ + [G,H], (1,1.33) 

which is the same as saying tha t G is a constant of motion. 

Prom (1.1.32), we see tha t symmetries of the action are genera ted by a funct ion G = 
PjQ^ — f . We refer to them as the generators of the symmetr ies or the genera t ing func-
tions. Note tha t t ransformat ions tha t are generated by a funct ion G are called canonical 
t ransformat ions as they leave the canonical Poisson bracket invariant ' ' . W h a t Noether ' s 
theorem tells us is tha t to each symmetry of the action, one associâtes a conserved charge, 
or constant of the motion, which is also G. 

The rôle of G is thus twofold: It is the generator of a symmetry of the action and also 
the conserved charge associated to this symmetry. 

In this thesis, we will always be concerned witli symmetr ies of the act ion and their 
associated charges. For a spécifie symmetry, we will thus no longer make any dis t inct ion 
between its generator or its associated conserved charge. 

Let us now see how one can describe gauge Systems as Hami l ton ian Systems where some 
addit ional constraints are imposed. 

''Canonical transformations will leave the équations of motion invariant if we also have ôh = 0. In this 
case, thoy are generated by a symmetry of the action which is a constant of motion. Note that équations of 
motion could a priori also posscss symmetries that arc not canonical. Thèse will however not have Noether 
charges fissociated to it. 
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1 . 1 . 2 G a u g e S y s t e m s a s c o n s t r a i n e d H a m i l t o n i a n S y s t e m s 

As we already emphasized, gauge théories are théories t h a t are invariant under local t rans­
formations. In Lagrange 's formal ism, one sees t h a t the présence of a gauge symmet ry implies 
t h a t the évolution of the dynamical quant i t ies may allow for arbitrary functions of time. 
A gauge System is a System where the values of the generalized coordinates and velocities 
a re given bu t where some t r ans fo rmat ions do not change the values of the accélérations 
which describe the physical quant i t ies . In a sensé, there are less degrees of freedom t h a n 
the apparent ones, i.e. t he qi. Mathemat ica l ly , gauge Systems can be recognized as foUows. 
If one s ta r t s f rom Lagrange 's équat ions 

d dL dL , 
0 , (1.1.34) 

and plugs in 

dt dq^ dq^ 

d _ dq^ d dqi d 

t h e Euler-Lagrange équa t ions wri te 

^ dqWq^ ~ dt ^ dq^dq^ ' ^^-^-"^^^ 

From this équat ion, one sees t h a t the accélérations q^ a t a given t ime are uniquely deter-
mined by the velocities and posit ions a t t h a t t ime if 

« ( ^ ) ^ 0 , (I .L3T) 

meaning tha t this m a t r i x can be inverted. Gauge Systems will precisely fall into the class 
of Systems where this m a t r i x cannot be inverted. 

To discuss gauge Systems, we consider Systems for which the ma t r ix 

A ^ ^ ^ , (1.1.38) 
oq^ aq^ 

is non-invertible, or not of maximal rank. We will fîx the r ank , assumed to be cons tant 
th roughout (g,q)-space, of t he mat r ix A to be 2A'' ~ M. By vising the définition of the 
con juga te momenta , we see t h a t 

d e t ( - - 7 — 7 ) = 0 ^ d e t ( J y ) = àet{dvildq^) = 0 , (1.1.39) 
oq^ aq^ 

meaning t h a t the d é t e r m i n a n t of the Jacobian Jij of t he t r ans fo rma t ion f rom the pj to 
t he (jj is zéro. Alternat ively said, this means t h a t t he Legendre t r ans fo rm is not invertible 
or equivalently tha t , f rom p = dL/dq, one can not dé t e rmine uniquely the velocities as 
funct ions of t he canonical variables p, q. One immédia te conséquence is t h a t the conju­
gate m o m e n t a are not ail independent bu t there r a the r exists some relations between the 
canonical coordinates t h a t we call "p r imary const ra in ts" 

4>miq,p) = 0, (1.1.40) 
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where we let m = 1...M in agreement with the rank of A. T h e name "p r imary const ra in t" 
cornes from the fact tha t the équations of motion are not used and imply thus no restr ict ions 
on the g* or ç ' . Here and in the follovving, we will always assume t h a t the constra ints are ail 
independent. In full generality, one could also imagine, a (reducible) System of cons t ra in ts 
where only some of them are independent. We refer the reader to [33] for a s tudy of reducible 
Systems. 

An Hamil tonian System in the présence of a gênerai set of const ra ints is called a con­
strained Hamil tonian system. Although we have unders tood gauge Systems as constrained 
Hamiltonian Systems, one should pay at tent ion to the fact t ha t the la t ter System is a more 
gênerai one as not ail constrained Hamiltonian Systems can be obta ined f rom a gauge pr in-
ciple. 

The rest of this section aims at reviewing the theory of const ra ined Hamil tonian Systems. 
Especially, we point out how one can recover the invertibility of the Legendre t r ans form, 
the classification of constraints into pr imary and secondary const ra in ts and then into first 
and second class constraints , and how one cah "solve" for the constra ints . As previously 
mentioned, our aim is to show tha t first class constraints generate gauge symmetr ies . Indeed, 
reviewing Noether ' s theorem, we see tha t global symmetr ies are associated to first class 
functions which are constant of the motion while gauge symmetr ies are associated to first 
class funct ions which can be decomposed into the basis of first class constraints . As a 
conséquence of this last resuit, the gauge symmetries are thus associated to trivial charges. 

Recovering invertibility of the Legendre transform 

To deal with constrained Hamiltonian Systems, defined f rom a Lagrangian, one must see a t 
what cost the invertibility of the Legendre t ransform can be recovered in the présence of 
pr imary constraints . 

The first thing to notice is tha t the properties of the Legendre t ransform imply t h a t 
H = 'Pn<i^ — L is a funct ion of the canonical variables because 

6H = q^Spn - ôq^^ . (1 .L41) 

However, in the présence of constraints, it is only a uniquely defined funct ion of the canonical 
variables on the pr imary constraint surface, the (2A'̂  — M)-dimensional submanifold defined 
by <j)m = 0. 

If we want to restore the invertibility of the Legendre t rans form, we need to in t roduce 
M ex t ra variables, in agreement with the fact tha t the Legendre t ransformat ion can only be 
well defined between spaces of the same dimensionality. To achieve this, we will impose t h a t 
the pr imary constra int surface is smoothly embedded in phase space and tha t it satisfies 
some regularity conditions tha t , roughly said, allows us to use the pr imary constraints as a 
local set of coordinates in the vicinity of the constraint surface. Under thèse assumpt ions , 
one can check the following two theorems^ 

T h e o r e m 1; If a (smooth) function G on phase space vanishes on the pr imary con­
straint surface, then (locally) G = g"^(t>m-

^Proofs of tlicsc tlicorciiis can bc fouiid in [33]. 
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T h e o r e m 2: If A,i5(?" + IJ-^5pu = 0 for a rb i t ra ry variations ôq^, Sp^, then 

for some u™. Thèse equalities are t rue on the pr imary constraint surface. 

Wi th the help of the second theorem, it is easy to see tha t by using (1.1.18) 

we obta in the defining relations of the inverse Legendre t ransformat ion 

dH 
9 p " dpn 9g" 

, (1.1.44) 

which now defines a t ransformat ion between spaces of the same dimension 2N. From (g, g) 
space to the primary constraint surface of phase space, we have 

g" = g " , Pn = ^ ( g , g ) , u™ = u ' " ( g , g ) . (1.1.45) 

We have thus achieved our goal of restoring invertibility of the Legendre t ransformat ion 
by adding the ext ra independent variables u"^ thereby permit t ing a t rans format ion between 
two spaces of same dimensionality. 

Wi th this in hand, we can go from the Euler-Lagrange équations to Hamil ton 's équations 
and we get 

dp" dpn ' Sg" 
Mp,q)=0, (1.1.46) 

where the équations of motion can be wri t ten using the Poisson bracket as 

F = [F,H] + u"'[F,^m]- (1-1-47) 

The first relation in (1.1.46) perrnits to recover the g" when given the momenta (upon 
imposing <pm = 0) and the u"^. Because the d(f>m/dpn are assumed to be independent , two 
différent sets of n ' " must give two différent sets of g". This also implies t h a t the u™ can in 
principle be expressed as u '"(g, g). 

Note tha t thèse équations of motion could also be obtained from the variat ional principle 

S f \ e V n - H - ,r<l>^) = 0 , (1.1.48) 

under arbi t rary variations 5q, Sp, and ôu"^ with ôqn{ti) = Sqn{t2) = 0. Here, the appear 
as Lagrange multipliers enforcing the pr imary constraints. 
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The consistency algorithm: a full set of primary and secondary constraints 

If we look at the équations of motion (1.1.46) for a constrained System, we see t h a t a 
necessaiy requirement is tha t every primary constraint also satisfies 

0m = [0m, H\ + « " [ 0 ^ , 0„] = 0 . (1.1.49) 

Depending on the appearance of the parameters u ' " in the above expression, this re­
quirement provides us wi th a secondary constraint N(j), q) = 0, a relat ion involving only 
the ç's and the p 's and independent of the pr imary constraints, or with a relation involving 
the ti's and thus restr ict ing thèse parameters . Also, as an i térat ive consistency algori thm, 
if there is a secondary constraint N{q,p) we also need to check tha t 

Ar== [ i V , i / ] + n " [ 7 V , 0 ^ ] = O, (1.1.50) 

does not bring new secondary constraints. In the end, we are left with a tota l sy tem of J 
constraints (pr imary and secondary) tha t we collectively dénote by 

$ j , j = 1...M, M + 1...M + K{= J ) , (1.1.51) 

where K of t hem are secondary constraints. Note that we also assume in the following t ha t 
the regulari ty conditions discussed above for the primary const ra ints apply to the full set 
of pr imary and secondary constraints. Remember that the const ra ints are assumed to be 
ail independent such as to form an irreducible set of constraints . 

Towards a more fundamental classification of constraints: first and second class 

Having determined the full set of constraints, the set of J nonhomogeneous équat ions linear 
in the M unknown ( M < J ) parameters 

[^j,H]+u"'[^j,ct>m]-0, (1.1.52) 

should possess solutions. Otherwise, this would mean t ha t the System desribed by the 
Lagrangian is inconsistent. In the last équation, the sign « refers to an equali ty tha t is only 
true on the pr imary constraint surface. We say t ha t the expression is "weakly vanishing". 
One impor tan t conséquence of Theorem 1 is tha t two funct ions t ha t are the same on the 
constraint surface should be related by 

F«G-^F-G = c>'{q,p)^k, (1.1.53) 

where the sign = dénotes equality on the full phase space. A funct ion on phase space tha t 
is = 0 is said to be "strongly vanishing". Also, for three quant i t ies A, B, and C with C « 0, 
we have, using the Jacobi identity, 

[A, BC] = B{A, C] + [A, B]C « B[A, C] B[A, C] « [A, BC] . (1.1.54) 

The gênerai solution to the non-homogeneous first order diffcrential équa t ion (1.1.52) is 
given by 

îi'" + ' t ; ' ' y j ' \ (1.1.55) 
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where U"^ is a par t icular solut ion and V"^ = v"-V^ is the gênerai solution of t h e associated 
homogeneous sys tem 

V " " [ $ j , 0 „ ] « O , (1.1,56) 

wr i t ten in the basis^ of linearly independen t solut ions V™. Upon solving this System, we 
have achieved a split between w h a t is fixed by the consistency condit ions, the U"^, and wha t 
is left to ta l ly arbi t rary , i.e. t he coefficients v"'. 

One par t icu lar ly interest ing th ing to not ice is t h a t bo th the p r imary cons t ra in t s (pa = 
Ki"'<Am and H' = H + U'"^(l)m, defined us ing (1.1.55), Poisson comnni te wi th t h e gênerai set 
of const ra in ts $ j 

[ * „ / f ' ] « 0 , « 0 . (1.1.57) 

Indeed, th is can be seen by plugging t h e gênerai solution (1.1.55) into t h e consis tency 
condi t ions (1.1.52) and using (1.1.54). Doing so, we ob ta in 

[^j,H']+v''[^j,cf>a]^0. (1.1.58) 

However, (/>„ is also a basis of p r imary cons t ra in t s which are solutions of the homogeneous 
équat ion 

« 0 , (1.1.59) 

implying t h a t [ $ j , 0 a l ~ 0. To complè te our proof , we ju s t need to implement this last 
relat ion into (1.1.58). 

T h e fact t h a t (pa and H' Poisson c o m m u t e with the gênerai set of cons t ra in t s is a 
mot iva t ion to in t roduce a more in teres t ing classification of cons t ra in t s which makes direct 
use of t h e Poisson bracket . 

A func t ion F{q,p) is said to be first class if i ts Poisson bracket w i th every cons t ra in t 
vanishes weakly 

[ F , < I ' j ] « 0 . (1.1.60) 

If it is no t first class we will call it second class. A first class func t ion on phase space is 
said to Poisson commute with ail the cons t ra in t s . Our first examples of first class func t ions 
are thus (pa and H'. In the following, we spli t t h e full set of cons t ra in t s $ j in to first class 
cons t ra in t s 7„ and second class cons t ra in t s Xa-

Before proceeding, let us define the to ta l Hami l ton i an as being t h e s u m of the first 
class Hami l ton i an H' = H + U''"-(f)ra a n d t h e first class p r imary cons t ra in t s mul t ipl ied by 
a rb i t r a ry factors v"" 

HT = H'+ v"<Pa. (1.1.61) 

One can check t h a t the équa t ions of mo t ion reduce to 

F = [F, H] + « - [ F , 4>m] -[F,H + u"'4>m] « [F, HT] , (1.1.62) 

^Note that we actually need to require [3>j, (̂ ,„) to bc of constant raiik so that VJ" is fixed on the constraint 
surface. 
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upon using (1.1.54). 

An impor t an t p roper ty of the définition of first class cons t ra in t s is t h a t it is preserved 
under the Poisson bracket opérat ion. The Poisson bracket of two first class c o n s t r a i n t s is 
first class. T h i s is shown by making use of Theorem 1 a n d the Jacobi identi ty. This resui t 
is indeed crucial because we will now show t h a t first class cons t ra in t s are gene ra to r s of 
symmetr ies and thus form an algebra. Also, by Noether ' s t heorem, charges associa ted t o it 
should form a closed a lgebra under the Poisson bracket opé ra t ion . 

First class functions as generators of symmetries 

It is easy to see t h a t no second class funct ions but only first class func t ions can b e genera t ing 
symmetr ies . Indeed, a symmet ry of t he équat ions of motion is a var ia t ion of t h e dynamica l 
variables t h a t leaves the équat ions invariant. As such they should m a p an allowed s t a t e 
to ano the r (équivalent or non-equivalent) allowed state . Because an allowed s t a t e s i t s on 
the cons t ra in t surface, we should have by consistency of t h e theory t h a t w 0. If this 
last s t a t e m e n t is n o t true, then we would allow for symmet ry t r an s fo rma t ions that bring 
us out of the cons t ra in t surface, an inconsistent s t a tement . For a canonical t r an s fo rma t ion , 
we have 

which is precisely t h e requirement t h a t the generat ing fui ic t iou be a f i rs t class fui ict ion. 
W h e n looking at symmet r i e s of the action, we will see t h a t first class func t ions t h a t are 
constant of t he mot ion geiierate global symmetries . Let us for now review how first class 
const ra in ts are unders tood as generators of gauge t ransformat ions . La te r , we will recover 
thèse results t h rough Noether ' s theorem. 

As a l ready s t a t ed before, given an initial set of canonical variables descr ib ing a physical 
s t a t e a t t ime to, we expect the équat ions of mot ion to fully dé t e rmine the physical s t a t e 
a t o ther t imes. However, we know tha t , in t he présence of cons t ra in t s , différent se t s of 
canonical variables can describe the same physical s ta te as it is reflected in t h e défini t ion 
of the to ta l Hami l ton ian by the set of a rb i t ra ry functions v"". 

VVhat this means is t h a t any ambiguity in the value of the canonical variables at a 
time t\ should be a physically irrelevant ambiguity, also called a gauge t r ans fo rma t ion . In 
ma thema t i ca l language, by picking ti = tg + At, and using the t ime évolut ion of dynamica l 
variables wi th two différent choices of i;", denoted ii" a n d ù", in the to ta l H a m i l t o n i a n 
expression, we have 

where e'^ = (D° — •ù")At is an arbitrary funct ion of time. We say tha t f irst class p r imary 
cons t ra in ts généra le gauge t ransformat ions . Here, we see t h a t th is t r a n s f o r m a t i o n will no t 

ÔF = AF{tut2,v'')-AF{t,,t2,v'') 

= {[F, H'\ + d-[F, cPa])At - {[F, H'] + v^[F, <^„,])Ai 

= e" [F ,^a] , (1.1.64) 
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modify the physical s ta te at the later t ime ti. One obvions question is "wha t abou t first 
class secondary constraints" ? 

There exists no gênerai proof t ha t first class secondary constraints do generate gauge 
transformations. At most, one can show tha t in principle they could. Th i s led Dirac to 
conjecture tha t ail first class constraints generate gauge t ransformat ions (this is known 
as Dirac 's conjecture). We will not discuss the fate of first class secondary constraints in 
détails here. We will rather assume tha t ail first class constraints generate gauge symmetries, 
al though one should be aware tha t counter-examples do exist, see [33]. 

If we assume tha t ail first class constraints (pr imary and secondary) are generators of 
gauge transformations, then the most gênerai physically permissible motion should also 
allow for gênerai gauge transformations. To this end, we define the extended Hamil tonian 
as 

HE = H'+ u'^ja , (1-1-65) 

where 7„ dénote first class constraints. From the extended action principle 

SE = j i m ' - h ' - u'^i)dt , (1.1.66) 

where the sum is understood over ail the constraints , we get the équat ions of motion for 
the extended formalism, see [33], 

F^[F,FIB], $ , « 0 . ( 1 . 1 . 6 7 ) 

Let us mention tha t the extended formalism is really a new feature of the Hamil tonian 
formalism tha t takes into account ail the gauge freedom of the theory while the Lagrangian 
(or equivalently total Hamiltonian) jus t restricts to the gauge freedom introduced by the 
pr imary constraints. Indeed, when considering any physically relevant dynamical variable 
O, also called observable, which is by définition gauge-invariant, we should have 50 « 0, 
which means tha t its Poisson bracket is weakly zéro with ail the first class constraints . Its 
évolution is thus the same when expressed with respect to HE, HT or H'. Bu t this is not 
true for gauge-variant dynamical variables where évolution should be described using HE 
which takes into account ail the gauge freedom of the theory. 

Fixing the constraints 

Before moviug to Noether 's theorem, let us briefly comment on the fixation of constraints, 
as of ten implemented in the s tudy of constrained Hamil tonian Systems. In short , first class 
constraints can be gauge-fixed by introducing new ad-hoc constraints^ and second-class 
constraints are dealt with by reformulat ing the theory in terras of the Dirac bracket. 

A fixation of first class constraints , generators of gauge symmetries, pe rmi t s to establish 
a one-to-one correspondence between physical s tates and values of the canonical variables, 
by avoiding a multiple counting of s ta tes . Get t ing rid of first class constra ints allows one 

^Note that this procédure can not aiways bc implemented bccause thcrc docs not always exist gauge 
fixing conditions that are globally wcU dcfined. This phcnomena is known as the "Gribov obstruction". 
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to descr ibe the t rue degrees of f reedom of the theory unde r cons idéra t ion . To i m p l e m e n t 
this, one in t roduces new const ra in ts , i.e. gauge fixing condi t ions . I t can be checked t h a t 
to ob ta in a sa t is fying set of gauge fixing condit ions, t ha t we déno te by Ci,{q,p) « 0, we 
need a n u m b e r of i ndependen t gauge condi t ions t h a t is precisely equal t o the n u m b e r of 
independen t first class cons t ra in ts . 

If such a set of gauge fixing condit ions has been de te rmined , one cons is tency reqviirement 
is t h a t t he re mus t not exist gauge t r ans fo rmat ions o ther t h a n the ident i ty t h a t préserve t h e 
set of gauge condi t ions and by this we mean 

(5u"[C(„7„] « 0 ^ = 0 . (1.1.68) 

Th i s last s t a t e m e n t is t r u e when t h e above Poisson bracket defines a n invert ible m a t r i x such 
t h a t 

det ( [Ct ,7«]) 7 ^ 0 , . (1.1.69) 

which a l te rna t ive ly m e a n s t h a t t h e in t roduced gauge fixing cond i t ions a re second class b u t 
t h a t also our previously first class func t ions 7a have now b e c o m e second class. In th i s case, 
we have couipletely fixed t h e gauge f reedom and first class c o n s t r a i n t s have beconie second 
class. 

W i t h o u t en ter ing into détails , it was noticed by Dirac t h a t to deal w i t h second class 
const ra in ts , one can ju s t replace the Poisson bracket by a new one. Th i s new bracke t is 
known as t h e Dirac bracket 

[F, G]* = [F, G] - [F, x„]C"^*[x/3, G\ , (1.1.70) 

where C^p is the Poisson bracket of second class const ra in ts 

Cal3^[Xa,X0], (1-1.71) 

and C"^ is the inverse ma t r i x such tha t C"^Cp-y = 6". By déf ini t ion, t h e d é t e r m i n a n t of 
the an t i symmet r i c m a t r i x Cap should not be zéro. This implies t h a t it h a s to be a n x n 
ma t r i x wi th n even, i.e. second class cons t ra in t s should a lways corne in pa i rs . 

To check t h a t the in t roduc t ion of the Dirac bracket p e r m i t s to get rid of second class 
cons t ra in ts , one readily checks t h a t the Dirac bracket of a n y dynamica l var iable F{q, p) 
with a second class cons t ra in t is s t rongly zéro 

[F, X7I* = [F, X7] - [F, Xa]C"^'[X/3, X7I - [F. X7I - [F, xAC'^Cp^ = 0 . (1.1.72) 

Th i s means t h a t we can always set the second class cons t ra in t s to zéro ei ther before or a f t e r 
evaluat ing a Dirac bracket . T h e équat ions of mot ion become 

F ^\F,HE\^[F,HEX . (1 .1 .73) 

T h e mos t tr ivial example i l lustrat ing this p rocédure is a System with two second class 
const ra in ts , i.e. cons t ra in t s such t h a t p « 0, g « 0 but [p, </] = 1. One checks t h a t t h e 
in t roduc t ion of the Di rac bracket permi t s to completely forget a b o u t thèse coord ina tes . 
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Let us make a few addit ional comments: 

Firstly, we have said tha t the fixation of constraints is sometimes useful. One can 
choose to fix ail constraints, and especially the gauge freedora of the theory, or only fix 
second class constraints. However, it is also interesting to remember t ha t while fixing 
first class constraints, we made them become second class. Second class constraints could 
thus be reformulated as gauge degrees of f reedom before gauge fixation. This procédure can 
présent some advantages as it permi ts to bypass the introduction of the Dirac bracket whose 
quan tum realization may be highly non-trivial. Actually, even in the absence of second 
class constraints, the introduct ion of ex t ra gauge degrees of freedom can be interesting, for 
example when one wants to make some hidden symmetry manifest . 

We also said at the beginning tha t the fixation of constraints permi ts to single out the 
true degrees of freedom of our theory. Indeed, we see that a constrained Hamil tonian of 2N 
independent canonical variables with n first class constraints and m second class constraints 
has D degrees of freedom 

Z) = A f - n - ( m / 2 ) , (1.1.74) 

where D is always an integer because m is always even. From the above counting, one often 
says tha t first class constraints strike twice. This is understood from the fact t ha t we had to 
introduce n ex t ra ad-hoc gauge conditions who implied t ha t the set of first class constraints 
becarae second class, a "new" set of n constraints . 

Eventually, let us mention t ha t one can also s tudy constrained Hamil tonians using sym-
plectic manifolds, i.e. manifolds equipped with a closed non-degenerate differential two-form 

the symplectic form. A generic bracket between two functions F and G is defined as 

\FM^^"'^^- (1.1.75) 

In this context, one can give a geometrical meaning to the Dirac bracket . I t is the bracket 
defined using as symplectic s t ruc tu re the pullback of the phase space symplectic s t ructure 
onto the constraint surface. 

1.1.3 Noether's theorem 

Let us now formulate Noether 's theorem for a generic set of symmetr ies of the extended 
action. We show, as this should s t a r t to be clear from previous discussions, t ha t the set of 
gauge and global symmetries of the extended action are geuerated by first class gciierating 
functions tha t are respectively the first-class constraints and the gênerai funct ions on phase 
space tha t are constant of the motion. 

To show this, we consider the variation of the extended action 

SEW\t),Vn{t),u''{t),u''{i)\ = j {pnCT ' H - u'^-f, - u"Xa)dt , (1.1.76) 

under an infinitésimal t ransformat ion 
5(/" = Q " , Spn = Pn, Su'' = U\ 5w« = C/" , (1.1.77) 
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where the Qn, Pn-,U°', U" a re func t ions of q,p,t and u and i ts derivat ives^. 

T h e invariance of t h e ac t ion s ta tes tl iat the variat ion of the Lagrang ian for a given 
s y m m e t r y is zéro up to a to ta l derivative 

ÔL = rPn+^APuQn-Q'"Pn-SH-U''ja-u''5fa~U"Xa-u"5Xa 
ai 

= 1 - ( ' • ' • ^ « ' 

Now, let us first in t roduce 

Dt dt du"- du"- du'" dù°' ^ ' 

ï l i i s défini t ion pern i i t s to replace t inie derivatives in the above var ia t ion as 

I t is easy to see t h a t the rhs of (1.1.78) will split , lilce in the uncons t r a ined case, in to 
three terms. T h e first two ternis , i.e. the ones t h a t niult iply q and p, will tell us t h a t t h e 
t r ans fo rma t ion mus t be canonical 

where G = pjQ^ — / . Because 7a = 7a (9 ,p) , Xa = Xa{Q,p) a n d H = H{p,q) are func t ions 
on phase space, this also irnplies t h a t 

ha = ha, G] , ÔXc = [Xa: G], 5H = [H, G] . (1.1.82) 

Replac ing this in the th i rd te rm, coming f rom the split of (1.1.78), immedia te ly gives us a n 
addi t iona l condit ion on the genera t ing funct ion G 

DC 
— + [G, H] + -«"[^,7^ + u"[G,Xa\ = C/°7a + U'^Xa • (1.1.83) 

As one can show, it is équivalent to deal with this équa t ion af te r having set to zéro t h e 
second class cons t ra in t s which we will assume f rom now on, see [33]. T h e gênerai solut ion to 
the équa t ion (1.1.83) is the s u m of a par t icular solution of t h e non-homogeneous é q u a t i o n 
wi th t h e gênerai solut ion of t h e homogeneous p a r t of this équa t ion . Let us first choose a 
par t i cu la r solution of the form Gpart = G{q,p,t). From (1.1.79), we see t h a t 

DG dG , , 
- ^ = -K-- (1.1.84 
Dt dt ' ^ ' 

and the équat ion (1.1.83) becomes 

BG 
+ [G, H] + u''[G, 7a] = f/"7a . (1-1-85) 

For the .samc rcasoii as in the unconstrained case, we can get rid of the dopendence in q and p by means 
of redéfinitions which are trivial symmctries of the équations of motion. 
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Because this last équat ion m u s t be t rue for every set of first class constraints , and thus 
part icularly on the cons t ra in t surface, one sees t ha t our par t icular solut ion must be first 
class and a constant of mot ion on the const ra in t surface 

(5(5 
[ G , 7 a ) « 0 , _ + [ G , i / ] « 0 . (1.1.86) 

One eventually sees t h a t a gênerai funct ion g{q,p,t,u,û,û,...) vvill be a solution of t he 
homogeneous équat ion if it is also a solution on the cons t ra in t surface. This also implies 
that the gênerai solution of t he homogeneous pa r t can always be decomposed in the basis 
of first-class constraints as foUows [33] 

Ggen = g°'{(l,P,t,U,Ù,Û,...)ja • (1.1.87) 

We have thus obta ined the gênerai solution of the équat ion (1.1.83) 

G = g"-{q,p,t,u,û,û,...)ja + G{q,p,t) , (1.1.88) 

where the first terni represent t h e charges associated to gauge t r ans fo rmat ions while the 
second te rm represent the charges associated to global symmetr ies . 

In the end, we have shown t h a t global symmetr ies of the ex tended action are generated 
by funct ions G{q, p, t) which are first class and cons tants of the mot ion . Noether associâtes 
to it t he conserved charge G. We have also checked, as previously announced, t ha t gauge 
symmetr ies are generated by (linear combinat ion of) first class const ra ints . One impor t an t 
conséquence of this last resui t is t h a t gauge symmetr ies have trivial associated conserved 
charges as t he genera tors of thèse symmetr ies are on-shell vanishing. 

Af ter a brief review of the Lagrangian and Hamil tonian formulat ions of gênerai relativity, 
we will see t h a t this is no t always the case for gauge field théories, such as gênerai relativity. 

1.2 Einstein s theory of gravity 

General Relat ivi ty is a theory for a spin 2 field t ha t was designed to describe the gravi ta t ional 
interaction a t the classical level. T h e celebrated équat ions of Eins te in can be wr i t ten as 

R^iu - \R9t,y = i-nGT^^ . (1.2.1) 

For the vacuum équat ions , in t he absence of sources T^^ = 0, t he Lagrangian formulat ion 
was established by Hilbert . T h e Lagrangian is known as the Einste in-Hilber t Lagrangian 

(1.2.2) 

Asking s ta t ionar i ty of the Eins te in-Hi lber t act ion, one recovers Eins te in ' s équat ions in the 
vacuum. Actually, this last s t a t e m e n t is only t rue when b o u n d a r y contr ibut ions are dis-
carded. Alternatively, one says t h a t the variat ional principle is valid, i.e. it gives the 
Einstein 's équations, only when b o u n d a r y contr ibut ions can be neglected. We show, in 
section 1.5, t h a t this is not always the case. As we will see in the following, the impor tance 
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of thèse boundary terms are primordial to the construction of non-tr ivial conserved charges 
for gênerai relativity. 

The formulation of the Hamil tonian theory for classical Systems, constrained or not, 
implicitly required a spécification of time. The theory of gênerai relativity is a theory of 
space and t ime where there is a priori no preferred time direct ion. To be able to cast it into 
an Hamil tonian form by unders tanding how one can single ou t a t ime direction, we first 
review the closely related problem of establishing that gênerai relat ivi ty has a well-posed 
initial value formulation. Indeed, a positive answer was provided by considering a spl i t t ing 
of space and t ime as we now review. 

A well-posed initial value formulation 

A System possesses a well-posed initial value formulation if an allowed state of t h a t System 
can be unambiguously described at a fu ture t ime ti, upon using the équat ions of mot ion, 
given a set of initial conditions at t ime IQ and if small f luctuat ions of thèse initial condit ions 
at to do not alter drastically the s ta te at t ime ti. One of the successes of gênerai relat ivi ty 
is tha t it has a well-posed initial value formulation when considering, as we explain below, 
globally hyperbolic spacetimes. In here, we do not prétend to be rigorous as we are only 
interested in reviewing some concepts we will use in the following. 

Given a manifold M, a Cauchy surface S is a space-like surface (meaning t h a t ail points 
on this surface are space-like separated) such tha t 

M =V-{T.) U E U P + ( E ) , (1.2.3) 

where V'^ijl) represeiit respectively the future and past régions of t h a t surface E. T h e 
fu ture région of the surface E is the région of space-time t h a t can b e reached f rom any 
point lying on the surface S when going along time-like or rmll directions. A spacetinie 
which possesses a Cauchy surface is a globally hyperbolic spacet ime. To unders tand the 
importance of such a définition, let us comment on the case of AdS which is not a globally 
hyperbolic spacetime. In AdS, the information a t a given poin t of space t ime may not 
be characterized by the information coming from a specified three-surface as informat ion 
arriving from infinity may also contribute. However, Anti de Si t ter spacet ime has what is 
called a Cauchy horizon, a région of spacetime where one can define a Cauchy surface. 

T h e Arnowitt-Deser-Misner [5] (ADM) splitt ing of space-time precisely achieves this 
initial value formulation for globally hyperbolic spacetimes (see also chapte r 10 of [34]) of 
gênerai relativity through the considération of Cauchy surfaces. Indeed, the A D M décom­
position of spacetime is a 3-1-1 space-like slicing of space and t ime. It pe rmi t s to consider 
the information t ha t lies on a Cauchy surface to be the dynamical in format ion and s tudy its 
évolution through the int roduct ion of a preferred arrow of t ime. T h e four dimensional met­
ric is split into a three dimensional metric ^gij which is the induced met r ic on the Cauchy 
surface. The other components of the metric are seen to describe déformat ions of S . T h e y 
are known as the lapse N and the shift A ĵ. In terms of the four-dimensional metr ic 5̂ 11/, we 

, h ave 

% j ^ y ^ j , Ni^ga^, N ^ i-g°'>r'/^ . (1.2.4) 
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Eventually, to describe the evokition of the Cauchy surface, we need a notion of its em-
bedding into spacetime. This is the rôle of the extrinsic ciirvature Kij, which measures the 
différence between a normal vector to E at a point p and a normal vector (at a point q) 
tha t has been parallel t ransported to p. 

It has been proved tha t the initial conditions can be described by the triplet (E, 
Kij) when subject to additional initial value constraints. Thèse additional constraints are 
the first class constraints obtained from varying the shift and the lapse in the Hamiltonian 
action of gênerai relativity, which we now review. 

Hamiltonian formulation 

Because gênerai relativity is a theory invariant under difîeomorphisms, its Hamiltonian 
should be constrained. Using ADM coordinates (1.2.4), one constructs the Hamiltonian of 
gênerai relativity from its Lagrangian formulation. One checks tha t it dépends on the three-
dimensional metric ^gij, its associated conjugate momenta TT''̂  (which can be expressed in 
terms of the extrinsic curvature), a lapse A'̂  and a shift Ni. Note tha t the lapse and shift 
functions do not have associated conjugates as the action does not contain time derivatives 
of thèse functions. They are thus non-dynamical quantifies. The Hamiltonian is 

HoCgij,'K'^,N,N') = J d ^ x { N { x ) n { x ) + N\x)n,{x)) , (1.2.5) 

where 

-Hi = - 2 TT/1̂  = - 2 TT'-̂  - (2 V , , , - 3^fc,.,)7r'=^ (1.2.6) 

and where the column dénotes the covariant derivative associated to ^Çij, Tl is the three-
dimensional Ricci scalar associated to '^yij and Gy^; is the DeWit t supermetric 

G'"''Gk,nn = 5^^„ = 5 ( « + « ) - (1-2-7) 

Hamilton's équations take the generic form 

^gij{x) = (5(Hamiltonian)/57r'^(a;) = Aij, 

•k'^ix) = -5(Hamiltonian)/<5^5y(a.-) = - B ^ ^ ' . (1.2.8) 

In our case, one finds 

%j = 27V35-i/2(^.. _ hg^^^) + 7V,|,. + AT̂ .,, , 

= -7V^/^(7^^^• - ^11%,) + y 3 ^ - 1 / 2 Sgij^^mn^^^^^^ _ 1 ^ 2 ) ^ ( T ^ U W - ) , ™ 

(1.2.9) 
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while variations with respect to the lapse and the shift give the Hamil tonian and m o m e n t u m 
constraints 

n{x)=0, H i ( x ) = 0 . (1.2.10) 

Thèse last équations are constraints as they do not describe the t ime évolution of some 
quantity. T h e lapse and shift are seen as Lagrange multipliers tha t enforce the constraints . 
In our previous notat ion, we say tha t H{x) w 0 and 'Hi{x) « 0. One can check t h a t the 
bracket of any two of thèse constraints gives another such constraint , implying t h a t the 
bracket is also weakly vanishing. By définition, this implies tha t ail the cons t ra in ts a re first 
class. 

In their work, Arnowitt , Deser and Misner were motivated to cast the theory in an 
Hamiltonian forrii as a first step towards the quantization^ of gênerai relativity. Far f rom 
technicalities, to implement this they introduced gauge conditions to solve for the con­
straints, i.e. to fix the gauge freedom. In part icular , their analysis recovered the tact t h a t 
the theory is a theory of a spin 2. This is so because the metric only has two dynamical 
degrees of freedom when ail the redundancy of the theory has been el iminated. FYom an­
other perspective, their approach also permit ted to give the first expressions for the energy 
and momentum [4] for a spécifie class of spacetimes we will discuss in the following. 

General considérations about the définition of conserved charges for field théories and 
especially for gênerai relativity is the topic of the next section. 

1.3 Conserved charges for gênerai relativity 

We have seen for classical mechanics tha t one can associate to each symmetry of the action, 
a conserved charge. In the case of a gauge symmetry, the generator of the s y m m e t r y is 
vanishing on account of the équations of motion. 

When looking at a spécifie field theory with a given set of gauge symmetr ies , one could 
also t ry to apply Noether 's theorem. The gêneralization of our previous resuit to field 
théories provides us with the conservation of a current vvhich is vanishing on-shell up to 
the divergence of a superpotential . We will not reproduce the dérivation here but it can 
be found, for example, in the introduction section of [18] (see also exercise 3.4. of [33]). 
Roughly speaking, we have 

Classical Mechanics Field théories 

^ = 0 , d^f = 0. (1.3.1) 

The Poincaré Lemma actually tells us tha t the cvnrent is on-shell vanishing up to the 
divergence of an arbi t rary superpotential k^'^^\ We can write 

(1.3.2) 

^Hcrc, we do not want to enter into any discussion about tlie pioblcms of a canonical quantization of 
gênerai relativity and rcfer the reader to the book of Wald [34], sec especially cliapter 14. 
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such t ha t d/jj'^ = 0 by an t i symmet iy of the superpotent ial . 
For field théories, the charges are thus ili-defined as they can be expressed in te rms of 

an arbi t rary superpotential upon using Stoke's theorem 

where 9 S is the boundary of E. This phenomena is known as the Noether puzzle. 

FYom (1.3.3), one however realizes t ha t non-trivial charges could be defined as the flux 
of the superpotent ia l through the boundary 9 E . It thus only dépends on the propert ies 
of k near tha t boundary. This is a h int t ha t , for gauge field théories, one should define 
charges through "surface" intégrais by picking the right superpotent ial . One necessary 
requirement is tha t this superpotent ial be asymptotically, i.e. close to the boundary, a 
conserved quant i ty. 

The construct ion of charges associated to gauge symmetries, through the déterminat ion 
of the right superpotential , is however a very difficult problem. Actually, we believe it is 
fair to say tha t there is currently no gênerai unders tanding of how this can be implernented 
for a completely generic gauge field theory, i.e. where no assumptions have been made at 
first. T h e most generic well-established s t a tement about the définition of conserved charges 
associated to gauge symmetries in field théories can be s ta ted as foUows 

Under the assumption of asymptotic linearity, every non-trivial asymptotically conserved 
superpotential k is related to an asymptotic symmetry of the background fields. 

Altough we do not want to enter into spécifie détails right away, let us jus t comment on 
two impor tan t points. 

Firstly, the asymptot ic symmetries, aiso known as large gauge or improper gauge t rans­
formations, can be unders tood as spécifie gauge t ransformations which act asymptot ical ly 
like global transformations, i.e. they act on the physical state of the System. In classical 
mechanics, we have seen that conserved charges associated to gauge symmetr ies are trivial. 
However, for field théories, one sees t ha t it is possible to associate possibly non-trivial con­
served charges to some asymptotic, "global", t ransformat ions . Indeed, as we have reviewed 
previously, charges associated to global t ransformat ions may turn out to be non-trivial . 

Secondly, in the above s ta tement , asympto t ic linearity means tha t the charges can be 
constructed from the linearized theory and are expressed in terms of linear combinat ions of 
the fields. T h e above s ta tement is thus obviously generic for gauge théories t h a t are linear 
such as eiectromagnetism. However, it clearly imposes restrictions if one deals with non-
linear théories. Let us insist here on the fact t ha t the assumption of asympto t ic linearity 
is not a necessary requirement to the construct ion of charges. Indeed, conserved charges 
that a re non-linear in the fields have already been considered in the l i terature . As we 
already pointed out, wha t this assumption really reflects is our lack of a completely gênerai 
t rea tment of non-trivial conserved charges associated to gauge symmetr ies of non-linear 

'°This formulation is mainly inspirccl from the results of Barnich and Brandt stated in [18], sec also 
références in that paper. Note tliat therc does exist a quite récent work by Barnich and Compère [19] which 
discusscs the rcmoval of the condition of asymptotic linearity. 

(1.3.3) 
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(îeld théories. In this thesis, we will only discuss the case of gênerai relativity. As it is a 
non-hnear theory, we will pay much a t tent ion to the possible restr ict ions this assumpt ion 
may impose. 

The case of gênerai relativity: Abbott-Deser charges 

For gênerai relativity, one unders tands tha t Noether 's theorem s ta tes t h a t charges associ­
ated to difîeomorphisms are zéro on-shell up to a divergence of a superpotent ia l , and t h a t 
conserved charges should thus be associated to asymptotic Killing vectors of a background 
metric. The characterizat ion of the charges of a given solution of Eins te in ' s équat ions will 
thus require much more work. Wi th ail we have said, our task in the rest of this chapter 
can be split into the foUowing three steps 

(1) Define what we mean by asymptot ic Killing vectors of a background metric. 

(2) Unders tand how a solution is said to approach a background metr ic asymptotically. 

(3) Détermine the form of the conserved superpotential , i.e. the expressions of the con­
served charges, and show they are generated by the a sympto t i c Killing vectors of a 
background metric. 

Because the aspects related to asymptot ics are probably less trivial to introduce, we pro­
pose to s tar t the discussion by a gênerai construction of conserved charges, when asymptot ic 
linearity holds, in a way tha t somehow évades the précise formulat ion of asympto t ic notions, 
as referred in (1) and (2). We will see tha t this construction part ial ly answers step (3). 

T h e construction of Abbo t t and Deser [10] is indeed a qui te generic const ruct ion of 
charges associated to exact Killing vectors, i.e. isoraetries, of a given background metric. 
As such, it évades considérations about the asymptotics of the Killing vectors to which we 
will r e tu rn in the foUowing. However, it is of great interest as we will see t h a t it reproduces 
the correct expressions of conserved charges associated to a sympto t i c Killing vectors when 
one assumes asymptot ic linearity. 

In their paper, Abbo t t and Deser s tar ted by writing the four-dimensional metr ic in 
te rms of f luctuations /i^^ a round a fixed background metric 

where the background metr ic g^,^ is understood to be a solution of Eins te in ' s équations. 
The Killing vectors of a background metric g^j^ are the vectors which satisfy 

where is the covariant derivative associated to g^i, and C is t he Lie derivative. To 
construct their conserved charges, they s tar ted from Einstein's équat ions with a cosmological 
cons tant 

(1.3.4) 

(1.3.5) 

(1.3.6) 
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and linearized them such tha t the left hand side becomes 
1 ^ . 1 

R •iiu L - -^Rh^^ - -Rf^ g„„ + A/i,t^ + 0{h ). (1.3.7) 

By simpHfying this last expression with R = +4A and relabeUng ail non-hnear terms 0{h'^) 
by T^t/, understood as the energy-momentum tensor density of the gravitational field, Ein-
stein's équations are 

(1.3.8) 

From this, the conserved charges associated to the Killing vectors of the background are 
defined as 

(1.3.9) 

Thèse are the right quanti t ies to be considered as conserved charges because the Bianchi 
identity imposes D^^T^'^ = 0 and thus 

(1.3.10) 

bu t also because T'^"^^ is a vector density such tha t 

5/.(r '"^^".) = 0 a^(T'^'^ê,) = 0 . (1.3.11) 

The conservation is thus really understood as a conservation with respect to the part ial 
derivative, and not the covariant one, of a contravariant density. 

Using (1.3.8), it is quite s t ra ightforward to show tha t (1.3.9) can actually be writ ten as 
a surface intégral [10] 

where 

2 

2 ' 

(1.3.12) 

(1.3.13) 

(1.3.14) 

The charges (1.3.12) are known as the Abbot t -Deser (AD) conserved charges. W h a t the 
work of Abbot t -Deser has achieved can be s ta ted as foUows 

Under the assumption of asymptotic linearity, one can dérive a set of (potentially) non-
trivial conserved charges related to the exact Killing vectors of a given background metric. 

The only différence with our previous s ta tement résides in the fact t ha t we have derived 
charges associated to the exact Killing vectors of the background instead of the asymptot ic 
Killing vectors. However, this also means t ha t if one is given a set of asymptot ic Killing 
vectors and assumes asymptot ic linearity, the expressions of the conserved charges associ­
ated to the asymptot ic Killing vectors should be équivalent to the expressions (1.3.12) when 
evaluated on each asymptot ic Killing vector. We will see t ha t this is indeed the case when 
the background metr ic under considération is Minkowski. 
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Asympto t i c Killing vectors versus exact Killing vectors 

As we have already said, we want to describe the set of charges tha t characterize an "asymp­
totic s t a te" . By asymptot ic state, we mean a spécifie solution of Einste in 's équat ions, as 
seeri f rom infiriity, t ha t approaches a given background metr ic . W h a t we want to empha-
size at this point, as it may not be enough clear from the above discussions, is t ha t the 
charges t ha t describe an "asymptotic s tate" are really obtained by taking into account ail 
the charges constructed from the asymptotic Killing vectors of the background metr ic a n d 
not jus t the ones associated to exact background Killing vectors. The différence s t ands in 
the fact t ha t 

The asymptotic Killing vectors of a given background metric may not be expressed as 
exact background Killing vectors of any background metric. 

To apprecia te the différence between charges associated to exact or asympto t ic sym­
metries, it is interesting at this point to introduce the not ion of the asymptot ic s y m m e t r y 
group. T h e asymptot ic symmetry group is the group of a sympto t i c symmetries associated 
to non-trivial conserved charges modulo the (trivial) asymptot ic symmetr ies that a re associ­
ated to trivial charges. Given this définition, one can be faced to three différent possibili t ies 
whether the asymptot ic symmetry group is generated by t h e exact Killing vectors of the 
background metric, of a background metric, or if it is generated by Killing vectors tha t are 
not isometries of any background metric. 

To i l lustrate our discussion, let us briefly comment on the very famous case of AdS^. 
In tha t case, the group generated by the exact Killing vectors of the background is 0 ( 2 , 2). 
However, for a spécifie class of spacetimes tha t approach the one of AdS at infinity, it 
was found by J .D. Brown and M. Henneaux in [35] that t h e asymptot ic symmet ry g roup 
can be extended to the full conformai group. This asymptot ic symmetry group can not be 
generated by the isometries of any given background metric. Note t h a t this s tudy also led to 
the discovery of a central extension of the algebra of asymptot ic symmetr ies . T h e présence 
of a central charge has been an important d u e of the celebrated A d S / C F T correspondence. 
We hope we have convinced the reader tha t the s tudy of the asymptot ic symmetr ies is of 
physical relevance and not just a technicality. 

1.4 A path to the infinity of Minkowski spacetime 

In the rest of this thesis, we will be concerned with asymptotical ly flat spacet imes tha t a re 
spacetimes approaching, a t large distances, the boundary metr ic of Minkowski. We know 
from spécial relativity tha t the exact Killing vectors of Minkowski generate the Poincaré 
group. So, if the asymptot ic symmetry group is jus t the Poincaré group, then one can say 
t ha t the class of asymptot ical ly flat spacetimes are characterized by t h e charges associated to 
the exact Killing vectors of the Minkowski background. If one moreover assumes a sympto t i c 
linearity, thèse charges should be équivalent to the AD expressions. 

We will see in the following that the déterminat ion of the asymptot ic s y m m e t r y group is 
a ra ther complicated problem as it strongly dépends on the dé te rmina t ion of the a sympto t i c 
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Killing vectors of the background metric and the choice of a good set of so-called boundary 
conditions. Note tha t thèse spécifications precisely correspond to the first two s teps of the 
program depicted in the previous section. 

To obta in the asymptot ic KiUing vectors of the background, one first needs to know how 
to reach infinity. This will be the subject of this section. It will ailow us to answer the step 
(1) of our program for the part icular case of Minkowski spacetime. 

To know what are the allowed asymptot ic symmetries and the asymptot ic symmet ry 
generators which form par t of the asymptot ic symmetry group (assuming tha t such charges 
can be constructed) , one needs to specify a set of boundary conditions tha t defines our class 
of asymptotical ly flat spacetimes. T h e bounda ry conditions thus refer to the set of con­
ditions tha t defines "spacetimes tha t approach asymptotically the asymptot ic form of the 
background metric", in our case the boundary of Minkowski. Boundary conditions usually 
amount to the spécification of the asymptot ic form of a class of metrics. In some cases, ad-
ditional restrictions may also be imposed on the boundary fields. The allowed asymptot ic 
symmetries are the t ransformat ions tha t map an allowed s ta te to another allowed state , 
i.e. a s t a t e tha t satisfies the boundary conditions. A spécifie construction of an asymp­
totic symmet ry group, given a set of asymptot ical ly Killing vectors and spécifie boundary 
conditions, will be reviewed in the next section. 

For the moment, let us focus on the description of the asymptot ic région of the Minkowski 
spacetime, i.e. flat spacetime. 

The boundary of Minkowski spacetime 

The s t ruc ture of Minkowski spacet ime a t infinity is best unders tood through its so-called 
Carter-Penrose diagram. To characterize infinity in a more mathemat ical framework, one 
would like to possess concepts such as "the neighborhood a t infinity". As pointed out by 
R. Penrose in [36]: " f rom the point of view of the metric s t ructure of space-time, there is 
no such thing as a point at infinity, since such a point would be an infinité dis tance f rom its 
neighbors". In [36], Penrose évades thèse issues by proposing to work with the conformai 
s t ructure of space-time, which implies t ha t only rat ios of neighboring infinitésimal distances 
are to have significance. T h e idea can be summed up as follows. We bring w h a t we have 
called "infinity" to a finite distance by considering a new "\mphysical" metric g^^, which is 
related to the physical metric Çf^iy by 

where Çï is the conformai factor. One says t h a t bo th metrics are conformally related to 
each other. The "infinity pa r t " , or boundary J of our spacetime M, has been brought to 
a finite distance. I t lies a t Q = 0. Note t ha t fi;^ ^ 0. 

For Minkowski spacetime, one can check t h a t on J we have 

telling us tha t the boundary is a null hypersurface. As il lustrated on Fig.1.1., one distin-
guishes five disjoint par ts on this null hypersurface : the three points / ~ , /"•", 7° which 
represent past , spatial and fu ture infinity and the two null hypersurfaces J~ and which 

(1.4.1) 

Q-pQ''' = 0, (1.4.2) 
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lepresent the past and fu tu re null infinities. The conformai s t ruc tu re of a space- t ime is 
often represented by a small diagram called the Carter-Penrose d iagram (see Fig.1.1.). 

:0 

I 

Figure 1.1: Carter-Penrose diagram of Minkowski spacet ime. 

In tliis approach, a spacet ime is thus specified by tlie bulk metr ic , the nietric describing 
the geometry of the inside, and the boundary, an hypersurface a t t ached to the manifold. 
The method just described is knovvn as the conformai (or Penrose) complet ion of spacet ime. 

From this analysis, \ve thus see tha t Minkowski is a quite non-tr ivial case as there exists 
two différent ways one can reach infinity. Indeed, to characterize a given solution, t ha t we 
raay unders tand as a source, vve make the distinction between 

o Null infinity J^: région si tuated at very large null sépara t ions f rom the source. 

o Spatial infinity: région si tuated at very large spacelike dis tances from the source. 

Null infinity was first considered for the s tudy of gravi tat ional waves. Indeed, as com-
pared to spatial infinity, gravitat ional radiation can escape t h rough this boundary. T h e 
s tudy of asymptot ic symmetr ies revealed a much richer s t ruc tu re t h a n expected as first dis-
covered by Bondi, Metzner and Sachs (BMS). The group of a sympto t i c symmetr ies a t null 
infinity is known as the BMS group (see [37] and [38]). It is t he semi-direct p roduc t of the 
group of globally defined conformai t ransformations of the un i t 2-sphere, which is isomor-
phic to the or thochronous homogeneous Lorentz group, t imes the abel ian normal subgroup 
of so-called super t ransla t ions . This resuit was revisited in [39] (see also [40, 41, 42]) where 
it was shown tha t local conformai t ransformations can actually be considered. 

In this thesis we will restrict ourselves to considérations abou t spat ial infinity. Let 
us just mention tha t for null infinity, one reaches it by considering null three-dimensional 
hypersurfaces. However, on the Carter-Penrose diagram, we jus t saw tha t spatial infinity 
is a point. If we want to approach spatial infinity as a l imit ing procédure of d a t a given 
on 3-surfaces, we are faced with the dilemma of choosing whether the 3-surface used to 
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describe spatial infinity should be spacelike or timelike. Let us now comment on thèse two 
approaches. 

Hamiltonian description of spatial infinity: Cylindrical ( A D M ) slicing 

T h e first description of spatial infinity was established by Arnowit t , Deser and Misner [4]. 
As we have discussed previously, they considered a split t ing of space and tirne so tha t one 
can formulate Einstein 's theory in terms of a well-posed initial formulat ion. In their vvork, 
spatial infinity is described by taking r ^ oo on a spécifie Cauchy slice of spacetime. 

Going through the I lanii l tonian formalism, after fixation of the first class constraints, 
they obtained expressions for the charges associated to energy and momentum. We do not 
want to enter into détails of their procédure as we will review the Regge-Teitelboim con­
struction which recover the A D M expressions, and agrée with the Abbot t -Deser expressions, 
in the next section. 

Criticisms (see for example [8]) towards this approach to spatial infinity rely on the 
fact tha t the formalism is not covariant and does not permit comparison with conserved 
quanti t ies defined at null infinity, sucli as the Bondi energy [37]. 

Covariant description of spatial infinity: Hyperbolic slicing 

A way to deal with thèse drawbacks was first formulated by Ashtekar and Hansen [8] who 
developed a formalism, known as the formalism. This formalism deals with spatial infinity 
as the vertex of the light cone representing fu ture and past null infinities J7*. As such, they 
were able to compare quanti t ies defined at null and spatial infinity. T h e comparison with 
the 3 + 1 description was described by Ashtekar and Magnon in [43]. However, the Ashtekar-
Hansen formalism considers spat ial infinity as a point and as such awkward differentiabihty 
conditions have to be imposed a t 

A way to overcome thèse awkward differentiabihty conditions, in a coordinate-dependent 
way, was provided by the f o r m a l i s m " of Beig and Schmidt [44]. This led Ashtekar and 
Romano [12] to formulate spatial infinity, in a coordinate- indepcdent way, as a liniit of 
timelike 3-surfaces. Their formalism is a reformulation of Penrose 's conformai approach 
(of null infinity) to deal with spatial infinity. In this sensé, they gave a more geonietrical 
formulation of spatial infinity. 

In [12], the way spatial infinity is described is through a spécifie compactification that 
permits to deal with spatial infinity in terms of a limiting procédure of timelike hypersur-
faces. The first thing to notice is t h a t if one s ta r t s with Minkowski spacet ime in cartesian 
coordinates 

one can introduce, in the région of Minkowski spacetime exterior to the light cone a t the 
origin, the s tandard hyperbolic coordinates 

ds'^ = - d f + dx^ + dy^ + dz^ (1.4.3) 

t = p sinh r , a 

y = p cosh r sin 9 sin 

X = p cosh r sin Q cos <f), 

z = p cosh T cos ^. (1.4.4) 

11 Wc refer the roader to tlie next chaptcr for a description of this formahsm. 
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In this char t , the metric takes the form 

ds^ = fi^^dx^'dx'' = V + p'^h!-^^d<j)''d<j)^, (1.4.5) 

where hf^ is the unit t ime like hyperboloid metr ic 

h^°^d(p''d(j)'' = - d r ^ + cosh^ T{dÔ^ + sin^ ôdcf)'^). (1.4.6) 

Following Penrose 's approach described above, since spatial infinity is a t p oo, one defines 
Q = 1/p. Doing this, spat ia l infinity is a t = 0. In thèse new coordinates , the physical 
metr ic is such tha t 

<i,§2 = ft^^dxi'dx" = n - ' *V^f iV^f2 dx'^dx" + fi-^/i^y d(i)"-dci>\ (1.4.7) 

and it is singular at O = 0. 

It is obvious from (1.4.7) t ha t the usual conformai complet ion we descr ibed above will 
not work. Indeed, it would tell us to in t roduce an unphysical met r ic as a conformai rescaling 
of the physical one such as f}^v = ^'^'Hiiu- As sucli, the surface fi = 0 will have zéro volume 
with respect to the unphysical metric. Spat ial infinity would t h e n be descr ibed by a single 
point , which is not what we were aiming a t . 

Looking again at (1.4.7), and because we want something like (/^^ = n^in„ + h^^, the 
solution to this problem is to rescale the 3-metr ic and the normals to t he f i = c s t 3-surfaces 
by différent powers of VI. Indeed, the induced metr ic on this tiinelike hypersur face is 

Kb = O.-'^Qab = Vab - r^Va^'^b^ , (1-4.8) 

where l = l'f^Wa^'^b^ and Qab is a gênerai 3-metric which reduces to for Minkowski. 
As we jus t said, this scaling can not be applied to the full me t r i c as fl'^fjab does not admi t 
a suiooth extension to the 3-surface f2 = 0. However, the rescaled 3-metric 

hab = n^hab , (1.4.9) 

is well defined on the boundary. Now, the contravariant normal to thèse 3-surfaces 

7)«''V6ÎÎ = f î ' ' ( ^ ) " , (1.4.10) 

needed to ex t rac t informat ion off the il = c s t surfaces can be rescaled such t h a t 

n'' = fi-V^feO , (1.4.11) 

because ( 9 / 9 0 ) ° is well defined on the boundary. By rescaling t h e 3-metrics a n d the normal s 
to f î = c s t surfaces by différent powers of fi, we have achieved a descr ipt ion of spa t ia l infini ty 
in te rms of timelike 3-surfaces. 

Asymptot ical ly flat spacet imes at spat ia l infinity are unders tood as spacet ime t h a t re­
semble A'Iinkowski spacet ime sufficiently so as to admit a complet ion in which t he fields hab 
and have smooth limits to the boundary. 

We will not discuss how asymptot ic symmetr ies and charges can be cons t ruc ted in this 
geometrical way and refer the reader to the original paper . However, we will s t u d y in 
the next two chapters the Beig-Schmidt formalism which is under s tood as a coordinate-
dependent formulat ion of the Ashtekar -Romano formalism. Th i s will be mot iva ted by the 
fact tha t this formalism is easier to deal with when concerned wi th solutions of équa t ion of 
motions. 
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1.5 The Regge-Teitelboim approach 

For gênerai relativity, we have reviewed the cons t ruc t ion of the Abbot t -Deser conserved 
charges associated to exact Killing vectors of a background metric. However, to describe the 
charges of a spécifie class of spacetimes, one needs to consider the charges associated to their 
asymptot ic symmetr ies . In this section, we revievv the work of Regge and Tei te lboim who 
recovered the Poincaré group as t he asympto t i c symmet ry group of a class of asymptot ica l ly 
flat spacet imes a t spat ia l infinity. 

