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F. Tu savais qu’il y a des milliards d’années, il y a eu le Big-Bang !

R. Ah ah, oui bien sûr, et moi je m’appelle Albert Einstein.

F. M’enfin, tu rigoles ou quoi ? Tu ne crois pas que la théorie du Big-Bang soit vraie ?

R. Le monde a été créé en sept jours... Tu devrais pourtant le savoir...

F. Mais enfin R., c’est ce que raconte la religion ça... La science, elle, apporte des faits... On peut
vérifier l’hypothèse du Big-Bang en mesurant la température du rayonnement cosmique. C’est en
quelque sorte un rayonnement fossile qui nous explique ce qui s’est réellement passé. C’est du même
ordre que reconstituer l’histoire de l’évolution des espèces !

R. L’évolution des espèces ?

F. Ben oui, la théorie de Darwin, celle qui montre que les espèces évoluent au cours du temps et
que l’homme descend du singe.

R. C’est toi le singe...

F. Mais enfin, tu vas pas me dire que tu crois pas à cela non plus ?

R. Tu sais, ta science, c’est tout autant une croyance. Tu te bases sur des soi-disant faits, des
croyances, des choses que tu n’as jamais réellement vu de tes propres yeux. Et maintenant, tu joues
au scientifique qui veut imposer ses opinions aux autres. Laisse donc les gens croire ce qu’ils veulent !

On fait la science avec des faits, comme on fait une maison avec des pierres ; mais une accumu-
lation de faits n’est pas plus une science qu’un tas de pierres n’est une maison.

Henri Poincaré (1854-1912), La science et l’hypothèse.
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arbitraire de vous remercier en onze dimensions à l’aide d’une métrique essentiellement positive
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Argurio. Je ne saurais trop te remercier pour tout le temps que tu m’as consacré et c’est selon toute
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en septembre 2007 sous ta direction. En toute honnêteté, je dois avouer maintenant que je n’ai à
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Je voudrais te remercier Cédric pour m’avoir (quasiment tout le temps) trouvé au moins une solution
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La sixième sera attribuée à quelques (ex-)étudiants doctorants particuliers, tous aussi incroy-
ables les uns que les autres, autant de l’ULB, que de la VUB et de la KUL. Pour commencer du
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dans ma mémoire. Merci aussi à Nassiba-Kac Tabti-Moody et Ella Jamsin pour m’avoir montré que
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La onzième, parce que tout le monde sait qu’il n’y a pas de douzième dimension sauf en F -theory,
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A first step into theoretical physics

Theoretical physics is a branch of physics whose ultimate goal is to formulate a (hopefully)
unified theory that would be able to describe all phenomena that surround us, all laws
of Mother Nature. One could picture it as the search for the DNA code of Nature. Our
most serious candidate for this unified theory, the “theory of everything”, is known as
String Theory. As of today, the ideas developed in theoretical physics may rather sound
like mathematical curiosities disconnected from reality. However, one should be aware
that a certain amount of mathematical abstraction has always been required to construct
theories that describe phenomenas of Nature. This awkward feeling one may experience
with respect to contemporary theoretical physics is certainly strongly correlated to the
absence of experimental verifications of the theories developed and studied by the actual
community of theoretical physicists.

Once upon a time, physicists used to formulate theories to describe phenomena of Nature
they could experience. Isaac Newton’s theory of classical mechanics and law of universal
gravitation were formulated in 1687 relying upon experiments. However, we know today
that Newton’s theory of classical mechanics only describes systems of particles at sizes and
velocities we can experience in daily life. An experimentally tested theory is a valid theory
if it gives a good description of some phenomena “within the limits of accuracy of the
experiments one can design to check its validity”.

The first hint that Newton’s classical mechanics is only useful to describe systems in
specific regimes appeared through the formulation of the laws of electromagnetism, describ-
ing electric, magnetic and optic phenomena, as given by James Clerck Maxwell in 1861.
From one point of view, the theory of electromagnetism is clearly different from classical
mechanics as it is a field theory where the variables can depend on the time coordinate but
also on the coordinates of space. From another point of view, electromagnetism is also a
theory whose formulation was dictated by experiments. As such, if the theories of both
Maxwell and Newton were describing physical systems, they should rely on the same un-
derlying physics. The discovery of electromagnetic plane waves, as solutions of Maxwell’s
equations, and the Michelson-Morley experiment led to conclude that light was an electro-
magnetic wave that traveled at the same velocity in any Galilean reference frame. This was
obviously in contradiction with the underlying concepts of Newton’s classical mechanics.
This situation is maybe one of the most illustrative examples where inconsistency between
theories relying on experiments was dealt with through theoretical considerations.

The resolution of this contradiction was brought in by Einstein in 1905 in his theory
of special relativity. Einstein postulated that one can not go faster than light and that
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physics should be equivalent in every inertial reference frame. To agree with this, one has
to generalize the notion of Galilean reference frames. Relativistic classical mechanics is
a generalization of Newton’s classical mechanics that takes into account effects predicted
by special relativity. The beauty of special relativity is that Maxwell’s field theory of
electromagnetism was already cast in a form that agrees with Einstein’s theory. As such,
Maxwell’s theory is a relativistic field theory.

From experimental facts, it was already quite clear at the time that Newton’s theory of
classical mechanics was also not valid to describe very small sized objects such as subatomic
particles. The description of such systems was explained through the theory of quantas at
the beginning of the XXth century. The quantum theory of electromagnetism, a relativistic
quantum field theory, required the matching of the quantum theory of particles with special
relativity. The formulation of such a theory led to the construction of relativistic quantum
field theories which provide a unified framework to describe field-like objects and particle-
like objects.

Along the XXth century, two new interactions known as the weak and strong interactions
were uncovered. The range of these interactions is very small. This makes them purely
quantum-like in Nature. Just like electromagnetism, these interactions are also described
by specific quantum field theories. The unification of the electromagnetic, weak and strong
interactions is formulated by the Standard Model of particles. In this model, the interactions
mediate the dynamics of the elementary parts of matter, called elementary particles. These
elementary particles are understood as sources of the fields.

In this whole discussion, we have left aside Newton’s law of universal gravitation. Along
with the discovery of special relativity, it seemed logical that one should modify such a
law in a way that takes into account relativistic effects. Instead of dealing with such
a reformulation, Einstein introduced a totally new concept of space and time based on
the principle of equivalence, which roughly states that all observers fall the same way in
a gravitational field. Its main idea was to translate the free-fall trajectory followed by an
object submitted to a gravitational field into a trajectory in a curved spacetime background.
The gravitational field is also understood as the curving of spacetime, while energy acts as
its source. This theory of General Relativity was formulated by Einstein in 1915.

The experiments one can design today allow us to appreciate the beauty of the quantum
field theories of the electromagnetic, weak and strong interactions but also of the theory of
General Relativity describing the gravitational interaction. These theories could be thought,
at our time, just like Newton’s law at the time it was formulated; they are valid theories
in the sense that they have survived all experimental tests one was able to design to check
their validity.

However, there is a main difference. Indeed, for example, the theory of general relativity
has predicted its own domain of validity through the existence of black hole singularities.
For describing such entities, one needs an understanding of the gravitational interaction at
the quantum level. Also, the formulated quantum field theories are not well understood in
non-perturbative regimes. As such, and in the “absence” of experimental facts, new insight
is required.

In the last thirty years or so, theoretical physics has become more and more a branch
of physics in itself which tries to approach the formulation of a quantum theory of gravita-
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tion, and the description of non-perturbative phenomena, through the study of symmetries,
dualities and correspondences between various theories. One of the most notorious theory
that has come out of these analyses is known as String Theory. In this theory, one considers
elementary particles and interactions as different vibrations of extremely small unidimen-
sional strings. The main success of string theory is that it provides a quantum theory that
contains gravity, i.e. the spin 2 particle is also understood as a mode of the vibrating string.

To deal with the many puzzling phenomena Nature wants to reveal us, one needs to
be equipped with appropriate mathematical tools. The work presented in this thesis deals
with aspects of the theory of General Relativity and its symmetries. I would like to consider
this work as a piece of the puzzle.
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About this thesis

The research I conducted during these last four years, which is reported in this thesis, was
motivated by the application of the electromagnetic duality idea to general relativity. It has
been shown, in 2004, that such a duality symmetry exists at the level of the linearized action
of general relativity [1]. It is known as gravitational duality. The hope that gravitational
duality could be a symmetry of the non-linear theory finds its origin in the existence of a
solution of the non-linear Einstein’s equations, known as the Lorentzian Taub-NUT metric,
which seems to describe a gravitational monopole. This solution presents several aspects
of an ill-behaved solution of Einstein’s equations, as described by the usual notions and
tools introduced by general relativity, and is often rejected on physical grounds. However, if
general relativity predicts its existence, I believe that this may not be the correct attitude.
Indeed, I think one should rather try to explain how it can be described or, at least, try
to formulate the appropriate framework where one could deal with such solutions. This
thesis addresses the gravitational duality symmetry in the linearized theory and highlights,
from several different perspectives, the problems underlying a complete understanding of
gravitational duality, and the description of dyonic solutions, in the non-linear theory.

During my work on gravitational duality, I got interested in the study of charges associ-
ated to asymptotically flat spacetimes at spatial infinity in general relativity or supersym-
metric extensions of it. The usual “Noether” charges one defines in general relativity are
referred to as “electric” charges. The topological ones, which we were able to define at the
linearized level through gravitational duality, are referred to as “magnetic” charges. It is
using a specific framework, known as the Beig-Schmidt formalism, that I started wonder-
ing about a possible formulation of topological charges at the non-linear level. However,
I realized that, even nowadays, some subtleties in the definitions of “electric” conserved
charges at spatial infinity or in hypotheses underlying validity of variational principles are
not completely settled. In the last two years, I have mainly focused on trying to clarify
these issues. The history will tell us if this was of any help in understanding “magnetic”
charges at the full non-linear level.

This thesis describes the work that was presented in the following publications, given in
chronological order,

1. “Supersymmetry and Gravitational duality”
R. Argurio, F. Dehouck, L. Houart
arXiv:0810.4999v3 [hep-th] Phys. Rev. D79: 125001, 2009.

2. “Boosting Taub-NUT to a BPS NUT-wave”
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R. Argurio, F. Dehouck, L. Houart
arXiv:0811.0538v1 [hep-th] JHEP 0901:045,2009.

3. “Why not a di-NUT ? or Gravitational duality and rotating solutions”
R. Argurio, F. Dehouck
arXiv:0909.0542 [hep-th] Phys. Rev. D81:064010,2010.

4. “Gravitational duality in General Relativity and Supergravity theories
F.Dehouck
arXiv:1101.4020 [hep-th] Nucl.Phys.Proc.Suppl.216:223-224,2011

5. “On Asymptotic Flatness and Lorentz Charges”
G. Compère, F. Dehouck, A. Virmani
arXiv:1103.4078 [gr-qc] Class.Quant.Grav.28:145007,2011

6. “Relaxing The Parity Conditions of Asymptotically Flat Gravity”
G. Compère, F. Dehouck
arXiv:1106.4045

We have chosen to split this thesis into three parts, in a way that seemed more appro-
priate for a presentation of conserved charges in gravity theories, as we now detail.

Part I - Electric side: Asymptotic flatness and Poincaré charges

The first part deals with the definition of “electric” charges for asymptotically flat space-
times at spatial infinity. As we have not been able to make sense of “magnetic” charges
in the non-linear context, we will not have much to say about them in this first part. The
original work presented here is contained in the two more recent publications listed here
above.

Conserved charges for gauge field theories can be constructed from the consideration
of asymptotic gauge transformations, which act as “global” transformations at large dis-
tances. As a consequence, the study of such charges must proceed through the description
of the asymptotic properties of the fields. In more technical terms, we deal with specific
boundary conditions which specify a particular class of solutions that behave asymptotically
in the same way. Given a set of such boundary conditions, one can study the asymptotic
symmetries and construct the “Noether” charges generated by these symmetries, in terms
of surface integrals.

General Relativity is a non-linear theory of space and time that is invariant under
diffeomorphisms, i.e. under local reparametrizations of coordinates. It is thus also possible
to define conserved charges as we have just explained. However, this theory presents two
major difficulties. The first problem is related to the fact that the field in question is
the metric. The background field is now also the dynamical field. For constructing charges
associated to asymptotic diffeomorphisms, one has to describe first in what sense asymptotic
properties of the metric should be understood. Secondly, because it is a non-linear theory,
conserved charges associated to specific asymptotic symmetries might turn out to present
non-linearities in the asymptotic fields. The analysis is thus more complicated than for
linear gauge field theories, such as electromagnetism.
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The study of conserved charges in general relativity was initiated by considering a class
of spacetimes that approach Minkowski spacetime, in two different regimes known as null
infinity and spatial infinity. These solutions are referred to as asymptotically flat space-
times. We only restrict in this first part to considerations at spatial infinity. The study of
asymptotically flat spacetimes at spatial infinity has a long history. Nevertheless, the topic
has constantly been evolving through the years, see e.g. [2, 3, 4, 5, 6, 7, 8] for a relevant
sample of classic works before the eighties, [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] for a
sample of works in the last thirty years. The traditional approach presented in the literature
can be summed up as follows. The set of boundary conditions are fixed so that they define
a set of physically interesting spacetimes, such as the Schwarzschild or Kerr black holes,
and so that charges can be made finite and conserved. These works have all found that
the non-trivial asymptotic symmetries restrict to the isometries of the Minkowski metric.
As such, one obtains a description of asymptotically flat spacetimes at spatial infinity in
terms of Poincaré charges. One important feature of all these constructions is that the set
of conserved charges are linear in the fields.

The specification of the asymptotic symmetries, through the choice of specific boundary
conditions, is however a quite difficult task. In this first part, we would like to emphasize
the importance of the study of the equations of motion to see what restrictions should be
imposed on the asymptotic fields. Also, we will discuss the problem of regulation of infini-
ties which seems to have been, up to now, the main guideline in the choice of boundary
conditions. Through the study of the equations of motion and the definition of a good vari-
ational principle, we achieve a description of a class of asymptotically flat metrics that is
more general than previously considered in the literature. Our conserved and finite charges
represent a larger asymptotic symmetry group than the Poincaré group. Also, we find that
the Lorentz charges may present non-linearities in the asymptotic fields.

Chapter 1: This first chapter is intended as a broad review of conserved charges asso-
ciated to global and gauge symmetries of an action as described by Noether’s theorem. We
mainly focus on the construction of “global” charges for general relativity. For example,
we review the construction of Abbott and Deser [10] who defined charges associated to
isometries of a background metric. In the asymptotically flat regime, we present a review
of the methods used to describe the asymptotic properties of Minkowski spacetime. At
spatial infinity, we present the work of Regge and Teitelboim [6] who first obtained, from
the Hamiltonian action, Poincaré surface charges as generators of asymptotic symmetries.

Chapter 2: We review the Beig-Schmidt formalism to describe asymptotically flat
spacetimes at spatial infinity. We propose an extension of their definition of asymptotic
flatness by considering an extended class of metrics. We study the generic construction of
independent, conserved, finite, and non-trivial charges one can built for such spacetimes
through the study of the equations of motion in the asymptotic expansion.

Although we recover the standard results for the “usual” boundary conditions, we stress
out that the equations of motion do impose less stringent restrictions.

Chapter 3: This chapter elaborates on the considerations presented in chapter 2 while
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making use of covariant methods to construct charges associated to asymptotic symmetries.
Our first result is a clear understanding of the equivalence between counter-term charges
constructed from the stress-energy tensor of Mann and Marolf [17] and the construction
of Ashtekar and Hansen [8]. From the study of the symplectic structure for our class of
spacetimes, we show that the variational principle of Mann and Marolf is ill-defined when
specific parity conditions are not imposed. We propose a regulation of the phase space for
a class of spacetimes, where we do not impose these parity conditions, through a fixation of
the ambiguity in the off-shell Einstein-Hilbert action and the symplectic structure obtained
from this action. This analysis generalizes the constructions that are present in the liter-
ature and provides a new way of looking at spatial infinity in the asymptotically flat regime.

Part II: Magnetic theory through duality

Gravitational duality is a symmetry of the linearized Hamiltonian action of General Rela-
tivity. If we can define “electric” charges, one should be able to define “magnetic” charges
to characterize the solutions obtained through duality transformations. It is in this sense
that the linearized Taub-NUT solution was first understood as a gravitational dyon, see for
example [20, 21, 22].

The second part of this thesis deals with gravitational duality in the linearized theory.
We use it as a playground to construct topological charges and study the sources of dual
solutions obtained through duality rotations.

Chapter 4: This chapter is a review of the electromagnetic duality as a classical sym-
metry of Maxwell’s equations. We also briefly comment on the great successes of this
theoretical construction, such as the explanation of the quantization of the electric charge.

Chapter 5: In here, we review the gravitational duality as a symmetry of the equations
of motion. We propose a definition of ten “magnetic” charges at spatial infinity, these are
referred to as the dual Poincaré charges. We use this construction as a playground to study
the dual solutions of some “electric” solutions such as the Schwarzschild and Kerr black
holes, and the shock pp-waves. In the presence of topological contributions, we point out
the difficulty, already at the linearized level, of a definition of Lorentz charges in terms of
surface integrals.

Part III: Gravitational duality and Supersymmetry

Supersymmetry has been one of the major ingredients in providing evidence for dualities
in the realm of string theories and M-theory. In particular, there is a very tight relation
between U-duality [23], the most general duality encompassing electric-magnetic duality,
S-duality and T-duality, and the existence of BPS bounds following from the most general
maximally extended supersymmetry algebra. This relation follows from the fact that states
(or supergravity solutions) which preserve some supersymmetries also saturate a BPS bound
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which takes the form M = |Z|, where Z is a U-duality invariant combination of all the
possible charges arising in the specific theory one is considering. These charges, which
correspond to possibly extended charged objects, arise in the supersymmetry algebra as
central extensions [24, 25], and this is the reason why they enter in the BPS bound.

It is however striking that U-duality acts only on the right hand side of the BPS bound,
while it leaves the left hand side, M , invariant. It is natural to ask whether there are more
general duality transformations that also act on M . It is because of these considerations
that we believe gravitational duality, which maps the mass M to a magnetic mass N , may
play an important role, see also [1, 26, 27, 28, 29, 30, 31, 32]

It is the purpose of this part III to study the “magnetic” solutions as supersymmetric
solutions of supergravity theories and their “topological” contributions to the BPS bounds
and the supersymmetry algebras.

Chapter 6: To deal with solutions of supergravity theories, we start by a review of
several aspects relevant to the original work presented in the next chapter. We review how
supergravities are local supersymmetric theories and present the N = 1 and N = 2 super-
gravities. We then elaborate on the construction of bosonic solutions to these theories. We
then comment on a specific method to solve for the Kiling spinors, parameters of super-
symmetry transformations.

Chapter 7: In this last chapter, we establish the supersymmetry properties of the
Lorentzian charged Taub-NUT solution in N = 2 supergravity and review the appearance
of the NUT charge in the BPS bound. We also recover the expressions for the dual mo-
menta established in Part II by considering a complexified Witten-Nester two-form. This
construction also illustrates how the NUT charge copes with the N = 2 supersymmetry
algebra. We end up by discussing these considerations in N = 1 supergravity through the
study of pp-waves solutions.
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Part I

Electric side: Asymptotic flatness and
Poincaré charges

1





Chapter 1

General relativity and conserved charges

In this chapter, our main concern will be to review the fact that, for general relativity,
conserved charges can be expressed as surface integrals and are associated to asymptotic
symmetries which are to be understood as asymptotic diffeomorphisms that preserve the
form of a given class of metrics at infinity.

To arrive at such statements, we first review, in section 1.1, the Lagrangian and Hamil-
tonian reformulations of Newton’s classical mechanics. This allows us to state Noether’s
theorem which shows that to any differentiable symmetry of an action, one can associate a
conserved charge, known as the Noether charge. The study of the conserved charges of a
system can thus be engineered from the study of the symmetries of the action. In Hamil-
tonian formalism, we see that the Noether charges of the system are also the generators of
the symmetries of the action. To describe gauge systems, we briefly review the Hamilto-
nian formulation of constrained systems. We obtain that gauge symmetries are generated
by first class constraints and are thus vanishing on-shell. In section 1.2, we present the
Lagrangian and Hamiltonian formulations of General Relativity. We also review how Ein-
stein’s equations can be brought into a system with a well-posed initial value formulation.
In section 1.3, we apply Noether’s theorem to gauge fields theories and show that conserved
charges should be associated to asymptotic symmetries. For general relativity, we review
the construction of Abbott and Deser [10] who constructed conserved charges associated to
isometries of a background metric. The section 1.4 is devoted to the study of the asymp-
totic region of Minkowski spacetime, the spacetime of special relativity. We discuss the
presence of two separated regions at infinity known as null and spatial infinity. Focusing
on spatial infinity, we review two different ways the information reaching this region can be
described by means of a limiting procedure of information contained on three-dimensional
hypersurfaces. The seminal work of Regge and Teitelboim [6] which established the role of
surface integrals as generators of asymptotic symmetries at spatial infinity is reviewed in
section 1.5. Eventually, we end up in section 1.6 by a brief summary and a discussion about
several aspects concerning the determination of asymptotic symmetries. This discussion is
also intended as a motivation for the original work presented in the next two chapters.
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1.1 Gauge symmetries and associated charges

Gauge theories are theories that are invariant under local transformations of the variables.
In more formal language, one says that gauge transformations map an allowed state, de-
scribed by the observables (in the case of electromagnetism by the values of the electric and
magnetic fields,...), to another allowed equivalent state. There is thus some redundancy in
the description of the physical variables. The fact that gauge transformations are maps
between equivalent states is to be understood in constrast with global symmetries which
are symmetries of the theory but do change the state of the system.

In this section, we review basic facts about the Lagrangian and Hamiltonian formalisms
of classical mechanics. We stress out how Noether’s theorem is expressed in those two
languages. In the Hamiltonian formalism, we see that the Noether charge, associated to a
symmetry of the Hamiltonian action, is also the generator of that symmetry. We then see
how gauge systems are constrained Hamiltonian systems and briefly review the study of
such systems. The main result of this section is the expression of the generator of a gauge
symmetry, i.e. the conserved charge. We see that the generating function can be expressed
in the basis of (first class) constraints. It is thus zero on-shell. In the next section, we
will comment on how these considerations are generalized to field theories and how one can
make sense of non-trivial conserved charges associated to asymptotic gauge symmetries.

We should stress out that the considerations in this section are largely borrowed from
the book of M. Henneaux and C. Teitelboim [33] and also from unpublished notes prepared
for lectures I gave in september 2010, in collaboration with C. Troessaert, at the sixth
Modave Summer School, Modave, Belgium.

1.1.1 Lagrangian and Hamiltonian formalisms

The Lagrangian and Hamiltonian formalisms are reformulations of the theory of classical
mechanics of Newton. The basic tool of the Lagrangian formalism is to use, instead of the
usual coordinates used in Newton’s classical mechanics (and leading to vectorial equations),
generalized coordinates qi. When some of Newton’s equations may be redundant and way
more complicated to solve, the use of these independent coordinates describe the real degrees
of freedom of the system and simplify greatly its study. The Euler-Lagrange equations
(1788), desribing a system with N degrees of freedom, were obtained by re-expressing
d’Alembert’s principle of virtual works using variational calculus. The result is

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0, (1.1.1)

where i = 1...N . Newton’s vectorial equations are reduced to a system of N second order
differential equations. Here, L is the Lagrangian

L = L(qi, q̇i) = T − V, (1.1.2)

where T and V are respectively the kinetic and potential energy of the system.

During his work on reformulating Lagrange classical mechanics, as we review below,
Hamilton noticed that Euler-Lagrange equations can actually be obtained from an action
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principle. This is known as Hamilton’s principle and states that starting from the action

S =

∫
Ldt , (1.1.3)

and demanding that the variation of this action is zero, or asking stationarity of this action,
δS = 0 we recover Euler-Lagrange equations. Derivation of equations of motion by means
of a variational principle is by now a central concept in physics. We say that an action
possesses a good variational principle if the variation of the action is zero upon imposing
the equations of motion.

What Emmy Noether proved in 1918, is that to every symmetry of the action, one can
associate a conserved charge. By invariance of the action we mean that under a transfor-
mation of the generalized coordinates

qi → q̃i(q, s) = q̃i(q, 0) +
dq̃i
ds

∣∣∣∣
s=0

s+O(s2) , (1.1.4)

where q̃i(qj , 0) = qi(0), the action is such that δS = 0. Alternatively, this means that the
variation of the Lagrangian is equal to a total derivative

δL =
dL

ds

∣∣∣∣
s=0

=
df

dt
. (1.1.5)

To recover Noether’s result, we see that from considering a generic variation of δL, we can
write

dL

ds
=
∂L

∂qi
dqi

ds
+
∂L

∂q̇i
dq̇i

ds
=
df

dt
, (1.1.6)

and that, upon using the Euler-Lagrange equations of motion, we have

d

dt

[
∂L

∂q̇i
dqi

ds
− f

]
= 0 . (1.1.7)

A constant of the motion, or a conserved charge Q, is a function such that dQ/dt = 0. We
have thus proven that when a general transformation is a symmetry of the action, one can
define an associated conserved charge which is

Q ≡ ∂L

∂q̇i
dqi

ds
− f . (1.1.8)

As an example, let us suppose we want to deal with a system that is invariant under
translations of time. We set the parameter s = t and from (1.1.6) we have f = L in the
above demonstration. The conserved charge is just

dH

dt
= 0, H ≡ ∂L

∂q̇i
dqi

dt
− L = piq̇

i − L. (1.1.9)

We will see in the following that H is known as the Hamiltonian. It represents the energy
of the system. Through Noether’s theorem, we see that the conserved energy of a system
is associated to the invariance of this system under time translations.
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Rowan Hamilton (1805-1865) noticed that the Lagrangian formalism may be confusing
because the generalized velocities q̇k ≡ dqk/dt seem at first sight to depend on the gener-
alized coordinates. However, given the 2N initial coordinates q and q̇, we would like to
specify, using the Euler-Lagrange equations1, the future of the system at any time t. If this
can be done, we say that the system has a good initial value formulation. We thus see that
the q̇i(t) are depending on the N initial conditions q̇i(0) of the generalized velocities but
not on the generalized coordinates qi. Hamilton’s reformulation of the Lagrangian formal-
ism resides in a change of variables to get rid of this potential confusion and set the 2N
coordinates on the same footing. He introduced a set of 2N independent coordinates qi and
pi where pi are the conjugate momenta defined as

pi ≡
∂L

∂q̇i
. (1.1.10)

We will refer to these coordinates as the canonical coordinates. To formulate the theory in
terms of these canonical variables, Hamilton defines the function H, called the canonical
Hamiltonian

Hc ≡ pi q̇
i − L , (1.1.11)

where L is the Lagrangian. The easiest way to see that H is a function of q and p is to
realize that the Hamiltonian is the Legendre transform of the Lagrangian which maps the
space (q, q̇) to the so-called ”phase space” (q, p) and vice-versa.

The Legendre transform of a function f is the function f̃ defined by

f̃(q, p, y) ≡ max
y

[py − f(q, y)] , (1.1.12)

and depends a priori on the three variables q, p, y. However, one easily sees that the right
hand side of this last equation is maximized when

d

dy
(py − f(y)) = p− df

dy
= 0→ p =

df

dy
, (1.1.13)

which means that if we invert this last relation to obtain y as a function of p, the Legendre
transform only depends on q and p and is defined by

f̃(q, p) = py(p)− f(q, y(p)). (1.1.14)

Said that, and given the definition (1.1.11), one easily verifies that the Hamiltonian
H = H(q, p) is indeed the Legendre transform of the Lagrangian L(q, q̇) for the variable
y = q̇. Doing this transformation, we have replaced the coordinate q̇ by the coordinate p.

1Note that the initial conditions are supposed to be completely independent here. This is not always the
case as there can be relations between them, that we call constraints. Constrained systems will be discussed
in the following.
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The Lagrangian formalism starts from the definition of a Lagrangian, the conjugate
momenta and the Euler-Lagrange equations

L = L(qi, q̇i) , pi =
∂L

∂q̇i
,

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 . (1.1.15)

The properties of the Legendre transform allow to recover, from the Hamiltonian, all the
information about the Lagrangian through the inverse relations that express the velocities
in terms of the coordinates and the momenta. In Hamiltonian formalism, we have the
Hamiltonian and Hamilton’s equations

H(qi, pi) = piq̇
i − L , ∂H

∂qi
= − ∂L

∂qi
, q̇i =

∂H

∂pi
, (1.1.16)

ṗi = −∂H
∂qi

, (1.1.17)

where the last two equations in (1.1.16) come from the following two variations2

δH =
∂H

∂qn
δqn +

∂H

∂pn
δpn , δH = q̇nδp

n − ∂L

∂qn
δqn . (1.1.18)

The relation (1.1.17) is a rewriting of Lagrange’s equations

0 =
d

dt

∂L

∂q̇n
− ∂L

∂qn
= ṗn − ∂L

∂qn
= ṗn +

∂H

∂qn
. (1.1.19)

One easy way to recover Hamilton’s equations is from the variational principle

0 = δS = δ

∫
Ldt = δ

∫
(pnq̇n −H)dt

=

∫ [
(q̇n − ∂H

∂pn
)δpn − (ṗn +

∂H

∂qn
)δqn

]
+[pnδqn]21 . (1.1.20)

Note that we also need to set δqi(t1) = δqi(t2) = 0. Here, the action S is called the
Hamiltonian action.

An important object one can define on the phase space (q, p) is the Poisson bracket

[F,G] =
∂F

∂qn
∂G

∂pn
− ∂F

∂pn

∂G

∂qn
, (1.1.21)

where F and G are functions of the canonical variables p and q. Using this bracket, the
equations of motion take the simpler and more compact form

Ḟ = [F,H] , (1.1.22)

2The first equation is the formal variation of a quantity H while the second one is the variation of
H = piq̇

i − L.
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whith F = p or F = q, or more generally F = F (q, p). We see that the Poisson bracket
defines the evolution of the dynamical variables F (q, p).

An important property of this bracket is that for every function G(q, p, t) on phase space,
we have

dG

dt
=
∂G

∂qi
q̇i +

∂G

∂pi
ṗi +

∂G

∂t
= [G,H] +

∂G

∂t
, (1.1.23)

where in the second equality we made use of Hamilton’s equations. As we already said, a
function G(q, p, t) is a constant of motion if it fulfills dG/dt = 0. The Poisson bracket of
two constant of motions will thus be another constant of motion. Indeed, given G1 and G2,
two constants of motion, we have

[[G1, G2], H] = [G1, [G2, H]] + [[G1, H], G2] = [G1,−
∂G2

∂t
] + [−∂G1

∂t
,G2]

= − ∂

∂t
[G1, G2] , (1.1.24)

where we used the Jacobi identity, which the Poisson bracket satisfies, and (1.1.23). This
result states nothing else than

dG1

dt
= 0,

dG2

dt
= 0, G3 ≡ [G1, G2] → dG3

dt
= 0 . (1.1.25)

In other words, we have shown that the constants of motion form a closed algebra under
the Poisson bracket. Note eventually that if a function G does not depend explicitly on
time, the condition for G to be a constant of motion reduces to

[H,G] = 0↔ Ġ =
dG

dt
= 0 , (1.1.26)

meaning that it must Poisson commute with H. This also implies that if the Hamiltonian
does not depend on time, it is automatically a constant of motion.

Let us now revisit Noether’s theorem in the Hamiltonian formalism. Here, one could try
to generalize the change of coordinates that left the Lagrangian action invariant by defining
a general transformation of the form

δqi = Qi(q, p, t) , δpi = Pi(q, p, t) , (1.1.27)

that would leave the Hamiltonian action invariant. As previously said, we look for3

δL =
df(q, p, t)

dt
. (1.1.28)

Now, by computing δL = δ(piq̇
i −H), we get

δL = Piq̇
i + p

d

dt
Qi −

∂H

∂pi
Pi −

∂H

∂qi
Qi =

df

dt
. (1.1.29)

3Actually, one could also take a function f that depends on q̇ and ṗ as we are off-shell. However, one
can show that redefinitions, involving trivial symmetries of the equations of motion, permit to get rid of this
dependence.
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By further expanding the total time derivatives, one obtains

[Pi + pj
∂Qj

∂qi
− ∂f

∂qi
]q̇i + [pj

∂Qj

∂pi
− ∂f

∂pi
]ṗi + [pi

∂Qi
∂t
− ∂f

∂t
− ∂H

∂pi
Pi −

∂H

∂qi
Qi] = 0 .(1.1.30)

Off-shell, the q̇’s and the ṗ’s are independent of the q’s and p’s. One sees that the equation
actually decouples into a set of three equations, the first two terms can easily be seen to
rewrite as

Pi = − ∂

∂qi
(pjQ

j − f) ,

Qi =
∂

∂pi
(pjQ

j − f) . (1.1.31)

Defining G ≡ pjQj − f and using the definition of the Poisson bracket, we can write

δqi = Qi = [qi, G] , δpi = Pi = [pi, G] . (1.1.32)

If we now plug this last result into the last term of (1.1.30), we obtain

0 =
∂(piQi − f)

∂t
− ∂H

∂pi
Pi −

∂H

∂qi
Qi =

∂G

∂t
+
∂H

∂pi

∂G

∂qi
− ∂H

∂qi

∂G

∂pi

=
∂G

∂t
+ [G,H] , (1.1.33)

which is the same as saying that G is a constant of motion.

From (1.1.32), we see that symmetries of the action are generated by a function G =
pjQ

j − f . We refer to them as the generators of the symmetries or the generating func-
tions. Note that transformations that are generated by a function G are called canonical
transformations as they leave the canonical Poisson bracket invariant4. What Noether’s
theorem tells us is that to each symmetry of the action, one associates a conserved charge,
or constant of the motion, which is also G.

The role of G is thus twofold: It is the generator of a symmetry of the action and also
the conserved charge associated to this symmetry.

In this thesis, we will always be concerned with symmetries of the action and their
associated charges. For a specific symmetry, we will thus no longer make any distinction
between its generator or its associated conserved charge.

Let us now see how one can describe gauge systems as Hamiltonian systems where some
additional constraints are imposed.

4Canonical transformations will leave the equations of motion invariant if we also have δH = 0. In this
case, they are generated by a symmetry of the action which is a constant of motion. Note that equations of
motion could a priori also possess symmetries that are not canonical. These will however not have Noether
charges associated to it.
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1.1.2 Gauge systems as constrained Hamiltonian systems

As we already emphasized, gauge theories are theories that are invariant under local trans-
formations. In Lagrange’s formalism, one sees that the presence of a gauge symmetry implies
that the evolution of the dynamical quantities may allow for arbitrary functions of time.
A gauge system is a system where the values of the generalized coordinates and velocities
are given but where some transformations do not change the values of the accelerations
which describe the physical quantities. In a sense, there are less degrees of freedom than
the apparent ones, i.e. the qi. Mathematically, gauge systems can be recognized as follows.
If one starts from Lagrange’s equations

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 , (1.1.34)

and plugs in

d

dt
=
∂qj

∂t

∂

∂qj
+
∂q̇j

∂t

∂

∂q̇j
, (1.1.35)

the Euler-Lagrange equations write

q̈j
∂2L

∂q̇j∂q̇i
=
∂L

∂qi
− q̇j ∂2L

∂qj∂q̇i
. (1.1.36)

From this equation, one sees that the accelerations q̈j at a given time are uniquely deter-
mined by the velocities and positions at that time if

det(
∂2L

∂q̇j∂q̇i
) 6= 0 , (1.1.37)

meaning that this matrix can be inverted. Gauge systems will precisely fall into the class
of systems where this matrix cannot be inverted.

To discuss gauge systems, we consider systems for which the matrix

A ≡ ∂2L

∂q̇j∂q̇i
, (1.1.38)

is non-invertible, or not of maximal rank. We will fix the rank, assumed to be constant
throughout (q,q̇)-space, of the matrix A to be 2N − M . By using the definition of the
conjugate momenta, we see that

det(
∂2L

∂q̇i′∂q̇i
) = 0→ det(Jij) ≡ det(∂pi/∂q̇

j) = 0 , (1.1.39)

meaning that the determinant of the Jacobian Jij of the transformation from the pi to
the q̇i is zero. Alternatively said, this means that the Legendre transform is not invertible
or equivalently that, from p = ∂L/∂q̇, one can not determine uniquely the velocities as
functions of the canonical variables p, q. One immediate consequence is that the conju-
gate momenta are not all independent but there rather exists some relations between the
canonical coordinates that we call ”primary constraints”

φm(q, p) = 0 , (1.1.40)
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where we let m = 1...M in agreement with the rank of A. The name ”primary constraint”
comes from the fact that the equations of motion are not used and imply thus no restrictions
on the qi or q̇i. Here and in the following, we will always assume that the constraints are all
independent. In full generality, one could also imagine a (reducible) system of constraints
where only some of them are independent. We refer the reader to [33] for a study of reducible
systems.

An Hamiltonian system in the presence of a general set of constraints is called a con-
strained Hamiltonian system. Although we have understood gauge systems as constrained
Hamiltonian systems, one should pay attention to the fact that the latter system is a more
general one as not all constrained Hamiltonian systems can be obtained from a gauge prin-
ciple.

The rest of this section aims at reviewing the theory of constrained Hamiltonian systems.
Especially, we point out how one can recover the invertibility of the Legendre transform,
the classification of constraints into primary and secondary constraints and then into first
and second class constraints, and how one can “solve” for the constraints. As previously
mentioned, our aim is to show that first class constraints generate gauge symmetries. Indeed,
reviewing Noether’s theorem, we see that global symmetries are associated to first class
functions which are constant of the motion while gauge symmetries are associated to first
class functions which can be decomposed into the basis of first class constraints. As a
consequence of this last result, the gauge symmetries are thus associated to trivial charges.

Recovering invertibility of the Legendre transform

To deal with constrained Hamiltonian systems, defined from a Lagrangian, one must see at
what cost the invertibility of the Legendre transform can be recovered in the presence of
primary constraints.

The first thing to notice is that the properties of the Legendre transform imply that
H = pnq̇

n − L is a function of the canonical variables because

δH = q̇nδpn − δqn
∂L

∂qn
. (1.1.41)

However, in the presence of constraints, it is only a uniquely defined function of the canonical
variables on the primary constraint surface, the (2N−M)-dimensional submanifold defined
by φm = 0.

If we want to restore the invertibility of the Legendre transform, we need to introduce
M extra variables, in agreement with the fact that the Legendre transformation can only be
well defined between spaces of the same dimensionality. To achieve this, we will impose that
the primary constraint surface is smoothly embedded in phase space and that it satisfies
some regularity conditions that, roughly said, allows us to use the primary constraints as a
local set of coordinates in the vicinity of the constraint surface. Under these assumptions,
one can check the following two theorems5

Theorem 1: If a (smooth) function G on phase space vanishes on the primary con-
straint surface, then (locally) G = gmφm.

5Proofs of these theorems can be found in [33].
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Theorem 2: If λnδq
n + µnδpn = 0 for arbitrary variations δqn, δpn, then

λn = um
∂φm
∂qn

,

µn = um
∂φm
∂pn

, (1.1.42)

for some um. These equalities are true on the primary constraint surface.

With the help of the second theorem, it is easy to see that by using (1.1.18)

(
∂H

∂qn
+
∂L

∂qn
)δqn + (

∂H

∂pn
− q̇n)δpn = 0 , (1.1.43)

we obtain the defining relations of the inverse Legendre transformation

qn = qn , q̇n =
∂H

∂pn
+ um

∂φm
∂pn

, − ∂L
∂qn

∣∣∣∣
q̇

=
∂H

∂qn

∣∣∣∣
p

+um
∂φm
∂qn

, (1.1.44)

which now defines a transformation between spaces of the same dimension 2N . From (q, q̇)
space to the primary constraint surface of phase space, we have

qn = qn , pn =
∂L

∂q̇n
(q, q̇) , um = um(q, q̇) . (1.1.45)

We have thus achieved our goal of restoring invertibility of the Legendre transformation
by adding the extra independent variables um thereby permitting a transformation between
two spaces of same dimensionality.