To find the set of a sympto t i c symmetr ies , we said t h a t one needs to: (1) describe 
how one reaches infinity and (2) give a set of bounda ry condit ions. In [6], T . Regge and 
C. Teitelboim considered asymptot ical ly flat spacet imes a t spat ia l infinity, using an A D M 
slicing of spacet ime. T h e class of spacet imes they considered are asymptot ical ly of the form 

3,, ^ , , , Ç W , ^ f W ^ „ , ^ . „ . . , , ^ 
r—i'OO 

-^,-^,0(r-i'-'^). (1.5.1) 

where ^Çij is the three-dimensional metr ic on the Cauchy surface and TT'̂  is the con juga te 
momenta to t he three-metr ic ^^y . Note t h a t -n^^ is a tensorial densi ty of weight + 1 . T h e y 
also restr icted their s tudy to spacet imes which also obey the foUowing pari ty condi t ions 

/ i i ] ' ( - n ) = / ig ) (n ) , 7r(2)^J(-n) = -7 r (2 )y (n ) , n = r-\x,y,z) , (1.5.2) 

i.e. mus t be of even par i ty and T T ^ ^ ' o f odd parity. T h e spécifications (1.5.1) and 
(1.5.2) a re referred as the bounda ry condit ions. 

One can now dérive the group of a sympto t i c symmetr ies or allowed d i f ïeomorphisms 
a t infinity, i.e. d i f feomorphisms tha t m a p an allowed configurat ion at infinity to ano the r 
allowed one. I t was shown in [6] t h a t the raost gênerai déformat ions of the hypersurface, on 
which t h e s t a t e is defined (see also section 1.2), t h a t leave the form of (1.5.1) and (1.5.2) 
invariant are 

ATM ^ a'^ + ^ / y + ^M(^) + o ( i / ^ ) ^ /3,„ = - A M , e i - n ) = - e { n ) . (1.5.3) 

T h e pa rame te r s a ' ' are the four t ransla t ions , t he /î^j are six pa ramete r s associated to boosts 
and rota t ions , while the are (pari ty odd) super t rans la t ions . As we have explained in the 
previous section, this is again a mani fes ta t ion t h a t a sympto t i c symmetr ies are not always 
équivalent to background Killing vectors. Indeed, the background Minkowski me t r i c only 
has ten Kill ing vectors associated to t ransla t ions , ro ta t ions and boosts, i.e. t h e ten Poincaré 
t ransformat ions , while our class of asymptot ica l ly flat spacet imes a t spat ial infinity a d m i t s 
a richer set of t r ans fo rmat ions as an infinité class of (par i ty-odd) super t rans la t ions are also 
allowed t rans format ions . 

In sect ion 1.1, we have seen t h a t Noether associâtes a conserved charge to a s y m m e t r y of 
the action. If the Abbot t -Deser charges associated to a sympto t i c symmetr ies are really the 
generators of thèse asympto t i c symmetr ies , one should be able to associate t h e m to symme­
tries of an act ion. Actually, even before the Abbot t -Deser construct ion, this is precisely how 
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Poincaré charges for asymptot ica l ly flat spacet imes at spa t ia l infinity were cons t ruc ted by 
Regge and Teitelboim. S ta r t ing f rom the Hamil tonian act ion, they s tud ied the déf ini t ion of 
a good variat ional principle for asymptot ica l ly flat spacet imes a n d ob ta ined the conserved 
charges as generators of the asympto t i c symmetr ies of the Hami l ton ian act ion. Doing so, 
they recûvered the previous expressions given by ADM. 

Regge and Tei telboim showed in (6) t h a t s ta r t ing from the H a m i l t o n i a n (1.2.5), a n d al-
lowing asympto t i c t r ans fo rmat ions of t he form (1.5.3) for t h e class of space t imes descr ibed 
by (1.5.1), Hamil ton ' s principle is not a good variational principle as it is no t s t a t ion-
ary under variat ions including ail thèse allowed t rajector ies . Actually, a good var ia t ional 
principle can be achieved if and only if spécifie surface intégrais a re supp lemen ted to t h e 
original Einste in-Hilber t action. Thèse surface intégrais a re unde r s tood as the genera to r s 
of t he a sympto t i c symmetr ies , i.e. t he Noe ther charges, w h e n eva lua ted on solut ions of t h e 
cons t ra in t équat ions. 

To have a well-defined variat ional principle, it is necessary t h a t t he var ia t ion of t he 
Hami l ton ian , under any var iat ion allowed in our phase space, takes the f o r m 

ÔHo = J d^x A'^5%j + B^jôn'^ , (1.5.4) 

where A^^ and were defined in (1.2.8). However, one c a n c o m p u t e th i s var ia t ion f r o m 
(1.2.5) and realize t h a t this is t r ue up to surface intégral t e rms . By using 

= lV^9¥'S%, , SY'^' = V'S%, , (1.5.5) 

and the following quant i f ies 

J d^x 5{N'nr) = ~ j d^^l ['2Ni5-K'^ + (2Ar̂ -7r-'' - N^n^'')ô%k) 

J d^x 5{N ^ ) = y 6{NG,,kiw'^TT''^) + N,/^g ^ {{TV^ - hl)5%j - 6Ti^j) , 

(1.5.6) 

we find 

j d^xSiNGijklTr'^n"^) = J d^x {2N^Y^'^{^^3 - \^ ^ j ) ) ^ ^ ' ' 

j d ^ x N ^ Y S i U i j ) = j> d'si G'^'='(7V ô%\k - Ni A , ) 

+ I d'x s/^g{N^i - YN^;;,)5%j • (1.5.7) 
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In the end, one rapidly obtains 

5H. = 

(1.5.8) 

From this, we see tha t Hamil ton ' s équations can not be obtained from asking s ta t ionar i ty 
of the Hamil tonian action 

and reproduce Einstein 's équations, unless the surface intégrais are vanishing. This is 
obviously t rue for closed space-times and in this case Hamil ton ' s principle is weil-defined 
when one s ta r t s from the Hamil tonian (1.2.5). However, it is not the case for the class 
of asymptotically flat spacetimes under considération and the Hamiltonian has thus to 
be supplemented with the non-vanishing par t s of thèse surface intégrais to give a good 
variational principle and reproduce Hamil ton 's équations. 

One can now evaluate those surface intégrais for each part icular asymptot ic t ransforma­
tion given in (1.5.3). Plugging (1.5.1) and (1.5.3) into those intégrais, it was realized t ha t 
some surface intégrais might potential ly iineariy diverge. This is why Regge and Teitelboim 
imposed the addit ional pari ty conditions (1.5.2). For the divergences to cancel, one should 
have and TT̂ '̂ of opposite parities. The fact tha t is chosen to be par i ty even is 
only motivated by the fact t ha t the Schwarzschild solution lies in the phase space of allowed 
metrics. Imposing thèse addit ional pari ty conditions, the linearly divergent par t s of the 
surface intégrais identically vanish as the integrands are of odd parity. Non-linear t e rms 
that would have appeared otherwise in the expressions for the Lorentz charges vanish for 
the same reasons. In the end, they find tha t the correct extended Hamiltonian should be 

where P^, are t h e four momenta , generators of t ranslat ions, and M^t, are the six Lorentz 
charges associated to boosts and rotat ions. Note tha t charges associated to par i ty-odd 
supertranslat ions are always zéro because of the pari ty conditions they imposed on the first 
order fields in the asymptot ic expansion. Here, pari ty-odd supertranslat ions, associated to 
trivial charges, are t rue gauge t ransformations. 

For the energy, associated with the invariance of the action under a t ime t ransla t ion, 
we have A'̂ j. = aj_, A ,̂ = 0, and only the first intégral in (1.5.8) contributes. T h e associated 
conserved charge is 

(1.5.9) 

(1.5.10) 

(1.5.11) 

For spatial t ranslat ions, we have Ni ^ and we find 

(1.5.12) 

34 



Thèse expressions are the same as the expressions obtained by A D M . For ro ta t ions and 
boosts, we respectively find 

= -2 j>d?S^TT^^^'^ , (1.5.13) 

= jd'SAXriVl - 'ilù - + '9^')^ri] . (1.5.14) 

T h e algebra of the above ten charges was shown to reproduce the Poincaré algebra. 

On can rapidly convince himself tha t the expressions of A b b o t t a n d Deser, when evalu-
ated on each of the Killing vectors of Minkowski, agrée with t h e above (Regge-Teitelboim) 
Poincaré charges. 

Regge and Teitelboim realized tha t , following Dirac's idea, the canonical phase space 
should be described by (''gij,7r'^) supplemented with 10 addit ional independent canonical 
pairs, the allowed asymptot ic lapse and shift and their canonical conjugates , which describe 
the Poincaré t ransformat ions of the spacelike surface at infinity. T h e super t rans la t ions 
should not be considered as extra variables as they are pure gauge t ransformat ions , i.e. 
their associated charges are trivial, and can thus be gauge-fixed. 

1.6 Summary: Asymptotic linearity parity conditions and équa­
tions of motion. 

In tliis chapter , we applied Noether ' s theorem for global and local symmetr ies of the ex-
tended action of a constrained Hamiltonian System. We have seen tha t , for classical me-
chanics, gauge symmetries are associated to trivial charges. For gauge fîeld théories, such 
as gênerai relativity, Noether 's theorem associâtes a current which is vanishing on-shell u p 
to the divergence of a superpotential . 

Thèse results have motivated the construct ion of "global" conserved charges for gauge 
field théories in ternis of surface intégrais. For gênerai relativity, we have reviewed t h e work 
of A b b o t t and Deser who have given a generic définition of charges t h a t describe metr ics 
which can be expressed as fluctuations a round a given background metr ic .^^j^. F rom the 
linearized équations of motion, thèse charges are written as surface intégrais. 

Al though the Abbot t -Deser construction seems to answer t h e problem of defining con­
served charges for gênerai relativity, we have pointed out tha t charges should actual ly be 
associated to asymptot ic symmetries and tha t this often differs f r o m the considérat ion 
of charges associated to exact background Killing vectors. To find wha t a r e the allowed 
asympto t ic symmetries , one needs a spécification of the asympto t ic sector to be considered. 

For asymptot ical ly flat spacetimes, spacet imes that approach Minkowski spacet ime a t 
infinity, we have seen tha t two différent régimes may exist at infinity, i.e. null infinity and 
spatial infinity. Focusing on spatial infinity, we have then provided two différent ways one 
approaches it using either a family of Cauchy surfaces, a cylindrical slicing of spacet ime. 
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or a spécifie conformai completion of spacet ime t h a t introduces an hyperbolic slicing of 
spacetime. In the first of thèse frameworks, we have reviewed the work of Regge and 
Teitelboim who constructed, for a class of metr ics specified by a given set of b o u n d a ry 
conditions, the ten Poincaré surface charges as generators of asymptot ic symmetries of the 
Hamiltonian action. For this spUtting of spacet ime and thèse boundary conditions, the 
construction of charges is équivalent to a construct ion tha t would use the Abbot t -Deser 
charges associated to the ten Poincaré Killing vectors. 

As a way to motivate the considérations presented in the next two chapters, let us finish 
here with some comments on the asymptot ic l inearity assumption of Abbot t and Deser, the 
parity boundary conditions used by Regge and Teitelboim, and the relevance of a s tudy of 
Einstein's équations in the process of determining a physically interesting set of boundary 
conditions. 

In the work of Abbo t t and Deser, conserved charges were constructed from the lineariza-
tion of a metr ic around a given background and t h e subséquent linearization of Einste in 's 
équations. T h e charges one obtains are thus linear in the fluctuations /i^^. This is referred 
as asymptot ic linearity. However, as we have already pointed ont, gênerai relativity is a 
non-linear theory, charges may thus contain non-linearities. It can thus not be the end of 
the story, unless gênerai relativity is proved to be asymptotical ly linear. 

The construct ion of Regge and Teitelboim does not refer at ail to asymptot ic linearity. 
Their construct ion of charges relies on Noether ' s theorem applied to asymptot ic symmetr ies 
of an action and, as such, they may well t u rn e u t to be non-linear. However, they do find 
charges which are linear in the fiuctuations and which are équivalent to the Abbot t -Deser 
charges. T h e fact t ha t the charges are linear is achieved thanks to the pari ty conditions 
imposed on the first order fields. As we have quickly explained, th is was implemented to 
cancel divergences présent in the Lorentz charges. T h e présence of such pari ty conditions 
remains however quite obscure and, maybe for this reason, their discussion was relegated 
to the appendices of their paper. 

As we will show in the next chapter , thèse par i ty conditions are sufficient to ensure 
tha t the spacetimes allowed by the boundary condit ions are solutions of the Einstein 's 
équations. They may however not be necessary conditions. One way to s ta te abou t the 
necessity of thèse conditions would be to show t h a t only such asymptotically flat spacet imes 
are solutions of Einstein 's équations. The analysis of the next chapter will show t h a t the 
Regge-Teitelboim class of spacetimes, where par i ty condit ions would not have been imposed, 
are solutions of Einstein 's équations only if a spécifie subset of conditions on the fields are 
imposed. Prom this perspective, the requirement of par i ty conditions is seen as a very 
stringent condition. 

The justification of Regge and Teitelboim for introducing pari ty conditions was t ha t 
thèse conditions are sufficient to cancel the linear divergences présent in the expressions of 
the charges. However, we will also see tha t thèse contr ibut ions vanish under the conditions 
imposed by Einstein 's équations in the absence of par i ty conditions. However, pari ty condi­
tions do have their impor tance as logari thmic divergences are still présent as firstly noticed 
by Beig and o 'Murchadha in [11]. Al though thèse divergences have not been discussed by 
Regge and Teitelboim, we will see t ha t it is connected to the s ta tus of logarithmic t rans­
lations which can be, for a spécifie set of bo imdary conditions, considered as asympto t ic 
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symmetr ies in the absence of parity conditions. 

From the existing l i t térature, the fact tha t the asymptotic symmet ry group a t spat ial 
infinity is always found to be the Poincaré group and tha t the theory should be seen as 
asymptot ical ly linear is thus intimately connected with the choice of b o u n d a ry condit ions. 
To s t a t e about asymptot ic linearity, we believe that one should impose t h e less possible 
str ingent boundary conditions, but still enough stringent so t ha t they describe solutions of 
Einstein 's équations. In the last chapter of P a r t I, we propose a way to relax par i ty con­
ditions. As such, we find tha t the asymptot ic symmetry group is larger t h a n the Poincaré 
group and contain charges tha t can not be obtained from the linearized theory. Th i s con­
s t ruct ion difîers thus radically from the results presented in the l i t t é ra ture . Our analysis 
relies on the Beig-Schmidt formalism we describe in the next chapter . 
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Chapter 2 

Generalized Beig-Schmidt formalism 

T h e Beig-Schmidt formahsm is a coordinate dépendent description of the covariant Ashtekar-
Hansen formahsni, which was presented in chapter 1, to describe asymptot ica l ly fiât space-
times a t spatial infinity. Our first a im in this chapter wili consist in reviewing their formal­
ism. This will enable us to discuss the unicity of conserved charges tha t one can construct 
when taking into account the équat ions of motion. The other aim is to extend this formalism 
such as to pave the road for the discussions in the following chapter . 

We s ta r t in section 2.1 by reviewing the définition of asymptot ical ly f iâ t spacetimes given 
by R. Beig and B. Schmidt in [44], discuss the asymptotic symmetr ies of their ansatz and 
motivate the considération of a generalized ansatz tha t includes a logari thmic cont r ibu t ion 
at second order in a radial expansion. We continue, in section 2.2, by plugging our gener­
alized ansatz in Einstein 's équat ions to obtain the zeroth, first a n d second order équat ions 
in the radial expansion. In section 2.3, we rewrite the first and second order équat ions in 
te rms of symmetric and divergenceless tensors tha t we have previously classified. In the 
meantime, we also discuss the solutions to thèse équations. After reviewing the condit ions 
imposed by Einstein 's équat ions at second order in section 2.4, which we recognize as lin-
earization stability constraints , and describing the properties of tensors a n d Killing vectors 
on de Sitter space, in section 2.5 we construct charges associated t o t ransla t ions , ro ta t ions 
and boosts and show tha t they are unique within the Beig-Schmidt formalism. We also 
comment about thèse construct ions in our gênerai set up. 

Our main resuit in this chapter résides in the fact t ha t , within the Beig-Schmidt for­
malism, only ten independent non-trivial Poincaré charges can be defined from t h e analysis 
of the équations of motion. Also, we see tha t six of them, the Lorentz charges, can be 
wri t ten in two équivalent ways using either the electric or the magnet ic par t of the Weyl 
tensor. As we will see in the next chapter , this gives a generic proof of t h e équivalence, as 
shown in [45], betvveeri the counter term Lorentz charges of Mann a n d Marolf [17], who use 
the electric par t of the Weyl tensor, and the Ashtekar-Hansen Lorentz charges [8] described 
with the magnetic par t of the Weyl tensor. 

As this chapter is ra ther technical, we end up in section 2.6 wi th an extended s u m m a r y 
of the results contained in this chapter . The reader familiar w i th th is formalism, no t 
interested with the détails, or lost in the middle of technical détails, may directly proceed 
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to this summary section. 
In Appendix LA, we describe how the Schwarzschild solution can be brought to the 

Beig-Schmidt form. Appendix I .B sums up a number of useful propert ies of tensors on the 
unit hyperboloid tha t are used throughout this chapter and the fpUowing one. Eventually, 
Appendix I.C provides the proofs of the five Lemmae s ta ted in the main text. 

R. Beig and B. Schmidt considered, in [44], a class of spacetimes which are asymptotically 
flat at spatial infinity. Their considérations were motivated by previous results obtained a t 
null infinity and their will to learn more about the s t ruc ture at infinity, and in part icular 
about solutions, satisfying spécifie boundary conditions, of the équat ions of motion. Their 
définition provides a f ramework where, in a neighborhood of spat ial infinity, the new class 
of spacetimes admits an expansion in négative powers of a radial coordinate. Einstein 's 
équations can be expressed as a hierarchy of équations for the coefficients in this expansion 
sourced by nonlinear t e rms of subleading orders. The first work of R,. Beig and B. Schmidt 
in [44] proves t ha t this hierarchy can be completely solved provided the initial da t a satisfies 
certain constraints. T h e follow-up work of R. Beig [46] proves tha t the system can actually 
be solved under the railder assumpt ion t ha t the first order field in the expansion satisfies 
six conditions, tha t he refers to as integrability conditions. 

Before discussing Einste in 's équations, let us discuss the form of the ansatz for the 
metric. The ansatz for the metr ic will be par t of the définition of our boundary conditions. 

2 .1 .1 Asymptotically flat spacetimes at spatial infinity 

In [44], asymptotically flat spacet imes a t spatial infinity are defined as space-times admi t t ing 
a radially smooth Minkowskian spacelike infinity. T h e coordinate p defined in the foUowing 
is the same as the one previously defined in (1.4.4). 

Définition : {M, g) is radially smooth of order m at spatial infinity, if the foUowing holds: 

(1) For a part of A^, a chart (x^) exists which is defined for 

2.1 The Beig-Schmidt ansatz 

PO < p < oc, (2.1.1) 

(2) The components of the metr ic in this chart satisfy 

n=i 

(2.1.2) 

where 

(3) l^, is in . T V P and [ / - [ < < f const 
QTn+l )•• • 
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A p a r t f rom technicalities, this définition is readily the same as was previously presented by 
Ashtekar in [47]. 

T h e first impor t an t thing to remark is t h a t there exists' a large f reedom of per forming 
changes of coordinates such tha t (2.1.2) holds. Indeed, this is t rue for example for s > m — 1 
wi th 

n=l 
(2.1.3) 

T h e r e are also other t ransformat ions known as supertranslat ions or Iogari thmic t rans la t ions 
which préserve the form of the metr ic (2.1.2). They read respectively 

x^' + C^'\np, C^" = const, 

(2.1.4) 

(2.1.5) 

where super t rans la t ions are direction dépendent shifts of the origin. 

In summary , we see t h a t the set of diffeomorphisms preserving the form of the metr ic 
(2.1.2), i.e. the asympto t ic symmetries , can be writ ten as 

x'^ = L^'^x" + + S^'ix") + In p + o(p°) , (2.1.6) 

where L% are the Lorentz t ransformat ions , T ' ' are the t ransla t ions , 5 ' ' are the super t rans­
lations , and are the four Iogarithmic t ranslat ions. 

If one consider t ha t (0°) is a local char t on the manifold of d i rect ions X'VPJ it implies 
t h a t there exists funct ions w'''{(j)"') such t h a t 

(2.1.7) 

Given th is and also 

•qf^^dx^dx" = dp^ + p'^h^^^d(l)''d<t)\ 

we see t h a t the metr ic (2.1.2) can be wri t ten as 

(2.1.8) 

(2.1.9) 

ds'^ = V 

+p'^d(f)"-d4>'' 

An) 

n=l ^ 
+ 2pdpd(j)°-

'•n=l ^ 
m , in) 

n=l ^ 

where we have set 

0{p m+lN 

(2.1.10) 

i + E 9 = ( ' + E a ^ ' ' a / . ' " " ) -
71=1 n = l 

(2.1.11) 
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2 . 1 . 2 T h e Beig-Schmidt ansatz 

As we already said, Beig and Schmidt were motivated by the study of Einstein's équations 
in a radial expansion. In [44], they pointed out t h a t solutions of — 0, for a certain field 
4» adniittiiig a radial expansion of the fonn 

^^^Hr,0,4>)^^Hr,e,<P)^_ (2.1.12) 
P P^ 

can be obtained, due to the choice of coordinates, from solving a decoupled System of 
équations for various terms in the expansion 

"-''VaVb^'' + n{n - 2 ) $ " = 0 . (2.1.13) 

This is wha t motivated their will to write a generic ansatz for the metric as 

ds' = {l + ^ + ^ + ...)dp-^ + + ^ + ..y4>-d4>\ (2.1.14) 

where Ji^^^ is the metric on the unit hyperboloid H. Let us now see how they obtained 
such an ansatz for the metric s tar t ing from (2.1.10) and hxing spécifie super t ransla t ions 
and higher order t ransformations. 

Beig-Schmidt algorithm 

Starting from (2.1.10), there is always a change of coordinates such tha t 

= ^(3) = ^(4) = ^ ^(m) = 0 , 

= ^ ^(3) ^ ^ ^(«) ^ 0̂  (2.1.15) 

which allows to bring the metric into the desired form 

ds'^ = (1 + -fdp"^ + h„i,d4>"-d(i)\ (2.1.16) 
P 

where we have set cr'^' = a and 

= + ph^^ + h^^ + ... + + 0 ( l / , - > ) . (2.1.17) 

This was proven by the following itérative procédure. The terms /li^' and cr̂ '̂ ' can be 
cancelled by making the following transformations: first act with a supert ranslat ion of the 
form 

^ ^a_^ lç ( l )a(^6)^ G(^)b ^ l^(0)ab^{l)^ (2.1.18) 
P 

such tha t the mixed term d^"-dp{A\ — G^^^''h^^^) cancels, and then with the higher order 
transformation 

p = p + — , F^^^=cj\ (2.1.19) 
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such t h a t the \ l i n d(? also cancels. By i térat ion, a t r a n s f o r m a t i o n of the form 

(2.1.20) 

ds^ = ( l + - ) ' V + h.,i,d^^d<^\ hab = + Ph[\^ + (2.1.21) 

removes the t e r m s CT^") and Aa . In a similar manne r , one removes Aa • Foliowing th i s 
procédure , one arr ives a t the requested form (2.1.14) t h a t we wr i te as 

.2 

P' 

where we have used (2.1.11) and then set a = . Th i s a n s a t z for t h e met r ic is k n o w n as 
the Beig-Schmidt ansa tz . 

In th is P a r t I, we will mainly be concerned with me t r i c s up to second order in hab-
To cast a me t r i c in to Beig-Schmidt coordinates, we only need to pe r fo rm the change of 
coordinates t h a t br ings Minkowski metr ic into t h e uni t hyperbolo id and t h e n foUow t h e 
previous deta i led a lgor i thm such t h a t 

= ^ 0 ^ ^(2) ^ 0 

Sta r t ing f rom t h e gênera i met r ic up to second order 

2 a ( i ) (CT(I))2 + 2a(2) 
ds' dp' 1 + -f- + 2pdpd<p'^ 

Ai'' 
+ 

4 ^ ' 

^-p^diff-dct)^ + ' C + i'̂ î .' + 0 ( l / p 3 ) 
p 

the Beig-Schmidt a lgor i thm brings the metr ic into the f o r m 

(2.1.22) 

0 { l / p ' ) 

(2.1.23) 

ds^ l + af + 0{l/p') 

2 

dp'' + 2pdpd(j)"- 0{\/p') 

/4°^lC + ̂ /̂ r.̂  + 0 ( l / p 3 ) 

(2.1.24) 

In A p p e n d i x LA, we show how this procédure is imp lemen ted for the Schwarzschi ld 
black hole. I t has been recent ly described in [48] how to cast t h e K e r r - N U T black hole in to 
Beig-Schmidt coord ina tes (see also [45] for results for the Ker r or the boos ted Schwarzschi ld 
black holes). 

Gauge freedom and gauge fixing of the Beig-Schmidt ansatz 

Up to second order , a p a r t f r o m Lorentz t ransformat ions , we first see t h a t the me t r i c is n o w 
invariant under a subgroup of the super t rans la t ions (2.1.4) t h a t we wr i te as 

p = p + i j { r ) + ^ ^ ^ ^ ^ + - , (2.1.25) 
P 

^ ^ a ^ i ^ ( 0 ) a 6 ^ ^ ^ ^ | ^ ^ ^ (2.1.26) 
P ' P 
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a n d where u) is a funct ion t h a t can be chosen arbi t rar i ly . Let us insist on the fact t h a t it is 
a subgroup as we have par t ia l ly fixed t h e gauge f reedom when wri t ing the met r ic into the 
Beig-Schmidt form. For reasons t h a t will become clear later, Beig and Schmid t [44] only 
considered a restr icted set of metr ics where we can impose the addi t iona l condi t ion 

kaf, = hl^^^ + 2cThf^ = 0. (2.1.27) 

For this spécifie class of solutions, which we will specify later , this can a lways be reached by a 
supe r t r ans l a t ion of the form (2.1.25). Indeed , applying t h e t r ans fo rma t ion to (2.1.24), we see 
t h a t it générâ tes no new ^4^ '̂ or a t e rm . Also, one can see t h a t under thèse super t rans la t ions , 
we have 

h['b '^12 + '^'^a-DbCv + 2a;/ii°J. (2.1.28) 

In the end, we see tha t w mus t be fixed by imposing t h a t 

+ 2DaDbUJ + 2ujh}-°^ = -2ah^^. (2.1.29) 

W h c n i t is possible, we see t h a t , u n d e r a spécifie super t rans la t ion , h^^^ is comple te ly fixed by 

cr and h^^^ up to the ambigui ty of pe r fo rming a super t rans la t ion of the fo rm VaVhUj + h^^^oj = 
0. Thèse last super t rans la t ions can however be recognized as t rans la t ions . We see t h a t 
impos ing the addi t ional condi t ion (2.1.27) completely removes the f reedom of per forming 
super t rans la t ions , bu t not t rans la t ions . Let us rhention also t h a t t h e first order t e rms in 
(2.1.25) also br ing in cont r ibu t ions to a^^^ and a'^^ and t hus interfère wi th t h e second s t ep 
of the Beig-Schmidt a lgor i thm. Th i s is t h e reason we added the h igher-order t e rms (F^-^' 
a n d G'(^) ") in the supe r t r ans la t ion descr ibed hère abovë. T h e func t ions F^^' and G^^' are 
precisely there to cancel the t e rms a^'^^ and A^'^^ and are thus func t ions of ùJ, a and their 
derivat ives. As we restr ict ourselves to an expansion a t second order , we do not need to 
t ake ca re of higher order te rms . 

We said previously t h a t there also exists logar i thmic t rans la t ions t h a t leave the form 
of the Beig-Schmidt met r ic invar iant . Th i s is actual ly not complete ly t rue . Indeed, the 
logar i thmic t ransla t ion can be w r i t t e n in the form 

p = p + / / ( 0 ) ( l n p - l ) + o(pO), (2.1.30) 

^ 0« + i / « ( ^ ) ( l n p - ) / p + o ( p - ' ) , (2.1.31) 

where H" = V°-H and H satisfies VaVbH + Hlil^ = 0 (which also implies (VcV' + d)!! = 0). 
We can check t h a t it leaves t h e form of t h e met r ic invariant up to first order wi th 

a ^ a + H, hll^ h';2 " 2 / ^ / ^ i ^ (2.1.32) 

However, at second order , it in t roduces a logar i thmic t e rm in the expans ion . To leave the 
form of the metr ic invariant , one sees a f t e r a qui te lengthy c o m p u t a t i o n t h a t we also need 
t o require (see [46]) 

V,{Eil^H') = H'V.eII^ - SHE^J-^ = 0, (2.1.33) 

where E^^ = —cjab — (^l^-^ab '^^'^ = 'DbDaO. Th i s condi t ion was recognized in [46] as t h e 
condi t ion for the spacet ime to a d m i t an asympto t ica l ly t r ans la t ion Kill ing vector re la ted t o 
H. Indeed, one can check t h a t a sympto t i ca l ly Cngab = T^ciE^^ H'^). 
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Generalized Beig-Schmidt ansatz 

Logarithmic translations are ambiguities in the choice of asymptotical ly cartesian coordi-
nates and were first discovered by P. Bergmann in [49]. Following the work of R. Beig and 
B. Schmidt, Ashtekar studied more carefuUy those transformations in [50]. Wi th Ashtekar 's 
définition of asymptotically flat spacetimes in the above described coordinates, which only 
differs from the Beig-Schmidt définition by the relaxed condition 

lim/9/„\ = 0 , (2.1,34) 

instead of the condition \ff^^\ < ^^r^, logarithmic translations are now completely allovved 
transformations. Based on his results pointing ont tha t logarithmic translations do not 
affect the définition of momenta or Lorentz charges, and are thus pure gauge, he showed 
that one can fix them appropriately by setting a parity condit ion on a. Indeed, by imposing 
the further strict condition 

cF{T,e,(p) = a{-T,Tr-e,(j) + Tr) , (2.1.35) 

one removes the freedom of performing logarithmic translations. Indeed, as vve will see later 
in équation (2.3.75), the functions H which are solutions of Va'DhH + Hli'^^ = 0 are parity 
odd functions on the hyperboloid. A logarithmic translation t h a t sends a ^ a + H \s thus 
not allowed anymore. 

Actually, as we will t ry to explain in détail in the following chapter , we have found it 
interesting to consider a generalized form of the Beig-Schmidt ansatz tha t includes a loga­
rithmic term at second order such tha t logarithmic translations are allowed transformations. 
This will be motivated by the construction of an enlarged phase space where logarithmic 
and spécifie supertranslat ions are allowed and associated to non-trivial charges. Our gener­
alized class of asymptotically flat spacetimes are spacetimes whose metrics can be brought 
into the form up to second order 

ds^ = (^1 + ^ + ^ + o(p-2)^ dp^ + o{p~^)dpdx" 

( • ;(2) \ 
h^al + ^ + I n p ^ + % + «(/>-') dx-â.r'. (2.1.36) 

Although we have not explicitly checked it, we believe tha t this metric can be readily 
obtained from the définition of asymptotically flat spacetimes of Beig and Schmidt, where 
we allow for the relaxed condition (2.1.34), and after proceeding through the Beig-Schmidt 
algorithm as described above. 

As we want to be as gênerai as possible, we will also not consider t h a t supertranslat ions 
are fixed but rather allow for non-trivial values of k^h- For reasons tha t will become clear in 
the next chapter, we consider tha t k^b is a symmetric, traceless and divergenceless (SDT) 
tensor. It thus fulfills 

•̂[ab] = 0 , /i^") "''fcab - 0 , Î?''A;„(, = 0 . (2.1.37) 
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Because kab t r ans forms under supe r t r ans l a t i ons as 

kab kab + 2(Wa6 + ^I^J); (2.1.38) 

we see t h a t only supe r t r ans l a t ions t h a t obey iV^V"' + 3)c<; = 0 are allowed. W h e n referr ing 
to our enlarged bounda ry condi t ions , we will always assume t h a t the me t r i c is wr i t t en in the 
form (2.1.36) where k^b is an S D T tensor . T h e Beig-Schmidt b o u n d a r y condi t ions assume 
moreover t h a t kab — ^ab = 0. 

Let us now move to the s t u d y of the équa t ions of mot ion and t h e conserved charges 
t h a t can be defined frorn synnrie t r ic a n d divergence-free (SD) tensors con t rac ted with sonie 
a sympto t i c symmetry. We will come back, in the next chapter , to t h e compar i son between 
thèse charges and the ones ob ta ined f r o m t h e variat ional principle. 

2.2 The équations of motion 

In this section we will see how Eins te in ' s équa t ions can be e x p a n d e d in powers of p for our 
enlarged bounda ry condi t ions (2.1.36)-(2.1.37). We first s t a r t by sp l i t t ing t h e m into a set 
of three équat ions using a 3 + 1 spli t . 

T h e 3 + 1 split is achieved as soon as t h e relat ions be tween the t h r e e and four-dimensional 
R i e m a n n tensors are es tabl ished. T h è s e relat ions are known as t h e Gauss-Codazz i équa­
tions. Here, our object ive is to e x p a n d the Eins te in-équat ions into t h e (generalized) Beig-
Schimdt form, so t h a t t h e 3 + 1 spli t provides, contrar i ly to t h e usua l A D M formulat ion, 
a split between a spat ia l coo rd ina t e and the coord ina tes on t h e hyperbolo id . Note t h a t 
th is merely changes signs in the re la t ions bu t not the overall fo rm of t h e Gauss-Codazzi 
équat ions . 

Before reviewing thèse i m p o r t a n t relat ions, we need t o es tabl i sh a few défini t ions and 
identi t ies involving the ext r ins ic cu rva tu re . 

The extrinsic curvature 

T h e extr insic curva ture is def ined as 

where is the covariant der ivat ive associated to g^,^ and the me t r i c ha is under s tood here 
as a p ro jec tor t h a t p ro jec ts d i rec t ions normal to t h e hypersurface . 

To rewri te Kab differently, let us now define t h e q u a n t i t y 

2 .2 .1 T h e 3 - f 1 split 

, Kab ^ KK (2.2.1) 

Knn = —(^7i/i);iy — Q ^^-,11 (2.2.2) 
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and remind tire reader tlaat tlie Lie derivative of a gênerai tensor î^"' "bj...f,, with respect 
to a vector field in a given coordinate basis is defined as 

i = l 
; 

+ E^""'"6r-c . . .6 ,V, ,^ ;^ (2.2.3) 
j=l 

Given this, the Lie derivative of the three and four-dimensional metrics along the unit 
normal 71'' are 

= ^iiU^ + V^n^ - n^tty - n^a.^j,, (2.2.4) 

where in the last équation we used /i^^ — g^i, — n^Ui,. We also introduced which is the 
curvature vector (4-acceleration) of the spacelike normal curves whose tangent field is n ' ' 

= {Cnu)^ = n^\'xn^ + n^S/^n" = n^Vxn\,, = g'^^'a^, (2.2.5) 

where it is understood tha t 0 = Vi,{nan'') = ^riaVi^n". The définition (2.2.2) allows us to 
re-express our extrinsic curvature Kab as 

Kah = Kh^K^, = hi'h.^Cnh)^, = ^{Cnh)aO = h^^h^^ ^n,, (2.2.6) 

where we used ha'^n^ = 0. To summarize, we have 

Kab = Kh^V^n^ = \{C^h)ab. (2.2.7) 

T h e trace of the extrinsic curvature is defined as 

K = h'^^Kab. (2.2.8) 

For the following, let us now dérive some identities involving the extrinsic curvature. 
By means of (2.2.7), one easily sees tha t 

V/i^V^WA = -h^'^LOxV^n^ = -Ki^^ojx, (2.2.9) 

where is a dual vector field on the timelike hypersurface, so tha t w^n^ = 0. 
The Lie derivative of Kab can be obtained by considering the Lie derivative of K^iiy. 

Using (2.2.2), we find 

C K = (2.2.10) 
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However, we also have 

so that 

(2.2.11) 

By projecting with the three-dimensional metric, we obta in 

CnKab = hXKCnK^^ = -h^hlR^x^^n^Ti" + D(„ab) + KacKf," - aaab. (2.2.12) 

Eventually, we also have 

CnK = Lnih'^^Kab) = h"''CnKab + Kabin^VJi"'' - h ' ^ ^ V - /i''-''Vcn") 

= h''^UKab-2Kai,K''K (2.2.13) 

The Gauss-Codazzi équations 

One way to dérive the Gauss-Codazzi équations is to re-express the four dimensional Rie­
mann tensor in te rms of three dimensional quantities. In here, we will closely follow Wald 's 
approach [34] who first defines three-dimensional objects and then connects them to their 
four dimensional counterpar ts . 

To s ta r t with, the three-dimensional Riemann tensor on the hypersuface is denoted by 

'^abc ^^'^ defined by 

T^abc = [Da: Db]uic = {DaDb - DbDa)uJc, (2.2.14) 

where WQ- is a dual vector field defîned on the hypersurface. In the following, and 
are the covariant derivatives associated respectively wi th ̂ ŷ ^ and h^^. 

To link 'R-abc ^° R iemann tensor iî^^g-^ in four dimensions, we first see tha t 

hJ'hb'^h.^V^V^ + KacKb^ - KabK^n'^V^ 

where in the last equali ty we made use of the identifies (2.2.9). This means tha t 

(2.2.15) 

(2.2.16) 
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which immedia t e ly gives us the first Gauss -Codazz i équa t ion 

T^abc = hXKKh\B.,,,/ + KacK,'' - K,J<^^. (2.2.17) 

W i t h th is resui t in hand , it is interest ing to look a t the relat ion be tween the th ree -d imens iona l 
Ricci tensor or scalar and the four d imensional R iemann tensor . We have 

n = h''^nab = h^'''h''^R^^,x-KabK''^+ (2.2.18) 

One can s impi i fy the expression for the th ree dimensional Ricci scalar by real iz ing t h a t 

B.^^.axh'^'h'^ = B.f.^axig'"' - n^n'^)(9'^^ - n^n^) = R - 2/?,^^n^n'^ 

^ -2Gf,^ni^n'' , (2.2.19) 

which also iraplies 

7^ = -2G^^n"n'' - K^bK"'' + K^. (2.2.20) 

If we look a t the expression for the Ricci tensor , we can rewr i t e it as 

Uab = /ia"/i6^(5"^ - rfn^)R^,,x + K^bK - Ki^K^"" 

= Kth^^R^, - hJ^h^^R^^^xn-'n^ + KabK - KhJ<a". (2-2.21) 

T h e second t e r m on the right hand side can b e re-expressed us ing (2.2.12), a n d we even tua l ly 
find 

TLab = hXK^Riw + CnKab - D^^at,) + UaUb + KabK - 2KbcK^ . (2.2.22) 

As for t h e second Gauss-Codazzi équa t ion , one can check t h a t 

DbK''a - DJ<\ = hJ^nTR.^, = hJ^n'^G^,. (2.2.23) 

Einstein's équations in the 3-1-1 split 

As we said, the 3-1-1 split sums up to a sp l i t t ing of Einste in équa t ions . I n ou r case , it is 
ob ta ined by p ro jec t ing them either along, or perpendicular to, the hyperbo lo id of c o n s t a n t 
p using e i ther the pro jec tor = //^^ - n ^ n ^ , which is also the me t r i c o n the t imel ike 
hypersurface , or the ou tward point ing uni t (spacelike) no rma l n^ ( such t h a t n ^ n ^ = 1). 
T h e équa t i ons we ob ta in are a set of équa t ions depending on the lapse A'' = 1 -I- cr^^' a n d 
the th ree-d imens iona l metr ic T h e y take t h e form 

H := -2n^n''G,,„ = 0, 

Fa := hJ'n-'Gi,^ = hJ'n-'B,,, = 0, 

Fab ••= / i „ "v7? .^^ = 0. (2.2.24) 
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Using respectively équat ions (2.2.20),(2.2.23) and (2.2.22), we directly ob ta in 

H = n-K'^ + KabK'''' = 0 , 

Fa = D,,K\-DaK\ = Q, 

Fab = nab-CnKab + D^ai^b)-aaab'-KabK + 2KbcKa=0. (2.2.25) 

T h e first équa t ion can be simplified by tak ing the t race of t he third équat ion 

h'^'Fab = 0 ^ n = h°-^CnKab - I^aa" + a , a " + _ 2KabK'''', (2.2.26) 

which implies 

H = -h''''j[:nKab + Daa''~aaa'' + Kabir'' 
= -CnK + Daa^-aaa'^-KabK'''', (2.2.27) 

where in the last équat ion we made use of (2.2.13). 

In analogy with the Arnowit t -Deser-Misner formalism, we will refer to the équa t ion 
(2.2.27) as t he Hami l ton ian équat ion, and to the second and third équat ions of (2.2.24) as 
the m o m e n t u m équa t ion and the équat ion of mot ion . 

A simplified form of the équations 

For our ansa tz , thèse équat ions can be even more simplified. Indeed, in our case, t h e shif t 
is zéro and the lapse A'' is defined by 

N = l + - , (2.2.28) 
P 

so t ha t 

n'^ = {1/N)Ô^;, g^.n'^n'' = 1. (2.2.29) 

Now, using Da = h a V f j , the covariant der ivat ive associated to /i„{, and t h e p ro jec to r 
/'a = Oa — naU^ = because Ua = 0, we rap id ly ob ta in 

Kab = \{Cnh)ab = \h>'K{Cnh)^, = ^ / l ^ ' ^ K V , ^ + V a V . n ' ^ + h^^SJ,,!!,") 

= ^{n'''7ahab +haaDbTl" + h^bDan") 

= \nPd,hab, (2.2.30) 

where in the last line we used haaDbV^ = hapdbnP — hac'n'^T'^= 0 and n^Vah^b = nfdphab-

We also have 

CnKab = N-^dpKab. (2.2.31) 

The 4-acceleration also simplifies as 

(2.2.32) 
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so we easily see t h a t 

We eventual ly have 

a " = --^D'^N, aa = -Jj^aN. (2.2.33) 

Daai, - aaa,, = -^DaDbN. (2.2.34) 

Given ail this, t he équa t ions take the much simpler form [44] 

H = -CnI<-Kabir''-N-'h"-^DaDkN = 0, 

Fa = DbK\ - Dal< = 0 , 

Fab = Uab-N-'dpKab-N-'DaDhN - KKab + 2K^'K,b = 0. (2.2.35) 

2 . 2 . 2 Radial expansion 

We now e x p a n d thèse équa t ions using our met r ic ansatz (2.1.36). T h e resu l t s we o b t a i n 
reduce a t zero th a n d first order in the expans ion when iab = 0 to t h e resu l t s p r e sen t ed in 
[44] and, a t second order when kab = «ai = 0 t o the resul ts p resented in [46]. I n several 
places, we s impl i fy the compu ta t ions by se t t ing the t race and t h e d ivergence of kab to zéro. 
As a l ready discussed thèse are addi t ional b o u n d a r y condi t ions t h a t we will j u s t i f y in t h e 
next chap te r . 

T h e inverse me t r i c is expanded as 

T h e extr ins ic c u r v a t u r e admi t s the simple expansion 

Kab = Ph^^ + - ah^^ + i - + a^h^^ + 0 ( , - ) , (2.2.36) 

and we also have 

~ p^' 2p2 ' ' ' ' p 3 H 

+ ^ ( - ^ ( 2 ) 5 + l^'l + S^'-^b + - ^ ^ f c t ) + 0{p-') . (2.2.37) 

T h e covar iant der ivat ive requires an expansion of the ChristofiFel symbols 

= r ( ° ) ; , + p - ^ r ( ^ ) : , + i n p p - 2 r ( ' " f / + p-2r(2)';^ + o ( p - 3 ) , (2.2.38) 

where 

p(;n,2) a ^ 1 ^^^.a^ ^ ^^-a^ _ ^a-^^^ ^ ^2.2.39) 
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The expansion of the three-dimensional Ricci curvature tensor is 

(2.2.40) 

T h e zeroth order Ricci tensor is the one cons t ruc ted vvith the metr ic h^^}. T h e first order 

Ricci tensor and the tensor ^^^'"f ^ are 
ah 

(1) 
ab 

n {ln,2) 
ab 

1 
2 

ab r ( i ) ' 

and the second order Ricci tensor reads as 

Tl 
(2) 
ab + \Vb 

ab 

"cd ^b"- ^ 2 ''ad 

Finally, t he équat ions can be expanded as 

b • 

H = p - 3 / / ( i ) + l n p p - ' ' / / ( ' " - 2 ) + / , - 4 / / ( 2 ) + o ( p - ^ ) , 

F, = p-'F,i'^ + \npp-'Ft-'^ + p-'Fi'nOip-*) , (2.2.41) 

Fab = F r + p - F i ^ ) + l n p , - ^ : r ' + p - F i ^ ) + 0 ( p - 3 ) . 

At zeroth order 

At zeroth order, the Hamil tonian and m o m e n t u m équat ions are trivial. We are left wi th 
the équat ion of motion 

= - = 0, (2.2.42) 

which implies t h a t the boundary metr ic is t he three-dimensional de Si t ter space t ime 

(2.2.43) 

T h e metr ic h'"^^ is the unit hyperboloid met r ic on TL. 

Indeed, if h,^^^ is au unspecified Lorentz met r i c ou the nianifold x B., the équa t ion 
(2.2.42) and the vanishing of t he Weyl tensor in three dimensions imply t h a t 

dsl^ = h^°^dx"-dx'' = -dr'^ + cosh^ T{de'^ + sin^ edcf)^) 

'^abcd - ''-ac 'hd 'hc "ar/ ' (2.2.44) 
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At first order 

At first order, the Hainiltoniaii équat ion H^^^ = 0 is simply 

( • + 3)CT = 0. 

The momentum équation Fa^^ = 0 is 

and the radial équation of motion F^' is (1) 

(• - 3)kab = VaVbk - k h f j , 

which can also be writ ten as 

Okab - V^V^kbc = 0 , 

(2.2.45) 

(2.2.46) 

(2.2.47) 

(2.2.48) 

If we fur ther impose tha t kab is a traceless and divergence-free tensor, the m o m e n t u m 
équation is trivial and the first order équations of motions are suuimar ized as 

( • + 3)CT = 0 , ( • - 3)kab = 0 (2.2.49) 

At second order 

At second order we easily get for the logarithmic terms i/C"'^) = 0, i^j'"'^^ = 0 and F^^'^'^ = 
0 

i = 0, V\ab = 0, ( • - 2)iab = 0 (2.2.50) 

For the finite terms at second order we find 

2 4 «'' 2 

+9a2 + aV^a + h^^'>°-^Vj:>ba + V^'aV'h^^ - ^V^oVK^^'^ . (2.2.51) 

Using only a and k^h = /i-ah' + lo]^^^, and also /e = i = 0, we ob ta in (0) 

where we also made use of the first order équations of motion. We also have 

which amounts , after simplifications, to 

(2.2.52) 

(2.2.53) 

(2.2.54) 
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The radial équat ion of mot ion can be obtained af ter a s t ra ight forward computa t ion and we 
find the quite intr icate form 

( • - 2)/ifb' = 2iab + NL„t(CT, a) + NK,,{a, k) + NL„6(fc, k) (2.2.55) 

where the non-Hnear te rms are given by 

NL„fc(cr, a) = VaVb (5CT̂  + cr̂ .cr'̂ ) + {-18a^ + Aa'^a^) + Aaaab , 

NLa6(CT, k) = VaVh (/Ccrfcr"'̂ ) - 2kcd,a'"^h^^^ + Aakab + Aa^iD^^k^y^ - Dckab) + '^o^^„k\^ , 

NLabik,k) = kack\ + k'\-V,{D(^kb)c + VcVdkab) 

-]^Vbk"^Vak,d + V%^aT^b)k,î + 'DckadV'ki - V^kadV^^k^. (2.2.56) 

Using the relation a'^cTabc = cr'^(^cah + cra<^b ^ h^ab '^''•'^'^ (^^^ ^^^'^ Appendix I.B), one can rewrite 
the NLa6(fT, cr) nonrlinear te rms as 

NLabia, a) = Gaca^h^^^ + Saa^yb + l^<^<^ab - ^^(^^h^ab + '^^ac<7% + ^CabcC^" . (2.2.57) 

The équations of motion reproduce the expressions of [46] when kab = iab = 0-

2.3 Compact équations and their solutions 

In this section, 'we would like to pu t the previously derived équat ions into more compact 
forms tha t would allow us to s tudy t h e m efficiently. To achieve this, we first review the déf­
inition of the Weyl tensor and its décomposit ion into electric and magnet ic par ts . We theii 
move to the classification of symmetr ic and divergence-free tensors (SD tensors) t ha t can 
be built out of quadra t i c quant i f ies iu the hrst order fields a and kab and their derivatives. 
Here, the reader should remember tha t we assume tha t kab a symmetric, traceless and 
divergence-free (SDT) tensor. 

2.3.1 T h e electric and magnetic parts of the Wey l tensor 

The Weyl tensor is the t race-free par t of the R iemann tensor a n d it is defined by 

Cfwpa = R/w/ia - {gp,[pfia\u " 9u[pRa]ii) + -^R'9p.[p9a]u- (2.3.1) 

It can be decomposed into its electric and magnet ic pa r t s , respectively denoted Eab and 
Bab which are defîned as follows 

Eab = ha^K^C^xu^ n", Bab = \^'^aeCcdbfn^nL (2.3.2) 
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Electric part of the Weyl tensor 

Star t ing from its définition (2.3.2), the electric par t of the Weyl tensor can also be wr i t ten 
as 

= iCh^R^xua - i/ia6-RaAn^7i" - + ^RKb, (2.3.3) 

where in the second line we used the fact tha t y^i/ = h^,^ + n^n^ and ha Ufi = 0. Th i s 
implies hj^nf^g^u = 0, hd^l^'^g^i^ = hab and also n'^n'^g^i, = 1. In t h e foUovving, we will only 
deal with the on-shell Weyl tensor. Upon setting iî^^ = 0 a n d using (2.2.12), we have 

N 
[dpKab + DaDbN) + K'J<cb- (2.3.4) 

Its asymptot ic expansion is given by 

P P 

By Computing the foUowing quanti t ies 

(2.3.5) 

-p ^ I n p ^ a b 

hab + ^ab + '^(^^hab + \'^ackb'' - (jkab + o ( p -

= '-DaDbN 

= -p'^CFab + P"'^ aoab - 2aacrb + dcC^h^ab + '^'"^{ah)c - 7)<^'''DcKb 

+ o ( p - ' ) , (2.3.6) 

we find 

E .(1) 
ab -CTab - <jKb ' 

1 3 1 

(2.3.7) 

(2.3.8) 

(2.3.9) 
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Magnet ic Part of the Wey l Tensor 

T h e magnet ic par t of t he Weyl tensor is defined as 

Bab = -^^"^^ aeCmnbfn^n^ = -é^'^aDm.Knb-

where e„j„„ = e-nmab'f^^ a d m i t s t h e expansion, upon se t t ing A; = 0, 

3 
P ^mna 

l - ^ + o ( p - i ) 
P 

(2.3.10) 

(2.3.11) 

Also, we have 

D-m^nb 

= p-'e'^\ ( « ( 1 + ^ ) - i (fcrd"2 + fcJC) + o{p-')^ . (2.3.12) 

•D R-(l) _ r ( l ) - r'^'^/)(0) + f _r('».2)e JO) _ p(in,2)e, (0)^ ^™-"-nb ^ mn "'eb ^ mb "-ne ^ y mn "'eb '• mb "ne J 
p 

+ 1 {^mK^^ - ^'r^nKil^ - vi^l^Kg^ - T^±V^^:J - r l f i ^ ^ ) ) (2.3.13) 

+o{p-'), 

P 

1 

P ' 

(2.3.14) 

(0) 

where we used 

.2K(0) 

Finally, we obtain 

where 

R ^ R ( 1 ) B'^b - -tiab 

^ab = ^a'^'DJdb, 

„2 afa n2 

^db 2^'^^ 

(2.3.15) 

(2.3.16) 

(2.3.17) 

(2.3.18) 

(2.3.19) 

. cd ^r. ( / i ^ i ' - \idb - 2a^h^°^ + akdi, - \kdek^^ - \kde<^'hf] 

+ 2 a bc ^ '^b ^ac g ""ab (2.3.20) 
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where in the last équat ion we used the définition of B^/^ to w r i t e 

'Diekclb = -'^{cB'fl^ • (2.3.21) 

Jus t reraark t ha t assuming kab = iab = 0; the expansion simplif ies to 

Bab = ^e^'"'a{Dmh^^~^'rar,.h^^^)+o(^^y (2.3.22) 

which agrées wi th the équa t ion (C.7) of [51]. 

2.3 .2 Classification of symmetric and divergence-free tensors 

In this section, we prove t h a t ail symmet r i c and divergence-free tensors (SD tensors) buil t 
ou t of quadra t i c t e rms in the first order fields a and kab c an be fo rmed f r o m symmet r i c 
tensors Mab obeying V^Mab = T^a^ and which we call tensor po ten t i a l s . A complè te set of 

SD tensors consists of SD tensors given by Kab = ^^ab — ^l'>'[ib ^^'^ of symmetr ic , t raceless 
and divergence-free tensors ( S D T tensors) obta ined by act ing w i t h successive curls on Mab or 
equivalently by act ing with successive symmetr ized curls on Kab- Indeed , an S D T tensor can 
be cons t ruc ted f rom T„j, = e^'^'^VcMiib = (•cd{aP'^'^'b)- t he cur l of a tensor po ten t i a l might 
be tr ivially zéro, the SD and S D T tensors, whose curls are non-zero, c a n be classified using 
the équivalence of classes of tensor potent ia ls where two tensor po ten t ia l s a r e équivalent if 
their différence has a tr ivial curl. We will refer to one r ep résen ta t ive of such équivalence 
class of non-trivial tensor potent ia l s as a R N T tensor potent ia l . 

Because the first order fields o and kab obey decoupled l inear équa t ions as it is obvions 
f rom (2.2.49), we can consider separa te ly the quadra t ic combina t ions (cr, cr), {k, k) and (cr, k). 
W h a t we show in the following is t h a t any SD or SDT tensor whose cu r l is non-zero, let us 
déno te it Xab, can be wr i t t en up to the addi t ion of SD tensors wi th tr ivial curls as 

Xab = E ^ ^ ' ^ S + a ^ % f u d { K % a b ) + a % c u r l 2 ( « « ) „ b + ... + a%fnvV ( n ' - ^ b , 

i 

(2.3.23) 

il) il) where a^^'., are a rb i t r a ry real coefficients and is an SD tensor given by one of the 
following SD tensors 

= (2^2 - 2a,a^)/ i i°) + 4aaa6, (2.3.24) 

41'''''' = <ykab + 'Jc{aK) -\'^cdk"^h^!2-''"T^cKb + o'V^akby., (2.3.25) 

^ z(^) + 2 5 g V - a ^ ^ B ^ ^ . l ° ) + 2 a 5 i ^ (2.3.26) 

4^' - M ^ ^ ' ' ' ^ - M ^ ^ ' ' ^ ^ % ^ ^ = - A B ^ k , ? + 2B^^k^<^^^^ (2.3.27) 

4 ' ' ' ' ' = \i'cdk"'h^ab - kack'b + \VckdeV'k'''h^ab " ^^akcdVbk'" , (2.3.28) 

[k,k,n] _ 1 D(l)crfD(l)/,(0) , 0 ( 1 ) 0 ( 1 ) c (0'XOQ\ 
'^ab - ^cd "-ab + Bc(a^b) ' (2.3.29) 
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which form a complè te basis of SD tensors whose symmet r i zed curls are non-tr ivial . In 
(2.3.26), is an S D T tensor 

- 2h^^^a^^B^^^ - a^V.B^^ . (2.3.30) 

[1 k k] 
From (2.3.27), one can use t h e curl of the tensor po ten t ia l M^j,' ' to cons t ruc t the S D T 

(2) 
tensor t h a t we déno te Y^^ 

= - 4 B^IIBI]^ " - 2 e,,ç,V%fBi'^ " - 2 e , , ( , P , ) B ( i ) 'k"^ . (2.3.31) 

There exists obviously also an infinité list of SD tensors t h a t have a trivial symmet r i zed 
curl . We will not consider t h e m fu r the r in the rest of th is thesis. Indeed, we will be main ly 
concerned with charges and we will see t h a t regular SD tensors wi th trivial symmet r ized 
curl are associated to tr ivial charges. For the sake of comple teness , and because such tensors 
will appear in the following cons t ruc t ions , let us j u s t présent two such tensors 

2f7„f7b + 2aŒab + h^^^ (4(T2 - 2c7,(7^) , (2.3.32) 

+ ^fc^<'p(,P6)fccd. (2.3.33) 

We s ta r t our analysis by expla in ing the gênerai p rocédure we have followed in order to prove 
t h a t we have listed ail R N T tensor potent ia ls needed to cons t ruc t any SD or S D T tensor 
whose curl is uou-zero. We t h e u move on to the spécifie classif icat ion for eacli class: (cr, CT), 
{(T,k) and {k,k). R e m e m b e r t h a t we will always consider kab to be S D T in the following. 

7(3) _ 

^ab 

[k,kJII] 
^ab 

Algorithm for classification 

For each case {a,a), (cr, fc) or {k,k), we use the following p rocédu re 

1. We s ta r t by listing a basis symmet r i c tensors of r a n k two wi th m derivatives buil t ou t 
of quadra t i c t e r m s which are independent on-shell. I t exists a number of der ivat ives 
m* such t h a t for ail m > m* t he number of t e r m s in t h a t basis is maximal . At 
lower values m < m*, no t ail possible tensor s t r u c t u r e s can appea r due to a lack of 
derivatives. We find m* — 2 for {a, a),m* = 3 for {k, k) and m* = 4 for {k, a) tensors . 
D u e to the présence or the absence of the epsilon tensor , depend ing on whe ther m is 
even or odd , the gênerai fo rm of a s y m m m e t r i c tensor of r ank two built out of l inear 
combinat ions of t h e basis takes a différent form. W e déno te th is tensor as Q '̂̂ "^ or 

Qob"^^^ and we provide its gênerai form. 
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2. We continue by deriving a bound on the possible S D T tensors t h a t one can build 
at a fixed n u m b e r m > m* of derivatives. We s imply c o m p u t e the n u m b e r FI of 
linearly independent tensors Q[^^ which obey bo th 'D'^Q^^^ = 0 and çi™^" = 0 where 
equalit ies here are valid up to te rms with lower derivatives. At this s tage, t he n u m b e r 
H is only a bound on the number of S D T tensors a t order m because none of t h e m 
has been fully yet cons t ruc ted . We obtain t ha t / / = 1 in the (cr, a) case, H = 2> m the 
{k, k) case and H = 2 m the (cr, k) case, for both m even or odd . 

3. We then dérive the explicit form of ail R N T potentials , SD tensors a n d S D T tensors a t 
each low value m < m* of derivatives by enumerat ion . We wr i te a basis of s y m m e t r i c 
tensors of rank two buil t ou t of quadra t ic te rms which are i ndependen t on-shell wi th 
at most 771 derivatives for each m < m* and impose t h e R N T or S D T condi t ions . T h e 
SD tensors Kab, whose curls are non-zero, are obta ined f rom the R N T poten t ia l s by 
t h e c o r r e s p o n d e n c e = M J 6 — l^^ab^c-

4. For the (cr, k) and {k, k) cases, we finally observe t h a t t he r e are exact ly H S D T 
tensors t h a t have a t mos t m* derivatives and at least one t e r m wi th m* derivat ives. 
This provides a proof t h a t each candidate S D T tensor exis ts a t order ni*. We then 
note t ha t the S D T tensors ob ta ined by acting with the cur l o p e r a t o r on thèse tensors 
form a basis for S D T tensors a t order rn* + 1 and by successive i té ra t ions a t each order 
m > 771*. Since there are H S D T tensors a t each order m > m*, the re canno t be any 
other SD tensor which is not traceless but whose curls are non-zero or equivalent ly 
any R N T tensor a t order m. Otherwise, there would b e one add i t iona l S D T tensor a t 
order 77i 1 by apply ing the curl operator bu t this would raise t he number of S D T at 
level m + l to H + l, which is not the case. Thèse cons idéra t ions apply to t he (cr, a) 
case when TTI* is replaced by m* + 1. 

5. We conclude t h a t ail R N T potent ia ls and SD tensors whose curls are non-zero are 
classified by the explicit tensors t ha t we build out of t e r m s wi th u p to m* derivatives. 
At higher order m > rn* in derivatives, ail SD tensors, whose curls are non-zero, are 
traceless and can be ob ta ined by applying curls on the R N T potent ia l s . 

(a, a) SD tensors 

T h e analysis in the (cr, CT) case, first performed in [52], is r a the r s t r a igh t fo rward . O n e can 
rapidly realize tha t , for an odd number (271-1-1) of derivatives, t he re is only one independen t 
s t ruc tu re such tha t 

^(2n+l) ef „ _ciC2...c„_i n nA\ 
^ab - e (af^6)eciC2...c„_iCr/ , (2.3.34) 

while for an even number (2n) of derivatives, we have 

Qab'^ = «/ii%c.c2...c„^^>^^-^" + baabc,...,,^.,a^-'=-' + c a a , „ . . e „ _ , a / ' - ' ^ " - ' . (2.3.35) 

Th i s is so because we take into account tha t cr̂  = —3a on shell a n d also t h a t a s t r uc tu r e 
such as 

(^c,...c„.,ab(r'-'-"^-\ (2 .3 .36) 
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is not an independent s t ruc ture . Indeed, one can alvvays bring it back to a form identical to 
t h e second te rm in (2.3.35) by commut ing derivatives. Th i s opéra t ion vvill only add te rms 
with lower derivatives, te rms t h a t we neglect for this a rgument . 

From (2.3.34) and (2.3.35), we immediate ly see t h a t m* = 2. Impos ing divergence-free 
and traceless condit ions on (2.3.35) provides us with the following requirements on the 
pa ramete r s 

3a + c = 0, 2a + b + c = 0. (2.3.37) 

Also, one can check t h a t (2.3.34) is always SDT. AU in all, this tells us t ha t H = 1. 

Let us now dérive the explicit form of all R N T potent ia ls , SD tensors and S D T tensors 
for m < m*. A generic symmet r i c tensor containing zéro, one or two derivatives has the 
form 

{aa^ + baca'^)lS^^ + caacri, + daaab, (2.3.38) 

for some coefficients a, b, c, d. One can easily show t h a t the re are no S D T tensors in this 
class. However, there are two independent tensor potent ia ls 

^ [2 ,a , . , / / ] ^ {VaV, + h^^)a\ (2.3.39) 

T h e first one is a R N T poten t ia l while the curl of the second t e n u is trivial . R o m this first 
potent ial , one can build an S D T tensor wi th three derivat ives 

^ e^^'^V^Mll'"'"''^ = Ae,,^,a^a%^ = -Ae,,ç,a^E^'^\ , (2.3.40) 

where E^^^ is the first order electric pa r t of the Weyl tensor given in (2.3.7). 

By a recursive appl ica t ion of the curl opera tor , one can build one S D T tensor a t each 
order in derivatives. At the nex t order , we have 

X^,^ = curl Xif = ( • - 3)MS''^''^''' - V^V.Aé^'"-'^''^ + M^^'^'^^'^hf,^ 

(2.3.41) 

Th i s ends the classification for t he (cr, a) case. Indeed, we have found one R N T potent ia l 
whose successive curls genera te t he unique S D T tensor at each order m > m*. T h e two SD 
tensors associated wi th the tensor potent ia ls (2.3.39) are given by 

^k'^.'fl _ A^[2,a,a,/] _ , . [2 ,a ,a , / ] , (0) 
'^ab — '^'uh -"^ "•ab 

= (2(7^ - 2CT,<T'̂ )/Î °̂  + 4(7<7a6, (2.3.42) 

ab no 

= 2a„(Tb + 2aaa6 + /iib'(4(7^ - S'^c'^')- (2.3.43) 
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T h e second SD tensor has a zéro symmet r i zed curl . We also see f r o m (2.3.34) t h a t a t each 
odd order n > 3 any SD tensor is also S D T . At each even order n > 4, a n y SD tensor is a 
l inear combina t ion of the un ique S D T tensor and a tensor wi th vanishing curl . If it was no t 
t h e case, t hen a new independent SD tensor wi th at most four der iva t ives would gene ra t e 
an add i t iona l independen t tensor wi th a t mos t five derivatives t h a t we do no t observe. T h e 
gênerai SD tensor whose curl is non-zero, u p to t h e addi t ion of SD tensors w i t h t r iv ia l curls , 
has the form 

«(1)47''' + « ( 2 ) 4 6 + û(3)curl (Xt^ l ) , , + . . . + a ( .„ )Curr (Xl3 l )„ , + . . . , (2.3.44) 

for some a rb i t r a ry coefRcients a(j) and X^^^ — {cur\K^'''''''^)(^ab)-

{k, k) SO tensors 

T h e classification of {k, k) s t r uc tu re s is considerably more ted ious t h a n t h e classif icat ion of 
{(7, a) s t ruc tu res . In order to siniplify the identification of a basis of i n d e p e n d e n t t ensors 
on-shell , we will make an efficient use of t h e relat ions 

= 0 , V[,M]c = -eabd Bi'^ " . (2.3.45) 

where iî^f, is the first order magne t i c p a r t of the Weyl tensor given in (2.3.18). W e s t a r t 
by listing the independen t s t ruc tu re s quad ra t i c in B^^' a n d its der ivat ives . T h e n , we add 
an independen t subset of s t ruc tu res of the form (Z?'^',fc) such t h a t no l inear combina t ions 
are of the form {B^^\ B^^^) and eventual ly we add a subset of independen t {k, k) s t r u c t u r e s 
such t h a t no linear combina t ions are of t h e form {B'^^\ B'^^'>) or {B<^^\k). To look if such 
l inear combina t ions exist, we ju s t need to t ake into account the équa t i ons (2.3.45). 

For a n odd number (2n + 1) of der ivat ives we find the gênerai f o r m 

Qa^'^ = « ecd(a î ' ' ' . . . 2?^" - ' î ?b )5 ( i ) -P , , . . .A„_ ,B(^ ) ' ^ 

+ 6 e,aia-D''...V'"-^VfV,^k''Vi,...Vi,^_,Vfki 

+cV'K..V'"-'VcB[\lVi,...Vi^_,V%f 

+dV'\. .V'- ' V.Bll^Vi,... , 2?'fc<^'^!r 

+eV'r..V'--'VcVdBl^i,^Vi^...Vi,^^,k"^ 

+ ÎV'\..V'"-'B^]Vi,...Vi^_^V,V(,k,,f, (2.3.46) 
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while for an even number (2n) of derivatives we find 

+de,a^^V'^...V'-^Vfv%fV,,...n,,^_,VfBi'^'' 

+gV,^...V^^_,V'V^,Vh)k''^V''...V^'^-'Vekcd 

+hVi^...Vi,^^^VcVakefV''...V''^-WV'^k''^h^^^ . (2.3.47) 

We deduce t h a t m* = 3. Indeed, when m — 2 the third t e rm in Q^^^ does not exist while 

when m = 3,4, or higher, ail terms in QJ™' exist. Looking at m > m* and imposing the 
SDT condit ion, we find af ter a s t ia ight forward aualysis t l iat there can be at niost three 
independent S D T tensors. We thus have H = 3. 

We now need to construct R N T potent ials and S D T tensors at each order m < m*. At 
•ni = 0, there are no tensor potentials and no S D T tensors. At m = 1, we have 

Q^^ = « e„/(aî?6)^'^^^'e + b Blllk,f + c B^^^h^'li'^^ , (2.3.48) 

and one easily checks t ha t there are no S D T tensors bu t there is one R N T potent ial 

At m = 2, we have 

+e V^,k''^Vk)k,,i + f k'"^V^J)k)k,a + g V^ka^^k'^'h^^^ 

+lik\^k,^, + ikcdk'''hf^ , (2.3.50) 

where we aiso introduced the s t ruc tures with m = 0 derivatives. Here, we get 

Q(^) = [3a + 6 - 2c]5(i) '"^B^l^ + V^k^dV'k'"^[e + 3g] + [3f + h + 3i%dk'"^, 

VaQ^^^ = [6a + 26 - 4c]B^^^ "^'DaB^'J + [2e + Ç>g\DaVkKdV^k'"^ 

+ + 2h + Ç,i\k,dVak"^, 

V'Q^^^ = [2a + h- 2ri]fi(i) "'VaB^^^ + [^ - i%daV'%'^V'B'^^^ ''• 

+ [2c -2d-4e + 4f + 2h] e^u^''-B^^^ + [e + / + 2g]VaV''k^dV^k^d 

+ k'"^Vakcd[e + 7f + h + 2i], (2.3.51) 

where we m a d e use of the relations 

k^'^OVaku = 5k'"^Vak,,d + 4k"^V,kad, k"^V''VcVdk„b = Ik'^'^V^k^d , 

k"^V''VaVi,k,d = k"^DVakcd - 2k^'^V^kad, k"^Vckad = 2ecdak''„Bi^^ + k"^Vak^d • 
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We obta in t h a t tensors Q^^^ sat isfying V^Q^^^ = V^Qp-^ a r e of t he form 

^^yT + - 2 M f / ' ' = ' ' l + msM^,''''"^ + m,M^:,''''''"^ , (2.3.52) 

where 

^^[2,fc,fc,///l ^ Ifc^' ip^^p.^fc, , + ^P(„fc^'^2?,)fc,, + ^fc.rffc^'^/i^y . (2.3.53) 

(2) 
We thus see t ha t Y^^^ is t he unique S D T tensor and it is ob t a ined f rom the R N T poten t ia l 

M^^^''-''\ t h a t M / f / ' ' ' ' ^ ' and M f / ' ' ' ^ ^ ^ ' are two new R N T poten t ia l s a n d t h a t MI^,;''''''"^^ is 
a tensor potent ia l whose curl iss vanishing as it is of the form (X'aî'fc + h^ab)^<^'i-^'^^ • I ^o^ i 
the three tensor. potent ia l s found, we can define 3 SD tensors 

= \k,dk"'h^^^ - kack% + -V^ka^V'^k'^'^h!-^^ - ^VaK.aVhk'^'', 

2 c.d ab c(a b) 

^ab = ^''''ab - "-ab' 

= {-^-V.ka.V-k^''' - \h,lk"')h^^ + ^V^J"'V^k,,i + h"'V^J),)k,^ . 

(2.3.54) 

Now, a t m = 3, we ob ta in 

Q S ' = a ecd(aî?6)-B(i) " + h e,,^J)fV,)k'^Vfki + c V.B^gV^k.f 

+d V^Bl^V^k'^'^h^^^ + e V.VdB^^.h^'' + f B^^'Jv,V^^k,f , (2.3.55) 

up to te rms with lower derivatives. One can explicitly cons t ruc t th ree independent S D T 
tensors which can also be ob ta ined as curls of the three previous R N T potent ia ls . We have 
thus completed our a lgor i thm. We have three towers of S D T tensors genera ted by the three 
R N T potent ia ls M]^'"'''^ (which leads to Y^^^), M^/ ' ' " ' ^ ' and . 

{a, k) SD tensors 

For the (o-, k) case, we find t h a t a generic tensor wi th 2n + 1 der ivat ives is of t he form 

+ c e,,(„P'>...î)^"-'P,)fc';a"'^^.., ,^_^ + d 6 , , ( „ 2 ? « ' . . . P ^ - ' f c ^ a , ; ' 

+ e P „ . . . A „ _ , Z ? ( ^ ' a ' ^ * - ' " - / i ( ° ) + / î ? , , . . . A „ _ , B ( > „ , ^ * - ' " - , (2.3.56) 
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while, for an even number 2n of derivatives, it is of the form 

Q(2") ^ a a ' - ' " ^ > - ' " - A , . . . A „ _ . X ? c 2 ? ( a ^ d + ha"''^-'-^Vi,...V.,^_,V^aVb)kcd 

+ P /lib' c7,,u,...„_,V'\..V'-^k"'. (2.3.57) 

(31 
We find t h a t m* = 4. Indeed, for m = 3 derivatives, the last t e r m in Q^^J does not exist 
while for m = 4 , 5 ; . . . ail t e rms in Q^™^ exist. For any m > 4, one can check t h a t there are 
a t most 2 S D T tensors. We therefore find H = 2. At lower levels m = 0 or m = 1, we see 
t h a t there are no S D T tensors and no tensor potentials . At m = 2, we have 

+ e G''V^M)C + î <yc(aK) + y ^cdk^'h^ab • (2-3-58) 

There is no S D T tensor, b u t there is one R N T potent ial 

Mf^'"-' ' = akab - cr'Vckab + o'^V^^hy + o.^^k^f - \ acdk"'hf^ . (2.3.59) 

I ts curl gives an S D T tensor 

Z^ab = 8 a B l i ) + ^e,rf(„a,)"fcl + 5 a [ = X ; ] 

- 2/ii°V^'^5(i) - a'^V^Bl^,^ . (2.3.60) 

At m = 3, the gênerai S D T tensor or R N T potent ia l can be wr i t t en as a linear combinat ion 
of a basis of terms with 1 and 3 derivatives 

Qab = « Bl'J'^b) + b h^ab^'^B^d + c ^cdiac^bfki + d e^^^^V^^kia^' + e a'^V^B^^ 

+fecd{ak%a'^+gaBi'^. (2.3.61) 

We find one S D T tensor which is obviously Z^^' and a new R N T poten t ia l M^^''^''^' 

-le,diaDb)kia^' - o'VcB^^ + IQaB^^ . (2.3.62) 

As expected, a t m = 4, one can check t h a t we have 2 S D T tensors. T h e a lgor i thm is 
therefore completed. T h e two R N T potent ia ls tha t genera te t h e two independent towers of 
S D T tensors are M^^'"''^^ and M^^''^''^'. To each of thèse po ten t ia l s corresponds a unique SD 
tensor 

c 1 i.crfL(0) akab + a„^,,k,f - -acdk^'h'^^' - a^V.kab + a'V^akb)c , (2-3.63) 

+ ^Bllla.f - a'^'Bi'J h^°^ + 2aBil^ . (2.3.64) 
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Ail o ther S D T tensors, wi th m > m*, are then const ructed f rom linear combinat ions of 
successive curls of those SD tensors. This ends the classification of R N T and S D T {a, k) 
tensors. 

2.3.3 First order équations 

Now t h a t we have established ail this, we s ta r t by rewrit ing the first o rder équat ions of 
mot ion and s tudy their solutions. 

Compact form 

From the définitions of the first order electric fî^^' and magne t i c B'^^ pa r t s of the VVeyl 
tensor t h a t were given in (2.3.7) and (2.3.18), we see tha t thèse tensors sat isfy the proper t ies 

/,(0) abj^W ^ 0^ £ , 0 ) ^ 0^ ^^^^(1) ^ 0. (2 .3 .65) 

T h e first two propert ies are trivial, while the third one s ta t ing tha t i?^^^ is curl-free can be 
easily proved using (see also Appendix I.B) 

[Va,Vh]ac^2li'^°lah]. (2.3.66) 

Now, it is also easy to see t h a t the first order équations of mot ion can be summar ized by 

/.(°) '^'Eil^ = 0, i ? f i i = 0, = 0. (2.3.67) 

Indeed, the first one is a trivial rewrit ing of the first order Hami l ton ian équat ion ( • + 3)(7 = 0 
using the définition of T h e second one states tha t 

gcab ^(1) ^ 0̂  (2.3.68) 

and by définition of we recover the first order m o m e n t u m équat ion 

2gca6 ^(1) ^ ^cab ^de^^k^^ = p c ^ _ ^bj^c^ ^ Q (2.3.69) 

Eventually, the third équat ion implies t ha t 

2e f V,,B^^^ = Ukab - V^Vakkc = 0, (2.3.70) 

which is jus t the first order équat ion of motion obtained in (2.2.48). One can check tha t ail 
thèse propert ies also imply t h a t 

V^E^^^ = 0, î^^BII^ = 0, (2.3.71) 

(• - 3)EI^,^ = 0, ( • - 3)5^;) = 0. (2.3.72) 

T h e first order electric and magnet ic pa r t s of the Weyl tensor a r e thus, on shell, S D T 
tensors which are moreover curl-free and satisfy (2.3.72) 
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Solutions to the équations 

Let us charactei ize the sohitioiis to thèse first order équat ions . As we will see jus t af ter , 
it is sufficient, to specify the physical content of the tensors E'^^ and B^^^, to solve the 
hyperboHc équat ion 

• $ + 3 $ = 0. (2.3.73) 

The gênerai solution to this équat ion is the sum of a func t ion of r t imes a spherical harmonie , 
fim{''')Yi,n{9, (p), I. = 0,1,..., m = —l,However, two independent solutions for fimi^)^ 
which we dénote as fimi''') ^nd fim{T), exist since the hyperbol ic équat ion is second order . 
We express each independent solution of t ha t équat ion as a hyperbol ic harmonie. One can 
then Write 

3 ( 

* = E + "(»)C(i)) + E E [^imîUr) + à i J U r ] ) Yi^{e, ci>), (2.3.74) 
i=0 ;>2 ra=-l 

where the first set of lowest ha rmonies are given by t h e four solutions 

C(o) = s i n h r , C(fc) = coshT/(^.), k = 1 ,2 ,3 , (2.3.75) 

of Paî^bQo) + ^^ab'^ia) = ^' which are odd under par i ty ( r , 9, (p) ( - r , n — 9, (j) + ir) while 
the other set of lowest harmonies are 

<<») = « " ) = ( ^ = ' " ' ' - + S 7 ) ^ i ' > ' ( ^ • " ^ ' 

which are even under parity. Here, 

/ ( i ) = cos9, /(2) = sin0cos(/), f^^^^ = sinOsm(f>, (2.3.77) 

are the three / = 1 harmonies on the two-sphere. 

This analysis clearly classifies the possible solut ions for Ŝ Ĵ̂ ^ since it is expressed in t e rms 
of a scalar t h a t fulfills this hyperbol ic équat ion. Actually, it is also sufficient to classify 
solutions of B^^f^ as we now see wi th the following l e m m a t h a t we prove in Appendix I .C. 

L e m m a 1 (Ashtekar-Hansen) . On the three-dimensional hyperboloid, any traceless curl-free 
divergence-free symmetric tensor Tab such that ^Tab = iT^t can be written as 

Tah = VaV,^ + h'-°^^, (2.3.78) 

with •«l ' + S ^ = 0. The scalar is determined up to the ambiguity of adding a combination 
of the four functions (2.3.75). 

Following this l emma, one can express the first order magne t ic pa r t of the Weyl tensor 
as 

^ib^ = -<^ab - ^ "" /^ i^ ( • + 3 ) a ^ = 0. (2.3.79) 

Let us note, as also proved in Appendix LC, t h a t 
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L e m m a 2 (Beig-Schmidt ) . On the three dimensional hyperboloid, any scalar $ satisfying 
• $ + 3 $ = 0 and such that it does not contain the four lowest hyperbolic harmonies (2.3.76) 
defines a symmetric, traceless, curl-free and divergence-free tensor Tab = V^V^^ + h'"^^^ 
that can be written as 

Tab = ea'^'DcPab, (2.3.80) 

where Pab is a symmetric, traceless and divergence-free tensor. This tensor is defined up to 
the ambiguity Pab —> Pab+T>aT>bOJ-\-h^^^oj where uj is an arbitrary scalar obeying Dw + Sw — 0. 

Th i s second l e m m a tells us t ha t , equivalently, the first o rde r electric pa r t can b e r e w r i t t e n 
as 

Eil^ = ^ C ' î ' c f c f b . (2.3.81) 

2.3.4 Second order équations 

Let us now move to the second order équat ions . In [46], Beig showed t h a t in t h e case 
kab = iab = 0, the System could be wri t ten in t e rms of the second order p a r t of the m a g n e t i c 
Weyl tensor. Here, we show that for our enlarged bounda ry condi t ions , the second order 
équat ions of mot ion can actually be wr i t t en in terms of two équivalent Systems constructed 
from two S D T tensors t h a t a re mutual ly con juga te in a way t h a t we précise below. In t h e 
case kab = iab = 0, we see t h a t one of the S D T tensors reduces to t h e resui t of Beig and 
t h a t the o ther can be expressed in terms of the electric p a r t of the Weyl tensor . 

Linearized équations and their solutions 

In an a t t e m p t to présen t the mater ia l in a more pedagogical way, we s t a r t by discuss ing 
the second order équa t ions in the linear case when the q u a d r a t i c t e r m s in {a, a), {a, k) a n d 
(fc, k) are set to zéro. We also set iab — 0- T h e équat ions r educe to 

/li^) - = 0, V'h'^^ =0, (• - 2)h'^^^ = 0 . (2.3.82) 

Let us define 

Vab = -h^ab' W a b ^ c u d h ^ ^ , (2.3.83) 

where the curl ope ra to r is (curlT)a(, = Éa'^DcT^b- Let us e m p h a s i z e here t h a t t h e cur l 
opera tor obeys remarkab le proper t ies . T h e curl of a symmet r i c tensor Tab sa t i s fy ing T>''Tab = 

T>aTb'' is symmetr ic : (curlT)[„^] = 0. Moreover, the curl is t h e square root of t h e o p e r a t o r 
• — 3 when ac t ing on an S D T tensor Tab 

curl (curl {T))ab = ( • - 3)T„6- (2.3.84) 

T h e la t te r p rope r ty also implies t h a t the square of the curl o p e r a t o r when a c t ing on an S D T 
tensor Tab obeying ( • — 2)Tab = 0 is minus the identity. T h i s shows t h a t th i s o p e r a t o r is 
invertible when ac t ing on T„(, sat isfying ( • —2)Taf, = 0. Finally, one h a s [ 0 — 2, curi jTab = 0 
for an S D T tensor Tab-
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W i t h thèse proper t ies in mind , we see t h a t the above defined quan t i t i e s enjoy the dual i ty 
propert ies 

Wab = - c u r l Vab, = curl Wab. (2.3.85) 

Moreover, the linearized second order équa t ions (2.3.82) can t hen be wr i t t en in two équiv­
alent ways 

V ° = 0, V'Vab^Q, {U-2)Vab = 0, (2.3.86) 

or 

i y ^ = 0, vHVab = Q, ( • - 2 ) V F a ( , = 0. (2.3.87) 

T h e two sets of équat ions are re la ted by the curl opera tor . Given a solut ion to one of thèse 
Systems, one can reconstruct t h e me t r i c using défini t ions (2.3.83). We have t hus shown the 
équivalence of linearized Einste in ' s équa t ions a t second order (wi th iab = 0) to any one of 
the above two Systems of équat ions . 

Let us r emember and insist on t h e fact t h a t tensor fields t h a t dérive f rom a scalar 
potent ial , like the first order electric p a r t of the Weyl tensor E^^^ = -VaPbO — Ii^ab^' 
vanishing curl, 

Tab^VaVb^ + hll^^ => ( c u r i r ) „ 6 = 0. (2.3.88) 

Thèse tensors therefore obey (curl '^T)„(, = ( • — i)Tab = 0 as opposed to ( • — 2)T„(, = 0. 
As a conséquence, none of t h e l e m m a e used in the first order analysis , see also [44, 8], 
cap ture tensor s t ruc tu res appea r ing a t second order . T h e gênerai fo rm of the solutions to 
the équat ions 

T: = V^Tab = ( • - 2)T„b = 0, (2.3.89) 

is summar ized in the following lemma, proved in Append ix I .C, s t a t i n g t h a t 

L e m m a 3 . On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab 
obeying ( • — 2) T„(, = 0 can be uniquely decomposed as 

3 

Tab = X ] (''^(i)^(i)a6 + 'f"(i)W^(i)a6) + ^ab, (2.3.90) 
i=l 

where the three tensors V(i)a6 and the three tensors VF(i)a6, ?' = 1 , 2 , 3 are given by 

V(î)Tr = 2sec/i^TC(i), V(i)^i = s ec / i ^T tanhT^ iCw, = Vij sécher(2.3.91) 

W^i^rr = 0, W^i)ri = sech\e,^ Ôj^i^, W(,^ij = 0. (2.3.92) 

Thèse tensors are dual to each other in the sensé that 

e:'''^cV^i)db = -W^i)ab, ^a''''DcW^r)db = V^i)ab- (2-3.93) 
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Thèse tensors also obey the orthogonality properties 

^n''(fS = 0, ( 2 . 3 . 9 4 ) 

^n''£S = 0, ( 2 . 3 . 9 5 ) 

STT , 
( 2 . 3 . 9 6 ) ( 2 . 3 . 9 6 ) 

where = 1 i f i = j, andÇ,^i~^ = D°'C(i) o'̂ e the four translation Killing vectors (conformai 
Killing vectors on dS^) with Q;) given in (2.3.75). The tensor Jab is a symmetric traceless 
divergence-free tensor obeying 

j d^SJabCotn'' = J d^^J^iCboost"'' = j d^SJaiC^i^n'' = 0., ( • - 2) J„ t = 0. 

(2.3.97) 

Full non-linear équations 

Let us now consider the full non-linear second order équat ions. Based on the previous 
analysis, we would like to rewrite them in terms of two tensors Vai, and W^b 

Vab = ~hf^+ liab + QÏb^ (2-3.98) 

Wab = e.'^Dr, (^i'^^ - + Ql^ , (2.3.99) 

where Q^^j^ are appropr ia te quadrat ic terms in {a,a), {cr,kab) or {kab,kab) t ha t we will 
construct herebelow. We require that V and W are SDT tensors t ha t obey the following 
duality properties 

W,, + e,^''D,VM = K^b, Vab - ^.fD.Wab = -l'i^b + /^fc - (2.3.100) 

where are non-linear terms quadrat ic in a and kab, which are also SDT. Applying the 
curl operator on bo th équations (2.3.100) we obtain that V„(, and W^b obey 

(• - 2)Va, = -2iab + + e:<'D,K'!l, (2.3.101) 

( • - 2) Wab - -2 ja i , + KZ - ^a'DcKl, (2.3.102) 

where jab ^ —c^i.rl{i)„b- Our construction of the non-linear tensors Q^'^, j^v,W gQgg 
follows. In order for Wai, to be traceless, we require to be symmetr ic . Using the 
Hamil tonian and rnomentum équation of motion, one can rewrite the s y m m e t r y condit ion 
of Wab as the following équation on 

V'QZ - -DaQ'r = ~\k''T^bkac + Va Ua^ + h , d k A . (2.3.103) 
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T h e divergence-free conditions of Wab can then be revvritten as 

e^^'V, (V^QY, + l v , k , f k ' f ^ = 0 , (2.3.104) 

which is a conséquence of the previous équation. The équation (2.3.103) can be solved up to 
the ambiguity of adding to tensors obeying V'^Mab = VaM. We will fix the ambiguity 
iu defiriiug Q)^ since we would hke to fiiid one équivalent formulation of the équations of 
motion, not ail possible formulations. By choosing a with the smallest possible number 
of derivatives, we obtain 

QZ = {-2a' + ^k^-'ik^') - ^ ^ - n . (2.3.105) 

Using again the Hamiltonian and momentum équations of motion, one can rewrite the 
traceless and divergence-free conditions of VQ;, as the following équations on Q^^^ 

Ql" = 12(7^ + a , a^ + J/ccdA;̂ '̂  + (2.3.106) 

'D^Qlh = l'D''kack,,' + Va {aca' + Sa' - ^k.ak''^ + k^^a"^^ . (2.3.107) 

This System has a unique solution up to the ambiguity of adding an SDT tensor to Q^;,-
We will make a spécifie choice for the ambiguity in defining as well. In fact, the SDT 
tensor /•C^ can be computed using (2.3.100) and the équations of motion (2.2.56) as 

Kl, = -NLab{a, a) - NKb{a, k) - NLab{k, k) + Q^, - ( • - 3 ) Q ^ 

+VaV'{hf^ + QZ) - l^abif^^'^ + Qa'n • (2-3.108) 

We will choose to fix the ambiguity of adding SDT tensors to Qafe requiring 

< b = 0 . (2.3.109) 

After a tedious computation, we obtain simply 

Q b̂ = (6<7' + a'ac + Ik^ak"^ + \v,kaeV''k'^^)h^2 + 2^^ab - ^a^a^ 
o o 

+4 akab - 4 a^Vckab + 4 a^V^^hy + ^^^^ciaK) " ^odk^^^^^b 

- \VakrAVbk"' + \k"'V^J)b)KA + Y^'^ , (2.3.110) 
2 

where vj^^ is an SDT tensor given in (2.3.53). Remark tha t to perform this computat ion, 
one can separate the analysis of non-linear terms for each set of quadrat ic terms (fc, fc), 
{a, k) or (fc, k) independently since those terms never mix in the équations. 

Using then the définition of K''^^ in (2.3.100) we find 

KZ = curl{M)ab = e,r'VcMdb, (2.3.111) 
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where 

Mab ^Qab+ Qïb . (2.3.112) 

is a tensor obeying V^'Mab = T^a^- Using the classification of such tensors desc i ibed in 
section 2.3.2, vve have exphcit ly 

Mab = M^^^'"''^ - MS'"-''-^^! + 4MS''^''=1 + i ; ? ' + MS''=-'=-^1 + M ' f •^•^"1 , (2.3.113) 

where 

^ (5cT2+a,a '^) / . (y 

j ^ i W f i ] ^ l_^'D^Ty^ + ,,W^k'di^^^. (2 .3 .114) 

In summary , the équat ions of motion can be wr i t t en in the form 

iD-2)Wab = cuil{2i +M)ab, (2.3.115) 

il = V\ab=Q, 

( • - 2 ) i „ t = 0 . (2.3.116) 

Using the curl opera to r and the définition jab = —(curr<)a(,, one can dérive an équivalent 
form of those équat ions in te rms of Vab as 

{U-2)Vab = curl ( - 2 7 + c u r l (M))„(„ (2.3.117) 

3a = Î?''ja6 = 0, 

( • - 2 ) i a 6 = 0. (2.3.118) 

Since the curl of the la t ter set of équat ions lead to (2.3.115)-(2.3.116), t h e two sets a r e 
équivalent . Once the set of équat ions (2.3.115)-(2.3.116) is solved, one can recons t ruc t h^^^ 
f rom the déf ini t ions (2.3.98) or (2.3.99). E ins te in ' s équations a t second order a re the re fo re 
équivalent to e i ther set of the above Systems of équations. 

As a last r emark , we could also use in the above équat ions the symmet r i zed curl of 
Kab = Mab — ^^h^ab iristead of Mab- Indeed, the symmetrized curl of Kab is équivalent to t h e 
curl of the tensor potent ia l Mab-

71 



Non-l inear équat ions w i t h kab = iab = 0 

If we restrict ourselves to kab = 'i-ab — 0, we see from the définitions of V^b and Wab given in 
(2.3.98) and (2.3.99), but also (2.3.110) and (2.3.105), t ha t 

Vab = -h^ab +(^''^''ab +'^^^<^b-2aaCJb + C7'achf^ , (2.3.119) 

Wab = ea'^D, (h^^^ - 2a^h^) . (2.3.120) 

From the expansions of the electric and magnet ic par t s of the Weyl tensor given in (2.3.7), 
(2.3.18), and (2.3.22), one easily reaHzes tha t 

Vab = E^^^ - aE^^, Wab = . (2.3.121) 

The équat ions of motion can be reformulated in terms of as firstly derived in [46], 

B(2)a ^ 0, (2.3.122) 

^ (2.3.123) 

{0-2)B^^ = cu r l (M)„b = - 4 e , ^ ( X i ? l ; ' ^ (2.3.124) 

but they can also be writ ten in terms of E^f^ — CFE]^^ 

{E^^\-aE^^^)a'' = 0, (2.3.125) 

D ^ { E I ^ - a E l ^ , ^ ) = 0, (2.3.126) 
. (1) 
b) {n-2){El^-aEl^,^) = cur l [ -4e , , ( ,a '=£; ;^ ' ' ] . (2.3.127) 

[31 
Remark t ha t the right hand side of (2.3.124) is precisely the SDT tensor X^^^^ defined in 
(2.3.40). T h e duali ty properties of the tensors Vab and Wab writ ten in (2.3.100) reduce to 

ET - ̂ £^11^ = cu r lBf , ) , - c u r l {E^^ - a S i i ' ) = B^^^ + 4e,.a(aO^El]^'- (2-3.128) 

2.4 Linearization stability constraints 

Solutions of linearized équations are not alvvays linearizations of solutions of non-linear 
équations. This phenomenon is well-known as a linearization instability [53, 54, 55]. T h e 
main resui t of [44] is tha t Einstein 's équations can always be solved order by order provided 
a subpar t of them, the Hamiltonian and m o m e n t u m équations, are satisfied. T h e follow-up 
paper [46] aims at removing this provision, i.e. solve the constraints. It is shown tha t 

Given a spacetime of the Beig-Schmidt form with kab = hib — 0, Einstein's vacuum équations 
can be solved to ail orders if and only if the field a satisfies the field équation ( • -I- 3)cr = 0, 
and is such that the six charges associated to Killing vectors 

Q[^(o)l = j ( d^S e,,HaCT'E^l] ^ ^ n * - , (2.4.1) 
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where the integrand is a tensor that is conserved at infinity and built from quadratic terms 
of the first order field a, vanish. 

In t h e following, we refer to thèse six addi t iona l condi t ions imposed by E ins t e in ' s équa ­
tions as t h e Unearizat ion s t ab ih ty cons t ra in ts . T h e y were n a m e d in tegrabi l i ty cond i t ions in 
[46]. 

Th i s sect ion is devoted to review how thèse six condi t ions arise a n d are general ized for 
our enlarged ansa tz . Thèse condit ions will t u r n ou t to be crucial when discuss ing unic i ty 
of conserved charges in t h e next section. To dérive thèse condi t ions , we s t a r t by rev iewing 
proper t ies of Kill ing vectors on dS^ and by showing an i m p o r t a n t resui t , t h a t we will use 
t h roughou t our a rgumen ta t i on , which s ta tes t h a t a charge cons t ruc t ed by con t r ac t i ng a n 
SD tensor wi th a cer ta in Killing vector is équivalent to a charge cons t ruc t ed by c o n t r a c t i n g 
the curl of th is tensor wi th another par t icular Killing vector. Th i s is t h e ma in resui t we will 
use in the next sect ion to show t h a t there exists two équivalent forms to descr ibe conse rved 
charges associa ted wi th boos t s or ro ta t ions . It also tells us t h a t charges assoc ia ted to SD 
tensors t h a t have a zéro symmetr ized curl are trivial. 

2 .4 .1 Propert ies of Killing Vectors on dSs 

Three-d imens iona l de-Si t te r space admi t s six Killing vectors. T h r e e of t h e m are r o t a t i o n s 
and the o the r th ree cor respond to four-dimensional Lorentz boos t s when i n t e r p r e t e d in t h e 
asympto t ica l ly flat con tex t . T h e ro ta t ions are 

C t ( i ) 9 a = d^, (2.4.2) 

Ct (2)^" = -s inc/ iSe - c o t e ces (2.4.3) 

Cot{3)^" = cos (j)do - cot 6 sm4>d^ . (2.4.4) 

Thèse Killing vectors a re precisely the th ree Killing vectors of t h e round two-sphere . O n 
the round two-sphere, Killing vectors sat isfy a spécial p roper ty : they can be wr i t t en as 

where /(^^ are the th ree scalar l = 1 harmonies on the two-sphere 

( • (2 ) + 2 ) / ( , ) = 0 , ^ = y (2.4.6) 

given explicit ly in (2.3.77). We use the conventions £(52)00 = s i n ^ , D^a^ is t h e u n i q u e to rs ion 

free covariant der ivat ive on 5^, dS = sm6d9 A d(f>, and D^^^ is t h e scalar Lap l ac i an on S'^. 

T h e boost Kill ing vectors of the three-dimensional de-Si t te r space can b e w r i t t e n as 

Cost ( i ) = fd)^" + cosh T s inh Th'l^^dtl\,^, (2.4.7) 

or, explicitly, as 

Coost( i)^" = cose^Si-- t anhTs in6 '5o , (2.4.8) 

^boost(2)^" = sin 6 cos (pdr + t a n h r cos 9 cos (pdo — t a n h T CSC 9 sin (pd^, (2.4.9) 

^boost(3)'^a = sin 9 sin (pdr + t a n h r cos 0 sin (l)dg + t a n h r esc 9 cos (j}d^. (2.4.10) 
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T h e unit vector normal to the two sphère in dS^ is n^-da = 9r-
T h e boost Killing vectors are in t imate ly re la ted to the rota t ional Killing vectors by the 

following relat ion 

•ÇboostW = -2^°'''^'^biTot{i)c, (2.4.11) 

Cot(i) = 2^°''""^bihoost{i)c^ (2.4.12) 

where Va is t he covariant derivative on the hyperboloid and eabc t he to ta l ly an t i - symmet r ic 
tensor normalized as ere4, = + c o s h ^ T s i n ^ . T h e la t ter relation implies 

( • + 2 ) C o t W = 0 , ( • + 2 ) C o s t W = 0, (2.4.13) 

where • ^VVa. 

Now, let us see how thèse relat ions imply t h a t a charge cons t ruc ted by cont rac t ing an 
SD tensor wi th a ro ta t ional (respectively boos t ) Killing vector is équivalent to t he charge 
const ructed by contract ing the curl of this SD tensor with a boost (respectively ro ta t ional ) 
Killing vector, or al ternatively said how the relat ions between boost and ro ta t iona l Killing 
vectors imply two équivalent forms for t he conserved charges associated wi th thèse vectors. 

Given a tensor Tat, wi thout spécial proper t ies , one can show t h a t on the r = 0 slice of 
de Sit ter space, 

T a i C o t w " ' = ea'^'2?cTrf6Cost{0^'' + ^ r ^ ( ^ - ' ' < l ^ ) / ( 0 " ' ' ) - , (2-4-14) 

For any symmetr ic and divergence-free tensor, one has 

'D\Ta,Cotii)) = 0, V'i{cm\T\ab)Coti^)) = 0-

Note t h a t (curlT)cib is symmetr ized in t he second équat ion, as it is no t necessarily sym­
metric . Therefore , for any regular s y m m e t r i c and divergence-free tensor , t he conserved 
charges 

QlTab: Cote»)] ^ n^T^bCctW ' (2.4.15) 

can be expressed in two équivalent ways as foUows 

Q[Tab, = ^ nT^bCotW = n % r l ( r ) ( , , ) C o s t W • (2-4.16) 

Replacing Tab by the curl of Tab in ident i ty (2.4.14), we get on the T = 0 slice 

rab^LostW^" = ( r ) a b ^ ? o t ( i ) " " + î ' r ^ ( 2 2 ? t d î ; i 6 n V / ( , , ) + ( c u r l ( cu r lT )+T)„bn ' ^^Ls t ( i ) -

For any symmetr ic and divergence-free tensor, we have (curl (curl T ) + T)ab = ( d ~ 2)T„b + 

h'^abT, and 

( ( • - 2)T„6 + 2hf^T) = 2Î^" {e^o)^aTb]c + Tc[a'Db]e^o)) • (2-4.17) 
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Therefore, one obtains 

l^ r f^Sn ' -T^bCo. tW = - |^d^Sn'>cud{TUCoti^) " j ^ d ^ S r ^ ^ ^ ' ^ ^ ^ n r (2.4.18) 

For a tensor Tab whose trace is non-vanishing, curl {T)ab is not symmetr ic in gênerai. De-
composing into symmetric and anti-symmetric parts and using intégrations by parts, the 
following conserved charges 

Q[TaO,^Los,ii)]^ / d'Sn'>TabeLoM^)' (^.4.19) 
j s 

can also be expressed in two équivalent forms 

Q[Tab, Coostii)] = 1 ^ d'S n'-T^bCcstW = - j / ^ ""c"-^' m { a 6 ) C t ( i ) • (2-4.20) 

In establishing this, we used curl {T)^ab] = —\^abcD'^T. 
To summarize, we have shown in équations (2.4.16) and (2.4.20) t ha t charges associated 

with any symmetric and divergence-free tensor are équivalent to charges associated with the 
symmetrized curl of this tensor. In particular, this means tha t charges constructed using an 
S D T tensor are équivalent to charges constructed using the curl of this S D T tensor. Also, 
charges constructed with symmetric and divergence free tensors tha t have zéro symmetrized 
curl are automatically zéro. 

2.4.2 Linearization stability constraints when kab = iab = 0 

In the case where kab = iab = 0, we have seen in section 2.3.4 tha t the second order équations 
can be written in the following compact form 

Bi^)'' = 0, (2.4.21) 

= 0, (2.4.22) 

( • - 2 ) B ^ ' , ) = curl(M)„fe =-4e,rf( ,a '^£; ; ; ) '^ . (2.4.23) 

The présence of six necessary conditions, or obstructions, to the existence of non-linear 
solutions, constructed from given linear solutions, can be seen as follows. Contract ing 
équation (2.4.23) with a Killing vector on dS^, one can rewrite the l.h.s of the expression, 
upon using the équations of motion and (2.4.13), as 

( • - 2)i?f,)^(« ) = 2 0 " (^[=o)î?[a<i + O ^ ] ^ ( o ) ) - (2-4.24) 

which is a total divergence and vanishes when integrated on a Cauchy surface 5 on the 
unit hyperboloid. For consistency, we must require that the intégrais on the sphère of the 
r.h.s of (2.4.23) contracted with are also zéro. Thèse requirements are precisely Beig's 
integrability conditions 

Q[^(0)] = £ d'S e,.,,,,^,,a'E^l] '"^^^^n'' = 0 , (2.4.25) 
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where Ç̂Q̂  are the six Killing vectors on the hyperboloid, 5 is a Cauchy surface in the unit 
hyperboloid, and n " is a unit timelike vector normal to S in the unit hyperboloid. 

Before proceeding, let us présent a new way of looking at thèse integrability conditions. 
It is clear that the équation for the mass aspect a, which was given by 

( • + 3)(T = 0, (2.4.26) 

can be derived from the free scalar Lagrangian L^'^^ 

L(-) ^V^[-\da<yd''o+^a^), (2.4.27) 

with mass = —3 on three-dimensional de Sitter space. Now, it is interesting to note 
that Beig's integrability conditions are precisely the conditions that ail six Noether charges 
derived from this Lagrangian vanish. Indeed, one has ecd(a'^'^'^%) = ~(curlK)(a6) where Kab 

is precisely the stress-tensor of L '̂̂ ^ 

2 SL'-"^ 1 r , ( 0 ) 3 2 , ( 0 ) 

Note tha t this tensor is aiso an SD tensor and tha t foUowing our classification it can be 
identified as a linear combination of the (cr, a) SD tensors defined in (2.3.24) and (2.3.32) 

-ab=-\K^r'^ + \^r"^- (2.4.29) 

Because the charges constructed using the symmetrized curl of an SD tensor contracted 
with a Killing vector or with the SD tensor himself are équivalent as we have just shown in 
the previous section, the linearization stability constraints reduce to 

f / S T ^ ^ l ^ i^.^n" = j ^ d ' S K ^ ^ ^ ^ . ^ n ' = 0. (2.4.30) 

where we also used the fact tha t i^^^"'^^^ has a trivial symmetrized curl and is thus associated 
to trivial charges. 

Let us mention tha t it was also understood in [46] t ha t charges constructed with Xab ^ 
tcd{a'^'^'^\) contracted with a conformai Killing vector w", a translation which satisfies + 
^^(0) ab _ ĝ igQ yanish as 

(2.4.31) 

can be written as a total divergence. 
At this point, we should warn the reader tha t the above construction only présents the 

linearization stability constraints as necessary conditions. It was shown in [46] tha t thèse 
conditions are also stifficient to solve Einstein's équations to ail orders in the expansion. 
The gênerai idea of this construction is to split the linear par t in a 2 + 1 décomposition 
and keep non linear terms gênerai. Then, a study of the harmonie décomposition of those 
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équat ions revealed tha t only six conditions are to be imposed on thèse gênerai non-linear 
terms, conditions tha t appear at second order in the expansion. Thèse condit ions for the 
System of équations to have a solution are thus équivalent to the necessary conditions 
previously reviewed. Note tha t there are minor typos in équat ions (25) and (43) of [46]. In 
(25), t he indices are incohérent and have been corrected in our formula (2.4.31), while in 
(43) the coefficient niultiplyiug Pa is (n — 1)'̂  instead of (n + 1)^. 

2.4.3 Generalized linearization stability constraints 

T h e generalization of thèse constraints to the case where k^i, and ?'„(, are non-zero is s traight-
forward. Indeed, from the gênerai second order équation 

{U-2)Wab = cur l (2i + /c)(„h), (2.4.32) 

we see t ha t the integrability conditions are 

£ d^S tab^.la^n'' = d^S Kab ^fo)n^ (2.4.33) 

where 

l^ab - K-ab '^ab + ^'^ab + ^ ab + '^ab + '^ab ' i^-*-J4j 

Let us t ry to simplify those constraints as much as we can by ident i fying t h e currents , 
constructed out of SD tensors contracted with Killing vectors, t ha t can b e wr i t t en as to ta l 
derivatives. We can already get rid of i^^^i,'^'"'^'^ and as thèse SD tensors have a 
vanishing symmetrized curl^ and are thus associated to trivial charges. New, we see tha t the 
two currents associated with the two indépendant {a, k) SD tensors are to ta l divergences. 
To prove this efficiently, one first needs to check tha t the current can be expressed 
as a total divergence 

^[.,kj]^b ^T^b(^^ j^^c^^ ^ pc^^^ ^^^^^ ^ ^p^^^^^^ ^ ^^^^^j^j (2.4.35) 

This also implies tha t its symmetrized curl, the SDT tensor ^^(, , defined in (2.3.60), will 

not cont r ibute either. Eventually, f rom the définition of ̂ ĵ ';,''̂ '̂ '̂ given in (2.3.64) and the 
following resuit 

, [2B^;ia,f - + 2aB^;!)e = (v^i,^ oB^ - B^^ V . + ^ - [ . ^ j ) , 

(2.4.36) 

\(j k II] 
we see t ha t K^^^ ' ' contracted with a Killing vector can also be expressed as a to ta l diver­
gence. 

'Oiic could also chcck tliat thèse teiisois contracted with Killing vectors can be written as total derivatives. 
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In the same Une of thoughts , for the t e ims quad ra t i c in {k, k), one can show by inspect ion 
t ha t 

V''(2^r.kd[a'D%f-VrUk'[a'^bf) 

= {Vcka(aV% + ^k,(ah) - k"^'D,V,ikab)^'' 

= (7 - 6 B^^X]^ ^ + 4 e,,^^V%;BP + 4 e , , ( „ P , ) S p ' "•k"' 

+ V^,k'-''V,)k,a- k'''V^,V,^k,a + 4k'[^kk^,+ k,ak''"'h'-°^)^'' 

= ( - ^yl!' - 4 4 f - l ^ ^ r - " ' - , (2.4.37) 

and also 

P*- (Pc^[a k^fk'd - ^ [a 'D'k.fkcd - r k^aT^b] kcd + ^ k^dV^ak^f) 

= ( - 2 k\^k,), - l k^dk^'^hf^ - Iv^kdeV'^k^'^hf^ 

+V^kfj)^,)k,d - V,ka(aV% + k^'VcV^^kk^d)^' 

+ k'''V^J),)k,d - \ V^k^eV^k'^^hf^ - 2 fc'|,fcb)c - l k,dk'^hf,^)e 

= {y^^ + 2 4 ' ' ' ' ' + W^,:'-''^ + 8 ^ , ' ' ' " y . (2.4.38) 

Thèse two équat ions show t h a t the cur ient cons t ruc ted out of ^l '̂j '̂'''̂ '̂ can be wr i t t en as a 
total divergence and t h a t the equah ty 

^(0) b ^ _2KJ,''='^1 ^(0) \ (2.4.39) 

is t rue u p to a to ta l divergence. 
W i t h ail thèse results in hand , it is now easy to see t h a t the l inearization s tabi l i ty 

constraints (2.4.33) reduce to 

j / S ^ ^ , i l , ^ n ' = - \ j > d ' S (4r'^l +\Y^'^) il,^n\ (2.4.40) 

In comparison wi th the analysis presented in t h e previous section, one realizes t h a t the 
équations of mot ion for kab can be derived f rom the Lagrangian L^'^' 

= v / - / i ( 0 ) ( i B^^^B^^^"*^, [2 A Al) 

whose six associated Noether charges are 

^(fe) _ 2 51'^''^ _ l [k,k,ii] _ \y(2) .2 4 421 
= T r p y j / i W ' ^ ' ' ~ 2^" ' ' 8 • ^ ' 
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T h e hnear izat ion stabiHty cons t ra in ts can thus be wri t ten in the more é légant form 

j ^ d ^ S i a U U ^ ' = 2 j ^ d ? S {Tl^UT^^)il,^n\ (2.4.43) 

where 

T^-) = ^ ^^^"^ - l . -K'^/ l I /2 4 441 

= ^ ^^^^^ _ 1 [ W / ] _ i y ( 2 ) . 2 4 4^1 
~ y Z ) ^ < 5 / i ( 0 ) « ' ' ~ 2 8 ' ^ ^ ^ ^ 

are the stress-tensors associated to L '̂̂ ^ and L^* )̂. 

Al though the real izat ion t h a t the integrabili ty condit ions can be expressed using the 
s t ress- tensors of spécifie act ions for the first order fields m a y sound like a curiosi ty a t this 
s tage, we will show in section 3.3 t h a t they play an impor t an t rôle in t he discu.ssion of a 
good variational principle. 

One impor t an t th ing t h a t comes out of this analysis is t h a t , when iab and kab are 
non-zero, we can build twelve possibly non-trivial and independent Noe the r charges o u t of 
quadra t i c expressions of t he first order quant i t ies . If we set iab to zéro, t he integrabi l i ty 
condi t ions impose t h a t only six of t h e m are independent . 

2.5 Conserved charges from the équations of motion 

In this section we would like to consider ail the possible conserved charges t ha t can be 
cons t ruc ted from SD tensors cont rac ted wi th a Killing vector or S D T tensors with a con­
formai Killing vector. As we have seen in the previous sections, some charges are tr ivial 
by const ruct ion. Indeed, charges cons t ruc ted from an SD tensor wi th a t r ivial symmet r i zed 
curl cont rac ted with a Killing vector are vanishing. Similarly, some cur ren t s bui l t ou t of a 
spécifie SD tensor, respeetively S D T tensor , contracted w i th a Kill ing vector , respectively 
a conformai Killing vector, can be expressed as to ta l divergences. Also, we have seen t h a t 
some quant i t ies should be restr ic ted to zéro when one imposes the équa t ions of mot ion . Ail 
thèse results will obviously severely restr ict the possible independen t conserved charges one 
can cons t ruc t . 

We will see in the following t h a t , in the part icular case where kab = iab = 0, only ten 
independen t charges can be defined when the équations of mot ion are t aken in to account . 
Thèse can be identified as t he ten Poincaré charges. In th i s section, we will focus on the 
case kab = iab = 0 find j u s t give some comments on the cons t ruc t ion of charges for our 
enlarged boundary condit ions. Th i s analysis in the gênerai case will b e presented in the 
next chapter . 

2 .5 .1 First order: momenta and dual momenta 

Since 

-D'iTabC^,)) = V'Tabq,) - rC(^ ) , (2.5.1) 
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for a symmetric tensor Tab and a conformai Killing vector ^^j , i.e. a translation, we need 
to consider SDT tensors Tab if we want to define charges associated to translations tha t are 
conserved. 

To s ta r t our analysis, the first thing to realize is t ha t , given a symmetric tensor Uab, we 
have 

curl (C/)a6C(")n'' = P c (eb ''^t^adC".)) n ^ (2.5.2) 

The r.h.s of this équat ion is a total divergence on the two-sphere. Let us now state the two 
foUowing lemmas t h a t we prove in Appendix I.C. 

L e m m a 4. On the three dimensional hyperboloid, any symmetric traceless and divergence-
free tensor can be decomposed as 

Tab - curl{fab) + VaVbC + \^° jc , (2-5.3) 

where Tab o- symmetric, traceless and divergence-free tensor and C, is a combination of the 
four functions (2.3.76). 

L e m m a 5. On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab 
obeying ( • + — 2n — 2) Tab — 0 with n any integer n > 3 also obeys 

jTabQli-^n^d^S = 0, Z = 0 , l , 2 , 3 , j Tabe^Q)n''d^S = 0, (2.5.4) 

where C";) = û'~e the four translation Killing vectors (conformai Killing vectors on 
dS^) with (^(^[-j given in (2.3.75) and ^^gj are the six Killing vectors on dS^. 

From Lemma 4 and (2.5.2), it then foUows t ha t charges constructed from SDT tensors 
Tab contracted with t ranslat ions are simply associated with the coefficients of the four lowest 
harmonies Qj) given in (2.3.76), 

Q[Tai>, Ccol = / 'i^STabC^^n'' = I d^S{VaVbÇ + C c ) C ( " ) n ' ' • (2.5.5) 

This readily ineans tha t there are only four such charges and the only possibility is^ 

= (2-5.6) 

Thèse expressions are precisely the ones derived by R. Geroch [56] (see also [7]), Ashtekar-
Hansen [8], Ashtekar-Romano [12]. 

^Another way, to see this, is as follows. From Lemma 3 and the liuearization stability coiistraints, we can 
clicck that any SDT tensor satisfying ( • + - 2n - 2)r„i, = 0 with n = 2, such as fi'J,* - (T£̂ J,' and B,̂ '̂, is 
associated to a trivial charge when contracted with a conformai Killing vector. This is also due to the fact 
that any other SDT tensor built out of quadratic combinations in a can be exprcssed as the curl of «J,'̂ ,'"''' 
atid is thus not contributing because of (2.5.2). Eventually, from Lcnirna 5, we sec that ail higher ordcr SDT 
tensors including h^^^, h''^^ would also be associated to trivial charges. We are thus left considering tensors 
made out of linear quantities in cr and thc ordy possibility is ê^ '̂ 

80 



Thèse were shown in [43] (see also [57]) to agrée with t h e ADM m o m e n t a [4], which a re 
also équivalent to the Regge-Teitelboim expressions. For t h e energy, using our A p p e n d i x 
I.D which establ ishes a link between our covariant bounda ry condi t ions a n d the b o u n d a r y 
condi t ions of Regge-Teitelboim, we see t ha t t he A D M définit ion is j u s t 

E = ^ i c P S a , (2.5.7) 
47r J 

where a is our first order field which is often referred to as t h e mass aspec t for this pa r t i cu l a r 
reason. One can now check tha t this expression is équivalent to 

E = ~ ^ j ^ d ^ S E a b i o n \ (2.5.8) 

where is a t ime-uni t t ransla t ion. Indeed, in [43], it it shown t h a t if we pick S to be an 
ex t remal slice where the extrinsic curvature vanishes, we have = and 

Eab n'' = -Tf-n^VaVhO - anan°- = -d^a + a = - D ^ ^ V - 2a , (2.5.9) 

where in t he last equal i ty we made use of the équa t ion of mot ion of a to wr i te • ^ ' ' V + 3a = 
{-dl + D^^) + 3)CT = 0. Then , the resuit follows immedia te ly 

E= l Eab£,Qn^d^S = <j>{\u^'^^a + a)d^S = ^ i c f S a . (2.5.10) 
87r J 477 J 2 47r j 

T h e same could be done for the space t rans la t ions along the same Unes. 

Before moving to the classification of charges associated to Kill ing vectors, let us com­
ment on t h e case where kab is allowed to take non-trivial values. Indeed , a t first s ight , one 
could enjoy cons t ruc t ing charges of the form (see [20, 21]) 

Q[c (y = £ ^ i b ' cfi) • (2-5-11) 

Prom L e m m a 1, we know t h a t B^^^ can always be expressed as D]^^^ = —CT̂ '̂ CT̂  — o-^h^ab • 
From L e m m a 2, it can also be derived from a regular potent ia l kab if does not con ta in t h e 
four lowest ha rmonies However, we jus t saw t h a t thèse a re the only harmonies t h a t can 
con t r ibu te to (2.5.11). Thèse charges are thus trivial for a regular k^b- T h e following L e m m a 
is a general izat ion of L e m m a 2 t h a t circumvents the restr ict ion on the four lowest hyperbo l ic 
ha rmonies to define B̂ Ĵ,̂  in t e rms of a tensor potent ial . However, we see t ha t it implies 
t ha t kab should develop wire singularities if it has to reproduce the correct value of B^J 
using CT^ = Ç''. Thèse singularit ies are of the same type as t h e Misner -s t r ing s ingular i t ies 
we discuss in P a r t II of this thesis. 

L e m m a 6 . On the three dimensional hyperboloid, any scalar <5 satisfying + 3<5 = 0 
defines a symmetric, trc 
which can be written as 
defines a symmetric, traceless, curl-free and divergence-jree tensor Tgh = DaDb^ + 

Tab = e^"'DcPdb, (2.5.12) 
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where Pab is a symmetric, traceless tensor of the form 

11=0 

where P^^^ is regular and fc^'^' are four singular tensors listed here below. 

(2.5.13) 

T h e regular tensors P^^^ are the s a m e as t h e ones described in L e m m a 2 (see also [44]). 