With this in hand, we can go from the Euler-Lagrange equations to Hamilton’s equations
and we get

q̇n =
∂H

∂pn
+ um

∂φm
∂pn

, ṗn = −∂H
∂qn

∣∣∣∣
p

−um∂φm
∂qn

, φm(p, q) = 0 , (1.1.46)

where the equations of motion can be written using the Poisson bracket as

Ḟ = [F,H] + um[F, φm] . (1.1.47)

The first relation in (1.1.46) permits to recover the q̇n when given the momenta (upon
imposing φm = 0) and the um. Because the ∂φm/∂pn are assumed to be independent, two
different sets of um must give two different sets of q̇n. This also implies that the um can in
principle be expressed as um(q, q̇).

Note that these equations of motion could also be obtained from the variational principle

δ

∫ t2

t1

(q̇npn −H − umφm) = 0 , (1.1.48)

under arbitrary variations δq, δp, and δum with δqn(t1) = δqn(t2) = 0. Here, the um appear
as Lagrange multipliers enforcing the primary constraints.
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The consistency algorithm: a full set of primary and secondary constraints

If we look at the equations of motion (1.1.46) for a constrained system, we see that a
necessary requirement is that every primary constraint also satisfies

φ̇m = [φm, H] + un[φm, φn] = 0 . (1.1.49)

Depending on the appearance of the parameters um in the above expression, this re-
quirement provides us with a secondary constraint N(p, q) = 0, a relation involving only
the q’s and the p’s and independent of the primary constraints, or with a relation involving
the u’s and thus restricting these parameters. Also, as an iterative consistency algorithm,
if there is a secondary constraint N(q, p) we also need to check that

Ṅ = [N,H] + um[N,φm] = 0 , (1.1.50)

does not bring new secondary constraints. In the end, we are left with a total sytem of J
constraints (primary and secondary) that we collectively denote by

Φj , j = 1...M,M + 1...M +K(= J) , (1.1.51)

where K of them are secondary constraints. Note that we also assume in the following that
the regularity conditions discussed above for the primary constraints apply to the full set
of primary and secondary constraints. Remember that the constraints are assumed to be
all independent such as to form an irreducible set of constraints.

Towards a more fundamental classification of constraints: first and second class

Having determined the full set of constraints, the set of J nonhomogeneous equations linear
in the M unknown (M ≤ J) parameters um

[Φj , H] + um[Φj , φm] ≈ 0 , (1.1.52)

should possess solutions. Otherwise, this would mean that the system desribed by the
Lagrangian is inconsistent. In the last equation, the sign ≈ refers to an equality that is only
true on the primary constraint surface. We say that the expression is ”weakly vanishing”.
One important consequence of Theorem 1 is that two functions that are the same on the
constraint surface should be related by

F ≈ G→ F −G = ck(q, p)Φk , (1.1.53)

where the sign = denotes equality on the full phase space. A function on phase space that
is = 0 is said to be ”strongly vanishing”. Also, for three quantities A, B, and C with C ≈ 0,
we have, using the Jacobi identity,

[A,BC] ≡ B[A,C] + [A,B]C ≈ B[A,C]→ B[A,C] ≈ [A,BC] . (1.1.54)

The general solution to the non-homogeneous first order differential equation (1.1.52) is
given by

um ≈ Um + vaV m
a , (1.1.55)
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where Um is a particular solution and V m ≡ vaV m
a is the general solution of the associated

homogeneous system

V m[Φj , φm] ≈ 0 , (1.1.56)

written in the basis6 of linearly independent solutions V m
a . Upon solving this system, we

have achieved a split between what is fixed by the consistency conditions, the Um, and what
is left totally arbitrary, i.e. the coefficients va.

One particularly interesting thing to notice is that both the primary constraints φa ≡
V m
a φm and H ′ ≡ H+Umφm, defined using (1.1.55), Poisson commute with the general set

of constraints Φj

[Φj , H
′] ≈ 0 , [Φj , φa] ≈ 0 . (1.1.57)

Indeed, this can be seen by plugging the general solution (1.1.55) into the consistency
conditions (1.1.52) and using (1.1.54). Doing so, we obtain

[Φj , H
′] + va[Φj , φa] ≈ 0 . (1.1.58)

However, φa is also a basis of primary constraints which are solutions of the homogeneous
equation

va[Φj , φa] ≈ 0 , (1.1.59)

implying that [Φj , φa] ≈ 0. To complete our proof, we just need to implement this last
relation into (1.1.58).

The fact that φa and H ′ Poisson commute with the general set of constraints is a
motivation to introduce a more interesting classification of constraints which makes direct
use of the Poisson bracket.

A function F (q, p) is said to be first class if its Poisson bracket with every constraint
vanishes weakly

[F,Φj ] ≈ 0 . (1.1.60)

If it is not first class we will call it second class. A first class function on phase space is
said to Poisson commute with all the constraints. Our first examples of first class functions
are thus φa and H ′. In the following, we split the full set of constraints Φj into first class
constraints γa and second class constraints χα.

Before proceeding, let us define the total Hamiltonian as being the sum of the first
class Hamiltonian H ′ ≡ H +Umφm and the first class primary constraints φa multiplied by
arbitrary factors va

HT = H ′ + vaφa. (1.1.61)

One can check that the equations of motion reduce to

Ḟ = [F,H] + um[F, φm] ≈ [F,H + umφm] ≈ [F,HT ] , (1.1.62)

6Note that we actually need to require [Φj , φm] to be of constant rank so that V ma is fixed on the constraint
surface.
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upon using (1.1.54).

An important property of the definition of first class constraints is that it is preserved
under the Poisson bracket operation. The Poisson bracket of two first class constraints is
first class. This is shown by making use of Theorem 1 and the Jacobi identity. This result
is indeed crucial because we will now show that first class constraints are generators of
symmetries and thus form an algebra. Also, by Noether’s theorem, charges associated to it
should form a closed algebra under the Poisson bracket operation.

First class functions as generators of symmetries

It is easy to see that no second class functions but only first class functions can be generating
symmetries. Indeed, a symmetry of the equations of motion is a variation of the dynamical
variables that leaves the equations invariant. As such they should map an allowed state
to another (equivalent or non-equivalent) allowed state. Because an allowed state sits on
the constraint surface, we should have by consistency of the theory that δΦi ≈ 0. If this
last statement is not true, then we would allow for symmetry transformations that bring
us out of the constraint surface, an inconsistent statement. For a canonical transformation,
we have

δΦi =
∂Φi

∂qn
δqn +

∂Φi

∂pn
δpn =

∂Φi

∂qn
[q,G] +

∂Φi

∂pn
[p,G]

=
∂Φi

∂qn

∂G

∂pn
+
∂Φi

∂pn

∂G

∂qn
≡ [Φi, G] ≈ 0 , (1.1.63)

which is precisely the requirement that the generating function be a first class function.
When looking at symmetries of the action, we will see that first class functions that are
constant of the motion generate global symmetries. Let us for now review how first class
constraints are understood as generators of gauge transformations. Later, we will recover
these results through Noether’s theorem.

As already stated before, given an initial set of canonical variables describing a physical
state at time t0, we expect the equations of motion to fully determine the physical state
at other times. However, we know that, in the presence of constraints, different sets of
canonical variables can describe the same physical state as it is reflected in the definition
of the total Hamiltonian by the set of arbitrary functions va.

What this means is that any ambiguity in the value of the canonical variables at a
time t1 should be a physically irrelevant ambiguity, also called a gauge transformation. In
mathematical language, by picking t1 = t0 + ∆t, and using the time evolution of dynamical
variables with two different choices of va, denoted va and ṽa, in the total Hamiltonian
expression, we have

δF = ∆F (t1, t2, ṽ
a)−∆F (t1, t2, v

a)

= ([F,H ′] + ṽa[F, φa])∆t− ([F,H ′] + va[F, φa])∆t

= εa[F, φa] , (1.1.64)

where εa = (va − ṽa)∆t is an arbitrary function of time. We say that first class primary
constraints generate gauge transformations. Here, we see that this transformation will not
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modify the physical state at the later time t1. One obvious question is ”what about first
class secondary constraints” ?

There exists no general proof that first class secondary constraints do generate gauge
transformations. At most, one can show that in principle they could. This led Dirac to
conjecture that all first class constraints generate gauge transformations (this is known
as Dirac’s conjecture). We will not discuss the fate of first class secondary constraints in
details here. We will rather assume that all first class constraints generate gauge symmetries,
although one should be aware that counter-examples do exist, see [33].

If we assume that all first class constraints (primary and secondary) are generators of
gauge transformations, then the most general physically permissible motion should also
allow for general gauge transformations. To this end, we define the extended Hamiltonian
as

HE ≡ H ′ + uaγa , (1.1.65)

where γa denote first class constraints. From the extended action principle

SE =

∫
(piq̇

i −H ′ − uiΦi)dt , (1.1.66)

where the sum is understood over all the constraints, we get the equations of motion for
the extended formalism, see [33],

Ḟ ≈ [F,HE ] , Φj ≈ 0 . (1.1.67)

Let us mention that the extended formalism is really a new feature of the Hamiltonian
formalism that takes into account all the gauge freedom of the theory while the Lagrangian
(or equivalently total Hamiltonian) just restricts to the gauge freedom introduced by the
primary constraints. Indeed, when considering any physically relevant dynamical variable
O, also called observable, which is by definition gauge-invariant, we should have δO ≈ 0,
which means that its Poisson bracket is weakly zero with all the first class constraints. Its
evolution is thus the same when expressed with respect to HE , HT or H ′. But this is not
true for gauge-variant dynamical variables where evolution should be described using HE

which takes into account all the gauge freedom of the theory.

Fixing the constraints

Before moving to Noether’s theorem, let us briefly comment on the fixation of constraints,
as often implemented in the study of constrained Hamiltonian systems. In short, first class
constraints can be gauge-fixed by introducing new ad-hoc constraints7 and second-class
constraints are dealt with by reformulating the theory in terms of the Dirac bracket.

A fixation of first class constraints, generators of gauge symmetries, permits to establish
a one-to-one correspondence between physical states and values of the canonical variables,
by avoiding a multiple counting of states. Getting rid of first class constraints allows one

7Note that this procedure can not always be implemented because there does not always exist gauge
fixing conditions that are globally well defined. This phenomena is known as the ”Gribov obstruction”.
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to describe the true degrees of freedom of the theory under consideration. To implement
this, one introduces new constraints, i.e. gauge fixing conditions. It can be checked that
to obtain a satisfying set of gauge fixing conditions, that we denote by Cb(q, p) ≈ 0, we
need a number of independent gauge conditions that is precisely equal to the number of
independent first class constraints.

If such a set of gauge fixing conditions has been determined, one consistency requirement
is that there must not exist gauge transformations other than the identity that preserve the
set of gauge conditions and by this we mean

δua[Cb, γa] ≈ 0→ δua = 0 . (1.1.68)

This last statement is true when the above Poisson bracket defines an invertible matrix such
that

det([Cb, γa]) 6= 0 , (1.1.69)

which alternatively means that the introduced gauge fixing conditions are second class but
that also our previously first class functions γa have now become second class. In this case,
we have completely fixed the gauge freedom and first class constraints have become second
class.

Without entering into details, it was noticed by Dirac that to deal with second class
constraints, one can just replace the Poisson bracket by a new one. This new bracket is
known as the Dirac bracket

[F,G]? = [F,G]− [F, χα]Cαβ[χβ, G] , (1.1.70)

where Cαβ is the Poisson bracket of second class constraints

Cαβ = [χα, χβ] , (1.1.71)

and Cαβ is the inverse matrix such that CαβCβγ = δαγ . By definition, the determinant of
the antisymmetric matrix Cαβ should not be zero. This implies that it has to be a n × n
matrix with n even, i.e. second class constraints should always come in pairs.

To check that the introduction of the Dirac bracket permits to get rid of second class
constraints, one readily checks that the Dirac bracket of any dynamical variable F (q, p)
with a second class constraint is strongly zero

[F, χγ ]? = [F, χγ ]− [F, χα]Cαβ[χβ, χγ ] = [F, χγ ]− [F, χα]CαβCβγ = 0 . (1.1.72)

This means that we can always set the second class constraints to zero either before or after
evaluating a Dirac bracket. The equations of motion become

Ḟ ≈ [F,HE ] ≈ [F,HE ]? . (1.1.73)

The most trivial example illustrating this procedure is a system with two second class
constraints, i.e. constraints such that p ≈ 0, q ≈ 0 but [p, q] = 1. One checks that the
introduction of the Dirac bracket permits to completely forget about these coordinates.
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Let us make a few additional comments:

Firstly, we have said that the fixation of constraints is sometimes useful. One can
choose to fix all constraints, and especially the gauge freedom of the theory, or only fix
second class constraints. However, it is also interesting to remember that while fixing
first class constraints, we made them become second class. Second class constraints could
thus be reformulated as gauge degrees of freedom before gauge fixation. This procedure can
present some advantages as it permits to bypass the introduction of the Dirac bracket whose
quantum realization may be highly non-trivial. Actually, even in the absence of second
class constraints, the introduction of extra gauge degrees of freedom can be interesting, for
example when one wants to make some hidden symmetry manifest.

We also said at the beginning that the fixation of constraints permits to single out the
true degrees of freedom of our theory. Indeed, we see that a constrained Hamiltonian of 2N
independent canonical variables with n first class constraints and m second class constraints
has D degrees of freedom

D = N − n− (m/2) , (1.1.74)

where D is always an integer because m is always even. From the above counting, one often
says that first class constraints strike twice. This is understood from the fact that we had to
introduce n extra ad-hoc gauge conditions who implied that the set of first class constraints
became second class, a “new” set of n constraints.

Eventually, let us mention that one can also study constrained Hamiltonians using sym-
plectic manifolds, i.e. manifolds equipped with a closed non-degenerate differential two-form
ωαβ, the symplectic form. A generic bracket between two functions F and G is defined as

[F,G] ≡ ωαβ ∂F

∂yα
∂G

∂yβ
. (1.1.75)

In this context, one can give a geometrical meaning to the Dirac bracket . It is the bracket
defined using as symplectic structure the pullback of the phase space symplectic structure
onto the constraint surface.

1.1.3 Noether’s theorem

Let us now formulate Noether’s theorem for a generic set of symmetries of the extended
action. We show, as this should start to be clear from previous discussions, that the set of
gauge and global symmetries of the extended action are generated by first class generating
functions that are respectively the first-class constraints and the general functions on phase
space that are constant of the motion.

To show this, we consider the variation of the extended action

SE [qn(t), pn(t), ua(t), uα(t)] =

∫
(pnq̇

n −H − uaγa − uαχα)dt , (1.1.76)

under an infinitesimal transformation

δqn = Qn , δpn = Pn , δua = Ua , δuα = Uα , (1.1.77)
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where the Qn, Pn,Ua, Uα are functions of q, p, t and u and its derivatives8.

The invariance of the action states that the variation of the Lagrangian for a given
symmetry is zero up to a total derivative

δL = q̇nPn +
d

dt
(pnQ

n)−Qnṗn − δH − Uaγa − uaδγa − Uαχα − uαδχα

=
df

dt
. (1.1.78)

Now, let us first introduce

D

Dt
=

∂

∂t
+ u̇a

∂

∂ua
+ üa

∂

∂üa
+ ...+ u̇α

∂

∂uα
+ üα

∂

∂üα
+ ... . (1.1.79)

This definition permits to replace time derivatives in the above variation as

d

dt
=

D

Dt
+ q̇n

∂

∂qn
+ ṗn

∂

∂pn
. (1.1.80)

It is easy to see that the rhs of (1.1.78) will split, like in the unconstrained case, into
three terms. The first two terms, i.e. the ones that multiply q̇ and ṗ, will tell us that the
transformation must be canonical

δqn = Qn =
∂G

∂pn
= [qn, G] , δpn = Pn = − ∂G

∂qn
= [pn, G] , (1.1.81)

where G = pjQ
j − f . Because γa = γa(q, p), χα = χα(q, p) and H = H(p, q) are functions

on phase space, this also implies that

δγa = [γa, G] , δχα = [χα, G] , δH = [H,G] . (1.1.82)

Replacing this in the third term, coming from the split of (1.1.78), immediately gives us an
additional condition on the generating function G

DG

Dt
+ [G,H] + ua[G, γa] + uα[G,χα] = Uaγa + Uαχα . (1.1.83)

As one can show, it is equivalent to deal with this equation after having set to zero the
second class constraints which we will assume from now on, see [33]. The general solution to
the equation (1.1.83) is the sum of a particular solution of the non-homogeneous equation
with the general solution of the homogeneous part of this equation. Let us first choose a
particular solution of the form Gpart = Ḡ(q, p, t). From (1.1.79), we see that

DḠ

Dt
=
∂Ḡ

∂t
, (1.1.84)

and the equation (1.1.83) becomes

∂Ḡ

∂t
+ [Ḡ,H] + ua[Ḡ, γa] = Uaγa . (1.1.85)

8For the same reason as in the unconstrained case, we can get rid of the dependence in q̇ and ṗ by means
of redefinitions which are trivial symmetries of the equations of motion.
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Because this last equation must be true for every set of first class constraints, and thus
particularly on the constraint surface, one sees that our particular solution must be first
class and a constant of motion on the constraint surface

[Ḡ, γa] ≈ 0 ,
∂Ḡ

∂t
+ [Ḡ,H] ≈ 0 . (1.1.86)

One eventually sees that a general function g(q, p, t, u, u̇, ü, ...) will be a solution of the
homogeneous equation if it is also a solution on the constraint surface. This also implies
that the general solution of the homogeneous part can always be decomposed in the basis
of first-class constraints as follows [33]

Ggen = ga(q, p, t, u, u̇, ü, ...)γa . (1.1.87)

We have thus obtained the general solution of the equation (1.1.83)

G = ga(q, p, t, u, u̇, ü, ...)γa + Ḡ(q, p, t) , (1.1.88)

where the first term represent the charges associated to gauge transformations while the
second term represent the charges associated to global symmetries.

In the end, we have shown that global symmetries of the extended action are generated
by functions Ḡ(q, p, t) which are first class and constants of the motion. Noether associates
to it the conserved charge Ḡ. We have also checked, as previously announced, that gauge
symmetries are generated by (linear combination of) first class constraints. One important
consequence of this last result is that gauge symmetries have trivial associated conserved
charges as the generators of these symmetries are on-shell vanishing.

After a brief review of the Lagrangian and Hamiltonian formulations of general relativity,
we will see that this is not always the case for gauge field theories, such as general relativity.

1.2 Einstein’s theory of gravity

General Relativity is a theory for a spin 2 field that was designed to describe the gravitational
interaction at the classical level. The celebrated equations of Einstein can be written as

Rµν −
1

2
Rgµν = 8πGTµν . (1.2.1)

For the vacuum equations, in the absence of sources Tµν = 0, the Lagrangian formulation
was established by Hilbert. The Lagrangian is known as the Einstein-Hilbert Lagrangian

S =

∫
d4x
√
g R. (1.2.2)

Asking stationarity of the Einstein-Hilbert action, one recovers Einstein’s equations in the
vacuum. Actually, this last statement is only true when boundary contributions are dis-
carded. Alternatively, one says that the variational principle is valid, i.e. it gives the
Einstein’s equations, only when boundary contributions can be neglected. We show, in
section 1.5, that this is not always the case. As we will see in the following, the importance
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of these boundary terms are primordial to the construction of non-trivial conserved charges
for general relativity.

The formulation of the Hamiltonian theory for classical systems, constrained or not,
implicitly required a specification of time. The theory of general relativity is a theory of
space and time where there is a priori no preferred time direction. To be able to cast it into
an Hamiltonian form by understanding how one can single out a time direction, we first
review the closely related problem of establishing that general relativity has a well-posed
initial value formulation. Indeed, a positive answer was provided by considering a splitting
of space and time as we now review.

A well-posed initial value formulation

A system possesses a well-posed initial value formulation if an allowed state of that system
can be unambiguously described at a future time t1, upon using the equations of motion,
given a set of initial conditions at time t0 and if small fluctuations of these initial conditions
at t0 do not alter drastically the state at time t1. One of the successes of general relativity
is that it has a well-posed initial value formulation when considering, as we explain below,
globally hyperbolic spacetimes. In here, we do not pretend to be rigorous as we are only
interested in reviewing some concepts we will use in the following.

Given a manifoldM, a Cauchy surface Σ is a space-like surface (meaning that all points
on this surface are space-like separated) such that

M = D−(Σ) ∪ Σ ∪ D+(Σ) , (1.2.3)

where D±(Σ) represent respectively the future and past regions of that surface Σ. The
future region of the surface Σ is the region of space-time that can be reached from any
point lying on the surface Σ when going along time-like or null directions. A spacetime
which possesses a Cauchy surface is a globally hyperbolic spacetime. To understand the
importance of such a definition, let us comment on the case of AdS which is not a globally
hyperbolic spacetime. In AdS, the information at a given point of spacetime may not
be characterized by the information coming from a specified three-surface as information
arriving from infinity may also contribute. However, Anti de Sitter spacetime has what is
called a Cauchy horizon, a region of spacetime where one can define a Cauchy surface.

The Arnowitt-Deser-Misner [5] (ADM) splitting of space-time precisely achieves this
initial value formulation for globally hyperbolic spacetimes (see also chapter 10 of [34]) of
general relativity through the consideration of Cauchy surfaces. Indeed, the ADM decom-
position of spacetime is a 3+1 space-like slicing of space and time. It permits to consider
the information that lies on a Cauchy surface to be the dynamical information and study its
evolution through the introduction of a preferred arrow of time. The four dimensional met-
ric is split into a three dimensional metric 3gij which is the induced metric on the Cauchy
surface. The other components of the metric are seen to describe deformations of Σ. They
are known as the lapse N and the shift Ni. In terms of the four-dimensional metric gµν , we
have

3gij ≡ gij , Ni ≡ g0i , N ≡ (−g00)−1/2 . (1.2.4)
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Eventually, to describe the evolution of the Cauchy surface, we need a notion of its em-
bedding into spacetime. This is the role of the extrinsic curvature Kij , which measures the
difference between a normal vector to Σ at a point p and a normal vector (at a point q)
that has been parallel transported to p.

It has been proved that the initial conditions can be described by the triplet (Σ, 3gij ,
Kij) when subject to additional initial value constraints. These additional constraints are
the first class constraints obtained from varying the shift and the lapse in the Hamiltonian
action of general relativity, which we now review.

Hamiltonian formulation

Because general relativity is a theory invariant under diffeomorphisms, its Hamiltonian
should be constrained. Using ADM coordinates (1.2.4), one constructs the Hamiltonian of
general relativity from its Lagrangian formulation. One checks that it depends on the three-
dimensional metric 3gij , its associated conjugate momenta πij (which can be expressed in
terms of the extrinsic curvature), a lapse N and a shift Ni. Note that the lapse and shift
functions do not have associated conjugates as the action does not contain time derivatives
of these functions. They are thus non-dynamical quantities. The Hamiltonian is

H0(3gij , π
ij , N,N i) =

∫
d3x
(
N(x)H(x) +N i(x)Hi(x)

)
, (1.2.5)

where

H = Gijklπ
ijπkl −

√
3g R ,

Hi = −2 π j
i |j = −2 3gik π

kj
,j − (2 3gki,j − 3gkj,i)π

kj , (1.2.6)

and where the column denotes the covariant derivative associated to 3gij , R is the three-
dimensional Ricci scalar associated to 3gij and Gijkl is the DeWitt supermetric

Gijkl =
1

2
3g−1/2 (3gik

3gjl + 3gil
3gjk − 3gij

3gkl) ,

Gijkl =
1

2
3g1/2 (3gik 3gjl + 3gil 3gjk − 23gij 3gkl) ,

GijklGklmn = δijmn =
1

2
(δimδ

j
n + δinδ

j
m) . (1.2.7)

Hamilton’s equations take the generic form

3̇gij(x) = δ(Hamiltonian)/δπij(x) ≡ Aij ,
π̇ij(x) = −δ(Hamiltonian)/δ 3gij(x) ≡ −Bij . (1.2.8)

In our case, one finds

3̇gij = 2N 3g−1/2(πij −
1

2
3gijπ) +Ni|j +Nj|i ,

π̇ij = −N
√

3g(Rij − 1

2
R3gij) +

N

2
3g−1/2 3gij(πmnπmn −

1

2
π2) + (πijNm)|m

−2N 3g−1/2(πimπjm −
1

2
ππij) +

√
3g(N ij − 3gijN

|m
|m)−N i

|mπ
mj −N j

|mπ
mi ,

(1.2.9)
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while variations with respect to the lapse and the shift give the Hamiltonian and momentum
constraints

H(x) = 0 , Hi(x) = 0 . (1.2.10)

These last equations are constraints as they do not describe the time evolution of some
quantity. The lapse and shift are seen as Lagrange multipliers that enforce the constraints.
In our previous notation, we say that H(x) ≈ 0 and Hi(x) ≈ 0. One can check that the
bracket of any two of these constraints gives another such constraint, implying that the
bracket is also weakly vanishing. By definition, this implies that all the constraints are first
class.

In their work, Arnowitt, Deser and Misner were motivated to cast the theory in an
Hamiltonian form as a first step towards the quantization9 of general relativity. Far from
technicalities, to implement this they introduced gauge conditions to solve for the con-
straints, i.e. to fix the gauge freedom. In particular, their analysis recovered the fact that
the theory is a theory of a spin 2. This is so because the metric only has two dynamical
degrees of freedom when all the redundancy of the theory has been eliminated. From an-
other perspective, their approach also permitted to give the first expressions for the energy
and momentum [4] for a specific class of spacetimes we will discuss in the following.

General considerations about the definition of conserved charges for field theories and
especially for general relativity is the topic of the next section.

1.3 Conserved charges for general relativity

We have seen for classical mechanics that one can associate to each symmetry of the action,
a conserved charge. In the case of a gauge symmetry, the generator of the symmetry is
vanishing on account of the equations of motion.

When looking at a specific field theory with a given set of gauge symmetries, one could
also try to apply Noether’s theorem. The generalization of our previous result to field
theories provides us with the conservation of a current which is vanishing on-shell up to
the divergence of a superpotential. We will not reproduce the derivation here but it can
be found, for example, in the introduction section of [18] (see also exercise 3.4. of [33]).
Roughly speaking, we have

Classical Mechanics Field theories

dQ

dt
= 0 , → ∂µj

µ = 0 . (1.3.1)

The Poincaré Lemma actually tells us that the current jµ is on-shell vanishing up to the
divergence of an arbitrary superpotential k[νµ]. We can write

jµ ≈ ∂νkνµ , (1.3.2)

9Here, we do not want to enter into any discussion about the problems of a canonical quantization of
general relativity and refer the reader to the book of Wald [34], see especially chapter 14.
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such that ∂µj
µ = 0 by antisymmetry of the superpotential.

For field theories, the charges are thus ill-defined as they can be expressed in terms of
an arbitrary superpotential upon using Stoke’s theorem

Q =

∫
Σ
j =

∮
∂Σ
k , (1.3.3)

where ∂Σ is the boundary of Σ. This phenomena is known as the Noether puzzle.

From (1.3.3), one however realizes that non-trivial charges could be defined as the flux
of the superpotential through the boundary ∂Σ. It thus only depends on the properties
of k near that boundary. This is a hint that, for gauge field theories, one should define
charges through “surface” integrals by picking the right superpotential. One necessary
requirement is that this superpotential be asymptotically, i.e. close to the boundary, a
conserved quantity.

The construction of charges associated to gauge symmetries, through the determination
of the right superpotential, is however a very difficult problem. Actually, we believe it is
fair to say that there is currently no general understanding of how this can be implemented
for a completely generic gauge field theory, i.e. where no assumptions have been made at
first. The most generic well-established statement about the definition of conserved charges
associated to gauge symmetries in field theories can be stated as follows 10

Under the assumption of asymptotic linearity, every non-trivial asymptotically conserved
superpotential k is related to an asymptotic symmetry of the background fields.

Altough we do not want to enter into specific details right away, let us just comment on
two important points.

Firstly, the asymptotic symmetries, also known as large gauge or improper gauge trans-
formations, can be understood as specific gauge transformations which act asymptotically
like global transformations, i.e. they act on the physical state of the system. In classical
mechanics, we have seen that conserved charges associated to gauge symmetries are trivial.
However, for field theories, one sees that it is possible to associate possibly non-trivial con-
served charges to some asymptotic, “global”, transformations. Indeed, as we have reviewed
previously, charges associated to global transformations may turn out to be non-trivial.

Secondly, in the above statement, asymptotic linearity means that the charges can be
constructed from the linearized theory and are expressed in terms of linear combinations of
the fields. The above statement is thus obviously generic for gauge theories that are linear
such as electromagnetism. However, it clearly imposes restrictions if one deals with non-
linear theories. Let us insist here on the fact that the assumption of asymptotic linearity
is not a necessary requirement to the construction of charges. Indeed, conserved charges
that are non-linear in the fields have already been considered in the literature. As we
already pointed out, what this assumption really reflects is our lack of a completely general
treatment of non-trivial conserved charges associated to gauge symmetries of non-linear

10This formulation is mainly inspired from the results of Barnich and Brandt stated in [18], see also
references in that paper. Note that there does exist a quite recent work by Barnich and Compere [19] which
discusses the removal of the condition of asymptotic linearity.
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field theories. In this thesis, we will only discuss the case of general relativity. As it is a
non-linear theory, we will pay much attention to the possible restrictions this assumption
may impose.

The case of general relativity: Abbott-Deser charges

For general relativity, one understands that Noether’s theorem states that charges associ-
ated to diffeomorphisms are zero on-shell up to a divergence of a superpotential, and that
conserved charges should thus be associated to asymptotic Killing vectors of a background
metric. The characterization of the charges of a given solution of Einstein’s equations will
thus require much more work. With all we have said, our task in the rest of this chapter
can be split into the following three steps

(1) Define what we mean by asymptotic Killing vectors of a background metric.

(2) Understand how a solution is said to approach a background metric asymptotically.

(3) Determine the form of the conserved superpotential, i.e. the expressions of the con-
served charges, and show they are generated by the asymptotic Killing vectors of a
background metric.

Because the aspects related to asymptotics are probably less trivial to introduce, we pro-
pose to start the discussion by a general construction of conserved charges, when asymptotic
linearity holds, in a way that somehow evades the precise formulation of asymptotic notions,
as referred in (1) and (2). We will see that this construction partially answers step (3).

The construction of Abbott and Deser [10] is indeed a quite generic construction of
charges associated to exact Killing vectors, i.e. isometries, of a given background metric.
As such, it evades considerations about the asymptotics of the Killing vectors to which we
will return in the following. However, it is of great interest as we will see that it reproduces
the correct expressions of conserved charges associated to asymptotic Killing vectors when
one assumes asymptotic linearity.

In their paper, Abbott and Deser started by writing the four-dimensional metric in
terms of fluctuations hµν around a fixed background metric

gµν = ḡµν + hµν , (1.3.4)

where the background metric ḡµν is understood to be a solution of Einstein’s equations.
The Killing vectors ξ̄µ of a background metric ḡµν are the vectors which satisfy

Lξ̄ ḡµν ≡ D̄µξ̄ν + D̄ν ξ̄µ = 0 , (1.3.5)

where D̄µ is the covariant derivative associated to ḡµν and L is the Lie derivative. To
construct their conserved charges, they started from Einstein’s equations with a cosmological
constant

Rµν −
1

2
Rgµν + Λgµν = 0 , (1.3.6)
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and linearized them such that the left hand side becomes

Rµν L −
1

2
R̄hµν −

1

2
RL ḡµν + Λhµν +O(h2). (1.3.7)

By simplifying this last expression with R̄ = +4Λ and relabeling all non-linear terms O(h2)
by Tµν , understood as the energy-momentum tensor density of the gravitational field, Ein-
stein’s equations are

RµνL −
1

2
RLḡ

µν − Λhµν = (−ḡ)−1/2Tµν . (1.3.8)

From this, the conserved charges associated to the Killing vectors of the background are
defined as

Q[ξ̄] ≡ 1

8πG

∫
d3x T 0ν ξ̄ν . (1.3.9)

These are the right quantities to be considered as conserved charges because the Bianchi
identity imposes D̄µT

µν = 0 and thus

D̄µ(Tµν ξ̄ν) = (D̄µT
µν)ξ̄ν +

1

2
Tµν(D̄µξ̄ν + D̄µξ̄ν) = 0, (1.3.10)

but also because Tµν ξ̄ν is a vector density such that

D̄µ(Tµν ξ̄ν) = 0 → ∂µ(Tµν ξ̄ν) = 0 . (1.3.11)

The conservation is thus really understood as a conservation with respect to the partial
derivative, and not the covariant one, of a contravariant density.

Using (1.3.8), it is quite straightforward to show that (1.3.9) can actually be written as
a surface integral [10]

Q[ξ̄] =
1

8πG

∮
d2Si
√
−ḡ
(
D̄µK

0iνµ −K0jνiD̄j

)
ξ̄ν , (1.3.12)

where

Kµσνκ =
1

2

[
ηµκHνσ + ηνσHµκ − ηµνHσκ − ησκHµν

]
, (1.3.13)

Hµν = hµν − 1

2
ηµνh . (1.3.14)

The charges (1.3.12) are known as the Abbott-Deser (AD) conserved charges. What the
work of Abbott-Deser has achieved can be stated as follows

Under the assumption of asymptotic linearity, one can derive a set of (potentially) non-
trivial conserved charges related to the exact Killing vectors of a given background metric.

The only difference with our previous statement resides in the fact that we have derived
charges associated to the exact Killing vectors of the background instead of the asymptotic
Killing vectors. However, this also means that if one is given a set of asymptotic Killing
vectors and assumes asymptotic linearity, the expressions of the conserved charges associ-
ated to the asymptotic Killing vectors should be equivalent to the expressions (1.3.12) when
evaluated on each asymptotic Killing vector. We will see that this is indeed the case when
the background metric under consideration is Minkowski.
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Asymptotic Killing vectors versus exact Killing vectors

As we have already said, we want to describe the set of charges that characterize an “asymp-
totic state”. By asymptotic state, we mean a specific solution of Einstein’s equations, as
seen from infinity, that approaches a given background metric. What we want to empha-
size at this point, as it may not be enough clear from the above discussions, is that the
charges that describe an “asymptotic state” are really obtained by taking into account all
the charges constructed from the asymptotic Killing vectors of the background metric and
not just the ones associated to exact background Killing vectors. The difference stands in
the fact that

The asymptotic Killing vectors of a given background metric may not be expressed as
exact background Killing vectors of any background metric.

To appreciate the difference between charges associated to exact or asymptotic sym-
metries, it is interesting at this point to introduce the notion of the asymptotic symmetry
group. The asymptotic symmetry group is the group of asymptotic symmetries associated
to non-trivial conserved charges modulo the (trivial) asymptotic symmetries that are associ-
ated to trivial charges. Given this definition, one can be faced to three different possibilities
whether the asymptotic symmetry group is generated by the exact Killing vectors of the
background metric, of a background metric, or if it is generated by Killing vectors that are
not isometries of any background metric.

To illustrate our discussion, let us briefly comment on the very famous case of AdS3.
In that case, the group generated by the exact Killing vectors of the background is O(2, 2).
However, for a specific class of spacetimes that approach the one of AdS at infinity, it
was found by J.D. Brown and M. Henneaux in [35] that the asymptotic symmetry group
can be extended to the full conformal group. This asymptotic symmetry group can not be
generated by the isometries of any given background metric. Note that this study also led to
the discovery of a central extension of the algebra of asymptotic symmetries. The presence
of a central charge has been an important clue of the celebrated AdS/CFT correspondence.
We hope we have convinced the reader that the study of the asymptotic symmetries is of
physical relevance and not just a technicality.

1.4 A path to the infinity of Minkowski spacetime

In the rest of this thesis, we will be concerned with asymptotically flat spacetimes that are
spacetimes approaching, at large distances, the boundary metric of Minkowski. We know
from special relativity that the exact Killing vectors of Minkowski generate the Poincaré
group. So, if the asymptotic symmetry group is just the Poincaré group, then one can say
that the class of asymptotically flat spacetimes are characterized by the charges associated to
the exact Killing vectors of the Minkowski background. If one moreover assumes asymptotic
linearity, these charges should be equivalent to the AD expressions.

We will see in the following that the determination of the asymptotic symmetry group is
a rather complicated problem as it strongly depends on the determination of the asymptotic
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Killing vectors of the background metric and the choice of a good set of so-called boundary
conditions. Note that these specifications precisely correspond to the first two steps of the
program depicted in the previous section.

To obtain the asymptotic Killing vectors of the background, one first needs to know how
to reach infinity. This will be the subject of this section. It will allow us to answer the step
(1) of our program for the particular case of Minkowski spacetime.

To know what are the allowed asymptotic symmetries and the asymptotic symmetry
generators which form part of the asymptotic symmetry group (assuming that such charges
can be constructed), one needs to specify a set of boundary conditions that defines our class
of asymptotically flat spacetimes. The boundary conditions thus refer to the set of con-
ditions that defines “spacetimes that approach asymptotically the asymptotic form of the
background metric”, in our case the boundary of Minkowski. Boundary conditions usually
amount to the specification of the asymptotic form of a class of metrics. In some cases, ad-
ditional restrictions may also be imposed on the boundary fields. The allowed asymptotic
symmetries are the transformations that map an allowed state to another allowed state,
i.e. a state that satisfies the boundary conditions. A specific construction of an asymp-
totic symmetry group, given a set of asymptotically Killing vectors and specific boundary
conditions, will be reviewed in the next section.

For the moment, let us focus on the description of the asymptotic region of the Minkowski
spacetime, i.e. flat spacetime.

The boundary of Minkowski spacetime

The structure of Minkowski spacetime at infinity is best understood through its so-called
Carter-Penrose diagram. To characterize infinity in a more mathematical framework, one
would like to possess concepts such as “the neighborhood at infinity”. As pointed out by
R. Penrose in [36]: ”from the point of view of the metric structure of space-time, there is
no such thing as a point at infinity, since such a point would be an infinite distance from its
neighbors”. In [36], Penrose evades these issues by proposing to work with the conformal
structure of space-time, which implies that only ratios of neighboring infinitesimal distances
are to have significance. The idea can be summed up as follows. We bring what we have
called “infinity” to a finite distance by considering a new “unphysical” metric gµν which is
related to the physical metric ĝµν by

gµν = Ω2ĝµν , (1.4.1)

where Ω is the conformal factor. One says that both metrics are conformally related to
each other. The “infinity part”, or boundary J of our spacetime M, has been brought to
a finite distance. It lies at Ω = 0. Note that Ω;µ 6= 0.

For Minkowski spacetime, one can check that on J we have

Ω;ρΩ
;ρ = 0, (1.4.2)

telling us that the boundary is a null hypersurface. As illustrated on Fig.1.1., one distin-
guishes five disjoint parts on this null hypersurface : the three points I−, I+, I0 which
represent past, spatial and future infinity and the two null hypersurfaces J − and J + which
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represent the past and future null infinities. The conformal structure of a space-time is
often represented by a small diagram called the Carter-Penrose diagram (see Fig.1.1.).

i+

-

0

J

Figure 1.1: Carter-Penrose diagram of Minkowski spacetime.

In this approach, a spacetime is thus specified by the bulk metric, the metric describing
the geometry of the inside, and the boundary, an hypersurface attached to the manifold.
The method just described is known as the conformal (or Penrose) completion of spacetime.

From this analysis, we thus see that Minkowski is a quite non-trivial case as there exists
two different ways one can reach infinity. Indeed, to characterize a given solution, that we
may understand as a source, we make the distinction between

• Null infinity J ±: region situated at very large null separations from the source.

• Spatial infinity: region situated at very large spacelike distances from the source.

Null infinity was first considered for the study of gravitational waves. Indeed, as com-
pared to spatial infinity, gravitational radiation can escape through this boundary. The
study of asymptotic symmetries revealed a much richer structure than expected as first dis-
covered by Bondi, Metzner and Sachs (BMS). The group of asymptotic symmetries at null
infinity is known as the BMS group (see [37] and [38]). It is the semi-direct product of the
group of globally defined conformal transformations of the unit 2-sphere, which is isomor-
phic to the orthochronous homogeneous Lorentz group, times the abelian normal subgroup
of so-called supertranslations. This result was revisited in [39] (see also [40, 41, 42]) where
it was shown that local conformal transformations can actually be considered.

In this thesis we will restrict ourselves to considerations about spatial infinity. Let
us just mention that for null infinity, one reaches it by considering null three-dimensional
hypersurfaces. However, on the Carter-Penrose diagram, we just saw that spatial infinity
is a point. If we want to approach spatial infinity as a limiting procedure of data given
on 3-surfaces, we are faced with the dilemma of choosing whether the 3-surface used to
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describe spatial infinity should be spacelike or timelike. Let us now comment on these two
approaches.

Hamiltonian description of spatial infinity: Cylindrical (ADM) slicing

The first description of spatial infinity was established by Arnowitt, Deser and Misner [4].
As we have discussed previously, they considered a splitting of space and time so that one
can formulate Einstein’s theory in terms of a well-posed initial formulation. In their work,
spatial infinity is described by taking r →∞ on a specific Cauchy slice of spacetime.

Going through the Hamiltonian formalism, after fixation of the first class constraints,
they obtained expressions for the charges associated to energy and momentum. We do not
want to enter into details of their procedure as we will review the Regge-Teitelboim con-
struction which recover the ADM expressions, and agree with the Abbott-Deser expressions,
in the next section.

Criticisms (see for example [8]) towards this approach to spatial infinity rely on the
fact that the formalism is not covariant and does not permit comparison with conserved
quantities defined at null infinity, such as the Bondi energy [37].

Covariant description of spatial infinity: Hyperbolic slicing

A way to deal with these drawbacks was first formulated by Ashtekar and Hansen [8] who
developed a formalism, known as the i0 formalism. This formalism deals with spatial infinity
as the vertex of the light cone representing future and past null infinities J ±. As such, they
were able to compare quantities defined at null and spatial infinity. The comparison with
the 3+1 description was described by Ashtekar and Magnon in [43]. However, the Ashtekar-
Hansen formalism considers spatial infinity as a point and as such awkward differentiability
conditions have to be imposed at i0.

A way to overcome these awkward differentiability conditions, in a coordinate-dependent
way, was provided by the formalism11 of Beig and Schmidt [44]. This led Ashtekar and
Romano [12] to formulate spatial infinity, in a coordinate-indepedent way, as a limit of
timelike 3-surfaces. Their formalism is a reformulation of Penrose’s conformal approach
(of null infinity) to deal with spatial infinity. In this sense, they gave a more geometrical
formulation of spatial infinity.

In [12], the way spatial infinity is described is through a specific compactification that
permits to deal with spatial infinity in terms of a limiting procedure of timelike hypersur-
faces. The first thing to notice is that if one starts with Minkowski spacetime in cartesian
coordinates

dŝ2 = −dt2 + dx2 + dy2 + dz2, (1.4.3)

one can introduce, in the region of Minkowski spacetime exterior to the light cone at the
origin, the standard hyperbolic coordinates

t = ρ sinh τ, x = ρ cosh τ sin θ cosφ,

y = ρ cosh τ sin θ sinφ, z = ρ cosh τ cos θ. (1.4.4)

11We refer the reader to the next chapter for a description of this formalism.
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In this chart, the metric takes the form

dŝ2 = η̂µνdx
µdxν = dρ2 + ρ2h

(0)
ab dφ

adφb, (1.4.5)

where h
(0)
ab is the unit time like hyperboloid metric

h
(0)
ab dφ

adφb = −dτ2 + cosh2 τ(dθ2 + sin2 θdφ2). (1.4.6)

Following Penrose’s approach described above, since spatial infinity is at ρ→∞, one defines
Ω = 1/ρ. Doing this, spatial infinity is at Ω = 0. In these new coordinates, the physical
metric is such that

dŝ2 = η̂µνdx
µdxν = Ω−4∇µΩ∇νΩ dxµdxν + Ω−2h

(0)
ab dφ

adφb, (1.4.7)

and it is singular at Ω = 0.

It is obvious from (1.4.7) that the usual conformal completion we described above will
not work. Indeed, it would tell us to introduce an unphysical metric as a conformal rescaling
of the physical one such as η̂µν = Ω4ηµν . As such, the surface Ω = 0 will have zero volume
with respect to the unphysical metric. Spatial infinity would then be described by a single
point, which is not what we were aiming at.

Looking again at (1.4.7), and because we want something like gµν = nµnν + hµν , the
solution to this problem is to rescale the 3-metric and the normals to the Ω =cst 3-surfaces
by different powers of Ω. Indeed, the induced metric on this timelike hypersurface is

ĥab = Ω−2qab = η̂ab − l−1∇aΩ∇bΩ , (1.4.8)

where l ≡ η̂ab∇aΩ∇bΩ and qab is a general 3-metric which reduces to h
(0)
ab for Minkowski.

As we just said, this scaling can not be applied to the full metric as Ω2η̂ab does not admit
a smooth extension to the 3-surface Ω = 0. However, the rescaled 3-metric

hab ≡ Ω2ĥab , (1.4.9)

is well defined on the boundary. Now, the contravariant normal to these 3-surfaces

η̂ab∇bΩ = Ω4
( ∂

∂Ω

)a
, (1.4.10)

needed to extract information off the Ω =cst surfaces can be rescaled such that

na ≡ Ω−4η̂ab∇bΩ , (1.4.11)

because (∂/∂Ω)a is well defined on the boundary. By rescaling the 3-metrics and the normals
to Ω =cst surfaces by different powers of Ω, we have achieved a description of spatial infinity
in terms of timelike 3-surfaces.

Asymptotically flat spacetimes at spatial infinity are understood as spacetime that re-
semble Minkowski spacetime sufficiently so as to admit a completion in which the fields hab
and na have smooth limits to the boundary.

We will not discuss how asymptotic symmetries and charges can be constructed in this
geometrical way and refer the reader to the original paper. However, we will study in
the next two chapters the Beig-Schmidt formalism which is understood as a coordinate-
dependent formulation of the Ashtekar-Romano formalism. This will be motivated by the
fact that this formalism is easier to deal with when concerned with solutions of equation of
motions.
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1.5 The Regge-Teitelboim approach

For general relativity, we have reviewed the construction of the Abbott-Deser conserved
charges associated to exact Killing vectors of a background metric. However, to describe the
charges of a specific class of spacetimes, one needs to consider the charges associated to their
asymptotic symmetries. In this section, we review the work of Regge and Teitelboim who
recovered the Poincaré group as the asymptotic symmetry group of a class of asymptotically
flat spacetimes at spatial infinity.

To find the set of asymptotic symmetries, we said that one needs to: (1) describe
how one reaches infinity and (2) give a set of boundary conditions. In [6], T. Regge and
C. Teitelboim considered asymptotically flat spacetimes at spatial infinity, using an ADM
slicing of spacetime. The class of spacetimes they considered are asymptotically of the form

3gij →
r→∞

δij +
h

(1)
ij (n)

r
+
h

(2)
ij (n)

r2
+O(r−(2+ε)) ,

πij →
r→∞

π(2) ij(n)

r2
+
π(3) ij(n)

r3
+O(r−(3+ε)) , (1.5.1)

where 3gij is the three-dimensional metric on the Cauchy surface and πij is the conjugate
momenta to the three-metric 3gij . Note that πij is a tensorial density of weight +1. They
also restricted their study to spacetimes which also obey the following parity conditions

h
(1)
ij (−n) = h

(1)
ij (n) , π(2) ij(−n) = −π(2) ij(n) , n = r−1(x, y, z) , (1.5.2)

i.e. h
(1)
ij must be of even parity and π(2) ij of odd parity. The specifications (1.5.1) and

(1.5.2) are referred as the boundary conditions.

One can now derive the group of asymptotic symmetries or allowed diffeomorphisms
at infinity, i.e. diffeomorphisms that map an allowed configuration at infinity to another
allowed one. It was shown in [6] that the most general deformations of the hypersurface, on
which the state is defined (see also section 1.2), that leave the form of (1.5.1) and (1.5.2)
invariant are

Nµ ∼
r→∞

αµ + βµix
i + ξµ(n) +O(1/r), βµi = −βiµ , ξµ(−n) = −ξµ(n) . (1.5.3)

The parameters αµ are the four translations, the βµi are six parameters associated to boosts
and rotations, while the ξµ are (parity odd) supertranslations. As we have explained in the
previous section, this is again a manifestation that asymptotic symmetries are not always
equivalent to background Killing vectors. Indeed, the background Minkowski metric only
has ten Killing vectors associated to translations, rotations and boosts, i.e. the ten Poincaré
transformations, while our class of asymptotically flat spacetimes at spatial infinity admits
a richer set of transformations as an infinite class of (parity-odd) supertranslations are also
allowed transformations.

In section 1.1, we have seen that Noether associates a conserved charge to a symmetry of
the action. If the Abbott-Deser charges associated to asymptotic symmetries are really the
generators of these asymptotic symmetries, one should be able to associate them to symme-
tries of an action. Actually, even before the Abbott-Deser construction, this is precisely how
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Poincaré charges for asymptotically flat spacetimes at spatial infinity were constructed by
Regge and Teitelboim. Starting from the Hamiltonian action, they studied the definition of
a good variational principle for asymptotically flat spacetimes and obtained the conserved
charges as generators of the asymptotic symmetries of the Hamiltonian action. Doing so,
they recovered the previous expressions given by ADM.

Regge and Teitelboim showed in [6] that starting from the Hamiltonian (1.2.5), and al-
lowing asymptotic transformations of the form (1.5.3) for the class of spacetimes described
by (1.5.1), Hamilton’s principle is not a good variational principle as it is not station-
ary under variations including all these allowed trajectories. Actually, a good variational
principle can be achieved if and only if specific surface integrals are supplemented to the
original Einstein-Hilbert action. These surface integrals are understood as the generators
of the asymptotic symmetries, i.e. the Noether charges, when evaluated on solutions of the
constraint equations.

To have a well-defined variational principle, it is necessary that the variation of the
Hamiltonian, under any variation allowed in our phase space, takes the form

δH0 =

∫
d3x Aijδ 3gij +Bijδπ

ij , (1.5.4)

where Aij and Bij were defined in (1.2.8). However, one can compute this variation from
(1.2.5) and realize that this is true up to surface integral terms. By using

δ
√

3g =
1

2

√
3g 3gijδ 3gij , δ 3g−1/2 = −1

2
3g−1/2 3gijδ 3gij , (1.5.5)

and the following quantities∫
d3x δ(N iHi) = −

∮
d2sl

(
2Niδπ

il + (2Nkπjl −N lπjk)δ 3gjk

)
+

∫
d3x (Ni|j +Nj|i)δπ

ij + (N i
|mπ

mj +N j
|mπ

mi)δ 3gij ,∫
d3x δ(N H) =

∫
d3x δ(NGijklπ

ijπkl) +N
√

3g 3gij
(

(Rij − 1

2
R)δ 3gij − δRij) ,

(1.5.6)

we find∫
d3x δ(NGijklπ

ijπkl) =

∫
d3x

(
2N 3g−1/2(πij −

1

2
π 3gij)

)
δπij

+
(
− N

2
3g−1/2 3gij(πmnπmn −

1

2
π2) + 2N 3g−1/2(πimπjm −

1

2
ππij)

)
δ 3gij ,∫

d3x N
√

3g 3gijδ(Rij) =

∮
d2sl G

ijkl(N δ 3gij|k −N|kδ 3gij)

+

∫
d3x

√
3g(N ij − 3gijN

|m
|m)δ 3gij . (1.5.7)
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In the end, one rapidly obtains

δH0 =

∫
d3x Aijδ 3gij +Bijδπ

ij

−
∮
d2sl G

ijkl(N δ 3gij|k −N|kδ 3gij)

−
∮
d2sl

(
2Nkδπ

kl + (2Nkπjl −N lπjk)δ 3gjk

)
. (1.5.8)

From this, we see that Hamilton’s equations can not be obtained from asking stationarity
of the Hamiltonian action

S0 =

∫
d3x 3gij π̇

ij −H0 , (1.5.9)

and reproduce Einstein’s equations, unless the surface integrals are vanishing. This is
obviously true for closed space-times and in this case Hamilton’s principle is well-defined
when one starts from the Hamiltonian (1.2.5). However, it is not the case for the class
of asymptotically flat spacetimes under consideration and the Hamiltonian has thus to
be supplemented with the non-vanishing parts of these surface integrals to give a good
variational principle and reproduce Hamilton’s equations.

One can now evaluate those surface integrals for each particular asymptotic transforma-
tion given in (1.5.3). Plugging (1.5.1) and (1.5.3) into those integrals, it was realized that
some surface integrals might potentially linearly diverge. This is why Regge and Teitelboim
imposed the additional parity conditions (1.5.2). For the divergences to cancel, one should

have h
(1)
ij and π(2) ij of opposite parities. The fact that h

(1)
ij is chosen to be parity even is

only motivated by the fact that the Schwarzschild solution lies in the phase space of allowed
metrics. Imposing these additional parity conditions, the linearly divergent parts of the
surface integrals identically vanish as the integrands are of odd parity. Non-linear terms
that would have appeared otherwise in the expressions for the Lorentz charges vanish for
the same reasons. In the end, they find that the correct extended Hamiltonian should be

H = H0 − αµPµ +
1

2
βµνMµν , (1.5.10)

where Pµ are the four momenta, generators of translations, and Mµν are the six Lorentz
charges associated to boosts and rotations. Note that charges associated to parity-odd
supertranslations are always zero because of the parity conditions they imposed on the first
order fields in the asymptotic expansion. Here, parity-odd supertranslations, associated to
trivial charges, are true gauge transformations.

For the energy, associated with the invariance of the action under a time translation,
we have N⊥ = α⊥, Ni = 0, and only the first integral in (1.5.8) contributes. The associated
conserved charge is

P⊥ ≡ E =

∮
d2Sj

(
h

(1)
ij,i − h

(1)
ii,j

)
. (1.5.11)

For spatial translations, we have Ni ∼ αi and we find

P i ≡ −2

∮
d2Sj π

(2) ij . (1.5.12)
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These expressions are the same as the expressions obtained by ADM. For rotations and
boosts, we respectively find

M ij ≡ −2

∮
d2Sj π

(3) ij , (1.5.13)

M⊥r ≡
∮
d2sl G

(0)ijkl(xr
3g

(2)
ij|k − δrk

3g
(2)
ij )

=

∮
d2Sl[xr(

3g
(2)
sl,s −

3g
(2)
ss,l)−

3g
(2)
rl + 3g(2)

ss δrl] . (1.5.14)

The algebra of the above ten charges was shown to reproduce the Poincaré algebra.

On can rapidly convince himself that the expressions of Abbott and Deser, when evalu-
ated on each of the Killing vectors of Minkowski, agree with the above (Regge-Teitelboim)
Poincaré charges.

Regge and Teitelboim realized that, following Dirac’s idea, the canonical phase space
should be described by (3gij , π

ij) supplemented with 10 additional independent canonical
pairs, the allowed asymptotic lapse and shift and their canonical conjugates, which describe
the Poincaré transformations of the spacelike surface at infinity. The supertranslations ξµ

should not be considered as extra variables as they are pure gauge transformations, i.e.
their associated charges are trivial, and can thus be gauge-fixed.

1.6 Summary: Asymptotic linearity, parity conditions and equa-

tions of motion.

In this chapter, we applied Noether’s theorem for global and local symmetries of the ex-
tended action of a constrained Hamiltonian system. We have seen that, for classical me-
chanics, gauge symmetries are associated to trivial charges. For gauge field theories, such
as general relativity, Noether’s theorem associates a current which is vanishing on-shell up
to the divergence of a superpotential.

These results have motivated the construction of “global” conserved charges for gauge
field theories in terms of surface integrals. For general relativity, we have reviewed the work
of Abbott and Deser who have given a generic definition of charges that describe metrics
which can be expressed as fluctuations around a given background metric ḡµν . From the
linearized equations of motion, these charges are written as surface integrals.

Although the Abbott-Deser construction seems to answer the problem of defining con-
served charges for general relativity, we have pointed out that charges should actually be
associated to asymptotic symmetries and that this often differs from the consideration
of charges associated to exact background Killing vectors. To find what are the allowed
asymptotic symmetries, one needs a specification of the asymptotic sector to be considered.

For asymptotically flat spacetimes, spacetimes that approach Minkowski spacetime at
infinity, we have seen that two different regimes may exist at infinity, i.e. null infinity and
spatial infinity. Focusing on spatial infinity, we have then provided two different ways one
approaches it using either a family of Cauchy surfaces, a cylindrical slicing of spacetime,
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or a specific conformal completion of spacetime that introduces an hyperbolic slicing of
spacetime. In the first of these frameworks, we have reviewed the work of Regge and
Teitelboim who constructed, for a class of metrics specified by a given set of boundary
conditions, the ten Poincaré surface charges as generators of asymptotic symmetries of the
Hamiltonian action. For this splitting of spacetime and these boundary conditions, the
construction of charges is equivalent to a construction that would use the Abbott-Deser
charges associated to the ten Poincaré Killing vectors.

As a way to motivate the considerations presented in the next two chapters, let us finish
here with some comments on the asymptotic linearity assumption of Abbott and Deser, the
parity boundary conditions used by Regge and Teitelboim, and the relevance of a study of
Einstein’s equations in the process of determining a physically interesting set of boundary
conditions.

In the work of Abbott and Deser, conserved charges were constructed from the lineariza-
tion of a metric around a given background and the subsequent linearization of Einstein’s
equations. The charges one obtains are thus linear in the fluctuations hµν . This is referred
as asymptotic linearity. However, as we have already pointed out, general relativity is a
non-linear theory, charges may thus contain non-linearities. It can thus not be the end of
the story, unless general relativity is proved to be asymptotically linear.

The construction of Regge and Teitelboim does not refer at all to asymptotic linearity.
Their construction of charges relies on Noether’s theorem applied to asymptotic symmetries
of an action and, as such, they may well turn out to be non-linear. However, they do find
charges which are linear in the fluctuations and which are equivalent to the Abbott-Deser
charges. The fact that the charges are linear is achieved thanks to the parity conditions
imposed on the first order fields. As we have quickly explained, this was implemented to
cancel divergences present in the Lorentz charges. The presence of such parity conditions
remains however quite obscure and, maybe for this reason, their discussion was relegated
to the appendices of their paper.

As we will show in the next chapter, these parity conditions are sufficient to ensure
that the spacetimes allowed by the boundary conditions are solutions of the Einstein’s
equations. They may however not be necessary conditions. One way to state about the
necessity of these conditions would be to show that only such asymptotically flat spacetimes
are solutions of Einstein’s equations. The analysis of the next chapter will show that the
Regge-Teitelboim class of spacetimes, where parity conditions would not have been imposed,
are solutions of Einstein’s equations only if a specific subset of conditions on the fields are
imposed. From this perspective, the requirement of parity conditions is seen as a very
stringent condition.

The justification of Regge and Teitelboim for introducing parity conditions was that
these conditions are sufficient to cancel the linear divergences present in the expressions of
the charges. However, we will also see that these contributions vanish under the conditions
imposed by Einstein’s equations in the absence of parity conditions. However, parity condi-
tions do have their importance as logarithmic divergences are still present as firstly noticed
by Beig and o’Murchadha in [11]. Although these divergences have not been discussed by
Regge and Teitelboim, we will see that it is connected to the status of logarithmic trans-
lations which can be, for a specific set of boundary conditions, considered as asymptotic
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symmetries in the absence of parity conditions.

From the existing litterature, the fact that the asymptotic symmetry group at spatial
infinity is always found to be the Poincaré group and that the theory should be seen as
asymptotically linear is thus intimately connected with the choice of boundary conditions.
To state about asymptotic linearity, we believe that one should impose the less possible
stringent boundary conditions, but still enough stringent so that they describe solutions of
Einstein’s equations. In the last chapter of Part I, we propose a way to relax parity con-
ditions. As such, we find that the asymptotic symmetry group is larger than the Poincaré
group and contain charges that can not be obtained from the linearized theory. This con-
struction differs thus radically from the results presented in the litterature. Our analysis
relies on the Beig-Schmidt formalism we describe in the next chapter.
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Chapter 2

Generalized Beig-Schmidt formalism

The Beig-Schmidt formalism is a coordinate dependent description of the covariant Ashtekar-
Hansen formalism, which was presented in chapter 1, to describe asymptotically flat space-
times at spatial infinity. Our first aim in this chapter will consist in reviewing their formal-
ism. This will enable us to discuss the unicity of conserved charges that one can construct
when taking into account the equations of motion. The other aim is to extend this formalism
such as to pave the road for the discussions in the following chapter.

We start in section 2.1 by reviewing the definition of asymptotically flat spacetimes given
by R. Beig and B. Schmidt in [44], discuss the asymptotic symmetries of their ansatz and
motivate the consideration of a generalized ansatz that includes a logarithmic contribution
at second order in a radial expansion. We continue, in section 2.2, by plugging our gener-
alized ansatz in Einstein’s equations to obtain the zeroth, first and second order equations
in the radial expansion. In section 2.3, we rewrite the first and second order equations in
terms of symmetric and divergenceless tensors that we have previously classified. In the
meantime, we also discuss the solutions to these equations. After reviewing the conditions
imposed by Einstein’s equations at second order in section 2.4, which we recognize as lin-
earization stability constraints, and describing the properties of tensors and Killing vectors
on de Sitter space, in section 2.5 we construct charges associated to translations, rotations
and boosts and show that they are unique within the Beig-Schmidt formalism. We also
comment about these constructions in our general set up.

Our main result in this chapter resides in the fact that, within the Beig-Schmidt for-
malism, only ten independent non-trivial Poincaré charges can be defined from the analysis
of the equations of motion. Also, we see that six of them, the Lorentz charges, can be
written in two equivalent ways using either the electric or the magnetic part of the Weyl
tensor. As we will see in the next chapter, this gives a generic proof of the equivalence, as
shown in [45], between the counterterm Lorentz charges of Mann and Marolf [17], who use
the electric part of the Weyl tensor, and the Ashtekar-Hansen Lorentz charges [8] described
with the magnetic part of the Weyl tensor.

As this chapter is rather technical, we end up in section 2.6 with an extended summary
of the results contained in this chapter. The reader familiar with this formalism, not
interested with the details, or lost in the middle of technical details, may directly proceed
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to this summary section.

In Appendix I.A, we describe how the Schwarzschild solution can be brought to the
Beig-Schmidt form. Appendix I.B sums up a number of useful properties of tensors on the
unit hyperboloid that are used throughout this chapter and the following one. Eventually,
Appendix I.C provides the proofs of the five Lemmae stated in the main text.

2.1 The Beig-Schmidt ansatz

R. Beig and B. Schmidt considered, in [44], a class of spacetimes which are asymptotically
flat at spatial infinity. Their considerations were motivated by previous results obtained at
null infinity and their will to learn more about the structure at infinity, and in particular
about solutions, satisfying specific boundary conditions, of the equations of motion. Their
definition provides a framework where, in a neighborhood of spatial infinity, the new class
of spacetimes admits an expansion in negative powers of a radial coordinate. Einstein’s
equations can be expressed as a hierarchy of equations for the coefficients in this expansion
sourced by nonlinear terms of subleading orders. The first work of R. Beig and B. Schmidt
in [44] proves that this hierarchy can be completely solved provided the initial data satisfies
certain constraints. The follow-up work of R. Beig [46] proves that the system can actually
be solved under the milder assumption that the first order field in the expansion satisfies
six conditions, that he refers to as integrability conditions.

Before discussing Einstein’s equations, let us discuss the form of the ansatz for the
metric. The ansatz for the metric will be part of the definition of our boundary conditions.

2.1.1 Asymptotically flat spacetimes at spatial infinity

In [44], asymptotically flat spacetimes at spatial infinity are defined as space-times admitting
a radially smooth Minkowskian spacelike infinity. The coordinate ρ defined in the following
is the same as the one previously defined in (1.4.4).

Definition : (M, g) is radially smooth of order m at spatial infinity, if the following holds:

(1) For a part of M, a chart (xµ) exists which is defined for

ρ0 < ρ <∞, ρ2 = ηµνx
µxν . (2.1.1)

(2) The components of the metric in this chart satisfy

gµν = ηµν +
m∑
n=1

1

ρn
lnµν

(xσ
ρ

)
+ fm+1

µν , (2.1.2)

where

(3) lnµν is C∞ in xσ/ρ and |fmµν | ≤ const
ρm , |fm+1

µν | ≤ const
ρm+1 ,...
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Apart from technicalities, this definition is readily the same as was previously presented by
Ashtekar in [47].

The first important thing to remark is that there exists a large freedom of performing
changes of coordinates such that (2.1.2) holds. Indeed, this is true for example for s ≥ m−1
with

xµ = x̄µ +

s∑
n=1

aµ(x̄ν/ρ)

ρ̄n
, ρ̄2 = ηµν x̄

µx̄ν . (2.1.3)

There are also other transformations known as supertranslations or logarithmic translations
which preserve the form of the metric (2.1.2). They read respectively

xµ = x̄µ + Sµ(x̄ν) , (2.1.4)

xµ = x̄µ + Cµ ln ρ̄ , Cµ = const, (2.1.5)

where supertranslations are direction dependent shifts of the origin.

In summary, we see that the set of diffeomorphisms preserving the form of the metric
(2.1.2), i.e. the asymptotic symmetries, can be written as

x̄µ = Lµνx
ν + Tµ + Sµ(xν) + Cµ ln ρ+ o(ρ0) , (2.1.6)

where Lµν are the Lorentz transformations, Tµ are the translations, Sµ are the supertrans-
lations , and Cµ are the four logarithmic translations.

If one consider that (φa) is a local chart on the manifold of directions xµ/ρ, it implies
that there exists functions wµ(φa) such that

xµ

ρ
= wµ(φa), dxµ = wµdρ+ ρ wµ,a dφ

a. (2.1.7)

Given this and also

ηµνdx
µdxν = dρ2 + ρ2h

(0)
ab dφ

adφb, (2.1.8)

σ̃n ≡ lnµνwµwν , hnab ≡ lnµνwµ,awν,b, Ana ≡ lnµνwµwν,a, (2.1.9)

we see that the metric (2.1.2) can be written as

ds2 = dρ2

[
(1 +

m∑
n=1

σ(n)

ρn
)2 +O(1/ρm+1)

]
+ 2ρdρdφa

[ m∑
n=1

A(n)

ρn
+O(ρm+1)

]

+ρ2dφadφb
[
h

(0)
ab +

m∑
n=1

h
(n)
ab

ρn
+O(1/ρm+1)

]
, (2.1.10)

where we have set (
1 +

m∑
n=1

σ̃n

ρn

)
=
(

1 +

m∑
n=1

σn

ρn

)2
+O(1/ρm+1). (2.1.11)
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2.1.2 The Beig-Schmidt ansatz

As we already said, Beig and Schmidt were motivated by the study of Einstein’s equations
in a radial expansion. In [44], they pointed out that solutions of �Φ = 0, for a certain field
Φ admitting a radial expansion of the form

Φ =
Φ1(τ, θ, φ)

ρ
+

Φ2(τ, θ, φ)

ρ2
+ ... , (2.1.12)

can be obtained, due to the choice of coordinates, from solving a decoupled system of
equations for various terms in the expansion

h(0) abDaDbΦn + n(n− 2)Φn = 0 . (2.1.13)

This is what motivated their will to write a generic ansatz for the metric as

ds2 = (1 +
σ̃1

ρ
+
σ̃2

ρ2
+ ...)dρ2 + ρ2

(
h

(0)
ab +

h
(1)
ab

ρ
+ ...

)
dφadφb, (2.1.14)

where h
(0)
ab is the metric on the unit hyperboloid H. Let us now see how they obtained

such an ansatz for the metric starting from (2.1.10) and fixing specific supertranslations
and higher order transformations.

Beig-Schmidt algorithm

Starting from (2.1.10), there is always a change of coordinates such that

σ(2) = σ(3) = σ(4) = ... = σ(m) = 0,

A(1)
a = A(2)

a = A(3)
a = ... = A(m)

a = 0, (2.1.15)

which allows to bring the metric into the desired form

ds2 = (1 +
σ

ρ
)2dρ2 + habdφ

adφb, (2.1.16)

where we have set σ(1) = σ and

hab = ρ2h
(0)
ab + ρh

(1)
ab + h

(2)
ab + ...+ +

1

ρn
h

(n)
ab +O(1/ρn+1). (2.1.17)

This was proven by the following iterative procedure. The terms A
(1)
a and σ(2) can be

cancelled by making the following transformations: first act with a supertranslation of the
form

φa = φ̄a +
1

ρ
G(1) a(φ̄b), G(1) b = h(0) abA(1)

a , (2.1.18)

such that the mixed term dφ̄adρ(A1
a − G(1) bh

(0)
ab ) cancels, and then with the higher order

transformation

ρ = ρ̄+
F (2)

ρ̄
, F (2) = σ2 , (2.1.19)
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such that the 1/ρ̄2 in dρ̄2 also cancels. By iteration, a transformation of the form

φa = φ̄a +
1

ρ̄n−1
G(n−1) a, ρ = ρ̄+

F (n)

ρ̄n−1
, (2.1.20)

removes the terms σ(n) and A
(n−1)
a . In a similar manner, one removes A

(n)
a . Following this

procedure, one arrives at the requested form (2.1.14) that we write as

ds2 =
(

1 +
σ

ρ

)2
dρ2 + habdφ

adφb, hab = ρ2h
(0)
ab + ρh

(1)
ab + ... , (2.1.21)

where we have used (2.1.11) and then set σ = σ1. This ansatz for the metric is known as
the Beig-Schmidt ansatz.

In this Part I, we will mainly be concerned with metrics up to second order in hab.
To cast a metric into Beig-Schmidt coordinates, we only need to perform the change of
coordinates that brings Minkowski metric into the unit hyperboloid and then follow the
previous detailed algorithm such that

A(1)
a = A(2)

a = 0, σ(2) = 0. (2.1.22)

Starting from the general metric up to second order

ds2 = dρ2

[
1 +

2σ(1)

ρ
+

(σ(1))2 + 2σ(2)

ρ2
+O(1/ρ3)

]
+2ρdρdφa

[
A

(1)
a

ρ
+
A

(2)
a

ρ2
+O(1/ρ3)

]
+ρ2dφadφb

[
h

(0)
ab +

1

ρ
h

(1)
ab +

1

ρ2
h

(2)
ab +O(1/ρ3)

]
, (2.1.23)

the Beig-Schmidt algorithm brings the metric into the form

ds2 =

[
(1 + σ)2 +O(1/ρ3)

]
dρ2 + 2ρdρdφa

[
O(1/ρ3)

]
+ρ2

[
h

(0)
ab +

1

ρ
h

(1)
ab +

1

ρ2
h

(2)
ab +O(1/ρ3)

]
.

(2.1.24)

In Appendix I.A, we show how this procedure is implemented for the Schwarzschild
black hole. It has been recently described in [48] how to cast the Kerr-NUT black hole into
Beig-Schmidt coordinates (see also [45] for results for the Kerr or the boosted Schwarzschild
black holes).

Gauge freedom and gauge fixing of the Beig-Schmidt ansatz

Up to second order, apart from Lorentz transformations, we first see that the metric is now
invariant under a subgroup of the supertranslations (2.1.4) that we write as

ρ = ρ̄+ ω(φ̄a) +
F (2)(φ̄a)

ρ̄
+ ... , (2.1.25)

φa = φ̄a +
1

ρ̄
h(0) abω,b +

G(2) a

ρ̄2
+ ... , (2.1.26)
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and where ω is a function that can be chosen arbitrarily. Let us insist on the fact that it is
a subgroup as we have partially fixed the gauge freedom when writing the metric into the
Beig-Schmidt form. For reasons that will become clear later, Beig and Schmidt [44] only
considered a restricted set of metrics where we can impose the additional condition

kab ≡ h
(1)
ab + 2σh

(0)
ab = 0. (2.1.27)

For this specific class of solutions, which we will specify later, this can always be reached by a
supertranslation of the form (2.1.25). Indeed, applying the transformation to (2.1.24), we see

that it generates no new A
(1)
a or σ term. Also, one can see that under these supertranslations,

we have

h
(1)
ab → h

(1)
ab + 2DaDbω + 2ωh

(0)
ab . (2.1.28)

In the end, we see that ω must be fixed by imposing that

h
(1)
ab + 2DaDbω + 2ωh

(0)
ab = −2σh

(0)
ab . (2.1.29)

When it is possible, we see that, under a specific supertranslation, h
(1)
ab is completely fixed by

σ and h
(0)
ab up to the ambiguity of performing a supertranslation of the form DaDbω+h

(0)
ab ω =

0. These last supertranslations can however be recognized as translations. We see that
imposing the additional condition (2.1.27) completely removes the freedom of performing
supertranslations, but not translations. Let us mention also that the first order terms in

(2.1.25) also bring in contributions to σ(2) and A
(2)
a and thus interfere with the second step

of the Beig-Schmidt algorithm. This is the reason we added the higher-order terms (F (2)

and G(2) a) in the supertranslation described here above. The functions F (2) and G
(2)
a are

precisely there to cancel the terms σ(2) and A(2) and are thus functions of ω, σ and their
derivatives. As we restrict ourselves to an expansion at second order, we do not need to
take care of higher order terms.

We said previously that there also exists logarithmic translations that leave the form
of the Beig-Schmidt metric invariant. This is actually not completely true. Indeed, the
logarithmic translation can be written in the form

ρ = ρ̄+H(φ̄)(ln ρ̄− 1) + o(ρ̄0), (2.1.30)

φa = φ̄a +Ha(φ̄)(ln ρ̄)/ρ̄+ o(ρ̄−1), (2.1.31)

where Ha ≡ DaH and H satisfies DaDbH+Hh
(0)
ab = 0 (which also implies (DcDc+3)H = 0).

We can check that it leaves the form of the metric invariant up to first order with

σ → σ +H, h
(1)
ab → h

(1)
ab − 2Hh

(0)
ab . (2.1.32)

However, at second order, it introduces a logarithmic term in the expansion. To leave the
form of the metric invariant, one sees after a quite lengthy computation that we also need
to require (see [46])

Dc(E(1)
ab H

c) = HcDcE(1)
ab − 3HE

(1)
ab = 0, (2.1.33)

where E
(1)
ab = −σab − σh

(0)
ab and σab ≡ DbDaσ. This condition was recognized in [46] as the

condition for the spacetime to admit an asymptotically translation Killing vector related to

H. Indeed, one can check that asymptotically LHgab = Dc(E(1)
ab H

c).
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Generalized Beig-Schmidt ansatz

Logarithmic translations are ambiguities in the choice of asymptotically cartesian coordi-
nates and were first discovered by P. Bergmann in [49]. Following the work of R. Beig and
B. Schmidt, Ashtekar studied more carefully those transformations in [50]. With Ashtekar’s
definition of asymptotically flat spacetimes in the above described coordinates, which only
differs from the Beig-Schmidt definition by the relaxed condition

lim ρf2
ab = 0 , (2.1.34)

instead of the condition |f2
µν | ≤ const

ρ2 , logarithmic translations are now completely allowed
transformations. Based on his results pointing out that logarithmic translations do not
affect the definition of momenta or Lorentz charges, and are thus pure gauge, he showed
that one can fix them appropriately by setting a parity condition on σ. Indeed, by imposing
the further strict condition

σ(τ, θ, φ) = σ(−τ, π − θ, φ+ π) , (2.1.35)

one removes the freedom of performing logarithmic translations. Indeed, as we will see later

in equation (2.3.75), the functions H which are solutions of DaDbH +Hh
(0)
ab = 0 are parity

odd functions on the hyperboloid. A logarithmic translation that sends σ → σ +H is thus
not allowed anymore.

Actually, as we will try to explain in detail in the following chapter, we have found it
interesting to consider a generalized form of the Beig-Schmidt ansatz that includes a loga-
rithmic term at second order such that logarithmic translations are allowed transformations.
This will be motivated by the construction of an enlarged phase space where logarithmic
and specific supertranslations are allowed and associated to non-trivial charges. Our gener-
alized class of asymptotically flat spacetimes are spacetimes whose metrics can be brought
into the form up to second order

ds2 =

(
1 +

2σ

ρ
+
σ2

ρ2
+ o(ρ−2)

)
dρ2 + o(ρ−1)dρdxa

+ρ2

(
h

(0)
ab +

h
(1)
ab

ρ
+ ln ρ

iab
ρ2

+
h

(2)
ab

ρ2
+ o(ρ−2)

)
dxadxb. (2.1.36)

Although we have not explicitly checked it, we believe that this metric can be readily
obtained from the definition of asymptotically flat spacetimes of Beig and Schmidt, where
we allow for the relaxed condition (2.1.34), and after proceeding through the Beig-Schmidt
algorithm as described above.

As we want to be as general as possible, we will also not consider that supertranslations
are fixed but rather allow for non-trivial values of kab. For reasons that will become clear in
the next chapter, we consider that kab is a symmetric, traceless and divergenceless (SDT)
tensor. It thus fulfills

k[ab] = 0 , h(0) abkab = 0 , Dbkab = 0 . (2.1.37)
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Because kab transforms under supertranslations as

kab → kab + 2(ωab + ωh
(0)
ab ), (2.1.38)

we see that only supertranslations that obey (DaDa + 3)ω = 0 are allowed. When referring
to our enlarged boundary conditions, we will always assume that the metric is written in the
form (2.1.36) where kab is an SDT tensor. The Beig-Schmidt boundary conditions assume
moreover that kab = iab = 0.

Let us now move to the study of the equations of motion and the conserved charges
that can be defined from symmetric and divergence-free (SD) tensors contracted with some
asymptotic symmetry. We will come back, in the next chapter, to the comparison between
these charges and the ones obtained from the variational principle.

2.2 The equations of motion

In this section we will see how Einstein’s equations can be expanded in powers of ρ for our
enlarged boundary conditions (2.1.36)-(2.1.37). We first start by splitting them into a set
of three equations using a 3+1 split.

2.2.1 The 3+1 split

The 3+1 split is achieved as soon as the relations between the three and four-dimensional
Riemann tensors are established. These relations are known as the Gauss-Codazzi equa-
tions. Here, our objective is to expand the Einstein-equations into the (generalized) Beig-
Schimdt form, so that the 3+1 split provides, contrarily to the usual ADM formulation,
a split between a spatial coordinate and the coordinates on the hyperboloid. Note that
this merely changes signs in the relations but not the overall form of the Gauss-Codazzi
equations.

Before reviewing these important relations, we need to establish a few definitions and
identities involving the extrinsic curvature.

The extrinsic curvature

The extrinsic curvature is defined as

Kab ≡ h µa h νb ∇µnν , (2.2.1)

where ∇µ is the covariant derivative associated to gµν and the metric h µa is understood here
as a projector that projects directions normal to the hypersurface.