The four s ingular tensors fc'^^^ can be der ived by in tegra t ing équat ion (2.5.12) for $ = Q^i)-
They can be wr i t t en in the traceless gauge /i(Q)/c(^)a6 = 0 as 

/ 0 0 2 % E ^ \ 

^{0)ab — 

Hl)a6 

«(2)a6 

0 0 

0 0 
V 2k^ço^ s i n h r ^ ^ ^ ^ ^ i ^ ^ s ^ 
\ coshT 2sin0 

0 0 
0 0 

cos h r 

2 fc—cos 6 
cosh T 

2sme 
0 

o tanh T „;„2 , 
cosh T sm 

_ 3 t a n h r i 2g| 
coshT 4sin(9 

0 
gtanhr 

COsIl T ^ 
3tanhr ^pgg, jj^^j,Qg^ 

cosh r ^ 

0 
(2.5.14) 

- 3 ^ c o s < ^ 

cosh T ^ 

7^ cosh T cos <ô 

cos (j) 

» tanh T COS 9 sin 0 cos (j) 

1̂  tanh r 

cosh r COS 0 
cosh T sin 

sin 
g 

2sin0 

gtanhr 5, j g, i 0 
cosh r ^ 

i—^wov^ 3 ^ ^ cos é» s in (9 s i n 
cosh T ^ cosĥ r ^ 

„ ."3^ cosh T COS (A cosh r sin (6 
. ; „ cosh r sin c!> — „ ? ^ cosh T cos 0 

sin''6 ^ 2 sin y ^ where a = —8/c + 9 cos 6 — cos 30, 6 = cos'' 9 — Ak cos 0 + 3. Thèse tensors a re regular in t h e 
nor th p a t c h upon choosing k = +\ and in t h e sou th pa tch upon choosing k = —1. T h e y 
are t ransverse and obey the équa t ion 

( • - 3)/c(„)„(, = 0 , (2.5.15) 

outside of the singularit ies. T h e singular t rans i t ion func t ions between t h e s o u t h and n o r t h 
patches can be wr i t ten as 

^^({))ab = l^(0)ab\South — l^{0)ab\ North 

<5fc(l)ab = l^(l)ab\Soul.h - kçi)ab\NorLli — 

^^{2)ab = l^{2)ab\south " ki^2)ab\North 

^^(3)ab = l^(3)ab\south - f^(3)ab\ North 

cosh r 
0 0 

0 

0 
0 

4 c o t 0 s i n h r 

0 

1cosh r 
' sin0 

I cosh T 
' sine 

0 

cosh T 
4 c o t 0 s i n h r 

0 
— c o s h T sin (h 

cosh r COS 0 
sin'̂ e ^ 

0 
cosh T COS sur 0 ^ 

ihTë cosh T sin <?i 

0 0 
-r̂ TT; cosh T COS (j> cosh T sin d) 

°i„ cosh r sin 6 cosh r cos (i 
sin o ^ sm a ^ 
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Thèse t r ans i t ion func t ions obey 

D[Jk^,,)b]c = 0, ( • - 3)<5fc(,,,,6 = 0, "''*/c(,,,,b = 0, D'ôk^^-^.h = 0,(2.5.16) 

on the hyperbolo id outs ide the s ingular région 6 = 0 and 9 = ir a n d obey t h e normal ized 
o r t h o g o n a h t y relat ions 

c'ç!'^^O^j^a-D^Cw = -STT fi,u = 0,...3, (2.5.17) 

where are the four solut ions of T>aT>bC,i^^^) + /î 6^C((i) = 0 which are odd u n d e r p a r i t y - t i m e 
reversai a n d normal ized such t h a t ((fj,)dp + p~^9"Q^)c'a + o{p~^) = dij, where = dt, di. 

2.5 .2 Second order: Lorentz charges 

In th is sect ion, we présent a, gênerai cons t ruc t ion of conserved Lorentz charges . Our ap-
proach is to cons t ruc t thèse charges using SD tensors as 

V\T,ae) = 0 , (2.5.18) 

for Kil l ing vectors ^" which sat is fy 'D^"^'') = 0, when T^b is a n SD tensor which does not 
need to be moreover traceless. Since Killing vectors cor responding t o a s y m p t o t i c Lorentz 
t r a n s f o r m a t i o n s are larger a t infinity t h a n t ransla t ions , co r r e spond ing conserved tensors 
are cons t ruc t ed b o t h f rom the leading and the next- to- leading te rn is in t h e Beig-Schmidt 
expansion. Thèse tensors are linear in the next- to- leading t e rms and q u a d r a t i c in t h e leading 
te rms . W h a t we readily show is t h a t for kab = iab = 0, only six i n d e p e n d e n t non- t r iv ia l 
conserved charges can be associated to Killing vectors. Thèse six charges m u s t thus agrée 
with t h e six Lorentz charges. 

T h e first th ing t o realize is t h a t t h e S D T tensors E^^^ and B^^^, l inear in t h e first o rde r 
fields, have a tr ivial syrnmetr ized curl and are t hus associated t o t r iv ia l charges. Following 
previous resul ts , SD tensors quadra t i c in t h e first order field a will no t c o n t r i b u t e e i ther . 
Th i s is obviously t rue for SD tensors whose symmetr ized cur l s are zéro. For SD tensors 
wi th non- t r iv ia l symmetr ized curl, this is proved using the s a m e a r g u m e n t as before and 
using t h e l inear izat ion s tabi l i ty constra ints , which s ta te t h a t charges associa ted to f^^^"'^^ 
must be set to zéro. 

We are t hus left considering the tensors — crE^^^ and B^^^ t h a t could a pr ior i def îne 
12 i n d e p e n d e n t charges 

(2.5.19) 
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However, we have seen in (2.3.128) t h a t thèse tensors are mutua l ly con juga te in t h e sensé 
t h a t 

E^:^ - ^E^^ = curl - c u r l [E^^ - aE^^) = B^^ - X^^ , (2.5.20) 

where X^^' = —Ae^cL{a^'^E^^'^ is an S D T terisor. F i o m the first of thèse relat ions, we see 

t h a t charges associated with E'^^^ — CTE]^^ con t r ac t ed with ei ther a ro ta t ional or a boos t 
Killing vector are équivalent to charges associa ted wi th S^j, cont rac ted with e i ther a boos t 
or a ro ta t iona l Killing vector. Th i s could also have been derived f rom the second re la t ion in 

[31 
(2.5.20) as , or successive curls of th is tensor , a re associated to trivial charges by m e a n s 
of the l inear izat ion stabi l i ty cons t ra in ts . T h i s eventual ly shows t h a t only six charges a re 
independent as 

^(i) = J{i) ! ^(i) = ^(t) • (2.5.21) 

Note t h a t th i s resuit is in agreement wi th L e m m a 3 which basically s ta tes t h a t the gênerai 
solution for S D T tensors T^;, sa t is fying ( • — 2)Ta(j = 0 consists of two sets, re la ted by the 
curl opera to r , of th ree tensors t h a t c a p t u r e t h e six charges 2ab^[o)'^'' associa ted wi th 
Lorentz t r ans fo rmat ions , supp lemen ted by higher ha rmon ie tensors t h a t do not con t r i bu t e 
to the charges. 

In the and iab fire non-tr ivial , one can define twelve addi t ional b o u n d a r y charges 
cons t ruc ted f r o m tensors quad ra t i c in t h e first o rde r fields 

Q Ï i m ^ / d'S Til^ ^fo)^" : ̂ 11 (̂0)1 = / d'S T^^ q.^n" . (2.5.22) 

Thèse tensors represent the two classes of équivalence of SD tensors q u a d r a t i c in (cr, cr), 
((T, k) or {k, k) t h a t do not have a trivial symmet r i z ed curl and t h a t can not be wr i t t en as 
total divergences when con t rac ted with a Kill ing vector . Ail charges cons t ruc ted wi th curls 
of thèse tensors are équivalent to the above charges by means of our previous results . 

One possible way to define the Lorentz charges is 

^ 8 ^ f / S ^ / ^ i V , , , + 2v;„,)Cot(i)'^'' = £ c « 2 5 V ^ M / „ , C o s t ( i ) " ^ 

(2.5.23) 

However, as we have jus t emphas ized , thèse charges are not unique as one can add any 
linear combina t ion of the b o u n d a r y charges to t h e m 

AQ[^['o)l = f^d'S^ThWia, T^,^ + «2 T^^)£.l,)n\ (2.5.24) 

where a i and «2 a re a rb i t r a ry constants . No m a t t e r how we define t hem, if we set /̂ a5 — 
'i-ab = 0, t hey reduce to the six uniquely defined Lorentz charges t h a t were given in (2.5.19)-
(2.5.21) . 

To finish th i s section, let us jus t r emark t h a t s ingular cont r ibu t ions of kab, as discussed 
in Lernrna 6, have not been considered here for Lorentz charges b u t would mos t cer ta in ly 
render the analysis much more compl ica ted . As a first difiîculty, the very déf in i t ion of a 
charge t h a t is conserved is not s t r a igh t fo rward anymore . 
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2.6 Summary of the results 

Choosing an hyperbol ic slicing of spacet i ine to describe spa t i a l infinity, wliich basically 
amoun t s to make t h e change of coordina tes ou ts ide the l ight cone at large d i s tances 

i2 ^ 
^ — ^ , T — a r c t a n h ( - ) , (2.6.1) 

where r is t h e usual radia l coordina te f r o m t h e spherical coord ina tes , we have def ined 
asympto t i ca l ly flat space t imes as space t imes whose metrics can b e cast i n t o t h e a s y m p t o t i c 
form up to second order in the new radial coord ina te p 

ds^ = ^ 1 + y + ^ + o ( p - 2 ) ^ V + o{p-^)dpdx" 

( • /(2) \ 

( C + 7 ^ + 1 " ^ ^ + 7 ^ + ^ ( ^ ~ ' ) ) (2.6.2) 

where is t h e me t r i c on t h e uni t hyperboloid , denoted 7^, 

f/s2 = /iWrf0«d<^'' = -dr"^ + cosh^ T{dQ^ + sin^ dd(l?) , (2.6.3) 

and where a, h^^^, h^^^ and iab are fields defined on i.e. o n 3-d imens ional de S i t te r space . 

Note t h a t hab = P^h^^b P^ab + P'>'ab + l^^ab + ••• denotes t h e fuU th ree -d imens iona l metr ic , 
t he induced met r ic on the three-dimensional t imelike hypersur face . W e have re fer red to 
the ansa tz (2.6.2) as t h e generalized Beig-Schmidt ansatz. Indeed , it generalizes space t imes 
considered by R. Beig and B. Schmidt in [46] and [44] where only s p a c e t i m e s where B'^^ = 0 
were considered, i.e. where one can set kab = h^^^ -f "^ah^^^ and iab to zéro. 

Our me t r i c (2.6.2) is invariant under Lorentz t rans format ions b u t also under s u p e r t r a n s ­
lat ions of the form 

p = p + u{4>'') + ^ ^ - ^ ^ + - , 0 " = ^ " + - / i ( ° ) ' ^ ' ' c . b + ^ ^ + . . . , (2.6.4) 
P P ' P^ 

where t r ans la t ions are singled out as the four super t rans la t ions t h a t sa t i s fy + 0 
wi th ujab = T^bT^a^^i and eventual ly under logar i thmic t rans la t ions 

p = p + H{^){\np-l) + o{p'^), r = r+H''m\np)/p + o{p-'), (2.6.5) 

where the func t ions H are required to sat isfy Hab + ^^'•^ab = 0 so t h a t no logar i thmic t e r m s 
are genera ted a t first order . 

Our general ized ansa tz was just if ied by our will to coiisider loga r i thmic t r ans l a t ions a n d 
par t i cu la r supe r t r ans l a t ions as allowed t ransformat ions . Indeed , consider ing loga r i thmic 
t r ans fo rma t ions , t h a t will genera te a logar i thmic term at second order , has dr iven us to 
include a non- t r iv ia l field iab- Super t rans la t ions a re allowed even w h e n iab = 0, t h e y do no t 
act on a b u t they do t rans form kab as 

kab Kb + 2(wa6 + w/i^°'). (2.6.6) 
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T h e usual a t t i t u d e in the l i tera ture is to consider only spacet imes for which k^b can be 
set to zéro so t h a t super t rans la t ions are gauge-fixed. We have (and we will do so in the 
rest of th i s P a r t I) relaxed this condit ion by considering spacet imes for which kab can be 
non-trivial wi th the restr ict ion t ha t kab niust be an S D T tensor. This will be justified, in 
the next chapte r , when discussing the var ia t ional principle. Note t ha t th is last condi t ion 
implies t h a t we restr ict to thèse super t rans la t ions w t h a t sat isfy 

( • + 3)w = 0 , (2.6.7) 

where • = Va'D'^- Let us insist on the fact t h a t , in the case k^b = iab = 0, logar i thmic 
t rans la t ions and super t rans la t ions are not allowed t ransformat ions anymore as they have 
been gauge-f ixed. Actually, t he s t a t u s of t h e logari thmic t rans la t ions in th is case is less 
trivial as they may be allowed when T>c{E^JIf-) = 0. 

The sect ion 2.2 was devoted to the s t u d y of the équat ions of motion for our spécifie 
class of spacet imes. To s tudy thèse équat ions , given the form of the metr ic (2.6.2), we have 
reviewed in section 2.2.1 how the vacuum Eins te in équat ions can be p ro jec ted along, or 
perpendicular to, the hyperboloid of cons tan t p using the projector hab = Qab — riaTib, or 
the ou tward-poin t ing uni t normal n" , respectively. Th i s is known as the 3 + 1 split a l though 
it is in our case a split along the radial coord ina te as compared to t ime in t h e Arnowi t t -
Deser-Misner formalism. Th i s has provided us wi th Hami l ton ian and rnomentum équa t ions 
of motion ( thèse équat ions contain t ime derivat ives and therefore are not const ra in ts ) and 
équations of mot ion on the 3-dimensional hypersur face which respectively read [44] 

H = B-f^^n^n" =-CnK - KabK"''- N-^h''''DaDbN = 0, 

Fa = hJ^n''G^,, = hj;nyR^^ = DbK\-DJ< = Q, 

Fab = hXK''B.,,^ = nab-N-^dpKab-N-'DaDbN-KKab + 2Ka^K^b = ^, 
(2.6.8) 

where D is t he covariant derivative compat ib le wi th the full metr ic hab on the hyperboloid , 
Kab is t he extr insic curvature , A'' = \ + o/p\s the lapse funct ion, £ „ is the Lie derivative in 
the direct ion of and CnK = Cnih'^^Kab)- In here, indices are raised and lowered wi th 

In sect ion 2.2.2, we have plugged our gênerai ansa tz (2.6.2) for t he met r ic into the 
set of équa t ions (2.6.8) and imposed kab to be SDT. We have obta ined t h e respect ive 
radial expans ions of thèse équat ions a t zeroth , first and second order in ter ins of t h e fields 
^^lé'^'^abjh'^fb '^^'^ ̂ «î»- have seen t h a t the équat ions of mot ion at zeroth order imply 
that h^^^ is locally the metr ic on the uni t hyperboloid as firstly assumed because we have 
locally t h a t 

n l a = h X - h ' b J C - , (2-6.9) 

The first o rder équat ions take the form [44] 

( • - 3 ) ^ 7 = 0 , ( • + 3)A:„6=0, (2.6.10) 
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while t he second order équat ions are of t he generic form 

C = 0, V'iab^O, ( • - 2 ) i „ i = 0 , 

/^i'^" = N L i V , î^'/ii',^ = N L i ' , \ {D-2)h<f^ = 2iah + N L f ^ , (2.6.11) 

where NL '̂̂ ^ for i = 1 , 2 , 3 are non-hnear terms, each given in te r ras of (cr, a ) , {a,k) and 

(fc, k) quad ra t i c quantif ies . We have also seen how thèse second o rde r équa t ions for h^^^ 
reduce to the expressions obta ined by Beig in [46] when kat = iab = 0. 

In section 2.3, we have s tudied in more détai ls the first a n d second order équa t ions . To 
do t h a t , we s ta r ted by reviewing in 2.3.1 the split of the Weyl tensor into electr ic E^b and 
magnet ic B^b par t s and gave their respective asymptot ic expans ions up to second order . 
Th i s enabled us to rewri te in section 2.3.3 the first order équa t ions of mot ion us ing the 
electric and magnet ic first order p a r t s of t he Weyl tensor 

E^b ^ -VaV,a~hf^a, i j W ^ ie^cdp^fc^^ (2.6.12) 

Indeed, we saw t h a t by construct ion, thèse two tensors enjoy t h e foUowing p rope r t i e s 

/ .W-^^iJ ) = 0 , £ ; S = 0 , î ? [ c ^ ^ ï ï = 0 , (2.6.13) 

and t h a t t he first order équat ions of mot ion (2.6.10) are équivalent to 

/,(0)ab^(i) ^ 0 _ 5 ^ = 0 , P [ c f i i ; i = 0 . (2.6.14) 

Note t h a t thèse quant i f ies also sat isfy 

V''EI^^=0, {a-3)El^^ = 0, (2.6.15) 

P^B^;,) = 0 , ( • - 3)B['^ = 0 , (2.6.16) 

telling us t ha t the first order pa r t s of the Weyl tensor are on-shell curl-free S D T tensors . 
Solut ions to the équat ion ( • + 3)a = 0 were then studied. 

To express the second order équat ions of motion, we have first reviewed in sect ion 2.3.2 
the classification of SD tensors cons t ructed ou t of quadra t i c quan t i f i e s in t h e first order 
fields. We then considered, in section 2.3.4, two S D T tensors, Vab and Wab, which are 
defined in the generic form 

Vab = -h^ab +liab + Q^b, (2-6.17) 

= e,,'''Dc(^h'^^ - U j , + Q'X^ , (2.6.18) 

where Q^j^ and Q^^ are spécifie tensor potent ia ls satisfying 'D^'Q^^ = DaQ^'^^ and Q^'^ = 
li{0) °-^Q^^ . T h e tensors Vab and Wab are set to be rautually dua l , or con juga t e , in t h e sensé 
t ha t they obey the following dual i ty proper t ies 

Wab = - ( c u r l V)ab + (curl K)(„fc), Vab = (curl W)ab - 2iab • (2.6.19) 
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We eventually showed tha t the équat ions at second order can be recast into the équivalent 
for m 

W « = P''W/„t = 0, ( • - 2 ) i y „ i = cu r l (2 i + /c)(„b), (2.6.20) 

il = V''iat, = 0, ( • - 2 ) i „ , = 0, (2.6.21) 

or with the help of the curl opera tor , and the définit ion jab = —(curH)a6, in the form 

C = T^''Vab^O, {D-2)Vab = cm\{-2j+ cm\{K))ab, (2.6.22) 

i a - T^''jab = 0, ( • - 2 ) j , b - 0 . (2.6.23) 

In the case where fc„(, = i,,/, = 0, we have seen t h a t t he tensors Vai, and Wab jus t reduce 
to E^^^ - crE^i^ and , where E'^^ and S^^' are t he second order electric and magne t ic 
par t s of the Weyl tensor. 

In section 2.4, we have reviewed the i m p o r t a n t resuit of [46] showing tha t E ins te in ' s 
vacuum équat ions can be solved to ail orders, in t he case kab = iab = 0; if ''•^d only if t he 
field cr satisfîes t he field équat ion ( • + 3)a = 0 and the following six condit ions 

Q[^?oJ = / d'S e,,,iua''E^ll ""^f^^n" = 0 , (2.6.24) (0)J = b) ?(0) 

where ̂ "g^ are Killing vectors on dS^. Th i s resuit was establ ished by first in tegrat ing the 
équation of mot ion (2.6.20) cont rac ted with a Killing vector and showing tha t it can be 
wri t ten as a to ta l divergence. T h e intégrat ion of the r.h.s. of the équat ion of mot ion 
contracted with any Killing vector is precisely the above condit ion. Thèse integrabil i ty 
condit ions were unders tood as l inearization stabi l i ty constra ints . We then moved to the 
generalization of thèse condit ions in the case where kab and iab are non-trivial . We found 
that , for the équat ions to have a solution at least up to second order, we need to require 
the following necessary condit ions 

£ d^Siab ^^oyi' = 2 £ ( r i ; ^ + T^lf )C(%n^ (2.6.25) 

where 

T^") 2 5L^^) _ 1 [^,^,/| 1 [g.g,//] f2 6 26) 

are the stress-tensors, expressed as linear combinat ions of SD tensors Kab, associated to the 
actions 

= y Z ^ ( _ i a ^ a a V + ^ a 2 ) , = \ / ^ ( l B i } > ( i ) " ' ' ) ,(2.6.28) 

which were found by requir ing t h a t their variat ions respectively reproduce the équa t ions of 
motion for a and kab-
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Eventual ly, in section 2.5, we have looked a t ail possible conserved charges t h a t one can 
associate to conformai Killing vectors, i.e. t ranslat ions, or Killing vectors, i.e. boos ts or 
ro ta t ions . To do so, we have made extensive use of the resul ts es tabl ished in the previous 
sections such as the propert ies of Killing vectors on dSs, the classification of SD tensors , the 
proof t h a t charges cons t ruc ted by cont rac t ing an SD tensor wi th a cer ta in Killing vector 
is équivalent to a charge cons t ruc ted with the curl of this tensor wi th ano the r pa r t i cu la r 
Killing vector, and the l inearization stabi l i ty constraints . In the case where kab — iab = 0, 
we have seen t h a t only four charges, which agrée wi th the A D M m o m e n t a , can be associated 
to t rans la t ions 

and t h a t six charges, the Lorentz charges, can be associated to t he Killing vectors 

8 ^ i"^'-^^^^^ ~ ^ ^ « ^ ^ ^ ^ - t w ^ " = / / ' ' ? 5 l ' ^ C o s t W ^ ^ ' = (2-6.30) 

^« ^ ^i'^'^^^^>-''^'^^^^^^oos^i^)^'=^l^^ (2-6.31) 

using ei ther the electric or magnet ic pa r t s of t he Weyl tensor. As we will review in the 
following chapter , this last resuit is also a proof of the uniqueness of t he Lorentz charges 
defined by Ashtekar-Hansen in [8, 12] using the magnet ic pa r t of t he Weyl tensor a n d the 
coun te r - t e rm charges of M a n n and Marolf [17] expressed in t e rms of t he electric p a r t of 
the Weyl tensor. Th i s also trivially proves their équivalence as es tabl ished in [45]. We also 
ment ioned t ha t , only in the case where kab is allowed to develop singulari t ies, one can define 
non-tr ivial dual m o m e n t a 

For regular kab, the above dual m o m e n t a are identically zéro. 

We also pointed out tha t Lorentz charges are a priori no t unique in the case where kab 
and iab are non-tr ivial . Indeed, one possible choice is 

^ ^ l d ' s V ^ K V a b + 2lab)^Lo.m'^'--^£d^SV^)Wa^^^^^^^^ 

(2.6.33) 

However, there is an infinité number of possible choices as one can a d d to t h e m any hnear 
combina t ion of the twelve bounda ry charges 

AS[^(%] = j > ^ d ^ S ^ ^ m { a , T'^^' + Tf^)il^.^n'>, (2.6.34) 

where a i and «2 are a rb i t ra ry constants . In ail cases, they reduce to t he Loren tz charges 
(2.6.30)-(2.6.31) for kab = hib = 0 upon taking into account the l inearizat ion s tabi l i ty 
cons t ra in ts (2.6.25). We will explore thèse issues in greater détai l in the next chap te r . 
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Chapter 3 

Conservée! charges from the va national 
principle 

Asymptot ical ly flat spacetimes are defined up to a frame a t infinity which is specified by 
ail diffeomorphisms tha t préserve the boundary conditions. Allowed dif feomorphisms asso-
ciated with non-trivial conserved charges - the large diffeomorphisms - modrilo diffeomor­
phisms associated with zéro charges - the pure gauge t ransformations - define the asymptot ic 
synnnet ry group. For asymptotical ly flat spacetimes at spat ia l infinity wi th spécifie pari ty 
condit ions imposed on the first order fields, the construction of the asympto t i c symmet ry 
group has been worked out bo th with Hamiltonian and covariant phase space methods . 
As we have reviewed, in the Hamil tonian Framework, the Regge-Teitelboim (RT) construc­
t ion [6] shows tha t the asymptot ic symmetry group is jus t the Poincaré group. In tha t 
Framework, pari ty odd super t ransla t ions also préserve the b o u n d a r y condit ions b u t they 
are associated with vanishing Hamil tonian generators. In covariant phase space, we have 
seen in the previous chapter t ha t the asymptot ic symmetry group is the Poincaré group 
when t runcat ing the phase space, by set t ing to zéro a part of the first order fields, i.e. the 
first order magnetic par t of the Weyl tensor is set to zéro. Th i s last condi t ion also fixes ail 
super t ransla t ions [8, 43]. We have however not discussed yet how par i ty condi t ions show 
up in this setup. 

In this chapter , we will deal with conserved charges associated to a sympto t i c symmetr ies 
t ha t can be constructed from a Lagrangian which provides a good variat ional principle. Our 
analysis also relies on the covariant phase space (see [57]) which is the space of dynamical ly 
allowed historiés, i.e. solutions of Einstein 's équations. We refer the reader to [57] for more 
détails abou t the construction of charges as Noether charges in this se t -up a n d the précise 
meaning of a symplectic s t ruc ture on the covariant phase space. 

We s ta r t by reviewing in section 3.1 the Crnkovic-Witten-Lee-Wald symplect ic s t ruc ture , 
constructed from the Einstein-Hilbert Lagrangian, the Barn ich-Brandt -Compère symplectic 
s t ructure , and the ambiguity in their définitions. We point out t h a t for asymptot ical ly 
flat spacetimes t ha t can be cast into the Beig-Schmidt form, par i ty condit ions mus t be 
imposed on the first order field a to obtain a fînite symplectic s t ruc ture , and thus a good 
définition of the covariant phase space, as first realized by Ashtekar, Bombelli and Reula 
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(ABR) [57]. Compar ing the ABR phase space with the work of Regge-Teitelboim, where 
supertranslat ions are allowed at first, we show the existence of a larger covariant phase space 
which allows the inclusion of a traceless and divergence-free kab with a fixed pari ty (see also 
comments in [11]). Here, when logarithmic t ranslat ions are not allowed and pari ty even 
conditions have been imposed, we also recover the Poincaré group as asymptot ic symmetry 
group by Computing the charges tha t can be constructed from the symplectic structure. 
In comparison with the ABR phase space, part icular pari ty even supertranslat ions are 
allowed, namely the covariant équivalent of the Hamil tonian odd supertranslat ions. Thèse 
are associated to trivial charges in agreement with the R T analysis. 

In section 3.2, we review the Mann-Marolf construct ion [17] of a good Lagrangian varia-
tional principle for asymptotical ly flat spacetimes at spat ial infinity, their construction of a 
boundary stress-energy tensor and its associated counter- term charges. Based on the results 
presented in the previous chapter , we revisit the équivalence of the counter- term charges 
with the expressions of Ashtekar and Hansen (see also [45]). We finish this section by point-
ing out the relation between parity conditions and boundary terms at fu ture infinity and 
past nuU infinity in the variational principle. 

In section 3.3, we propose a new way of regulating the covariant phase space without 
imposing pari ty conditions. This is implemented by adding counter- terms to the action so 
that divergences cancel in the variational principle and makes it well-defined. The charges 
associated to the symplectic s t ructure , when the bulk pa r t is regulated by the boundary 
counter-term contribution, are thus also shown to be finite and non-trivial for ail asymptot ic 
t ransformations allowed by our enlarged Beig-Schmidt ansatz . 

We relegate to Appendix I.D a comparison between covariant and 3-M boundary con­
ditions. 

3.1 The covariant symplectic structure and associated charges 

In this section, we review two différent définitions of the symplectic s t ruc ture and see how 
they are related by a boundary te rm manifest ing the ambigui ty in its définition. We then 
study conservation and finiteriess of the symplectic s t ructure , wheu using our enlarged Beig-
Schmidt ansatz, which are the crucial propert ies the symplectic s t ruc ture should satisfy to 
define a good covariant phase space. Our computa t ions review the resuit of Ashtekar-
Bombelli-Reula [57] which shows tha t the symplectic s t ruc tu re is conserved and logarith-
mically divergent. It can however be made finite, for the Beig-Schmidt ansatz, by imposing 
parity conditions on the field a. Here, we also show tha t a generalized covariant phase space 
can be considered when bo th a and kab with spécifie par i ty conditions are allowed. In the 
last par t , we see how the symplectic s t ruc ture can be used to define conserved charges, t h a t 
are finite and reduce to previous expressions known in the l i t téra ture for the Beig-Schmidt 
ansatz. Although we will not discuss it here, we refer the reader to [58, 15, 18, 19] for the 
understanding of the charges, constructed from the symplectic s t ructure , as generators of 
(Poincaré) asymptot ic symmetries. 
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k = -kf.^dx" Adx" = k'"'{d^x)^^ , (3.1.2) 

{d^-''^),,,...,,, = e^,...,Jx''^+^ • • • dx'^" , (3.1.3) 

3 .1 .1 T w o symplectic structures 

T h e symplect ic s t ruc tu re is a phase space 2-forrn t h a t is dei ined as the in tégral over a 
Cauchy slice of a space t ime 3-form t h a t we refer to as the i n t eg rand for t h e symplec t ic 
s t ruc tu re . 

As for conventions, we déno te a 3-form 0 and a 2-form k as 

0 = ^ Qf.^pdx^'-Adx" Adx''= è"{d^x),, , (3.1.1) 

1 

2 

where 

1 
p!(n — p)! 

wi th n be ing the number of dimensions. 

For Stokes ' theorem to hold, we have set conventions (see A p p e n d i x B of [34]) t h a t 
imply 

eTp(?0 = èpOip = -^TBip = £60- (3.1.4) 

Th i s also tells us t h a t 

(d^x)r = -dp{d'^x)r, {d^x)p = -dT{d^x)p , 

{d^x)r = -{d^x)p = 2{d^x)pr = -d^S , (3.1.5) 

where (fiS = ^C/^^dx^ A dx'' w i th C and L being coordinates on t h e sphère . 

The Crnkowic-Witten-Lee-Wald symplectic structure 

T h e Crnkovic-Wit ten-Lee-Wald in tegrand [59, 58] for the covar iant p h a s e space symplec t ic 
s t r uc tu r e is given by 

-<5ipV^525 - 2<5i5,;3V"52fl''^ - (1 ^ 2 ) ) , (3.1.6) 

where à\g^v, are p e r t u r b a t i o n s a round a gênerai a sympto t i ca l ly flat space t ime g^jy 

and we use the convention 5^'"^ = ̂ '''̂ '̂̂ ^^^KA-
To recover this expression, we follow closely the approach given by B u r n e t t and Wald 

in [60]. S t a r t ing f rom the Eins te in-Hi lber t act ion 

S E H = j J ^ f d ^ x ^ R , LEH = V ^ R , (3.1.7) 
167rG J_f^ 

one computes the on-shell var ia t ion of t h a t act ion while keeping the b o u n d a r y t e rms . We 
find 

ÔL = SiR^,)g"^s/^ + B,nA<j""^) • (3.1.8) 
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By explicit c o m p u t a t i o n , we check t h a t 

<5(%/^) = - ^ 9 ^ . . < 5 9 ^ " v ^ , '^9'''^ = -9'"' g''" 5g.a , (3.1.9) 

and we ob ta in 

5L = ( V ^ A V ) 9^"^9 + G,., ôg'^''. (3.1.10) 

On shell, we have G^:^ = 0 so t h a t the second t e r m vanishes. T h e first t e rm is a b o u n d a r y 
term. Let us re-express it as 

J — / d'xôL = - ^ [ é x d , { ^ g K % , g n ^ j d0 , (3.1.11) 

where 0 is a 3-form, as def ined in (3.1.1). I t s exter ior der ivat ive is 

d@ = - Q^^p dx" A dx'' A dx" A dx^ . (3.1.12) 

T h e Hodge dua l of th is 3-form is a 1-form 0 = * 0 

This gives us 

= 3,^^^_3^, e'^^'e^upa dx" , 0 = dx>^ . (3.1.13) 

= ^ e"""^ e , p , , e , , , = e^,p, , (3.1.14) 

and irapUes t h a t 

de = d{è^ {d^x),,) . (3.1.15) 

In our case, we immedia te ly see t h a t 

9 fi ^va f^3„ 
-G 

0 = è ^ ( d 3 x ) ^ = ^A'^^^g'^^id'x), 

^g'^'^g"" {'^cSg..-VJg.,){d'x)^. (3.1.16) 
IOTTG 

T h e pre-symplect ic s t r u c t u r e is ob ta ined f rom the p re -symplec t ic poten t ia l 0 as 

ij{6ig, Ô2g) = ôi&{Ô2g) - 02&{ôig) , (3.1.17) 

and the bulk symplec t ic s t r u c t u r e is 

17''""^ = j ^ • (3.1.18) 
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We find the pre-symplec t ic s t ruc tu re associated to the E ins te in -Hi lber t L a g r a n g i a n to be 
given by 

^{ài9, à2g) = ^ i ? . ^ ' ' " ^ ^ * ( 5 2 . 9 . a V ^ < 5 i 5 ^ i - (1 2)Yd^x)^ , (3.1.19) 

where 

^,cuaf)-ys ^ gingà<^g<yP _ ^gi'Pg'^-yg^" - ~g"''g"f^g^^ - ^^g""g'''^g^^ + ^g''"g"^^g^^ .(3.1.20) 

This is exact ly the expression given by Wald and Zoupas in [15]. It is comple te ly équivalent 
to our expression (3.1.6) as soon as one rewrites it using our convent ion ôg'^'^ = g^'^g'^'^ Sçan-
In shor t , one usual ly says t h a t the Crnkovic-Wit ten-Lee-Wald in tegrand (3.1.6) is o b t a i n e d 
by varying a second t ime the bounda ry terra ©[5^] obta ined a f t e r a var ia t ion of t h e E ins te in -
Hilber t Lag rang ian as ij[Sig,S2g] = SiQ[52g] — S2@[Sig]. 

Barnich-Brandt-Compère symplectic structure 

In [18, 19], the in tegrand for the symplect ic s t ruc tu re was o b t a i n e d f rom Eins te in ' s équa ­
tions. We refer the reader to thèse papers for more détai ls a b o u t its cons t ruc t ion . T h e 
B a r n i c h - B r a n d t - C o m p è r e symplect ic s t ruc tu re is given by 

W[ôig, Ô2g] = 5 ^ ( f ^ ' 3 ; ) „ , ^ (5 ig„^v ,52f l7* - Ô2gc0V,52g.ys) 

= ^id'x),,^{ôig''^V^S2ga0 + ô,gV^52gi + 5iff^iV"525 

-5,gV^d2g - 5,g^pV°52g''^ - 5r9^^Vf^52ga0 - (1 ^ 2 ) ) , (3.1.21) 

where 

-g'"'g"^g'^^ - c / ' ^ ^ V ' ^ " / ^ ' ' - g^'^^g^^^'^g^^". (3.1.22) 

Comparison of symplectic structures and the ambiguity 

One can check t h a t the in tegrands of the two symplect ic s t r u c t u r e s def ined above differ by 
t h e b o u n d a r y t e rm 

W[ô,g,52g\ - to[5^g,52g] = ^^{d'x)^^^,(5,g''p52g^'P - (M ^ y))- (3.1.23) 

Th i s resuit reflects the well-known fact t h a t there is an ambigu i ty in the déf in i t ion of the 
symplect ic s t r uc tu r e . Indeed, if one adds a b o u n d a r y term cZK to t h e Lag rang ian , t h e n t h e 
équa t ions of mo t ion are unafFected. However, the presymplect ic po ten t i a l will b e modi f ied 
by a t e rm 5 K = dY\5g]. Then , the in tegrand for t h e symplect ic s t r u c t u r e becomes 

uj^uj + d(5iY[52g\-{l^2)) . (3.1.24) 
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In the foUowing, we will be in teres ted by their expressions for a spécifie ansa tz of the 
Beig-Schinidt form. In this case, we see t h a t this différence vanishes on cons tan t p and T 
surfaces when the metr ic and p e r t u r b a t i o n s are expanded in the Beig-Schmidt expansion 
with 

9pa = 0, Sgpa = Q- (3.1.25) 

We can therefore use interchangeably w and W in what follows. Note t h a t this does not 
change the fact t h a t there is still an ambigui ty in t he définition of the symplect ic s t ruc ture . 

Conservation and finiteness of the symplectic structure 

Before looking at the cons t ruc t ion of charges, let us discuss conservation and finiteness of 
the symplect ic s t ruc ture . 

Conservat ion is established as soon as the symplect ic s t ruc tu re given in (3.1.18) is shown 
to be independent of t he spécifie choice of the three surface E. Because the symplect ic 
s t ruc tu re is closed by définit ion, to analyze its conservation it is sufficient to evaluate the 
integrand on a constant p hypersur face and see if it is of order o(p°). Indeed, if this 
is the case, t he in tégrat ion on a région del imited by E i , E2 and 9E, represent ing two 
Cauchy surfaces joining the b o u n d a r y of thèse two surfaces a t fixed p will be vanishing. 
The conservation then au tomat ica l ly follows as 

/ dLJ^O = - UJ+ I U}+ I LU , / UJ= LO . (3.1.26) 
.IM JV.1 •IT,2 -'dT, . /E l •IT,2 

The finiteness of the symplect ic s t r u c t u r e can be s tudied by in tegra t ing on a cons tant r 
hypersurface. It is finite if 

/ uj dp < 00. (3.1.27) 
j E,r=fixed 

Note t h a t the above a rgumen ta t i on for conservation of the in tegrand implicit ly assumes 
tha t it is also finite. 

To compute thèse quant i t ies , let us first give some relevant in format ion . Let us first 
remember our generalized Beig-Schmidt ansa tz 
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meaning t h a t 

r,PP 

ah g 

1 + — + 0 p 3 

-2,(0) ab 

5"" = 0 , 

2p 2p'' 4 2 

(3.1.29) 

where we work in t h e gauge A;̂  = 0. T h e variat ion of the me t r i c is 

•2 

+ (^piôkat - 'iàah^ab) + Inp^îaft + àh^^b + « ( p " ) ) , (3.1.30) 

where 

= g^'Sg^ 
-4S(7 1 

H P 
9'''9''%cd = p-'iSk'^'' - 26ahl^^) + 

(<5/i(2) - Uaôa - k'^^'ôkab) + o{p-'^) , (3.1.31) 

V = {9'"?àgpp = — (3.1.32) 

(3.1.33) 

R e m e m b e r our no ta t ion ôg^" = g^'^g'^^ôg^^x. 

T h e covariant der ivat ive requires an expansion of the Chr is tof fe l symbols . O n e checks 
t h a t 

1 
pp 

•pa 
PP 

i p a 2 ^ ^PP'"" p p2 0{p' 

1 „(, (7° fc^Vb - 3cro-<̂  
• 2 5 % p , 6 = - ; ; 3 + -4 + 

Kb = -phf^-lkab + ScThf^-j-^{iab-2akab + l0a^h'-^^) + O{p-^) 'ab 2 

pb ~ 2 ^ 9cb,p ra ac — 1 sCL , —2 
„!, = -a Qrh ^ = p Ofe + p + + p - 3 l o g p ( - * ^ ) 

+ p - ^ ( - / i p ' " + Ul + ifc-fcfc, - 2ak^, + 2a^hf^ ") + o (p -3 ) , 

(3.1.34) 
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and also 

r?c = r^° ' + p-'r^'^ + o{p-'), (3.1.35) 

where 

r ^ ' ^ I = \i'Dck\ + Vhk\-V''ktc)-a,ô^-ab5^,+aVi'-°J . (3.1.36) 

Now, on the one hand , using the expans ion (3.1.28) only up to first o ïder , t h e symplect ic 
s t ruc tu re in tegrand evaluated on a hypersur face p = cons tan t gives 

- ^ 1 5 ^ ^ 2 . 9 - <^1.<7./3V"<52.7"̂  - hg'"'Vl'f>2ga0 - (1 ^ 2 ) ) 

= :^{d?x)psr^(5rg'''VP52gab + {hg - 5 i<)(V,<525^ - ^ M ) 

- ( 1 ^ 2 ) ) , (3.1.37) 

where we used Qpa = 0 and 8gpa = 0 in t h e second équat ion . C o m p u t i n g the foUowing te rms 

h9''^^''à29ab = p-^ il2ôiaÔ2(J + ôik''''Ô2kab) , (3.1.38) 

i^ig-Sxg';) = -6Siap-\ (3.1.39) 

{Sig-SigP){V''Ô2gP-VP52g) = -36p-Hia52a , (3.1.40) 

we see t h a t 

W[6lg,Ô2g]\f^redp = oip'>). (3.1.41) 

This shows tha t our b o u n d a r y condi t ions ensure t h a t the symplec t ic s t r u c t u r e is conserved. 

On the other hand , the in tegrand for the symplect ic s t r u c t u r e eva lua ted on a Cauchy 
slice E a sympto t i c to a cons t an t r hypersur face reads 

W[ôig- 52g]\f,,eér = ^^{d'x)ry/^{ôig'"'S7^62g,p + 6xg"\V^Ô2gab - ^1^291) 

+Sig{V''52gl - V'52g) + 5,g^'\VJ29 - V -^s^a t ) - (1 ^ 2 ) ) . 

(3.1.42) 

We find 

6,9pPy^52gpp = +4p-^ô,aV^Ô2a , 

5i9"\V^529ah - ybS29l) = p - " {8S,aV^Ô2cr - 2e^'-'' 5,k/ 62 B^'J + 2ô,kJ''S2C7,^ , 

^ i5 (V"525 : - V"<525) = -8p-^ô,aV^52a , 

<5i5™(Va^29 - V''<525a6) = P " ' {45,aV^62CT - 2Sik^''62(Tb) . (3.1.43) 
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Therefore, we obta in 

(3.1.44) 

T h e bulk symplectic s t ruc tu re 

^buik[5ig, Ô29] = W[5ig, 62g] , (3.1.45) 

is therefore logarithmicaily divergent for generic a and kab-

This resuit was originally obtained by Ashtekar, Bombelli and Reu la in [57], under the 
restrictive assumption tha t kab = 0, where it WELS suggested t h a t one should impose t ha t a 
satisfies the followiug (even) pari ty condition 

a{T,9,(p) = a{-T,n - e , ( f ) + n) , ( 3 . 1 . 4 6 ) 

so tha t the symplectic s t ruc tu re be finite. Actually, one can make the symplectic s t ruc tu re 
finite even in the présence of kab by imposing 

a{T,e,'(j)) = Saai-T,^ -e,(l) + Tr) , ( 3 . 1 . 4 7 ) 

kabir,9,4>) = Skkabi-T,^: ~9,(f) + Tr). (3.1.48) 

Here, and are two signs which defîne the phase space wi th par i ty conditions. Indeed, 
thèse conditions are sufficient as they impose the integrand to be of odd parity. FoUowing 
the dictionary between cylindrical and hyperbolic coordinates presented in Appendix I.D, 
the RT parity conditions, reviewed in chapter 1, amount to = = + 1 . Remember 
tha t in RT vvork, the parities were chosen so tha t Schwarzschild is allowed as a solution. 
Note tha t a necessary and sufficient condition to allow Schwarzschild is actual ly only .s^ = 
+ 1. For the sake of simplicity, we will not discuss the case of mixed parit ies here bu t 
restrict the analysis to even parities. The conclusions concerning mixed parit ies can be 
straightforwardly obtained from the results presented in the foUowing. 

The covariant phase space where even parity conditions on a and kab imposed is 
more gênerai than the one considered by ABR in [57] since here we do not impose k„b = 0 
but only require t ha t V°-kab = ka = Q. In the lat ter case, the par i ty even super t rans la t ions 
fulfilling ( • + 3)w = 0, such t ha t kab remains an SDT tensor wi th even parity, are allowed 
while logarithmic t ranslat ions are not, because we do not allow here for iab and a of odd 
parity. As we will see in the foUowing, the conserved charges associated wi th thèse allowed 
super t ransla t ions are vanishing while the Poincaré generators are non-vanishing. Therefore, 
this enlarged phase space is a consistent phase space where the asympto t i c symmet ry group 
is still the Poincaré group. This consistent phase space generalizes the one defîned in [57] 
by allowing the field k^b and therefore the first order par t of the magne t ic Weyl tensor 
^^ab ~ \^a'^'^c^'db to be non-vanisliing while still keeping the Poincaré group as asympto t ic 
symmetry group. Note t ha t the four lowest harmonies in B^^^ are zéro because we impose 
t ha t kab has to be regular. 
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Let us finally mention tha t this enlarged covariant phase space we have just discussed is 
a subset of the phase space described by Regge and Teitelboim in [6]. There is a one-to-one 
mapping between Poincaré t ransformations between 3-1-1 and covariant formahsm. To see 
the mapping between supertranslat ions, let us décompose the odd supertranslations 4 ' (n) 
of RT as temporal supertransiat ions , radial supertranslat ions and angular supertrans­
lations where /, is a coordinate on the two-sphere. FoUowing our Appendix I.D, there is 
a one-to-one mapping between canonical temporal and radial supertranslat ions and even 
parity covariant supertranslat ions satisfying ( • + 3)w = 0. However, our phase space is a 
subset of the RT phase space as angular supertranslat ions generate mixed components Qpa 
in hyperbolic coordinates. Thèse have been frame-fixed when put t ing the metric into its 
Beig-Schmidt form. 

3.1.2 Charges constructed with the symplectic structure 

To discuss conserved charges, it turns out to be much more easy to work with the integrand 
for the symplectic s t ructure W, the one derived from Einstein 's équations. Indeed, when 
contracted with the Lie derivative of the metric, it becomes a boundary term 

W[Sg.Cig] = dk^[5y-g], (3.1.49) 

where the last equality has to be understood up to Einstein 's équations of motion for 
the metric and the linearized per turbat ions (see also [19]). The boundary term k^[6g;g] is 
exactly given by the Abbott-Deser expression [10] (see also chapter 1) for the surface charge 
constructed from a linear per turba t ion ÔQf^i, around a solution g^,^ 

= T f l ; i d ^ ^ ) ^ , ^ g ( e { y n g - V.ôg'^^) + ^^V^^g^^ 
IDTTG V 

+Ugv''e + \5g""v,£r + l^g^^y'^a - (M ^ J^)) • (3.1.50) 

The equality (3.1.49) can be checked rapidly as foUows. T h e two-form is 

^ ~ k^i/dx^ A cix = (rf x ) , k^iy = 'z^fxi/an^ 7 k ^ = —€ kfj_i/ (3.1.51) 

which gives, from (3.1.50), 

W'" = -
1 1 
3 167rG 

and we also have by définition 

dk = S/^'k^"" (d^x),, 
1 1 

^p,.a.p^s _ p.a,.p^6^ (2^aS70Ôg^s - Sg^s'^pia) , (3.1.52) 

3 IGTTG 

{2V^e,a^p5g^s + 2U'^uVpôg^5 - ^^ôg^s^pU - Sg^s^^^p^a) • (3.1.53) 
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One then needs to compute this last expression by discarding terms which are zéro on-shell. 
For example, one obtains 

( 3 . 1 . 5 4 ) 

In the end, one finds 

= dk^ , ( 3 . 1 . 5 5 ) 

where the first equality was obtained by définition of the Lie derivative jO^g^^ = ^ U ^ / L -
T h e covariant phase space infinitésimal charges associated with a di f feomorphism tan­

gent to the phase space are defined f rom the symplectic s t ruc ture as 

^Q^[g]=n[5g,Cçg]- (3.1.56) 

Here, we use the symbol ^Q^[g] to remind the reader tha t the infinitésimal charge between 
the solution g and g + Sg can be considered as a one-form in field space which is not 
necessarily exact. When ^Q^[g] is an exact form in phase space, as will t u r n out to be 
the case for each diffeomorphism we consider, the charges can be defined. W e dénote the 
integrated charge as Q^[g.,g] (we have 6Q^[g;g] = ^Q^[g]) and fix the in tégra t ion constant 
so t h a t Q^[g;g] = 0 for Minkowski spacetime g. See also [19] for more détails. 

Using the définition of the bulk symplectic s t ructure (3.1.45) and i ts p roper ty (3.1.40), 
the charge one-form ^Q^[g\ can be wri t ten as a surface intégral 

^Qd9] = / kd^g^g], (3.1.57) 
•IS 

evaluated on the sphère 5 at constant t ime t and at p = A. T h e expression for the charges 
can be rewri t ten in the alternative form 

kdSg\9] = -Sk^ + ^{d^x),,,^(^e{^''5g - VJg'"') + V ^ < 5 r ) - E[C^g,5g], 

( 3 . 1 . 5 8 ) 

where 

is the Komar term and 

E{C^g,Sg] = ^{d^x)^,,/^[^g^^Sg^pg^^Cig^,g^'' - (M ^ i^)) , (3.1.60) 

is a term linear in the Killing équat ions tha t might not vanish in gênerai for asymptot ic 
symmetr ies . Here S acts on the metric and on the asymptotic Killing vector, as ^{g) might 
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dépend on the met r ic . Note t h a t in (3.1.58), the first t e r m is the exact var ia t ion of the 
Komar t e r m and the th i rd t e rm is zéro when evakia ted on cons tan t p and T surfaces since 

9pa = 0, 5gp„, = 0, Ci^Qpa = 0. (3.1.61) 

Therefore the bu lk surface charge one-form (3.1.57) is given by the generahza t ion of t h e 
lyer-Wald expression [14] when the a sympto t i c KilUng vector is allowed to dépend on t h e 
metric 

k^[5g-g\ = -5k[<[g] + - i ^ ( d 2 ^ ) ^ , v ^ ( ç - ( v ' ^ < 5 g - SJJg^^^) + V ^ ^ ) • (3.1.62) 

We say t h a t sur face charges are integrable if and only if 

^ (52^4[<5ig; 5] - (1 2 ) ) = 0 . (3.1.63) 

T h e integrable charges are then defined by in tegra t ing in phase space as 

Q[i\9\ = j j ^ h [ ^ 9 \ 9 \ , (3.1.64) 

where 7 is a p a t h in tlie space of syninietr ic conf igura t ions , see [19] for more détai ls . T h e 
charges are asympto t ica l ly linear, and thus reduce to t h e Abbo t t -Dese r expressions (see also 
[18]), if 

h\^9\9\ = h\.^9\9] =h\.3-9\9]- (3.1.65) 

Evaluating the charges for our Beig-Schmidt ansatz 

Let us now review the explicit évaluat ion of the charge (3.1.64) for each a sympto t i c Killing 
vector ( t rans la t ions , supe r t r ans la t ions sat isfying ( • + 3)w = 0, ro ta t ions , boos ts and loga­
rithrnic t r ans la t ions ) . Al though we have not considered yet in th is chap te r a phase space 
where logar i thmic t rans la t ions or generic supe r t r ans l a t i ons are allowed, we p roduce the 
generic (divergent) resul ts here as thèse vvill be useful in the nex t section. T h e ma in goal 
of this section is to es tabl ish t h a t in the case where logari thrnic t rans la t ions are d i scarded 
bu t even par i ty supe r t r ans l a t ions sat isfying ( • + 3)a; = 0 can act on the phase space, i.e. 
a and kab obey even par i ty condit ions and igh = 0, we recover the usual expressions for t h e 
Poincaré charges der ived in previous works on a sympto t i ca l ly fiât space t imes in Lag rang i an 
f ramework [7, 8, 47, 10, 12]. T h e only différence wi th those works, when par i ty condi t ions 
are imposed, is t h a t we have allowed for even pa r i ty supe r t r ans l a t ions by allowing the S D T 
tensor k^b to be non-zero. In agreement wi th the work of Regge and Tei te lboim, we show 
tha t thèse charges a re always zéro. 

In order to do t h e c o m p u t à t i o n only once, we consider t h e vector field 

e = \ogpH{x) + {uj{x) - H{x)) + i F ( 2 ) ( p , x ) + o ( p - i ) , 

e = il^) + ^^H''{x) + -u^''{x) + ^G^^^'^{p,x) + o{p-^), (3.1.66) 
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where ut s tands for supertranslat ions (or translations), H for logari thmic translations, and 
.̂ "Q̂  for the Kiiling vectors on dS^. Remember tha t the functions F^^' and G^ '̂ " are fixed in 
terms of u), H and the first order fields such tha t the form of the generalized Beig-Schmidt 
ansatz is preserved. 

Let us now plug the vector field (3.1.66) and our generalized ansa tz (3.1.28) into (3.1.62) 
and make intensive use of the results s tated between (3.1.29) and (3.1.36). 

For the first term in (3.1.62), the Komar term, we find 

+ \ ( - G(2) " + pdpG^^^ "• - + a"H - 2aH" - -k'i^oj'' + au" 
p-^ \ 2 

H-h.'^t^ " + + \k'"%, - ak'é + 2,a^h}^^ ")^(%) , (3.1.67) 

D-i" = --i^^„, + J ^ ( i r 4 ) + < o ) - ^ " ) + ^ ( ^ ^ ( o ) + ^ ^ ^ " - ^ ^ ^ ^ ^ ^ ^ 

+ ^ (^'(2V^°' + ̂ ("2) " + ^'"^^^b - - 2 ^ ^ " + '^"''^ ~ + Sf^w" 

+ ^^^6^(0) - - ^'^'"^.(-^(o)) • (3-1-68) 

The functions F^^) and G^ )̂ " are fixed by computing 

^ [ D ^ C + D^^P) = ^ - / i ( o ) ( \ ogp{ - k ° - ^Hb + 4aiï"") + F^^) « - 2G(2) ^ + pSpG^^) « 

-AaH'' - k^Lo'' + 4aa;" + ^^Hb^ + o(p°) . (3.1.69) 

Indeed, if we want the vector to be Kiiling up to order o(p°), we should impose 

I?(2) a _ 2(0(2) a _̂  pQ^G^2) a ^ (J^G^ _ i)(^_f^ab^^ _̂  ^^^A) _ j^a^b ^ ^^^a ^ G (3.I.7O) 

Note tha t this is just another équivalent way of saying t h a t we s tay in the Beig-Schmidt 
f rame under such transformations. 

In the end, for the Komar term, we find 

-167rG / SK^ = -A[g] + A[g] , (3.1.71) 

where 

Ay] = {D'e ~ D'^e) = ^f^){2i^o)P' + ( - 6 < o ) - ^6^(0) + 2^ / " ) P 

+ \n p{-2i'èilQ^ - 2Ha" ~ 2aH") + (^pdpG^'^^" - F^^) " - 2a"uj - 2CTW" + 2a"H 

-4aH- - k"'Hb + ( - 2 / i f " + il + k"'kcb)^l,^ + (/i(2) + 7a^ - Ikabk"'')^^^^) 

+o{p°) . (3.1.72) 
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T h e last term in (3.1.62) is 

B = J {DPÔC - D^Se') = y/-h(o) (^pdpG^^^ " - F^^) + o(pQ) . (3.1.73) 

To compute the last two terms of (3 .1 .62) , we see that 

DPôg-DJg'^P = 

2(5(7" 
D'^ôg - D.ôg'"' 

which gives 

^e{Dng - D.Sg'^P) 

+ o{p-') , 

(3.1.74) 

(3.1.75) 

-6^-hf^o)ôa^^Q^p-6^-h(^o)ôaH''\ogp 

+ ^ - / i ( o ) ( ( - ' 5 / ^ ^ ' ' + 30a6a + ^A;"*<5U)^^o) " 6^^^^") 

+c(/^°) , 

^ - / i ( o ) ( - 2 I / ( î a " l o g p - 2{u - H)5a"^ + o(p°) (3 .1 .76) 

T h e intégral in phase space turns e u t to be trivial 

C ^ [ ^ e { D ' ' S g - D J g ' ' - - e i D P S g - D J g ' ' P ) ) 
J'Y 
= yj-hio) [(6c7e("o))p + l o g p ( - 2 / f ( 7 " + 6 a / f " ) + 

geiD'^Sg - D^ôgn 

(/i(2) - 15a' - ^kabk"-'')^^^. + Gaoj" - lua" + 2IFA" 

The final answer is 

(16 •KG) f k, :ç = {-A[g] + A[g] + B - C) {2{<fx] pa) 

(3.1.77) 

(3.1.78) 

The quadratical ly divergent term, présent in (3.1.72) , cancels b e t w e e n — a n d A\g\. T h e 
linear divergent term proport ional to a in the Komar intégral A cancels the one in C. B y 
convention, we express the charges in terms of ̂ ^gj = ~^(0)' '^^^^ linear divergent 
term reduces to 

K(.t^)P (3.1.79) 

It is hovvever identically zéro after using the équat ions of m o t i o n for kab and properties of 
intégrais. In the end, we see t h a t the final resuit has a log divergent pièce and a finite pièce 

+4c7"w - 4(70;" - 4 a " / / + 4(T / /" + fc"*"//;, 

- 2 | f o ) ( / i f ) " - - ^A^-fc,, + C "(-/^^'^ + 4(7^ + ^kak^'^))) (3 .1 .80) 
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as expected from the logarithmic divergence of the symplectic s t ruc ture . 
Let us now study in more détail the charges associated to t ransla t ions , super t rans la t ions 

and Lorentz t ransformations. We will not consider logarithmic t rans la t ions as thèse are not 
allowed in the phase space where even parity conditions are imposed. For the other symme-
tries, we t ry to stay as gênerai as possible in the following, ant ic ipat ing the considérations 
to be presented in section 3.3. 

Translations and supertranslations 

Even wi thout assuming pari ty conditions, the charges associated to t rans la t ions and super­
t rans la t ions are finite and asymptotical ly linear k(^[Sg;g] = k^[ôg;(î]. They reduce to 

Q{^;g] = ^ ( f S V-h(o) Ua(a"a; - ffw'^) . (3.1.81) 

One can check tha t the charges are also conserved as we restrict ourselves to super t ransla­
tions satisfying ( • -|- 3)c»; = 0, so tha t 'Da{(J°'ui — crw") = \Jauj — aOoj = 0. 

For translat ions, the expression for the charges can be fur ther simplified by noticing 

t ha t , when uJab + '^h^ab ~ 0' have 

2ujab - 2ujb<J = -E^^^^Wa - 2V°-{u)^^ab]) • (3.1.82) 

One recovers the well-known expression for the four-momenta, a l ready obta ined in (2.5.6), 

QU9\9] = J ^ ^ d ' S Ell^n'^V\^^), (3.1.83) 

where the four scalars ("(̂ i), /* = 0,1, 2, 3 are the four solutions of T>a'DbC(fi) + '̂Ib^Q/x) = 0-
T h e vector d/dt in the 3-1-1 asymptot ic frarae {t,r,9,(f)) corresponds to the t ransla t ion 
C(o) = — s i n h r . One can check [45] tha t the charge Qço) for the Schwarzschild black hole of 
mass m is +m af ter identifying a = G m cosh2TsechT, as it should. 

For supertranslat ions, when pari ty even conditions are imposed on bo th a and kab, w also 
has to be pari ty even. One realizes from expression (3.1.81) t ha t super t rans la t ion charges 
identically vanish in this case. Note tha t this does not apply to t rans la t ions u — Q^), which 
are of odd parity, as thèse are still allowed and are associated with non- t r iv ia l charges. 

Lorentz charges 

As we can see from (3.1.80), the expression for the bulk charge admi t s a logar i thmic diver­
gence and a finite pièce. The logarithmically divergent pièce of the Lorentz charges takes 
the form 

k^ôg^g] = J ^ c l ^ S ^ ^ i a b ^ ^ o ^ n ' ' + OiA"^). (3.1.84) 

It can be expressed using the linearization stability constraints (2.6.25) as 

klSa; 9] = d'Ss/:i^{T^:^ + Ti,f + 0 ( A ° ) , (3.1.85) 
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where T^^ and T^^ are the stress-tensors of the act ions (2.6.28). The finite par t of the 
Lorentz charges can be writ ten as 

+hf^{8a^ + a'<yc - ^A:,,,^"'' + K,ia-''))(:{^~^n\ (3.1.86) 

where we used the second order équation iP'^ = I2a'^ + acCj'^ + ^kcdk^''' + kcd(^'^'^• The charges 
are also conserved as a conséquence of the momen tum équat ion (2.2.54). 