To rewrite Kab differently, let us now define the quantity

Kµν ≡
1

2
(Lnh)µν =

1

2
(nµ;ν + nν;µ − nµaν − nνaµ), (2.2.2)
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and remind the reader that the Lie derivative of a general tensor T a1···ak
b1···bl with respect

to a vector field va in a given coordinate basis is defined as

(LvT )a1···ak
b1···bl ≡ vc∇cT a1···ak

b1···bl −
k∑
i=1

T a1···c···ak
b1···bl ∇cv

ai

+

l∑
j=1

T a1···ak
b1···c···bl ∇bjv

c. (2.2.3)

Given this, the Lie derivative of the three and four-dimensional metrics along the unit
normal nµ are

(Lng)µν = nσ∇σgµν + gσν∇µnσ + gµσ∇νnσ = ∇µnν +∇νnµ,
(Lnh)µν = (Lng)µν − nµ(Lnn)ν − nν(Lnn)µ

= ∇µnν +∇νnµ − nµaν − nνaµ, (2.2.4)

where in the last equation we used hµν = gµν − nµnν . We also introduced aµ which is the
curvature vector (4-acceleration) of the spacelike normal curves whose tangent field is nµ

aν ≡ (Lnn)ν = nλ∇λnν + nσ∇νnσ = nλ∇λnν , aµ = gµνaν , (2.2.5)

where it is understood that 0 = ∇ν(nσn
σ) = 2nσ∇νnσ. The definition (2.2.2) allows us to

re-express our extrinsic curvature Kab as

Kab = h µa h
ν
b Kµν =

1

2
h µa h

ν
b (Lnh)µν =

1

2
(Lnh)ab = h µa h

ν
b ∇µnν , (2.2.6)

where we used h µ
a nµ = 0. To summarize, we have

Kab = h µa h
ν
b ∇µnν =

1

2
(Lnh)ab. (2.2.7)

The trace of the extrinsic curvature is defined as

K = habKab. (2.2.8)

For the following, let us now derive some identities involving the extrinsic curvature.
By means of (2.2.7), one easily sees that

h µ
a h

σ
c ∇µh λ

σ = h µ
a h

σ
c ∇µ(g λ

σ − nσnλ) = −h µ
a h

σ
c (∇µnσ)nλ ≡ −Kacn

λ,

h κ
b n

λ∇κωλ = −h κ
b ωλ∇κnλ ≡ −K λ

b ωλ, (2.2.9)

where ωµ is a dual vector field on the timelike hypersurface, so that ωµn
µ = 0.

The Lie derivative of Kab can be obtained by considering the Lie derivative of Kµν .
Using (2.2.2), we find

LnKµν =
1

2

[
Lnnµ;ν + Lnnν;µ − 2aµaν − (Lna)µnν − (Lna)νnµ

]
. (2.2.10)
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However, we also have

Lnnµ;ν ≡ nσ∇σ∇νnµ +∇νnσ∇µnσ +∇σnµ∇νnσ

= nσ(∇σ∇ν −∇ν∇σ)nµ +∇νaµ +∇νnσ∇µnσ

= nσR λ
σνµ nλ +∇νaµ +∇νnσ∇µnσ,

so that

LnKµν = −Rµλνσnλnσ +∇(µaν) +∇µnσ∇νnσ − aµaν −
1

2
(Lna)µnν −

1

2
(Lna)νnµ.

(2.2.11)

By projecting with the three-dimensional metric, we obtain

LnKab = h µ
a h

ν
bLnKµν = −h µ

a h
ν
bRµλνσn

λnσ +D(aab) +KacK
c
b − aaab. (2.2.12)

Eventually, we also have

LnK ≡ Ln(habKab) = habLnKab +Kab(n
c∇chab − hac∇cnb − hcb∇cna)

= habLnKab − 2Kabh c
a h

d
b ∇cnd

= habLnKab − 2KabK
ab . (2.2.13)

The Gauss-Codazzi equations

One way to derive the Gauss-Codazzi equations is to re-express the four dimensional Rie-
mann tensor in terms of three dimensional quantities. In here, we will closely follow Wald’s
approach [34] who first defines three-dimensional objects and then connects them to their
four dimensional counterparts.

To start with, the three-dimensional Riemann tensor on the hypersuface is denoted by
R d
abc and is defined by

R d
abc ωd ≡ [Da, Db]ωc = (DaDb −DbDa)ωc, (2.2.14)

where ωσ is a dual vector field defined on the hypersurface. In the following, ∇µ and Dµ

are the covariant derivatives associated respectively with gµν and hµν .

To link R d
abc to the Riemann tensor R λ

µνσ in four dimensions, we first see that

DaDbωc = Da(h
κ
b h

λ
c ∇κωλ) = h µ

a h
ν
b h

σ
c ∇µ(h κ

ν h
λ
σ ∇κωλ)

=

[
h µ
a h

κ
b h

λ
c ∇µ∇κ +KacK

λ
b −Kabh

λ
c n

κ∇κ
]
ωλ, (2.2.15)

where in the last equality we made use of the identities (2.2.9). This means that

R d
abc ωd =

[
h µ
a h

κ
b h

λ
c (∇µ∇κ −∇κ∇µ) +KacK

λ
b −KbcK

λ
a

]
ωλ, (2.2.16)
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which immediately gives us the first Gauss-Codazzi equation

R d
abc = h µ

a h
ν
b h

σ
c h

d
λR

λ
µνσ +KacK

d
b −KbcK

d
a . (2.2.17)

With this result in hand, it is interesting to look at the relation between the three-dimensional
Ricci tensor or scalar and the four dimensional Riemann tensor. We have

Rab ≡ R c
acb = h µ

a h
σ
b h

νλRµνσλ +KabK −KbcK
c
a ,

R ≡ habRab = hµσhνλRµνσλ −KabK
ab +K2 . (2.2.18)

One can simplify the expression for the three dimensional Ricci scalar by realizing that

Rµνσλh
µσhνλ = Rµνσλ(gµσ − nµnσ)(gνλ − nνnλ) = R− 2Rµνn

µnν

= −2Gµνn
µnν , (2.2.19)

which also implies

R = −2Gµνn
µnν −KabK

ab +K2. (2.2.20)

If we look at the expression for the Ricci tensor, we can rewrite it as

Rab = h µ
a h

σ
b (gνλ − nνnλ)Rµνσλ +KabK −KbcK

c
a

= h µ
a h

σ
b Rµσ − h µ

a h
σ
b Rµνσλn

νnλ +KabK −KbcK
c
a . (2.2.21)

The second term on the right hand side can be re-expressed using (2.2.12), and we eventually
find

Rab = h µ
a h

ν
b Rµν + LnKab −D(aab) + aaab +KabK − 2KbcK

c
a . (2.2.22)

As for the second Gauss-Codazzi equation, one can check that

DbK
b
a −DaK

b
b = h µ

a n
νRµν = h µ

a n
νGµν . (2.2.23)

Einstein’s equations in the 3+1 split

As we said, the 3+1 split sums up to a splitting of Einstein equations. In our case, it is
obtained by projecting them either along, or perpendicular to, the hyperboloid of constant
ρ using either the projector hµν = gµν − nµnν , which is also the metric on the timelike
hypersurface, or the outward pointing unit (spacelike) normal nµ(such that nµn

µ = 1).
The equations we obtain are a set of equations depending on the lapse N = 1 + σ(1) and
the three-dimensional metric hab. They take the form

H := −2nµnνGµν = 0,

Fa := h µ
a n

νGµν = h µ
a n

νRµν = 0,

Fab := h µ
a h

ν
b Rµν = 0. (2.2.24)
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Using respectively equations (2.2.20),(2.2.23) and (2.2.22), we directly obtain

H = R−K2 +KabK
ab = 0 ,

Fa = DbK
b
a −DaK

b
b = 0 ,

Fab = Rab − LnKab +D(aab) − aaab −KabK + 2KbcK
c
a = 0 . (2.2.25)

The first equation can be simplified by taking the trace of the third equation

habFab = 0→ R = habLnKab −Daa
a + aaa

a +K2 − 2KabK
ab, (2.2.26)

which implies

H = −habLnKab +Daa
a − aaaa +KabK

ab

= −LnK +Daa
a − aaaa −KabK

ab , (2.2.27)

where in the last equation we made use of (2.2.13).

In analogy with the Arnowitt-Deser-Misner formalism, we will refer to the equation
(2.2.27) as the Hamiltonian equation, and to the second and third equations of (2.2.24) as
the momentum equation and the equation of motion.

A simplified form of the equations

For our ansatz, these equations can be even more simplified. Indeed, in our case, the shift
is zero and the lapse N is defined by

N ≡ 1 +
σ

ρ
, (2.2.28)

so that

nµ = (1/N)δµρ , gµνn
µnν = 1. (2.2.29)

Now, using Da ≡ h µ
a ∇µ the covariant derivative associated to hab and the projector

hµa = gµa − nanµ = gµa because na = 0, we rapidly obtain

Kab =
1

2
(Lnh)ab =

1

2
h µa h

ν
b (Lnh)µν =

1

2
h µa h

ν
b (nσ∇σhµν + hµσ∇νnσ + hσν∇µnσ)

=
1

2
(nσ∇σhab + haσDbn

σ + hσbDan
σ)

=
1

2
nρ∂ρhab, (2.2.30)

where in the last line we used haσDbn
σ = haρ∂bn

ρ−hacndΓcdb = 0 and nσ∇σhab = nρ∂ρhab.
We also have

LnKab = N−1∂ρKab. (2.2.31)

The 4-acceleration also simplifies as

aµ = nν∇νnµ = nν
[
∂νn

µ + nσgµκ(gκσ,ν −
1

2
gσν,κ)

]
, (2.2.32)
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so we easily see that

aa = − 1

N
DaN, aa = − 1

N
DaN. (2.2.33)

We eventually have

Daab − aaab = − 1

N
DaDbN. (2.2.34)

Given all this, the equations take the much simpler form [44]

H ≡ −LnK −KabK
ab −N−1habDaDbN = 0 ,

Fa ≡ DbK
b
a −DaK = 0 ,

Fab ≡ Rab −N−1∂ρKab −N−1DaDbN −KKab + 2K c
a Kcb = 0 . (2.2.35)

2.2.2 Radial expansion

We now expand these equations using our metric ansatz (2.1.36). The results we obtain
reduce at zeroth and first order in the expansion when iab = 0 to the results presented in
[44] and, at second order when kab = iab = 0 to the results presented in [46]. In several
places, we simplify the computations by setting the trace and the divergence of kab to zero.
As already discussed these are additional boundary conditions that we will justify in the
next chapter.

The inverse metric is expanded as

hab(ρ, xc) = ρ−2h(0)ab − ρ−3h(1)ab − ln ρ ρ−4iab − ρ−4(h(2)ab − h(1)a
ch

(1)cb) +O(ρ−5) .

The extrinsic curvature admits the simple expansion

Kab = ρ h
(0)
ab +

(
1

2
h

(1)
ab − σh

(0)
ab

)
+

1

ρ

(
1

2
iab −

1

2
h

(1)
ab σ + σ2h

(0)
ab

)
+O(ρ−2) , (2.2.36)

and we also have

Ka
b =

1

ρ
δab −

1

2ρ2
kab −

ln ρ

ρ3
iab

+
1

ρ3

(
−ha(2) b +

1

2
iab + 2σ2δab +

1

2
kack

c
b −

3

2
σkab

)
+O(ρ−4) . (2.2.37)

The covariant derivative requires an expansion of the Christoffel symbols

Γabc = Γ
(0) a

bc + ρ−1Γ
(1) a

bc + ln ρ ρ−2Γ
(ln,2) a

bc + ρ−2Γ
(2) a

bc +O(ρ−3) , (2.2.38)

where

Γ
(1) a

bc =
1

2

(
Dch(1)a

b +Dbh(1)a
c −Dah

(1)
bc

)
,

Γ
(ln,2) a

bc =
1

2
(Dciab +Dbiac −Daibc) , (2.2.39)

Γ
(2) a

bc =
1

2

(
Dch(2)a

b +Dbh(2)a
c −Dah

(2)
bc

)
− 1

2
h(1)ad

(
Dch(1)

db +Dbh
(1)
dc −Ddh

(1)
bc

)
.
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The expansion of the three-dimensional Ricci curvature tensor is

Rab = R(0)
ab + ρ−1R(1)

ab + ln ρρ−2R(ln,2)
ab + ρ−2R(2)

ab +O(ρ−3) . (2.2.40)

The zeroth order Ricci tensor is the one constructed with the metric h
(0)
ab . The first order

Ricci tensor and the tensor R(ln,2)
ab are

R(1)
ab = Dc

[
Γ

(1) c
ab

]
−Db

[
Γ(1) c

ac

]
=

1

2

[
DcDbh(1)

ac +DcDah(1)
bc −DaDbh

(1) −DcDch(1)
ab

]
,

R(ln,2)
ab =

1

2

[
DcDbiac +DcDaibc −DaDbi−DcDciab

]
,

and the second order Ricci tensor reads as

R(2)
ab =

1

2

[
DcDbh(2)

ac +DcDah(2)
bc −DaDbh

(2) −DcDch(2)
ab

]
+

1

2
Db
[
h(1)cdDah(1)

cd

]
−1

2
Dd
[
h(1)cd(Dah(1)

bc +Dbh(1)
ac −Dch

(1)
ab )

]
+

1

4
Dch(1)

[
Dah(1)

bc +Dbh(1)
ac −Dch

(1)
ab

]
−1

4
Dah(1)

cd Dbh
(1)cd +

1

2
Dch(1)

adD
ch

(1)d
b −

1

2
Dch(1)

adD
dh

(1)c
b .

Finally, the equations can be expanded as

H = ρ−3H(1) + ln ρ ρ−4H(ln,2) + ρ−4H(2) +O(ρ−5) ,

Fa = ρ−2F (1)
a + ln ρ ρ−3F (ln,2)

a + ρ−3F (2)
a +O(ρ−4) , (2.2.41)

Fab = F
(0)
ab + ρ−1F

(1)
ab + ln ρ ρ−2F

(ln,2)
ab + ρ−2F

(2)
ab +O(ρ−3) .

At zeroth order

At zeroth order, the Hamiltonian and momentum equations are trivial. We are left with
the equation of motion

F
(0)
ab = R(0)

ab − 2h
(0)
ab = 0, (2.2.42)

which implies that the boundary metric is the three-dimensional de Sitter spacetime

ds2
H = h

(0)
ab dx

adxb = −dτ2 + cosh2 τ(dθ2 + sin2 θdφ2) . (2.2.43)

The metric h
(0)
ab is the unit hyperboloid metric on H.

Indeed, if h
(0)
ab is an unspecified Lorentz metric on the manifold S2 × R, the equation

(2.2.42) and the vanishing of the Weyl tensor in three dimensions imply that

R(0)
abcd = h(0)

ac h
(0)
bd − h

(0)
bc h

(0)
ad . (2.2.44)
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At first order

At first order, the Hamiltonian equation H(1) = 0 is simply

(� + 3)σ = 0. (2.2.45)

The momentum equation F
(1)
a = 0 is

Dbkab = Dak, (2.2.46)

and the radial equation of motion F
(1)
ab is

(�− 3)kab = DaDbk − kh
(0)
ab , (2.2.47)

which can also be written as

�kab −DcDakbc = 0 . (2.2.48)

If we further impose that kab is a traceless and divergence-free tensor, the momentum
equation is trivial and the first order equations of motions are summarized as

(� + 3)σ = 0 , (�− 3)kab = 0 , (2.2.49)

At second order

At second order we easily get for the logarithmic terms H(ln,2) = 0, F
(ln,2)
a = 0 and F

(ln,2)
ab =

0

i = 0, Dbiab = 0, (�− 2)iab = 0 , (2.2.50)

For the finite terms at second order we find

H(2) = −h(2) +
3

2
i+

1

4
h(1)abh

(1)
ab +

1

2
σh(1)

+9σ2 + σD2σ + h(1)abDaDbσ +DbσDah(1)
ab −

1

2
DaσDah(1) . (2.2.51)

Using only σ and kab = h
(1)
ab + 2σh

(0)
ab , and also k = i = 0, we obtain

h(2) = 12σ2 + σcσ
c + 1

4kcdk
cd + kcdσ

cd , (2.2.52)

where we also made use of the first order equations of motion. We also have

F (2)
a ≡ DbK(2)b

a −DaK(2) + Γ
(1)b
bc K(1)c

a − Γ
(1)c
ab K(1)b

c = 0 , (2.2.53)

which amounts, after simplifications, to

Dbh(2)
ab = 1

2D
bkack

c
b +Da

(
σcσ

c + 8σ2 − 1
8kcdk

cd + kcdσ
cd
)
, (2.2.54)
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The radial equation of motion can be obtained after a straightforward computation and we
find the quite intricate form

(�− 2)h
(2)
ab = 2iab + NLab(σ, σ) + NLab(σ, k) + NLab(k, k) (2.2.55)

where the non-linear terms are given by

NLab(σ, σ) = DaDb
(
5σ2 + σcσ

c
)

+ h
(0)
ab

(
−18σ2 + 4σcσc

)
+ 4σσab ,

NLab(σ, k) = DaDb
(
kcdσ

cd
)
− 2kcdσ

cdh
(0)
ab + 4σkab + 4σc(D(akb)c −Dckab) + 4σc(ak

c
b) ,

NLab(k, k) = kack
c
b + kcd(−DdD(akb)c +DcDdkab)

−1

2
DbkcdDakcd +Ddkc(aDb)k cd +DckadDckdb −DckadDdkcb . (2.2.56)

Using the relation σcσabc = σcσcab+σaσb−h
(0)
ab σcσ

c (see also Appendix I.B), one can rewrite
the NLab(σ, σ) non-linear terms as

NLab(σ, σ) = 6σcσ
ch

(0)
ab + 8σaσb + 14σσab − 18σ2h

(0)
ab + 2σacσ

c
b + 2σabcσ

c . (2.2.57)

The equations of motion reproduce the expressions of [46] when kab = iab = 0.

2.3 Compact equations and their solutions

In this section, we would like to put the previously derived equations into more compact
forms that would allow us to study them efficiently. To achieve this, we first review the def-
inition of the Weyl tensor and its decomposition into electric and magnetic parts. We then
move to the classification of symmetric and divergence-free tensors (SD tensors) that can
be built out of quadratic quantities in the first order fields σ and kab and their derivatives.
Here, the reader should remember that we assume that kab is a symmetric, traceless and
divergence-free (SDT) tensor.

2.3.1 The electric and magnetic parts of the Weyl tensor

The Weyl tensor is the trace-free part of the Riemann tensor and it is defined by

Cµνρσ = Rµνρσ − (gµ[ρRσ]ν − gν[ρRσ]µ) +
1

3
Rgµ[ρgσ]ν . (2.3.1)

It can be decomposed into its electric and magnetic parts, respectively denoted Eab and
Bab which are defined as follows

Eab ≡ h µ
a h

ν
b Cµλνσ n

λ nσ, Bab ≡
1

2
εcdaeCcdbfn

enf . (2.3.2)
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Electric part of the Weyl tensor

Starting from its definition (2.3.2), the electric part of the Weyl tensor can also be written
as

Eab = h µ
a h

ν
b Cµλνσ n

λ nσ

= h µ
a h

ν
b Rµλνσ n

λ nσ − 1

2
habRσλn

λnσ − 1

2
h µ
a h

ν
b Rµν +

1

6
Rhab, (2.3.3)

where in the second line we used the fact that gµν = hµν + nµnν and h µ
a nµ = 0. This

implies h µ
a nµgµν = 0, h µ

a h ν
b gµν = hab and also nµnνgµν = 1. In the following, we will only

deal with the on-shell Weyl tensor. Upon setting Rµν = 0 and using (2.2.12), we have

Eab = h µ
a h

ν
b Rµλνσ n

λ nσ = −LnKab +D(aab) +KacK
c
b − aaab

= − 1

N
(∂ρKab +DaDbN) +Kc

aKcb. (2.3.4)

Its asymptotic expansion is given by

Eab =
1

ρ
E

(1)
ab +

ln ρ

ρ2
E

(ln,2)
ab +

1

ρ2
E

(2)
ab +O(ρ−3). (2.3.5)

By computing the following quantities

LnKab =
1

N
∂ρKab = h

(0)
ab − ρ

−1σh
(0)
ab + ρ−2 1

2
(σkab − 2σ2h

(0)
ab − iab) +O(ρ−3),

KacK
c
b = h

(0)
ab + ρ−1

[
− 2σh

(0)
ab

]
−ρ−2 ln ρ iab

+ρ−2

[
− h(2)

ab + iab + 4σ2h
(0)
ab +

1

4
kack

c
b − σkab

]
+O(ρ−3),

Daab − aaab = − 1

N
DaDbN

= −ρ−1σab + ρ−2

[
σσab − 2σaσb + σcσ

ch
(0)
ab + σcD(akb)c −

1

2
σcDckab

]
+O(ρ−3), (2.3.6)

we find

E
(1)
ab = −σab − σh

(0)
ab , (2.3.7)

E
(ln,2)
ab = −iab, (2.3.8)

E
(2)
ab = −h(2)

ab +
1

2
iab + 5σ2h

(0)
ab + σabσ − 2σaσb + σcσ

ch
(0)
ab

+
1

4
kack

c
b −

3

2
σkab +D(akb)cσ

c − 1

2
Dckabσc . (2.3.9)
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Magnetic Part of the Weyl Tensor

The magnetic part of the Weyl tensor is defined as

Bab =
1

2
εmnaeCmnbfn

enf = −εmnaDmKnb. (2.3.10)

where εmna ≡ εmnabnb admits the expansion, upon setting k = 0,

εmna = ρ3εmna

(
1− 3σ

ρ
+ o(ρ−1)

)
, (2.3.11)

εmna = ρ−1εcda

(
δmc δ

n
d (1 +

σ

ρ
)− 1

ρ
(kmc δ

n
d + knd δ

m
c ) + o(ρ−1)

)
. (2.3.12)

Also, we have

DmKnb = DmK(1)
nb − Γ(1)

mn
eh

(0)
eb − Γ

(1)
mb

eh(0)
ne +

ln ρ

ρ

(
−Γ(ln,2)

mn
eh

(0)
eb − Γ

(ln,2)
mb

eh(0)
ne

)
+

1

ρ

(
DmK(2)

nb − Γ(1)
mn

eK
(1)
eb − Γ

(1)
mb

eK(1)
ne − Γ(2)

mn
eh

(0)
eb − Γ

(2)
mb

eh(0)
ne

)
(2.3.13)

+o
(
ρ−1
)
, (2.3.14)

= −1

2
Dmknb +

ln ρ

ρ
(−Dmibn) +

1

ρ

(
−Dmh(2)

nb +
1

2
Dminb + 2σσmh

(0)
nb

+
1

2
σDmh(1)

nb −
1

2
σmh

(1)
nb +

1

4
Dm

(
h

(1)
b

fh
(1)
nf

)
+

1

2
h(1)f

(bDn)h
(1)
mf

−1

2
h(1)f

(bD|f |h
(1)
n)m

)
+ o

(
ρ−1
)
, (2.3.15)

where we used

K
(1)
ab =

1

2
kab − 2σh

(0)
ab , K

(2)
ab =

1

2
iab −

1

2
σkab + 2σ2h

(0)
ab . (2.3.16)

Finally, we obtain

Bab =
1

ρ
B

(1)
ab +

ln ρ

ρ2
B

(ln,2)
ab +

1

ρ2
B

(2)
ab +O(ρ−3) , (2.3.17)

where

B
(1)
ab =

1

2
ε cda Dckdb , (2.3.18)

B
(ln,2)
ab = ε cda Dcidb , (2.3.19)

B
(2)
ab = ε cda

[
Dc
(
h

(2)
db −

1

2
idb − 2σ2h

(0)
db + σkdb −

1

4
kdek

e
b

)
−1

2
kdeσ

eh
(0)
bc + k ed (D[ekc]b +

1

2
D[ekb]c)−

1

4
k eb D[dkc]e

]
= ε cda

[
Dc
(
h

(2)
db −

1

2
idb − 2σ2h

(0)
db + σkdb −

1

4
kdek

e
b

)
− 1

2
kdeσ

eh
(0)
bc

]
+

3

2
k caB

(1)
bc + k cb B

(1)
ac −

1

2
kcdB

(1)
cd h

(0)
ab , (2.3.20)
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where in the last equation we used the definition of B
(1)
ab to write

D[ekc]b = −εfecB
(1)
fb . (2.3.21)

Just remark that assuming kab = iab = 0, the expansion simplifies to

Bab =
1

ρ2
εmna

(
Dmh

(2)
nb − 4σσmh

(0)
nb

)
+ o

(
1

ρ2

)
, (2.3.22)

which agrees with the equation (C.7) of [51].

2.3.2 Classification of symmetric and divergence-free tensors

In this section, we prove that all symmetric and divergence-free tensors (SD tensors) built
out of quadratic terms in the first order fields σ and kab can be formed from symmetric
tensors Mab obeying DbMab = DaM and which we call tensor potentials. A complete set of

SD tensors consists of SD tensors given by κab ≡Mab −Mh
(0)
ab and of symmetric, traceless

and divergence-free tensors (SDT tensors) obtained by acting with successive curls on Mab or
equivalently by acting with successive symmetrized curls on κab. Indeed, an SDT tensor can
be constructed from Tab = ε cda DcMdb = εcd(aDcκ d

b) . As the curl of a tensor potential might
be trivially zero, the SD and SDT tensors, whose curls are non-zero, can be classified using
the equivalence of classes of tensor potentials where two tensor potentials are equivalent if
their difference has a trivial curl. We will refer to one representative of such equivalence
class of non-trivial tensor potentials as a RNT tensor potential.

Because the first order fields σ and kab obey decoupled linear equations as it is obvious
from (2.2.49), we can consider separately the quadratic combinations (σ, σ), (k, k) and (σ, k).
What we show in the following is that any SD or SDT tensor whose curl is non-zero, let us
denote it Xab, can be written up to the addition of SD tensors with trivial curls as

Xab =
∑
i

a
(0)

(i)κ
(i)
ab + a

(1)
(i)curl (κ(i))(ab) + a

(2)
(i)curl 2(κ(i))ab + ...+ a

(j)
(i)curl j(κ(i))ab,

(2.3.23)

where a
(j)

(i) are arbitrary real coefficients and κ
(i)
ab is an SD tensor given by one of the

following SD tensors

κ
[σ,σ,I]
ab = (2σ2 − 2σcσ

c)h
(0)
ab + 4σσab, (2.3.24)

κ
[σ,k,I]
ab = σkab + σc(ak

c
b) −

1

2
σcdk

cdh
(0)
ab − σ

cDckab + σcD(akb)c , (2.3.25)

κ
[σ,k,II]
ab = Z

(3)
ab + 2B

(1)
c(aσ

c
b) − σ

cdB
(1)
cd h

(0)
ab + 2σB

(1)
ab , (2.3.26)

κ
[k,k]
ab = M

[1,k,k]
ab −M [1,k,k]h

(0)
ab = −4B

(1)
c(ak

c
b) + 2B

(1)
cd k

cdh
(0)
ab , (2.3.27)

κ
[k,k,I]
ab =

3

4
kcdk

cdh
(0)
ab − kack

c
b +

1

4
DckdeDckdeh

(0)
ab −

1

2
DakcdDbkcd , (2.3.28)

κ
[k,k,II]
ab = −1

2
B(1) cdB

(1)
cd h

(0)
ab +B

(1)
c(aB

(1) c
b) , (2.3.29)
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which form a complete basis of SD tensors whose symmetrized curls are non-trivial. In

(2.3.26), Z
(3)
ab is an SDT tensor

Z
(3)
ab = 8σB

(1)
ab +

1

2
εcd(aσ

ce
b) k

d
e + 5σc(aB

(1)
b)c

−1

2
εcd(aσ

ceDb)kde − 2h
(0)
ab σ

cdB
(1)
cd − σ

cDcB(1)
ab . (2.3.30)

From (2.3.27), one can use the curl of the tensor potential M
[1,k,k]
ab to construct the SDT

tensor that we denote Y
(2)
ab

Y
(2)
ab ≡ εcdaDcM

[1,k,k] d
b = εcd(aDcκ

[k,k] d
b)

= −4B
(1)
c(aB

(1) c
b) − 2 εcd(aDck e

b)B
(1) d
e − 2 εcd(aDb)B(1) c

e kde . (2.3.31)

There exists obviously also an infinite list of SD tensors that have a trivial symmetrized
curl. We will not consider them further in the rest of this thesis. Indeed, we will be mainly
concerned with charges and we will see that regular SD tensors with trivial symmetrized
curl are associated to trivial charges. For the sake of completeness, and because such tensors
will appear in the following constructions, let us just present two such tensors

κ
[σ,σ,II]
ab = 2σaσb + 2σσab + h

(0)
ab

(
4σ2 − 2σcσ

c
)
, (2.3.32)

κ
[k,k,III]
ab = (−1

8
DckdeDckde −

1

2
kcdk

cd)h
(0)
ab +

1

8
D(ak

cdDb)kcd

+
1

8
kcdD(aDb)kcd . (2.3.33)

We start our analysis by explaining the general procedure we have followed in order to prove
that we have listed all RNT tensor potentials needed to construct any SD or SDT tensor
whose curl is non-zero. We then move on to the specific classification for each class: (σ, σ),
(σ, k) and (k, k). Remember that we will always consider kab to be SDT in the following.

Algorithm for classification

For each case (σ, σ), (σ, k) or (k, k), we use the following procedure

1. We start by listing a basis symmetric tensors of rank two with m derivatives built out
of quadratic terms which are independent on-shell. It exists a number of derivatives
m? such that for all m ≥ m? the number of terms in that basis is maximal. At
lower values m < m?, not all possible tensor structures can appear due to a lack of
derivatives. We find m? = 2 for (σ, σ), m? = 3 for (k, k) and m? = 4 for (k, σ) tensors.
Due to the presence or the absence of the epsilon tensor, depending on whether m is
even or odd, the general form of a symmmetric tensor of rank two built out of linear

combinations of the basis takes a different form. We denote this tensor as Q
(2n)
ab or

Q
(2n+1)
ab and we provide its general form.
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2. We continue by deriving a bound on the possible SDT tensors that one can build
at a fixed number m ≥ m? of derivatives. We simply compute the number H of

linearly independent tensors Q
(m)
ab which obey both DbQ(m)

ab = 0 and Q
(m)a
a = 0 where

equalities here are valid up to terms with lower derivatives. At this stage, the number
H is only a bound on the number of SDT tensors at order m because none of them
has been fully yet constructed. We obtain that H = 1 in the (σ, σ) case, H = 3 in the
(k, k) case and H = 2 in the (σ, k) case, for both m even or odd.

3. We then derive the explicit form of all RNT potentials, SD tensors and SDT tensors at
each low value m ≤ m? of derivatives by enumeration. We write a basis of symmetric
tensors of rank two built out of quadratic terms which are independent on-shell with
at most m derivatives for each m ≤ m? and impose the RNT or SDT conditions. The
SD tensors κab, whose curls are non-zero, are obtained from the RNT potentials by

the correspondence κab = Mab − h
(0)
ab M

c
c .

4. For the (σ, k) and (k, k) cases, we finally observe that there are exactly H SDT
tensors that have at most m? derivatives and at least one term with m? derivatives.
This provides a proof that each candidate SDT tensor exists at order m?. We then
note that the SDT tensors obtained by acting with the curl operator on these tensors
form a basis for SDT tensors at order m?+1 and by successive iterations at each order
m ≥ m?. Since there are H SDT tensors at each order m ≥ m?, there cannot be any
other SD tensor which is not traceless but whose curls are non-zero or equivalently
any RNT tensor at order m. Otherwise, there would be one additional SDT tensor at
order m+ 1 by applying the curl operator but this would raise the number of SDT at
level m+ 1 to H + 1, which is not the case. These considerations apply to the (σ, σ)
case when m? is replaced by m? + 1.

5. We conclude that all RNT potentials and SD tensors whose curls are non-zero are
classified by the explicit tensors that we build out of terms with up to m? derivatives.
At higher order m > m? in derivatives, all SD tensors, whose curls are non-zero, are
traceless and can be obtained by applying curls on the RNT potentials.

(σ, σ) SD tensors

The analysis in the (σ, σ) case, first performed in [52], is rather straightforward. One can
rapidly realize that, for an odd number (2n+1) of derivatives, there is only one independent
structure such that

Q
(2n+1)
ab = εef (aσb)ec1c2...cn−1

σ
c1c2...cn−1

f , (2.3.34)

while for an even number (2n) of derivatives, we have

Q
(2n)
ab = ah

(0)
ab σc1c2...cnσ

c1c2...cn + bσabc1...cn−1σ
c1...cn−1 + cσac1...cn−1σ

c1...cn−1

b . (2.3.35)

This is so because we take into account that σcc = −3σ on shell and also that a structure
such as

σc1...cn−1ab σ
c1...cn−1 , (2.3.36)
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is not an independent structure. Indeed, one can always bring it back to a form identical to
the second term in (2.3.35) by commuting derivatives. This operation will only add terms
with lower derivatives, terms that we neglect for this argument.

From (2.3.34) and (2.3.35), we immediately see that m? = 2. Imposing divergence-free
and traceless conditions on (2.3.35) provides us with the following requirements on the
parameters

3a+ c = 0, 2a+ b+ c = 0. (2.3.37)

Also, one can check that (2.3.34) is always SDT. All in all, this tells us that H = 1.

Let us now derive the explicit form of all RNT potentials, SD tensors and SDT tensors
for m ≤ m?. A generic symmetric tensor containing zero, one or two derivatives has the
form

(aσ2 + bσcσ
c)h

(0)
ab + cσaσb + dσσab, (2.3.38)

for some coefficients a, b, c, d. One can easily show that there are no SDT tensors in this
class. However, there are two independent tensor potentials

M
[2,σ,σ,I]
ab = (5σ2 + σcσ

c)h
(0)
ab + 4σσab,

M
[2,σ,σ,II]
ab = (DaDb + h

(0)
ab ) σ2 . (2.3.39)

The first one is a RNT potential while the curl of the second term is trivial. From this first
potential, one can build an SDT tensor with three derivatives

X
(3)
ab ≡ ε

cd
a DcM

[2,σ,σ,I]
db = 4εcd(aσ

cσdb) = −4εcd(aσ
cE(1)d

b) , (2.3.40)

where E
(1)
ab is the first order electric part of the Weyl tensor given in (2.3.7).

By a recursive application of the curl operator, one can build one SDT tensor at each
order in derivatives. At the next order, we have

X
(4)
ab = curlX

(3)
ab = (�− 3)M

[2,σ,σ,I]
ab −DaDbM [2,σ,σ,I] +M [2,σ,σ,I]h

(0)
ab

= 2σcσ
ch

(0)
ab + 2σcdσ

cdh
(0)
ab + 2σabcσ

c − 18σ2h
(0)
ab − 18σσab − 6σc(aσ

c
b) .

(2.3.41)

This ends the classification for the (σ, σ) case. Indeed, we have found one RNT potential
whose successive curls generate the unique SDT tensor at each order m > m?. The two SD
tensors associated with the tensor potentials (2.3.39) are given by

κ
[σ,σ,I]
ab = M

[2,σ,σ,I]
ab −M [2,σ,σ,I]h

(0)
ab

= (2σ2 − 2σcσ
c)h

(0)
ab + 4σσab, (2.3.42)

κ
[σ,σ,II]
ab = M

[2,σ,σ,II]
ab −M [2,σ,σ,II]h

(0)
ab

= 2σaσb + 2σσab + h
(0)
ab

(
4σ2 − 2σcσ

c
)
. (2.3.43)
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The second SD tensor has a zero symmetrized curl. We also see from (2.3.34) that at each
odd order n ≥ 3 any SD tensor is also SDT. At each even order n ≥ 4, any SD tensor is a
linear combination of the unique SDT tensor and a tensor with vanishing curl. If it was not
the case, then a new independent SD tensor with at most four derivatives would generate
an additional independent tensor with at most five derivatives that we do not observe. The
general SD tensor whose curl is non-zero, up to the addition of SD tensors with trivial curls,
has the form

a(1)κ
[σ,σ,I]
ab + a(2)X

[3]
ab + a(3)curl (X [3])ab + · · ·+ a(n)curl n(X [3])ab + . . . , (2.3.44)

for some arbitrary coefficients a(i) and X
[3]
ab = (curlκ[σ,σ,I])(ab).

(k, k) SD tensors

The classification of (k, k) structures is considerably more tedious than the classification of
(σ, σ) structures. In order to simplify the identification of a basis of independent tensors
on-shell, we will make an efficient use of the relations

D[aB
(1)
b]c = 0 , D[akb]c = −εabd B(1) d

c . (2.3.45)

where B
(1)
ab is the first order magnetic part of the Weyl tensor given in (2.3.18). We start

by listing the independent structures quadratic in B(1) and its derivatives. Then, we add
an independent subset of structures of the form (B(1), k) such that no linear combinations
are of the form (B(1), B(1)) and eventually we add a subset of independent (k, k) structures
such that no linear combinations are of the form (B(1), B(1)) or (B(1), k). To look if such
linear combinations exist, we just need to take into account the equations (2.3.45).

For an odd number (2n+ 1) of derivatives we find the general form

Q
(2n+1)
ab = a εcd(aDi1 ...Din−1Db)B(1)ceDi1 ...Din−1B

(1)d
e

+b εcd(aDi1 ...Din−1DfDb)kceDi1 ...Din−1Dfkde
+cDi1 ...Din−1DcB(1)

d(aDi1 ...Din−1Dck d
b)

+dDi1 ...Din−1DcB(1)
de Di1 ...Din−1Dckdeh

(0)
ab

+eDi1 ...Din−1DcDdB
(1)
ab Di1 ...Din−1k

cd

+f Di1 ...Din−1B
(1)
cd Di1 ...Din−1DcD(ak

d
b) , (2.3.46)
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while for an even number (2n) of derivatives we find

Q
(2n)
ab = aDi1 ...Din−2DcB

(1)
de D

i1 ...Din−2DcB(1) de h
(0)
ab

+bDi1 ...Din−2DcB
(1)
d(aD

i1 ...Din−2DcB(1) d
b)

+cDi1 ...Din−2DcDdB
(1)
ab D

i1 ...Din−2B(1) cd

+d εcd(aDi1 ...Din−2DfDck e
b)Di1 ...Din−2DfB(1)d

e

+e εcd(aDi1 ...Din−2DfDb)B(1) c
e Di1 ...Din−2Dfkde

+f Di1 ...Din−2DeD(ak
cdDi1 ...Din−2DeDb)kcd

+g Di1 ...Din−2DeD(aDb)kcdDi1 ...Din−2Dekcd
+hDi1 ...Din−2DcDdkefDi1 ...Din−2DcDdkefh(0)

ab . (2.3.47)

We deduce that m? = 3. Indeed, when m = 2 the third term in Q
(2)
ab does not exist while

when m = 3, 4, or higher, all terms in Q
(m)
ab exist. Looking at m ≥ m? and imposing the

SDT condition, we find after a straightforward analysis that there can be at most three
independent SDT tensors. We thus have H = 3.