Let us remark here tha t , foUowing considérations presented in the previous chapter , the 
finite par t of the charges given in (3.1.86) can be wr i t t en in two équivalent ways as 

(3.1.87) 

where Vab, Wab are defined in (2.6.17)-(2.6.18). 
When parity conditions hold, the intégral of ail quadra t ic pièces vanish and so does the 

divergent par t ( the intégral of iab vanishes as a conséquence of the linearization stabil i ty 
constraints). It then implies tha t asymptot ic linearity (3.1.89) holds and the charges thus 
agrée with the Abbot t -Deser formula 

Q_Ç(„,[g;g] = / k.^^^^ig - g-g\. (3.1.88) 
J S 

One can check [45] t ha t for the Kerr black hole, one gets the s tandard resuit ̂ 7(3) = +ma 

for ^(O),rot = ^ • 
When pari ty conditions are not imposed on a and kab, the charges have a divergent 

contribution and contain a finite par t with quadra t i c t e rms in the fields tha t cannot be 
obtained from the linearized theory alone. In other words, the property of asympto t ic 
linearity 

k^[5g;g] = k^[6g;g], (3.1.89) 

would not hold for Lorentz t ransformat ions in this case. 

An extended covariant phase space 

We have thus seen t ha t from the symplectic s t ruc ture , when imposing iab — 0 and a, kab 
to be pari ty even, one can define Poincaré charges t h a t are asymptotical ly linear and thus 
reduce to s tandard results known in the l i t térature . Also, we have generalized the phase 
space of ABR [57] by allowing for an SDT pari ty even kab- We have thus allowed for even 
parity super t ransla t ions tha t obey ( • + 3)w = 0. In agreement with the work of Regge and 
Teitelboim, we have seen tha t the associated charges are trivial. 
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3.2 Mann-Marolf counter-term charges and parity conditions 

As we have seen in the previous section, the Einstein-Hilbert ac t ion is s ta t ionary, upon 
varying it, up to a boundary term. It was realized by G. G ibbons and S. Hawking in 
[61] tha t vvhen one considers variations with 5hab = 0 on t h e boundary , one should add a 
boundary term to the Einstein-Hilbert action to have a good variat ional principle. This 
te rm is known as the Gibbons-Hawking term 

S = SEH + SGH , SGH^2 [ K , (3.2.1) 
JdM 

where K is the t race of the extrinsic curvature. In a more gênerai way, one would like to 
consider an action principle which is s ta t ionary under the fuU class of variat ions correspond-
ing to the space of pa ths under which the intégral is performed. T h e b o u n d a r y terms should 
then vanish under any allowed variations, and not just say ôliat = 0. T h e action (3.2.1) 
is actually well defined for spatial ly compact geometries but m a y diverge for non-compact 
ones (see also [62]). To define the action in this latter case, one should choose a référence 
background go and write 

S' = S[g] - S[go] = SEH + 2 f {K -Ko). (3.2.2) 
JdM 

The Mann-Marolf counter te rm is a prescription for a good var ia t ional principle for 
asymptotical ly flat spacetimes which are described by metr ics of t h e Beig-Schmidt form. 
Inspired by this "référence background approach" just described, see also [61, 62, 63, 64, 65, 
66, 67, 68, 69], it was proposed in [17] to deflne the action for asympto t ica l ly flat spacet imes 
as 

SMM = / d ' x y / ^ ^ + ^ / d ^ ^ y / ^ i { K ~ K ) , (3.2.3) 

where K = h°-''Kah and Kab is defined to satisfy 

T^ab = KabK ~ Ka^Kcb, (3.2.4) 

where TZab is the Ricci tensor of the boundary metric hab at a cut-off p = A. Th i s équat ion, 
because it is quadra t ic in Kab, admi t s more than one solution for Kab- T h e prescription 
of [17] consists of choosing the solution tha t asymptotes to t h e extrinsic curva ture of the 
boundary of Minkowski space as the cut-off^ p = A is taken to inflnity. It was then shown 
tha t the action is finite on-shell and also tha t asymptotically flat solutions are s ta t ionary 
points under ail variations preserving asymptot ic flatness. Indeed , one s t a r t s by Computing 
the variation of the action for asymptotical ly flat spacetimes t h a t are defined as spacetimes 
admi t t ing a Beig-Schmidt expansion. One can check that this var ia t ion is equal on-shell to 
(see also [48] and [45] for computa t iona l détails) 

ô S M M ^ - r ^ [ (fixy/^E^'^'''>Skab, (3.2.5) 

where E^^ = —cJab — <^f^^ab o^^er electric part of the Weyl tensor and b o u n d a ry 
te rms at the fu ture and past boundaries, let us call them C±, have been neglected. We will 
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study in more détail t he impor t ance of thèse contr ibut ions a t the end of this section. Here, 
Einstein 's équat ions imply t h a t /i^^' is locally the metr ic on t h e hyperboloid and therefore 

we set Sh^^ij = 0 by fixing the bounda ry metr ic to be the uni t hyperboloid. 

Now, the variat ion of t he act ion as ob ta ined in (3.2.5) is obviously zéro if we consider, 
as is done in [17], the phase space vvhere Skab = 0. However, a f te r intégrat ions by par t s , 
one can also write (3.2.5) as 

ôSMM = 1 ^ d'x s f W ) ( - a«<5(2?^fc„i,) + a<5(/i(0) " ' ' U ) ) • (3.2.6) 

We thus see t ha t a good var ia t ional principle can be defined under the more gênerai as-
sumpt ion t h a t the symmet r i c tensor kab 's a traceless and divergenceless tensor 

C = 0, V^kab = 0. (3.2.7) 

This action provides t h u s also a good variat ional principle for asymptot ica l ly flat spacet imes 
defined by our generalized ansa t z when kab is res t r ic ted to be an S D T tensor^. This is our 
justif ication for having considered solutions wi th kab non-t r ivia l bu t such t h a t kab is an S D T 
tensor. 

Boundary stress-energy tensor 

Here, let us stick for a m o m e n t to the s t ronger a s sumpt ion kab = 0- Based on this good 
variational principle, where the act ion has been supp lemented by à counter te rm, it was 
proven na tu ra l in [17] to define a renormalized, or boundary , stress-energy tensor. T h e 
boundary stress tensor is defined as t he funct ional der ivat ive of the on-shell action with 
respect to hab 

'2à S S 1 

where TT"'' is the con juga te m o m e n t a defined as TT"'' = Kh^^^"'' — K"-'', bu t also TT'^'' = 
f^liW ab _ j^ab jg addi t ional t e rm t h a t was first overlooked in [17] bu t later deal t 
with in [45]. T h e formai expression for A^b is not needed here b u t can be found in appendix 
A of [45], see also [48]. T h e a sympto t i c expansion of the s t ress tensor is given by [45] 

'Actually, this is not coinplctely true as parity conditions should also bc iinposcd to cnsurc that tlic 
boundary contributions at future and past boundarics can bo Icgitimately iicgiectcd. Sec tlic end of this 
section for more détails about this. 
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where [17, 51, 45) 

T^l^ = Ej^b =-<^at-c^h<f^, (3.2.10) 

= -f^ab + + + l ^ "^ ' ^ " ' ) ''ab - 2 a^a, - aUab - CJa^CJ^b (3.2.11) 

= E^^-lab, (3.2.12) 

lab = 2aaab + \<y'^hl^ + ala,i,-]^acdO^'^hl^, (3.2.13) 

- 3a„„pa"" î ' / i 2^ + 9ap,(„aP%) - 3aP'ap,(„b) - 2aVe(„6)] . (3.2.14) 

Here, E^^^ and E^^^ are t h e first and second order terms in the e x p a n s i o n of t h e electr ic 
pa r t of t h e Weyl tensor . 

Counter-term charges and Ashtekar Hansen charges rewisited 

T h e b o u n d a r y s t ress tensor (3.2.8) ob ta ined f rom the act ion (3.2.3) can be used t o def ine 
the conserved charges [17] 

Q{^] = ^ [ d^S^/^Ta,u'^e, (3.2.15) 

for any a s y m p t o t i c Ki lhng field 4", where hab is the induced metr ic on t h e hyperbo lo id T-Lp 
defined as a cons t an t p slice, 5^; is a Cauchy surface in H/, and u"' is a t imel ike un i t vec tor 
in Tip no rma l to Sp. Expand ing the expression in powers of p for r o t a t i ons a n d boos t s , one 

notices a p o t e n t i a h y linearly divergent t e r m in p. However, since E^f^ a d m i t s a as its sca lar 
po ten t ia l , t he divergent t e r m is in fact zéro [8]. Then , the finite par t^ of (3.2.15) r educes 
to [51, 45] 

= 8 ^ / '^'^\/-^)^^<^ - ^^ab - lab - A l l ) ) ^ fo )^ ' > (3-2.16) 

where n " is t h e leading order coefficient of in t h e asymptot ic expans ion a n d 5' is t h e un i t 
two-sphere . I t is now easy to show t h a t ^ab does not cont r ibute to conserved charges as 

7a!,̂ ro) = D'^ (e(0)^[aHlc + «c[a^6]^(o)) + D'^a-"D^^è!^^) ^ 4D"(aa [ ,4°)),(3.2.17) 

where = can be wr i t t en as a to ta l divergence on 5 . T h e tensor A '̂̂ ^ also does no t 
con t r i bu t e to conserved charges. Indeed, f rom our classification of SD tensors in sec t ion 
2.3.2, one realizes t h a t it can be wr i t t en as 

7 3 
^ab = - j ( c u r l ' ^ ) „ ( , - - ( c u r l V ) , 6 . (3.2.18) 

^Here, we do not consider translations as we readily find exactly the same définition as the one given by 
Ashtekar-Hansen [8] that we dcrivcd in the prcvious chapter. 
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Imposing the hnearizat ion s tabihty constraints s ta t ing tha t Hab must be associated to trivial 
charges, the resuit immediately follows. Thus , expression (3.2.16) simply reduces to our 
previous expression (2.6.30)-(2.6.31) 

We have thus shown tha t the hnearization stabil i ty constraints, established in the previous 
chapter, are al! t ha t is needed to show the équivalence between the counter- term charges 
given in te rms of the electric par t of the Weyl tensor and the Ashtekar-Hansen charges given 
in terms of the magnetic par t of the Weyl tensor. Note tha t this was expected as we proved 
in the previous chapter tha t only six non-trivial independent charges associated to Killing 
vectors can be defined. It would be interesting to see if the construction of a bounda ry 
stress-energy tensor can be generalized when kab a n d / o r iat are non-trivial. 

Parity conditions and boundary contributions in the variational principle 

In [51, 45], the équivalence between the counter- term charges and the Ashtekar-Hansen 
charges was established using the even pari ty condit ion on a 

We have reviewed in the two previous sections tha t , bo th in Hamil tonian framework or 
in covariant phase space methods, asymptot ical ly flat spacetimes at spatial infinity have 
only been defîned when pari ty conditions on the first order par t of the boundary fields are 
imposed. We have seen tha t thèse conditions have been introduced so tha t Lorentz charges 
are finite and so t ha t the canonical s t ructure , or in Lagrangian formalism the covariant 
symplectic s t ructure , is also finite. Now, as we have reviewed here with the Mann-Marolf 
construction [17], see also [61, 62], it seenis t ha t asyrnptotically flat spacetimes a t spatial 
infinity admi t a variational principle whether or not pari ty conditions on the first order par t 
of the boundary fields in the asymptot ic cylindrical or hyperbolic radial expansion hold, a t 
least when one neglects boundary terms at the past and fu tu re boundaries [61, 62, 17]. It is 
however qui te intriguing tha t even though the act ion is finite, the symplectic s t ruc tu re and 
the conserved charges are infinité when pari ty conditions do not hold. One would like to 
think t ha t the action détermines the entire dynamics and therefore in part icular the sym­
plectic s t ruc tu re and conserved charges'^. This apparen t puzzle was one of the motivat ions of 
the work presented in the next section. To unders tand the mismatch, one has to realize t ha t 

The boundary contributions in the variational principle of Mann and Marolf [17] vanish 
if one imposes parity conditions but do not in gênerai. Thèse boundary contributions are 
responsible for the logarithmic divergence of the covariant symplectic structure when parity 
conditions are not imposed. 

•'Wc thank D. Marolf and A. Virinarii for drawing our attention to tliis issue and A. Ashtûkar for empha-
sizing the rôle of past and future boundary terms in the variational principle. 

(3.2.19) 

CT(R, 6, (f)) = a { - T , •ïï - 0,(j) +-ïï) . (3.2.20) 
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Although we have not s ta ted so previously, the construct ion of the boundary stress-
tensor thus impUcitly assumes t ha t pari ty conditions have been imposed. To see how those 
boundary contributions émerge and reproduce the logarithmic divergence of the symplectic 
s t ructure , we limit the domain where the variational principle is defined between an initial 
and a final spacelike hypersurface t ha t we dénote as S±. T h e sphères lying at t h e intersec­
tion of the boundary hyperboloid H with the hypersurfaces E± are denoted as S± and are 
defined at hyperboloid times T = T±, see Figure 3.1. 

^ s. 

Figure 3.1: The variational principle is defined in the spacet ime deliniited by initial and 
final t ime slices E± and the hyperbolic cut-off TL. 

Following previous discussions, we find 

SSMM — C± , (3 .2 .21) 

where 

C± = 1 ^ {d'x)^Q^[5g\ , (3.2.22) 

and where Q'''[5g]{cfix)fj, is the presymplectic forni. Using t h e asympto t ic expansion of the 
fields and J^{cfix)ae"- ^ - J""^ dp Jg{d^x)ae"-, we obtain t h a t 

C± = T ^ d^S^f^^Ua (^iaVôa + ^k^^V^k^c^ + J-± , (3.2.23) 

where we dénote by J^± the finite te rms tha t are obtained f rom integra t ing t h e presymplect ic 
form in the bulk of E ± after removing the logarithmic divergences. We expect t ha t the finite 
t e rms T± might be set to zéro by imposing appropriate boundary condi t ions on S ± and by 
adding appropriate boundary terms to the action on T h e dérivation of the boundary 
condit ions and boundary terms a t S ± would require a careful anaiysis t ha t we will not 
per form here. 

Having derived the boundary contr ibutions to the variational principle, we see that the 
logarithmically divergent term in (3.2.23) cannot be set to zéro for gênerai varititions ôa, 
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ôkab unless addi t ional b o u n d a r y condit ions are imposed on tlie first order fields. If one 
imposes t h a t a and kab sat isfy spécifie pari ty condit ions, then thèse boundary condi t ions 
vanish. For generic a and kab, one could compute the cont r ibu t ion of thèse bounda ry t e rms 
to the symplect ic s t r uc tu r e and would actual ly recover tlie divergent pa r t we obta ined before 

mSig; Ô2g]k = ^ ( ' ^ ' ^ O a N / ^ { ô , a V ^ 6 2 a - i e ' ' - 5 i f c , ' ' 5 2 ^ 2 " (1 ^ 2) ) + o{p-') . 

(3.2.24) 

To summarize , we have seen tha t t he variat ional principle is actual ly ill-defined on f u t u r e 
and past boundar ies S ± when par i ty condit ions are not imposed. As a direct conséquence 
of this, one sees t h a t t he cont r ibut ions to the symplect ic s t ruc tu re of t he boundary t e rms 
(3.2.23) make the symplect ic s t ruc tu re infinité. T h e Mann-Marol f action we have described 
in this section is thus only a valid variat ional principle, i.e. bounda ry contr ibut ions can 
be neglected so t h a t ôSMM = 0, if some other b o u n d a r y condit ions such as the par i ty 
conditions hold. We review in the next section ano the r way to regulate thèse infinities 
without imposing par i ty condit ions, allowing us to deal wi th a phase space where logar i thmic 
and generic super t rans la t ions sat isfying ( • + 3)w = 0 are allowed t ransformat ions . 

3.3 Relaxing parity conditions 

Both in the usual covariant phase space and in t h e Hami l ton ian f ramework, différent log­
ari thmic t ransla t ion f r ames or generic pari ty supe r t r ans l a t ion f rames are not related by 
t ransformat ions associated wi th finite Hami l ton ian or Lagrang ian generators when one uses 
the s t andard canonical bracket or symplectic s t ruc tu re . T h e r e is therefore no covariant 
phase space or canonical space t ha t encompasses space t imes or initial d a t a surfaces wi th 
such différent f rames . Now, e i ther thèse f rames are unphysical or they are physical. O n the 
one hand , if they are unphysical , one would expect t h a t the corresponding t r ans fo rmat ions 
are pure gauge (see [50] for a rguments tha t logar i thmic t rans la t ions are unphysical) . T h e 
fact t ha t logari thmic t rans la t ions and generic par i ty super t r ans la t ions are not degenera te 
directions of the symplect ic s t ruc tu re - they are not allowed direct ions of the symplect ic 
s t ruc ture in the first place - is however in tension with the intui t ion t h a t pure gauge t r ans ­
formations should be degenera te directions of the symplec t ic s t ruc tu re . O n the o ther hand , 
if the choice of f rame has some implication for the dynamics of the theory, it is i m p o r t a n t 
to consider those t r ans fo rma t ions and s tudy if t he infinit ies can be sui tably regularized. If 
an enlarged phase space exists where b o t h logar i thmic and generic super t rans la t ions are 
allowed in the first place, it would allow us to set t le thèse ques t ions of frame-fixing. How­
ever, there does not exist in the l i tera ture a cons t ruc t ion of a consistent phase space where 
parity condit ions have not been imposed. 

We have jus t seen t h a t this re laxat ion will s t rongly rely on the régulat ion of the s t a n d a r d 
covariant phase space symplect ic s t ruc ture . In Hami l ton ian formalism, this would equiv-
alently rely on the canonical bracket defined f rom the canonical fields ^gij and n^K Now, 
it is impor t an t to r emember f rom chapte r 1 t h a t t he défini t ion of t he canonical s t r u c t u r e 
dépends on wha t fields are considered to be canonical . W e reviewed t h a t in the work of [6], 
the asympto t ic values for the shif t and lapse func t ions a t infinity should be considered as 

112 



addi t ional canonical variables in addit ion to ^gij and TT'-'. T h e considérat ion of addi t iona l 
canonical variables might then lead to a modification of the canonical s t ruc tu re . Also, 
we have seen above t h a t t he algebraic dérivat ion of the covariant phase space symplec t ic 
s t ruc tu re f rom t h e bulk Lagrangian suffers f rom ambiguit ies [13, 14] a n d t h a t t he M a n n -
Marolf var ia t iona l principle is well-defined only under the assumpt ion t h a t f u t u r e and pas t 
bounda ry ternis caii be deal t wi th wi thout af ïect ing the aualysis a t spa t ia l infinity. 

In th i s sect ion, we show tha t four-dimensional asymptot ica l ly flat space t imes a t spa t ia l 
infinity can be defined f rom first principles w i thou t imposing par i ty condi t ions or res t r ic t ions 
on the Weyl tensor . In section 3.3.1, the Einstein-Hilber t ac t ion is shown to b e a correct 
variat ional principle when it is supplemented by an anomalous counte r - te rm which breaks 
a sympto t i c t rans la t ion , super t rans la t ion and logarithmic t r ans la t ion invariance. W e also fix 
the ambigui ty in t he définit ion of the symplect ic s t ruc tu re by looking a t the con t r ibu t ion 
of the counter te r rhs added to the action such t h a t they minimal ly cancel the divergences 
t h a t are présent in the absence of pari ty conditions. We see in sect ion 3.3.2 t h a t t h e 
cont r ibut ions of those counter - te rms to the charges make the Poincaré t r a n s f o r m a t i o n s as 
well as t he super t r ans la t ions and the logari thmic t rans la t ions finite, conserved and non-
trivial. Lorentz charges are generally non-linear funct ionals of t he a s y m p t o t i c fields b u t 
reduce to well-known linear expressions when par i ty condit ions hold. In sect ion 3.3.3, we 
discuss how those t rans format ions represent the asympto t i c symmet ry group. W e see t h a t 
Lorentz charges as well as logari thmic t rans la t ions t rans form anomalous ly under a change 
of regulator . Eventual ly, in section 3.3.4, we briefly discuss how th i s covariant cons t ruc t i on 
can be t r ans l a t ed into the Hamil tonian formalism. 

3 .3 .1 Act ion principle and finite symplectic structure 

As ano ther mechan i sm for canceling the logari thmic divergence, wi thout a s suming tha t a or 
kab obey pa r i ty condit ions, we simply propose to add to the ac t ion the following b o u n d a r y 
counte r - te rm 

5 = 5MM + ^ ( 5 ( ^ ) + 5 W ) , (3.3.1) 

where S'^"^ a n d S'^''^ are the actions 

Jn ^2 / 2 Jgj_ 

= [ d^xy/-hi^) { - ]- VaaV'a + ^a^) ± [ {d^x)aaV''a, (3.3.2) 
Jn \ 2 2 / Jsj^ 

= d ' x y / ^ ( i fid) '^''S^^)) ± i ^ {d'x)ak'=''V-k,a , (3.3.3) 
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for the scalar a and the SDT tensor kab defîned on the hyperboloid. In the above expression, 
we have defined 

± [ {d?x)a(jV"-a = + [ {cfx)a(jV''(j - [ {(fx)aaV°-a , 
Js± Js+ JS-

± I {d^x)ak"^V''kcd = + [ {cPx)ak"^V''k,d - f {(f x)ak^'^Vk^d . (3.3.4) 
J S± J 5+ J S— 

Note tha t , apar t from boundary terms a t S±, thèse are precisely the actions for the fields a 
and kab we already obtained in (2.6.28) when discussing Hnearization stabiUty constraints 
of Einstein's équations. As we have said a t t ha t time, the variations of the actions 5^''^ and 
5^^' reduce on-shell to a boundary t e rm at S± because the équations of motion for 5^* '̂ and 
S^^^ are precisely the équations obeyed by a and k^b obtained from Einstein 's équations. 

When pari ty conditions hold, the variat ions of the actions 3^"'^ and S^''^ are identically 
zéro off-shell. In the absence of pari ty conditions, when varying the action we see t ha t the 
sum of the bulk and counter- term bounda ry te rms at S± precisely cancel, for the choice of 
coefhcients in (3.3.1) and the choice of b o u n d a ry terms in the actions (3.3.2)-(3.3.3). We 
therefore obtained a variational principle wi thout need for pari ty conditions. T h e terms tha t 
we added to the Mann-Marolf action a t t h e spat ial boundary are boundary te rms which 
vanish on-shell and whose variations are also zéro on-shell. In some sensé, our approach 
is a refinement of [17] which consists in fixing the ofï-shell boundary value of the action 
a t spatial infinity, which was left unfixed in [17], in order to cancel the divergences at the 
boundary of E ± . 

The action (3.3.1) exphcitly breaks t rans la t ion, logarithmic translat ion and super t rans­
lation invariance but does not break Lorentz invariance. The présence of logarithmic 
counter- terms is reminiscent of the Weyl anomaly [70, 71] in the holographie renormal-
ization of anti-de Sitter spacetimes in odd spacet ime dimensions [72). We will refer to the 
action 

A = ^ [ d ^ x ^ f ^ ) (aiU + 3)a + \k'^{U - 3)fc„ft) , (3.3.5) 

as the (super/ log-) t ranslat ion anomaly. T h e anomaly is invariant under ail symmetr ies tha t 
are broken. Indeed, t ranslat ions do not act on the fields a and kab- Logari thmic t ranslat ions 
act as (5//cr = H and supert ranslat ions as ô^kab = 2a;at + 2w/i^^^ but the anomaly is invariant 
up to boundary terms a t timelike boundar ies ( tha t we neglect for this a rgument ) . Therefore, 
the Noether charges of the anomaly associated with the (super/ log)- t ranslat ion symmetries 
represent the algebra of (super / log)- t ransla t ions . The Wess-Zumino consistency conditions 
[73] are therefore obeyed. Since no holographie model for asymptotically flat spacet imes is 
known, we unfor tunate ly carmot t ry to inatch the flat spacetime anomaly to a Q F T model. 

Even though the anomaly is zéro on-shell for ail metrics obeying the bounda ry condi­
tions, it affects the dynamics mainly because its symplectic s t ructure is non-zero on-shell 
as we now review. 
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A finite symplectic structure 

Now t h a t we have found ano ther way to regula te infinities in t h e ac t ion in the absence of 
par i ty condi t ions , we propose to fix the ambigu i ty [13, 14] in the déf in i t ion of the symplec t i c 
s t r uc tu r e using t h e b o u n d a r y ternis in the act ion priuciple (3.3.1). Effectively, we fix t h e 
b o u n d a r y t e rms in the symplect ic s t ruc tu re in such a way t h a t the logar i thmic d ivergences , 
présent when pa r i t y condi t ions are not imposed, cancel. T h e final symplec t i c s t r u c t u r e t h a t 
we define has t h e form 

^[Sig,62g] = ^bu[k[h9,S2g] + ^c.t,.[6ia,ôik;Ô2cr,Ô2k], (3.3.6) 

where flhu\k is t h e s t a n d a r d bulk symplect ic s t ruc tu re and Oc.t. is precisely the b o u n d a r y 
symplect ic s t r u c t u r e t h a t can be derived f rom the bounda ry ac t ion in (3.3.1). Indeed , even 
thôugh the logar i thmic counte r - t e rm act ion is zéro on-shell, it has a non-van ish ing b o u n d a r y 
con t r ibu t ion to the symplect ic s t ruc ture . T h e free actions for a and kab i n t roduced in (3.3.2)-
(3.3.3) a re zéro on-shell b u t their symplect ic s t ruc tu res (defined w i th t h e s a m e conven t ions 
as in t h e bulk) a re t h e Klein-Gordon no rm and the symplect ic n o r m be tween two t raceless 
t ransverse fields given by the intégral of 

co^^)[6ia,52a] = {d'^x)aV-h^°^ ( ^ i ^ a ^ a - (1 o 2 ) ) , (3.3.7) 

uJik)[ôik,Ô2k] = ( r f 2 x ) „ V ^ ^ ( J e " ' ^ ' < ^ i B i ' ^ % f c r f 6 - ( l f ^ 2 ) ) , (3.3.8) 

over t h e sphère which is generally non-vanishing' ' . The t o t a l symplec t ic s t r u c t u r e is t h e n 
defined as a n n o u n c e d in (3.3.6) wi th 

ÇÏ,,t.[5ia,ôik,Ô2a,Ô2k] = ^ j (W('̂ )[(5I<T, Jatr] -f ^^[^lA;, ^s/c]) . (3.3.9) 

T h e resul t ing prescr ip t ion for fixing the b o u n d a r y terms in the symplec t i c s t r u c t u r e lef t 
unfixed in [58, 13, 14] a m o u n t s to the prescr ipt ion argued in [74] t o fix t h e b o u n d a r y t e r m s 
in the symplec t ic s t r u c t u r e using the symplect ic s t ruc tu re of the b o u n d a r y t e r m s of t h e 
act ion. Now, we see t h a t this prescr ipt ion is justified by the exis tence of a va r i a t iona l 
principle when p a s t and fu tu r e boundar ies are taken into account . 

3.3.2 Covariant phase space charges 

In this section, we go back to the covariant phase space charges a n d look a t the con t r i bu ­
t ions coming f rom the bounda ry symplect ic s t r u c t u r e (3.3.9). Indeed , since the symplec t i c 
s t r u c t u r e is finite, the conserved charges should also be finite when con t r i bu t i ons coming 
f rom the b o u n d a r y symplect ic s t ruc tu re are t aken into account . T h e charge one - fo rm ^Qç[g] 
is now w r i t t e n as 

m a ] = l^kç[5g;g] + ^ [J'^^lSa, ô^a] + u^'^^lôk, ôçk]), (3.3.10) 

""ïhc couMtcr-terin /^^^ d^x\/—h{K — K) has not the form of an ofï-shell action for the boundary fields 
and thcrcforc it docs not define a boundary .symplectic structure. 
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evaluated on the sphère S at constant t ime t and a t p = A. Here, S^a, S^kab are variations 
of the first order iields induced by the Lie derivative of the metric along ^. 

In the previous section, we obtained the contr ibut ion from the bulk symplectic s t ruc ture 

(3.3.11) 

where we observed tha t logarithmic t ranslat ions and Lorentz charges have a divergent par t . 
Let us now see what happens when contr ibut ions of the boundary counter- terms are taken 
into account. 

Translations and supertranslations 

For t ranslat ions and supertranslat ions, one checks tha t the boundary counter- terms do not 
contribute to the charges as 

(3.3.12) 

where 

5ç(T = 0, 5^fc„i, = 2(wa6 + /ii°'w). (3.3.13) 

For translations, it is relatively simple to see because = 5(_kab = 0. For super t rans­

lations, the first equality in (3.3.12) is also trivial as thèse t ransformat ions do not act on 

a. The second one can be proven after using «5^5^^' = 0, since following L e m m a 1 (see also 

(2.3.79) and [8]) one can write B^^' = —àab — ^^ab^' where ( • + 3)â = 0, and eventually 

after showing tha t nae°''^uj^âed = ''T'aT^c(^^"''^^{^<^^^ed - \à'^^ed - wâe)j is a boundary term. 

The charges associated with t ranslat ions and supertranslat ions are therefore precisely 
the ones which can be obtained from the bulk linearized theory 

Q ^ b ; 9] = ^ l ^ d^sV^Ua (a-u - aiv-). (3.3.15) 

Let us insist here on the fact t ha t in the absence of parity conditions, the charges 
associated to supertranslat ions satisfying ( • -I- 3)w = 0 are still conserved bu t do not vanish 
in gênerai. 
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Lorentz charges 

For the Lorentz charges, we saw t h a t in the absence of par i ty condit ions there was a log-
ari thmical ly divergent par t . FoUowing our prescription, this divergence should be exact ly 
canceled by t he counter- term contr ibut ions to the total charge (3.3.10). We have checked 
tha t the divergence indeed cancels af ter Computing the following re la t ionship be tween sym-
plectic s t ruc tu res and Noether charges 

u^k){5k,C-^,,,k) = 5 ( \ / ^ T W " ' ' e ( o ) 6 ( c ^ ' ^ ) a ) + d ' 5 y ^ n " î 3 ' ' P [ „ f , ] , (3.3.16) 

where Pab = P[ab] is an ant i -symmetr ic tensor. Following our previous results , the Lorentz 
charges are thus finite and can be wr i t ten in the équivalent forms 

^ ^ ^ ^ ' 5 x / ^ ( l / a 5 + 2 z , 5 ) C t w " ' = - 8 ^ ^ ^ ' 5 V ^ W ^ ^ ^ ^ ^ 

(3.3.17) 

where V^b, W„6 are defined in (2.6.17)-(2.6.18). 

W h e n par i ty condit ions do not hold, the Lorentz charges are non-linear func t iona l s of t he 
asympto t ic fields and therefore differ f rom the s t andard ADM and AD formulas [5, 10]. T h e 
s t anda rd A D M and AD formulas are restored when parity conditions hold. Such a s y m p t o t i c 
non-linearities appeared before in the context of asymptotical ly ant i -de S i t te r spacet imes . 
In Eins te in gravity, the charges are linear funct ionals of field pe r tu rba t i ons a r o u n d ant i -de 
Sit ter [10, 75, 76]. However, non-linearities may appear when m a t t e r fields are présent , see 
e.g. [77, 78, 79]. 

Logarithmic translations 

If we do not assume pari ty conditions and in t roduce iab, logarithmic t r ans la t ions are allowed 
asympto t ic t ransformat ions . Remember t ha t they modify the first order fields as 

6^a = H, ô^kab = 0. (3.3.18) 

Since logari thmic t ranslat ions do t ransform a, t he boundary te rms in t he symplec t ic s t ruc­
ture might play a rôle. We find 

^ J ^ u ^ . , { 6 a , 5 H a ) = ^ 5 j ^ d ' S . / ^ ) E ^ H ' ^ n ' ' , (3.3.19) 

where we have used Hob — HbO = —\E^^^H°' — 'D°'{H\^a.<yb\) and discarded the t o t a l divergence 
te rm on the sphère. As one can see from (3.3.11), the bulk covariant phase space charge 
associated wi th a logari thmic t ransla t ion is given by^ 

/ k^\5g-g] = - - ^ 5 [ d^Sy/^E^l^H^n" + - ^ ô [ Ss/^kabn^H' (3.3.20) 

^Here, the logarithmic translation is defined as the sum of a logarithmic translation, as defined in chapter 
2 (sec also [44, 4G]), with a translation. 
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We fincl t ha t the two divergent contr ibut ions are opposite of each otlier and exactiy cancel. 
The remaining finite par t is triviaiiy integrable. Logarithmic t ranslat ions are therefore 
associated with the non-trivial charges 

which are conserved thanks to the property T>°'{kabH^) — 0. 
In the restr icted phase space where kab = 0, logarithmic translat ions are associated 

with zéro charges or equivalently they are degenerate directions of the symplectic s t ructure , 
in agreement with Ashtekar 's resuit [50]. When pari ty conditions are imposed, logarith­
mic translat ions are not allowed t ransformat ions and the associated charges do not exist. 
The présence of non-vanishing conserved charges associated with logarithmic t ranslat ions 
is therefore a part iculari ty of the phase space wi thout pari ty conditions and with kab 7̂  0-

Some comments 

We have reviewed here tha t Poincaré charges as well as charges associated to super t rans­
lations and logarithmic translations can be non-trivial in the generic case. To answer the 
question asked a t the beginning of this section, this also means tha t logarithmic and super­
translat ion f rames define inequivalent f rames distingiiishcd by their associated conserved 
charges. In this respect, the constructed phase space is bigger than the A B R phase space 

No exact solution of vacuum Einstein 's équations is known to us which breaks pari ty 
conditions. Such a solution would also possess twelve boundary Noether charges in addi t ion 
to Poincaré, logarithmic translat ion and super t rans la t ion charges. The bounda ry Noether 
charges are the Noether charges of the actions 5'^ and S'^ for the hrst order fields associated 
with the boundary Killing symmetries or equivalently with the bulk asympto t ic Lorentz 
Killing vectors. A subclass of thèse solutions exists as an asymptot ic séries expansion at 
spatial infinity. Indeed, one can consistently set the logarithmic ternis in the expansion 
(2.6.2) to zéro and still obey Einstein 's équat ions by fixing six linear combinat ions of the 
boundary Noether charges to zéro, see section 2.4 for détails. The original Beig-Schmidt 
expansion [44] which uses only polynomials in p is a consistent analytic asympto t ic solution 
of Einstein 's équations at ail asymptot ic orders which has six boundary Noether charges. 
We leave the existence, or non-existence, of a regular solution in the bulk with such charges 
as an open question. 

It is also interesting to remark at this s tage tha t the présence of non-vanishing charges 
associated with super t ransla t ions in addi t ion to Poincaré t ransformat ions is also a fea ture of 
null infinity where supert ranslat ions along the null direction are associated with non-tr ivial 
charges as well [37, 80, 15]. For regular asympto t ic fields, one expects t ha t super t rans la t ion 
charges should be conserved a t infinité pas t t imes a t fu ture null infinity or a t infinité late 
times a t past null infinity where the news tensor vanishes. Indeed, a t such la te or early 
times the expression of [37, 80, 15] becomes conserved and proport ional to the first order 
electric par t of the Weyl tensor and matches quali tat ively with our expression (3.3.15). I t 
would be interesting to make tha t qual i ta t ive agreement more précise by compar ing the 
précise définition of supertranslat ions. 

(3.3.21) 

[57]. 
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3 . 3 . 3 Algebra of conserved charges 

In t h e last section, \ve obta ined explicit expressions for conserved charges assoc ia ted wi th 
t rans la t ions , Lorentz t rans format ions , logar i thmic t ransla t ions a n d s u p e r t r a n s l a t i o n s . We 
ob ta ined t h a t ail a sympto t i c charges are non-t r ivia l in gênerai in our phase space . T h e 
set of inf ini tés imal d i f feomorphisms form a Lie algebra defined f r o m t h e c o m m u t a t o r of 
genera tors . A n a t u r a l quest ion to ask is w h e t h e r or not the a lgebra of t r ans l a t ions , loga­
r i thmic t rans la t ions , Lorentz t r ans fo rma t ions and super t rans la t ions is r ep resen ted w i th the 
associa ted conserved charges. 

Genera l représen ta t ion theorems are available [81, 19] bu t o n e quickly real izes t h a t 
they do no t take into account b o u n d a r y cont r ibu t ions to t h e symplec t ic s t r u c t u r e . T h è s e 
con t r ibu t ions can be deal t wi th as follows. Eve ry d i f feomorphism in t h e bulk s p a c e t i m e 
induces a spécifie t r ans fo rma t ion of the b o u n d a r y fields t h r o u g h t h e Be ig -Schmid t a s y m p ­
tot ic expans ion t h a t identifies b o u n d a r y fields f r o m bulk fields. The re fo re , the Lie a lgebra 
of inf in i tés imal d i f feomorphisms defined f r o m t h e c o m m u t a t o r of g e n e r a t o r s also induces a 
Lie a lgebra of t r ans fo rma t ions of t h e b o u n d a r y fields. T h e Poisson bracke t be tween two 
charges is t h e n defined as 

{Qd9;9], Qel9;9]} = -s^Qck^Sl (3.3.22) 

where t h e var ia t ion acts on the bulk fields as a Lie derivative and on the b o u n d a r y fields as 
the t r a n s f o r m a t i o n induced on the b o u n d a r y fields froui t h e Lie der ivat ive of tiie bu lk fields. 
I t would be in teres t ing to develop a gênerai représenta t ion theo rem which takes b o u n d a r y 
con t r ibu t ions into account along the lines of [82]. Here, we s imply eva lua te t h e Poisson 
bracket using t h e explicit expressions for t h e charges derived and t ak ing in to a c c o u n t t h e 
b o u n d a r y field t r ans fo rmat ions . 

U n d e r an a sympto t i c t rans la t ion ^ = uj{x)dp + o[p^) where VoV^io + h^ab'^ ~ ^' ^^'^ 
b o u n d a r y fields t r a n s f o r m as 

t̂̂ CT = 0, 5^kab = 0, (3.3.23) 

ô^iab = 0, = P,(£^;)c. '=) + 2 e , d ( „ B j J ) V , (3.3.24) 

where E ^ J and B^^ a re the fîrst order electric and magnet ic p a r t s of the Weyl t enso r while 
Lorentz t r a n s f o r m a t i o n s <̂  = —£,(o) act on t h e bounda ry fields as a Lie der ivat ive 

^-i(0)'^ = •^-«(0)'^' '5_Ç(Q)fca(. = £-«(o)fca6, (3.3.25) 

(5-^(o)ïa6 = -C-Çjoj^ab, Ô-^^^^Vab = C-^^^^Vab- (3.3.26) 

Loga r i thmic translations® act as 

ô„a = H, 5kab = 0, 5Hiab = -'D,{E[l^H^)-2é^1^B'^l^Hn, (3.3.27) 

5HVab = -^V,iKbH') + 2V,{EI^^^H') + Se^^'^^y^llH,, , (3.3.28) 

^Here agaiu, the logarithmic translation is undcrstood as supplcmcutcd by an appropriatc translation. 
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and super t r ans la t ions act as 

Ôuj(T = 0, Ôojkab = 'i.ùJab + '^h\^UJ, Ô^jiab = 0 , (3.3.29) 

+ (ĉ '̂ WcCab) - (^^ab - "^CTl^h^ab + ^(a^b) + ^c{a^b] + (o" <^ t^)) • (3.3.30) 

After an explicit évaluat ion, we find t h a t ail a sympto t i c t r ans fo rma t ions are well-
represented: t h e Poisson bracket is an t i - symmet r i c and is isomorphic to the semi-direct 
p roduc t of the Lorentz a lgebra vvith t h e ( super ) - t rans la t ion and logar i thmic t r ans l a t i on al­
gebra. In par t i cu la r , the Poisson bracket be tween Lorentz charges 'and ( super ) - t r ans la t ion 
charges is given by 

{2-«(o) . 2 H } = - ( 2 H . 2 - î , O , } = 2 ( - ' ) . ^' = ^-«(0,^ • (3-3-31) 

and the Poisson bracket be tween Lorentz charges and logar i thmic t rans la t ion charges is 

{Q-«,o,, Q ( ^ ) } = -{QiH), 2 - ^ , 3 , } = QiH'), H' = . (3.3.32) 

Logar i thmic t rans la t ions and supe r t r ans l a t ions obey the algebra 

{ 2 M , Q(//)} = - { Q ( H ) , Q H I = ^ l d ' S Tia^H'^uj - Hcj'^) , (3.3.33) 

where t h e r igh t -hand side dépends on the gene ra to r s bu t does not dépend on t h e fields. In 
the harmonie décomposi t ion of to on t h e sphère, t h e Poisson bracket is zéro for ail ha rmon ies 
l > 1 and is a Kronecker de l ta for the four lowest ha rmonies / < 1. T h e a lgebra of a s y m p t o t i c 
conserved charges is isomorphic to the a lgebra of a sympto t i c symmetr ies . No non- t r iv ia l 
central ex tens ion of the a lgebra is présent . N o t e t h a t in order to dérive thèse resul ts , we 
made extens ive use of our classification of SD tensors and their proper t ies , as de ta i led in 
chapter 2, t o s implify in te rmedia te expressions and we discarded b o u n d a r y t e rms . We have 
also used t h e p roper ty described in [8, 44] (see also section 2.5) t h a t regular i ty kab implies 
t ha t the four conserved charges 

r^^) = ^ J ^ ^ib^""î^ 'C{^), = 0 , 1 , 2 , 3, (3.3.34) 

are zéro. 

We ob t a ined t h a t ail t r ans fo rmat ions : t rans la t ions , logari thmic t rans la t ions , Lorentz 
t r ans fo rmat ions and super t r ans la t ions are well-represented despite the ( log / supe r ) t rans la ­
tion anomaly. T h e fact t h a t the Lorentz g roup is well-represented is not surpr iz ing given 
t h a t the cut-off needed to regularize the act ion, see (3.3.1), is invariant unde r a s y m p t o t i c 
Lorentz t r ans fo rma t ions . Now, it is also i m p o r t a n t to take into account the sh i f t s in t h e ac­
tion when one changes the cut-ofi: used to regula te the act ion. Thèse shi f t s can be ana lyzed 
as foUows. 

Under a change of cut-off A, the ac t ion will be shi f ted by a finite pièce 5(o) p ropo r t i ona l 
to the a n o m a l y act ion S'-"^ + S^^^ given in (3.3.2)-(3.3.3). T h e conserved charges associa ted 
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with the asympto t ic Killing vector ^ will then be shifted by the boundary Noether charges 
of the action S^'^^ + Ŝ *̂ ^ associated with the symmetry 5^. Using s t anda rd manipu la t ions 
ôçL = dK^, 5L = + dQ[ô4>], the boundary Noether charges are defined as Jç = — 
0[5^(/>]. One then quickly sees t ha t t ranslat ions and super t rans la t ions are associated wi th 
vanishing Noether charges d^SJ^ = 0 while Noether charges associated wi th logar i thmic 
t ranslat ions are propor t ional to the four-momentum Q(^) and Noether charges associated 

with Lorentz t r ans fo rmat ions are given by the intégral of J^(o) = 2(T('')"' ' + T('')"'')^^°'(c/^a;)a 
where T^")"'' and T('=)"'' are the stress-tensors of the actions (3.3.2)-(3.3.3). 

Therefore, under a change of regulator, the t ransla t ions and super t rans la t ion charges 
are invariant. Logar i thmic t ranslat ion charges get shifted wi th the fou r -momenta and t he 
Lorentz charges get shif ted as 

AQ_^^„,[5;5l - [ d ' S ^ / ^ { T i l ^ + T i t % ) n ' . (3.3.35) 
J S 

Thèse shif ts can be obta ined simiiarly by varying the regulator directly into the expression 
for the charges associated to logarithmic translations, and ro ta t ions and boosts , before 
the subt rac t ion of divergences between the bulk and the boundary . Note t h a t thèse shif ts 
agrée with the analysis presented at the end of chapter 2 where it was noticed t h a t Lorentz 
charges are uniquely defined for our enlarged Beig-Schmidt ansa tz up to the addi t ion of 
those twelve b o u n d a r y charges. Four-momenta and s i iper t rans la t ions are finite w i thou t 
needing a regulator . T h e y are therefore manifest ly unchanged by the regulator . 

T h e s i tua t ion here can be contrasted to bulk infinitésimal diffeomorphisms which induce 
Killing symmetr ies and conformai Killing symmetr ies of asymptot ica l ly AdS spacet imes in 
odd dimensions as analyzed in [83, 84, 82, 85]. Firs t , the dependence of the Lorentz charges, 
associated with Killing vectors, upon the choice of regulator is analogous to the shif t of the 
stress-tensor by Weyl anomalous terms [83, 84]. The expression for the conserved charges 
(3.3.17) indeed allows us to recognize Vab + 2iab as the second order par t of the s t ress- tensor 
which generalizes the one given in [51, 45] when kab = iab = 0- In our case, logar i thmic 
t ranslat ions are afso présent and they are also shif ted under a change of regulator . 

In anti-de Si t ter , infinitésimal diffeomorphisms associated with b o u n d a r y conformai 
Killing vectors are well-represented even though they may act non-trivially on the act ion 
[82]. Indeed, the act ion only varies by a c-number which dépends on the b o u n d a r y condi­
tions while the dynamica l phase space is preserved. The non-conservat ion of the associated 
charges is related to this c-number. In asymptot ical ly flat spacet imes, t rans la t ions are also 
boundary conformai Killing vectors. Four-momenta as well as super t rans la t ions are always 
exactly conserved and they do not vary under a change of regulator . 

T h a t said, the anomaly in the action can also be described as follows. W h e n the bound­
ary conditions do not include pari ty conditions, logarithmic divergent intégrais in the ac­
tion and in the symplect ic s t ruc tu re should be regulated by in t roduc ing a finite cutoff which 
breaks asympto t ic (super / log)- t rans la t ion invariance. If one régulâtes the act ion by pushing 
the cutoff to infinity, the result ing regulated action will not be invariant under a sympto t i c 
( super / log)- t rans la t ions since it would be shifted by a finite pièce. Therefore, the regula ted 
action dépends on the spécifie (super / log)- t ransla t ion frame. 

Let us now t ry to describe how thèse results can be rnatched to the Hami l ton ian for-

121 



malism. 

3.3.4 Revisiting the Regge-Teitelboim approach 

We have seen t h a t pari ty condit ions on the hyperboloid are not required in order to define 
a consistent phase space in the hype rbohc représentat ion of spat ial infinity. Moreover, we 
have seen tha t when thèse condit ions are relaxed, charges associated wi th Lorentz rotat ions 
and boosts are non-linear funct ionals of the first order fields and logari thmic t ransla t ions 
and super t rans la t ions are associated wi th non-trivial charges. Both thèse characterist ics are 
not shared with the s tandard t r e a t m e n t of Hamil tonian charges a t spat ial infinity [5, 6, 11] 
we reviewed in chapter 1. There , par i ty condit ions on the sphère are imposed in order for 
the rota t ion and Lorentz boost charges to be finite. Also, charges are linear funct ionals 
of the bounda ry fields, logari thmic t rans la t ions are not allowed t rans format ions and par i ty 
odd super t rans la t ions are associated wi th trivial Hamil tonian generators . Let us t ry here to 
résolve this tension by proposing how the results of [6, 11] can be accommoda ted to enlarge 
the phase space to fields which do not obey par i ty conditions. 

Once pari ty conditions are relaxed, t he fall-off conditions are preserved by bo th pari ty 
even and pari ty odd super t rans la t ions , and a t first order in the asympto t ic expansion of 
t he fields '^gij and TT'-' by the so-called logar i thmic t ranslat ions which are associated to the 
lapse and shift functions 

where K-^ and are constants . We have thus in mind tha t one should s t a r t by considering 
t he phase space of raetrics where the generic expansions of the fields take the form 

where, as in the covariant approach, t he logari thmic branch is necessary in order to satisfy 
the constraints when pari ty condit ions do not hold, as already noticed e.g. in [11]. 

Note t ha t we do not intend to work ou t in détail the Hamil tonian formalism here. In-
stead, our approach should be seen as a first step. FoUowing the existence of a Lagrangian 
variational principle, we t ranspose covariant boundary condit ions to t he Hamil tonian for­
malism. By "transpose", we mean t h a t we consider a phase space where par i ty conditions 
imposed on the three-metric, its con juga ted momenta and the super t rans la t ions are relaxed, 
and so t ha t logarithmic t ransla t ions are also allowed, bu t where we do impose addit ional 
boundary conditions on the fields such t h a t the angular super t rans la t ions are fixed. Thèse 
last condit ions impose the, a priori, generic form of the fields présent in (3.3.38)-(3.3.39) 
to be fixed in ternis of their covariant counte rpar t s as detai led in Append ix LD. As al­
ready mentioned, it would be interest ing to include mixed ternis gpa in the Beig-Schmidt 
expansion and allow for angular super t rans la t ions^ . 

'̂ In the présence of inixcd tcrms Qpa, t)ieie inight be a distinction between the bulk covariant phase space 

AT-L = [ogrK^ + o{r°) 

N' = \ogrK' + o{r°), 

(3.3.36) 

(3.3.37) 

V ^ ) ^ ^ + o ( . - ) , 

(3.3.38) 

(3.3.39) 
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T h e canonical two-form on the canonical phase space used in the t r e a t m e n t s of [5, 6, 11] 
is the buik canonical two-form 

Q{6i'g, <5i7r, Ô2'g, <52 )̂ = ^ ^ d^x(^5,7i^"'Ô2%nn - 527r""'5i W . ) , (3.3.40) 

defined f rom t h e bulk canonical fields '^gmn and TT"'" at the ini t ial t ime sur face S a t t = 0. In 
the case of asympto t ica l ly fiât spacet imes wi thou t parity cond i t ions t h e bulk canon ica l two-
form suffers f rom a logar i thmic radial divergence. Using t h e b o u n d a r y condi t ions (3.3.38)-
(3.3.39), up to first order , one can express the canonical t w o - f o r m as 

m'9,Si7r,Ô2'g,527r) = ifimte) + j s(5,'n^')-'^^52'g'^l - 52T^^'^"'''h¥ri^n) -

(3.3.41) 

where A is a large radia l cut-off and S is the sphère at r- = A. Now, exac t ly as in the 
Lagrangian formal ism, we p ropose to modify the dynamics by add ing a b o u n d a r y t e r m to 
the canonical form. We proceed by first wri t ing the b o u n d a r y ac t ions (3.3.2)- (3.3.3) a t 
t = 0 in the 2-1-1 décompos i t ion ( the bounda ry metr ic becomes t h e real t ime line t imes the 
uni t sphère) . We then swi tch to the Hami l ton ian formulat ion of the b o u n d a r y ac t ion and 
propose t o supp lémen t the bulk canonical fields with the canonica l fields of t h e b o u n d a r y 
Hami l ton ian . We t h e n in t roduce counter - te rms to the canon ica l f o r m in o rde r t o mini-
mally cancel the divergences in (3.3.41), following the Lagrang ian prescr ip t ion (3.3.9). T h e 
régulat ion breaks t rans la t ion , super t rans la t ion and logari thmic t r ans l a t ion invar iance . We 
interpret th is b reakdown as a conséquence of the t rans la t ion a n o m a l y in the ac t ion , which 
is manifes t only when fields have b o t h pari t ies. 

Let us now discuss briefly t h e form of the Hamil tonian g e n e r a t o r s associa ted wi th a symp-
totic Poincaré t r ans fo rma t ions , logar i thmic t ransla t ions a n d supe r t r ans l a t i ons . T h e Hamil ­
tonian genera tors conta in two par ts : the pa r t coming f r o m t h e bulk canonica l fo rm and 
the counte r - te rm con t r ibu t ion t h a t cancels the logarithmic divergences. T h e sur face charge 
derived f rom the bulk canonical form associated with a gauge p a r a m e t e r = {e-^,t"'^) is 
given, using the 2-form fcg, by [6] 

fcM[53^,(57r; TT] = G-'^°^{e^5^g^^^ - e f j \ p ) + 2é'5{^onn'^'') - £ "^5^0^"" ,(3-3.42) 

where 

Qmnop ^ i (3g™° + Y^PY° - 2 V ™ V ? ) , (3.3.43) 

is the inverse De W i t t supe rmet r i c . Now, one can readily o b t a i n t h a t th i s expression a d m i t s 
a t most a logar i thmic divergence when one uses our boundary condi t ions . Indeed , t h e R T 
linear divergences tr ivially cancel when one uses the explicit expressions, given in A p p e n d i x 
I.D, of ^gab and TT"'' in t e r m s of a, kab, h^^^ and iab- T h e logar i thmic divergence is t h e n exact ly 
canceled by the b o u n d a r y coun te r - t e rm. T h e result ing final express ions for t h e charges in 

symplectic structure defined from the action and the one defined from the équations of motion, see (3.1.23). 
Onc would then nccd to prescribe wliich one is the bulk symplectic structure, sec [86] for an exainple where 
such a prescription plays an important rôle. 
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Hamiltonian formalism can then be obtained by a s traightforward explicit évaluation. We 
will not provide them here. We only note tha t the four-momenta are given by the usual 
ADM formulae, while the charges associated with rotat ions and boosts contain non-linear 
contributions in the canonical fields. 
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Appendices Part I 

I.A Schwarzschild in Beig-Schmidt coordinates 

In here, we would like to put the Schwarzschild solution w h o s e metr ic is g iven by 

ds^ = -V{r)df + V{r)-'^dr^ + r\de'^ + sin^ ddcp^), V { r ) = l - — , ( I . A . l ) 
r 

in Be ig-Schmidt coordinates up to second order. For the sake of s implic i ty , w e will s e t it in 
a gauge such that kab = 0. T h e s trategy to implement ail th is g o e s as foUows. 

I s t s t e p 

Make a change of coord inates that brings the metric ( in the usual coord inates t, r, 9, (p) 
to hyperbolic coordinates 

r = z c o s h C , 

t = z s i n h C , ( I .A .2 ) 

and expand it to second order in z. T h e metric up to second order in the radial coord inate p 

is coniplete ly specif ied g iven a^^^a^^), A^a \ A^a \ hf^: à^^b ^^ab • Schwarzschi ld 
solution, we find 

ds^ dC -2^ cosh^ C + 2M2; cosh Ç + 
z'' s inh ^ c o s h C 

2;2 cosh^ C - 2M2; cosh C. 

+2dzdC 

+dz^ 

— 2 s inh C cosh C + 2 M s i n h Ç 

sinh^ C + 

z s m h 
Ccosh^C 

n , 2 M sinh^ ( 
+ 

z^ cosh^ C - 2Mz cosh C. 

2^ cosh^ Ç 

z coshC ' 2^ cosh^ C - 2 M z cosh C. 
+ 2 ^ cosh^ C(a!0^ + sin^ ed(l?). 

If we now expand this express ion up to second order in z and r e m e m b e r that 

h^^^d(t)"d(t>^ = -dC^ + cosh^ C((i6»2 ^ gjj^2 ^^^2)^ 

(I.A.3) 

(I.A.4) 
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we get 

+2zdzdC, 

1 2 M c o s h ( 2 C ) m'^i&nh^Ç 3x 

+ -z coshC ^ ^ ^ ' / ^ ^ 
M 2 M 

4 — sinh C + 4 ^ tanh C + 0{l/z^) 

+dz^ 
2 M c o s h ( 2 C ) M2 , . 
z coshÇ z'' 

+2^ cosh^ C{de'^ + sin^ 6>d(/)2), 

and the metric, up to second order, is fully specified given 

^(1) 

r(2) 

M ' - 2 ^ , ( aW)2 + 2 a ( 2 ) = 4 M 2 
coshC 

1 
- ^ ( - 6 + 2cosh(2C) + — 2 7 ) ' 

2 cosh Ç 

4 M sinh C , Af^ = 4.M'^ t a n h C , 

2CT(̂ ' , hf^ = 4M2 tanh^ C • 

2 n d s t e p 

(I.A.5) 

(I.A.6) 

Get rid of t he ^ i ^ ' following the Beig-Schmidt a lgori thm by doing the generic change of 
coordinates 

z = y: ab (I.A.7) 

which for the Schwarzschild solut ion, where only Ai^^ is non-zero, is j u s t C 

z = y 
^a ) / j ( 0 ) ac 4Msinh-(/) 

C = •0 H = ip -
y 

A I } \ I P ) =AM sinh ip. (I.A.8) 

Plugging this into (LA.3)(or equivalently (LA.5)) and keeping only t e rms up to second 
order, we get a metr ic specified by 

= M 

r(2) 

"•iplp 

"•06 

cosh{2ip) 

cosh 1/1 cosh 1}) 

4 cosh^ -0 
(11 - 4cosh(2 '0) - cosh(4V')) 

0 A. (2) -4iVr t a n h V 

(2 + 3cosh(27/')) 
2 M 

cosh if) ^ 

—8M cosh tp sinh^ ip 

/t|,y sin^ 61 

^(2) ^ 2M^ 
cosh'^ 1/; 

h'-gj = 16M^ cosh(2V') sinh^ i/-

/ i ï ï = / i i ' J s i n 2 ^ 

(3 + 9cosh(2 '0) + 4cosh(4'i/')) 

(I.A.9) 
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At this point , we still need to get rid of cr''^' and A^'^K Also, we do not have 

T h e last s tep takes care of ail thèse issues. 

3 d s t e p 

T h e gênerai idea is to do a supe r t r ans la t ion of the form 

y = p + uj{r) + — 
P 

1 (^(2) a 
4^ = r + + , ( I . A . l l ) 

P P-^ 

where (j) = {•)/', d, (p} and 0 = {r , 6, (/)}, and look a t the more gênera i so lu t ion w such t h a t 

h['^ + 2DaDbUJ + 2ujh^^ = -2a( i ) / i^°) , (I .A.12) 

where h^^^ was given in (LA.9) for the Schwarzschild solution. T h e n , we will fix the func t ions 

F i ^ ' and G^^ in such a way t h a t cr̂ ^̂  and yl^^' are set to zéro. 

To solve for w, we plug in (LA.12) a gênerai u = u){T,d,^). O n e can see t h a t the 
componen t TT of the équa t ion (LA. 12) is a difFerential équa t ion for r t h a t r eads d^ui — ui + 
4 M c o s h ( T ) = 0 . By wr i t ing U;{T,9,(I)) = f{T)g{6,(j)) , the m o s t gênera i solut ion / ( T ) of the 
previous differential équa t ion is / ( T ) — ( M + Ci + C2) cosh(T) - (2MT + Ci — C2) s inh(T) . 
If we now plug this in the o the r componen t s of (LA.12), we see t h a t u> is i n d e p e n d e n t of the 
angular coordinates and t h a t the only équa t ion left to sa t i s fy is s inh(r )9T- / — c o s h ( r ) / + 
M ( c o s h ( 2 r ) — 2) = 0 . By plugging our previous solution into th is last équa t ion , we see 
t h a t it is fulfilled only when Ci = —2M — C2 so t h a t the m o r e gênera i non-t r ivia l so lu t ion 
to t h e gauge fixing of supe r t r ans l a t i ons is achieved by 

uj{T,9,(j)) = M c i s i n h ( r ) - M c o s h ( r ) - 2 M r s i n h ( T ) , (LA.13) 

where we have redefined Ci — C2 = ciM. 