We now need to construct RNT potentials and SDT tensors at each order m ≤ m?. At
m = 0, there are no tensor potentials and no SDT tensors. At m = 1, we have

Q
(1)
ab = a εcd(aDb)kcekde + b B

(1)
c(ak

c
b) + c B

(1)
cd k

cdh
(0)
ab , (2.3.48)

and one easily checks that there are no SDT tensors but there is one RNT potential

M
[1,k,k]
ab = −4B

(1)
c(ak

c
b) +B

(1)
cd k

cdh
(0)
ab . (2.3.49)

At m = 2, we have

Q
(2)
ab = a B

(1)
cd B

(1) cd h
(0)
ab + b B

(1)
c(aB

(1) c
b) + c εcd(aDck e

b)B
(1) d
e + d εcd(aDb)B(1) c

e kde

+eD(ak
cdDb)kcd + f kcdD(aDb)kcd + g DckdeDckdeh

(0)
ab

+h kc(akb)c + i kcdk
cdh

(0)
ab , (2.3.50)

where we also introduced the structures with m = 0 derivatives. Here, we get

Q(2) = [3a+ b− 2c]B(1) cdB
(1)
cd +DbkcdDbkcd[e+ 3g] + [3f + h+ 3i]kcdk

cd ,

DaQ(2) = [6a+ 2b− 4c]B(1) cdDaB(1)
cd + [2e+ 6g]DaDbkcdDbkcd

+[6f + 2h+ 6i]kcdDakcd ,

DbQ(2)
ab = [2a+ b− 2d]B(1) cdDaB(1)

cd + [
c

2
− d

2
]εcdaDck e

b DbB(1) d
e

+[2c− 2d− 4e+ 4f + 2h] εcdak
ceB(1) d

e + [e+ f + 2g]DaDbkcdDbkcd
+kcdDakcd[e+ 7f + h+ 2i] , (2.3.51)

where we made use of the relations

kcd�Dakcd = 5kcdDakcd + 4kcdDckad, kcdDbDcDdkab = 7kcdDckad ,
kcdDbDaDbkcd = kcd�Dakcd − 2kcdDckad, kcdDckad = 2εcdak

c
eB

(1) d
e + kcdDakcd .
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We obtain that tensors Q
(2)
ab satisfying DbQ(2)

ab = DaQ(2) are of the form

m1Y
(2)
ab +m2M

[2,k,k,I]
ab +m3M

[2,k,k,II]
ab +m4M

[2,k,k,III]
ab , (2.3.52)

where

Y
(2)
ab = −4B

(1)
c(aB

(1) c
b) − 2 εcd(aDck e

b)B
(1) d
e − 2 εcd(aDb)B(1) c

e kde = εcd(aDcM
(1) d
b) ,

M
[2,k,k,I]
ab =

1

8
kcdk

cdh
(0)
ab − kack

c
b +

1

8
DckdeDckdeh

(0)
ab −

1

2
DakcdDbkcd ,

M
[2,k,k,II]
ab = −1

4
B

(1)
cd B

(1) cd h
(0)
ab + B

(1)
c(aB

(1) c
b) ,

M
[2,k,k,III]
ab =

1

8
kcdD(aDb)kcd +

1

8
D(ak

cdDb)kcd +
1

16
kcdk

cdh
(0)
ab . (2.3.53)

We thus see that Y
(2)
ab is the unique SDT tensor and it is obtained from the RNT potential

M
[1,k,k]
ab , that M

[2,k,k,I]
ab and M

[2,k,k,II]
ab are two new RNT potentials and that M

[2,k,k,III]
ab is

a tensor potential whose curl iss vanishing as it is of the form (DaDb + h
(0)
ab )kcdk

cd. From
the three tensor potentials found, we can define 3 SD tensors

κ
[k,k,I]
ab = (M

[2,k,k,I]
ab −M [2,k,k,I]h

(0)
ab )

=
3

4
kcdk

cdh
(0)
ab − kack

c
b +

1

4
DckdeDckdeh

(0)
ab −

1

2
DakcdDbkcd ,

κ
[k,k,II]
ab = (M

[2,k,k,II]
ab −M [2,k,k,II]h

(0)
ab ) = −1

2
B(1) cdB

(1)
cd h

(0)
ab +B

(1)
c(aB

(1) c
b) ,

κ
[k,k,III]
ab = (M

[2,k,k,III]
ab −M [2,k,k,III]h

(0)
ab )

= (−1

8
DckdeDckde −

1

2
kcdk

cd)h
(0)
ab +

1

8
D(ak

cdDb)kcd +
1

8
kcdD(aDb)kcd .

(2.3.54)

Now, at m = 3, we obtain

Q
(3)
ab = a εcd(aDb)B(1) ceB(1) d

e + b εcd(aDfDb)kceDfkde + cDcB(1)
d(aD

ck d
b)

+dDcB(1)
de D

ckdeh
(0)
ab + eDcDdB

(1)
ab k

cd + f B
(1)
cd DcD(ak

d
b) , (2.3.55)

up to terms with lower derivatives. One can explicitly construct three independent SDT
tensors which can also be obtained as curls of the three previous RNT potentials. We have
thus completed our algorithm. We have three towers of SDT tensors generated by the three

RNT potentials M
[1,k,k]
ab (which leads to Y

(2)
ab ), M

[2,k,k,I]
ab and M

[2,k,k,II]
ab .

(σ, k) SD tensors

For the (σ, k) case, we find that a generic tensor with 2n+ 1 derivatives is of the form

Q
(2n+1)
ab = a Di1 ...DinB

(1)
ab σ

i1...in + b Di1 ...Din−1B
(1)
e(aσ

ei1...in−1

b)

+c εcd(aDi1 ...Din−1Db)kceσdei1...in−1
+ d εcd(aDi1 ...Din−1kceσ d

b) ei1...in−1

+e Di1 ...Din−1B
(1)
cd σ

cdi1...in−1h
(0)
ab + f Di1 ...Din−2B

(1)
cd σ

cdi1...in−2

ab , (2.3.56)
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while, for an even number 2n of derivatives, it is of the form

Q
(2n)
ab = a σcdi1...in−2Di1 ...Din−2DcD(akb)d + b σcdi1...in−2Di1 ...Din−2D(aDb)kcd

+ c σcdi1...in−2Di1 ...Din−2DcDdkab + d σcdi1...in−2(aDi1 ...Din−2Db)kcd

+ e σcdi1...in−2(aDi1 ...Din−2Dck d
b) + f σabcdi1...in−2Di1 ...Din−2kcd

+ g h
(0)
ab σcdi1...in−1Di1 ...Din−1kcd . (2.3.57)

We find that m? = 4. Indeed, for m = 3 derivatives, the last term in Q
(3)
ab does not exist

while for m = 4, 5, . . . all terms in Q
(m)
ab exist. For any m ≥ 4, one can check that there are

at most 2 SDT tensors. We therefore find H = 2. At lower levels m = 0 or m = 1, we see
that there are no SDT tensors and no tensor potentials. At m = 2, we have

Q
(2)
ab = a σkab + b εcd(ak

d
b)σ

c + c σB
(1)
ab + d σcDckab

+e σcD(akb)c + f σc(ak
c

b) + g σcdk
cdh

(0)
ab . (2.3.58)

There is no SDT tensor, but there is one RNT potential

M
[2,σ,k]
ab = σkab − σcDckab + σcD(akb)c + σc(ak

c
b) −

1

4
σcdk

cdh
(0)
ab . (2.3.59)

Its curl gives an SDT tensor

Z
(3)
ab = 8σB

(1)
ab +

1

2
εcd(aσ

ce
b) k

d
e + 5σc(aB

(1)
b)c

−1

2
εcd(aσ

ceDb)kde − 2h
(0)
ab σ

cdB
(1)
cd − σ

cDcB(1)
ab . (2.3.60)

At m = 3, the general SDT tensor or RNT potential can be written as a linear combination
of a basis of terms with 1 and 3 derivatives

Q
(3)
ab = a B

(1)e
(a σ e

b) + b h
(0)
ab σ

cdB
(1)
cd + c εcd(aσ

ce
b) k

d
e + d εcd(aDb)kdeσce + e σeDeB(1)

ab

+fεcd(ak
d
b)σ

c + g σB
(1)
ab . (2.3.61)

We find one SDT tensor which is obviously Z
(3)
ab and a new RNT potential M

[3,σ,k]
ab

M
[3,σ,k]
ab = 7B

(1)
c(aσ

c
b) −

5

2
h

(0)
ab σ

cdB
(1)
cd +

1

2
εcd(aσ

ce
b) k

d
e

−1

2
εcd(aDb)kdeσce − σcDcB

(1)
ab + 10σB

(1)
ab . (2.3.62)

As expected, at m = 4, one can check that we have 2 SDT tensors. The algorithm is
therefore completed. The two RNT potentials that generate the two independent towers of

SDT tensors are M
[2,σ,k]
ab and M

[3,σ,k]
ab . To each of these potentials corresponds a unique SD

tensor

κ
[σ,k,I]
ab = M

[2,σ,k]
ab − h(0)

ab M
[2,σ,k]

= σkab + σc(ak
c

b) −
1

2
σcdk

cdh
(0)
ab − σ

cDckab + σcD(akb)c , (2.3.63)

κ
[σ,k,II]
ab = M

[3,σ,k]
ab − h(0)

ab M
[3,σ,k]

= Z
(3)
ab + 2B

(1)
c(aσ

c
b) − σ

cdB
(1)
cd h

(0)
ab + 2σB

(1)
ab . (2.3.64)
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All other SDT tensors, with m ≥ m∗, are then constructed from linear combinations of
successive curls of those SD tensors. This ends the classification of RNT and SDT (σ, k)
tensors.

2.3.3 First order equations

Now that we have established all this, we start by rewriting the first order equations of
motion and study their solutions.

Compact form

From the definitions of the first order electric E
(1)
ab and magnetic B

(1)
ab parts of the Weyl

tensor that were given in (2.3.7) and (2.3.18), we see that these tensors satisfy the properties

h(0) abB
(1)
ab = 0, E

(1)
[ab] = 0, D[cE

(1)
a]b = 0. (2.3.65)

The first two properties are trivial, while the third one stating that E
(1)
ab is curl-free can be

easily proved using (see also Appendix I.B)

[Da,Db]σc = 2h
(0)
c[aσb]. (2.3.66)

Now, it is also easy to see that the first order equations of motion can be summarized by

h(0) abE
(1)
ab = 0, B

(1)
[ab] = 0, D[cB

(1)
a]b = 0. (2.3.67)

Indeed, the first one is a trivial rewriting of the first order Hamiltonian equation (�+3)σ = 0

using the definition of E
(1)
ab . The second one states that

εcab B
(1)
ab = 0, (2.3.68)

and by definition of B
(1)
ab , we recover the first order momentum equation

2εcab B
(1)
ab = εcab ε dea Ddkeb = Dck −Dbkcb = 0. (2.3.69)

Eventually, the third equation implies that

2ε cda DcB
(1)
db = �kab −DcDakbc = 0, (2.3.70)

which is just the first order equation of motion obtained in (2.2.48). One can check that all
these properties also imply that

DbE(1)
ab = 0, DbB(1)

ab = 0, (2.3.71)

(�− 3)E
(1)
ab = 0, (�− 3)B

(1)
ab = 0. (2.3.72)

The first order electric and magnetic parts of the Weyl tensor are thus, on shell, SDT
tensors which are moreover curl-free and satisfy (2.3.72)
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Solutions to the equations

Let us characterize the solutions to these first order equations. As we will see just after,

it is sufficient, to specify the physical content of the tensors E
(1)
ab and B

(1)
ab , to solve the

hyperbolic equation

�Φ + 3Φ = 0. (2.3.73)

The general solution to this equation is the sum of a function of τ times a spherical harmonic,
flm(τ)Ylm(θ, φ), l = 0, 1, . . . , m = −l, . . . , l. However, two independent solutions for flm(τ),
which we denote as flm(τ) and f̂lm(τ), exist since the hyperbolic equation is second order.
We express each independent solution of that equation as a hyperbolic harmonic. One can
then write

Φ =
3∑
i=0

(
α(i)ζ(i) + α̂(i)ζ̂(i)

)
+
∑
l≥2

l∑
m=−l

(
almflm(τ) + âlmf̂lm(τ)

)
Ylm(θ, φ), (2.3.74)

where the first set of lowest harmonics are given by the four solutions

ζ(0) = sinh τ, ζ(k) = cosh τf(k), k = 1, 2, 3, (2.3.75)

of DaDbζ(a) + h
(0)
ab ζ(a) = 0, which are odd under parity (τ, θ, φ) → (−τ, π − θ, φ + π) while

the other set of lowest harmonics are

ζ̂(0) =
cosh 2τ

cosh τ
, ζ̂(k) =

(
2 sinh τ +

tanh τ

cosh τ

)
f(k), k = 1, 2, 3, (2.3.76)

which are even under parity. Here,

f(1) = cos θ, f(2) = sin θ cosφ, f(3) = sin θ sinφ, (2.3.77)

are the three l = 1 harmonics on the two-sphere.

This analysis clearly classifies the possible solutions for E
(1)
ab since it is expressed in terms

of a scalar that fulfills this hyperbolic equation. Actually, it is also sufficient to classify

solutions of B
(1)
ab as we now see with the following lemma that we prove in Appendix I.C.

Lemma 1 (Ashtekar-Hansen). On the three-dimensional hyperboloid, any traceless curl-free
divergence-free symmetric tensor Tab such that �Tab = 3Tab can be written as

Tab = DaDbΦ + h
(0)
ab Φ, (2.3.78)

with �Φ+3Φ = 0. The scalar Φ is determined up to the ambiguity of adding a combination
of the four functions (2.3.75).

Following this lemma, one can express the first order magnetic part of the Weyl tensor
as

B
(1)
ab = −σDab − σDh

(0)
ab , (� + 3)σD = 0. (2.3.79)

Let us note, as also proved in Appendix I.C, that
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Lemma 2 (Beig-Schmidt). On the three dimensional hyperboloid, any scalar Φ satisfying
�Φ+3Φ = 0 and such that it does not contain the four lowest hyperbolic harmonics (2.3.76)

defines a symmetric, traceless, curl-free and divergence-free tensor Tab = DaDbΦ + h
(0)
ab Φ

that can be written as
Tab = ε cda DcPdb, (2.3.80)

where Pab is a symmetric, traceless and divergence-free tensor. This tensor is defined up to

the ambiguity Pab → Pab+DaDbω+h
(0)
ab ω where ω is an arbitrary scalar obeying �ω+3ω = 0.

This second lemma tells us that, equivalently, the first order electric part can be rewritten
as

E
(1)
ab =

1

2
ε cda DckDdb. (2.3.81)

2.3.4 Second order equations

Let us now move to the second order equations. In [46], Beig showed that in the case
kab = iab = 0, the system could be written in terms of the second order part of the magnetic
Weyl tensor. Here, we show that for our enlarged boundary conditions, the second order
equations of motion can actually be written in terms of two equivalent systems constructed
from two SDT tensors that are mutually conjugate in a way that we precise below. In the
case kab = iab = 0, we see that one of the SDT tensors reduces to the result of Beig and
that the other can be expressed in terms of the electric part of the Weyl tensor.

Linearized equations and their solutions

In an attempt to present the material in a more pedagogical way, we start by discussing
the second order equations in the linear case when the quadratic terms in (σ, σ), (σ, k) and
(k, k) are set to zero. We also set iab = 0. The equations reduce to

h(2) a
a = 0, Dbh(2)

ab = 0, (�− 2)h
(2)
ab = 0 . (2.3.82)

Let us define

Vab ≡ −h(2)
ab , Wab ≡ curlh

(2)
ab , (2.3.83)

where the curl operator is (curlT )ab ≡ ε cda DcTdb. Let us emphasize here that the curl
operator obeys remarkable properties. The curl of a symmetric tensor Tab satisfying DbTab =
DaTbb is symmetric: (curlT )[ab] = 0. Moreover, the curl is the square root of the operator
�− 3 when acting on an SDT tensor Tab

curl (curl (T ))ab = (�− 3)Tab. (2.3.84)

The latter property also implies that the square of the curl operator when acting on an SDT
tensor Tab obeying (� − 2)Tab = 0 is minus the identity. This shows that this operator is
invertible when acting on Tab satisfying (�−2)Tab = 0. Finally, one has [�−2, curl ]Tab = 0
for an SDT tensor Tab.
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With these properties in mind, we see that the above defined quantities enjoy the duality
properties

Wab = −curlVab, Vab = curlWab. (2.3.85)

Moreover, the linearized second order equations (2.3.82) can then be written in two equiv-
alent ways

V a
a = 0, DbVab = 0, (�− 2)Vab = 0, (2.3.86)

or

W a
a = 0, DbWab = 0, (�− 2)Wab = 0. (2.3.87)

The two sets of equations are related by the curl operator. Given a solution to one of these
systems, one can reconstruct the metric using definitions (2.3.83). We have thus shown the
equivalence of linearized Einstein’s equations at second order (with iab = 0) to any one of
the above two systems of equations.

Let us remember and insist on the fact that tensor fields that derive from a scalar
potential, like the first order electric part of the Weyl tensor E

(1)
ab = −DaDbσ − h

(0)
ab σ, have

vanishing curl,

Tab = DaDbΦ + h
(0)
ab Φ ⇒ (curlT )ab = 0. (2.3.88)

These tensors therefore obey (curl 2 T )ab = (� − 3)Tab = 0 as opposed to (� − 2)Tab = 0.
As a consequence, none of the lemmae used in the first order analysis, see also [44, 8],
capture tensor structures appearing at second order. The general form of the solutions to
the equations

T aa = DbTab = (�− 2)Tab = 0, (2.3.89)

is summarized in the following lemma, proved in Appendix I.C, stating that

Lemma 3. On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab
obeying (�− 2)Tab = 0 can be uniquely decomposed as

Tab =
3∑
i=1

(
v(i)V(i)ab + w(i)W(i)ab

)
+ Jab, (2.3.90)

where the three tensors V(i)ab and the three tensors W(i)ab, i = 1, 2, 3 are given by

V(i)ττ = 2 sech 5τζ(i), V(i)τi = sech 3τ tanh τ∂iζ(i), V(i)ij = ηij sech 3τζ(i), (2.3.91)

W(i)ττ = 0, W(i)τi = sech 3τε ji ∂jζ(i), W(i)ij = 0. (2.3.92)

These tensors are dual to each other in the sense that

ε cda DcV(i)db = −W(i)ab, ε cda DcW(i)db = V(i)ab. (2.3.93)
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These tensors also obey the orthogonality properties∫
S
V(k)abζ

a
(l)n

bd2S =

∫
S
W(k)abζ

a
(l)n

bd2S = 0, (2.3.94)∫
S
V(k)abξ

a
rot(l)n

bd2S =

∫
S
W(k)abξ

a
boost(l)n

bd2S = 0, (2.3.95)∫
S
V(k)abξ

a
boost(l)n

bd2S =

∫
S
W(k)abξ

a
rot(l)n

bd2S =
8π

3
δ(k)(l), (2.3.96)

where δ(i)(j) = 1 if i = j, and ζa(l) = Daζ(l) are the four translation Killing vectors (conformal

Killing vectors on dS3) with ζ(l) given in (2.3.75). The tensor Jab is a symmetric traceless
divergence-free tensor obeying∫

S
d2SJabξ

a
rotn

b =

∫
S
d2SJabξ

a
boostn

b =

∫
S
d2SJabζ

a
(l)n

b = 0, (�− 2)Jab = 0.

(2.3.97)

Full non-linear equations

Let us now consider the full non-linear second order equations. Based on the previous
analysis, we would like to rewrite them in terms of two tensors Vab and Wab

Vab ≡ −h(2)
ab +

1

2
iab +QVab , (2.3.98)

Wab ≡ ε cda Dc

(
h

(2)
db −

1

2
idb +QWdb

)
, (2.3.99)

where QV,Wab are appropriate quadratic terms in (σ, σ), (σ, kab) or (kab, kab) that we will
construct herebelow. We require that V and W are SDT tensors that obey the following
duality properties

Wab + ε cda DcVdb = KW
ab , Vab − ε cda DcWdb = −2iab +KV

ab , (2.3.100)

where KV,W
ab are non-linear terms quadratic in σ and kab, which are also SDT. Applying the

curl operator on both equations (2.3.100) we obtain that Vab and Wab obey

(�− 2)Vab = −2iab +KV
ab + ε cda DcK

W
db , (2.3.101)

(�− 2)Wab = −2jab +KW
ab − ε cda DcK

V
db, (2.3.102)

where jab ≡ −curl(i)ab. Our construction of the non-linear tensors QV,W , KV,W goes as
follows. In order for Wab to be traceless, we require QWab to be symmetric. Using the
Hamiltonian and momentum equation of motion, one can rewrite the symmetry condition
of Wab as the following equation on QWab

DbQWab −DaQW b
b = −1

2
kbcDbkac +Da

(
4σ2 +

3

8
kcdk

cd

)
. (2.3.103)
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The divergence-free conditions of Wab can then be rewritten as

ε cda Dc
(
DbQWdb +

1

2
Dekdfkef

)
= 0 , (2.3.104)

which is a consequence of the previous equation. The equation (2.3.103) can be solved up to
the ambiguity of adding to QWab tensors obeying DbMab = DaM . We will fix the ambiguity
in defining QWab since we would like to find one equivalent formulation of the equations of
motion, not all possible formulations. By choosing a QWab with the smallest possible number
of derivatives, we obtain

QWab =

(
−2σ2 +

1

16
kcdk

cd

)
h

(0)
ab −

1

2
kack

c
b . (2.3.105)

Using again the Hamiltonian and momentum equations of motion, one can rewrite the
traceless and divergence-free conditions of Vab as the following equations on QVab

QV a
a = 12σ2 + σcσ

c +
1

4
kcdk

cd + kcdσ
cd , (2.3.106)

DbQVab =
1

2
Dbkack c

b +Da
(
σcσ

c + 8σ2 − 1

8
kcdk

cd + kcdσ
cd

)
. (2.3.107)

This system has a unique solution up to the ambiguity of adding an SDT tensor to QVab.
We will make a specific choice for the ambiguity in defining QVab as well. In fact, the SDT
tensor KV

ab can be computed using (2.3.100) and the equations of motion (2.2.56) as

KV
ab = −NLab(σ, σ)−NLab(σ, k)−NLab(k, k) +QVab − (�− 3)QWab

+DaDc(h(2)
bc +QWbc )− h(0)

ab (h(2) +QW a
a ) . (2.3.108)

We will choose to fix the ambiguity of adding SDT tensors to QVab by requiring

KV
ab = 0 . (2.3.109)

After a tedious computation, we obtain simply

QVab = (6σ2 + σcσc +
1

8
kcdk

cd +
1

8
DckdeDckde)h

(0)
ab + 2σσab − 2σaσb

+4 σkab − 4 σcDckab + 4 σcD(akb)c + 4σc(ak
c

b) − σcdk
cdh

(0)
ab

−1

2
kack

c
b −

3

8
DakcdDbkcd +

1

8
kcdD(aDb)kcd + Y

(2)
ab , (2.3.110)

where Y
(2)
ab is an SDT tensor given in (2.3.53). Remark that to perform this computation,

one can separate the analysis of non-linear terms for each set of quadratic terms (k, k),
(σ, k) or (k, k) independently since those terms never mix in the equations.

Using then the definition of KW
ab in (2.3.100) we find

KW
ab = curl(M)ab = ε cda DcMdb , (2.3.111)
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where

Mab ≡ QWab +QVab , (2.3.112)

is a tensor obeying DbMab = DaM . Using the classification of such tensors described in
section 2.3.2, we have explicitly

Mab = M
[2,σ,σ,I]
ab −M [2,σ,σ,II]

ab + 4M
[2,σ,k]
ab + Y

(2)
ab +M

[2,k,k,I]
ab +M

[2,k,k,III]
ab , (2.3.113)

where

M
[2,σ,σ,I]
ab = (5σ2 + σcσ

c)h
(0)
ab + 4σσab,

M
[2,σ,σ,II]
ab = (DaDb + h

(0)
ab ) σ2,

M
[2,σ,k]
ab = σkab − σcDckab + σcD(akb)c + σc(ak

c
b) −

1

4
σcdk

cdh
(0)
ab ,

M
[2,k,k,I]
ab =

1

8
kcdk

cdh
(0)
ab − kack

c
b +

1

8
DckdeDckdeh

(0)
ab −

1

2
DakcdDbkcd,

M
[2,k,k,III]
ab =

1

16

(
DaDb + h

(0)
ab

)
kcdkcd . (2.3.114)

In summary, the equations of motion can be written in the form

W a
a = DbWab = 0 ,

(�− 2)Wab = curl (2i+M)ab , (2.3.115)

iaa = Dbiab = 0 ,

(�− 2)iab = 0 . (2.3.116)

Using the curl operator and the definition jab ≡ −(curl i)ab, one can derive an equivalent
form of those equations in terms of Vab as

V a
a = DbVab = 0,

(�− 2)Vab = curl (−2j + curl (M))ab, (2.3.117)

jaa = Dbjab = 0,

(�− 2)jab = 0. (2.3.118)

Since the curl of the latter set of equations lead to (2.3.115)-(2.3.116), the two sets are

equivalent. Once the set of equations (2.3.115)-(2.3.116) is solved, one can reconstruct h
(2)
ab

from the definitions (2.3.98) or (2.3.99). Einstein’s equations at second order are therefore
equivalent to either set of the above systems of equations.

As a last remark, we could also use in the above equations the symmetrized curl of

κab ≡Mab−Mh
(0)
ab instead of Mab. Indeed, the symmetrized curl of κab is equivalent to the

curl of the tensor potential Mab.
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Non-linear equations with kab = iab = 0

If we restrict ourselves to kab = iab = 0, we see from the definitions of Vab and Wab given in
(2.3.98) and (2.3.99), but also (2.3.110) and (2.3.105), that

Vab = −h(2)
ab + 6σ2h

(0)
ab + 2σσab − 2σaσb + σcσch

(0)
ab , (2.3.119)

Wab = ε cda Dc

(
h

(2)
db − 2σ2h

(0)
db

)
. (2.3.120)

From the expansions of the electric and magnetic parts of the Weyl tensor given in (2.3.7),
(2.3.18), and (2.3.22), one easily realizes that

Vab = E
(2)
ab − σE

(1)
ab , Wab = B

(2)
ab . (2.3.121)

The equations of motion can be reformulated in terms of B
(2)
ab , as firstly derived in [46],

B(2)
a

a = 0, (2.3.122)

DaB
(2)
ab = 0, (2.3.123)

(�− 2)B
(2)
ab = curl (M)ab = −4εcd(aσ

cE
(1)
b)

d, (2.3.124)

but they can also be written in terms of E
(2)
ab − σE

(1)
ab

(E(2) − σE(1))a
a = 0, (2.3.125)

Da(E
(2)
ab − σE

(1)
ab ) = 0, (2.3.126)

(�− 2)(E
(2)
ab − σE

(1)
ab ) = curl [−4εcd(aσ

cE
(1)
b)

d]. (2.3.127)

Remark that the right hand side of (2.3.124) is precisely the SDT tensor X
[3]
ab defined in

(2.3.40). The duality properties of the tensors Vab and Wab written in (2.3.100) reduce to

E
(2)
ab − σE

(1)
ab = curlB

(2)
ab , −curl (E

(2)
ab − σE

(1)
ab ) = B

(2)
ab + 4εcd(aσ

cE
(1)
b)

d. (2.3.128)

2.4 Linearization stability constraints

Solutions of linearized equations are not always linearizations of solutions of non-linear
equations. This phenomenon is well-known as a linearization instability [53, 54, 55]. The
main result of [44] is that Einstein’s equations can always be solved order by order provided
a subpart of them, the Hamiltonian and momentum equations, are satisfied. The follow-up
paper [46] aims at removing this provision, i.e. solve the constraints. It is shown that

Given a spacetime of the Beig-Schmidt form with kab = iab = 0, Einstein’s vacuum equations
can be solved to all orders if and only if the field σ satisfies the field equation (�+ 3)σ = 0,
and is such that the six charges associated to Killing vectors

Q[ξ(0)] ≡
∮
S
d2S εcd(aσ

cE
(1) d
b) ξa(0)n

b , (2.4.1)
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where the integrand is a tensor that is conserved at infinity and built from quadratic terms
of the first order field σ, vanish.

In the following, we refer to these six additional conditions imposed by Einstein’s equa-
tions as the linearization stability constraints. They were named integrability conditions in
[46].

This section is devoted to review how these six conditions arise and are generalized for
our enlarged ansatz. These conditions will turn out to be crucial when discussing unicity
of conserved charges in the next section. To derive these conditions, we start by reviewing
properties of Killing vectors on dS3 and by showing an important result, that we will use
throughout our argumentation, which states that a charge constructed by contracting an
SD tensor with a certain Killing vector is equivalent to a charge constructed by contracting
the curl of this tensor with another particular Killing vector. This is the main result we will
use in the next section to show that there exists two equivalent forms to describe conserved
charges associated with boosts or rotations. It also tells us that charges associated to SD
tensors that have a zero symmetrized curl are trivial.

2.4.1 Properties of Killing Vectors on dS3

Three-dimensional de-Sitter space admits six Killing vectors. Three of them are rotations
and the other three correspond to four-dimensional Lorentz boosts when interpreted in the
asymptotically flat context. The rotations are

ξarot(1)∂a = ∂φ, (2.4.2)

ξarot(2)∂a = − sinφ∂θ − cot θ cosφ∂φ, (2.4.3)

ξarot(3)∂a = cosφ∂θ − cot θ sinφ∂φ . (2.4.4)

These Killing vectors are precisely the three Killing vectors of the round two-sphere. On
the round two-sphere, Killing vectors satisfy a special property: they can be written as

ξmrot(k) = ε(2)
mnD(2)

n f(k), (2.4.5)

where f(k) are the three scalar l = 1 harmonics on the two-sphere

(�(2) + 2)f(k) = 0,

∫
S
d2Sf(k)f(l) =

4π

3
δ(k)(l), (2.4.6)

given explicitly in (2.3.77). We use the conventions ε(S2)θφ = sin θ, D
(2)
a is the unique torsion

free covariant derivative on S2, dS = sin θdθ ∧ dφ, and �(2) is the scalar Laplacian on S2.

The boost Killing vectors of the three-dimensional de-Sitter space can be written as

ξaboost(i) = f(i)n
a + cosh τ sinh τhab(0)∂bf(i), (2.4.7)

or, explicitly, as

ξaboost(1)∂a = cos θ∂τ − tanh τ sin θ∂θ, (2.4.8)

ξaboost(2)∂a = sin θ cosφ∂τ + tanh τ cos θ cosφ∂θ − tanh τ csc θ sinφ∂φ, (2.4.9)

ξaboost(3)∂a = sin θ sinφ∂τ + tanh τ cos θ sinφ∂θ + tanh τ csc θ cosφ∂φ. (2.4.10)
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The unit vector normal to the two sphere in dS3 is na∂a = ∂τ .

The boost Killing vectors are intimately related to the rotational Killing vectors by the
following relation

ξaboost(i) = −1

2
εabcDbξrot(i)c, (2.4.11)

ξarot(i) =
1

2
εabcDbξboost(i)c, (2.4.12)

where Da is the covariant derivative on the hyperboloid and εabc the totally anti-symmetric
tensor normalized as ετθφ = + cosh2 τ sin θ. The latter relation implies

(� + 2)ξarot(i) = 0, (� + 2)ξaboost(i) = 0, (2.4.13)

where � = DaDa.
Now, let us see how these relations imply that a charge constructed by contracting an

SD tensor with a rotational (respectively boost) Killing vector is equivalent to the charge
constructed by contracting the curl of this SD tensor with a boost (respectively rotational)
Killing vector, or alternatively said how the relations between boost and rotational Killing
vectors imply two equivalent forms for the conserved charges associated with these vectors.

Given a tensor Tab without special properties, one can show that on the τ = 0 slice of
de Sitter space,

Tabξ
a
rot(i)n

b = ε cda DcTdbξaboost(i)n
b +D(S2)

c (Tabε
ac
(S2)f(i)n

b) . (2.4.14)

For any symmetric and divergence-free tensor, one has

Db(Tabξarot(i)) = 0, Db((curlT )(ab)ξ
a
rot(i)) = 0.

Note that (curlT )ab is symmetrized in the second equation, as it is not necessarily sym-
metric. Therefore, for any regular symmetric and divergence-free tensor, the conserved
charges

Q[Tab, ξ
a
rot(i)] ≡

∫
S
d2S nbTabξ

a
rot(i) , (2.4.15)

can be expressed in two equivalent ways as follows

Q[Tab, ξ
a
rot(i)] =

∫
S
d2S nbTabξ

a
rot(i) =

∫
S
d2S nbcurl (T )(ab)ξ

a
boost(i) . (2.4.16)

Replacing Tab by the curl of Tab in identity (2.4.14), we get on the τ = 0 slice

Tabξ
b
boost(i)n

a = −curl (T )abξ
b
rot(i)n

a+D(S2)
c (2D[dTc]bn

dnbf(i))+(curl (curlT )+T )abn
aξbboost(i).

For any symmetric and divergence-free tensor, we have (curl (curlT ) +T )ab = (�− 2)Tab +

h
(0)
ab T , and (

(�− 2)Tab + 2h
(0)
ab T

)
ξc(0) = 2Da

(
ξc(0)D[aTb]c + Tc[aDb]ξc(0)

)
. (2.4.17)
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Therefore, one obtains∫
S
d2S nbTabξ

a
boost(i) = −

∫
S
d2S nbcurl (T )abξ

a
rot(i) −

∫
S
d2S Tξboost(i)

a na . (2.4.18)

For a tensor Tab whose trace is non-vanishing, curl (T )ab is not symmetric in general. De-
composing into symmetric and anti-symmetric parts and using integrations by parts, the
following conserved charges

Q[Tab, ξ
a
boost(i)] ≡

∫
S
d2S nbTabξ

a
boost(i), (2.4.19)

can also be expressed in two equivalent forms

Q[Tab, ξ
a
boost(i)] =

∫
S
d2S nbTabξ

a
boost(i) = −

∫
S
d2S nbcurl (T )(ab)ξ

a
rot(i) . (2.4.20)

In establishing this, we used curl (T )[ab] = −1
2εabcD

cT .

To summarize, we have shown in equations (2.4.16) and (2.4.20) that charges associated
with any symmetric and divergence-free tensor are equivalent to charges associated with the
symmetrized curl of this tensor. In particular, this means that charges constructed using an
SDT tensor are equivalent to charges constructed using the curl of this SDT tensor. Also,
charges constructed with symmetric and divergence free tensors that have zero symmetrized
curl are automatically zero.

2.4.2 Linearization stability constraints when kab = iab = 0

In the case where kab = iab = 0, we have seen in section 2.3.4 that the second order equations
can be written in the following compact form

B(2)
a

a = 0, (2.4.21)

DaB
(2)
ab = 0, (2.4.22)

(�− 2)B
(2)
ab = curl (M)ab = −4εcd(aσ

cE
(1)
b)

d . (2.4.23)

The presence of six necessary conditions, or obstructions, to the existence of non-linear
solutions, constructed from given linear solutions, can be seen as follows. Contracting
equation (2.4.23) with a Killing vector on dS3, one can rewrite the l.h.s of the expression,
upon using the equations of motion and (2.4.13), as

(�− 2)B
(2)
ab ξ

a
(0) = 2Da

(
ξc(0)D[aB

(2)
b]c +B

(2)
c[aDb]ξ

c
(0)

)
, (2.4.24)

which is a total divergence and vanishes when integrated on a Cauchy surface S on the
unit hyperboloid. For consistency, we must require that the integrals on the sphere of the
r.h.s of (2.4.23) contracted with ξa(0) are also zero. These requirements are precisely Beig’s
integrability conditions

Q[ξ(0)] ≡
∮
S
d2S εcd(aσ

cE
(1) d
b) ξa(0)n

b = 0 , (2.4.25)
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where ξa(0) are the six Killing vectors on the hyperboloid, S is a Cauchy surface in the unit
hyperboloid, and na is a unit timelike vector normal to S in the unit hyperboloid.

Before proceeding, let us present a new way of looking at these integrability conditions.
It is clear that the equation for the mass aspect σ, which was given by

(� + 3)σ = 0, (2.4.26)

can be derived from the free scalar Lagrangian L(σ)

L(σ) =
√
−h(0)

(
− 1

2
∂aσ∂

aσ +
3

2
σ2
)
, (2.4.27)

with mass m2 = −3 on three-dimensional de Sitter space. Now, it is interesting to note
that Beig’s integrability conditions are precisely the conditions that all six Noether charges
derived from this Lagrangian vanish. Indeed, one has εcd(aσ

cσdb) = −(curlκ)(ab) where κab

is precisely the stress-tensor of L(σ)

T
(σ)
ab ≡ − 2√

−h(0)

δL(σ)

δh(0) ab
= κab = −1

2
σcσch

(0)
ab + σaσb +

3

2
σ2h

(0)
ab . (2.4.28)

Note that this tensor is also an SD tensor and that following our classification it can be
identified as a linear combination of the (σ, σ) SD tensors defined in (2.3.24) and (2.3.32)

κab = −1

4
κ

[σ,σ,I]
ab +

1

2
κ

[σ,σ,II]
ab . (2.4.29)

Because the charges constructed using the symmetrized curl of an SD tensor contracted
with a Killing vector or with the SD tensor himself are equivalent as we have just shown in
the previous section, the linearization stability constraints reduce to∮

S
d2S T

(σ)
ab ξa(0)n

b =

∮
S
d2S κ

[σ,σ,I]
ab ξa(0)n

b = 0. (2.4.30)

where we also used the fact that κ
[σ,σ,II]
ab has a trivial symmetrized curl and is thus associated

to trivial charges.

Let us mention that it was also understood in [46] that charges constructed with Xab ≡
εcd(aσ

cσdb) contracted with a conformal Killing vector ωa, a translation which satisfies ωab+

ωh(0) ab = 0, also vanish as

Xabω
a = Dd

[
εcdb σ E

(1) c
a ωa − 1

4
εbad(σcσ

c + σ2)ωa
]
, (2.4.31)

can be written as a total divergence.

At this point, we should warn the reader that the above construction only presents the
linearization stability constraints as necessary conditions. It was shown in [46] that these
conditions are also sufficient to solve Einstein’s equations to all orders in the expansion.
The general idea of this construction is to split the linear part in a 2 + 1 decomposition
and keep non linear terms general. Then, a study of the harmonic decomposition of those
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equations revealed that only six conditions are to be imposed on these general non-linear
terms, conditions that appear at second order in the expansion. These conditions for the
system of equations to have a solution are thus equivalent to the necessary conditions
previously reviewed. Note that there are minor typos in equations (25) and (43) of [46]. In
(25), the indices are incoherent and have been corrected in our formula (2.4.31), while in
(43) the coefficient multiplying βa is (n− 1)2 instead of (n+ 1)2.

2.4.3 Generalized linearization stability constraints

The generalization of these constraints to the case where kab and iab are non-zero is straight-
forward. Indeed, from the general second order equation

(�− 2)Wab = curl (2i+ κ)(ab) , (2.4.32)

we see that the integrability conditions are∮
S
d2S iabξ

a
(0)n

b = −1

2

∮
d2S κab ξ

a
(0)n

b, (2.4.33)

where

κab = κ
[σ,σ,I]
ab − κ[2,σ,σ,II]

ab + 4κ
[σ,k,I]
ab + Y

(2)
ab + κ

[k,k,I]
ab + κ

[2,k,k,III]
ab . (2.4.34)

Let us try to simplify those constraints as much as we can by identifying the currents,
constructed out of SD tensors contracted with Killing vectors, that can be written as total

derivatives. We can already get rid of κ
[2,σ,σ,II]
ab and κ

[2,k,k,III]
ab as these SD tensors have a

vanishing symmetrized curl1 and are thus associated to trivial charges. Now, we see that the
two currents associated with the two independent (σ, k) SD tensors are total divergences.

To prove this efficiently, one first needs to check that the current κ
[σ,k,I]
ab ξb can be expressed

as a total divergence

κ
[σ,k,I]
ab ξb = Db

(
− ξ[a k

c
b] σc +Dcξ[a σkb]c + ξc σD[akb]c + ξc σ[akb]c

)
. (2.4.35)

This also implies that its symmetrized curl, the SDT tensor Z
(3)
ab , defined in (2.3.60), will

not contribute either. Eventually, from the definition of κ
[σ,k,II]
ab given in (2.3.64) and the

following result(
2B

(1)
c(aσ

c
b) − σ

cdB
(1)
cd h

(0)
ab + 2σB

(1)
ab

)
ξb = 2Db

(
Dcξ[a σB

(1)
b]c − ξ[a B

(1) c
b] σc + ξc σ[aB

(1)
b]c

)
,

(2.4.36)

we see that κ
[σ,k,II]
ab contracted with a Killing vector can also be expressed as a total diver-

gence.

1One could also check that these tensors contracted with Killing vectors can be written as total derivatives.
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In the same line of thoughts, for the terms quadratic in (k, k), one can show by inspection
that

Db
(

2ξc kd[aDdk c
b] −Dcξd k

c
[ak

d
b]

)
=
(
Dckd(aDdkcb) + 4kc(ak

c
b) − k

cdDcDdkab
)
ξb

=
(

7B
(1)
cd B

(1) cd h
(0)
ab − 6B

(1)
c(aB

(1) c
b) + 4 εcd(aDck e

b)B
(1) d
e + 4 εcd(aDb)B(1) c

e kde

+D(ak
cdDb)kcd − kcdD(aDb)kcd + 4 kc(akb)c + kcdk

cdh
(0)
ab

)
ξb

=
(
− 2Y

(2)
ab − 4κ

[k,k,I]
ab − 14κ

[k,k,II]
ab − 8κ

[k,k,III]
ab

)
ξb , (2.4.37)

and also

Db
(
Dcξ[a k

d
b] k

c
d − ξ[a Dck d

b] kcd − ξ
c kd[aDb]kcd + ξc kcdD[ak

d
b]

)
=
(
− 2 kc(akb)c −

3

2
kcdk

cdh
(0)
ab −

1

2
DckdeDdkceh

(0)
ab

+Dckd(aDb)kcd −Dckd(aDckdb) + kcdDcD(akb)d

)
ξb

=
(
− 5B

(1)
cd B

(1) cd h
(0)
ab + 6B

(1)
c(aB

(1) c
b) − 2 εcd(aDck e

b)B
(1) d
e − 2 εcd(aDb)B(1) c

e kde

+ kcdD(aDb)kcd −
1

2
DckdeDckdeh

(0)
ab − 2 kc(akb)c −

5

2
kcdk

cdh
(0)
ab

)
ξb

=
(
Y

(2)
ab + 2κ

[k,k,I]
ab + 10κ

[k,k,II]
ab + 8κ

[k,k,III]
ab

)
ξb . (2.4.38)

These two equations show that the current constructed out of κ
[k,k,II]
ab can be written as a

total divergence and that the equality

Y
(2)
ab ξ(0) b = −2κ

[k,k,I]
ab ξ(0) b, (2.4.39)

is true up to a total divergence.

With all these results in hand, it is now easy to see that the linearization stability
constraints (2.4.33) reduce to∮

S
d2S iabξ

a
(0)n

b = −1

2

∮
d2S

(
κ

[σ,σ,I]
ab +

1

2
Y

(2)
ab

)
ξa(0)n

b. (2.4.40)

In comparison with the analysis presented in the previous section, one realizes that the
equations of motion for kab can be derived from the Lagrangian L(k)

L(k) =
√
−h(0)

(1

4
B

(1)
ab B

(1) ab
)
, (2.4.41)

whose six associated Noether charges are

T
(k)
ab ≡ −

2√
−h(0)

δL(k)

δh(0) ab
=

1

2
κ

[k,k,II]
ab − 1

8
Y

(2)
ab . (2.4.42)
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The linearization stability constraints can thus be written in the more elegant form∫
S
d2S iab ξ

a
(0)n

b = 2

∫
S
d2S

(
T

(σ)
ab + T

(k)
ab

)
ξa(0)n

b, (2.4.43)

where

T
(σ)
ab ≡ − 2√

−h(0)

δL(σ)

δh(0) ab
= −1

4
κ

[σ,σ,I]
ab +

1

2
κ

[σ,σ,II]
ab , (2.4.44)

T
(k)
ab ≡ − 2√

−h(0)

δL(k)

δh(0) ab
=

1

2
κ

[k,k,II]
ab − 1

8
Y

(2)
ab , (2.4.45)

are the stress-tensors associated to L(σ) and L(k).

Although the realization that the integrability conditions can be expressed using the
stress-tensors of specific actions for the first order fields may sound like a curiosity at this
stage, we will show in section 3.3 that they play an important role in the discussion of a
good variational principle.

One important thing that comes out of this analysis is that, when iab and kab are
non-zero, we can build twelve possibly non-trivial and independent Noether charges out of
quadratic expressions of the first order quantities. If we set iab to zero, the integrability
conditions impose that only six of them are independent.

2.5 Conserved charges from the equations of motion

In this section we would like to consider all the possible conserved charges that can be
constructed from SD tensors contracted with a Killing vector or SDT tensors with a con-
formal Killing vector. As we have seen in the previous sections, some charges are trivial
by construction. Indeed, charges constructed from an SD tensor with a trivial symmetrized
curl contracted with a Killing vector are vanishing. Similarly, some currents built out of a
specific SD tensor, respectively SDT tensor, contracted with a Killing vector, respectively
a conformal Killing vector, can be expressed as total divergences. Also, we have seen that
some quantities should be restricted to zero when one imposes the equations of motion. All
these results will obviously severely restrict the possible independent conserved charges one
can construct.

We will see in the following that, in the particular case where kab = iab = 0, only ten
independent charges can be defined when the equations of motion are taken into account.
These can be identified as the ten Poincaré charges. In this section, we will focus on the
case kab = iab = 0 and just give some comments on the construction of charges for our
enlarged boundary conditions. This analysis in the general case will be presented in the
next chapter.

2.5.1 First order: momenta and dual momenta

Since

Db(Tabζa(i)) = DbTabζa(i) − T
a
a ζ(i), (2.5.1)

79



for a symmetric tensor Tab and a conformal Killing vector ζa(i), i.e. a translation, we need
to consider SDT tensors Tab if we want to define charges associated to translations that are
conserved.

To start our analysis, the first thing to realize is that, given a symmetric tensor Uab, we
have

curl (U)abζ
a
(i)n

b = Dc
(
εb
cdUadζ

a
(i)

)
nb. (2.5.2)

The r.h.s of this equation is a total divergence on the two-sphere. Let us now state the two
following lemmas that we prove in Appendix I.C.

Lemma 4. On the three dimensional hyperboloid, any symmetric traceless and divergence-
free tensor can be decomposed as

Tab = curl (T̃ab) +DaDbζ̂ + h
(0)
ab ζ̂ , (2.5.3)

where T̃ab is a symmetric, traceless and divergence-free tensor and ζ̂ is a combination of the
four functions (2.3.76).

Lemma 5. On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab
obeying (� + n2 − 2n− 2)Tab = 0 with n any integer n ≥ 3 also obeys∫

S
Tabζ

a
(l)n

bd2S = 0, l = 0, 1, 2, 3,

∫
S
Tabξ

a
(0)n

bd2S = 0 , (2.5.4)

where ζa(l) = Daζ(l) are the four translation Killing vectors (conformal Killing vectors on

dS3) with ζ(l) given in (2.3.75) and ξa(0) are the six Killing vectors on dS3.

From Lemma 4 and (2.5.2), it then follows that charges constructed from SDT tensors
Tab contracted with translations are simply associated with the coefficients of the four lowest
harmonics ζ̂(i) given in (2.3.76),

Q[Tab, ζ
a
(i)] ≡

∫
d2STabζ

a
(i)n

b =

∫
d2S(DaDbζ̂ + h

(0)
ab ζ̂)ζa(i)n

b . (2.5.5)

This readily means that there are only four such charges and the only possibility is2

Q[ζa(i)] = − 1

8πG

∮
S
d2S E

(1)
ab n

a ζb(i) . (2.5.6)

These expressions are precisely the ones derived by R. Geroch [56] (see also [7]), Ashtekar-
Hansen [8], Ashtekar-Romano [12].

2Another way, to see this, is as follows. From Lemma 3 and the linearization stability constraints, we can
check that any SDT tensor satisfying (�+n2− 2n− 2)Tab = 0 with n = 2, such as E

(2)
ab −σE

(1)
ab and B

(2)
ab , is

associated to a trivial charge when contracted with a conformal Killing vector. This is also due to the fact
that any other SDT tensor built out of quadratic combinations in σ can be expressed as the curl of κ

[σ,σ,I]
ab

and is thus not contributing because of (2.5.2). Eventually, from Lemma 5, we see that all higher order SDT

tensors including h
(3)
ab , h

(4)
ab would also be associated to trivial charges. We are thus left considering tensors

made out of linear quantities in σ and the only possibility is E
(1)
ab
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These were shown in [43] (see also [57]) to agree with the ADM momenta [4], which are
also equivalent to the Regge-Teitelboim expressions. For the energy, using our Appendix
I.D which establishes a link between our covariant boundary conditions and the boundary
conditions of Regge-Teitelboim, we see that the ADM definition is just

E =
1

4π

∮
d2S σ , (2.5.7)

where σ is our first order field which is often referred to as the mass aspect for this particular
reason. One can now check that this expression is equivalent to

E = − 1

8π

∮
S
d2S Eab ξ

a
0 n

b , (2.5.8)

where ξa0 is a time-unit translation. Indeed, in [43], it it shown that if we pick S to be an
extremal slice where the extrinsic curvature vanishes, we have ξa0 = na and

Eab ξ
a
0 n

b = −nanbDaDbσ − σnana = −∂2
τσ + σ = −�(2)σ − 2σ , (2.5.9)

where in the last equality we made use of the equation of motion of σ to write �(3)σ+3σ =
(−∂2

τ + �(2) + 3)σ = 0. Then, the result follows immediately

E = − 1

8π

∮
Eab ξ

a
0 n

bd2S =
1

4π

∮
(
1

2
�(2)σ + σ)d2S =

1

4π

∮
d2S σ . (2.5.10)

The same could be done for the space translations along the same lines.

Before moving to the classification of charges associated to Killing vectors, let us com-
ment on the case where kab is allowed to take non-trivial values. Indeed, at first sight, one
could enjoy constructing charges of the form (see [20, 21])

Q[ζa(i)] = − 1

8πG

∮
S
d2S B

(1)
ab n

a ζb(i) . (2.5.11)

From Lemma 1, we know that B
(1)
ab can always be expressed as B

(1)
ab = −σDσDab − σDh

(0)
ab .

From Lemma 2, it can also be derived from a regular potential kab if σD does not contain the
four lowest harmonics ζ̂a(i). However, we just saw that these are the only harmonics that can

contribute to (2.5.11). These charges are thus trivial for a regular kab. The following Lemma
is a generalization of Lemma 2 that circumvents the restriction on the four lowest hyperbolic

harmonics to define B
(1)
ab in terms of a tensor potential. However, we see that it implies

that kab should develop wire singularities if it has to reproduce the correct value of B
(1)
ab

using σD = ζ̂a. These singularities are of the same type as the Misner-string singularities
we discuss in Part II of this thesis.

Lemma 6. On the three dimensional hyperboloid, any scalar Φ satisfying �Φ + 3Φ = 0

defines a symmetric, traceless, curl-free and divergence-free tensor Tab = DaDbΦ + h
(0)
ab Φ

which can be written as

Tab = ε cda DcPdb, (2.5.12)
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where Pab is a symmetric, traceless tensor of the form

Pab =
3∑

µ=0

N(µ)k
(µ)
ab + P regab , (2.5.13)

where P regab is regular and k
(µ)
ab are four singular tensors listed here below.

The regular tensors P regab are the same as the ones described in Lemma 2 (see also [44]).

The four singular tensors k
(µ)
ab can be derived by integrating equation (2.5.12) for Φ = ζ̂(µ).

They can be written in the traceless gauge hab(0)k(µ)ab = 0 as

k(0)ab =

 0 0 2 k̂−cos θ
cosh τ

0 0 sinh τ cos 2θ−4k̂ cos θ+3
2 sin θ

2 k̂−cos θ
cosh τ sinh τ cos 2θ−4k̂ cos θ+3

2 sin θ 0

 ,

k(1)ab =

 0 0 −3 tanh τ
cosh τ sin2 θ

0 0 a
4 sin θ cosh τ

−3 tanh τ
cosh τ sin2 θ a

4 sin θ cosh τ 0

 , (2.5.14)

k(2)ab =

 0 3 tanh τ
cosh τ sinφ 3 tanh τ

cosh τ cos θ sin θ cosφ

3 tanh τ
cosh τ sinφ − a

2 sin3 θ
cosh τ sinφ b

sin2 θ
cosh τ cosφ

3 tanh τ
cosh τ cos θ sin θ cosφ b

sin2 θ
cosh τ cosφ a

2 sin θ cosh τ sinφ

 ,

k(3)ab =

 0 −3 tanh τ
cosh τ cosφ 3 tanh τ

cosh τ cos θ sin θ sinφ

−3 tanh τ
cosh τ cosφ a

2 sin3 θ
cosh τ cosφ b

sin2 θ
cosh τ sinφ

3 tanh τ
cosh τ cos θ sin θ sinφ b

sin2 θ
cosh τ sinφ − a

2 sin θ cosh τ cosφ

 ,

where a = −8k̂ + 9 cos θ − cos 3θ, b = cos4 θ − 4k̂ cos θ + 3. These tensors are regular in the
north patch upon choosing k̂ = +1 and in the south patch upon choosing k̂ = −1. They
are transverse and obey the equation

(�− 3)k(µ)ab = 0 , (2.5.15)

outside of the singularities. The singular transition functions between the south and north
patches can be written as

δk(0)ab ≡ k(0)ab|South − k(0)ab|North =

 0 0 − 4
cosh τ

0 0 4 cot θ sinh τ
− 4

cosh τ 4 cot θ sinh τ 0

 ,

δk(1)ab ≡ k(1)ab|South − k(1)ab|North =

 0 0 0

0 0 4 cosh τ
sin θ

0 4 cosh τ
sin θ 0

 ,

δk(2)ab ≡ k(2)ab|South − k(2)ab|North =

 0 0 0

0 − 8
sin3 θ

cosh τ sinφ 8 cos θ
sin2 θ

cosh τ cosφ

0 8 cos θ
sin2 θ

cosh τ cosφ 8
sin θ cosh τ sinφ

 ,

δk(3)ab ≡ k(3)ab|South − k(3)ab|North =

 0 0 0

0 8
sin3 θ

cosh τ cosφ 8 cos θ
sin2 θ

cosh τ sinφ

0 8 cos θ
sin2 θ

cosh τ sinφ − 8
sin θ cosh τ cosφ

 .
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These transition functions obey

D[aδk(µ)b]c = 0, (�− 3)δk(µ)ab = 0, h(0) abδk(µ)ab = 0, Dbδk(µ)ab = 0,(2.5.16)

on the hyperboloid outside the singular region θ = 0 and θ = π and obey the normalized
orthogonality relations∫ 2π

0
dφ δk(µ)φaD

aζ(ν) = −8π δ(µ)(ν), µ, ν = 0, . . . 3 , (2.5.17)

where ζ(µ) are the four solutions of DaDbζ(µ) +h
(0)
ab ζ(µ) = 0 which are odd under parity-time

reversal and normalized such that ζ(µ)∂ρ + ρ−1∂aζ(µ)∂a + o(ρ−1) = ∂µ where ∂µ = ∂t, ∂i.

2.5.2 Second order: Lorentz charges

In this section, we present a general construction of conserved Lorentz charges. Our ap-
proach is to construct these charges using SD tensors as

Db(Tabξa) = 0 , (2.5.18)

for Killing vectors ξa which satisfy D(aξb) = 0, when Tab is an SD tensor which does not
need to be moreover traceless. Since Killing vectors corresponding to asymptotic Lorentz
transformations are larger at infinity than translations, corresponding conserved tensors
are constructed both from the leading and the next-to-leading terms in the Beig-Schmidt
expansion. These tensors are linear in the next-to-leading terms and quadratic in the leading
terms. What we readily show is that for kab = iab = 0, only six independent non-trivial
conserved charges can be associated to Killing vectors. These six charges must thus agree
with the six Lorentz charges.

The first thing to realize is that the SDT tensors E
(1)
ab and B

(1)
ab , linear in the first order

fields, have a trivial symmetrized curl and are thus associated to trivial charges. Following
previous results, SD tensors quadratic in the first order field σ will not contribute either.
This is obviously true for SD tensors whose symmetrized curls are zero. For SD tensors
with non-trivial symmetrized curl, this is proved using the same argument as before and

using the linearization stability constraints, which state that charges associated to κ
[σ,σ,I]
ab

must be set to zero.

We are thus left considering the tensors E
(2)
ab −σE

(1)
ab and B

(2)
ab that could a priori define

12 independent charges

J(i) ≡
1

8πG

∮
S
d2S(E

(2)
ab − σE

(1)
ab )ξarot(i)n

b ,

K(i) ≡
1

8πG

∮
S
d2S(E

(2)
ab − σE

(1)
ab )ξaboost(i)n

b ,

J̃(i) ≡ − 1

8πG

∮
S
d2SB

(2)
ab ξ

a
boost(i)n

b ,

K̃(i) ≡
1

8πG

∮
S
d2SB

(2)
ab ξ

a
rot(i)n

b . (2.5.19)

83



However, we have seen in (2.3.128) that these tensors are mutually conjugate in the sense
that

E
(2)
ab − σE

(1)
ab = curlB

(2)
ab , −curl (E

(2)
ab − σE

(1)
ab ) = B

(2)
ab −X

[3]
ab , (2.5.20)

where X
[3]
ab = −4εcd(aσ

cE
(1)
b)

d is an SDT tensor. From the first of these relations, we see

that charges associated with E
(2)
ab − σE

(1)
ab contracted with either a rotational or a boost

Killing vector are equivalent to charges associated with B
(2)
ab contracted with either a boost

or a rotational Killing vector. This could also have been derived from the second relation in

(2.5.20) as X
[3]
ab , or successive curls of this tensor, are associated to trivial charges by means

of the linearization stability constraints. This eventually shows that only six charges are
independent as

J(i) = J̃(i) , K(i) = K̃(i) . (2.5.21)

Note that this result is in agreement with Lemma 3 which basically states that the general
solution for SDT tensors Tab satisfying (� − 2)Tab = 0 consists of two sets, related by the
curl operator, of three tensors that capture the six charges

∫
S Tabξ

a
(0)n

b associated with
Lorentz transformations, supplemented by higher harmonic tensors that do not contribute
to the charges.

In the case kab and iab are non-trivial, one can define twelve additional boundary charges
constructed from tensors quadratic in the first order fields

Q
[σ]
bdr[ξ

a
(0)] ≡

∮
d2S T

(σ)
ab ξa(0)n

b , Q
[k]
bdr[ξ

a
(0)] ≡

∮
d2S T

(k)
ab ξa(0)n

b . (2.5.22)

These tensors represent the two classes of equivalence of SD tensors quadratic in (σ, σ),
(σ, k) or (k, k) that do not have a trivial symmetrized curl and that can not be written as
total divergences when contracted with a Killing vector. All charges constructed with curls
of these tensors are equivalent to the above charges by means of our previous results.

One possible way to define the Lorentz charges is

J(i) ≡
1

8πG

∮
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
rot(i)n

b = − 1

8πG

∮
S
d2S

√
−h(0)Wabξ

a
boost(i)n

b,

K(i) ≡
1

8πG

∮
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
boost(i)n

b =
1

8πG

∮
S
d2S

√
−h(0)Wabξ

a
rot(i)n

b.

(2.5.23)

However, as we have just emphasized, these charges are not unique as one can add any
linear combination of the boundary charges to them

∆Q[ξa(0)] =

∮
S
d2S

√
−h(0)(α1 T

(σ)
ab + α2 T

(k)
ab )ξa(0)n

b , (2.5.24)

where α1 and α2 are arbitrary constants. No matter how we define them, if we set kab =
iab = 0, they reduce to the six uniquely defined Lorentz charges that were given in (2.5.19)-
(2.5.21).

To finish this section, let us just remark that singular contributions of kab, as discussed
in Lemma 6, have not been considered here for Lorentz charges but would most certainly
render the analysis much more complicated. As a first difficulty, the very definition of a
charge that is conserved is not straightforward anymore.
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2.6 Summary of the results

Choosing an hyperbolic slicing of spacetime to describe spatial infinity, which basically
amounts to make the change of coordinates outside the light cone at large distances

ρ = r

√
1− t2

r2
, τ = arctanh(

t

r
) , (2.6.1)

where r is the usual radial coordinate from the spherical coordinates, we have defined
asymptotically flat spacetimes as spacetimes whose metrics can be cast into the asymptotic
form up to second order in the new radial coordinate ρ

ds2 =

(
1 +

2σ

ρ
+
σ2

ρ2
+ o(ρ−2)

)
dρ2 + o(ρ−1)dρdxa

+ρ2

(
h

(0)
ab +

h
(1)
ab

ρ
+ ln ρ

iab
ρ2

+
h

(2)
ab

ρ2
+ o(ρ−2)

)
dxadxb, (2.6.2)

where h
(0)
ab is the metric on the unit hyperboloid, denoted H,

ds2 = h
(0)
ab dφ

adφb = −dτ2 + cosh2 τ(dθ2 + sin2 θdφ2) , (2.6.3)

and where σ, h
(1)
ab , h

(2)
ab and iab are fields defined on H, i.e. on 3-dimensional de Sitter space.

Note that hab = ρ2h
(0)
ab +ρh

(1)
ab +ln ρiab+h

(2)
ab + ... denotes the full three-dimensional metric,

the induced metric on the three-dimensional timelike hypersurface. We have referred to
the ansatz (2.6.2) as the generalized Beig-Schmidt ansatz. Indeed, it generalizes spacetimes

considered by R. Beig and B. Schmidt in [46] and [44] where only spacetimes where B
(1)
ab = 0

were considered, i.e. where one can set kab ≡ h
(1)
ab + 2σh

(0)
ab and iab to zero.

Our metric (2.6.2) is invariant under Lorentz transformations but also under supertrans-
lations of the form

ρ = ρ̄+ ω(φ̄a) +
F (2)(φ̄a)

ρ̄
+ ... , φa = φ̄a +

1

ρ̄
h(0) abω,b +

G(2) a

ρ̄2
+ ... , (2.6.4)

where translations are singled out as the four supertranslations that satisfy ωab +ωh
(0)
ab = 0

with ωab ≡ DbDaω, and eventually under logarithmic translations

ρ = ρ̄+H(φ̄)(ln ρ̄− 1) + o(ρ̄0), φa = φ̄a +Ha(φ̄)(ln ρ̄)/ρ̄+ o(ρ̄−1), (2.6.5)

where the functions H are required to satisfy Hab +Hh
(0)
ab = 0 so that no logarithmic terms

are generated at first order.

Our generalized ansatz was justified by our will to consider logarithmic translations and
particular supertranslations as allowed transformations. Indeed, considering logarithmic
transformations, that will generate a logarithmic term at second order, has driven us to
include a non-trivial field iab. Supertranslations are allowed even when iab = 0, they do not
act on σ but they do transform kab as

kab → kab + 2(ωab + ωh
(0)
ab ). (2.6.6)
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The usual attitude in the literature is to consider only spacetimes for which kab can be
set to zero so that supertranslations are gauge-fixed. We have (and we will do so in the
rest of this Part I) relaxed this condition by considering spacetimes for which kab can be
non-trivial with the restriction that kab must be an SDT tensor. This will be justified, in
the next chapter, when discussing the variational principle. Note that this last condition
implies that we restrict to these supertranslations ω that satisfy

(� + 3)ω = 0 , (2.6.7)

where � ≡ DaDa. Let us insist on the fact that, in the case kab = iab = 0, logarithmic
translations and supertranslations are not allowed transformations anymore as they have
been gauge-fixed. Actually, the status of the logarithmic translations in this case is less

trivial as they may be allowed when Dc(E(1)
ab H

c) = 0.

The section 2.2 was devoted to the study of the equations of motion for our specific
class of spacetimes. To study these equations, given the form of the metric (2.6.2), we have
reviewed in section 2.2.1 how the vacuum Einstein equations can be projected along, or
perpendicular to, the hyperboloid of constant ρ using the projector hab = gab − nanb, or
the outward-pointing unit normal na, respectively. This is known as the 3+1 split although
it is in our case a split along the radial coordinate as compared to time in the Arnowitt-
Deser-Misner formalism. This has provided us with Hamiltonian and momentum equations
of motion (these equations contain time derivatives and therefore are not constraints) and
equations of motion on the 3-dimensional hypersurface which respectively read [44]

H ≡ Rµνn
µnν = −LnK −KabK

ab −N−1habDaDbN = 0,

Fa ≡ h µ
a n

νGµν = h µ
a n

νRµν = DbK
b
a −DaK = 0,

Fab ≡ h µ
a h

ν
b Rµν = Rab −N−1∂ρKab −N−1DaDbN −KKab + 2K c

a Kcb = 0,

(2.6.8)

where D is the covariant derivative compatible with the full metric hab on the hyperboloid,
Kab is the extrinsic curvature, N = 1 +σ/ρ is the lapse function, Ln is the Lie derivative in
the direction of na, and LnK = Ln(habKab). In here, indices are raised and lowered with
hab.

In section 2.2.2, we have plugged our general ansatz (2.6.2) for the metric into the
set of equations (2.6.8) and imposed kab to be SDT. We have obtained the respective
radial expansions of these equations at zeroth, first and second order in terms of the fields

h
(0)
ab , σ, kab, h

(2)
ab and iab. We have seen that the equations of motion at zeroth order imply

that h
(0)
ab is locally the metric on the unit hyperboloid as firstly assumed because we have

locally that

R(0)
abcd = h(0)

ac h
(0)
bd − h

(0)
bc h

(0)
ad . (2.6.9)

The first order equations take the form [44]

(�− 3)σ = 0 , (� + 3)kab = 0, (2.6.10)
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while the second order equations are of the generic form

i aa = 0, Dbiab = 0, (�− 2)iab = 0 ,

h(2) a
a = NL

(1)
ab , Dbh(2)

ab = NL
(2)
ab , (�− 2)h

(2)
ab = 2iab + NL

(3)
ab , (2.6.11)

where NL
(i)
ab for i = 1, 2, 3 are non-linear terms, each given in terms of (σ, σ), (σ, k) and

(k, k) quadratic quantities. We have also seen how these second order equations for h
(2)
ab

reduce to the expressions obtained by Beig in [46] when kab = iab = 0.

In section 2.3, we have studied in more details the first and second order equations. To
do that, we started by reviewing in 2.3.1 the split of the Weyl tensor into electric Eab and
magnetic Bab parts and gave their respective asymptotic expansions up to second order.
This enabled us to rewrite in section 2.3.3 the first order equations of motion using the
electric and magnetic first order parts of the Weyl tensor

E
(1)
ab ≡ −DaDbσ − h

(0)
ab σ , B

(1)
ab ≡

1

2
ε cd
a Dckdb . (2.6.12)

Indeed, we saw that by construction, these two tensors enjoy the following properties

h(0)abB
(1)
ab = 0 , E

(1)
[ab] = 0 , D[cE

(1)
a]b = 0 , (2.6.13)

and that the first order equations of motion (2.6.10) are equivalent to

h(0)abE
(1)
ab = 0 , B

(1)
[ab] = 0 , D[cB

(1)
a]b = 0. (2.6.14)

Note that these quantities also satisfy

DbE(1)
ab = 0 , (�− 3)E

(1)
ab = 0 , (2.6.15)

DbB(1)
ab = 0 , (�− 3)B

(1)
ab = 0 , (2.6.16)

telling us that the first order parts of the Weyl tensor are on-shell curl-free SDT tensors.
Solutions to the equation (� + 3)σ = 0 were then studied.

To express the second order equations of motion, we have first reviewed in section 2.3.2
the classification of SD tensors κab constructed out of quadratic quantities in the first order
fields. We then considered, in section 2.3.4, two SDT tensors, Vab and Wab, which are
defined in the generic form

Vab ≡ −h(2)
ab +

1

2
iab +QVab , (2.6.17)

Wab ≡ ε cda Dc

(
h

(2)
db −

1

2
idb +QWdb

)
, (2.6.18)

where QVab and QWab are specific tensor potentials satisfying DbQV,Wab = DaQV,W and QV,W ≡
h(0) abQV,Wab . The tensors Vab and Wab are set to be mutually dual, or conjugate, in the sense
that they obey the following duality properties

Wab = −(curlV )ab + (curlκ)(ab), Vab = (curlW )ab − 2iab . (2.6.19)
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We eventually showed that the equations at second order can be recast into the equivalent
form

W a
a = DbWab = 0, (�− 2)Wab = curl (2i+ κ)(ab), (2.6.20)

iaa = Dbiab = 0, (�− 2)iab = 0, (2.6.21)

or with the help of the curl operator, and the definition jab ≡ −(curl i)ab, in the form

V a
a = DbVab = 0, (�− 2)Vab = curl (−2j + curl (κ))ab, (2.6.22)

jaa = Dbjab = 0, (�− 2)jab = 0. (2.6.23)

In the case where kab = iab = 0, we have seen that the tensors Vab and Wab just reduce

to E
(2)
ab − σE

(1)
ab and B

(2)
ab , where E

(2)
ab and B

(2)
ab are the second order electric and magnetic

parts of the Weyl tensor.

In section 2.4, we have reviewed the important result of [46] showing that Einstein’s
vacuum equations can be solved to all orders, in the case kab = iab = 0, if and only if the
field σ satisfies the field equation (� + 3)σ = 0 and the following six conditions

Q[ξa(0)] ≡
∮
S
d2S εcd(aσ

cE
(1) d
b) ξa(0)n

b = 0 , (2.6.24)

where ξa(0) are Killing vectors on dS3. This result was established by first integrating the

equation of motion (2.6.20) contracted with a Killing vector and showing that it can be
written as a total divergence. The integration of the r.h.s. of the equation of motion
contracted with any Killing vector is precisely the above condition. These integrability
conditions were understood as linearization stability constraints. We then moved to the
generalization of these conditions in the case where kab and iab are non-trivial. We found
that, for the equations to have a solution at least up to second order, we need to require
the following necessary conditions∮

S
d2S iab ξ

a
(0)n

b = 2

∮
S
d2S

(
T

(σ)
ab + T

(k)
ab

)
ξa(0)n

b, (2.6.25)

where

T
(σ)
ab ≡ − 2√

−h(0)

δL(σ)

δh(0) ab
= −1

4
κ

[σ,σ,I]
ab +

1

2
κ

[σ,σ,II]
ab , (2.6.26)

T
(k)
ab ≡ − 2√

−h(0)

δL(k)

δh(0) ab
=

1

2
κ

[k,k,II]
ab − 1

8
Y

(2)
ab , (2.6.27)

are the stress-tensors, expressed as linear combinations of SD tensors κab, associated to the
actions

L(σ) =
√
−h(0)

(
− 1

2
∂aσ∂

aσ +
3

2
σ2
)
, L(k) =

√
−h(0)

(1

4
B

(1)
ab B

(1) ab
)
,(2.6.28)

which were found by requiring that their variations respectively reproduce the equations of
motion for σ and kab.

88



Eventually, in section 2.5, we have looked at all possible conserved charges that one can
associate to conformal Killing vectors, i.e. translations, or Killing vectors, i.e. boosts or
rotations. To do so, we have made extensive use of the results established in the previous
sections such as the properties of Killing vectors on dS3, the classification of SD tensors, the
proof that charges constructed by contracting an SD tensor with a certain Killing vector
is equivalent to a charge constructed with the curl of this tensor with another particular
Killing vector, and the linearization stability constraints. In the case where kab = iab = 0,
we have seen that only four charges, which agree with the ADM momenta, can be associated
to translations

Q[ζa(i)] = − 1

8πG

∮
S
d2S E

(1)
ab n

a ζb(i) , (2.6.29)

and that six charges, the Lorentz charges, can be associated to the Killing vectors

J(i) ≡
1

8πG

∮
S
d2S(E

(2)
ab − σE

(1)
ab )ξarot(i)n

b = − 1

8πG

∮
S
d2SB

(2)
ab ξ

a
boost(i)n

b, (2.6.30)

K(i) ≡
1

8πG

∮
S
d2S(E

(2)
ab − σE

(1)
ab )ξaboost(i)n

b =
1

8πG

∮
S
d2SB

(2)
ab ξ

a
rot(i)n

b, (2.6.31)

using either the electric or magnetic parts of the Weyl tensor. As we will review in the
following chapter, this last result is also a proof of the uniqueness of the Lorentz charges
defined by Ashtekar-Hansen in [8, 12] using the magnetic part of the Weyl tensor and the
counter-term charges of Mann and Marolf [17] expressed in terms of the electric part of
the Weyl tensor. This also trivially proves their equivalence as established in [45]. We also
mentioned that, only in the case where kab is allowed to develop singularities, one can define
non-trivial dual momenta

Q[ζa(i)] = − 1

8πG

∮
S
d2S B

(1)
ab n

a ζb(i) . (2.6.32)

For regular kab, the above dual momenta are identically zero.

We also pointed out that Lorentz charges are a priori not unique in the case where kab
and iab are non-trivial. Indeed, one possible choice is

J(i) ≡
1

8πG

∮
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
rot(i)n

b = − 1

8πG

∮
S
d2S

√
−h(0)Wabξ

a
boost(i)n

b,

K(i) ≡
1

8πG

∮
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
boost(i)n

b =
1

8πG

∮
S
d2S

√
−h(0)Wabξ

a
rot(i)n

b.

(2.6.33)

However, there is an infinite number of possible choices as one can add to them any linear
combination of the twelve boundary charges

∆Q[ξa(0)] =

∮
S
d2S

√
−h(0)(α1 T

(σ)
ab + α2 T

(k)
ab )ξa(0)n

b , (2.6.34)

where α1 and α2 are arbitrary constants. In all cases, they reduce to the Lorentz charges
(2.6.30)-(2.6.31) for kab = iab = 0 upon taking into account the linearization stability
constraints (2.6.25). We will explore these issues in greater detail in the next chapter.
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Chapter 3

Conserved charges from the variational
principle

Asymptotically flat spacetimes are defined up to a frame at infinity which is specified by
all diffeomorphisms that preserve the boundary conditions. Allowed diffeomorphisms asso-
ciated with non-trivial conserved charges - the large diffeomorphisms - modulo diffeomor-
phisms associated with zero charges - the pure gauge transformations - define the asymptotic
symmetry group. For asymptotically flat spacetimes at spatial infinity with specific parity
conditions imposed on the first order fields, the construction of the asymptotic symmetry
group has been worked out both with Hamiltonian and covariant phase space methods.
As we have reviewed, in the Hamiltonian framework, the Regge-Teitelboim (RT) construc-
tion [6] shows that the asymptotic symmetry group is just the Poincaré group. In that
framework, parity odd supertranslations also preserve the boundary conditions but they
are associated with vanishing Hamiltonian generators. In covariant phase space, we have
seen in the previous chapter that the asymptotic symmetry group is the Poincaré group
when truncating the phase space, by setting to zero a part of the first order fields, i.e. the
first order magnetic part of the Weyl tensor is set to zero. This last condition also fixes all
supertranslations [8, 43]. We have however not discussed yet how parity conditions show
up in this setup.

In this chapter, we will deal with conserved charges associated to asymptotic symmetries
that can be constructed from a Lagrangian which provides a good variational principle. Our
analysis also relies on the covariant phase space (see [57]) which is the space of dynamically
allowed histories, i.e. solutions of Einstein’s equations. We refer the reader to [57] for more
details about the construction of charges as Noether charges in this set-up and the precise
meaning of a symplectic structure on the covariant phase space.

We start by reviewing in section 3.1 the Crnkovic-Witten-Lee-Wald symplectic structure,
constructed from the Einstein-Hilbert Lagrangian, the Barnich-Brandt-Compère symplectic
structure, and the ambiguity in their definitions. We point out that for asymptotically
flat spacetimes that can be cast into the Beig-Schmidt form, parity conditions must be
imposed on the first order field σ to obtain a finite symplectic structure, and thus a good
definition of the covariant phase space, as first realized by Ashtekar, Bombelli and Reula
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(ABR) [57]. Comparing the ABR phase space with the work of Regge-Teitelboim, where
supertranslations are allowed at first, we show the existence of a larger covariant phase space
which allows the inclusion of a traceless and divergence-free kab with a fixed parity (see also
comments in [11]). Here, when logarithmic translations are not allowed and parity even
conditions have been imposed, we also recover the Poincaré group as asymptotic symmetry
group by computing the charges that can be constructed from the symplectic structure.
In comparison with the ABR phase space, particular parity even supertranslations are
allowed, namely the covariant equivalent of the Hamiltonian odd supertranslations. These
are associated to trivial charges in agreement with the RT analysis.

In section 3.2, we review the Mann-Marolf construction [17] of a good Lagrangian varia-
tional principle for asymptotically flat spacetimes at spatial infinity, their construction of a
boundary stress-energy tensor and its associated counter-term charges. Based on the results
presented in the previous chapter, we revisit the equivalence of the counter-term charges
with the expressions of Ashtekar and Hansen (see also [45]). We finish this section by point-
ing out the relation between parity conditions and boundary terms at future infinity and
past null infinity in the variational principle.

In section 3.3, we propose a new way of regulating the covariant phase space without
imposing parity conditions. This is implemented by adding counter-terms to the action so
that divergences cancel in the variational principle and makes it well-defined. The charges
associated to the symplectic structure, when the bulk part is regulated by the boundary
counter-term contribution, are thus also shown to be finite and non-trivial for all asymptotic
transformations allowed by our enlarged Beig-Schmidt ansatz.

We relegate to Appendix I.D a comparison between covariant and 3+1 boundary con-
ditions.

3.1 The covariant symplectic structure and associated charges

In this section, we review two different definitions of the symplectic structure and see how
they are related by a boundary term manifesting the ambiguity in its definition. We then
study conservation and finiteness of the symplectic structure, when using our enlarged Beig-
Schmidt ansatz, which are the crucial properties the symplectic structure should satisfy to
define a good covariant phase space. Our computations review the result of Ashtekar-
Bombelli-Reula [57] which shows that the symplectic structure is conserved and logarith-
mically divergent. It can however be made finite, for the Beig-Schmidt ansatz, by imposing
parity conditions on the field σ. Here, we also show that a generalized covariant phase space
can be considered when both σ and kab with specific parity conditions are allowed. In the
last part, we see how the symplectic structure can be used to define conserved charges, that
are finite and reduce to previous expressions known in the litterature for the Beig-Schmidt
ansatz. Although we will not discuss it here, we refer the reader to [58, 15, 18, 19] for the
understanding of the charges, constructed from the symplectic structure, as generators of
(Poincaré) asymptotic symmetries.
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3.1.1 Two symplectic structures

The symplectic structure is a phase space 2-form that is defined as the integral over a
Cauchy slice of a spacetime 3-form that we refer to as the integrand for the symplectic
structure.

As for conventions, we denote a 3-form Θ and a 2-form k as

Θ =
1

3!
Θµνρ dx

µ ∧ dxν ∧ dxρ ≡ Θ̃µ(d3x)µ , (3.1.1)

k =
1

2
kµνdx

µ ∧ dxν = k̃µν(d2x)µν , (3.1.2)

where

(dn−px)µ1···µp =
1

p!(n− p)!
εµ1···µndx

µp+1 · · · dxµn , (3.1.3)

with n being the number of dimensions.

For Stokes’ theorem to hold, we have set conventions (see Appendix B of [34]) that
imply

ετρθφ = ερθφ = −ετθφ = εθφ. (3.1.4)

This also tells us that

(d3x)τ = −dρ(d2x)τ , (d3x)ρ = −dτ(d2x)ρ ,

(d2x)τ = −(d2x)ρ = 2(d2x)ρτ = −d2S , (3.1.5)

where d2S = 1
2εζιdx

ζ ∧ dxι with ζ and ι being coordinates on the sphere.

The Crnkovic-Witten-Lee-Wald symplectic structure

The Crnkovic-Witten-Lee-Wald integrand [59, 58] for the covariant phase space symplectic
structure is given by

ω[δ1g, δ2g] =
1

32πG
(d3x)µ

√
−g
(
δ1g

αβ∇µδ2gαβ + δ1g∇αδ2g
µ
α + δ1g

µ
α∇αδ2g

−δ1g∇µδ2g − 2δ1gαβ∇αδ2g
µβ − (1↔ 2)

)
, (3.1.6)

where δ1gµν , δ2gµν are perturbations around a general asymptotically flat spacetime gµν
and we use the convention δgµν ≡ gµκgνλδgκλ.