Moving now to the func t ions appea r ing in the higher o rde r t e rms , it is obvions a f t e r a 
close computer -ass is ted inspect ion t h a t we will only need a n F^'^'> which is d é p e n d e n t on r 
to get rid of A^^ and a func t ion G(^''^(T) to get rid of cr^'^\ so t h a t our gênerai change of 
coord ina tes reads 

X ^ ( ^ ) , ^ r / ( r ) n ( T ) 
(I .A.14) 

P P P^ 

Plugging this in the met r ic we see t h a t for cr'̂ ^ to be zéro, we have an a lgebraic équa t ion 
for K{T) which gives 

M 2 
Kir) = — 5 - (ci - 2T)2 + (3 - (ci - 2T)2) c o s h ( 2 r ) 

2 
+ cosh^(T) 

2 ( c i - 2 T ) s i n h ( 2 T ) (I .A.15) 

127 



(2) 
Looking eventually for A)- to be zéro, we see tha t the équa t ion reduces to an algebraic 
équation for N{T) when using our solution for K{T). We find 

Nir) = -

+ ( 

2 ( c i - 2T) - 8 ( c i - 2T) c o s h ( 2 T ) + ( 1 7 + (c - 2T)2) s i n h ( 2 T ) 

1 
cosh'^{T) 

8) tanh(7 (I.A.16) 

C o n c l u s i o n s 

At t he end of this procédure , we have obta ined a metr ic which is wr i t ten in the Beig-
Schmidt form and t h a t fulfills kab = 0. T h e value for a is given by 

a = M 
cosh (2 î / ' ) 

cosh ip 
(I.A.17) 

while h^^^ = —2ah^^^. We have also obta ined the values of h^^^ a l tough we will not provide 
them here. Thei r expressions are in t e n u s of M'^ quant i t ies . I t can be checked t h a t the 
value of a is precisely ^^^y a solut ion of ( • + 3)a = 0 which is not one of the four solutions 

of (Tab + cr/î b̂  = 0. One can check t h a t 

Q{Cto) = 9/dt] = - ^ f (I.A.18) 

wherei?^;^' = -VaV^a-ah^^. 

I.B Properties on the hyperboloid 

In this small Appendix , we présent results on the hyperboloid t h a t are used th roughout ail 
this P a r t I. See also Append ix C of [45] and Append ix D of [51 j. 

T h e unit metr ic on the hyperboloid is 

ds^ = h''°^^dcl)°-d<p'' = -dT^ + cosh^ r(dé»2 + sin^ 0d4>'^), ( I .B. l ) 

and the covariant derivative associated to h^^^ is Va-

T h e Riemann tensor of t he met r ic h^^jj on the uni t hyperboloid T-L is given by 

7^(0) _ ; , (0) . (0) _ , ( 0 ) , ( 0 ) . j g 2 l 

The commuta to r of two derivatives act ing on a tensor tab is 
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which implies t h a t if t, ta, t^b = t(^ab) £ r̂e some arb i t ra ry fields on t h e hyperbolo id , t hen 

[Va, •] t = -2Vat, (I.B.4) 

\Da,Vb] te ~ ^ac^b ~ f^bJ^a, (I.B.5) 

[Va, •] tb (I.B.6) 

[V',Va] t,b — •J'-fca "'ab ^ c (I.B.7) 

[Va,Vb] tcd (I.B.8) 

[Va, •] tbc = < ( | , î ? % d - 6 P ( a t 6 c ) , (I.B.9) 

V\ •] tbc = AV\d-2Vct. (I.B.IO) 

Thèse ident i t ies are useful for several a rguments in the main tex t and for t h e proofs of t he 
lemmae as presented in the next Appendix . Note also t h a t upon using the équa t ions of 
mot ion a n d the above identities, one can establ ish an infinité a m o u n t of ident i t ies for t h e 
fields a a n d kab- For example, we have 

— 3(7 , 

ca = - 3 c r a , 
„ c 
•Dieu 

a = 

( I . B . l l ) 

(I .B.12) 

(I .B.13) 

(I .B.14) 

(I .B.15) 

I.C Proofs of the Lemmas 

In this sect ion, we présent the proofs of L e m m a e 1 and 2 given in sect ion 2.3.3, of t h e 
Lemraa 3 presented in section 2.3.4, and the Lemmae 4 and 5 given in 2.5.1. T h e five 
lemmae have an overlapping proof. In order to establish thèse l emmae we need to dérive 
the décomposi t ion of regular symmetr ic , divergence-free, and traceless (SDT) tensors on 
the hyperboloid . We do so in the rest of this appendix. 

A gênerai regular symmetr ic tensor on t h e hyperboloid can be expressed as a l inear com-
bina t ion of symmet r i c tensors built from two-dimensional spherical harmonies . A gênera i 
such tensor has the form 

Trr = h{r)YU9,4>): ( I -C . l ) 

Tr^ = h{T)Df\,„{e,4>) +h{T)e/DfYU6,<i>), (I.C.2) 

+k{r)r]ioYUe,cl>), (I .C.3) 

where indices i,j,k r un over two-sphere {6,<p), Yim{d,(f') ^^'^ scalar spher ica l ha rmonies on 
the two sphère wi th l = 0 , 1 , . . . , and in = ~l,... ,1, and D\ is the covariant der iva t ive 

129 



compat ib le wi th the round metr ic rjij on the two-sphere. In writ ing thèse expressions we 
have a l ready made use of the ident i ty 

( o f ' D f ) + + e^f D p ' ) <t>) = 0, (I .C.4) 

in order to r eabsorb the tensor s t r u c t u r e e ^ ^ ^ e ^ ' f p ^ V / m into t h e défini t ion of f i i r ) . T h e 
tensor is t raceless if and only if 

/ I (T ) = 2 s e c h V 6 ( r ) . (I .C.5) 

For the case l = 0, m = 0, only /^{T) pa ramete r i zes non-zero tensors. T h e divergence-free 
condit ion is solved only for /e ~ s e c h r . T h e gênerai tensor then reduces to 

T,b = 'DaV,Ç^o) + habC{oy (I-C.6) 

W h e n Z = 1, we have tha t e^f D^ '^ 'D^Vf^C^ , 0 ) = 0. Therefore , /4 and / s do no t lead to 
non-zero tensors . T h e divergence-free condi t ion fixes 

/ 2 ( r ) = - t a n h r / 6 ( r ) - a , / 6 ( r ) , (I .C.7) 

/3(T) = C i s e c h V , (I.C.8) 

/e(T) = C2 s e c h - ( - C s sechT t a n h r , (I .C.9) 

where C i , C2 and C3 are cons tants . T h e r e a re therefore three solut ions for each value of 
m — —1,0,1 , so 9 solutions in tota l . T h r e e independen t solutions are the tensors a d m i t t i n g 
a scalar po ten t ia l s Qj), i = 1,2, 3, 

T,6 = P„2?fcCw + /ii6'Cw- (I-C.IO) 

Thèse tensors are curl-free and ( • — 3)Tab = 0. T h e six o ther tensors can be w r i t t e n as a 
linear combiua t ion of the following two sets of t h r ee tensors, 

V(fc)Tr = 2sech^TC(i), V'(fc)̂ i = s écher t anh rDf 'C( fc ) , = 77^-sécher Qfe), 

W{k)rr = 0, s e c h V e / i ^ f ' C i f c ) , W^k)^j = 0, ( I - C . l l ) 

where Ç(^f.) = coshr / j fc ) , k = 1 , 2 ,3 . Thèse tensors are dua l to each o ther in t h e sensé 

ea^'^D^Vab = -Wab, e^'^D^W^b = V^b- (I .C.12) 

Since app ly ing two t imes the curl ope ra to r on a traceless, divergence-free, s y m m e t r i c tensor 
is équivalent to applying ( • — 3), we deduce t h a t b o t h tensors obey 

( • - 2 ) 1 4 b = 0, ( • - 2 ) M / „ b = 0. (I .C.13) 

Thèse tensors also obey the or thogonal i ty p roper t i e s 

y[k)abCo.ii)r^'ceS = 0, ^ W^k)abiLosmn'd^S = 0, (I.C.14) 
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where C is a eut of the hyperboloid. Since Vj- ĵ̂ f, and VK^̂ .)̂ ;, are divergence-free, thèse 
intégrais are independent of the chosen eut of the hyperboloid. 

For i > 1, we can solve the divergence-free condition in t e rms of /2, and / s as 

= - y ^ ^ ^ ( t a n h r / 6 ( T ) + a , /6(T)) , (I.C.16) 

+2coshT(3s inhTaT/6 (T) + c o s h r a ^ a ^ / 6 ( T ) ) ) , (I.C.17) 

= ~ (/ - + 2) coshT(2s inhT/3( r ) + c o s h r a ^ / 3 ( T ) ) . (I.C.18) 

The gênerai tensor with harmonies {l, m) , Z > 1 is a linear combinat ion of the following two 
tensors depending each on an a rb i t ra ry fonction / (T) of T, 

T!,i\f) = T „ , ( / 3 ( r ) = ^ ^ ^ / ( r ) , / 6 ( r ) = o ) , (I.C.19) 

t i ' H f ) ^ Î ^ a 6 ( / 3 ( r ) = 0 , / 6 ( T ) = i / ( T ) ) . (I.C.20) 

Thèse tensors obey the remarkable properties 

^:''D,Tg\î) = T^i'\f), (I.C.21) 

e:''VJ'g'\f) = -TI;,\0î)^ (I.C.22) 

where Of is the following differential operator acting on / (T) , 

O / = (1 + l{l + 1) sech V ) / + 2 tanh rd^f + 9^9.^/ . (I.C.23) 

We deduce also the following propert ies 

{U-2,)T^J,\f) = -Tli\Of), (I.C.24) 

{D - 3)Tj^l'\f) = - T l i ' \ 0 f ) . (I.C.25) 

Using the explicit expression for the tensors and the orthogonali ty of spherical harmonies , 
we also have 

l/iPinComn'd'S = 0, lj!,i'\fKomn''d'S = 0, (I.C.26) 

J/ilHfKoosm^'d's = 0, l/ï!'HmLo.t(k)n'd's = 0, (I.C.27) 

[ T^J,\f)V'Xii)n''d'S = Q, f T';^,'\f)C(i)n\eS = Q. (I.C.28) 
J S J s 

T h e above décomposition proves lemma 3. Indeed, one can isolate the / = 0 ,1 l iarmonics 
and then ail the higher harmonies can be regrouped in a tensor Jab t h a t obeys >-̂ a6̂ mt"''' = 
Xs ̂ at^boost''*'' = 0 as a conséquence of (I.C.26)-(I.C.27). 
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There are two spécial se ts of two func t ions / (T ) : tlie ones for which the differential 
opera to r obeys C/(o) = 0 Eind t h e o thers for whicli 0 / ( 1 ) = / ( i ) . T h e two funct ions obeying 

C/(o) = 0 define t ensors T^l'\f{o)) such t h a t 

^aT^iJ^ifm) = 0 , ( • - 3)Tli'\fio)) = 0. (I.C.29) 

T h e tensor T^l\f{o)) is a tensor po ten t ia l for Î 'a6^'(/(n)) is uniquely de te rmined for the 

two solutions of C/(o) = 0. F rom the explicit fo rm of the tensor , we note t h a t T'ab'^'(/(o)) 
can be wr i t t en as 

T^ai'\fw) = -DaV,^ + hf^^.. (I.C.30) 

where $ = E L = - Z f^) is a scalar t h a t obeys ( • + 3 ) $ = 0. T h e two 
independent solut ions of 0 / ( 0 ) = 0 correspond to t h e two independen t solutions of the 
équat ion ( • + 3 ) $ = 0 for fixed values of Z > 1, -Z < m < Z. 

T h e two independen t solut ions for / ( r ) of t h e different ial équa t ion 0 / ( i ) = / ( i ) can be 
used to define two pa i rs of dua l tensors 

Wab = Tj^iHfii)), V,,, = Tj^l'Hf^,)), (I.C.31) 

which obey 

e^'^V^Vjj, = -W^t, e,"'2?cV^dfc = V^b, (I .C.32) 

(• - 2)Vab = 0, ( • - 2)Wab = 0. (I.C.33) 

Given t h e spécial rôle of the e igenfunct ion of the ope ra to r O , it is na tu ra l to décompose the 
funct ions / ( r ) in t h a t basis. T h e équa t ion 

0 / ( „ ) = ( n - l ) 2 / ( n ) , (I-C.34) 

for each positive integer n is solved by associated Legendre func t ions of t h e first and second 
kind, 

/J,|} = sechTP," [ tanhT] , /f^j = s e c h r Q n t a n h r ] . (I.C.35) 

Lemma 1 is t hen proven as follows. A symmet r i c t raceless divergence-free tensor obeying 
(• — 3)Tab = 0 can be decomposed into harmonies . T h e only possible tensors in harmonies 
/ = 0 , 1 have the form 

Tab = V^Vb^ + h'-°^^, (I .C.36) 

where ( 0 + 3 ) $ = 0 conta ins l = 0,1 harmonies . For Z > 1, we have seen t h a t any tensor can 

be decomposed as a combina t ion of two différent tensor s t r u c t u r e s T^b{f^'^) and T^l'^f^"^) 
depending each on one func t ion . We then see f rom (I .C.24)-(I .C.25) t h a t such tensors obey 
( • - 3 ) T a b = 0 if and only if / ( ' ) = f^"^ = /(Q) where /(Q) a re the solut ions of t h e differential 

équat ion 0 / (o ) = 0. T h e n , we note using (I.C.21) t h a t î'([b^(/(o)) 'S not curl-free and thus 
does not obey the precondi t ions of the lemma. T h e ouly r ema in ing tensors have the form 
Tll'\f{0)) and they can be w r i t t e n in t e rms of a scalar p o t e n t i a l (I .C.30) as shown earlier. 
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T h e gênerai solution of ( • + 3 ) $ = 0 contains Qj), * = 0 , 1 , 2 , 3 and the higher 
l > 1 harmonies. For each value of Z > 1, m, there are two solutions for $ t h a t uniquely 
correspond to the two tensors î'([i^'(/(o))- The four lower harmonies correspond to the 
tensor Tab built in (I.C.IO). T h e dependence in Qjj is a rb i t ra ry since thèse scalars ean then 
be added to $ without changing Tab- This ends the proof of l emma 1. 

T h e lemma 2 is proven by notieing tha t by lemma 1, ail tensors derived from a scalar 

using (I.C.36) tha t have l > 1 harmonies have the form 2^a5^^(/(o))• T h e tensor T'aj^(/(o)) 

then the tensor poteritial for T^b^\f(^Qj) by (I.C.21). 

Let us now prove lemma 4. We eonsider an arbi t rary S D T tensor Tab- One can dé­
compose it in i = 0, / = 1 and l > 1 harmonies, and fur ther the a rb i t r a ry funct ions / ( r ) 
appear ing in (I.C.19)-(I.C.20) can be decomposed in eigenfunctions (I.C.34) wi th positive 
integer n. The / = 0, / = 1 and l > 1 harmonies with n = 1 can be wr i t t en as the sum of a 
tensor admit t ing a scalar potent ia l and the curl of an SDT tensor . Prom (I.C.21)-(I.C.22), 
the l > 1 harmonies with n > 1 are explicitly the curl of an S D T tensor. Using in addi t ion 
Lemma 2, we obtain tha t Tab can be wri t ten as a sum of the curl of an SDT tensor and a 
sum of VaT>bC{i) + ''•i'b'C(i)i which proves the lemma. 

Let us fînally prove lemma 5. Note tha t no S D T tensor obeying ( • + — 2n — 2)Tab = 0 
with n > 2 integer ean contain spherieal harmonies l = 0 ov l = 1. Th i s foUows from the 
explieit form of the l = 0 and l = 1 S D T harmonies presented above. Therefore , any S D T 
tensor obeying ( • + n'̂  — 2n — 2)T„i = 0 with n > 2 can be decomposed in the basis 
of tensors Tj^i\f) and Tl^i'\f) (I.C.19)-(LC.20) for /(T) obeying the eigenvalue équat ion 
(LC.34). AU sueh tensors are expanded in spherieal harmonies wi th l > 1. The lemma then 
follows from the orthogonali ty of spherieal harmonies (LC.26)-(LC.28) . 

I.D Comparison of 3+1 and covariant boundary conditions 

T h e hyperbolie and cylindrieal représentat ion of spatial infinity are valid in the l imits p oo 
and r —> oo, respectively. T h e key change of eoordinates is the one mapp ing flat spacetime 
from the hyperbolie to the cylindrieal représentation of spat ial infinity 

t 
p = r \ j \ r-, T = a r e t a n h ( - ) . (LD. l ) 

\ r 

T h e hyperbolie and cylindrieal représentat ions coïncide asymptot ical ly in the limit where 
A D M time is kept fiuite, t/r —> 0 vvhieh is équivalent to T —)̂  0. In t ha t case, p ^ r 
asymptotically. 

In order to obtain the form of the raetrie in r, t eoordinates, we expand the r ight-hand 
side of p, T in powers of t/r and we expand the Beig-Schmidt fields in Taylor séries a round 
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(T(T, e, 4)) = a{9, 4>) + Icj^ie. <P) + ^ l { 9 , cf>) + 0 ( r - 3 ) , (I.D.2) 

= kab{9, 4>) + -klt,{9, <j>) + ^^ab{6, <l>) + 0{r-
r ir 

(I.D.3) 

iab{T, 9, (p) = iab{9,4>) + li^A9,4>) + 0{r-^), (I.D.4) 

(I.D.5) 

where we define a'^{9, cf)) = dra{0,9,<f>), kl^ie,4>) = drkab{0,9,cP), ^{9,<j>) = drdMQ,9,cj>), 

lab{9A) = drdrkab{0,9,cl,), = driab{0,9A), K;^\6A) = 9 r / i i ? ( 0 , 0 , 0 ) . We will keep 
the same no ta t ion for canonical fields in Hami l ton ian fo rmal i sm as fields in Lagrang ian 
formalism 

a{0,9, 4>) = CT{9, <j,), fc„(,(0,9,4>) = kab{9,4>), 

iabiO, 9, <f>) = iab{9, (f>), / i i ' ^ (0 ,9, <P) - h^^^ie, <t>). (I.D.6) 

T h e tensors décompose into scalars, vectors and two-dimensional tensors under décomposi­
tion into t empora l a n d spa t i a l componen t s . T h e mean ing of t h e no ta t ion should be clear in 
either Hami l ton ian or Lag rang ian context . T h e fields ^{9,4)) and 'yab{9,4>) are de te rmined 
from the équa t ions of m o t i o n of a and kah- Af te r a s t r a igh t fo rward computa t ion , we ob ta in 

2a + Ha'' 
1 + — + ,.2 + o ( r - ^ ) , 

9tC 
(2) 

(LD.7) 

\ c = r'g(;, + {k,ç-2agç,)r + \ogr{iç,) + {h)fJ+tk:ç-2ta^gç,)+o{r"), 

for the canonical fields and 

+1 [la^'-^'T^ - D'is^/ri - 2*7 + Qta - + 

krrcr" - tD'-^g2^k^ + {k- k t e r m s ) ) + o ( r ~ i ) , 

- 1 / 2 ^ . . 
2r-

(I.D.8) 

{detg^^y -l/2^.C 

- 2 ^ r ç f l ( s 2 ) - cr'̂ TCf̂ ^52) " 2^(52)^-^^ + {k - k t e r m s ) j + o(r 

for the con juga te fields. Here , we dénote by {k — k ter ras) te r ras quad ra t i c in kab which 
do cont r ibu te to t h e finite p a r t of t h e conserved Loren tz charges b u t t h a t we omit here for 
simplicity. 
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Let us finally disciiss how the notions of parity are related between Beig-Schmidt fields 
and canonical fields. A field on the hyperboloid is parity-time reversai even if it is invariant 
under the combined t ransformat ion of inverting the hyperboloid t ime T -> —r and doing 
a pari ty t ransformat ion {6, 4>) -> (TT — 0 + TT). Fields in canonical formal ism are parity-
t ime reversai even if their components in Cartesian coordinates do not t rans form under 
three-dimensional pari ty and if the components of their conjugate m o m e n t u m in Car tes ian 
coordinates t ransform with an overall sign under parity. From the d ic t ionary of the Beig-
Schmidt asymptot ic fields in 3 + 1 décomposition, we see af ter switching froin spherical to 
Car tes ian coordinates tha t the even pari ty-t ime reversai condit ions on cr and fc^b lead to 
par i ty- t ime reversai even first order canonical fields on the initial t ime slice t = 0. 
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Part II 

Magnetic theory through duality 
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Chapter 4 

Electromagnetic duality for Maxwell's theory 

In this chapter we review the theoretical discovery of P.A.M. Dirac [87], in 1931, who showed 
tha t Maxwell 's équations can be made invariant under a syrametry t h a t exchanges electric 
and magnet ic fields at the cost of introducing sources for the magne t ic field. This s y m m e t r y 
is known as the electromagnetic duali ty and the new postulated part icles bear t h e n a m e 
"magnetic monopoles". 

In section 4.1, we review this duali ty at the level of the équat ions of mot ion. In section 
4.2, we briefly discuss electric and magnetic charges and t h e Dirac str ing. T h e m a j o r 
impor tance of Dirac's work is that , even if magnet ic monopoles have never been observed in 
Nature , t he présence of at least one of them would explain t h e quant iza t ion of t h e electric 
charge. Th i s is wha t is reviewed in section 4.3. We eventually finish by a small discussion 
of some other aspects in section 4.4. 

4.1 The electromagnetic duality 

In 1861, Maxwell wrote the famous équations t ha t bear his name and t h a t describe, in a 
unified way, electricity, magnetism and optics. In the vacuum, thèse are 

It is easy to see tha t they are invariant under the so-called e lect romagnet ic dua l i ty which 
interchanges electric and magnetic fields 

Ê-^B, B - Ê . (4.1.2) 

As we said in the introduction of this thesis, Maxwell's équations were a l ready fitted for 
spécial relativity. This can be seen by introducing an exact an t i symmetr ic tensor , where 
the index i goes from 1 to 3, 

Foi = Ei, Fij = ey•fc7?^ (4.1.3) 
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such that Maxwell's équations can be vviitten in a covariant form 

d^F'"' = 0, c^'""'dyFp„ = 0, (4.1.4) 

where indices are raised and lowered with the flat metric r/^^ such that Foo = F°" ,Foi = 
- F " ' , . . . . The first équation is called the équation of motion while the second is the Bianchi 
identity, an identity for an antisymmetric two-form. Using diff'erential forms, it is jus t 

d * F = 0, dF^Q. (4.1.5) 

The second équation (Bianchi identity) states tha t F can be obtained from a potential 

F,,u = df,A, - d,A^, (4.1.6) 

where Af^^ is called a gauge field. Local t ransformations of the form 

5A^ = a^A(x), (4.1.7) 

leave the field s trength F^y invariant. The electromagnetic duality (4.1.2) is rephrased as a 
Hodge duality on the field strength. Alternatively s ta ted, Maxwell's équations are invariant 
under 

F^, F ^ . = ( * F ) ^ , = ^ef.^p^FP". (4.1.8) 

In the présence of electric sources, we have 

V . F = ATÎ/Je, V.B = 0 , 

V x B = 4^je + ^ , - V x F = ^ , (4.1.9) 

and the équations are not invariant anymore. To restore the symmetry, the idea of Dirac 
was to introduce a new density of charges and a new current in the following way 

V . F = Anpe, V . B = 47rp: 

- - dE ^ ^ ^ dB , , 
V X B = 4iTje + —, - V X F = 47rj„ + — , (4.1.10) 

ot ot 

or rewritten with F^^ ,̂ = (Pe,iê) ^nd Ji'n = {Pm,3m) 

d^F'"" = 47rJ^\ 

\e^"''"d.Fp, = 47r7/^. (4.1.11) 

By introducing a magnetic 4-current on the left hand side of the Bianchi identity, thèse 
équations are now invariant under the duality symmetry 

Ffii/ —> F|uy = -;j(-iii/paF^ , ./g —> J^fi^, .//i'j —> • (4.1.12) 

This duality intertwines the équation of motion with the Bianchi identity. 
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4.2 Electric charge versus magnetic monopole 

Electromagnetic duality tells us t h a t for every "electric" field, there is a "magnetic" dual 
field. In the présence of sources, for every "electric'' source there is a dual "magnet ic" 
source. As we know, the electric charge is the source of the electric field. If e lectromagnet ic 
duali ty is realized in Nature , Dirac postulated tha t there should exist a magne t ic charge, 
source of the magnetic field. Thèse particles are known as magne t ic monopoles. A part icle 
tha t contains bo th electric and magnet ic charges is called a dyon. 

Let us consider an electric source generating an electric field E = such t h a t 

At = ^ , Ftr = E r ^ ^ . (4.2.1) 

After an electromagnetic dual i ty rotat ion, sending F —> F and t h e source Q H, we 
obtain the field generated by a magnet ic monopole 

Fe^ = H sine. (4.2.2) 

Speaking of conserved charges, the electric charge is 

Q = - i - ^ F ° ' d E i . (4.2.3) 

By analogy, one would like to associate a magnetic, topological, charge to the dua l field 

7/ = J _ / e^fc F,fc dE,. (4.2.4) 

By taking the expression (4.2.2), we can actually check t ha t the above expression does 
reproduce the magnetic charge H. 

The magnetic monopole and the Dirac string 

As we have already said, in the absence of magnetic sources, t he Blanchi ident i ty dF = 0 
ensures that the field s t rength can be expressed as F = dA. Also, f rom Stoke's theorem, it 
is easy to see tha t if F = dA, we should have 

H = ( p F = ( f ) d A = ( f ) A = 0, (4.2.5) 
JE JE Je 

where C is a closed curve. 

When we introduce the four-vector Jm, the magnetic charge sources the Blanchi identi ty 
and thus F = dA is no longer true. To describe the pure monopole field (4.2.2), we actual ly 
need to write 

F = dA + C, dC = Jm, (4.2.6) 

where C is a singular contr ibut ion as we now review. Indeed, let us consider the gauge field 

À= -H {cosO +l)d(j}= -H —-ixdy ~ ydx), (4.2.7) 
r ( r — z) 
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which is singular along the positive z-axis, the so-called Dirac string singularity. For this 
gauge field, we see t h a t the electric field is trivial while the magnet ic field computed with 
(we closely foliow [88]) 

Â = { H - ^ ^ , - H ^ ^ , Q ) , (4.2.8) 
r ( r — z) r{r — z) 

gives rise to 

5 = V X A = - H5{x)S{y)e{z)ï, , (4.2.9) 

where 6{z) is the Heaviside function which is zéro for z < 0 and one for z > 0, and I j is the 
unit vector along the z-direction. Note tha t to obtain this last resuit, we used the foUowing 
regularization procédure: we first set r —> i î = Vr^ + and obta in easily 

We then take the limit of e —> 0 to recover (4.2.9). 

Wha t we have described in (4.2.9) is a modified magnet ic field which has a singular 
contribution along the positive axis. This unwanted singular contr ibut ion actually sets the 
magnetic charge to zéro. 

To describe the pure monopole field (4.2.2), we actually need to write 

F = dA + C , Cij = eij,HÔ{x)5(jj)0{z) , (4.2.11) 

and we realize tha t C is precisely a string singularity along the z-axis canceling the one 
coming from our naive guess (4.2.7). It is sourcing the left hand side of the Blanchi identity. 
One can check tha t under an appropr ia te gauge t ransformat ion , the str ing can be sent along 
the négative z-axis so tha t , for the classical theory at least, the singularity in the gauge 
field should be seen as an ar t i fact as it is really the electric and magnet ic fields which are 
the physical gauge-invariant observables. 

One interesting remark , for fur ther considérations in the next chapter , is tha t the in-
tegrand appearing in the surface intégrais for Computing the charges is the field s t rength 
F = dA, a gauge invariant quanti ty. This means tha t if we consider F = dA + C, a regular 
gauge t ransformat ion on A does not shift the string. It can thiis always be fixed so as to 
cancel the singular t e rm coming from dA. 

4.3 Quantization of the electric charge 

As we have seen in the previous section, when one wants to deal with gauge potentials, 
one needs to introduce the Dirac string. However, this s t r ing is not physical classically 
as the electric and magnet ic fields, the t rue observables, a re regular. The fact t ha t the 
string should not be visible q u a n t u m mechanically led Dirac to the first explanation of the 
quantization of the electric charge in units of h. 
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One way to unders tand this resuit is to consider a System of a n electric charge and 
a magnet ic monopole separated by a fixed distance. This system will possess an angular 
momen tum 

T h e fact that, angular momentum is quantized in the quan tum theory tells us now t h a t the 
electric charge has to be quantized in uni ts of h. 

T h e importance of this resuit lies in the fact that the very observat ion of a unique 
magnet ic monopole would explain the quantification of the electric charge. 

Let us comment here on some other aspects tha t have not been considered in the above. 

Double field formalism and the invariance of the action 

Up to here, we have seen t ha t the magnet ic charge appears as a topological charge. This 
is due to the fact tha t we have described the monopole using an "electric" formulat ion as 
only the electric charge is considered to be dynamical. As we have pointed ou t in chapter 1, 
working in the Hamiltonian formalism, it is actually possible to in t roduce new gauge degrees 
of freedom. By doubling the number of gauge degrees of freedom, one can in t roduce two, 
dual, potentials. In this way, electric and magnetic parts can be set on an equal footing. 
This is known as the doubled field formalism. 

T h e équations of motion are invariant under the exchange of electric and magne t i c fields. 
However, the action 

is obviously not invariant under such a t ransformat ion. To check tha t t h e act ion is invariant, 
it has been shown in [89], using the doubled field formalism, tha t one should actual ly 
consider t ransformat ions of the gauge field, which represent the t rue dynamica l variables of 
the theory, instead of the field s t rength. Although the action can be wr i t t en in a manifest ly 
invariant way, it is no longer manifestly invariant under Lorentz t rans format ions . 

The strong-weak duality 

Electromagnet ic duality is a strong-weak duality. Indeed, the electric charge is directly 
related to the coupling constant , the s t rength of the electromagnetic in teract ion. Under a 
dual i ty rota t ion the electric charge is sent to the magnetic charge. The fact t h a t the dual i ty 
is a strong-weak duali ty can be unders tood from the quantizat ion condi t ion of the electric 
charge. Indeed, let us write it as 

(4.3.1) 

4.4 Other comments 

(4.4.1) 

n 
QH = - . (4.4.2) 
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From this, we see t ha t if the electric theory is "weakly" coupled, then the magnetic theory 
will instead be strongly coupled. 

Electromagnetic duali ty inspired C. Montonen and D. Olive who conjectured in [90] 
the présence of this symmet ry inside non-abelian gauge théories. It was later shown by H. 
Osborn in [91] to hold as a strong-weak duali ty in TV = 4 super Yang-Mills. 
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Chapter 5 

Gravitational duality in linearized gravity 

In this chapter, we review how electromagnetic duality can be t ransposed to gênerai rel­
ativity. As we said at the beginning of this thesis, the main reason to believe t ha t such 
a duali ty could be présent in gênerai relativity is the présence of the T a u b - N U T solution. 
This solution has a mass M and a parameter N t h a t play, at least in the linearized theory, 
the same rôles as the electric and magnetic charges in e lec t romagnet ism. 

Instead of providing the reader immediately with the T a u b - N U T solution, we would 
like to take a hopefully more interesting path. In section 5.1, we review the fact t h a t 
gênerai relativity reduced along a Killing direction has a pair of scalars which parametr ize 
an SL{2, R.)/SO{2) coset. Using this, we show tha t the Schwarzschild met r ic can be mapped 
under an SO{2) rotat ion, subgroup of Ehlers's SL{2, R) group, to a new solution, the Taub-
N U T metric, of Einstein 's équations. Gravitat ional duality is t h e n a m e given to this SO{2) 
rotat ion. It is an exact duali ty of the fuU theory in the présence of a Killing direction. We 
finish this section by discussing the Taub-NUT solution as a solut ion of gênerai relativity. 

In section 5.2, we review how linearized équations of motion, in four dimensions and in 
the présence of electric sources, are invariant under an SO{2) dual i ty ro ta t ion if one allows 
for the présence of a magnetic stress-energy tensor in complète analogy with the work of 
Dirac for electromagnetism. This duali ty is valid even in the absence of any Killing direction. 
T h e duality in the linearized theory in the absence of Killing direct ions has been proven to 
be a symmetry of the action using a double field formalism in [1]. Th i s resuit was generalized 
in the présence of sources in [92]. Note tha t thèse works only deal wi th the linearized theory. 
In [26], it was proved tha t this duality can not be extended per tu rba t ive ly to the 3-vertex 
in Einstein gravity using a proof similar to the one showing t h a t e lect romagnet ic duali ty of 
free Maxwell theory cannot be extended to Yang-Mills theory. 

In section 5.3, we give expressions for the ten Poincaré charges associated to the elec­
tric stress-energy tensor and the ten dual Poincaré charges associated to the magnet ic 
stress-energy tensor, generalizing in a way the Abbott-Deser cons t ruc t ion in the présence 
of singularities. We show t h a t momenta and dual momenta can be expressed as surface 
intégrais while Lorentz and dual Lorentz charges require some gauge fixing in our "electric" 
formulation. 

Eventually, in section 5.4, we discuss several linearized solutions such as the Schwarzschild, 
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Kerr and Aichelburg-Sexl pp-wave and their respective dual solutions t ha t we refer to as 
the pure NUT, rotat ing N U T and NUT-wave. Duali ty considérations lead us to an exotic 
interprétat ion of the source of the Kerr metric. The Aichelburg-Sexl shock pp-wave is ob-
tained as an infinité boost of the Schwarzschild metric and its gravitat ional dual is also 
recovered by taking the infinité boost of the pure N U T metric. 

5.1 Ehlers's symmetry and the Taub-NUT solution 

In this section, we s t a r t by reviewing the discovery of J. Ehlers [93] who showed tha t 
Einstein's équations reduced on a circle possess an SL{2, R) symmetry. We then see how 
the Taub-NUT solution can be obtained by an SO{2) ro ta t ion of the Schwarzschild solution 
reduced on a circle, when the parameters M and N are seemingly rota ted , and discuss some 
important aspects of this solution. 

To illustrate this, let us first perform a Kaluza-Klein réduct ion of Einstein 's équations 
along a timelike direction. S ta r t with a four dimensional metr ic tha t can be written in the 
form 

Plugging this ansatz for the metr ic into Einstein 's équat ions, we obtain a set of three-
dimensional équations: Einstein 's équat ion for the three-dimensional metric, a Maxwell 
équation for the graviphoton A and a Klein-Gordon équat ion for the dilaton fîeld 0. This 
set of équations can be obta ined from the three-dimensional Lagrangian 

This is the s tandard Kaluza-Klein réduction tha t we will not review here, bu t we refer 
the interested reader to C.N. Pope 's lectures available on the internet for a crystal clear 
présentation of the subject [94]. 

In three dimensions, the dual of a vector is a scalar. As we have seen for electromag-
netism, duality typically exchanges équations of motion wi th Bianchi identities. The usual 
way to implement such a duali ty at the level of the Lagrangian is to add a term tha t enforces 
the Bianchi identity of the field to be dualized. In our case, the te rm is ^Fije^^'^d^x and it 
is a boundary term when the Bianchi identity for the fîeld s t reng th is enforced. Wi th this 
additional term, one can also integrate out Afj,. The équat ion of motion for the graviphoton 
is the defining duality relation. Rewrit ing the action with the supplemented term as 

dsl = -e-'<'{dt + A) + e'f'dsl. (5.1.1) 

(5.1.2) 

X){F'' + 
1 

e'^'e^'^dix)), (5.1.3) 

and making use of the defining relation 

1 
e^jke^'^^''x = 0, (5.1.4) 
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the last t e rm in the Lagrangian (5.1.3) is zéro. We eventually get a theory where the dua l 
field has now become dynamical 

= v/5^(fi3 - \{dcl>)' - \ e'f { d x f ) . (5.1.5) 

It is by now a well-known fact t h a t the scalar sector parameter izes an SL{2, R)/SO{2) 
coset. One can check tha t the Lagrangian is invariant under t he non-i inear t r an s fo rma t ions 
of t he scalar fields 

e-̂  ^ e"̂ ' = (ex + dfe't' + c^e"'^, 

Xe'^ ^ Xe"^'^{ax + b){cx + d)e'>'+ ace-'^, (5.1.6) 

where a, 6, c, d a re the coefficients of 2 x 2 matr ices such t h a t ad — bc = \. In here, we will 
no longer discuss t he SL{2, R) t r ans format ions b u t interest ourselves in an 5 0 ( 2 ) subgroup 
of it 

(5.1.7) 
a b \ _ / cos ip — sin •0 

c d J \̂  sinV-' cosV' 

Let us now see wha t happens if we apply a ro ta t ion ijj to t he Schwarzschild me t r i c 

dsl = -^^!—lMlldt'^ + _ ^ _ _ c / r 2 + r^dfll (5.1.8) 
r-2 r2 - 2Mr ^ ^ ' 

One s t a r t s by per forming the change of coordinates r —> r + M to cast it into t h e form 

, 2 (r-2 - M2) , 2 (r + Mf , 2 . . 
^^l = - 1 TTTT'^* + S rPT^sl 5.1.9 

dsl = dr'^ + {r'^ - M'^)dnl, (5.1.10) 

wi th 

^ (r + M ) 2 r + M , ^ 
X = 0, e'^ = —n T7T = T7- 5.1.11) 

Under a ro t a t ion of angle i/), we get 

^/ _ + + 2 M r c o s ( 2 ^ ) 2Mrsm{2tp) 
^ ~ r2 - M 2 ' ^ ~ ~ r 2 + M 2 + 2 M r c o s ( 2 V ' ) ' (5-1-12) 

Now, one should also ro ta te the charges. We see t h a t by defining 

M ' = Mcos(2V') , TV'= Msin(2V') , (5.1.13) 

we have 

(r + M' )2 + Ar'2 , 2N'r 
r2 - M'2 - Af'2 ' ^ (r + M ' )2 + A '̂2 ' 

dsl = (/r2 + (7-2 - M'2 - Ar'2)(/n2 (5.1.14) 
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Using (5.1.4) and the above information, the graviphoton is 

A = 2N'cosdd(p, (5.1.15) 

Upon uplif t ing to four dimensions, the four-dimensional metric is 

r2 - M'2 - 7V'2 
= 

+ 7 2 ^ ^ ? ^ (^ -^ + - - (5.1.16) 

Now, by making r —> r — M ' , we find 

A 
ds'^ ^ Adt + 2Ncos9d(pf + —cZr^ + R^dQ^, (5.1.17) 

R/ A 

where X = — N'^ — 2A4r, R? = + N"^, dÇÎ^ is the metric on the unit two-sphere and 
where we have removed the primes on the charges for simplicity. 

This new solution of Einstein 's équations is the so-called Taub-NUT metric, name given 
to the solution found by A.H. Taub in [95] and E. Newman, L. Tamburino and T. Unt i in 
[96]. T h e T a u b - N U T metric was studied by C. Misner in [97]. This metric reduces to the 
Schwarzschild metric (5.1.8) when N = 0 and to the metric 

dsj = -^—^-j^{dt + 2Ncos9d(l>) + ^2 I y v 2 ^ ^ ^ + + (5.1.18) 

when M = 0. In the following, we will refer to this last metric as the pure N U T metric. 

Let us now discuss some relevant aspects of the Taub -NUT metric. The first impor tan t 
thing to notice about the Taub-NUT metr ic is t ha t 

gt^ ^2Ncos Bd(t). (5.1.19) 

This resemblance with the gauge field of the magnet ic monopole presented in the previ-
ous chapter (remember we had A = H cos 9dcp) is the reason why Taub-NUT could be 
interpreted as a gravitat ional dyon, see for example [21], [98], [99]. 

As we have seen for electromagnetism, the potential is singular along the z-axis. This 
singularity for the Taub-NUT metric is known as the (Dirac)-Misner string. In [97], it was 
stated t h a t the singularity has to be removed because "If one is given a manifold and on 
it a metr ic which does not a t ail points satisfy the necessary differentiability requirements, 
one simply throws away ail the points of singulari ty". Misner showed tha t the singularity 
is a coordinate singularity ( just like r = 2 M is for the Schwarzschild black hole) and tha t 
it can be removed. Let us see how this works. 

As in the electromagnetic case, the singularity can be set on the positive or négative 
axis by an appropr ia te gauge t ransformat ion. In hère, it is implemented by a change of the 
( f ) coordinate. Star t ing from the metric (5.1.17), one can make the change of coordinate 

t-^t^ + 2N(f), (5.1.20) 
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so t ha t the string singularity is along the positive z-axis or 

( 5 . 1 . 2 1 ) 

and the s t r ing will then be along the négative 2-axis. In the coordinate System (5.1.20), 
the metr ic is regular aroimd the South pôle and with (5.1.21) a round the Nor th pôle. For 
consistency, we should impose tha t bo th regular metrics are équivalent on the equa tor . Th i s 
is jus t 

Because </> is periodic with period 27r, the singularity is cured if one imposes t to be per iodic 
with period STTA'̂  as s ta ted in [97]. The drawback of identifying t ime is t h a t it in t roduces 
closed timelike curves, another undesirable feature of gênerai relativity. 

, In the rest of this thesis we will not consider this identification bu t r a the r dea l with 
the metr ic (5.1.17). The main reason is tha t we want to deal wi th linearized gravi ty where 
there is an exact duali ty [1] tha t rotâtes the linearized T a u b - N U T metric on to itself (when 
the mass and the N U T charge are also ro ta ted) . Also, T a u b - N U T metr ic is asymptot ica l ly 
liât (at least locally) following Regge-Teitelboiin, see [27]. As one can check froin P a r t I, 
remark t h a t the metric fulfills the pari ty conditions, even if kab is now singular along the 
2-axis. Considérat ions about the existence of a variational principle in the présence of N U T 
charge can be found in [27], [17] and [48]. 

In this section, we would like to review how gravitational duali ty works for linearized gênerai 
relativity in the absence of Killing directions. We will re-derive the duali ty invariant forra 
of the Einstein équations, cyclic and Blanchi identities, following the Unes of [27]. In the 
rest of this thesis, we will work in vielbein formalism. This was first niotivated by t h e s t u d y 
of solutions of supersymmetr ic théories as we détail in P a r t III. However, we will see t ha t 
it also has its util i ty in the rest of this chapter . 

Linearized gênerai relativity seems to have a lot in common with e lec t romagnet ism, as 
they are for example both linear théories and possess both a dual i ty symmetry . However, if 
one wants to generalize the electromagnetic duali ty to linearized gravity, there are subt le t ies 
tha t need to be taken care of. 

T h e first différence with electromagnetism cornes froni the fact t h a t the dual i ty is a 
Hodge duali ty on the Riemann tensor, a tensor t h a t has two pairs of an t i symmetr ic indices 
( the Lorentz and the form indices, respectively, in référence to the spin connection). There-
fore, one is free, in the linearized theory, to pick the Lorentz indices, the form indices, or 
even a linear combinat ion of thèse two. We argue in the following tha t gravi ta t ional dual i ty 
is best unders tood when dualization is performed on Lorentz indices. 

In comparison with electromagnetism, the second subtelty arises from the existence of 
three différent "objects" in gênerai relativity. Indeed, we have a vielbein e""^, a connect ion 
w^/''', and a curvature Rabfiu- Because the singularity appears in the vielbein, one could 

t'^ =t^ + AN 4). ( 5 . 1 . 2 2 ) 

5.2 Gravitational duality for linearized gravity 
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reasonably wonder why the connection could not be used, instead of the Riemann tensor, 
to play the saine rôle as does the field s t rength F in electromagnetism. We show t h a t 
the choice of dualization on Lorentz indices permi ts to lower the duality relation between 
Riemann tensors to a duali ty between spin connections. The important différence we point 
out is t h a t the spin connection is a gauge-variant quant i ty while the field s t rength F is not. 
We show however tha t , by duality, a gauge choice can always be made such tha t the dual 
spin connection is regular. We eventually give an expression of the spin connection in terms 
of the vielbein and a three index object , first in t roduced in [27], t ha t contains the magnet ic 
information of the solution. Since we linearize around flat Minkowski space in cartesian 
coordinates, there will be no distinction between curved and flat indices in the tbllowing. 

Linearizing around flat space - r/̂ iz + Zi^^, the Einstein équations, cyclic and Bianchi 
identities, in the absence of magnetic charges, are jus t 

where Rpcr-ya is the linearized Riemann tensor. T h e Bianchi identities are solved by express­
ing the Riemann tensor in terms of a spin connection. In turn , the cyclic identity is solved 
when the spin connection is expressed in terms of a vielbein or, when the local Lorentz 
gauge freedom is fixed, in terms of a (linearized) metric. 

In the absence of sources, gravitat ional duali ty tells us tha t for every metric there exists 
a dual metr ic such tha t their respective Riemann tensors are Hodge dual to each other , in 
complète parallel with the Hodge duali ty in electromagnetism. As explained above, we will 
prefer here a dualization on the Lorentz indices, the first two indices in our conventions, as 
is clear f rom the Bianchi identities above. We wri te thè duali ty in the absence of sources as 

R-lii/pa ~^ RfLupa — 2 ^iii/apf^- ^pa-t Rjwpa ~^ ~Rpupa — " 2^pi/aP^- ^pai (5.2.2) 

where Rp,upa dénotes the magnetic or dual R iemann tensor. To check t ha t linearized Ein-
stein's équat ions are invariant under this duali ty and also to generalize the duali ty in the 
présence of electric sources, it is useful to remark tha t the magnetic cyclic identi ty in the 
présence of electric sources can be wri t ten as 

The electric stress-energy tensor appears a t the right hand side of this last équat ion. Trans-
posing Dirac 's idea for electromagnetism to linearized gravity, we will add a magnet ic 
stress-energy tensor Q^i, on the right hand side of the "electric" cyclic identity. Under 
a gravitational duality rotat ion in the présence of bo th electric and magnet ic sources, we 
have schematically 

Gpv — SnGTpi,, 

d[a ^-{paip-y] = ô ( ^ a I^pap-f + ^7 ^ptraP + 9/3 Rpaja) = 0 (5.2.1) 

R. •fii/pa ̂ R , •fil/fta î R. iivpa -R, 'fii/pa ) 

(5.2.4) 
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We Write the full set of electric and magnet ic équat ions respectively as 

9e R-ySa/3 + ^-yS/Se + 9/3 ^^Sea = 0 , 

G,iu = 87rG0,iy, 

+ R-iiapi' = ^T^Geyi^p-^^r^^^, 

9e R-jSaP + 9a R-fSPe + 9p R^Sta = 0. (5.2.5) 

From thèse équat ions , t he duaUty is manifest as soon as we wr i te the electric and m a g n e t i c 
cyclic identit ies, by means of (5.2.3), as 

. G^^ = S u C e ^ ^ , G^^ = STTGT,,̂ . (5.2.6) 

One advan tage of dualizing on Lorentz indices, as compared to a dual iza t ion on form 
indices, is t h a t we do not need to modify the Bianchi identi ty because 

9[a R\nf\f)'<\ = 2^,w''9[a R]pa\Pt\- (5.2.7) 

Note t h a t the vanishing of the Bianchi identi ty is consistent wi th the cyclic ident i ty hav ing 
a non-tr ivial source t e rm if and only if t he magnet ic s t ress-energy tensor is conserved, 
9ftQ^'^ = 0, jus t as the ordinary stress-energy tensor. Th i s is obviously an i m p o r t a n t 
p roper ty as we will cons t ruc t charges f rom this quant i ty in t h e next section. 

As a l ready ment ioned previously, the R iemann tensor can only be defined in t e rms of a 
metr ic when b o t h the cyclic and Bianchi identit ies have a t r ivial r igh t rhand side. To deal 
with the in t roduct ion of magnet ic sources we introduce, as in [27], a three- index ob jec t ^ ' " ' p 
such tha t 

d^^'^P^ = - 1 6 7 r G e ^ ^ , <i"l^^ = (5.2.8) 

^ p c ^ ^ ^ ^ P ^ ^ ^ i ^ S " ^ ^ " - Ô \ ^ P ] , $ ' ' = $ ^ " ^ . ( 5 . 2 . 9 ) 

T h e R iemann tensor t h a t is solution of the set of équat ions (5.2.5) when making use of 
(5.2.8) is 

Rapx^. = r„/3AM + l eappAdx^'\ ~ 9,,^l''\), (5.2.10) 

where rapxij, is the usual R iemann tensor verifying the usual cyclic and Bianchi ident i t ies 
wi th no magne t ic stress-energy tensor. This means tha t î'a/îA/i = ï'A/ia/3 and t h a t it can b e 
derived f rom a potent ia l : r^^Xn = 29[,v'i/3)[A,;i]-

Another advan tage of the dual izat ion on Lorentz indices comes di rect ly f rom the van­
ishing r ight hand side of the Bianchi identity. Indeed, as compared to t he resul ts p resen ted 
in [27], our dual iza t ion gives us the right to express the iinearized Riemarm tensor in t e rms 
of a spin connect ion by 

Rfifpcr = 9pUJn^„ — 9aUlf^^vp . (5.2.11) 
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This allows to lovver the duaUty re la t ion between Riemann tensors to a dual i ty between 
spin connections. Wi th the help of (5.2.2) a n d (5.2.11) the gravi ta t ional dual i ty relat ion 
bécornes 

<^nua = w"^^, (5.2.12) 

where this relat ion is t rue up to a gauge t r ans fo rmat ion as the spin connect ion is a gauge-
variant object . 

T h e linearized vielbein a n d the spin connect ion for the R iemann tensor r^^ctp â^re defined 
as 

1 
2 

1 
/̂Xi/ — ^fj.l'p^^ 1 ^pvp — ^i^^U^Hp ^p^vp ~1~ ^p'^up)y (5.2.13) 

where /i^j/ = is the linearized met r i c and Vf^v = —Vu^t. Using this together wi th relat ions 
(5.2.11) and (5.2.12), one ob ta ins the spin connect ion in te rms of the vielbein a n d the three-
index objec t ^i^vp 

^pvp — ^pvp + '^^pv^&^'^ p 

= \{diyKi> - ^i^^'^p + 9p'">^i^ + \^,iuis^'^^p- (5 .2 .14) 

From (5.2.12), it is clear t ha t there always exists a "regular" (with respect to s t r ing singu-
larities on the two-sphere a t spat ial infi t ini ty) spin connection even when magne t ic sources 
are présent. F rom the expression above this can be achieved for a spécifie choice of Vpi, t ha t 
cancels s t r ing contr ibut ions coming f rom 'èpup- One also easily sees t h a t 

Ojpua = \e,.^^fiuj''f^„ =--\e,,^o,p{2d''h\ + d,v''P) + 2^„,a]- (5.2.15) 

5.3 Charges and dual charges 

Now t h a t we have looked into more détai ls how the dual i ty works a t the linearized level, 
we would like to deal wi th the défini t ion of charges in t he linearized theory. Since we 
have a n electric and a magnet ic s t ress-energy tensor, one should be able to define the 
usual 10 Poincaré charges associated to T^i,, as we presented in chap te r 1, bu t also 10 
other topological, dual , Poincaré charges associated to the dual s tress-energy tensor 0,u/ . 
This is wha t we explore in this section. We s t a r t by giving the generalized expressions for 
the A D M momen ta and dual A D M m o m e n t a . We give a fuli t r e a t m e n t of the singular 
string contr ibut ions, ob ta in ing gauge- independent expressions for the surface intégrais^. 
We eventually apply the same ideas to dérive gênerai expressions for t h e Lorentz charges 

'Note t;haL in [100], we only establishod them for a spécifie gauge choice of t;he vielbein. 
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and their duals. However, vve will show tha t there is no possibi l i ty in th is f o r m a h s m to 
express thèse charges as surface intégrais wi thout partially fixing t h e gauge. T w o copies of 
t he Poincaré charges, expressed as surface intégrais, have also been derived by G. Barn ich 
and C. Troessaer t in [92] using a doubled (Hamil tonian) formal ism. T h i s gauge fixing is an 
a r t i f ac t of our Lagrangian approach which is more "electric" in spir i t a s t he m a g n e t i c charges 
are topological. T h e charges obta ined in [92] should however be comple te ly équivalent t o 
ours. 

5 .3 .1 T h e momenta and dual momenta 

T h e generalized A D M m o m e n t a and dual A D M momenta a re 

P^. = J = ^ jG(>^(fx, (5.3.1) 

K,^ = j Qo^d^x = - ^ 1 Go,,d^x. (5.3.2) 

Given the définit ion of the R iemann tensor in (5.2.11), one easily ob t a in s 

GQO = ~ diUJijj, (5.3.3) 

Goi = B^jij = diUjQjj — djWoji- (5.3.4) 

T h e dual Ricci tensor is 

^•fip — V "f^iii/pa — 2 ^ ^fiuaP^^pa- (5.3.5) 

T h e dual Ricci scalar and dua l Einstein ten.sor are defined j u s t as R = ifÈ.^j^p a n d G^p = 
Rp-p " ^Vpp^- We thus have the following expressions 

GoO - --^^ijkRoijk = ^ijkdiUJQjk, (5.3.6) 

Goi = -£jkinkiij =-^^ikiidiUJkij — djtoku) = ejudiujijk- (5.3.7) 

In the last equal i ty of (5.3.7) we have used the identi ty d[iU)jki^ = 0. N o t e also t h a t Goi / Gio 
for an a rb i t r a ry (i.e. ofF-shell) spin connection. 

Eventual ly, we can express the electric and magnetic Eins te in tensors in t h e more com­
pac t form 

Go,. = 5,(a;OV + ^ ° a ; ^ - < 5 > X ) . 

Go^ = e'^^diujpjk. (5.3.8) 

Th i s enables us to formula te the m o m e n t a as surface intégrais 

- ^ j > [ o ^ ' ' p + ô y % - s y ^ p m , (5.3.9) 

K,. = ^ j é'^uj^jkd^i. (5.3.10) 
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With the help of (5.2.14), we have 

Po 

Pk 

Ko 

16 

Î 6 

m 

Ï6 

dT,i, 

(5.3.11) 

dT.1, (5.3.12) 

(5.3,13) 

(5.3.14) 

When there are no magnet ic charges, Q,ii, is zéro and thus K^^ and ^iwp also by définition. 
Then, set t ing ourselves in the gauge where î;^^ = 0, one easily recognizes the ADM momenta 
Pfj.. Remember t ha t in electromagnetism the contr ibut ion of the Dirac string was always 
equal to t h e opposi te of the str ing contr ibut ion coming f rom the regularized connection as 
F is a gauge-independent quantity. Even if our charges are obviously gauge invariant, the 
important différence with electromagnetism is t ha t here the surface intégrais for calculating 
the charges dépend on the spin connection, a gauge-variant object . If we want to cancel 
the string contr ibutions in the expressions (5.3.11), we need the additional gauge freedom 
of the vielbein to be fixed in the right gauge. As we have seen in the previous section, this 
trick can always be used as the duali ty can always be lovvered to a duality between spin 
connections. For each electric solution with a regular spin connection, there exists a regular 
spin connection for the dual magnetic solution. Note t ha t computat ions can also be made 
using our expressions (5.3.9)-(5.3.11) or even the volume intégrais (5.3.1)-(5.3.2). 

5.3.2 Electric and magnetic Lorentz charges 

In the same spirit, the gênerai expression for the Lorentz charges and their duals are as 
follows'^ 

J STTG J 

Z^" = / { x ' ^ e ° ' ' - x''Q^'')d^x = [{x'^G^" - x''G°")d^x. (5.3.15) 
J STTG J 

Plugging the expression (5.3.8) into the définition of the electric Lorentz charges leads 

^Note that the fixed timelike index is now upstairs, contrary to the définitions of the momenta. We hope 
tliat this (arbitrary but innocuous) switch in the convention will not upset the readcr too much. 
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us to 

TTG J 

d^l + (5.3.16) 

We see tha t in the présence of non-trivial we have a priori no way to express t h e 
charges as surface intégrais. However, we know tha t the charges are independent of the 
choice of v^^. We can thus t ry to choose a gauge, an appropr ia te f ^^ , such as to cancel the 
'^iiup contr ibut ions présent in the volume intégrais. Expanding the volume intégrais in the 
above expressions 

J 2[w°^J - uj°^'] d^x = j [ d ' h ° ^ -&h^' + dW° - d'v^° - £'^'=$fco"l d^x, 

j 2LJ'^J d^x = j [ d j h ' ^ - d'h^j + d y ' + e'^'^^ojk] d^x, (5.3.17) 

where we simplified the last équation using the relation £"=['•$^^•'1 = £*'̂ '=(î>̂ Q'̂ , we see t h a t 
we can absorb the ^/n/p by choosing the Vij and the uoi such tha t 

j djv'j d^x = j e'^'^^ojk d^x, 

J [ d ^ v ' ° - d'v^°] d^x = J £'^^"$fco° d^x. 

(5.3.18) 

(5.3.19) 

Actually, thèse gauge choices do not fix completely the local Lorentz gauge, and hence 
Vf^^. Ra ther , they restrict the gauge to a choice satisfying the above intégral relations. Of 
course this can be donc in the simplest way by choosing a Vji,^, t h a t locally compensâtes the 
singularity contained in ^i^up-

Picking a gauge such tha t (5.3.18) and (5.3.19) are fulfilled, we ob ta in 

OTTG J \_ 2 dT,i, 

(5.3.20) 
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If we look at the dual Lorentz charges, we have 

STTG 

8 ^ 

OTTG y 

y ^"'"'[x^w^fc,,, - x'ujhm\d'>^i + ^ / , (5.3.21) STTG 

where in the last equality we used e^^'^oj^km — ^•''^^^''km ~ ^'''''wfcV 
and L;it/ tha t cannot be expressed as It is amusing to observe tha t the pièces in L 

surface intégrais actually enjoy a duality relation, L^""^ = |^/i''P''^buik- '^'^''^ surprising 
property cannot of course be extended to the fuU charges, cis is obvious from their définition 
in terms of the stress-energy tensor and its dual. However, a conséquence of this observation 
is that with the previous choice of gauge, we can also express the dual charges as surface 
intégrais 

1 
- é^^[tuj'jk + x'ojQjk] + Y'^hak 

dEi. (5.3.22) 

The expressions derived here for the electric and inagnetic Lorentz charges are thus 
valid in whatever gauge when expressed as volume intégrais like in (5.3.16) and (5.3.21). 
Moreover, we have shown tha t there exists a gauge choice valid for the Lorentz charges and 
their duals tha t permits to eliminate the ^^up and express the charges in terms of surface 
intégrais. Note that if ail ^ixup are zéro, any gauge is obviously fine and the charges reduce 
to the ADM expressions. 

In the next section, we will consider several différent solutions and their dual counter-
parts. Instead of applying thèse formulas explicitly, it will prove more efficient to work out 
the sources of the solutions, encoded in T^^, and 0,i^, and compute the charges from their 
original définitions (5.3.1) and (5.3.15). One is ensured, foUowing the above arguments, 
that the surface intégrais, with a correct choice of gauge, will yield the same results. 