To recover this expression, we follow closely the approach given by Burnett and Wald
in [60]. Starting from the Einstein-Hilbert action

SEH =
1

16πG

∫
M
d4x
√
−g R , LEH =

√
−g R , (3.1.7)

one computes the on-shell variation of that action while keeping the boundary terms. We
find

δL = δ(Rµν)gµν
√
−g +Rµνδ(g

µν√−g) . (3.1.8)
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By explicit computation, we check that

δRµν = ∇σΛσµν , Λσµν ≡ Υσ
µν −Υκ

n(µδ
σ
ν) , Υσ

µν ≡ gσκ
(
∇(µ δgν)κ −

1

2
∇κ δgµν

)
,

δ(
√
−g) = −1

2
gµνδg

µν√−g , δgµν = −gµκ gνσ δgκσ , (3.1.9)

and we obtain

δL = (∇σΛσµν) gµν
√
−g +

√
−g Gµν δgµν . (3.1.10)

On shell, we have Gµν = 0 so that the second term vanishes. The first term is a boundary
term. Let us re-express it as

1

16πG

∫
M
d4x δL =

1

16πG

∫
M
d4x ∂σ(

√
−g Λσµν g

µν) ≡
∫
M
dΘ , (3.1.11)

where Θ is a 3-form, as defined in (3.1.1). Its exterior derivative is

dΘ =
1

3!
∇σ Θµνρ dx

σ ∧ dxµ ∧ dxν ∧ dxρ . (3.1.12)

The Hodge dual of this 3-form is a 1-form Θ̃ = ?Θ

?Θ =
1

3!(4− 3)!
Θµνρεµνρσ dx

σ , Θ̃ = Θ̃µ dx
µ . (3.1.13)

This gives us

Θ̃µ =
1

6
ενρσµ Θνρσ , Θνρσ = Θ̃µ εµνρσ , (3.1.14)

and implies that

dΘ = d( Θ̃µ (d3x)µ) . (3.1.15)

In our case, we immediately see that

Θ = Θ̃µ (d3x)µ =

√
−g

16πG
Λµνσ g

νσ (d3x)µ

=

√
−g

16πG
gµκ gνσ (∇σδgνκ −∇κδgσν) (d3x)µ . (3.1.16)

The pre-symplectic structure is obtained from the pre-symplectic potential Θ as

ω(δ1g, δ2g) ≡ δ1Θ(δ2g)− δ2Θ(δ1g) , (3.1.17)

and the bulk symplectic structure is

Ωbulk =

∫
Σ
ω . (3.1.18)
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We find the pre-symplectic structure associated to the Einstein-Hilbert Lagrangian to be
given by

ω(δ1g, δ2g) =

√
−g

16πG
Rµναβγδ

(
δ2gνα∇βδ1gγδ − (1↔ 2)

)
(d3x)µ , (3.1.19)

where

Rµναβγδ ≡ gµγgδνgαβ − 1

2
gµβgνγgδα − 1

2
gµνgαβgγδ − 1

2
gναgµγgδβ +

1

2
gναgµβgγδ .(3.1.20)

This is exactly the expression given by Wald and Zoupas in [15]. It is completely equivalent
to our expression (3.1.6) as soon as one rewrites it using our convention δgµν ≡ gµσ gνκ δgσκ.
In short, one usually says that the Crnkovic-Witten-Lee-Wald integrand (3.1.6) is obtained
by varying a second time the boundary term Θ[δg] obtained after a variation of the Einstein-
Hilbert Lagrangian as ω[δ1g, δ2g] = δ1Θ[δ2g]− δ2Θ[δ1g].

Barnich-Brandt-Compère symplectic structure

In [18, 19], the integrand for the symplectic structure was obtained from Einstein’s equa-
tions. We refer the reader to these papers for more details about its construction. The
Barnich-Brandt-Compère symplectic structure is given by

W [δ1g, δ2g] =
1

32πG
(d3x)µ

√
−g Pµναβγδ

(
δ1gαβ∇νδ2gγδ − δ2gαβ∇νδ2gγδ

)
=

1

32πG
(d3x)µ

√
−g
(
δ1g

αβ∇µδ2gαβ + δ1g∇αδ2g
µ
α + δ1g

µ
α∇αδ2g

−δ1g∇µδ2g − δ1gαβ∇αδ2g
µβ − δ1g

µα∇βδ2gαβ − (1↔ 2)
)
, (3.1.21)

where

Pµναβγδ ≡ gµνgγ(αgβ)δ + gµ(γgδ)νgαβ + gµ(αgβ)νgγδ

−gµνgαβgγδ − gµ(γgδ)(αgβ)ν − gµ(αgβ)(γgδ)ν . (3.1.22)

Comparison of symplectic structures and the ambiguity

One can check that the integrands of the two symplectic structures defined above differ by
the boundary term

W [δ1g, δ2g]− ω[δ1g, δ2g] =
1

32πG
(d3x)µ

√
−g∇ν

(
δ1g

ν
βδ2g

µβ − (µ→ ν)
)
. (3.1.23)

This result reflects the well-known fact that there is an ambiguity in the definition of the
symplectic structure. Indeed, if one adds a boundary term dK to the Lagrangian, then the
equations of motion are unaffected. However, the presymplectic potential will be modified
by a term δK ≡ dY[δg]. Then, the integrand for the symplectic structure becomes

ω → ω + d
(
δ1Y [δ2g]− (1↔ 2)

)
. (3.1.24)
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In the following, we will be interested by their expressions for a specific ansatz of the
Beig-Schmidt form. In this case, we see that this difference vanishes on constant ρ and τ
surfaces when the metric and perturbations are expanded in the Beig-Schmidt expansion
with

gρa = 0, δgρa = 0 . (3.1.25)

We can therefore use interchangeably ω and W in what follows. Note that this does not
change the fact that there is still an ambiguity in the definition of the symplectic structure.

Conservation and finiteness of the symplectic structure

Before looking at the construction of charges, let us discuss conservation and finiteness of
the symplectic structure.

Conservation is established as soon as the symplectic structure given in (3.1.18) is shown
to be independent of the specific choice of the three surface Σ. Because the symplectic
structure is closed by definition, to analyze its conservation it is sufficient to evaluate the
integrand on a constant ρ hypersurface and see if it is of order o(ρ0). Indeed, if this
is the case, the integration on a region delimited by Σ1, Σ2 and ∂Σ, representing two
Cauchy surfaces joining the boundary of these two surfaces at fixed ρ will be vanishing.
The conservation then automatically follows as

∫
M
dω = 0 = −

∫
Σ1

ω +

∫
Σ2

ω +

∫
∂Σ
ω ,

∫
Σ1

ω =

∫
Σ2

ω . (3.1.26)

The finiteness of the symplectic structure can be studied by integrating on a constant τ
hypersurface. It is finite if

∫
Σ,τ=fixed

ω dρ <∞ . (3.1.27)

Note that the above argumentation for conservation of the integrand implicitly assumes
that it is also finite.

To compute these quantities, let us first give some relevant information. Let us first
remember our generalized Beig-Schmidt ansatz

ds2 =

(
1 +

σ

ρ

)2

dρ2 + ρ2

(
h

(0)
ab +

h
(1)
ab

ρ
+ ln ρ

iab
ρ2

+
h

(2)
ab

ρ2
+ . . .

)
dxadxb , (3.1.28)
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meaning that

gρρ = 1− 2σ

ρ
+

3σ2

ρ2
+O(ρ−3) , gρa = 0 ,

gab = ρ−2h(0) ab − ρ−3h(1) ab − ρ−4 ln ρ iab − ρ−4(h(2) ab − h(1) ach(1) b
c ) + o(ρ−4) ,

∂ρgρρ = −2σ

ρ2
− 2σ2

ρ3
+O(ρ−4) , ∂ρgab = 2ρh

(0)
ab + h

(1)
ab + ρ−1iab + o(ρ−1) ,

√
−g = (1 +

σ

ρ
)ρ3
√
−h(0)(1 +

1

2
h+

1

8
hµµh

ν
ν −

1

4
hµνh

µν)

=
√
−h(0)ρ3

[
1 +

(h(1) + 2σ)

2ρ
+

1

2ρ2
(h(2) +

1

4
h(1) 2 − 1

2
h

(1)
ab h

(1) ab + σh(1))

]
=

√
−h(0)

[
ρ3 − 2σρ2 +

ρ

2
(h(2) − 3σ2 − 1

2
kabk

ab) + o(ρ2)

]
, (3.1.29)

where we work in the gauge kaa = 0. The variation of the metric is

δgµνdx
µdxν =

(
2δσ

ρ
+

2σδσ

ρ2

)
dρ2

+
(
ρ(δkab − 2δσh

(0)
ab ) + ln ρδiab + δh

(2)
ab + o(ρ0)

)
dxadxb , (3.1.30)

where

δg = gµνδgµν =
−4δσ

ρ
+

1

ρ2

(
δh(2) − 14σδσ − kabδkab

)
+ o(ρ−2) , (3.1.31)

δgab = gacgbdδgcd = ρ−3(δkab − 2δσhab(0)) +

ρ−4(ln ρδiab + δhab(2) − 8σδσhab(0) + 4kabδσ + 4σδkab − kacδkbc − kbcδkac ) ,

δgρρ = (gρρ)2δgρρ =
2δσ

ρ
− 6σδσ

ρ2
. (3.1.32)

(3.1.33)

Remember our notation δgµν ≡ gµκgνλδgκλ.

The covariant derivative requires an expansion of the Christoffel symbols. One checks
that

Γρρρ =
1

2
gρρgρρ,ρ = − σ

ρ2
+
σ2

ρ3
+O(ρ−4) , Γρρa =

1

2
gρρgρρ,a =

σa
ρ
− σσa

ρ2
+O(ρ−3) ,

Γaρρ = −1

2
gabgρρ,b = −σ

a

ρ3
+
kabσb − 3σσa

ρ4
+ o(ρ−4) ,

Γρab = −ρh(0)
ab −

1

2
kab + 3σh

(0)
ab −

1

2ρ
(iab − 2σkab + 10σ2h

(0)
ab ) +O(ρ−2) ,

Γaρb =
1

2
gacgcb,ρ = ρ−1δab + ρ−2

(
−1

2
kab + σδab

)
+ ρ−3 log ρ(−iab )

+ρ−3(−h(2) a
b +

1

2
iab +

1

2
kackbc − 2σkab + 2σ2h

(0) a
b ) + o(ρ−3) ,

(3.1.34)
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and also

Γabc = Γ
(0) a

bc + ρ−1Γ
(1) a

bc + o(ρ−1) , (3.1.35)

where

Γ
(1) a

bc =
1

2
(Dckab +Dbkac −Dakbc)− σcδab − σbδac + σah

(0)
bc . (3.1.36)

Now, on the one hand, using the expansion (3.1.28) only up to first order, the symplectic
structure integrand evaluated on a hypersurface ρ = constant gives

W [δ1g; δ2g]|fixed ρ =
1

32πG
(d3x)ρ

√
−g
(
δ1g

αβ∇ρδ2gαβ + δ1g∇αδ2g
ρ
α + δ1g

ρ
α∇αδ2g

−δ1g∇ρδ2g − δ1gαβ∇αδ2g
ρβ − δ1g

ρα∇βδ2gαβ − (1↔ 2)
)

=
1

32πG
(d3x)ρ

√
−g
(
δ1g

ab∇ρδ2gab + (δ1g − δ1g
ρ
ρ)(∇ρδ2g

ρ
ρ −∇ρδ2g)

−(1↔ 2)
)
, (3.1.37)

where we used gρa = 0 and δgρa = 0 in the second equation. Computing the following terms

δ1g
ab∇ρδ2gab = ρ−3 (12δ1σδ2σ + δ1k

abδ2kab) , (3.1.38)

(δ1g − δ1g
ρ
ρ) = −6δ1σρ

−1 , (3.1.39)

(δ1g − δ1g
ρ
ρ)(∇ρδ2g

ρ
ρ −∇ρδ2g) = −36ρ−3δ1σδ2σ , (3.1.40)

we see that

W [δ1g, δ2g]|fixed ρ = o(ρ0). (3.1.41)

This shows that our boundary conditions ensure that the symplectic structure is conserved.

On the other hand, the integrand for the symplectic structure evaluated on a Cauchy
slice Σ asymptotic to a constant τ hypersurface reads

W [δ1g; δ2g]|fixed τ =
1

32πG
(d3x)τ

√
−g
(
δ1g

ρρ∇τδ2gρρ + δ1g
ab(∇τδ2gab −∇bδ2g

τ
a)

+δ1g(∇aδ2g
τ
a −∇τδ2g) + δ1g

τa(∇aδ2g −∇bδ2gab)− (1↔ 2)
)
.

(3.1.42)

We find

δ1g
ρρ∇τδ2gρρ = +4ρ−4δ1σDτδ2σ ,

δ1g
ab(∇τδ2gab −∇bδ2g

τ
a) = ρ−4

(
8δ1σDτδ2σ − 2ετce δ1k

d
c δ2 B

(1)
ed + 2δ1k

τbδ2σb

)
,

δ1g(∇aδ2g
τ
a −∇τδ2g) = −8ρ−4δ1σDτδ2σ ,

δ1g
τa(∇aδ2g −∇bδ2gab) = ρ−4

(
4δ1σDτδ2σ − 2δ1k

τbδ2σb

)
. (3.1.43)
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Therefore, we obtain

W [δ1g; δ2g]|Σ =
ρ−1

4πG
(d3x)a

√
−h(0)

(
δ1σDaδ2σ −

1

4
εaceδ1k

d
c δ2B

(1)
ed − (1↔ 2)

)
+ o(ρ−1) .

(3.1.44)

The bulk symplectic structure

Ωbulk[δ1g, δ2g] ≡
∫

Σ
W [δ1g, δ2g] , (3.1.45)

is therefore logarithmically divergent for generic σ and kab.

This result was originally obtained by Ashtekar, Bombelli and Reula in [57], under the
restrictive assumption that kab = 0, where it was suggested that one should impose that σ
satisfies the following (even) parity condition

σ(τ, θ, φ) = σ(−τ, π − θ, φ+ π) , (3.1.46)

so that the symplectic structure be finite. Actually, one can make the symplectic structure
finite even in the presence of kab by imposing

σ(τ, θ, φ) = sσ σ(−τ, π − θ, φ+ π) , (3.1.47)

kab(τ, θ, φ) = sk kab(−τ, π − θ, φ+ π) . (3.1.48)

Here, sσ and sk are two signs which define the phase space with parity conditions. Indeed,
these conditions are sufficient as they impose the integrand to be of odd parity. Following
the dictionary between cylindrical and hyperbolic coordinates presented in Appendix I.D,
the RT parity conditions, reviewed in chapter 1, amount to sσ = sk = +1. Remember
that in RT work, the parities were chosen so that Schwarzschild is allowed as a solution.
Note that a necessary and sufficient condition to allow Schwarzschild is actually only sσ =
+1. For the sake of simplicity, we will not discuss the case of mixed parities here but
restrict the analysis to even parities. The conclusions concerning mixed parities can be
straightforwardly obtained from the results presented in the following.

The covariant phase space where even parity conditions on σ and kab are imposed is
more general than the one considered by ABR in [57] since here we do not impose kab = 0
but only require that Dakab = kaa = 0. In the latter case, the parity even supertranslations
fulfilling (� + 3)ω = 0, such that kab remains an SDT tensor with even parity, are allowed
while logarithmic translations are not, because we do not allow here for iab and σ of odd
parity. As we will see in the following, the conserved charges associated with these allowed
supertranslations are vanishing while the Poincaré generators are non-vanishing. Therefore,
this enlarged phase space is a consistent phase space where the asymptotic symmetry group
is still the Poincaré group. This consistent phase space generalizes the one defined in [57]
by allowing the field kab and therefore the first order part of the magnetic Weyl tensor

B
(1)
ab = 1

2ε
cd
a Dckdb to be non-vanishing while still keeping the Poincaré group as asymptotic

symmetry group. Note that the four lowest harmonics in B
(1)
ab are zero because we impose

that kab has to be regular.
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Let us finally mention that this enlarged covariant phase space we have just discussed is
a subset of the phase space described by Regge and Teitelboim in [6]. There is a one-to-one
mapping between Poincaré transformations between 3+1 and covariant formalism. To see
the mapping between supertranslations, let us decompose the odd supertranslations ξi(n)
of RT as temporal supertranslations ξ⊥, radial supertranslations ξr and angular supertrans-
lations ξι where ι is a coordinate on the two-sphere. Following our Appendix I.D, there is
a one-to-one mapping between canonical temporal and radial supertranslations and even
parity covariant supertranslations satisfying (� + 3)ω = 0. However, our phase space is a
subset of the RT phase space as angular supertranslations generate mixed components gρa
in hyperbolic coordinates. These have been frame-fixed when putting the metric into its
Beig-Schmidt form.

3.1.2 Charges constructed with the symplectic structure

To discuss conserved charges, it turns out to be much more easy to work with the integrand
for the symplectic structure W , the one derived from Einstein’s equations. Indeed, when
contracted with the Lie derivative of the metric, it becomes a boundary term

W [δg,Lξg] = dkξ[δg; g], (3.1.49)

where the last equality has to be understood up to Einstein’s equations of motion for
the metric and the linearized perturbations (see also [19]). The boundary term kξ[δg; g] is
exactly given by the Abbott-Deser expression [10] (see also chapter 1) for the surface charge
constructed from a linear perturbation δgµν around a solution gµν

kξ[δg; g] =
2

3

1

16πG

√
−g (d2x)µαP

µναβγδ
(

2ξν∇βδgγδ − δgγδ∇βξν
)

=

√
−g

16πG
(d2x)µν

√
−g
(
ξν(∇µδg −∇σδgσµ) + ξσ∇νδgσµ

+
1

2
δg∇νξµ +

1

2
δgµσ∇σξν +

1

2
δgνσ∇µξσ − (µ↔ ν)

)
. (3.1.50)

The equality (3.1.49) can be checked rapidly as follows. The two-form kξ is

k = kµνdx
µ ∧ dxν = k̃µν(d2x)µν , kµν =

1

2
εµνσκk̃

σκ , k̃αβ = −1

2
εαβµν kµν ,(3.1.51)

which gives, from (3.1.50),

k̃µν =
1

3

1

16πG
(Pµανβγδ − P ναµβγδ)

(
2ξα∇βδgγδ − δgγδ∇βξα

)
, (3.1.52)

and we also have by definition

dk = ∇ν k̃µν (d3x)µ

=
1

3

1

16πG
(d3x)µ (Pµανβγδ − P ναµβγδ)(

2∇νξα∇βδgγδ + 2ξα∇ν∇βδgγδ −∇νδgγδ∇βξα − δgγδ∇ν∇βξα
)
. (3.1.53)
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One then needs to compute this last expression by discarding terms which are zero on-shell.
For example, one obtains

1

3
(Pµανβγδ − P ναµβγδ)

(
2∇νξα∇βδgγδ −∇νδgγδ∇βξα

)
= Pµναβγδ ∇αξβ ∇νδgγδ .

(3.1.54)

In the end, one finds

W [δg,Lξg] ≡ − 1

32πG
(d3x)µ P

µναβγδ
(

(∇αξβ +∇βξα)∇νδgγδ − δgαβ∇ν(∇γξδ +∇δξγ)
)

= dkξ , (3.1.55)

where the first equality was obtained by definition of the Lie derivative Lξgµν ≡ ∇µξν+∇νξµ.

The covariant phase space infinitesimal charges associated with a diffeomorphism tan-
gent to the phase space are defined from the symplectic structure as

/δQξ[g] = Ω[δg,Lξg] . (3.1.56)

Here, we use the symbol /δQξ[g] to remind the reader that the infinitesimal charge between
the solution g and g + δg can be considered as a one-form in field space which is not
necessarily exact. When /δQξ[g] is an exact form in phase space, as will turn out to be
the case for each diffeomorphism we consider, the charges can be defined. We denote the
integrated charge as Qξ[g; ḡ] (we have δQξ[g; ḡ] = /δQξ[g]) and fix the integration constant
so that Qξ[ḡ; ḡ] = 0 for Minkowski spacetime ḡ. See also [19] for more details.

Using the definition of the bulk symplectic structure (3.1.45) and its property (3.1.49),
the charge one-form /δQξ[g] can be written as a surface integral

/δQξ[g] =

∫
S
kξ[δg; g], (3.1.57)

evaluated on the sphere S at constant time t and at ρ = Λ. The expression for the charges
can be rewritten in the alternative form

kξ[δg; g] = −δkKξ +
1

8πG
(d2x)µν

√
−g
(
ξν(∇µδg −∇σδgσµ) +∇µδξν

)
− E[Lξg, δg],

(3.1.58)

where

kKξ [g] =
1

16πG
(d2x)µν

√
−g
(
∇µξν −∇νξµ

)
, (3.1.59)

is the Komar term and

E[Lξg, δg] =
1

16πG
(d2x)µν

√
−g
(1

2
gµαδgαβg

βγLξgγσgσν − (µ↔ ν)
)
, (3.1.60)

is a term linear in the Killing equations that might not vanish in general for asymptotic
symmetries. Here δ acts on the metric and on the asymptotic Killing vector, as ξ(g) might
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depend on the metric. Note that in (3.1.58), the first term is the exact variation of the
Komar term and the third term is zero when evaluated on constant ρ and τ surfaces since

gρa = 0, δgρa = 0, Lξgρa = 0. (3.1.61)

Therefore the bulk surface charge one-form (3.1.57) is given by the generalization of the
Iyer-Wald expression [14] when the asymptotic Killing vector is allowed to depend on the
metric

kξ[δg; g] = −δkKξ [g] +
1

8πG
(d2x)µν

√
−g
(
ξν(∇µδg −∇σδgσµ) +∇µδξν

)
. (3.1.62)

We say that surface charges are integrable if and only if∫
S

(
δ2kξ[δ1g; g]− (1↔ 2)

)
= 0 . (3.1.63)

The integrable charges are then defined by integrating in phase space as

Q[ξ; g] =

∫
S

∫
γ
kξ[δg; g] , (3.1.64)

where γ is a path in the space of symmetric configurations, see [19] for more details. The
charges are asymptotically linear, and thus reduce to the Abbott-Deser expressions (see also
[18]), if

kξ[δg; g] = kξ[δg; ḡ] = kξ[g − ḡ; ḡ]. (3.1.65)

Evaluating the charges for our Beig-Schmidt ansatz

Let us now review the explicit evaluation of the charge (3.1.64) for each asymptotic Killing
vector (translations, supertranslations satisfying (� + 3)ω = 0, rotations, boosts and loga-
rithmic translations). Although we have not considered yet in this chapter a phase space
where logarithmic translations or generic supertranslations are allowed, we produce the
generic (divergent) results here as these will be useful in the next section. The main goal
of this section is to establish that in the case where logarithmic translations are discarded
but even parity supertranslations satisfying (� + 3)ω = 0 can act on the phase space, i.e.
σ and kab obey even parity conditions and iab = 0, we recover the usual expressions for the
Poincaré charges derived in previous works on asymptotically flat spacetimes in Lagrangian
framework [7, 8, 47, 10, 12]. The only difference with those works, when parity conditions
are imposed, is that we have allowed for even parity supertranslations by allowing the SDT
tensor kab to be non-zero. In agreement with the work of Regge and Teitelboim, we show
that these charges are always zero.

In order to do the computation only once, we consider the vector field

ξρ = log ρH(x) + (ω(x)−H(x)) +
1

ρ
F (2)(ρ, x) + o(ρ−1),

ξa = ξa(0) +
log ρ

ρ
Ha(x) +

1

ρ
ωa(x) +

1

ρ2
G(2)a(ρ, x) + o(ρ−2) , (3.1.66)

102



where ω stands for supertranslations (or translations), H for logarithmic translations, and
ξa(0) for the Killing vectors on dS3. Remember that the functions F (2) and G(2) a are fixed in
terms of ω, H and the first order fields such that the form of the generalized Beig-Schmidt
ansatz is preserved.

Let us now plug the vector field (3.1.66) and our generalized ansatz (3.1.28) into (3.1.62)
and make intensive use of the results stated between (3.1.29) and (3.1.36).

For the first term in (3.1.62), the Komar term, we find

Dρξa =
1

ρ
ξa(0) +

1

ρ2
(−1

2
kabξ

b
(0) − σξ

a
(0) +Ha) +

ln ρ

ρ3

(
− iabξb(0) −Hσ

a + σHa − 1

2
kabH

b
)

+
1

ρ3

(
−G(2) a + ρ∂ρG

(2) a − σaω + σaH − 2σHa − 1

2
kabω

b + σωa

+(−h(2) a
b +

1

2
iab +

1

2
kackcb − σkab + 3σ2h

(0) a
b )ξb(0)

)
, (3.1.67)

Daξρ = −1

ρ
ξa(0) +

1

ρ2
(
1

2
kabξ

b
(0) + σξa(0) −H

a) +
ln ρ

ρ3
(iacξ

c
(0) +Hσa − 1

2
kabHb + 3σHa)

+
1

ρ3

(
hac(2)ξ

(0)
c + F a(2) −G

(2)a + kabHb −Hσa − 2σHa + σaω − 1

2
kabω

b + 3σωa

−1

2
iabξ

b
(0) + σkab ξ

b
(0) − 3σ2ξa(0) −

1

2
kackcbξ

b
(0)

)
. (3.1.68)

The functions F (2) and G(2) a are fixed by computing

√
−g (Dρξa +Daξρ) =

√
−h(0)

(
log ρ(−kabHb + 4σHa) + F (2) a − 2G(2) a + ρ∂ρG

(2) a

−4σHa − kabωb + 4σωa + kabHb

)
+ o(ρ0) . (3.1.69)

Indeed, if we want the vector to be Killing up to order o(ρ0), we should impose

F (2) a − 2G(2) a + ρ∂ρG
(2) a + (log ρ− 1)(−kabHb + 4σHa)− kabωb + 4σωa = 0 . (3.1.70)

Note that this is just another equivalent way of saying that we stay in the Beig-Schmidt
frame under such transformations.

In the end, for the Komar term, we find

−16πG

∫
γ
δKK

ξ ≡ −A[g] +A[ḡ] , (3.1.71)

where

A[g] =
√
−g (Dρξa −Daξρ) =

√
−h(0)

(
2ξa(0)ρ

2 +
(
−6σξa(0) − k

a
b ξ
b
(0) + 2Ha

)
ρ

+ ln ρ(−2iabξ
b
(0) − 2Hσa − 2σHa) +

(
ρ∂ρG

(2) a − F (2) a − 2σaω − 2σωa + 2σaH

−4σHa − kabHb + (−2h
(2) a
b + iab + kackcb)ξ

b
(0) + (h(2) + 7σ2 − 1

2
kabk

ab)ξa(0)

)
+o(ρ0) . (3.1.72)
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The last term in (3.1.62) is

B ≡
∫
γ

√
−g (Dρδξa −Daδξρ) =

√
−h(0)

(
ρ∂ρG

(2) a − F (2) a
)

+ o(ρ0) . (3.1.73)

To compute the last two terms of (3.1.62), we see that

Dρδg −Dσδg
σρ = −6δσ

ρ2
+

1

ρ3
(−δh(2) + 18σδσ +

1

2
kabδkab) , (3.1.74)

Daδg −Dσδg
σa = −2δσa

ρ3
+ o(ρ−3) , (3.1.75)

which gives

√
−gξa(Dρδg −Dσδg

σρ) = −6
√
−h(0)δσξ

a
(0)ρ− 6

√
−h(0)δσH

a log ρ

+
√
−h(0)

(
(−δh(2) + 30σδσ +

1

2
kabδkab)ξ

a
(0) − 6δσωa

)
+o(ρ0) ,

√
−gξρ(Daδg −Dσδg

σa) =
√
−h(0)

(
− 2Hδσa log ρ− 2(ω −H)δσa

)
+ o(ρ0) .(3.1.76)

The integral in phase space turns out to be trivial

C ≡
∫
γ

√
−gξρ(Daδg −Dσδg

σa − ξa(Dρδg −Dσδg
σρ))

=
√
−h(0)

[
(6σξa(0))ρ+ log ρ(−2Hσa + 6σHa) +

(h(2) − 15σ2 − 1

4
kabk

ab)ξa(0) + 6σωa − 2ωσa + 2Hσa
]
. (3.1.77)

The final answer is

(16πG)

∫
γ
kξ = (−A[g] +A[ḡ] + B − C) (2(d2x)ρa) . (3.1.78)

The quadratically divergent term, present in (3.1.72), cancels between −A[g] and A[ḡ]. The
linear divergent term proportional to σ in the Komar integral A cancels the one in C. By
convention, we express the charges in terms of ξ̂a(0) = −ξa(0), so that the linear divergent
term reduces to ∫

S

∫ g

ḡ
kξ̂(0)

=
1

8πG

∫
S
d2S

√
−h(0)

(
1

2
kτa ξ̂

a
(0)ρ

)
. (3.1.79)

It is however identically zero after using the equations of motion for kab and properties of
integrals. In the end, we see that the final result has a log divergent piece and a finite piece

Q[ξ; g] =

∫
S

∫
γ
kξ[δg; g]

=
1

16πG

∫
S
d2S na

(
log ρ(−2iab ξ̂

b
(0) + 4Hσa − 4σHa)

+4σaω − 4σωa − 4σaH + 4σHa + kabHb

−2ξ̂b(0)(h
(2) a
b − 1

2
iab −

1

2
kackcb + h

(0) a
b (−h(2) + 4σ2 +

3

8
kcdk

cd))
)
,(3.1.80)
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as expected from the logarithmic divergence of the symplectic structure.

Let us now study in more detail the charges associated to translations, supertranslations
and Lorentz transformations. We will not consider logarithmic translations as these are not
allowed in the phase space where even parity conditions are imposed. For the other symme-
tries, we try to stay as general as possible in the following, anticipating the considerations
to be presented in section 3.3.

Translations and supertranslations

Even without assuming parity conditions, the charges associated to translations and super-
translations are finite and asymptotically linear kξ[δg; g] = kξ[δg; ḡ]. They reduce to

Q[ξ; g] =
1

4πG

∫
S
d2S

√
−h(0) na

(
σaω − σωa

)
. (3.1.81)

One can check that the charges are also conserved as we restrict ourselves to supertransla-
tions satisfying (� + 3)ω = 0, so that Da(σaω − σωa) = �σω − σ�ω = 0.

For translations, the expression for the charges can be further simplified by noticing

that, when ωab + ωh
(0)
ab = 0, we have

2ωσb − 2ωbσ = −E(1) a
b ωa − 2Da(ω[aσb]) . (3.1.82)

One recovers the well-known expression for the four-momenta, already obtained in (2.5.6),

Q(µ)[g; ḡ] = − 1

8πG

∫
S
d2S E

(1)
ab n

aDbζ(µ) , (3.1.83)

where the four scalars ζ(µ), µ = 0, 1, 2, 3 are the four solutions of DaDbζ(µ) + h
(0)
ab ζ(µ) = 0.

The vector ∂/∂t in the 3+1 asymptotic frame (t, r, θ, φ) corresponds to the translation
ζ(0) = − sinh τ . One can check [45] that the charge Q(0) for the Schwarzschild black hole of
mass m is +m after identifying σ = Gm cosh 2τ sech τ , as it should.

For supertranslations, when parity even conditions are imposed on both σ and kab, ω also
has to be parity even. One realizes from expression (3.1.81) that supertranslation charges
identically vanish in this case. Note that this does not apply to translations ω = ζ(µ), which
are of odd parity, as these are still allowed and are associated with non-trivial charges.

Lorentz charges

As we can see from (3.1.80), the expression for the bulk charge admits a logarithmic diver-
gence and a finite piece. The logarithmically divergent piece of the Lorentz charges takes
the form

kξ[δg; g] = − log Λ

8πG

∫
S
d2S

√
−h(0) iab ξ

a
(0)n

b +O(Λ0) . (3.1.84)

It can be expressed using the linearization stability constraints (2.6.25) as

kξ[δg; g] = − log Λ

4πG

∫
S
d2S

√
−h(0)

(
T

(σ)
ab + T

(k)
ab

)
ξa(0)n

b +O(Λ0), (3.1.85)
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where T
(σ)
ab and T

(k)
ab are the stress-tensors of the actions (2.6.28). The finite part of the

Lorentz charges can be written as

Q−ξ(0)
[g; ḡ] =

1

8πG

∫
S
d2S

√
−h(0)

(
− h(2)

ab +
1

2
iab +

1

2
kcakcb

+h
(0)
ab (8σ2 + σcσc −

1

8
kabk

ab + kcdσ
cd)
)
ξa(0)n

b. (3.1.86)

where we used the second order equation h(2) = 12σ2 +σcσ
c+ 1

4kcdk
cd+kcdσ

cd. The charges
are also conserved as a consequence of the momentum equation (2.2.54).

Let us remark here that, following considerations presented in the previous chapter, the
finite part of the charges given in (3.1.86) can be written in two equivalent ways as

J(i) ≡
1

8πG

∫
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
rot(i)n

b = − 1

8πG

∫
S
d2S

√
−h(0)Wabξ

a
boost(i)n

b,

K(i) ≡
1

8πG

∫
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
boost(i)n

b =
1

8πG

∫
S
d2S

√
−h(0)Wabξ

a
rot(i)n

b ,

(3.1.87)

where Vab, Wab are defined in (2.6.17)-(2.6.18).

When parity conditions hold, the integral of all quadratic pieces vanish and so does the
divergent part (the integral of iab vanishes as a consequence of the linearization stability
constraints). It then implies that asymptotic linearity (3.1.89) holds and the charges thus
agree with the Abbott-Deser formula

Q−ξ(0)
[g; ḡ] =

∫
S
k−ξ(0)

[g − ḡ; ḡ] . (3.1.88)

One can check [45] that for the Kerr black hole, one gets the standard result J(3) = +ma

for ξ(0),rot = ∂
∂φ .

When parity conditions are not imposed on σ and kab, the charges have a divergent
contribution and contain a finite part with quadratic terms in the fields that cannot be
obtained from the linearized theory alone. In other words, the property of asymptotic
linearity

kξ[δg; g] = kξ[δg; ḡ], (3.1.89)

would not hold for Lorentz transformations in this case.

An extended covariant phase space

We have thus seen that from the symplectic structure, when imposing iab = 0 and σ, kab
to be parity even, one can define Poincaré charges that are asymptotically linear and thus
reduce to standard results known in the litterature. Also, we have generalized the phase
space of ABR [57] by allowing for an SDT parity even kab. We have thus allowed for even
parity supertranslations that obey (�+ 3)ω = 0. In agreement with the work of Regge and
Teitelboim, we have seen that the associated charges are trivial.
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3.2 Mann-Marolf counter-term charges and parity conditions

As we have seen in the previous section, the Einstein-Hilbert action is stationary, upon
varying it, up to a boundary term. It was realized by G. Gibbons and S. Hawking in
[61] that when one considers variations with δhab = 0 on the boundary, one should add a
boundary term to the Einstein-Hilbert action to have a good variational principle. This
term is known as the Gibbons-Hawking term

S = SEH + SGH , SGH ≡ 2

∫
∂M

K , (3.2.1)

where K is the trace of the extrinsic curvature. In a more general way, one would like to
consider an action principle which is stationary under the full class of variations correspond-
ing to the space of paths under which the integral is performed. The boundary terms should
then vanish under any allowed variations, and not just say δhab = 0. The action (3.2.1)
is actually well defined for spatially compact geometries but may diverge for non-compact
ones (see also [62]). To define the action in this latter case, one should choose a reference
background g0 and write

S′ = S[g]− S[g0] = SEH + 2

∫
∂M

(K −K0) . (3.2.2)

The Mann-Marolf counterterm is a prescription for a good variational principle for
asymptotically flat spacetimes which are described by metrics of the Beig-Schmidt form.
Inspired by this “reference background approach” just described, see also [61, 62, 63, 64, 65,
66, 67, 68, 69], it was proposed in [17] to define the action for asymptotically flat spacetimes
as

SMM =
1

16πG

∫
M
d4x
√
−g R+

1

8πG

∫
ρ=Λ

d3x
√
−h (K − K̂), (3.2.3)

where K̂ ≡ habK̂ab and K̂ab is defined to satisfy

Rab = K̂abK̂ − K̂a
cK̂cb, (3.2.4)

where Rab is the Ricci tensor of the boundary metric hab at a cut-off ρ = Λ. This equation,
because it is quadratic in K̂ab, admits more than one solution for K̂ab. The prescription
of [17] consists of choosing the solution that asymptotes to the extrinsic curvature of the
boundary of Minkowski space as the cut-off ρ = Λ is taken to infinity. It was then shown
that the action is finite on-shell and also that asymptotically flat solutions are stationary
points under all variations preserving asymptotic flatness. Indeed, one starts by computing
the variation of the action for asymptotically flat spacetimes that are defined as spacetimes
admitting a Beig-Schmidt expansion. One can check that this variation is equal on-shell to
(see also [48] and [45] for computational details)

δSMM = − 1

16πG

∫
H
d3x
√
−h(0) E(1) abδkab, (3.2.5)

where E
(1)
ab = −σab − σh

(0)
ab is the first order electric part of the Weyl tensor and boundary

terms at the future and past boundaries, let us call them C±, have been neglected. We will
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study in more detail the importance of these contributions at the end of this section. Here,

Einstein’s equations imply that h
(0)
ab is locally the metric on the hyperboloid and therefore

we set δh
(0)
ab = 0 by fixing the boundary metric to be the unit hyperboloid.

Now, the variation of the action as obtained in (3.2.5) is obviously zero if we consider,
as is done in [17], the phase space where δkab = 0. However, after integrations by parts,
one can also write (3.2.5) as

δSMM =
1

16πG

∫
H
d3x
√
−h(0)

(
− σaδ(Dbkab) + σδ(h(0) abkab)

)
. (3.2.6)

We thus see that a good variational principle can be defined under the more general as-
sumption that the symmetric tensor kab is a traceless and divergenceless tensor

k a
a = 0, Dbkab = 0. (3.2.7)

This action provides thus also a good variational principle for asymptotically flat spacetimes
defined by our generalized ansatz when kab is restricted to be an SDT tensor1. This is our
justification for having considered solutions with kab non-trivial but such that kab is an SDT
tensor.

Boundary stress-energy tensor

Here, let us stick for a moment to the stronger assumption kab = 0. Based on this good
variational principle, where the action has been supplemented by a counterterm, it was
proven natural in [17] to define a renormalized, or boundary, stress-energy tensor. The
boundary stress tensor is defined as the functional derivative of the on-shell action with
respect to hab

Tab ≡ −
2√
−h

δS

δhab
= − 1

8πG
(πab − π̂ab + ∆ab) , (3.2.8)

where πab is the conjugate momenta defined as πab = Kh(0) ab − Kab, but also π̂ab =
K̂h(0) ab−K̂ab and ∆ab is an additional term that was first overlooked in [17] but later dealt
with in [45]. The formal expression for ∆ab is not needed here but can be found in appendix
A of [45], see also [48]. The asymptotic expansion of the stress tensor is given by [45]

Tab =
1

8πG

(
T

(1)
ab +

T
(2)
ab + ∆

(2)
ab

ρ
+ o(ρ−1)

)
, (3.2.9)

1Actually, this is not completely true as parity conditions should also be imposed to ensure that the
boundary contributions at future and past boundaries can be legitimately neglected. See the end of this
section for more details about this.
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where [17, 51, 45]

T
(1)
ab = E

(1)
ab = −σab − σh

(0)
ab , (3.2.10)

T
(2)
ab = −h(2)

ab +

(
5

2
σ2 + σcσ

c +
1

2
σcdσ

cd

)
h

(0)
ab − 2σaσb − σσab − σacσcb (3.2.11)

= E
(2)
ab − γab, (3.2.12)

γab = 2σσab +
5

2
σ2h0

ab + σcaσcb −
1

2
σcdσ

cdh0
ab, (3.2.13)

∆
(2)
ab = −1

4

[
9σcσ

ch
(0)
ab − 29σaσb + 63σσab + 24σapσb

p − 5σcdσ
cdh

(0)
ab + 45σ2h

(0)
ab

−3σmnpσ
mnph

(0)
ab + 9σpq(aσ

pq
b) − 3σpqσpq(ab) − 2σeσe(ab)

]
. (3.2.14)

Here, E
(1)
ab and E

(2)
ab are the first and second order terms in the expansion of the electric

part of the Weyl tensor.