5.4 Examples illustrating the duality 

In this section, we review various linearized "electric" solutions and their "magnetic" coun-
terparts . For each of them, we illustrate how the duality works and what are their associated 
charges. The solutions that we will consider are the Taub-NUT metric, its infinitely boosted 
hmit, and its rotating version called the Kerr-NUT. 
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5.4.1 The T a u b - N U T solution 

The metric for the Taub-NUT sohition is 

A /?2 
ds^ = -—.(dt + 2N(k + cose)d(f))^ + —dr^ + R'^dn'^, (5.4.1) 

B/ A 

where A = — A'̂ '̂  — 2Mr, — + Â ^̂ , dÇl^ is the metric on the unit two-sphere, and k 
is a parameter . Here, we have introduced a parameter k such tha t for fc = 1, respectively 
A; = — 1, the string is along the positive, respectively négative, 2-direction. For any other 
value of fc, the metric has a singularity ail along the z-axis. As already s ta ted, it is easy 
to see tha t the value of k can be mapped to + c if one performs the coordinate change 
t-^t-V 2Nc(j). 

Here, we would like to review the duality tha t maps the linearized Schwarzschild to the 
linearized pure N U T solution. We show that , by gravitational duality, the string singulari ty 
détermines a magnetic stress-energy tensor and is thus non-physical in an "electric" theory; 
it is a topological charge. It is also called the magnetic mass A'̂ . For t he sake of completeness, 
we eventually consider what would happen if we do not consider this singular contr ibution. 
One can easily realize tha t the magnetic stress-energy tensor is zéro, as it is clear f rom 
its définition. The pure NUT solution is then described as a semi-infinite massless source 
of angular momentum A .̂ This is Bonnor's interprétation [101] of the pure NUT solution 
where the string is considered as a physical singularity in the "electric" theory. 

Linearized Schwarzschild solution 

The non-trivial fluctuations of the linearized metric and spin connection for the Schwarzschild 
metric are 

- ^^'^ 

- M — 
^3 ' 

2 M 

r 

M 

\hjk) = -^{ôjkXi - SikXj). 

The non-trivial components of the linearized Riemann tensor are 

Bmoj = -a,wo.o = M ( - ^ + ^ + ^<5,,<5(x)), 
T T o If-ijki = dkOJiji — diùjijk 

where we used 

(5.4.2) 

, 2 M STTM^^ ̂ ^^^ ^ ^ ̂ . ^ 
(—3- + —-—ô{x)){ôikdji - à-uàjk) 

-'^^{kk Xj xi - ôjk Xi xi - ôii Xj Xk + Sji Xi Xk), (5.4.3) 

Xk Sjk 3xkXj , 47r A A\ 
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We eventually see tha t the Ricci tensor and Ricci scalar are 

Roo = 47rM5(x), R^j = 47rM5ij5(x), R. = 8ITMS{X). (5.4.5) 

This also means tha t 

Goo = STTTOO = 87rM(5(x), = T^j = 0, Goj = TQJ = 0. (5.4.6) 

The source for the Hnearized Schvvarzschild solution is a point of mass M. 

The N U T solution from the dual Schvvarzschild 

To obtain the "electric" spin connection for the N U T metric, we use the dual i ty relation 

i^nua = -^£^uaf}l^°'^a, (5.4.7) 

where ûj is the spin connection for the linearized Schwarzschild after we applied the duality 
rotat ion u> û) and M —> N. In this way vve obta in a regular spin connection. I t is given 
by 

^ijO = ^ijkl^OkO = - ^ ^ i j k ^ , I^Oij = --j^^ikl'^klj = ^^ijk^- (5.4.8) 

One can now cornpute the non-trivial components of the Riemann tensor 

•fi'oiOj = 0, Rnjkl = 0, 

RijOk = Netjidki^) = NEijii^ - + y5A:((5(x)), 

J^-Oijk = dj^Oik - dkU>Oij 

= -2Ne,,,{^ + ^5{^)) + 3 N { e , , i ^ - e M ^ ) . (5.4.9) 

Einstein 's équations are trivially satisfied as R.QQ = Rij = 0 and R^i = R,io = 0, meaning 
that Tfi^ = 0. However, plugging the above expressions in the cyclic identity, we obta in 

^Oijk + Rokij + Rojki = —STr^^fc©"" 

-2Neijk{^ + 47r5(x)) + QN{eij{^^ - Sikl^^ - ^ k j l ^ ^ ) , 

(5.4.10) 

This implies tha t the dual solution is characterized by 

e™ = N5{-x), 9 °^ = 0, e ' ' = 0. (5.4.11) 

Let us now remark tha t for a solution to describe such a magnetic particle of mass AT, and 
thus a magnet ic stress-energy tensor Q^^ = Nô{x.), we need, as one can see f rom (5.2.8), 

$0^0 = -lQnN5{x)5{y)'d{z). (5.4.12) 
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From (5.2.14), we see tha t the previous non-trivial components of the spin connection can 
be readily expressed as 

^Oij = ^{dihoj + djVro) - ieoijfc *''*'o, (5.4.13) 

where we only assumed tha t the linearized vielbein is independent on time. As we have 
established that the regular spin connection is such that w^o = —^oij, we immediately see 
tha t the right gauge fixing will be h^i = —VM. The previous spin connections are recovered 
with 

ho:c = vox = 2N ^ voy = hoy^ -2N (5.4.14) 
r ( r - z) r ( r - z) 

where the metric has a singuiarity on the positive z-axis, in agreement with the form of the 
$zOO term. To check tha t this is the right resuit, one can go through the same s tandard 
regularization procédure as we used for electromagnetism ( see e.g. [88]). We set 

B = V X Â^2N^ -8-KNS(x)5(y){)(z)z, (5.4.15) 

where z is the unit vector along the 2-axis and we obtain 

djho, - dMj = -2Neijk~ + £ztfiT^N8{x)S{y)^{z). (5.4.16) 

Note tha t the non-trivial contribution to the linearized metric in spherical coordinates is 

/io0 = - 2 7 V ( 1 + cos6l), (5.4.17) 

vvhich is also the only non-trivial component for the linearized pure N U T metric as one can 
directly obtain from (5.4.1) with fc = 1. 

Here, we interpret the singuiarity at ^ = 0 as non-physical in an "electric" way. However, 
it contributes to the magnetic stress-energy tensor. The solution describes thus a particle 
of magnetic mass A''. 

T h e FMUT solution wi thout the string 

To recover Bonnor's interprétation, we set to zéro the <&'"̂ p. Then, we obviously have 
Q^u/ = 0. With the previous choice of Vn,^, the non-trivial components of the spin connections 
are now 

Wjjo = -Neijk^ + ezij4irNd{x)ô{y)'d{z), 

(^oy = Ne.jk^ - ezij47rN6{x)6iy)ê{z). (5.4.18) 

Note tha t we still have Ŵ Q = —woij so tha t from (5.4.10) we still have 0 ' ' = 0'^'' = 0. Now, 
we can also check that 0^" = 0 as it should be. 
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T h e non-tr ivial componen t s for the Einste in tensor are 

G^o = ~djie,ij4nNÔ{x)Siy)^{z)), (5.4.19) 

giving non-tr ivial con t r ibu t ions to T^^ 

T .0 = -^5{x)ô'{y)^iz), Tyo = j5'ix)5{yMz). (5.4.20) 

Note t h a t such T^^ is conserved. 

Given this, we see t h a t = 0 and A L ^ ^ / A z = N ail along the singularity. Th i s 
agrées wi th Bonnor ' s i n t e rp ré t a t ion of the N U T solut ion as a massless source of angula r 
m o m e n t u m at the s ingular i ty ^ = 0. 

5.4.2 T h e Kerr and the rotat ing N U T 

There exists in the l i t e ra tu re a general izat ion of t h e T a u b - N U T metr ic wi th three p a r a m e -
ters, the A D M mass M, t he N U T charge N, and a ro t a t i on p a r a m e t e r a. This solut ion is 
known as the K e r r - N U T metr ic . I t is a par t icular case of t h e gênerai Pe t rov type D solut ion 
found in [102]. I t is given by 

\2 s in^0 
c/s^ = - — r W t - ( a s i n 2 6 l - 2 A r c o s 6 l ) £ / ç : ) p - h — ^ [ ( r ^ + a^ - f Ar2)c/(/»-a(it]2 

+ ^dr^ + R^de\ (5.4.21) 

where = - 2Mr + o? - N"^ and /?.̂  = (AT -h acosé ' )^ . 

If we set a, = 0 in t h e above solution, we recover the T a u b - N U T solution (5.4.1) w i th 
fc = 0. If we set N — Q t h e met r ic (5.4.21), we recover t h e Ker r met r ic in Boyer-Lindquis t 
coordinates 

= - ( 1 - ^ ) d t 2 - sin^ edtdc}> + | d r 2 + + | sin^ ed4>\ (5.4.22) 

where A = X^{N = 0) = - 2MT + U?,T, = R^{N = 0) = + a^ cos^Ô, and B = 
Ao^ sin 9. One can linearize this me t r i c a t f irst order in t h e charges, mean ing 

we only keep t e r m s in M a n d Ma and ob ta in 

2 M 2 M 2Ma ^ 
hoo = hij = —^XiXj, liQi = —^EzijX-'. (5.4.23) 

VVe will review rapid ly he rea f te r t h a t the source for th i s solut ion is a ro ta t ing mass M w i th 
angular m o m e n t u m = = Ma. A more in teres t ing me t r i c is the one where we set M 
to zéro in (5.4.21). Th i s is wha t we refer to as t h e r o t a t i n g N U T metr ic . T h e linearized 
contr ibut ions of the metr ic are 

- _ INyz - _ -2Nxz - 2Naz 
" ' ^ ~ /• 2 ,—2^' "'*!/ " / 2 I—2\' ~ — î — • (5.4.24) r{x^ + y^j r(a;^ -|- y^) r'^ 
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We will see t h a t th is Hnearized metr ic (af ter we set the s t r ing a long the posit ive ^-axis) 
supplemented with the '5^^^ contr ibut ions 

$0^0 = -l67rNÔ{x)ô{y)-d{z), (5.4.25) 

= = - ' î ' ^ î ' o = ^'"^o = 87rAfa5(x), (5.4.26) 

where •d is the usual Heaviside funct ion, describes the dual solut ion to the l inearized Ker r . 
The ro ta t ing N U T solut ion is unders tood as a point of magne t i c mass A'̂  and a magne t i c 
angular m o m e n t u m L^''-' = Na. 

As we have seen for the T a u b - N U T case, taking or not t ak ing into account s ingular i t ies 
contr ibut ions f rom lead to différent in terpré ta t ions of t he ' 'dual ' ' met r ic a n d t hus to 
différent in te rp ré ta t ions of its sources. As an example, we have j u s t discussed B o n n o r ' s 
in te rpré ta t ion of t he T a u b - N U T metric. Here, we will discuss w h a t h a p p e n s if one does 
not include the s ingular de l ta contr ibut ions (5.4.26) for t he ro t a t i ng N U T solut ion. In t h e 
last pa r t , we see t h a t by dual i ty the Kerr metr ic could be given an exotic in t e rp ré t a t ion if 
singular cont r ibu t ions of th is type were added. 

In the following, we only présent the addi t ional informat ion not conta ined in the previous 
T a u b - N U T example as the non-trivial contr ibut ions of t he l inearized K e r r - N U T met r ic 
split into cont r ibu t ions t ha t were already présent in the T a u b - N U T case and add i t iona l 
contr ibut ions in Ma or Na. 

Kerr metric 

T h e addi t ional (wi th respect to the Schwarzschild metric) non- t r iv ia l componen t s of t he 
linearized metr ic and linearized spin connection are 

2Ma 

1 ^ , ^ 1 47r _ ,. 3 M a , 

Wîjo = -^{djhiQ - dihjo) = ujQji — UQij 

/ 2 STT 3 M a x ' , 
= Ma£:2i, ( -3 -h — d(x)) g—(£^.,;Xj - £^^(0;,;). (5.4.27) 

T h e addi t ional non- t r iv ia l components of the linearized R i e m a n n tensor are 

Roijk = -Ma£M{djdidi^) + Mae^^jiidkdidi-), 

' Rijoh = -Mae^jiidkdidi-) + Maezu{dkd.jdi-), 

where one can show t h a t 

(5.4.28) 

didjdk- = _i5^'^J^fe ^ ^{^ij^k + ^kiXj + Sjk^i) 

AIT 
- — {S.^dkôir) + ôkrdjôir) + ôj^d,S{r)). (5.4.29) 

0 
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Combining tiiese results with the ones ob ta ined for Schwarzschild, we easily find 

Rjo = -Roj = Boi/ = Mae^jiidiA^) = -47rMa£:^j i9(5(x), 

iîoo = 47rM5(x), R^j = AnMôijôix), /?. = 47rM(5(x). (5.4.30) 

Eventual ly, we get 

Goo = STTTOO = 87rMJ(x) , Gy = T^j = 0, (5.4.31) 

Goj = R^j = STvToj = -iTTMa£,jidi6{x). (5.4.32) 

This solution describes a poin t of electr ic mass M with an electric angular m o m e n t u m 
L'-y = Ma. 

The rotating N U T solution from the dual Kerr 

As for the dua l of linearized Schwarzschild, by dual i ty ro ta t ion we ob ta in the addi t ional 
componen t s of the spin connect ion of t h e dua l Kerr metr ic 

2 An. 
^zjk = £iji<^oik = Na{5zi5kj - 5zj5k-i){—3 + - r - 5 ( x ) ) 

+ -^i.'^'k{^i^zi - ^'iàzj) + z{xi5kj - XjSki)), (5.4.33) 

where we used EijkS^^'' = 25f and £ijk£^-''' = (J^^f - S^Sj. Following t h e same reasoning as 
befoie, one can easily dérive t h e E ins t e in tensor and find t h a t th i s solut ion cor responds to 
a raagnetic point of mass N wi th a m a g n e t i c angular m o m e n t u m L^^ — Na. Th i s is the 
gravi ta t ional dua l of the Kerr so lu t ion where Q,iu has a s t ruc tu re equal to the s tress-energy 
tensor for Kerr , meaning 

e ™ = iV5(x), e^-= !î^dyS{K), Q°y = - ^ d J { x ) . (5.4.34) 

Prom this last resuit , we see t h a t t h e non- t r iv ia l componen t s for ^fi^p a re 

$0^0 = -16nN5{x)ô{y)i){z) , 

$0y^ = = - $ ^ î ^ o = *^^o = 87r7Va(5(x). (5.4.35) 

We also have 

1 1 1 1 

<^ijh = ^{djhik - dihjk + dkVji) + ^eijoJ^°'fe, (5.4.36) 

where for our choice of ^uup, we find 

lemi^^'k = l^ijoi^^'k = {S^^ôjk - Sj,6ik)^''y.,. (5.4.37) 
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We then easily obtain'^ 

2Naz 2Naz 2Na K . 

The non-trivial components of the linearized metric in spherical coordinates are then 

2Naz 
V = /io^ = 2Ar(l + cose) . (5.4.39) 

Thèse are the non-trivial components of the linearized rota t ing N U T metric, where the 
string is along the positive 2-axis. 

The rotating NUT without the delta contributions 

If we set '^^''•'x = —'^^'''y = —^^'•^•'o ~ '5"''̂ o = 0; t̂ 'he difForence with the previous case appears 
for 

woîo = -Nadid^i-), 
r 

cjijk = -Na[6,kdjdzil:)-5jkdM^) + ^ô,Ad3{l)-ls,jdkd,(l^^^ (5.4.40) 

This means that 

Roo = -4-KNaS{x)S{y)5'{z), R.ij = -AT:Na5ijô{x)ô{y)5'iz), (5.4.41) 

and the electric Einstein tensor has now a non-trivial component 

Goo = -8TrNa5ix)5{y)ô'{z). 

The solution has associated charges KQ = N and = —Na, describing a point magnetic 
mass A'̂  with in addition a "boost mass" —Nu which can be understood as a dipole of electric 
masses M and —M separated by a distance e in the limit where e —> 0 and LQZ = Na = Me 
is kept constant. Positivity of energy in gênerai relativity tells us t h a t this interprétat ion 
should however be discarded. 

The interested reader could eventually wonder about différent combinations of the pre­
vious considérations. One could for example try to interpret the rota t ing N U T solution with 
only the delta contributions and no string contribution (or respectively no ^^up contribu­
tions at ail). Following our analysis this only partially matches the proposai of J .G. Miller 
in [103] to interpret the Kerr -NUT metric as a Kerr black hole and an infinité source of 
angular momentum along the singularity. Indeed, our calculations show t h a t it should also 
be supplemented witli a magnetic angular momentum when del ta contributions are included 
(respectively with a dipole of electric masses in the same limit as previously discussed). 

•*Noto that tlic Vfiu obtaiiicd hcre, and which Icad to a regular spin connection, do not satisfy tlic gaugc 
fixing conditions (5.3.18) and (5.3.19) proposed in Section 5.3, where the aim was rather to define surface 
intégrais. 
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Comments about duality of the Kerr metric 

We have seen tha t the s t r ing singulaii ty input f rom ^firp in the case of the Taub-NUT 
solution found its meaning in the existence of an unphysical s tr ing singulaii ty in the lin-
earized metric. This is also justified by considering the Schwarzschild metric as electric 
and imposing gravitational duality. From this perspective, Bonnor ' s proposai seems rather 
unphysical. 

However, in the case of the Ker r -NUT solution, we have seen t ha t some $^i/p terms 
are only singular in r = 0. Besides duality, we do not have any a priori argument in favor 
of adding thèse delta contr ibut ions to the rota t ing N U T solution. As we just described, 
one could think of the linearized rota t ing N U T with only the s t r iug contr ibut ion ^^^o as 
another physical solution. This interprétat ion is however to be rejected on physical grounds 
because of the présence of a négative mass in the compound. 

Let us amuse ourselves by contemplat ing the dual si tuation, i.e. the usual Kerr solution, 
where we insert a non-trivial magnet ic stress-energy tensor so t h a t the non-trivial charges 
become PQ = M and LQZ = Ma. T h e sources for this solution are 

Too = M(5(x), 000 = MaS{x)6{y)5'{z), (5.4.42) 

an electric point of mass M and a di-NUT, a dipole of N U T charges +N and —N, separated 
by a distance e when we take the limit e —> 0 and N oo bu t with the product Ne constant 
and equal to LQZ — Ne = Ma such tha t 

Goo = lim,_,o[N5ix)S{y)6{z + e/2) - NÔ{x)S{y)5{z - e/2)] 

= Ma5{x)6{y)5'{z). (5.4.43) 

This s i tuat ion is physical since there is no obstruct ion in having négative N U T charges. 
Indeed, the Taub-NUT metrics with opposi te signs of are jus t related by a flip of the sign 
of the (f) variable. We should however note tha t this leads seemingly to a clash between the 
s ta tement of gravitational duali ty and positivity of the mass for the Schwarzschild solution. 
In other words, according to the above arguments the gravi tat ional dual of a physical 
si tuation is not necessarily physical. It would be nice to unders tand this issue bet ter , with 
the use for instance of positive energy theorems. 

Concerning the euclidean Kerr black hole, this in terpréta t ion had already been noticed 
a long t ime ago in [104]. For the Lorentzian signature, it has recently been observed in [105] 
that the Kerr metric could be reproduced by a non-linear superposi t ion of two Taub-NUT 
black holes of opposite N U T charges.^ Here, we have clarified t ha t if this is indeed t rue from 
the perspective of the metrics, there is nevertheless a différence depending on whether the 
6' singularities find themselves in tlie Toi components of the ordinary stress-energy tensor or 
in the GQO component of the magnetic, dual, stress-energy tensor. T h e différence is encoded 
in the tensor ^n^/) and is reflected on which Lorentz charges are non-trivial , the electric or 
the magnetic ones. We suggest to identify the Kerr metric as a d i -NUT only in the case 
where there is a non-trivial 0oo-

•"We would like to thank A. Virinani and R. Emparai! for poiuting out this référence to us. 
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5.4.3 Shock pp-waves 

Pp-waves. or plane-fronted waves with parallel rays, were first in t roduced by B r i n k m a n n in 
1925 as metrics on Lorentzian manifolds. They are described by 

ds^ = H{u, X, y)du^ - dudv + dx^ + dy"^ , (5.4.44) 

where i î is a smooth function. Moreover, if the function H is harmonie in x and y then it is 
a sohition of Einstein 's équations. Here we vvill consider shock pp-waves, a par t icular case 
where the function H factorizes its u dependence in a delta funct ion such that H{u, x, y) = 
F{x,y)5{ti) and F{x,y) is a harmonie function. 

To s ta r t with, we review the resuit of P. C. Aichelburg and R. U. Sexl in [106] where 
the infinité boost of the Schwarzschild metric was considered and shown to be of the form 
of a shock pp-wave. It is now referred to as the Aichelburg-Sexl solution. This shock 
pp-wave was later re-discovered by T. Dray and G. 't Hoof t in [107] and unders tood as 
the gravitat ional radia t ion of a particle traveling at the velocity of light measured by an 
observer at rest. The method of Aichelburg and Sexl was generalized in [108] and used, for 
example, to compute the infinité boost of the Reissner-Nordstrôm black hole. This more 
gênerai analysis was then used in [109] for the infinité boost of t h e Ker r black hole where 
the Aichelburg-Sexl metr ic is shown to be recovered in a cer ta in l imit . 

Inspired by thèse generalized methods we describe, in a second par t , the infinité boost 
of the pure N U T metr ic ( M = 0) and obtain the NUT-wave, another shock pp-wave. 

In the last par t , we show t h a t the gravitational dual of the Aichelburg-Sexl pp-wave 
is precisely the NUT-wave, the infinitely boosted N U T wave. More generally, we establish 
that any pp-wave solution described by a function F{x,y) of Einste in 's équat ions possess a 
dual pp-wave which is characterized by the harmonie conjugate of F{x,y), which we déno te 
as F{x,y). 

The Aichelburg-Sexl shock pp-wave 

In here, we reproduce the results^ presented in [106]. Let us s ta r t with t h e usual metr ic of 
Schwarzschild in the so-called Schwarzschild coordinates 

ds^ = - ( 1 - ^ ) d f + (1 - "^r'dR^ + R^{d9^ + sin^edcP^), (5.4.45) 
R. R. 

and make the change of variables 

R = r{l + ^ ) ^ (5.4.46) 

to obta in the metric in isotropic coordinates 

(1 + A)2 
ds^ = ^ d f + + A)^{dx^ + dy^ + dz''), (5.4.47) 

Note that scvcral typos arc présent iii the coinputatioiis of this original papcr. 
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where A = M/2r and dx'^ + dy^ + dz^ = dr'^ + r'^[dO"^ + ddcfp'). Let us now apply a boost 
along the 2-direction 

t = -t{i-pz), 

z = i { z - p i ) , (5.4.48) 

where 7 = 1/ y/l — /î^, and ob ta in 

ds^ = - l^idt-P dzf + (1 + Afidî^ + d f + -y'^idz - P d ï f ) 
(1 + AY 

= {l + A)\-dP + dx'^ + d f + dz"^) 

+ {i+Ar-
4 a-AY' 

{l + AY 
-y^idi-pdzY, (5.4.49) 

where A is now A = M/2\/x'^ + y'^ + 'y'^{z — (3 t)'^ and where in the last equality we raade 
use of 

•j'^idz - p dtf = -dt^ + dz^ + ^'\di - P d z f . z2 (5.4.50) 

We now want to consider t he infinité boost limit where /3 —> 1, M 0 bu t where we keep 
M 7 — p, p being a constant . FYom its définition, we see t ha t A is going to zéro, so t ha t we 
can hnearize the metric in A and rewri te (5.4.49) as 

ds'^ = (1 + 4A){~dP + dx^ + dif + dz'^) + 8 A -y'^idt - p dzf (5.4.51) 

Immediately performing the infinité boost would mean tha t we only keep te rms in y^A 
because 

= M 7 V 
2^j-2p2 +(^2-pif 2\z-t\ 

where pi^ = x^ + y^. The metr ic would be 

ds'^ = -dP + dj? + dy^ + dz'^ + i p , ^ -(di - dzf 
2 — i 

(5.4.52) 

(5.4.53) 

However, this metr ic is only valid for t ^ z. If we want to carry the limit /3 —>• 1 for points 
where t = z, we need to make the "awkward" change of coordinates (singular in t = z when 
P = l ) 

T{v) : z' -pt' = z - pi, 

z' + Pt' = z + p i - 4p In ^ { z - p i f + j - ^ - { z - i ) 

To apply this change of coordinates , we first s t a r t by re-writing (5.4.51) as 

(5.4.54) 

ds'^ = (1 + 4A) 

+8A-f^ 

dàf + d f + {dz - Pdi){dz + Pdi) - {1 - P^)dP 

{dz - P dif - (1 - p'^)dz'^ + (1 - p'^)dP (5.4.55) 
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Moreover, we see t ha t only terms in >l7^ will contr ibute. Indeed, the cont r ibut ions in 
(1 — will drop in the infinité boost limit. Prior to any change of coordinates , we wri te 
the metric as 

ds'^ = dx'^ + d f + {dz - (3dt){dz +(3dt)+ 8 A-y^idz -/3 d i f . (5.4.56) 

Now, as one can see frora (5.4.54), the change of coordinates is trivial for dz — (3d.t = 
dz' — pdt' and also 

dz + Pdi = dz' + pdt' + 4p 

which we could rewrite as 

dz + Pdi = dz' + Pdt' + 4p 

{z-pi){dz-l3di) 
y/{z-pt)^+t-^ 

{dz - dï) 

^{Z - pif + 7 - 2 - { z - i) 
(5.4.57) 

v / (z ' - /3f )2 + - { z - pi) + (1 - p)i 
{z' - pt'Mdz' - p d f ) ' , , 

If we now again drop the contributions in (1 — P), we get 

dz + Pdi = dz' + Pdt' - 4 p — = = ^ = = 

By plugging this in (5.4.56) and taking the limit /3 —̂  1, we get 

{dz' - Pdt') 

(5.4.58) 

(5.4.59) 

-dt''^ + dx'^ + dy''^ + dz''^ + 

4p lim ' 
/3-yl 

1 
{dt' - dz') ' \2 

(5.4.60) 

To take this limit, we use the fact tha t 

for a funct ion / such tha t 

l i m - / ( ^ A ) = < 5 ( z ) , 
e->0 e 

/

+ 00 
f{z)dz = 1. 

-oo 

-1 

(5.4.61) 

(5.4.62) 

In our case, if we write Z = z' — Pt' and 7 ^ = e, we see t h a t 

g{Z/c) = g{l{z'- pt')) = 
y/{z' - pt')^ + -f-^p'^ sj{z' - Pt')^ + 7 - 2 

= - f i Z / e ) , (5.4.63) 
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/here 

HZIt) = ^ , ^ (5.4.64) 

However, oiie can see t h a t 

/

+ 0O 
/ ( Z / e ) = - l n ( p ' 2 ) , (5.4.65) 

-oo 

such t h a t using (5.4.61) the limit for the func t ion g{Z/t) is 

Hm g{Z/t) = lim - f i Z / e ) = - \n(p''^)5(Z). (5.4.66) 
e-+0 e->0 e 

Using this resuit in (5.4.60), we recover the resuit of Aichelburg and Sexl 

ds^ = + dx''^ + dy''^ + dz'^ 

- 4 p ln(.T'2 + y'2) S{t' - z')(dt.' - dz'f . (5.4.67) 

We have thus recovered the fact t h a t the infinitely boosted Schwarzschild metr ic is a shock 
pp-wave with funct ion H{u,x,y) = —41n(x^ + y'^)5{u), where F{x,y) = \n{x'^ + y^) is an 
harmonie funct ion as it vérifies d^F + dyF = 0. Note tha t , for t ^ z, th is resui t only 
coïncides with (5.4.53) af ter we implement the inverse of t he change of coord ina tes (5.4.54) 
such as explained in [106]. 

Another procédure to per form such l imits was proposed in [108] and applied to the 
Schwarzschild black hole in [109]. T h e idea is to look at the Schwarzschild solut ion as a 
pe r tu rba t ion of flat space, p e r t u r b a t i o n which we Unearize before t ak ing the limit in the 
sensé of t he d is t r ibut ion as explained here above. We refer the reader to the original paper 
for this dérivation. However, we will i l lus t ra te this me thod now by apply ing it to t he pure 
NUT metric. 

The infinitely boosted IMUT metric 

We want to per form the infinité boos t of the pure N U T solution. In s t ead of f inding an 
équivalent awkward change of coordinates , let us write the metr ic as 

ds'^ = - d f + dx^ + d f + dz'^ + ds^^f, (5.4.68) 

and only consider t h e linearized pa r t of t h e déformat ion which wri tes 

dsl^j = -AN cos 6dt d4). (5.4.69) 

Here, for convenience, we will take the Misner s t r ing along the x d i rec t ion (namely inter-
changing x and z in (5.4.69)) and boos t along the z direction. At leading order in 7, we 
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find 

COSÔ = — —> x/y/'j'^ V? + (l'^ + y'^), 
r 

1 î/dti 

where t a n 0 = y / z . Also, we defined u = t — I3z and by lead ing o rde r we m e a n t h a t 
z —>• ^{z — pt) — —7îx + 7 ( l — P){z + t) ~ —7u. Note tha t we can also d r o p in dcf) t h e second 
t e r m in u dy as we will see t h a t a cont r ibut ion appears only a t u = 0, when t h e infini té 
boost limit is considered. T h e deformed par t of the metr ic becomes 

1 ydii 
dsl^f = -4N , ^du - ^ " ' ^. (5.4.71) 

In the limit of infinité boos t , we take 7 -> oo and N 0 while keeping N'y = k. T h i s 
means we have 

1 Adu^ 
"-^0 ë 2 ^ ( t i / e ) 2 + ( l + ^ 2 ) ( ( y / £ ) 2 + ^ 2 ) ' 

= - 8 f c lim^ i . (5.4.72) 

where we wrote 6 = 7 and A = y/x. Following the s a m e l imi t ing p rocédu re descr ibed 
for the infinitely boos ted Schwarzschild metric, we find 

ds^gy = -8A; a r c t a n ( l / A ) 5{u) du^ = -Sk arctan( .T /y) ô{u) dv?, (5.4.73) 

and the met r ic of t h e infinitely boos ted pure N U T metric is j u s t 

ds^ = -dt^ + dx^ + rf?/ + dz^ - 8k arctan(.T/?7) S{t - z) {dt - d z f . (5.4.74) 

T h e above metr ic is obviously also a shock pp-wave as it has a func t ion H{u, x , y) of t h e 
required form and arctan( .T/î/) is an harmonie function. I n t h e following, we refer to it as 
t h e NUT-wave . 

Charges of shock pp-wàves 

Using previous results , one can s t ra ight forwardly consider a finite boos t of the T a u b - N U T 
me t r i c and ob ta in t h e charges 

Po = 7 M , Pi = --iPM, Ko = 7JV, Ki = - - f p N . (5.4.75) 

To show this for t h e pure N U T metr ic , we can directly work w i th t h e l inearized p u r e N U T 
solut ion 

i/s|,.i„ = - d f - AN cos ëd^dt + df'^ + r'^{d(P + sin^ 0d(j?), (5.4.76) 
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which can be writ ten in cartesian coordinates as 

z 1 -
ds?i„ = -dt^ - AN- -^{xdy - ydx)dt + dx"^ + dy"^ + dz 

r 

where = x^ + y^. If we now perform a boost in tiie z-direction 

t = l i t - ^ z ) , z = - f { z - p t ) , 

X = x, y = y, 

(5.4.77) 

(5.4.78) 

we get 

ds^ -df + dx^ + dy^ + dz^ 

-AN fp2 {dt - Pdz){xdy — ydx). (5.4.79) 

One should be careful while t reat ing the coordinate r as the large radius limit is really 
r = (a;^ + + a;^)'/^ oo and thus 

x'^ +y^ +'y'^{z- I3ty 
-1/2 

1 
r 

] 

7B 

(sin^ 9 + Y cos^ 0) + r r i ^ y ) - '^rP cos e{t/r) 

+ 0{l/r% 

-1/2 

where we defined B = \JsiTi?9 + Our choice for the vielbein is 

e° = dt-2N-

= dx. 

dy, 

-2N 
fp^ 

-{ydx - xdy), 

{ydx — X dy) + dz, 

(5.4.80) 

(5.4.81) 

where it can be checked t h a t the spin connection is regular so tha t we can directiy use our 
expressions for the charges without taking care of the singularities. Note that our choice is 
precisely the tr iangular vielbein for the linearized s ta t ic pure N U T metric t ransformed 
under the boost to e™ = A'^jj A^^'e^; = 5"^+ \rf"'{K^, + v^^). Looking at (5.4.79), the 
linear per turbat ions are 

h, 

h 
x?' + y"^ 

(5.4.82) 
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As we can directly see from (5.4.81), we have Vui = IT-Lœ and Vza = hza for a = x,y. We can 
now easily proceed to the calculation of Ko 

= -yN. (5.4.83) 

Note also tha t the t ime dependence in the integrand (5.4.83) is subleading and tends to 
zéro when r —> oo. The calculation for is readily the same and we find 

K, = --^ ^e^'^d,hojdti = -l3Ko = - j p N , (5.4.84) 

while Kx = Ky = 0. 

Wi th this knowledge, it is also easy to see tha t the charges associated to the Aichelburg-
Sexl pp-wave are just PQ = —Pz = P and for our NUT-wave KQ = —Kz = k. For the 
Aichelburg-Sexl pp-wave, this was done in [110]. For the NUT-wave, one can use the 
symmetric vielbein 

F F 
= dt -—{dt - dz) , = dx , ^ dy , e^^ = dz -—{dt - dz) , {5A.85) 

where F is an harmonie function, so tha t = 0 and the spin connection is regular. We 
eventually obta in 

Ko = ^ (f e'^^dihojd^i = ( f - 6 { t - z ) dSr 
Ion J 2n J r 

= k j) r sin 9 5{t — r cos 9) d9 — k j) 5{t — r cos 9) d{r cos 9) 

= k. (5.4.86) 

Again, the calculation for Kz is readily the same and gives —k. 

Let us now check tha t the NUT-wave is the metric one obta ins by acting with a gravi-
tat ional duali ty ro ta t ion on the Aichelburg-Sexl pp-wave. 

Duality among shock pp-waves 

It is easy to see tha t the NUT-wave is the gravitational dual of the Aichelburg-Sexl pp-wave. 
T h e non-trivial f luctuat ions for the Aichelburg-Sexl pp-wave are 

ha = hzz - -htz = - 8 p \xx{\f^^^^) . (5.4.87) 

The non-trivial components of the linearized R iemann tensor defined by R-ap-fi — 29[„/i^][.^,*] 
for the Aichelburg-Sexl metr ic are 

^•tatb = - ^dadblhl. , R-lazb = 9„c)(,/l,,^ , Rzazb = dad^h^z , (5.4.88) 
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for a,b = X, y. The NUT-wave has non-trivial fluctuations 

hti = hzz = —hiz = —8 /c arctan(2 ; /y) , (5.4.89) 

where h^iy refers to the dual metric. The non-trivial components of the Rieinann tensor 
Write in the same way as in (5.4.88) but with /i^^ replaced by h^^. 

A small computat ion permi ts to show tha t the duality relation is satisfied 

Doing so, one checks tha t the gravitat ional dual of the Aichelburg-Sexl pp-wave is the 
NUT wave. From (5.4.88) and (5.4.90), it is easy to see tha t the function F for the NUT-
wave is the harmonie conjugate of the function F describing the Aichelburg-Sexl pp-wave. 
By définition, this implies we can construct a complex variable = y + ix whose logarithm 
is InÇ = \n y/x^^~+y^ + î a rc t an (x /? / ) and a t t r ibu te the real pa r t of this logarithm to the 
Aichelburg-Sexl metric and the imaginary par t to the dual pp-wave. This last fact can be 
generalized to any solution (5.4.44), where H{u,x,y) = F{x,y)6{u) and F{x,y) is a har­
monie function. The gravi ta t ional dual solution is characterized by H{u, x, y) = F{x, y)6{u) 
where F is the harmonie conjugate function of F (namely T{Q = F + iF is an holomorphic 
function of ( ) . The holomorphic na ture of J'(C) is reminiscent of the holomorphic nature 
of the complex Ernst potent ia l for BPS solutions (see for instance Section 3.4 of [111]). 
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Part III 

Gravitational Duality and Supersymmetry 
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Chapter 6 

A short introduction to Supergravity 

As for iiow, we have mainly been concernée! with the Poincaré group which is the symmet ry 
group of Minkowski spacetime. In the 60's, along with the unders t and ing of the impor tance 
of internai symmetries, physicists s ta r ted wondering if a larger, external , symmet ry group 
containing the Poincaré group could be of any interest to describe t h e N a t u r e we observe. 

T h e first impor tant resuit in this direction is the no-go theorem of S. Coleman and 
J. Mandu la who proved in [112] "the impossibility of combining space- t ime and internai 
symmetr ies in any but a trivial way". Wi thout going into technical détails, wha t they 
actually showed is tha t any symmetry group of the S-matrix, t ha t would not lead to trivial 
physics, should be a direct product of an internai symmetry group and the Poincaré group, 
up to additional (7(l) 's . This resuit describes the fact t h a t any non-tr ivial mixing would 
bring in additional conserved quanti t ies, and thus quantum numbers in the q u a n t u m theory, 
which are not observed experimentally (see also [113] for concrète examples) . 

No-go theorems are based on assumptions and they can a priori always be bypassed 
if some of thèse assumptions are relaxed. Independently f rom thèse considérations, Y. A. 
Golfand and E.S. L ikhtman achieved in [114] a non-trivial mixing of the Poincaré s y m m e t r y 
with a new type of symmetries by enlarging the concept of Lie algebra. They constructed the 
so-called superalgebras. The superalgebras are generalizations of the Lie algebras where one 
is allowed to introduce charges verifying anti-commutat ion relations. Following the spin-
stat is t ics theorem, thèse charges have half-integer spin, and are called fermionic or odd 
charges, as compared to integer-spin charges which are called bosonic or even charges. This 
is the basic ingrédient tha t we will need to recover the so-called supe r symmet ry algebra. 

Actually, the work [114] remained unnoticed for a long time. T h e real bir th of super­
symmet ry is to be found, some years later, in the study of two-dimensional models (see 
[115], [116], [117] ) where supersymmetry on the two-dimensional world-sheet was observed. 
Referring to thèse works, J . Wess an B. Zumino generalized the idea to four dimensions 
and proposed in [118] the first example where supersymmetry is l inearly realized in four di­
mensions. In a subséquent paper [119], the same authors pointed out tha t " t h e supergauge 
t ransformat ions évade the Coleman-Mandula no-go theorem because their algebra is not a 
ordinary Lie algebra". See eventually [120] for more détails on the b i r th of supersymmetry . 

Nowadays, supersymmetry is the name given to a type of symmet ry t h a t relates bosons 
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and fermions, elementary particles of différent q u a n t u m nature . Under this symmetry, and 
because the t ransformat ion parameter has spin 1/2, a particle of spin s is mapped to its 
so-called superpar tner particle which difFers by half a uni t of spin. To each known boson of 
integer spin, respectively known fermion of half-integer spin, there corresponds a supersyra-
metric par tner which is a fermion, respectively a boson. For example, the supersymmetr ic 
partner of the photon of spin 1 is a spin 1/2 particle called the photino and to each quark 
of spin 1/2 there corresponds a bosonic particle of spin 0 called the s-quark. 

On one side, it seems tha t the main reasons why physicists s tar ted considering such 
symmetries was tha t thèse were bringing cancellations such as in the computat ion of ra-
diative corrections to the mass of the Higgs boson. Because supercharges commute with 
the generator of translat ions, each known particle in a supermult iplet , a représentation of 
the supersymmetry group, should have the same mass. This means tha t ail known par­
ticles should have superpar tners with the same mass. As thèse particles have not been 
observed experimentally, even if supersymmetry was par t of our lives, supersymmetry must 
be broken. Nowadays, there exists a plethora of models to explain how supersymmetry 
can be broken. Thèse models can be classified following tha t the breaking is explicit or 
spontaneous. Explicit breaking for the MSSM has been considered by adding ail possible 
soft terms to its Lagrangian. However, a spontaneous breaking, explaining the origin of the 
breaking and fixing by construction the form of the soft terms, is more désirable. Due to 
constraints coming f rom expérimental facts such as flavor changing neutral currents or con-
straints coming from supersymmetry itself such as non-renormalizat ion properties (see for 
example [121]), models to describe supersymmetry breaking are somehow constrained. For 
a fresh s tar t into more expérimental facts about supersymmetry , and a gênerai introduct ion 
to supersymmetry and its breakings, see the detailed review of S. Mart in [122]. 

On another side, even if we know tha t supersymmetry must be broken in Nature , su­
persymmetry is a beaut i ful theoretical framework which brings in many new features. It 
is thus interesting to s tudy supersymmetr ic théories as they are often more t ractable t han 
non-supersymmetric ones. If gravitat ional duali ty has anyth ing to do with the non-linear 
sector of Einstein's theory, we believe tha t the s tudy of supersymmetr ic generalizations of 
gravity théories could help in unders tanding this duality. 

This chapter is intended as a review of the mater ia l needed to deal with supergravity, 
i.e. supersymmetr ic extensions of gravity théories, and some of its spécifie solutions as we 
will be concerned with in the last chapter of this thesis. In section 6.1, we star t by reviewing 
the global supersymmetry algebra. We then i l lustrate in section 6.2 how a global symmet ry 
is turned into a local one by means of Noether 's procédure. Based on this procédure, in 
section 6.3, we briefly comment on how a local supersynnnetr ic theory, wliere the pa ramete r 
of t ransformation is required to be local, is a theory of gravity. In section 6.4, we provide 
the reader with the so-called M = l and M = 2 supergravit ies we will be interested in. We 
sketch how thèse théories arè invariant under local supersymmetry t ransformations. We 
eventually recall some facts, in section 6.5, abou t the search for bosonic solutions of thèse 
supergravities and discuss the integrability conditions, necessary conditions for the existence 
of Killing spinors, t ha t lead to the B P S bound. We finish this chapter by discussing, in 
section 6.6, two methods for solving spécifie Killing spinor équations. 
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6.1 The supersymmetry algebra 

The Poincaré group P is generated by the translations and the Lorentz t ransformat ions 
M^iy t ha t satisfy the relations 

[P^, P..] = 0, (P^, Mup] = r^,,uPp - V,.pPu, 
[M^^, Mpx] = Vf^xM^p + ri^pM^x - {p ^ A), (6.1.1) 

where T?̂ ^ is the flat metric. As we have just discussed, the Co leman-Mandu la theorem 
shows t ha t there exists no extension of the Poincaré algebra which présents a non-trivial 
mixing with the Lorentz generators if we want a non-trivial S-matr ix . In mathemat ica l 
language, wha t they s ta te is t ha t any symmetry group made out of the Poincaré group and 
a symmet ry group G with generators Ta such tha t 

[Ta, Tb] = /,(, Te, [P^, T,] ^ 0, (6.1.2) 

must actually be a direct product of P and G, meaning t h a t we should also impose 

[M^u,Ta] = 0. (6.1.3) 

In m o d e m language, this is jus t the s ta tement tha t only internai (global or local) symmetr ies 
can be considered under their hypothesis. This conclusion can be bypassed if one allows the 
int roduct ion of "odd" generators Q satisfying ant i -commutat ions relat ions. We will require 
the algebra to have a Z2 graded s t ruc ture 

[even, even] = even, 

{odd, odd] = even, 

[even, odd\ = odd. 

If one imposes the generalized Jacobi identifies (as detailed for example in [113]), one can 
construct the so-called Af = 1 super-Poincaré algebra whose a lgebra is given by (6.1.1) in 
addi t ion with 

[P^., Qa] = 0, [Qa,, Mp,\ = ^ ( 7 ^ . ) / S / 3 , (6.1.4) 

{Qc,Qp} = {l''CUpP^. (6.1.5) 

where the last an t icommuta tor is referred in the foUowing as the supera lgebra , t he algebra 
of an t icommut ing charges. Note tha t we have chosen four-component real M a j o r a n a super­
charges and G is the charge conjugation matr ix, which we take here to be C = 70. In our 
conventions, gamma matrices are also real, see Appendix A. Actually, when considering a 
number TV of supercharges tha t we dénote Q^, the superalgebra can be centrally extended, 
i.e. one can add Lorentz scalars to the superalgebras. The so-called ex tended superalgebras 
where obtained by R. Haag, J . Lopuszanski and M. Sohnius in [123] 

{ Q ^ Q-^} = 7^ C' ô'-' + CU'^ + 75 C y " , (6.1.6) 

where U^'^ = —C/"'̂  and V^'^ = —V'^^ commute with ail genera tors . Let us remark tha t , 
to be précise, in [123], only point-like particles interactions were considered. Wi th the 
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apparit ion of p-branes, more gênerai extensions with Lorentz-tensor central charges, or 
brane charges, have also been considered (see for example [124], [125]). In thèse works, 
such extensions are permi t ted as the hypothesis of locality (point-like interactions) of the 
Coleman-Mandula theorem is relaxed. 

6.2 From global to local symmetry: Noether's procédure 

In this section, we would like to review the s t anda rd procédure tha t is used to tu rn a 
global theory into a local one, i.e. where the symmet ry parameter is made dépendent on 
the space-time coordinates. This procédure is of ten shor tcut by saying tha t it amounts 
to a replacement of the s t andard partial derivatives into covariant derivatives, where the 
so-called "conipensating" field lias been introduced to make the action invariant under the 
local symmetry. In here, we would like to review the Noether procédure and re-derive this 
s tandard textbook resuit by applying the procédure to a simple example. This will t u rn out 
to be quite useful if one wants to unders tand why gravity appears when dealing with local 
supersymmetry, or how supersymmetr ic théories of gravity have been firstly constructed. 

As a s tar t ing point , let us pick a gcneric theory whose field content is denoted by the 
collection of fields 3>i and the Lagrangian is given by 

C = C{^i , d^^i). (6.2.1) 

Let us also assume tha t the theory is invariant under a global symmetry and dénote the 
constant parameter of the t ransformat ion by A. In gênerai, t he variation of the Lagrangian 
is a total derivative 

5C = ô^./C" . (6.2.2) 

If we want to make the symmetry local, we allow the t ransformat ion parameter to dépend 
on the spacetime coordinates and set A —> A(x). One can easily realize tha t the variation 
of the action will now be of the form 

6C = df,K^ + ( a„A)5^ , (6.2.3) 

where one can check tha t S''- is actually the Noether car ren t J ' ' . Indeed, a generic variat ion 
of the Lagrangian 

dC _ dC 
se = —S^,+ 5d^<è 

(6.2.4) 

tells us tha t , when considering (6.2.2) and (6.2.4), the Noether current is given by 

o(9,x$i) 
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C o m p a r i n g bo th expressions (6.2.3) and (6.2.4), where (6.2.5) is t aken into account , we find 

{ § ; - ' ^ m ^ y ^ ^ = ^ ' ^ ^ ^ ^ ^ - ''^ - ^'-'-'^ 

Since tiie le f t -hand side does not dépend on d^^A, we miist have S'^ = J**. 

Th i s last resuit is the s t a r t i n g poin t of the Noether p rocédure which consis ts , in a f i rs t 
s tep , of replacing the original Lagrang ian by 

£' = £ - gX^J"; (6.2.7) 

where ^ is a coupling cons tan t and dénotes the compensa t ing field, a n d d e m a n d t h a t 

5X,, - ^9, ,A. (6.2.8) 

We will also consider t h e add i t ion of a kinetic t e r m for the c o m p e n s a t i n g field. T h e usua l 
next s tep is to vary the new ac t ion (6.2.7) 

5C' = -gX^ÔJ'\ (6.2.9) 

a n d compu te explicitly the var ia t ion of the Noether current . W h a t t h e first i m p l e m e n t a t i o n 
(6.2.7) does is ac tual ly to make the Lagrangian invariant up to o rde r one in the coupl ing 
cons t an t g. In t h e second s tep, we will add t e rms in g^. O n e can t hus s t a r t an i t é ra t ive 
p rocédure in powers of g to m a k e the act ion invariant up to ail o rders in g. 

To i l lustrate th is procédure , let us consider t h e theory of a complex sca lar field 

£ = 81,^0"^. (6.2.10) 

T h i s theory is invariant under a global f / ( l ) symmet ry because the ac t ion is invar iant w h e n 
t h e fields t r ans fo rm as 

(t){x) e"^(l){x) , }{x) e-"^^(a;) , (6.2.11) 

or as infini tésimal t r a n s f o r m a t i o n s 

6(1) = +iA(f>, 54) = -iA$, (6.2.12) 

where A is a cons tan t p a r a m e t e r . If we consider the variat ion of th i s ac t ion by allowing t h e 
p a r a m e t e r A to dépend on t h e space t ime coordinates , we find on-shell 

S£ = (a^A)(?:05'> - t$d"(f)) = {d,A)S". ( 6 . 2 . 1 3 ) 

O n e can check t h a t is j u s t the Noe ther current 

Following Noe ther ' s procédure , we mus t in t roduce a gauge field t h e c o m p e n s a t i n g field, 
by modi fy ing the Lagrangian as 

C = C- gA^Ji\ (6.2.15) 
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and impose 

ÔA^ = i a ^ A . (6.2.16) 

Then, \ve compute the variation of £ ' and find 

5C' = -yAf,ÔJ" 

= -2gA^(j)^d^'h. (6.2.17) 

Now, one can check t ha t this last varied term can be exactly canceled by adding the te rm 
Ay^A^<f)(j) to the Lagrangian. We have thus completed the procédure as our theory is now 

invariant under the local symmet ry up to any order in g. T h e final Lagrangian, where we 
have added a kinetic t e rm for the gauge field, reads 

£ = F^^PI'"+ d^,m-gA^J>' + g^A^A''H 
= F^^F'^''+ D^(l>D''^, (6.2.18) 

where in the last équat ion Z)^ = — igA^ is the covariant derivative. Start ing from a 
theory tha t is invariant under some global symmetry, one can make it invariant under a local 
symmetry by allowing the symmetry parameter to dépend on the space-time coordinates 
and replacing part ia l derivatives by covariant derivatives. In s t anda rd language, this is the 
so-called minimal coupling. 

One other enlightening example of this procédure is the construct ion of the Yang-Mills 
théories. To construct thèse théories, one s tar ts with a collection of A'̂  abelian gauge lields, 
i.e. each invariant under a local f / ( l ) , t ha t t ransforms under some global symmetry. Making 
this last symmetry local through the Noether procédure, one obtains a local Yang-Mills 
theory. 

In P a r t II, we have been dealing with electromagnetic, respectively gravitational, du­
ality which is a global symmet ry of electromagnetism, respectively linearized gravity. One 
could then wonder if thèse duali ty symmetries can be gauged. I t is jus t recently tha t this 
computat ion has been considered for the electromagnetic duali ty by M. Henneaux and C. 
Bunster in [126] (see also the work of S. Deser for an Hamil tonian version [127]). FoUowing 
the Noether procédure, it is shown tha t such a gauging is impossible. In their words "the 
fact of being electric or magnet ic does not seem to be a space-t ime dépendent concept". In 
[128], A. Diffon and H. Samtleben and M. Trigiante have considered gaugings of this type 
but at the cost of losing a Lagrangian description. 

The Noether procédure to gauge a global super symmet ry is the subject of the next 
section. 

6.3 Local supersymmetry is supergravity 

The question we would like to answer here is: wha t happens if one considers a theory which 
is invariant under global supersymmetry and tries to make the spinorial parameter e of 
the t ransformation dépendent on the space-time coordinates ? As we said, s tar t ing f rom 
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a theory invariant under global supersymmetry and following the Noether procédure, one 
sees t h a t the variation of the Lagrangian, when the parameter is m a d e local, will be of the 
generic form 

5C = d^K'' + {d^ê)Si', (6.3.1) 

where e is the parameter of global supersymmetry transformations. To restore the symme-
try, one modifies the Lagrangian by adding 

-Ki[jf,J'\ (6.3.2) 

where Jf^ is the Noether current associated to the global super symmet ry invariance of the 
initial theory, and imposes the variation 

~ i^~^d„e. (6.3.3) 

For global supersymmetry, the compensating field must have a vector and a spinor index. 
It is a spin 3 / 2 field. If one goes on with the procédure by Computing explicitly the var ia t ion 
of the Noether current J'\ the stress tensors associated to the ma t t e r fields bf our initial 
theory appear . Thèse can only be cancelled by the introduction of a new Noether coupling, 
the metric (/^i ,̂ which is a spin 2 field. T h e spin 3/2 field is the super symmet r i c pa r tne r 
of the spin 2 field and it is in this respect t ha t it is called the gravitino. See the excellent 
review [129] of supergravity by P. Van Nieuwenhuizen for more détails. 

T h e first supergravity théories, or supersymmetr ic théories of gravity, have been con-
s t ruc ted using the Noether procédure. After tha t , some théories were cons t ruc ted by di-
mensional réduction of known supergravities. Indeed, the s t anda rd Kaluza-Klein réduct ion 
préserves supersymmetry. One should remember that Noether ' s procédure is an i térat ive 
procédure. Although in the simple example presented in the last section, this procédure 
stops a t second order, it is often not the case for supergravity. This is why most supergrav­
ities const ructed by the Noether procédure are only dealt wi th up to a cer ta in order in the 
fermions. 

In the next chapter, we will be dealing with the so-called M = 1 and TV = 2 supergravi t ies 
in four dimensions which are exactly invariant under local t r ans format ions when including 
quar t ic interactions. In the next section, instead of going th rough the Noe ther procédure to 
construct such théories, we will just présent them and check t h a t they are invariant under 
local supersymmetr ic variations. 

6.4 The J\f — 1 and J\f ^ 2 supergravities 

General relativity is a theory for a spin 2 field, known as the graviton. In its simplest 
supersymmetr ic version, we will couple it to a spin 3/2 part icle known as the gravit ino. 
Those fields form the M = 1 supergravity multiplet. T h e (3/2, 2)- theory is known as 
the M = 1 supergravity. The action is invariant under local supe r symmet ry where the 
pa ramete r of t ransformat ion is allowed to dépend on the space- t ime coordinates . Th i s 
M = l supergravity was constructed first in [130] (.see also [131]) by applying Noe ther ' s 
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procédure (and a lot of in tui t ion) to the s u m of the free act ions of Eins te in-Hi lber t and 
Rari ta-Schwinger , descr ibing respectively the spin 2 and spin 3 / 2 free fields. In th is way, an 
interact ing theory invariant under local s u p e r s y m m e t r y was found. As we explain below, it 
can be wr i t t en as [132] ^ 

e-'C = - i / ? , + \ï>^l^''PD,^p, (6.4.1) 

where = d,i + jw^°''7a6 and where the spin connect ion is fixed by its own équa t ion of 
motion 

'^^lab = ^/iab " ^tiba - ^abii, (6.4.2) 

^^.u'' = - ^'^M^''-^.- (6.4.3) 

Note t h a t t h e "ha t " for spin connect ion or covar iant derivat ive is used in the présence of 
fermions. I t is invar iant under the s u p e r s y m m e t r y t r ans fo rma t ions 

5e^ = ê7>M- '̂ V'̂  = D^t. (6.4.4) 

We also have 6eJ^ = —ë'y'^ipa- In the original work [130], the independen t fields a re the 
vielbein a n d t h e gravi t ino. T h e d i sadvan tage of the i r m e t h o d is t h a t the c o m p u t a t i o n s 
are quite involved: "A t e r m in f i f th power of t h e gravi t ino field has been shown to vanish 
by a compu te r ca lcula t ion" . The i r m e t h o d is referred to as the second order formal ism 
because the Eins te in-Hi lber t Lagrang ian dépends on the metr ic , actual ly the vielbein, and 
provide second order équa t ions of mot ion. In [131], they considered the spin connec t ion as 
an independen t field. T h i s is a first order formal ism. For gênerai relativity, t h e first order 
formalism is known as the Pa la t in i formal ism. Ins tead of considering the Eins te in -Hi lber t 
Lagrangian, one considers the act ion 

Cp = -\\e\ efe.'^R^^'^'iu], i?,^,"" = 2 ôj^, a;,,"" + 2 a;; / '^ (6.4.5) 

which dépends on b o t h independen t quan t i f i es e and w. By varying tins act ion, one f inds 

ÔCp = -\\e\iR,^ - ^-e;R) 5 e / - l\e\{D^c-) e^^e,^e,.f SujJ'^, . (6.4.6) 

upon using 5/?,^^"'' = 2D|^w^"' ' . T h e équa t ions of mot ion a re thus 

% e , f = 0 - > w = w[e], (6.4.8) 

This is a set of two first order équat ions . U p o n implement ing the defining équa t ion for the 
spin connect ion into the first équa t ion , we go back to the second order Eins te in équa t ions . 
First and second order formal i sms are thus équivalent on-shell. Th i s first order formal ism, 

'We have the saine conventions as in (132). We would Hke to warn the leader that supcrgravity is a jungle 
of conventions and one should always pay great attention when using conventions of otlicrs. 
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where the vielbein and the spin connections are taken as i ndependen t fields, was used in [131] 
to cons t ruc t the M = l supergravi ty. One disadvantage of th i s m e t h o d is t h a t it requires 
the appropr ia te variat ion of the spin connection, as it is considered to be an independen t 
field, under local supe r symmet ry . 

In (6.4.1), we have provided the reader with an action t h a t combines benef i ts f r o m bo th 
me thods and simpUfies a lot the vérification of i ts invariance under local supe r symmet ry . 
This is referred as the 1.5 order formalism. We will s ta r t by considering t h a t the vielbein 
and spin connect ions are independent fields jus t as in the first order formal ism. However, 
while varying the action, we implement the fact t h a t the spin connect ion is no t complete ly 
an independent field but can be solved in t e rms of the vielbein a n d the gravit ino. Indeed , 
one can check t h a t the var ia t ion of the spin connection in t h e ac t ion 

e-'C - --^R + ]^'4),n^''PD,i^p = -^B. + ie^' ' '"^V;,,7,75DpVa, (6.4.9) 

y ie lds its clefiiiiiig é q u a t i o n in ternis of the v ie lbe in and the g r a v i t i n o 

ô JO 1 
— = 0 -> D[,,e,^ = - ^ ^ 7 > . -> u; = a ; [e ,V] . (6.4.10) 

Pay a t ten t ion to t he fact t h a t the action (6.4.9) has a n o n - h a t t e d covariant der ivat ive. 

FoUowing the 1.5 order formalism, let us check tha t we have an ac t ion invariant unde r the 
local supe r symmet ry t r ans fo rmat ions (6.4.4). As we look at t h e var ia t ion of our supergrav i ty 
action and implement w = u)[e.ij;], we see t ha t 

ÔC 
6L 

5L 
Je 

5L 
+ 

5L 
+ uj=Ûi[e,ip] dlp uj=ûj[e,i/ij OUJ w=û[e,V'l ^ 06 Ôlp / 

ÔL 
(6.4.11) 

ci.] 

This me thod is thus much easier as one does not need to provide the var iat ion of t h e spin 
connection, such as in the first order formalism, or vary it w h e n checking invariance under 
supe r symmet ry as in the second order formalism, only var ia t ions wi th respect to t he vielbein 
and the gravi t ino are needed. 

Variat ion of the Eins te in-Hi lber t term, with respect to the vielbein, was a l ready provided 
in (6.4.6) and is j u s t 

SCEH = - \ \ e \ { R ; - \e;B.) 5 . e / = ^\e\{B.; - ^ e / i ? , ) . ( 6 . 4 . 1 2 ) 

T h e variat ion of t he Rar i ta-Schwinger te rm is a bit more involved b u t we find, up to qua r t i c 
order in fermions, t h a t it is precisely of the form 

ÔjCas = -SCEH • ( 6 .4 .13 ) 

One can also rapidly obta in the quar t ic order te rms and chek, using a Fierz-identi ty, t h a t 
they cancel. Th i s concludes our vérification. 

Al though we will quickly consider the Af = l theory to s t u d y supe r symmet r i c pp-waves, 
we will most ly focus on Af = 2 supergravity. From représenta t ion theory, one sees t h a t the 
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content of the gravity mul t ip le t is a me t r i c 17̂ 1,̂ , a pair of real gravi t ini and a Maxwell field. 
I t can also be unders tood as the coupl ing of t h e TV = 1 gravi t ino mul t ip le t , composed of 
a gauge field and a gravit ino, to the Af = l supergravi ty j u s t descr ibed. One can rapidly 
imagine t h a t the cons t ruc t ion of th is supergrav i ty in [133] t h r o u g h Noe the r ' s procédure has 
been a real n ightmare . 

T h e pure TV = 2 supergrav i ty lagrangian is given in 1.5 formal ism by [132] 

e - i £ - -^/?, + JF^.F'^'^ + lï^^r'^'S/^^p + '-{F + F ) ' ' ' '^a7[; .7 '" '7 .1^. , (6-4.14) 

where = ( l / \ / 2 ) ( ' 0^ + itp'^) is a complex gravit ino, = D + \Fab'y°'^lii is called the 

super-covariant derivative, F^^ = 2d[i^A^-^ and F^^ = F^^ — lm{'ijjfj,ip^). T h e spin connect ion 
is defined jus t as for the TV = 1 supergrav i ty b u t with fl^^J^ = d^^^ej^ — ^Re('i/'^7"Vy)- T h e 
lagrangian is invariant under 

ô V - R e ( ë 7 > ; . ) , 5'iP^ = V^e, = I m ( ë 0 ^ ) , (6.4.15) 

where now e is a complex spinor , as one can check following an équivalent procédure as the 
one described for the TV = 1 case. 

6.5 Bosonic solutions of supergravities 

W h e n looking a t supe r symmet r i c solut ions of supergrav i ty théories, one is of ten only inter-
ested in bosonic solutions where ail fe rmions have been set to zéro. In th is case, variat ions 
of the bosons are trivial. However, for consistency, we should impose t h a t variat ions of the 
fermions do not in t roduce bosons. Schematical ly, we need to set 

^(fermions) = 0. (6.5.1) 

In this thesis, we will no t discuss t h e classification of t h e solut ions bu t pay a t t en t ion to 
par t icular solutions. Let us consider only the TV = 2 supergravi ty . T h e results for TV = 1 
are obta ined by set t ing t h e Maxwell field, and one gravi t ino, to zéro. In the TV = 2 case, 
the requi rement (6.5.1) is j u s t 

5^P^ = {d^ + J < ' 7 a 6 + ^ ^ ^ b T ^ V ) e = 0. (6.5.2) 

This équa t ion is known as t h e Killing spinor équat ion . W h e n we say t h a t a bosonic solution 
(of the équat ions of mot ion of t h e supergrav i ty theory) is supe r symmet r i c , or more exact ly 
préserves some supersymmet ry , we m e a n t h a t one can find non-t r ivia l solutions to the 
Killing spinor équat ions . R e m a r k t h a t if one s t a r t s by finding a conf igura t ion of bosonic 
fields t h a t solves the Killing spinor équa t ion such t h a t non- t r iv ia l Kill ing spinors exist, one 
still needs to check t h a t it is a solut ion of the équat ions of mot ion . Killing spinor identit ies, 
developed in [134], have however been useful t o show t h a t mos t of t h e équa t ions of mot ion 
will be trivially fulfiUed in th i s case, see also [135]. This , a n d t h e use of G-s t ruc tures , has 
enabled the classification of ail s u p e r s y m m e t r i c solut ions of var ions supergravi t ies (see for 
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example the i l luminating work of J . Gaun t l e t t , J . Gutowski, C. Hull , S. Pak i s a n d H. Reall 
in [136] where they deal wi th the minimal supergravi ty in f ive-dimensions) . 

Corning back to the Killing spinor équat ions , consistency condi t ions for t he exis tence of 
such Killing spinors is of the gênerai form 

[V^,V , )ê = 0 , (6.5.3) 

where = V^|^=o- Thèse are also of ten referred as integrabil i ty condi t ions . F r o m (6.5.2), 
one easily sees, using \D^, Dj,\e = (^i?,,J'''7a6)e, t h a t 

[V,„ V.]€ = ( j V ^ a f + ^'y''\D^]Faby = 0. (6.5.4) 

For ail solut ions we will be concerned with, one can check t h a t (6.5.3) is of t h e generic 
form 

[V^,V^]e = X ^ ^ e e = 0 . (6.5.5) 

Th i s équa t ion is an algebraic équat ion and has non-trivial so lut ions if a n d only if the oper -
a to r Q ac t ing on the supe r symmet ry pa rame te r e has vanishing eigenvalues, i.e. 

d e t 0 = O. (6.5.6) 

Th i s last équa t ion involves a relat ion among the sources of t h e solut ions ( such as t he 
mass, the N U T charge and the e lect romagnet ic charges as we descr ibe a f t e r for t he charged 
T a u b - N U T metr ic) . Actually, upon implenient ing this relat ion, we see t h a t 9 becomes a 
pro jec tor . T h e t race of th is projec tor gives us t he number of super sy rnmet r i e s t h a t a re 
preserved by the solution. T h e consistency condit ions for Minkowski space are t r ivial such 
t h a t ail supersymmetr ies are preserved. Minkowski spacet ime is said to be max ima l ly 
supersymmet r ic . 

6.6 Solving Killing spinors équations 

Eveil if it is a l ready non-tr ivial to find supersymmet r ic solutions, it is an even more diflicult 
task to actual ly solve the Killing spinor équa t ions to obtain t h e express ions for t he Killing 
spinors. A m e t h o d to solve thèse équat ions in a spécifie se t -up was p resen ted in [132]. We 
will s t a r t by reviewing this a lgor i thm and we will then présent a more generic, a l t hough 
more intui t ive, a l ternat ive procédure to c o m p u t e the Killing sp inors we will be in teres ted 
in. In t he next chap te r we will apply bo th me thods to compu te t h e Kill ing spinors of the 
Reissner -Nords t rom and T a u b - N U T solutions wi th electric charge Q and magne t i c charge 
H . A l though the final expressions obta ined wi th each m e t h o d seem r a t h e r différent , we 
provide a t t he end of this section a sinall generic argument to check t h a t they a re ac tual ly 
équivalent . 
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6.6.1 Romans' algorithm 

As in [132], we will be in teres ted in solving a System composed of the integrabil i ty condi t ion 
(6.5.5), an algebraic équa t ion on the Killing spinors , and the Killing spinor équa t ion for r 
obtained af te r ail t, 0, <j) dependence has been worked out . T h e System we want to solve is 
thus of t h e form 

n e ( r ) = ^ ( l + x ( r ) r i + y ( r ) r 2 ) e ( r ) = 0 , (6.6.1) 

drt{r) = ( a ( r ) + 6 ( r ) r i + c ( r ) r 2 ) e(r) , (6.6.2) 

where F i and r 2 are such t h a t 

( r i ) 2 = ( r2 )2 = 1 , r i r 2 = - F S F I , (6 .6 .3) 

where H is a p ro jec to r H'̂  = I l which imposes t h a t x'^ + y'^ = 1, and where we also assume 
tha t y 0. T h i s last condi t ion pe rmi t s us to set , w i thou t loss of generality, c = 0 as we 
can always use (6.6.1) into (6.6.2). T h e r e is eventual ly a last consistency condi t ion t h a t 
needs to be imposed on the pa ramete r s . Th i s arises when one takes the der ivat ive of the 
projec t ion équa t ion 

n e = 0 -> dr{ne) = ( a , n ) e + ndrt = o. (6.6.4) 

I t is now r a t h e r easy to see, using r 2 e = - ( l / y ) ( l + a ; r i ) e and y'/y = —xx'jy^, t h a t t h e 
last équa t ion is j u s t 

( î : ± ^ r , ( i + . r O e = - < î : ± ^ r , r , . = o , (6.6.5) 
2i/ 

which is sat isf ied (when y ^ 0) if and only if 

x' + 2 6 ? / = 0. (6 .6 .6 ) 

T h e more gênera i solut ion can be wr i t t en as 

t{r) = i[A(r) + B ( r ) r i + C{r)V^ + D{r)V^<,Y^. (6 .6 .7 ) 

For simplicity, we will moreover assume t h a t A = —B and C = D . P lugging this in the 
project ion équa t ion (6.6.1), we see t h a t a non- t r iv ia l solut ion requires 

C = - A ' ^ - ^ , (6 .6 .8 ) 
y 

while the Kill ing spinor équa t ion requires 

A ' = {a- b)A , C = ( a + b)C. (6 .6 .9 ) 

Summing those last two équat ions such as to get rid of 6 and using (6.6.8), we o b t a i n a 
differeutial équa t ion for A 
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One can easily check tha t the solution is 

Air)=pix,y)e^, w = J \ { r ' ) d r ' , p(:r, y) = = (6.6.11) 

and then we also get 

C{r) = q{x,y)e'", q{x,ij) = ( 6 . 6 . 1 2 ) 

We eventually recover Romans ' resuit 

e{r) = {A{r) + C{r)r2)P{-r,)eo, (6.6.13) 

where P ( r i ) is the projector 

p ( r i ) = i ( i + r i ) . (6.6.14) 

6.6.2 Alternative method 

Let us consider once more the System (6.6.1)-(6.6.2) and write the project ion équat ion in 
the generic form 

ne = ^(1 + y)e = 0 , (6.6.15) 

where = Il implies tha t Y'^ = 1. One could try to shor tcu t Romans ' s procédure by 
writing the solution directly as 

eir)=f{r)^{l-Y)eo. (6.6.16) 

This is indeed a solution of the projection équat ion De ~ (1 — y ^ ) e = 0. We can then solve 
for the funct ion / ( r ) by directly plugging it into the difïerential équat ion. We will see t h a t 
this m e t h o d is nmch more efficient to obtain the Killing spinors of the solut ions we will 
consider in the next chapter . 

As we will check on spécifie examples, one may be to rmen ted by the fact t ha t th is 
method will generically provide différent expressions for the Killing spinors t h a n obta ined 
with Romans ' method. However, one can see tha t the respective project ions on EQ actual ly 
Project on the same space. Let us see how this works. 

Let us dénote the two Killing spinors derived usirig each me thod as 

e i ( r ) = / ( r ) n i e o , e2{r) = / ( r )n2eo , (6.6.17) 

where IIi and 112 are projectors. We will say t ha t the apparent ly différent project ions a re 
équivalent if we have 

n i n 2 = n2 = n^ , 02111= n i = n ? , (6.6.18) 
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and T r ( n i ) = T i ( n 2 ) . Indeed, in t roducing I ls = Hi — 112, one can rewri te (6.6.18) as 

n 3 n 2 = 0, UsUi = 0. (6.6.19) 

Subs t rac t ing thèse last équa t ions implies also t h a t 

= 0 l l i = n 2 + X , (6.6.20) 

where X^ = 0 and T r ( X ) = 0. We thus see t h a t Xe does not br ing in addi t ional in fo rmat ion . 
Both p ro jec t ions are thus équivalent . 
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Chapter 7 

Gravitational duality in J\f = l and M — 2 
supergravity 

In this chapter , we want to discuss the supersymmetric proper t ies of the bosonic solutions, 
and their gravi tat ional duals, discussed in Pa r t II. Our main concern will be to unders tand 
how the supersymmetry algebra copes with the charges generated under gravi ta t ional du­
ality. In part icular , in the context of D = 4, A/" = 2 supergravi ty we review how the B P S 
équation is generalized in présence of N U T charge to [137] 

and in turn we show how the superalgebra itself takes into account the possibility of turn ing 
on a N U T charge, or more generally a dual momentum. We eventually see how thèse 
conclusions appiy to the M = \ superalgebra by studying supersymmetr ic pp-waves. 

We s tar t by reviewing, in section 7.1, the charged T a u b - N U T solution of the coupled 
Einstein-Maxwell équat ions and its BPS bound in the TV = 2 supergravi ty theory. We apply 
the metliods described in the previous chapter to find the Killing spiriors of the Reissiier-
Nordstrom solution, helping us in deriving those of the charged T a u b - N U T solution. In 
section 7.2, we comment on the form of the asymptotic project ion found for the charged 
Taub-NUT solution and how this is related to the left hand side of the superalgebra . In 
section 7.3, we show t h a t the complexihed Witten-Nester form is actually holding ail the 
information t ha t we would require on the right hand side of t h e superalgebra. In section 
7.4, we just ify the présence of this extra term, containing the dual momenta informat ion, 
as a topological extension of the algebra of bosonic supercharges. We see tha t supercharges 
undergo a t ransformat ion under gravitational duality which tells us to consider a generalized 
superalgebra t h a t includes the dual momenta . In section 7.5, we show t h a t the same 
phenomena arises when considering the NUT-wave in A/" = 1 supergravity. We relegate 
propert ies of g a m m a matr ices to Appendix III.A. 
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7.1 The charged Taub-NUT solution of M = 2 supergravity 

As we explained in section 6.5, when searcliing for supersymmetr ic solut ions of supergravi-
ties, one is usually focusing on purely bosonic supergravi ty solutions, i.e. where ail fermionic 
fields have been set to zéro. We will t hus consider the purely bosonic pa r t of the TV = 2 
supergravi ty Lagrangian, which is j u s t t he Einstein-Maxwell Lagrang ian 

e-' C = -^R+^F^^F'^", (7 .1 .1) 

and impose the Killing spinor équa t ion 

S<P^ = V^e = Df,e+'-Fab7''^-f^e = 0. (7.1.2) 

AH supersymmetr ic solut ions of the Af — 2 supergravi ty have been classified by P. Tod 
in [138]. 

A par t icular solution to the équa t ions of mot ion derived f rom the act ion (7.1.1) is the 
charged T a u b - N U T black hole solut ion carrying, besides the mass M , a N U T charge N, 
and bo th electric Q and magne t i c H Maxwell charges 

A B'^ 
ds^ = -—.{dt + 2Ncosed(t>f + —dr'^ + R'^dn^, (7.1.3) 

tt A 

, Qr + NH ^ -H{r^ - N^) + 2NQr ^ . ^ ^, 
' ^ W ^ c o s ^ , (7.1.4) 

where dCl^ is the metric on the uni t two-sphere and where 

X = r'^ - N'^-2Mr + Z'^ , R'^=r'^ + N^, Z'^ = + H'^ . (7.1.5) 

Note t h a t in the following, we will also describe the Reissner -Nords t rom solution with 
electric and magnet ic charges. I t is ob ta ined f rom the above solut ion by se t t ing N — 0. We 
get 

ds^ ^ ^(^l^lK + ^ ) d t ' + ^ l - ^ + ^)-idr^+r^dÇl\, (7.1.6) 

At = - , A^^-Hcos9. (7.1.7) 
r 

As we are interested in t he s u p e r s y m m e t r y proper t ies of the charged T a u b - N U T solution, 
we will need to solve for t he Kill ing spinor équat ions . For this reason, let us in t roduce here 
the vielbein 

6° = ^ { d t + 2Ncosed(l)), e^ = ~ d r , 
R VA 

= R.d0, = RsmOd(t>. (7.1.8) 
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With this, one can also compute the non-trivial components of the spin connect ion 

2/?2 B,3 ' 

B 
23 = -COS0 ( l + - ^ ) , 

Ug 
R^ ' 

The non-zero components of Fab are 

Foi = j^{Q{r^ - N ' ) + 2HNr) 
Q Qr + NH 

so tha t 

ab -2^01701 -f- 2^23723 

(7.1.9) 

T h e expressions for w^^'^ah are 

'^flab 

tof^ab 

<^flab 

^flab 

-^701 [ ( r - M ) i ? 2 _ A ( r + 75iV)], 

0, 

- 2 ^ 7 i 2 ( r - + 75iV), 

- 2 ^ sin(?7i3(r + 75iV) - 2cos0723 

+4Af cos^-^701 [{r - M)R^ - \{r + 75iV)] 

(7.1.10) 

(7.1.11) 

(7.1.12) 

(7.1.13) 

We also have 

R V Â 
7t = ~flr7o, 7r = y^ 'T i ' -̂ ''>'2' '̂ li = •Rsinéi73 + 2 A f - - ^ COS6I70. (7.1.14) 
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Plugging ail this into the supersymmetr ic variat ion of the gravitino, we find 

SA = 5te + ^ 7 o i | ( r - M ) i î 2 - A ( r + 7 5 A r ) - ï ( r + 7 5 i V ) 2 ( Q - 7 5 i / ) ^ 7 o | e , 

1 R 
ô^jr = 9 , . e - î ^ 7 o i ( r + 7 5 A r ) 2 ( Q - 7 5 H ) — 7 i e , 

Si>e = dge +^{-^/XFt^jn{r + l5N)-i-foi{r + -f5N)\Q--f5H)R-f2}e, 

5ip^ = 9'l>^+^{-v^^-^ sin6'7i3(r + 7 5 ) - / î " cos 6I723 

+2A^cos 19701 [{r - M)R^ - A(r + 75A^)] 

- i 7 o i ( r + 7 5 ^ ) ^ ( Q - 7 5 / / ) ^ / ï s i n 6/73 + 2 A r ^ cos ̂ 7̂0̂  | e. (7.1.15) 

As we said in the previous chapter , necessary condit ions for the existence of Killing 
spinors will generally introduce relations among the constants . T h e B P S bound for the 
charged T a u b - N U T solution was recovered using integrabil i ty conditions in [137, 139]. For 
simplicity, we introduce the foUowing expressions 

r ± 7 5 y v = i^e=^^M^^ 

M ± 7 5 AT = t/e=*="'"'̂ 5, 

Q±j5H = Ze±" ' ' ^^ (7.1.16) 

where U = vM^+N^, and as discussed in section 6.5, we check t ha t integrability condi t ions 
impose the algebraic équat ion 

As an example, for the one willing to explicitly check this, we find 

[ V . , V , l e = X,,ee, = ge (3 /5 - " . )To . (7.I.I8) 

The équat ion (7.1.17) has non-trivial solutions if the dé te rminan t of 6 is zéro. Impos ing 
this, we recover the BPS condition 

M'^ + = Q'^ + H'^. (7.1.19) 

Plugging this last relation back into (7.1.17), we immediate ly get 

e e = ^ ( 1 - îe(^+°''"-""^T=7o)e = 0 . (7.1.20) 

We can then easily check t h a t 6 is a projector , as = 0 , wi th tr 0 = 2. As the projec t ion 
will halve t he number of independent Killing spinors, we say t ha t we have an ha l f -BPS 
solution. In the case we set N = 0, and thus also /3 = = 0, this simplifies to 

M'^ = Z^., 0 e = i ( l - î e - " " ' ^ ^ 7 o ) e = O, (7.1.21) 
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and we thus obviously also descr ibe ha l f -BPS s ta tes . In our p a p e r [100], a more in tu i t ive 
dér ivat ion of the s ame condi t ion (7.1.19) was provided. We do no t wish to r ep roduce it here 
and refer the reader to th is pape r for more détails. 

Given the above B P S b o u n d (7.1.19), the SUSY variat ions can b e r e w r i t t e n as 

9te + ^ ^ ^ ^ T o i e ^ ^ - " ' " ^ ^ ' { l - i e (^+"" ' - " ' ) ^^7o} e, (7.1.22) 

dre - ^ . ie(^^-"' ')^^7oe, (7.1.23) 

Ht 

Ôtpr 

Ôlp0 

H(t> 

2R{r-M) 

dee - ^7126 + ^7126'^-"'")^= { l - ze(''+-"'-")^'^7o} e, 

d^e - - ( s i n ( 9 7 i 3 + cos 6*723)6 + 

+ 
Z . ^ NZ{r-M) ^ 

— sm 6'7i3 + ^3 cos 61701 

(7.1.24) 

(7.1.25) 

U p o n imposing t h e p ro jec t ion équat ion , we immedia te ly see t h a t t h e set of équa t i ons 
reduces to 

Stpt 9te, 

drC -

due -

2R{r - M ) 
1 
ô7i2e, 

^g(2/3-a,)75^p£^ 

= 9,;>e - - ( s i n 6 l 7 i 3 + cosé'723)e, 

(7.1.26) 

(7.1.27) 

(7.1.28) 

(7.1.29) 

and we can solve the Killing spinor équat ions for the t, 9 and 4> d e p e n d e n c e by wr i t ing the 
solut ion in the form 

e{t,r,9,(t)) = e5T'^%5TM'^£(r), 

where e(r) is a solut ion of the System 

ee ,(/3+Qf„-Of,,)75, 0 , 

2R{r - M) 

(7.1.30) 

(7.1.31) 

(7.1.32) 

T h e above p ro jec t ion équa t ion (7.1.31) will be essentially e n o u g h for t h e rest of the 
discussion on the re la t ion be tween the Killing spinor and the s u p e r s y m m e t r y a lgebra . How-
ever, for the sake of completeness , and in order to show t h a t a so lu t ion indeed exists , we 
would like to provide the reader wi th the complète expressions of t h e Kill ing spinors (see 
also [100]). 

T h e System (7.1.31)-(7.1.32) is exact ly of the form presented in sec t ion 6.6. We will s t a r t 
by apply ing R o m a n s ' s a lgor i thm and our a l ternat ive a lgor i thm to t h e Re i s sne r -Nords t rom 
black hole wi th electric charge and with electric and magne t ic charges . T h è s e resul ts are, 
for example , presented in [132]. We s t a r t by reviewing this f i rs t ly because it is easier to 
i l lus t ra te bo th rnethods , and secondly because it s trongly sugges ts how one should deal , as 
we will do jus t af ter , wi th the charged T a u b - N U T black hole. 
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R N with only electric charge 

Here, the BPS condition is M = Q, and also /3 = = «g = 0. T h e projection simplifies 
to 

n e = ^ ( l - i 7 o ) e = 0, (7.1.33) 

Following Romans 's procédure, we need y ^ 0 and we thus set x = Q,y = l and Fi = —ijo. 
The Killing spinor équat ion (7.1.32) simplifies to 

= 2 . ( r - M ) ^ ^ ° ^ = 2r{r-Mf ^^-'-'^^ 

Following Romans 's algori thm, we have 

M 
b = 0, (7.1.35) 

2 r ( r - M ) ' 

and the integrability condit ion is trivially satisfied as x = 6 = 0. We obta in 

M 
p = l , g = - l , e - = ^ / l - — . (7.1.36) 

The gênerai solution is 

e W = \ / l - y ( l + n o ) e o . (7.1.37) 

Note tha t we will ob ta in exactly the same resuit if we apply our alternative method. 
Indeed, from (7.1.33), we s ta r t by s ta t ing tha t 

e ( r ) = / ( r ) ( l + ï7o)eo. (7.1.38) 

The differential équat ion for / ( r ) gives precisely the same resuit as above. 

R N wi th electric and magnet ic charges 

In this case, the project ion équat ion is 

e e = ^i^i-ie-ni^jo)e=\{l+^{-'no) + ^{'hi23))e = 0.. (7.1.39) 

and the Killing spinor équation is the same as in the previous case 

dre = - ^ ( 1 - y ) - H ^ ( - Q 7 o i + i^723))7i^ = ^^^^^^ (7.1.40) 

upon using the project ion équat ion. Given this, we have 

^ = 2 r ( r - M ) ' ^ = 
X = H/M , y = Q/M , 

Fi = Î7123 , r 2 = -ijo , (7.1.41) 
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and the solution is 

, M, M + H M - H , l , 

In here, our al ternative rnethod is actually équivalent to an approach presented in [132] 
which relies on the use of electromagnetic duality. It is implemented by se t t ing 

Q = M c o s a , i ï = M s i n a , (7.1.43) 

and realizing tha t 

V ( a ) = e x p ( - i 7 5 a ) V ( 0 ) e a ; p ( + ^ 7 5 a ) . (7.1.44) 

Given the Killing spinors for the purely electric RN case ( a = 0), we immedia te ly find 

. , . M l , , 
e(r) = • \ / l - — - ( 1 + z 7 o ( c o s a + 75SinQ:))eo 

l - y i ( l + te-'^''^=^7o)eo. (7.1.45) 

This last resuit is obviously what one obtains using our a l ternat ive me thod . Al though 
the project ions, let us call t hem IIi and 112, appearing in (7.1.42) and (7.1.45) seem ra the r 
différent, one can check tha t they are équivalent foUowing the a rgument presented in section 
6.6. Indeed, we have n i n 2 = l l i and n 2 n i = n2 , but also T i ( n i ) = T r ( n 2 ) = 2. 

T N with electric and magnetic charges 

Here, if one wants to follow Romans ' s algorithm, the System to solve is 

e e = ^ { l - ie ( ' '+"- -" ' ' )^5^o} e = 0 , (7.1.46) 

' '•^ = 2 ^ ( é M ) ^ ^ ^ ' ' " " ' ' " ^ ° ^ ' ^ ' - ' - ' ' ^ 

raeaning tha t we set 

{Qr"^ + 2NHr - N^Q) N 
2yR?{r - M) ' 2R?y ' 

{MH - NQ)r - N{MQ + NH) _ ( M Q + NH)r + N{MH - NQ) 

Ti = 'i7i23 , = -ho , (7.1.48) 

and t ha t 

exp[w] = exp[ J adr] = K^J^ ^^'^ (7.1.49) 
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where K is an intégrat ion constant t ha t we fix such tha t in the hmi t N ^ 0 we recover the 
resuit for the chargée! RN. By set t ing K = 1/y/MQ, we have 

I M 
exp[w]{N = 0) = J l - — , (7.1.50) 

where y{N = 0) = Q/M, Z{N = 0) = M. T h e final resuit takes the ra ther complicated 
forin 

r — M 
e{r) = y — ^ ( v / 1 + a; + i^oVl - x){l - i7i23)èo • (7.1.51) 

Now, one can t ry to solve it using our a l ternat ive method . However, it is a bit more 
involved as the project ion is now an r -dependen t project ion. Let us first rewri te this pro­
jection into a more enlightening form 

i ( l - ie(^+""'^'^''^^^7o)e = ^e(2-"'")T5 ^^«,.75 _ ip";i^-y,^yrh^e , (7 .1 .52) 

where we m a d e use of e^""''^^ = e^"'''*'^ which is valid when + — Z"^ and also 
7570 = ~7o75- Given ail this, it is now easy to realize tha t the solution will be 

J i l ( l + i e ( ' 5+" , . - « , )75^Q^e ( f+a„075 ,g (7.1.53) 

! _ _ ^ e § ' ^ ^ ^ ( e " - T = + ie-""T=>7o)eo . (7 .1 .54) 

Indeed, it is easy to see tha t it reduces to the resuit found for the RN solution (7.1.45) when 
N = 0 and t h a t it trivially fulfills the projec t ion équat ion. Eventually, one can check t ha t 
it also fulfills the Killing spinor équat ion 

Indeed, by plugging our guess for e, we rewri te it as 

dre = -e^^-^'-^^^e. (7.1.56) 
2B.{r-M) ^ ' 

Now, we are jus t left with checking t ha t 

This is trivial af ter Computing 

jr - M _ Mr + ^ jr - M 
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and also 

Mr + 
2{r - M)B? 2{r - M)R? 2W' 

2R{r - M) 
(7.1.59) 

We have thus shown tha t , provided the B P S bound M'^ + N'^ = is satisfied, the met r i c 
has a Killing spinor, which actually dépends on two complex numbers . T h e metr ic t hus 
préserves half of the 8 supersymmetr ies . This is in agreement with the results presented in 
[138] (see also [137, 139]). 

As a last word, we could worry about the issue whether the Killing spinor is globally 
defined. Indeed, as we discussed in Par t II, the metr ic ha s a coord ina te s ingular i ty along 
the z axis. However, we said tha t one can remove the s ingular i ty along half of the axis 
by a coordinate t ransformat ion . Essentially, one obtains two completely regular pa tches on 
the upper and lower hémisphères, where the metr ic is the same as (7.1.3), bu t with cosO 
replaced by c o s ^ ± 1. It amounts to shift the t ime coordinate t by ±2N^. Since the Killing 
spinor is t - independent , we can already see t ha t it will be the same on the two patches . 
This can be verified by re-deriving its expression as above wi th the regular met r ic in each 
patch. As expected one fiiids the same resuit as above. 

In this section, we analyze in more détails the solution for t he Killing spinor found in the 
previous section. In par t icular , we consider the project ion t h a t defines the Killing spinor 
and take its limit of large radius, where the metr ic is asymptot ical ly Hat. T h e p ro jec t ion 
can be recast in a form which is similar to the right hand side of the Af = 2 s u p e r s y m m e t r y 
algebra. However, we point out t ha t the t e rm containing the N U T charge has the wrong 
hermitici ty condit ion and thus does not seem to fit in any of the central (or else) extensions 
of the most gênerai N = 2 supersymmetry algebra. 

T h e projec t ion defining the four independent real componen t s of the Killing spinor is 
given by 

We have emphasized t h a t it is r -dependent . There are two observat ions one can make a b o u t 
this dependence. Recalling t ha t tan/?( r ) = N/r and that t a n a ^ = N/M, we see t h a t when 
the N U T charge is absent , bo th /3 = 0 and = 0. The pro jec tor becomes 7 ' -independerit. 
However, even when N 0, in the limit of large radius, r —> 00, we observe t h a t /3 —> 0 and 
the r -dependence also disappears. We are left with a constant asympto t ic p ro jec to r which 
dépends on ail of the four charges (where it is of course unders tood t h a t they sat isfy the 
B P S bound (7.1.19)). 

Let us rewri te the projector in a more readable form. By se t t ing P = 0 and mul t ip lying 
by e""'"'' '^, we ob ta in 

7.2 Asymptotic projection and the superalgebra 

(7.2.1) 

{M - -fsN - i{Q - 7 5 / ^ ) 7 0 } e = 0. (7.2.2) 
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Let us now t iy to motivate the fact tha t the N U T charge should find its place in the 
supersymmetry algebra. Remember t ha t the most gênerai N = 2 superalgebra including 
the scalar central charges (see e.g. [113]) was already presented in section 6.1 for Ma jo rana 
supercharges (with / = 1, 2 in our présent case). It is 

[Q',Q-^} = l''CP^5^^+ CU^-'+ ^^CV'^, (7.2.3) 

where bo th f / " = -U-'' = Ue'-^ and V'-' = -V'' = Ve'\ and C = 70 is the charge 
conjugation matrix. In our conventions, M a j o r a n a spinors are real and we can define a 
single complex Dirac supercharge 

Q = ^ { Q ' + i Q ' ) . (7.2.4) 

The only non trivial relation of the superalgebra becomes 

{Q.Q*} ^'y''CP,,-i{U + ^,V)C. (7.2.5) 

When there is a multiplet of B P S sa tu ra ted states, some combinations of the super­
charges have to be represented trivially, i.e. they have to vanish. This t ransla tes into the 
s ta tement tha t the matr ix {Q^, Q'^}, or equivalently {Q, Q*}, is not of maximal rank. This 
means also tha t the right hand side of (7.2.5) must have vanishing eigenvalues. In the 
présent case, for a massive s t a t e a t rest , we identify PQ = M . Fur ther , if we set U = Q and 
V = H , we see tha t we have preserved supersymmetr ies if the équat ion 

{ M - i (Q - 75/^)70} e = 0, (7.2.6) 

has solutions (note tha t we have multiplied the expression in (7.2.5) by 7° on the left and 
C on the right). 

We recognize the équation (7.2.2) for N = 0. So, we see t ha t for a Reissner-Nordstrôm 
black hole with electric and magnet ic charges, the projection on the Killing spinor in the 
extremal case maps directly to the right hand side of the J\f = 2 superalgebra. Actually, we 
could have guessed the superalgebra (7.2.5) from the expression for the projector (7.2.6). 
It is thus tempt ing to do this for the case where N ^ Q. From (7.2.2), we see t ha t A'̂  must 
belong to a "charge" which carries a Lorentz index. The most s t ra ightforward guess is tha t 
N = KQ of a vectorial charge /C^ which enters the superalgebra as 

{Q, Q*} = 7"CP„ + ^s^CK^ - i{U + ^,V)C. (7.2.7) 

We see tha t the N U T charge N seems to belong to an extension of the superalgebra which 
is not central in the sensé t ha t it is not a Lorentz scalar. Such extensions have been studied 
[140], and the most gênerai M = 2 superalgebra taking them into account has been wri t ten 
[124, 125]. It is however s t ra ightforward to see t ha t our term with K^^ is not par t of any 
extension considered so far. The reason why Eq.(7.2.7) is wrong is extremely simple: it 
violâtes hermiticity. Indeed, we have tha t (757^C)^ = -757 ' ^C, while any t e rm on the right 
hand side must be hermitian since ( Q , g*} t = (Q^ Q*}. Alternatively, it is s ta ted in [113], 
that if one tries in gênerai to include such a term, the Jacobi identity of the schematic form 

[ { g ^ Q'^}, J ] + \{Q\ J } , Q'\ + \{Q\ J } , Q^] = 0, (7.2.8) 
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can never be satisfied unless the additional te rm mixes non-trivially with the Poincaré 
generators. This is however excluded by the Coleman-Mandula no-go theorem. 

Before seeking a way to solve this puzzle, we will provide the reader with a more s t ronger 
procédure to unders tand how the left hand side of the supera lgebra is related to the pro­
jection acting on the spinors. We will see in the following section t h a t the dual m o m e n t a 
K^i arise na tura l ly through a generalization of this construction. 

7.3 The Witten-Nester form 

A gênerai theorem proving positivity of energy in gênerai relat ivi ty was first proposed by 
R,. Schoen and S.T. Yau in [141]. A simplified proof was given by E. W i t t e n in [9] where 
spinorial techniques are used. This last construct ion was even more simplified by J . Nester 
in [142] where a covariant tensor is introduced, known as the Wi t t en-Nes te r two-form. 
Positivity of the energy in supergravity was proved in [143] (see also [144]) by showing t h a t 
the Hamil tonian is the square of the spinor supercharges jus t as for globally super symmet r i c 
théories. 

In here, we are not interested in positivity energy theorems and refer the reader to thèse 
papers for more information. However, for our purposes, it will be interest ing to review 
the fact t ha t thèse constructions for gênerai relativity have, surprisingly, a deep connect ion 
with supergravi ty constructions as was pointed out in [9] and made précise by C. M. Hull in 
[145]. Especially, we want to review the fact t ha t the Wit ten-Nester two-form can be seen 
as describing the right hand side of the superalgebra. This was explicitly shown for A/̂  = 1 
supergravity in [145] and M = 2 in [144]. At first sight, it is not so as tonishing t h a t such a 
connection exists. Indeed, the positivity energy theorems have connected this two-form to 
the usual ADM définitions of energy and momenta , while we have reviewed t h a t appea r s 
in the superalgebra. 

Let us begin by showing how the Nester form [142] is related to the variat ion of the su­
percharge, expressed as a surface intégral (see [146, 144, 145]), which is jus t the algebra of 
charges. T h e bosonic algebra is then linked to the superalgebra. This const ruct ion enables 
us to see how the Wit ten-Nester two-form provides an expression of the bosonic charges, 
appear ing on the right hand side of the superalgebra, in terms of surface intégrais a t infinity 
and coïncides with the usual ADM expressions. Actually, we show t h a t complexifying the 
Wit ten-Nester form, the ADM momenta appear together with the dual , magnet ic , A D M 
momenta and are équivalent to the expressions already derived in P a r t II. Th i s complexi-
fication is triggered by considering a "topological", symmetric, contr ibut ion to the a lgebra 
of bosonic supercharges. We will show tha t thèse contributions are the ones describing the 
dual charges. Evaluated on the charged N U T black hole, the right h a n d side of t h e modified 
superalgebra reduces exactly to the asymptot ic expression contained in the définit ion of the 
Killing spinor, discussed in the previous section. We foUow closely [145]. 

Using the Noether method one computes the generator of supertranslat ioris^. I t can be 

Hcre, supcrtranslations liavc obviously iiothing to do with the supoi traiislatioiis discussed iti Part I. 
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wri t ten as a volume Intégral, wliich in t u r n can be expressed as a surface intégral 

ce. 

l 
4lT 

(7.3.1) 

where Vp is t h e supercovariai i t der ivat ive ac t iug on a sp in-3 /2 field, ce. dénotes complex 
conjugate , ë = e^C = e^jo and we take t h e convent ion £0123 = —e"^^^ = 1. A l though we are 
being quick here, no te t h a t we are jus t s t a t i n g t h a t the supercharge is ob ta ined by t ak ing the 
volume intégral of t h e linearized Rar i ta -Schwinger field équat ions cont rac ted wi th a Kill ing 
spinor (see [145]), in complète analogy wi th t h e Poincaré charges ob ta ined in chap te r 1 by 
cont rac t ing the linearized Eins te in équa t ions w i th a Killing vector, "à la A b b o t t - D e s e r " . 

T h e charge Q[e, ë] is bosonic and t r a n s f o r m s t h e supergravi ty fields according to a su­
per t rans la t ion . W h e n ac t ing for ins tance on the bosonic fields, which are real, it générâ tes 
a variat ion which is also real. We recall t h a t in the présent Af = 2 case, the gravi t ino ipfj, is 
Dirac a n d hence complex. In t e rms of t h e fermionic Dirac supercharges defined in (7.2.4), 
and because (ëQ)* =•—Qe, we have 

i{ëQ+Qe). (7.3.2) 

It foUows f rom the theory of surface charges (see for ins tance [18, 19]) t h a t the var ia t ion 
of the supercharge should define i ts b racke t in t h e usual way 

5e,,ëiQ[e2,e2] = i Q[e i ,e i ] , Q[e2,e2 (7.3.3) 

In terms of the fermionic supercharges (7.2.4), using the expression (7.3.2), we would t hen 
obta in 

Q[ei ,ë i ] , Q[e2,ë2] = iêziQ, Q*}Cei - iêi{Q, Q*}Ce2. (7.3.4) 

However we will see t h a t our analysis will force us to consider a possible "topological 
extension" 

'5ei,ëiQ[e2,e2] = i Q[ei ,e i ] , Q[e2,e2] + T. (7.3.5) 

T h e crux of the m a t t e r is t h a t (5ei,êi Q[e2, ^2] 's not an t i symmet r i c in the exchange of ei and 
£2, as we now show. 

Using (7.3.1) one finds for the bracke t t e rm and the "topological" t e r m t h e following 
expressions 

1 
Q[ei ,e i ] , Q[e2,e2] = ô(^ei,êiQ[e2,£2] - 5e^,ê2Q[^i,^i]) 

t 
477 

j ë2757pV<,ei dS^^ + ^ / £'"''"Vpëi757.e2 d^,, - ( 1 ^ 2 ) , (7.3.6) 

and 

T = -(<5 . i ,ê,Q[e2,ë2]+ 5e, ,ê,Q[ei ,ëi]) 

47r / £'"^'" 'Vp(ëi757ae2 + ë2757<.ei) dE^ (7.3.7) 
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Note t h a t obviously (7.3.6) is identically zéro when ej = £2 bu t T is non-zero. 

We now focus on the following expression which is the "bu i ld ing block" of the express ions 
appea r ing in (7.3.6)-(7.3.7) 

^ 1 gM^'Pa.-^^^^v^g (7 3 8) 
47r 

This is precisely the two-form presented by Nester [142] and general ized by G i b b o n s and 
Hull [144], albeit in its complex version^ (recall t h a t e is D i rac in our set up) . O n e can see 
t h a t the (an t i symmetr ic ) b racke t t e rm (7.3.6) and the ( symmet r i c ) topological t e r m (7.3.7) 
m a p respectively to the real and imaginary pa r t s of the Nes te r fo rm (7.3.8). 

We are now going to use the expression (7.3.8) to ob ta in a l inear combina t ion of pure ly 
bosonic surface intégrais, which correspond to space-t ime m o m e n t a and Maxwell charges. 
In order to proceed, we l inearize gravi ty a round Minkowski space t ime , in ca r tes ian coor-
dinates . As we have a l ready seen, we consider space-tinie endowed wi th a N U T charge as 
asympto t ica l ly f lat , a t least a s far as spacelike surface in tégra is a r e concerned [27]. 

F i rs t of ail, following [144], we rewri te the complex Nes te r f o r m as 

È^"" = E^" + H"", (7.3.9) 

where 

E'"' = ^s^-''^ë^slpD.e, / f ' - = - i -e^- / ' -F„bë757p7"Ncre . (7.3.10) 
47r 167r 

O n e can readily check t h a t H^'^ is actual ly real, hence a n y surpr i se will necessarily come 
f rom the purely g rav i t a t iona l t e r m E^". 

In the following, we will express everything in ternis of t h e l inearized spin connec t ion 
w^i/p. Hence the covariant der ivat ive on a spinor becomes (no t e t h a t we no longer d is t inguish 
between flat and curved indices, since they are t h e same a t first o rder ) 

D^e^d^e+^-uj^p^Y'e- (7.3.11) 

We now plug back this expression in ZJ'"'. Note t h a t in t h e su r face intégral , t he pièce pro-
por t iona l to d^e will d rop ou t as explained in détai l in [9, 145]. T h e spinors will hence fo r th 
be identified wi th t h e cons t an t value t h a t they t ake asymptot ical ly . ' ' Hence we res t r ic t to 

= ^^"'"'''^cpaê'y,'y,r''e. (7.3.12) 

Using the re la t ion (see a p p e n d i x III .A) 

IplXr = VpXlr - VprlX - £pAr^7^75, (7.3.13) 

we ob ta in 

E^" = ^ n ^ e (a ; '^^ + 5^^uj''% - « J ^ ' ' ^ ) + ^ ê l S s ^ e^^'^u^xp.- (7.3.14) 

^Iii références [142] and [144], they iiidcccl coiisidcrod È''" + (Ê"")'. 
^Indeed, wo can actually take the spinors to be the Killing spinors of flat space in cartesian coordinatcs. 
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Note t h a t the first t e rm above is real while the second is imaginary. 

In tegra t ing the above 2- form a t spa t ia l infinity, we select the E^^ component , wi th 
i = 1 ,2 .3 . We can then reexpress the intégral in te rms of purely bosonic surface intégrais 
as 

' E°Uti = êj^Pxe + êjsl^Kxe, (7.3.15) 

where we recover the following expressions for the A D M m o m e n t a and the dual magnet ic 
momenta , a l ready ob ta ined in P a r t II, 

= i - + < 5 V % - ' 5 l a ; % ) d Ê „ (7.3.16) 

Kx = ^ ^ e'^'ujxjkdti. (7.3.17) 

At last, we can also address t h e second t e r m of the generalized Nester fo rm, which is t r ea ted 
as in [144]. By writ ing 

H''-' = ^£'^''''"FArê75(7p7^"7a - 7a7^"7p)e, (7-3.18) 
3z7r 

and using (see append ix I I I .A) 

IplXrla - lalXrlp = 2£pATa75 + ^VpXVra " VprVXa), (7.3.19) 

we ob ta in 
H^-" = —F'^'ëe + —e^^P" Fpaë^^e. (7.3.20) 

47r STT 

/-

T h e surface intégral t hen becomes 

/ / ° M Ê i = -iZUt - il-y^Ve, (7.3.21) 

with t h e central charges def ined by 

U = I F^'dti, (7.3.22) 
47r / 

V = ^js'i^F.kdt,. (7.3.23) 

I t can be checked t h a t U — Q and V = H on t he e lec t romagnet ica l ly charged RN or T N 
solutions. 

Summing up ail t he t e rms , we have 

Ê^'dÈi = ë7^PAe + ë-fbl^Kxe - iêUe - ië-y^Ve. (7.3.24) 

I t is clear t ha t the above expression canno t be equa ted to ë{Q, Q*}Ce, which would t hen 
resuit in the "wrong" supe ra lgeb ra (7.2.7). B u t now we see t h a t t h e obs t ruc t ion to do so is 
precisely the présence of t h e topological t e rm T in (7.3.5). 
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Using the définit ions of T (7.3.7) and of the complex Nes ter fo rm (7.3.8) we see t l ia t 

T{e,e) =-i j ) { É - È*). (7.3.25) 

Using t hen the resuit (7.3.24) we finally indeed find 

T(e, e) = -2iê'-f5l^Kxe. (7.3.26) 

To sum up, we see t h a t a refined analysis of the Nester f o r m in i ts complex version 
pe rmi t s to recover precisely the addi t ional te rm which was guessed f r o m the a s y m p t o t i c 
pro jec t ion act ing on the Killing spinor. In this context, we see t h a t this add i t iona l t e rm is 
actual ly violating the relat ion (7.3.3) and corresponds to a " topological" t e r m leading to 
the bosonic algebra (7.3.5). I t would be interesting, but beyond t h e scope of th i s thesis, t o 
u n d e r s t a n d be t t e r under the lines of [19], the appearance of such topological te rms . 

7.4 A modifiée! superalgebra 

As we have already discussed in P a r t II, T a u b - N U T spaces are no tor ious ly p rob lemat ic for 
the t ime identifications t h a t they imply [22], and for the présence of t h e Misner s t r ings 
[97], which are gauge-variant singularit ies. It has been sugges ted t h a t thèse pathologies 
are enough to conclude t h a t such spacet imes are not globally s u p e r s y m m e t r i c [147], even 
though they have locally (and globally as well) KiUing spinors . However f rom the po in t 
of view of the surface intégrais t h a t define bo th the bosonic and t h e fermionic charges of 
the superalgebra , the spacet ime with N U T charge is asympto t ica l ly flat according to t h e 
simplest définition [27]. If we were to assume tha t the présence of Kil l ing spinors implies 
t h a t the spacet ime is supersymmetr ic , we would be faced wi th t h e challenge of including 
the N U T charge in the supera lgebra . T h e (asymptotic) p ro j ec t ion ac t ing on the Kill ing 
spinor mus t be the same as the projec t ion act ing on the supercharges which are represen ted 
trivially on a B P S mult iple t . However, as we have shown, the N U T charge enters in a 
t e rm which cannot be pa r t of the supera lgebra because of its wrong hermit ic i ty . Below, we 
suggest a tenta t ive p a t h to trivialize this problem. 

A logical possibility is to wri te t he corrected variation of t he supe rcha rge (7.3.5) in a 
différent form, by in t roducing a new supercharge Q' 

Seuë,Qh,ë2] = i[Q'[euh],Q[e2,ê2]\ • (7.4.1) 

T h e above expression is not an t i symmet r i c under the exchange of ei and ea, which is ano the r 
way of encoding the présence of the (symmetr ic) topological t e rm. In t e r m s of t he fermionic 
supercharges Q and Q', (7.4.1) reads 

ôe,re^Q[e2,ë2]=ië2{Q,Q'*}Cei-ië,{Q',Q*}Ce2, (7.4.2) 

where we have supposed t h a t {Q, Q'} = 0. Then , equat ing the above to the expression 
ob ta ined th rough the Nester form, we get 

[Q, Q'*} = l"CP^ + 757"C/C^ - liU + ^^V)C. (7.4.3) 
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Now the l.h.s. is no longer hermi t ian , so there are no obs t ruc t ions to having the ant iher-
mit ian term containing in the r.h.s. T h e ques t ion is of course vvhat is Q'. It must be 
related to Q o therwise we would be doubling the number of supercharges. We now show 
tha t it is related to Q th rough an "axial" phase shif t . 

Let us rewri te for defîni teness the relat ion (7.4.3) on our par t icular s ta t ic massive, 
charged s ta tes wi th N U T charge 

[Q, Q'*} =M + 75Ar - i(Q + 75 / / )7o . (7.4.4) 

Using the angles defiried in (7.1.16), it can be rewr i t t eu as 

{Q, Q'*} = VM^ + Ar2p"'"T= _ iZe""^'^o- (7.4.5) 

If the charge Q' is re la ted to Q by a simple phase ro t a t i on 

Q'* = Q*e""'T=, (7.4.6) 

then eq. (7.4.4) takes a more s t anda rd , hermit ian form 

{Q,Q*} = M'-i{Q' + jsH'ho, (7.4.7) 

Hence, t h rough a uon-liiiear redéfinit ion of the charges, we ob ta iu the relation (7.4.7) t h a t 
in the new variables defines an hermi t ian supera lgebra . Actually, the new variable M' is 
precisely the resuit of a gravi ta t ional dual i ty ro ta t ion t h a t é l iminâtes the N U T charge 

c o s a m sinQ:,„ \ f M \ _ f M' 
— sin am cos am ) \ N ) \ ^ 

(7.4.9) 

Note t h a t also Q' and H' a re obta ined f rom Q and H t h r o u g h an electromagnet ic dual i ty 
rotat ion of the s ame angle. 

The phase ro ta t ion (7.4.6) dépends on dynamica l quant i t ies , such as A'̂  and M . T h e 
latter however c o m m u t e wi th the supercharges for consistency of the superalgebra , hence 
for instance we are assured tha t {Q, Q '} = 0. Moreover, one could wonder wha t modif ied 
supersymmet ry var iat ion is induced by Q'. Th i s clearly deserves to be investigated, t hough 
for consistency we an t ic ipa te t h a t we should not find any modif icat ion in t he t r ans fo rma t ion 
laws of the e lementary fields. 

In a more gênerai case where b o t h ordinary and N U T m o m e n t a Pi and Ki are non zéro 
the s i tuat ion is a bit subt ler . Indeed, focusing only on t h e "gravi ta t ional" par t , we would 
have 

{Q, Q'*] = Po + + {Pi + l^IWlQ. (7.4.10) 

After a ro ta t ion similar to (7.4.6) we would get 

{S , Q*} = ^|P^ + Kl + J [P,Po + K^Ko + l^iKiPo - P^I<o)] VTO- (7.4.11) 
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We thiis still have an ofFending ant i -hermit ian term, which is however propor t iona l to KiP^ — 
PiKo and is thus not présent when is parallel to P^. Now, under a gênerai gravi ta t ional 
duali ty ro ta t ion [27] we have tha t 

and a N U T 4-momentum Kfj, can be completely eliminated only if it is parallel to P^. We 
thus seem to be able to make sensé out of a superalgebra in the présence of N U T charges 
only when the lat ter can be eliminated by a gravitational duality ro ta t ion. 

W h e n this is not possible, we do not seem to be able to define a supera lgebra . Note 
tha t we are not aware of solutions with non-aligned and charges. Actually, it can 
be shown on simple examples tha t the r.h.s. of (7.4.3) does not have vanishing eigenvalues 
when and are non parallel. 

In the case — AP^, we have A = N/M = tanQ^ and performing the ro ta t ion (7.4.12) 
with a = a-m, the relation (7.4.11) becomes the usual superalgebra 

Note tha t /C^ is always parallel to P^ if the spatial components Ki and Pi are obta ined 
by boost ing a s tat ic object with KQ and PQ charges. Indeed, remember t ha t we have seen 
in P a r t II t ha t boosting a pure Taub -NUT solution, one indeed obta ins a solut ion wi th 
Kl ^ 0. Notice t ha t this solution will however not be supersymmetr ic . Actually, in the 
infinité boost limit, one recovers the magnetic dual of the usual pp-wave, which is moreover 
half-BPS. This lat ter fact lends suppor t to the présence of the dual magnet ic m o m e n t a even 
in the Af = 1 superalgebra, along the same lines as above. We will discuss t h a t in t h e last 
section. 

We could thus sum up in the following way the answer to the quest ion t h a t mot iva ted 
this work, namely how does the NUT charge enter in the supersymmet ry algebra. W h e n 
Kfi is parallel to P^, which seems to be the only situation where we have Killing spinors, we 
can el iminate Kf^ by a gravitational duali ty rota t ion (7.4.12). T h e supera lgebra t hen incor­
porâtes the N U T charges through the (duality invariant) combination P^. Alternatively, we 
can define a generalization of the superalgebra (7.4.3) where the N U T charges appea r on 
the r.h.s. but where we have to define a new supercharge through the axial phase ro ta t ion 
(7.4.6). It is this la t ter generalized superalgebra tha t can be directly related to the com-
plex Nester form. Nevertheless, bo th al ternatives give the same B P S bound and pro jec t ion 
on the supercharges, and are hence compatible with the project ion on the Killing spinor . 
In conclusion, this is évidence tha t backgrounds which are obtained th rough gravi ta t ional 
duali ty ro ta t ions f rom ordinary BPS solutions, such as Reissner-Nordstrôm black holes, are 
indeed supersymmetr ic . 

In the following section, we review how this argument can be unders tood in A/" = 1 
supergravity. 

(7.4.12) 

{ S , Q * } = 7 ^ C ' P ; (7.4.13) 
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7.5 Supersymmetric pp-waves 

Here, we want to review the fact t ha t the shock pp-wave is a supersymmet r ic solut ion of 
Af = 1 supergravi ty ' ' . As the B P S b o u n d is PQ = —P3 for thè Aichelburg-Sexl metr ic , we 
want to establ ish t h a t the B P S bound is KQ = —K3 for our dual pp-wave. From P a r t II, 
we see t h a t the charges for the dual pp-wave verify this B P S bound. 

As explained in P a r t II, we will work with a regular spin connection. Let us s t a r t wi th 
a pp-wave of the form 

ds'^ = - d t ^ + dr? + dy'^ + dz^ + F{dt - dzf 

- -du{dv - Fdu) + dx^ + dy^, (7.5.1) 

where F = F{x, y) and where we defined l ight-cone coordinates u = t — z and v = t + z. 
Note t h a t we d ropped again the de l ta func t ion for simplicity. An obvious vielbein choice in 
light-cone coordinates is 

e~ = du, = dv — Fdu, 

= dx, = dy, (7.5.2) 

and the met r i c is ds^ = rjâbe'^ where the non-vanishing components are r/n = 7722 = 1, 
T7-|._ — Tj 1- = —1/2. Going back to car tes ian coordinates , we obta in the symmet r i c vielbein 

1 F 
e° = -{e++ e~) =dt-—{dt-dz), 

e ' = dx, 

<? = dy, 

= l(e+ - e - ) = d z - ^ { d t - d z ) , (7.5.3) 

where symmet r ic i ty is unders tood by the fact t h a t v^iy = —Vi^^ = 0. T h e non-tr ivial 
components of the spin connection are 

Woa = -W3a = ]^daF{x, y){dt - dz), (7.5.4) 

where F{x, y) = —4pln(.'r-^-|-y^) for the Aichelburg-Sexl pp-wave and F{x, y) = —8fc arctan(.T/i7) 
for the dual pp-wave. Even if in the case of our dual pp-wave the metr ic has a s t r ing ' s in-
gularity, one can see t h a t the spin connect ion is "regular" in the x — %j plane. 

It can be easily seen tha t the pp-wave solut ion is an ha l f -BPS solution ol M = \ super-
gravity when looking a t the Killing spinor équa t ion 

e = 0. (7.5.5) 

•'Note that ail supersymmetric solutions of M = ^ supcrgravity vvere classificd in [138]. 

206 



Indeed, we obtain 

Ht 

(7.5.6) 

As the second and third équat ions show tha t e does net dépend on x and y, then t h e first 
and fourth équations imply the projection (70 + 73)6 = 0, which is also wha t one obta ins 
when using the integrabiiity conditions. This détermines t ha t the solution préserves half of 
the supersymmetr ies and has a constant Kilhng spinor. Th i s pro jec t ion corresponds to the 
BPS bound PQ = —Pi for the Aichelburg pp-wave and KQ = —Ks for our dua l pp-wave. 

Our computa t ion shows t ha t the infinité boost of Taub-NUT, a shock pp-wave, is also 
a half-supersymmetric solution oi Af — 1 supergravity. Th i s provides more évidence tha t 
the N U T charge should be included in the N ~ 1 supersymmetry algebra in the same fines 
as described in the previous section 

where Q' is related to Q by a phase Q' = Q e"-'^^ with tan a = KQ/PQ. Indeed, t h e "modified" 
superalgebra (7.5.7) is consistent with the projection and the B P S bound jus t derived. 

(7.5.7) 
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Appendices 

H LA Gamma matrices 

VVe will consider 4 real 4x4 matrices 7a, called gamma matr ices , t ha t satisfy the Clifford 
algebra 

{7a, 76} = 7a76 + 767a = "^Vab I-

For definiteness, we list below a choice of real gamma matrices; 

( ° 0 0 - 1 / 1 0 0 
0 0 1 0 0 - 1 0 0 

70 = 0 - 1 0 0 , 71 = 0 0 1 0 

^ 1 0 0 0 ) 0 0 - 1 ) 
/ o 0 0 1 \ ( ^ - 1 0 0 \ 

0 0 - 1 0 - 1 0 0 0 
\ 

72 = 0 - 1 0 0 , 73 = 0 0 0 - 1 

^ 1 0 0 0 I v 0 0 - 1 0 1 

We also h ave 

1 =T) 7„, 

Let us now define the par i ty matr ix 

75 = 70717273, 

7 = - 7 0 , 

(75)^ 

7 = li 

-1, 

( I I I .A . l ) 

(III .A.2) 

( m . A . 3 ) 

(III .A.4) 

which is real and antisyinrnetric. The coiijugation matr ix used in the main text is defined 
as C = 70. Let us eventually define 

7ai...a„ — 7[ai---7a„]> 
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which implies as one can check 

lab = ^ { l a l b - I b l a ) = l a l b - Vab, (III .A.6) 

labc = l a l b l c - Vabic + Vaclb " Vbcla (III .A.7) 

= lalbc - Vablc + Vaclb, ( I I I . A . 8 ) 

labcd = l a l b l c l d + lalcVbd - lalbVcd'- laldVbc 

-IblcVad - IcldVab + IbldVac - VacHbd + Vab^cd + Vadmc (III .A.9) 

= ^{lalbcld - I d l b c l a ) - VnbVcd + VacVbd, (III.A. 10) 

One can also verify the foUowing ident i t ies 

7a7" = 4 / , 7 b 7 V = - 2 7 " , 7 c 7 " 7 V = 477"" 7, ( I I I . A . l l ) 

ldl°"l''l''l'^ = 2 7 ° 7 S ' ' - 47"??'"' + 47''r?'''= - 47'̂ ??''̂  (III .A.12) 

From t h e above définit ions and ident i t ies , one can check t h a t 7°-*'̂  = -7^7"'"^'^. Th i s also 
implies t h a t 

^abc. ^ ,ubcd^^^^^ (III .A.13) 

where £9123 = +1- Indeed, 75 can be w r i t t e n as 

75 = 70717273 = 5oÎ237a767c7d 

^ <="'''"'lalb'ïcld, (III .A.14) 
4! 

and one readily sees t h a t 

e"''̂ S<i75 = e"'^S<i^ee/s;^7^7^^'' = -7d7"''''- (III .A.15) 

Ano the r useful relat ion implied by the previous one is 

Idlblab = Idlablb 

= 7da675 + 2r7d[a76]75 

= -e<ia6c7''+ 27?d[a76]75, (III .A.16) 

where in the second equali ty we have used (III. A.8). 

A last useful relation tha t c a n be ob ta ined f rom (III.A.8) is 

lalbcld - Idlbcla = '^^abcdlS + '^{riabTIcd - VacVbd), (III .A.17) 
(III .A.18) 

which can be checked by replacing 75 w i th (III .A.14). 
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