Counter-term charges and Ashtekar Hansen charges revisited

The boundary stress tensor (3.2.8) obtained from the action (3.2.3) can be used to define
the conserved charges [17]

Q[ξ] =
1

8πG

∫
Sρ

d2S
√
−hTab uaξb, (3.2.15)

for any asymptotic Killing field ξa, where hab is the induced metric on the hyperboloid Hρ
defined as a constant ρ slice, Sρ is a Cauchy surface in Hρ and ua is a timelike unit vector
in Hρ normal to Sρ. Expanding the expression in powers of ρ for rotations and boosts, one

notices a potentially linearly divergent term in ρ. However, since E
(1)
ab admits σ as its scalar

potential, the divergent term is in fact zero [8]. Then, the finite part2 of (3.2.15) reduces
to [51, 45]

Q[ξ(0)] =
1

8πG

∫
S
d2S

√
−h(0)(E

(2)
ab − σE

(1)
ab − γab −∆

(2)
ab )ξa(0)n

b , (3.2.16)

where na is the leading order coefficient of ua in the asymptotic expansion and S is the unit
two-sphere. It is now easy to show that γab does not contribute to conserved charges as

γabξ
a
(0) = Da

(
ξc(0)D[aκb]c + κc[aDb]ξ

c
(0)

)
+Da(σ2D[aξ

(0)
b] )− 4Da(σσ[aξ

(0)
b] ),(3.2.17)

where κab ≡ T
(σ)
ab , can be written as a total divergence on S. The tensor ∆

(2)
ab also does not

contribute to conserved charges. Indeed, from our classification of SD tensors in section
2.3.2, one realizes that it can be written as

∆
(2)
ab = −7

4
(curl 2κ)ab −

3

4
(curl 4κ)ab. (3.2.18)

2Here, we do not consider translations as we readily find exactly the same definition as the one given by
Ashtekar-Hansen [8] that we derived in the previous chapter.
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Imposing the linearization stability constraints stating that κab must be associated to trivial
charges, the result immediately follows. Thus, expression (3.2.16) simply reduces to our
previous expression (2.6.30)-(2.6.31)

Q[ξ(0)] =
1

8πG

∫
S
d2S

√
−h(0)(E

(2)
ab − σE

(1)
ab )ξa(0)n

b . (3.2.19)

We have thus shown that the linearization stability constraints, established in the previous
chapter, are all that is needed to show the equivalence between the counter-term charges
given in terms of the electric part of the Weyl tensor and the Ashtekar-Hansen charges given
in terms of the magnetic part of the Weyl tensor. Note that this was expected as we proved
in the previous chapter that only six non-trivial independent charges associated to Killing
vectors can be defined. It would be interesting to see if the construction of a boundary
stress-energy tensor can be generalized when kab and/or iab are non-trivial.

Parity conditions and boundary contributions in the variational principle

In [51, 45], the equivalence between the counter-term charges and the Ashtekar-Hansen
charges was established using the even parity condition on σ

σ(τ, θ, φ) = σ(−τ, π − θ, φ+ π) . (3.2.20)

We have reviewed in the two previous sections that, both in Hamiltonian framework or
in covariant phase space methods, asymptotically flat spacetimes at spatial infinity have
only been defined when parity conditions on the first order part of the boundary fields are
imposed. We have seen that these conditions have been introduced so that Lorentz charges
are finite and so that the canonical structure, or in Lagrangian formalism the covariant
symplectic structure, is also finite. Now, as we have reviewed here with the Mann-Marolf
construction [17], see also [61, 62], it seems that asymptotically flat spacetimes at spatial
infinity admit a variational principle whether or not parity conditions on the first order part
of the boundary fields in the asymptotic cylindrical or hyperbolic radial expansion hold, at
least when one neglects boundary terms at the past and future boundaries [61, 62, 17]. It is
however quite intriguing that even though the action is finite, the symplectic structure and
the conserved charges are infinite when parity conditions do not hold. One would like to
think that the action determines the entire dynamics and therefore in particular the sym-
plectic structure and conserved charges3. This apparent puzzle was one of the motivations of
the work presented in the next section. To understand the mismatch, one has to realize that

The boundary contributions in the variational principle of Mann and Marolf [17] vanish
if one imposes parity conditions but do not in general. These boundary contributions are
responsible for the logarithmic divergence of the covariant symplectic structure when parity
conditions are not imposed.

3We thank D. Marolf and A. Virmani for drawing our attention to this issue and A. Ashtekar for empha-
sizing the role of past and future boundary terms in the variational principle.
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Although we have not stated so previously, the construction of the boundary stress-
tensor thus implicitly assumes that parity conditions have been imposed. To see how those
boundary contributions emerge and reproduce the logarithmic divergence of the symplectic
structure, we limit the domain where the variational principle is defined between an initial
and a final spacelike hypersurface that we denote as Σ±. The spheres lying at the intersec-
tion of the boundary hyperboloid H with the hypersurfaces Σ± are denoted as S± and are
defined at hyperboloid times τ = τ±, see Figure 3.1.

Figure 3.1: The variational principle is defined in the spacetime delimited by initial and
final time slices Σ± and the hyperbolic cut-off H.

Following previous discussions, we find

δSMM = C± , (3.2.21)

where

C± = ± 1

16πG

∫
Σ±

(d3x)µΘµ[δg] , (3.2.22)

and where Θµ[δg](d3x)µ is the presymplectic form. Using the asymptotic expansion of the

fields and
∫

Σ(d3x)aΘ
a = −

∫ ρ=Λ
dρ
∫
S(d2x)aΘ

a, we obtain that

C± = ∓ log Λ

16πG

∫
S±

d2S
√
−h(0)na

(
4σDaδσ +

1

2
kbcDaδkbc

)
+ F± , (3.2.23)

where we denote by F± the finite terms that are obtained from integrating the presymplectic
form in the bulk of Σ± after removing the logarithmic divergences. We expect that the finite
terms F± might be set to zero by imposing appropriate boundary conditions on Σ± and by
adding appropriate boundary terms to the action on Σ±. The derivation of the boundary
conditions and boundary terms at Σ± would require a careful analysis that we will not
perform here.

Having derived the boundary contributions to the variational principle, we see that the
logarithmically divergent term in (3.2.23) cannot be set to zero for general variations δσ,
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δkab unless additional boundary conditions are imposed on the first order fields. If one
imposes that σ and kab satisfy specific parity conditions, then these boundary conditions
vanish. For generic σ and kab, one could compute the contribution of these boundary terms
to the symplectic structure and would actually recover the divergent part we obtained before

W [δ1g; δ2g]|Σ =
log Λ

4πG
(d3x)a

√
−h(0)

(
δ1σDaδ2σ −

1

4
εaceδ1k

d
c δ2B

(1)
ed − (1↔ 2)

)
+ o(ρ−1) .

(3.2.24)

To summarize, we have seen that the variational principle is actually ill-defined on future
and past boundaries Σ± when parity conditions are not imposed. As a direct consequence
of this, one sees that the contributions to the symplectic structure of the boundary terms
(3.2.23) make the symplectic structure infinite. The Mann-Marolf action we have described
in this section is thus only a valid variational principle, i.e. boundary contributions can
be neglected so that δSMM = 0, if some other boundary conditions such as the parity
conditions hold. We review in the next section another way to regulate these infinities
without imposing parity conditions, allowing us to deal with a phase space where logarithmic
and generic supertranslations satisfying (� + 3)ω = 0 are allowed transformations.

3.3 Relaxing parity conditions

Both in the usual covariant phase space and in the Hamiltonian framework, different log-
arithmic translation frames or generic parity supertranslation frames are not related by
transformations associated with finite Hamiltonian or Lagrangian generators when one uses
the standard canonical bracket or symplectic structure. There is therefore no covariant
phase space or canonical space that encompasses spacetimes or initial data surfaces with
such different frames. Now, either these frames are unphysical or they are physical. On the
one hand, if they are unphysical, one would expect that the corresponding transformations
are pure gauge (see [50] for arguments that logarithmic translations are unphysical). The
fact that logarithmic translations and generic parity supertranslations are not degenerate
directions of the symplectic structure - they are not allowed directions of the symplectic
structure in the first place - is however in tension with the intuition that pure gauge trans-
formations should be degenerate directions of the symplectic structure. On the other hand,
if the choice of frame has some implication for the dynamics of the theory, it is important
to consider those transformations and study if the infinities can be suitably regularized. If
an enlarged phase space exists where both logarithmic and generic supertranslations are
allowed in the first place, it would allow us to settle these questions of frame-fixing. How-
ever, there does not exist in the literature a construction of a consistent phase space where
parity conditions have not been imposed.

We have just seen that this relaxation will strongly rely on the regulation of the standard
covariant phase space symplectic structure. In Hamiltonian formalism, this would equiv-
alently rely on the canonical bracket defined from the canonical fields 3gij and πij . Now,
it is important to remember from chapter 1 that the definition of the canonical structure
depends on what fields are considered to be canonical. We reviewed that in the work of [6],
the asymptotic values for the shift and lapse functions at infinity should be considered as
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additional canonical variables in addition to 3gij and πij . The consideration of additional
canonical variables might then lead to a modification of the canonical structure. Also,
we have seen above that the algebraic derivation of the covariant phase space symplectic
structure from the bulk Lagrangian suffers from ambiguities [13, 14] and that the Mann-
Marolf variational principle is well-defined only under the assumption that future and past
boundary terms can be dealt with without affecting the analysis at spatial infinity.

In this section, we show that four-dimensional asymptotically flat spacetimes at spatial
infinity can be defined from first principles without imposing parity conditions or restrictions
on the Weyl tensor. In section 3.3.1, the Einstein-Hilbert action is shown to be a correct
variational principle when it is supplemented by an anomalous counter-term which breaks
asymptotic translation, supertranslation and logarithmic translation invariance. We also fix
the ambiguity in the definition of the symplectic structure by looking at the contribution
of the counterterms added to the action such that they minimally cancel the divergences
that are present in the absence of parity conditions. We see in section 3.3.2 that the
contributions of those counter-terms to the charges make the Poincaré transformations as
well as the supertranslations and the logarithmic translations finite, conserved and non-
trivial. Lorentz charges are generally non-linear functionals of the asymptotic fields but
reduce to well-known linear expressions when parity conditions hold. In section 3.3.3, we
discuss how those transformations represent the asymptotic symmetry group. We see that
Lorentz charges as well as logarithmic translations transform anomalously under a change
of regulator. Eventually, in section 3.3.4, we briefly discuss how this covariant construction
can be translated into the Hamiltonian formalism.

3.3.1 Action principle and finite symplectic structure

As another mechanism for canceling the logarithmic divergence, without assuming that σ or
kab obey parity conditions, we simply propose to add to the action the following boundary
counter-term

S = SMM +
log Λ

4πG

(
S(σ) + S(k)

)
, (3.3.1)

where S(σ) and S(k) are the actions

S(σ) =

∫
H
d3x
√
−h(0)

(1

2
σ(� + 3)σ

)
± 1

2

∫
S±

(d2x)aσDaσ

=

∫
H
d3x
√
−h(0)

(
− 1

2
DaσDaσ +

3

2
σ2
)
±
∫
S±

(d2x)aσDaσ, (3.3.2)

S(k) =

∫
H
d3x
√
−h(0)

( 1

16
kab(�− 3)kab

)
± 1

16

∫
S±

(d2x)ak
cdDakcd

=

∫
H
d3x
√
−h(0)

(1

4
B(1) abB

(1)
ab

)
± 1

8

∫
S±

(d2x)ak
cdDakcd , (3.3.3)
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for the scalar σ and the SDT tensor kab defined on the hyperboloid. In the above expression,
we have defined

±
∫
S±

(d2x)aσDaσ ≡ +

∫
S+

(d2x)aσDaσ −
∫
S−

(d2x)aσDaσ ,

±
∫
S±

(d2x)ak
cdDakcd ≡ +

∫
S+

(d2x)ak
cdDakcd −

∫
S−

(d2x)ak
cdDakcd . (3.3.4)

Note that, apart from boundary terms at S±, these are precisely the actions for the fields σ
and kab we already obtained in (2.6.28) when discussing linearization stability constraints
of Einstein’s equations. As we have said at that time, the variations of the actions S(σ) and
S(k) reduce on-shell to a boundary term at S± because the equations of motion for S(σ) and
S(k) are precisely the equations obeyed by σ and kab obtained from Einstein’s equations.

When parity conditions hold, the variations of the actions S(σ) and S(k) are identically
zero off-shell. In the absence of parity conditions, when varying the action we see that the
sum of the bulk and counter-term boundary terms at S± precisely cancel, for the choice of
coefficients in (3.3.1) and the choice of boundary terms in the actions (3.3.2)-(3.3.3). We
therefore obtained a variational principle without need for parity conditions. The terms that
we added to the Mann-Marolf action at the spatial boundary are boundary terms which
vanish on-shell and whose variations are also zero on-shell. In some sense, our approach
is a refinement of [17] which consists in fixing the off-shell boundary value of the action
at spatial infinity, which was left unfixed in [17], in order to cancel the divergences at the
boundary of Σ±.

The action (3.3.1) explicitly breaks translation, logarithmic translation and supertrans-
lation invariance but does not break Lorentz invariance. The presence of logarithmic
counter-terms is reminiscent of the Weyl anomaly [70, 71] in the holographic renormal-
ization of anti-de Sitter spacetimes in odd spacetime dimensions [72]. We will refer to the
action

A =
1

8πG

∫
H
d3x
√
−h(0)

(
σ(� + 3)σ +

1

8
kab(�− 3)kab

)
, (3.3.5)

as the (super/log-)translation anomaly. The anomaly is invariant under all symmetries that
are broken. Indeed, translations do not act on the fields σ and kab. Logarithmic translations

act as δHσ = H and supertranslations as δωkab = 2ωab+2ωh
(0)
ab but the anomaly is invariant

up to boundary terms at timelike boundaries (that we neglect for this argument). Therefore,
the Noether charges of the anomaly associated with the (super/log)-translation symmetries
represent the algebra of (super/log)-translations. The Wess-Zumino consistency conditions
[73] are therefore obeyed. Since no holographic model for asymptotically flat spacetimes is
known, we unfortunately cannot try to match the flat spacetime anomaly to a QFT model.

Even though the anomaly is zero on-shell for all metrics obeying the boundary condi-
tions, it affects the dynamics mainly because its symplectic structure is non-zero on-shell
as we now review.
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A finite symplectic structure

Now that we have found another way to regulate infinities in the action in the absence of
parity conditions, we propose to fix the ambiguity [13, 14] in the definition of the symplectic
structure using the boundary terms in the action principle (3.3.1). Effectively, we fix the
boundary terms in the symplectic structure in such a way that the logarithmic divergences,
present when parity conditions are not imposed, cancel. The final symplectic structure that
we define has the form

Ω[δ1g, δ2g] = Ωbulk[δ1g, δ2g] + Ωc.t.[δ1σ, δ1k; δ2σ, δ2k], (3.3.6)

where Ωbulk is the standard bulk symplectic structure and Ωc.t. is precisely the boundary
symplectic structure that can be derived from the boundary action in (3.3.1). Indeed, even
though the logarithmic counter-term action is zero on-shell, it has a non-vanishing boundary
contribution to the symplectic structure. The free actions for σ and kab introduced in (3.3.2)-
(3.3.3) are zero on-shell but their symplectic structures (defined with the same conventions
as in the bulk) are the Klein-Gordon norm and the symplectic norm between two traceless
transverse fields given by the integral of

ω(σ)[δ1σ, δ2σ] = (d2x)a
√
−h(0)

(
δ1σ∂

aδ2σ − (1↔ 2)
)
, (3.3.7)

ω(k)[δ1k, δ2k] = (d2x)a
√
−h(0)

(1

4
εadcδ1B

(1)b
c δ2kdb − (1↔ 2)

)
, (3.3.8)

over the sphere which is generally non-vanishing4. The total symplectic structure is then
defined as announced in (3.3.6) with

Ωc.t.[δ1σ, δ1k, δ2σ, δ2k] =
log Λ

4πG

∫
S

(
ω(σ)[δ1σ, δ2σ] + ω(k)[δ1k, δ2k]

)
. (3.3.9)

The resulting prescription for fixing the boundary terms in the symplectic structure left
unfixed in [58, 13, 14] amounts to the prescription argued in [74] to fix the boundary terms
in the symplectic structure using the symplectic structure of the boundary terms of the
action. Now, we see that this prescription is justified by the existence of a variational
principle when past and future boundaries are taken into account.

3.3.2 Covariant phase space charges

In this section, we go back to the covariant phase space charges and look at the contribu-
tions coming from the boundary symplectic structure (3.3.9). Indeed, since the symplectic
structure is finite, the conserved charges should also be finite when contributions coming
from the boundary symplectic structure are taken into account. The charge one-form /δQξ[g]
is now written as

/δQξ[g] =

∫
S
kξ[δg; g] +

log Λ

4πG

∫
S

(
ω(σ)[δσ, δξσ] + ω(k)[δk, δξk]

)
, (3.3.10)

4The counter-term
∫
ρ=Λ

d3x
√
−h(K − K̂) has not the form of an off-shell action for the boundary fields

and therefore it does not define a boundary symplectic structure.
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evaluated on the sphere S at constant time t and at ρ = Λ. Here, δξσ, δξkab are variations
of the first order fields induced by the Lie derivative of the metric along ξ.

In the previous section, we obtained the contribution from the bulk symplectic structure

Q[ξ; g] =

∫
S

∫
γ
kξ[δg; g]

=
1

16πG

∫
S
d2S na

(
log ρ(−2iab ξ̂

b
(0) + 4Hσa − 4σHa)

+4σaω − 4σωa − 4σaH + 4σHa + kabHb

+2ξ̂b(0)(−h
(2) a
b +

1

2
iab +

1

2
kackcb + h

(0) a
b (8σ2 + σcσc −

1

8
kabk

ab + kcdσ
cd))
)
,

(3.3.11)

where we observed that logarithmic translations and Lorentz charges have a divergent part.
Let us now see what happens when contributions of the boundary counter-terms are taken
into account.

Translations and supertranslations

For translations and supertranslations, one checks that the boundary counter-terms do not
contribute to the charges as∫

S
ω(σ)[δσ, δξσ] = 0,

∫
S
ω(k)[δk, δξk] = 0 , (3.3.12)

where

δξσ = 0, δξkab = 2(ωab + h
(0)
ab ω). (3.3.13)

For translations, it is relatively simple to see because δξσ = δξkab = 0. For supertrans-
lations, the first equality in (3.3.12) is also trivial as these transformations do not act on

σ. The second one can be proven after using δξB
(1)
ab = 0, since following Lemma 1 (see also

(2.3.79) and [8]) one can write B
(1)
ab ≡ −σ̂ab − h

(0)
ab σ̂, where (� + 3)σ̂ = 0, and eventually

after showing that naε
aceωdc σ̂ed = naDc

(
εace(1

2ω
dσ̂ed − 1

2 σ̂
dωed − ωσ̂e)

)
is a boundary term.

The charges associated with translations and supertranslations are therefore precisely
the ones which can be obtained from the bulk linearized theory

Q(µ)[g; ḡ] = − 1

8πG

∫
S
d2SE

(1)
ab n

aDbζ(µ) , (3.3.14)

Q(ω)[g; ḡ] =
1

4πG

∫
S
d2S

√
−h(0)na (σaω − σωa) . (3.3.15)

Let us insist here on the fact that in the absence of parity conditions, the charges
associated to supertranslations satisfying (�+3)ω = 0 are still conserved but do not vanish
in general.
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Lorentz charges

For the Lorentz charges, we saw that in the absence of parity conditions there was a log-
arithmically divergent part. Following our prescription, this divergence should be exactly
canceled by the counter-term contributions to the total charge (3.3.10). We have checked
that the divergence indeed cancels after computing the following relationship between sym-
plectic structures and Noether charges

ω(σ)(δσ,L−ξ(0)
σ) = δ

(√
−h(0)T (σ) ab ξ(0) b(d

2x)a

)
− d2S

√
−h(0)naDb(2ξ(0) [aσb]δσ),

ω(k)(δk,L−ξ(0)
k) = δ

(√
−h(0)T (k) ab ξ(0) b(d

2x)a

)
+ d2S

√
−h(0)naDbP[ab], (3.3.16)

where Pab = P[ab] is an anti-symmetric tensor. Following our previous results, the Lorentz
charges are thus finite and can be written in the equivalent forms

J(i) ≡
1

8πG

∫
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
rot(i)n

b = − 1

8πG

∫
S
d2S

√
−h(0)Wabξ

a
boost(i)n

b,

K(i) ≡
1

8πG

∫
S
d2S

√
−h(0)(Vab + 2iab)ξ

a
boost(i)n

b =
1

8πG

∫
S
d2S

√
−h(0)Wabξ

a
rot(i)n

b.

(3.3.17)

where Vab, Wab are defined in (2.6.17)-(2.6.18).

When parity conditions do not hold, the Lorentz charges are non-linear functionals of the
asymptotic fields and therefore differ from the standard ADM and AD formulas [5, 10]. The
standard ADM and AD formulas are restored when parity conditions hold. Such asymptotic
non-linearities appeared before in the context of asymptotically anti-de Sitter spacetimes.
In Einstein gravity, the charges are linear functionals of field perturbations around anti-de
Sitter [10, 75, 76]. However, non-linearities may appear when matter fields are present, see
e.g. [77, 78, 79].

Logarithmic translations

If we do not assume parity conditions and introduce iab, logarithmic translations are allowed
asymptotic transformations. Remember that they modify the first order fields as

δξσ = H, δξkab = 0. (3.3.18)

Since logarithmic translations do transform σ, the boundary terms in the symplectic struc-
ture might play a role. We find

log Λ

4πG

∫
S
ω(σ)(δσ, δHσ) =

log Λ

8πG
δ

∫
S
d2S

√
−h(0)E

(1)
ab H

anb , (3.3.19)

where we have used Hσb−Hbσ = −1
2E

(1)
ab H

a−Da(H[aσb]) and discarded the total divergence
term on the sphere. As one can see from (3.3.11), the bulk covariant phase space charge
associated with a logarithmic translation is given by5∫

S
kξ[δg; g] = − log Λ

8πG
δ

∫
S
d2S

√
−h(0)E

(1)
ab H

anb +
1

16πG
δ

∫
S
d2S

√
−h(0)kabn

aHb .(3.3.20)

5Here, the logarithmic translation is defined as the sum of a logarithmic translation, as defined in chapter
2 (see also [44, 46]), with a translation.
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We find that the two divergent contributions are opposite of each other and exactly cancel.
The remaining finite part is trivially integrable. Logarithmic translations are therefore
associated with the non-trivial charges

Q(H) =
1

16πG

∫
S
d2S

√
−h(0)kabn

aHb , (3.3.21)

which are conserved thanks to the property Da(kabHb) = 0.

In the restricted phase space where kab = 0, logarithmic translations are associated
with zero charges or equivalently they are degenerate directions of the symplectic structure,
in agreement with Ashtekar’s result [50]. When parity conditions are imposed, logarith-
mic translations are not allowed transformations and the associated charges do not exist.
The presence of non-vanishing conserved charges associated with logarithmic translations
is therefore a particularity of the phase space without parity conditions and with kab 6= 0.

Some comments

We have reviewed here that Poincaré charges as well as charges associated to supertrans-
lations and logarithmic translations can be non-trivial in the generic case. To answer the
question asked at the beginning of this section, this also means that logarithmic and super-
translation frames define inequivalent frames distinguished by their associated conserved
charges. In this respect, the constructed phase space is bigger than the ABR phase space
[57] .

No exact solution of vacuum Einstein’s equations is known to us which breaks parity
conditions. Such a solution would also possess twelve boundary Noether charges in addition
to Poincaré, logarithmic translation and supertranslation charges. The boundary Noether
charges are the Noether charges of the actions Sσ and Sk for the first order fields associated
with the boundary Killing symmetries or equivalently with the bulk asymptotic Lorentz
Killing vectors. A subclass of these solutions exists as an asymptotic series expansion at
spatial infinity. Indeed, one can consistently set the logarithmic terms in the expansion
(2.6.2) to zero and still obey Einstein’s equations by fixing six linear combinations of the
boundary Noether charges to zero, see section 2.4 for details. The original Beig-Schmidt
expansion [44] which uses only polynomials in ρ is a consistent analytic asymptotic solution
of Einstein’s equations at all asymptotic orders which has six boundary Noether charges.
We leave the existence, or non-existence, of a regular solution in the bulk with such charges
as an open question.

It is also interesting to remark at this stage that the presence of non-vanishing charges
associated with supertranslations in addition to Poincaré transformations is also a feature of
null infinity where supertranslations along the null direction are associated with non-trivial
charges as well [37, 80, 15]. For regular asymptotic fields, one expects that supertranslation
charges should be conserved at infinite past times at future null infinity or at infinite late
times at past null infinity where the news tensor vanishes. Indeed, at such late or early
times the expression of [37, 80, 15] becomes conserved and proportional to the first order
electric part of the Weyl tensor and matches qualitatively with our expression (3.3.15). It
would be interesting to make that qualitative agreement more precise by comparing the
precise definition of supertranslations.
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3.3.3 Algebra of conserved charges

In the last section, we obtained explicit expressions for conserved charges associated with
translations, Lorentz transformations, logarithmic translations and supertranslations. We
obtained that all asymptotic charges are non-trivial in general in our phase space. The
set of infinitesimal diffeomorphisms form a Lie algebra defined from the commutator of
generators. A natural question to ask is whether or not the algebra of translations, loga-
rithmic translations, Lorentz transformations and supertranslations is represented with the
associated conserved charges.

General representation theorems are available [81, 19] but one quickly realizes that
they do not take into account boundary contributions to the symplectic structure. These
contributions can be dealt with as follows. Every diffeomorphism in the bulk spacetime
induces a specific transformation of the boundary fields through the Beig-Schmidt asymp-
totic expansion that identifies boundary fields from bulk fields. Therefore, the Lie algebra
of infinitesimal diffeomorphisms defined from the commutator of generators also induces a
Lie algebra of transformations of the boundary fields. The Poisson bracket between two
charges is then defined as

{Qξ[g; ḡ],Qξ′ [g; ḡ]} = −δξQξ′ [g; ḡ], (3.3.22)

where the variation δξ acts on the bulk fields as a Lie derivative and on the boundary fields as
the transformation induced on the boundary fields from the Lie derivative of the bulk fields.
It would be interesting to develop a general representation theorem which takes boundary
contributions into account along the lines of [82]. Here, we simply evaluate the Poisson
bracket using the explicit expressions for the charges derived and taking into account the
boundary field transformations.

Under an asymptotic translation ξ = ω(x)∂ρ + o(ρ0) where DaDbω + h
(0)
ab ω = 0, the

boundary fields transform as

δωσ = 0, δωkab = 0, (3.3.23)

δωiab = 0, δωVab = Dc(E(1)
ab ω

c) + 2εcd(aB
(1)c
b) ωd , (3.3.24)

where E
(1)
ab and B

(1)
ab are the first order electric and magnetic parts of the Weyl tensor while

Lorentz transformations ξ = −ξ(0) act on the boundary fields as a Lie derivative

δ−ξ(0)
σ = L−ξ(0)

σ, δ−ξ(0)
kab = L−ξ(0)

kab, (3.3.25)

δ−ξ(0)
iab = L−ξ(0)

iab, δ−ξ(0)
Vab = L−ξ(0)

Vab . (3.3.26)

Logarithmic translations6 act as

δHσ = H, δkab = 0, δHiab = −Dc(E(1)
ab H

c)− 2εmn(aB
(1)
b)mHn , (3.3.27)

δHVab = −1

2
Dc(kabHc) + 2Dc(E(1)

ab H
c) + 8εmn(aB

(1)
b)mHn , (3.3.28)

6Here again, the logarithmic translation is understood as supplemented by an appropriate translation.
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and supertranslations act as

δωσ = 0, δωkab = 2ωab + 2h
(0)
ab ω, δωiab = 0 , (3.3.29)

δωh
(2)
ab = kc(aω

c
b) + kabω + ωc

(
Dckab −D(akb)c

)
+
(
σcωc(ab) − σωab − 2σωh

(0)
ab + ω(aσb) + σc(aω

c
b) + (σ ↔ ω)

)
. (3.3.30)

After an explicit evaluation, we find that all asymptotic transformations are well-
represented: the Poisson bracket is anti-symmetric and is isomorphic to the semi-direct
product of the Lorentz algebra with the (super)-translation and logarithmic translation al-
gebra. In particular, the Poisson bracket between Lorentz charges and (super)-translation
charges is given by

{Q−ξ(0)
,Q(ω)} = −{Q(ω),Q−ξ(0)

} = Q(ω′), ω′ = L−ξ(0)
ω . (3.3.31)

and the Poisson bracket between Lorentz charges and logarithmic translation charges is

{Q−ξ(0)
,Q(H)} = −{Q(H),Q−ξ(0)

} = Q(H′), H ′ = L−ξ(0)
H . (3.3.32)

Logarithmic translations and supertranslations obey the algebra

{Q(ω),Q(H)} = −{Q(H),Q(ω)} =
1

4πG

∫
d2S

√
−h(0) na

(
Haω −Hωa

)
, (3.3.33)

where the right-hand side depends on the generators but does not depend on the fields. In
the harmonic decomposition of ω on the sphere, the Poisson bracket is zero for all harmonics
l > 1 and is a Kronecker delta for the four lowest harmonics l ≤ 1. The algebra of asymptotic
conserved charges is isomorphic to the algebra of asymptotic symmetries. No non-trivial
central extension of the algebra is present. Note that in order to derive these results, we
made extensive use of our classification of SD tensors and their properties, as detailed in
chapter 2, to simplify intermediate expressions and we discarded boundary terms. We have
also used the property described in [8, 44] (see also section 2.5) that regularity of kab implies
that the four conserved charges

P(µ) =
1

8πG

∫
S
d2S B

(1)
ab n

aDbζ(µ), µ = 0, 1, 2, 3, (3.3.34)

are zero.

We obtained that all transformations: translations, logarithmic translations, Lorentz
transformations and supertranslations are well-represented despite the (log/super) transla-
tion anomaly. The fact that the Lorentz group is well-represented is not surprizing given
that the cut-off needed to regularize the action, see (3.3.1), is invariant under asymptotic
Lorentz transformations. Now, it is also important to take into account the shifts in the ac-
tion when one changes the cut-off used to regulate the action. These shifts can be analyzed
as follows.

Under a change of cut-off Λ, the action will be shifted by a finite piece S(0) proportional

to the anomaly action S(σ) +S(k) given in (3.3.2)-(3.3.3). The conserved charges associated
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with the asymptotic Killing vector ξ will then be shifted by the boundary Noether charges
of the action S(σ) + S(k) associated with the symmetry δξ. Using standard manipulations
δξL = dKξ, δL = δL

δφ δφ + dΘ[δφ], the boundary Noether charges are defined as Jξ = Kξ −
Θ[δξφ]. One then quickly sees that translations and supertranslations are associated with
vanishing Noether charges

∫
S d

2SJξ = 0 while Noether charges associated with logarithmic
translations are proportional to the four-momentum Q(µ) and Noether charges associated

with Lorentz transformations are given by the integral of Jξ(0) = 2(T (σ)ab+T (k)ab)ξ
(0)
b (d2x)a

where T (σ)ab and T (k)ab are the stress-tensors of the actions (3.3.2)-(3.3.3).

Therefore, under a change of regulator, the translations and supertranslation charges
are invariant. Logarithmic translation charges get shifted with the four-momenta and the
Lorentz charges get shifted as

∆Q−ξ(0)
[g; ḡ] ∼

∫
S
d2S

√
−h(0)(T

(σ)
ab + T

(k)
ab )ξa(0)n

b . (3.3.35)

These shifts can be obtained similarly by varying the regulator directly into the expression
for the charges associated to logarithmic translations, and rotations and boosts, before
the subtraction of divergences between the bulk and the boundary. Note that these shifts
agree with the analysis presented at the end of chapter 2 where it was noticed that Lorentz
charges are uniquely defined for our enlarged Beig-Schmidt ansatz up to the addition of
those twelve boundary charges. Four-momenta and supertranslations are finite without
needing a regulator. They are therefore manifestly unchanged by the regulator.

The situation here can be contrasted to bulk infinitesimal diffeomorphisms which induce
Killing symmetries and conformal Killing symmetries of asymptotically AdS spacetimes in
odd dimensions as analyzed in [83, 84, 82, 85]. First, the dependence of the Lorentz charges,
associated with Killing vectors, upon the choice of regulator is analogous to the shift of the
stress-tensor by Weyl anomalous terms [83, 84]. The expression for the conserved charges
(3.3.17) indeed allows us to recognize Vab+2iab as the second order part of the stress-tensor
which generalizes the one given in [51, 45] when kab = iab = 0. In our case, logarithmic
translations are also present and they are also shifted under a change of regulator.

In anti-de Sitter, infinitesimal diffeomorphisms associated with boundary conformal
Killing vectors are well-represented even though they may act non-trivially on the action
[82]. Indeed, the action only varies by a c-number which depends on the boundary condi-
tions while the dynamical phase space is preserved. The non-conservation of the associated
charges is related to this c-number. In asymptotically flat spacetimes, translations are also
boundary conformal Killing vectors. Four-momenta as well as supertranslations are always
exactly conserved and they do not vary under a change of regulator.

That said, the anomaly in the action can also be described as follows. When the bound-
ary conditions do not include parity conditions, logarithmic divergent integrals in the ac-
tion and in the symplectic structure should be regulated by introducing a finite cutoff which
breaks asymptotic (super/log)-translation invariance. If one regulates the action by pushing
the cutoff to infinity, the resulting regulated action will not be invariant under asymptotic
(super/log)-translations since it would be shifted by a finite piece. Therefore, the regulated
action depends on the specific (super/log)-translation frame.

Let us now try to describe how these results can be matched to the Hamiltonian for-
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malism.

3.3.4 Revisiting the Regge-Teitelboim approach

We have seen that parity conditions on the hyperboloid are not required in order to define
a consistent phase space in the hyperbolic representation of spatial infinity. Moreover, we
have seen that when these conditions are relaxed, charges associated with Lorentz rotations
and boosts are non-linear functionals of the first order fields and logarithmic translations
and supertranslations are associated with non-trivial charges. Both these characteristics are
not shared with the standard treatment of Hamiltonian charges at spatial infinity [5, 6, 11]
we reviewed in chapter 1. There, parity conditions on the sphere are imposed in order for
the rotation and Lorentz boost charges to be finite. Also, charges are linear functionals
of the boundary fields, logarithmic translations are not allowed transformations and parity
odd supertranslations are associated with trivial Hamiltonian generators. Let us try here to
resolve this tension by proposing how the results of [6, 11] can be accommodated to enlarge
the phase space to fields which do not obey parity conditions.

Once parity conditions are relaxed, the fall-off conditions are preserved by both parity
even and parity odd supertranslations, and at first order in the asymptotic expansion of
the fields 3gij and πij by the so-called logarithmic translations which are associated to the
lapse and shift functions

N⊥ = log rK⊥ + o(r0), (3.3.36)

N i = log rKi + o(r0), (3.3.37)

where K⊥ and Ki are constants. We have thus in mind that one should start by considering
the phase space of metrics where the generic expansions of the fields take the form

3gij = δij +
1

r
3g

(1)
ij +

log r

r2
3g

(ln,2)
ij +

1

r2
3g

(2)
ij + o(r−2), (3.3.38)

πij =
1

r2
π(2) ij +

log r

r3
π(ln,3) ij +

1

r3
π(3) ij + o(r−3) , (3.3.39)

where, as in the covariant approach, the logarithmic branch is necessary in order to satisfy
the constraints when parity conditions do not hold, as already noticed e.g. in [11].

Note that we do not intend to work out in detail the Hamiltonian formalism here. In-
stead, our approach should be seen as a first step. Following the existence of a Lagrangian
variational principle, we transpose covariant boundary conditions to the Hamiltonian for-
malism. By “transpose”, we mean that we consider a phase space where parity conditions
imposed on the three-metric, its conjugated momenta and the supertranslations are relaxed,
and so that logarithmic translations are also allowed, but where we do impose additional
boundary conditions on the fields such that the angular supertranslations are fixed. These
last conditions impose the, a priori, generic form of the fields present in (3.3.38)-(3.3.39)
to be fixed in terms of their covariant counterparts as detailed in Appendix I.D. As al-
ready mentioned, it would be interesting to include mixed terms gρa in the Beig-Schmidt
expansion and allow for angular supertranslations7.

7In the presence of mixed terms gρa, there might be a distinction between the bulk covariant phase space
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The canonical two-form on the canonical phase space used in the treatments of [5, 6, 11]
is the bulk canonical two-form

Ω(δ1
3g, δ1π, δ2

3g, δ2π) =
1

16πG

∫
Σ
d3x
(
δ1π

mnδ2
3gmn − δ2π

mnδ1
3gmn

)
, (3.3.40)

defined from the bulk canonical fields 3gmn and πmn at the initial time surface Σ at t = 0. In
the case of asymptotically flat spacetimes without parity conditions the bulk canonical two-
form suffers from a logarithmic radial divergence. Using the boundary conditions (3.3.38)-
(3.3.39), up to first order, one can express the canonical two-form as

Ω(δ1
3g, δ1π, δ2

3g, δ2π) = (finite) +
log Λ

16πG

∫
S
d2S

(
δ1π

(1)mnδ2
3g(1)
mn − δ2π

(1)mnδ1
3g(1)
mn

)
,

(3.3.41)

where Λ is a large radial cut-off and S is the sphere at r = Λ. Now, exactly as in the
Lagrangian formalism, we propose to modify the dynamics by adding a boundary term to
the canonical form. We proceed by first writing the boundary actions (3.3.2)- (3.3.3) at
t = 0 in the 2+1 decomposition (the boundary metric becomes the real time line times the
unit sphere). We then switch to the Hamiltonian formulation of the boundary action and
propose to supplement the bulk canonical fields with the canonical fields of the boundary
Hamiltonian. We then introduce counter-terms to the canonical form in order to mini-
mally cancel the divergences in (3.3.41), following the Lagrangian prescription (3.3.9). The
regulation breaks translation, supertranslation and logarithmic translation invariance. We
interpret this breakdown as a consequence of the translation anomaly in the action, which
is manifest only when fields have both parities.

Let us now discuss briefly the form of the Hamiltonian generators associated with asymp-
totic Poincaré transformations, logarithmic translations and supertranslations. The Hamil-
tonian generators contain two parts: the part coming from the bulk canonical form and
the counter-term contribution that cancels the logarithmic divergences. The surface charge
derived from the bulk canonical form associated with a gauge parameter εA = (ε⊥, εm) is
given, using the 2-form kε, by [6]

k[0m]
ε [δ 3g, δπ; 3g, π] = Gmnop(ε⊥δ 3gop|n − ε⊥|nδ

3gop) + 2εoδ(3gonπ
mn)− εmδ 3gnoπ

no ,(3.3.42)

where

Gmnop =
1

2

√
3g
(

3gmo 3gnp + 3gmp 3gno − 23gmn 3gop
)
, (3.3.43)

is the inverse De Witt supermetric. Now, one can readily obtain that this expression admits
at most a logarithmic divergence when one uses our boundary conditions. Indeed, the RT
linear divergences trivially cancel when one uses the explicit expressions, given in Appendix

I.D, of 3gab and πab in terms of σ, kab, h
(2)
ab and iab. The logarithmic divergence is then exactly

canceled by the boundary counter-term. The resulting final expressions for the charges in

symplectic structure defined from the action and the one defined from the equations of motion, see (3.1.23).
One would then need to prescribe which one is the bulk symplectic structure, see [86] for an example where
such a prescription plays an important role.
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Hamiltonian formalism can then be obtained by a straightforward explicit evaluation. We
will not provide them here. We only note that the four-momenta are given by the usual
ADM formulae, while the charges associated with rotations and boosts contain non-linear
contributions in the canonical fields.
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Appendices Part I

I.A Schwarzschild in Beig-Schmidt coordinates

In here, we would like to put the Schwarzschild solution whose metric is given by

ds2 = −V (r)dt2 + V (r)−1dr2 + r2(dθ2 + sin2 θdφ2), V (r) = 1− 2M

r
, (I.A.1)

in Beig-Schmidt coordinates up to second order. For the sake of simplicity, we will set it in
a gauge such that kab = 0. The strategy to implement all this goes as follows.

1st step

Make a change of coordinates that brings the metric (in the usual coordinates t, r, θ, φ)
to hyperbolic coordinates

r = z cosh ζ ,

t = z sinh ζ , (I.A.2)

and expand it to second order in z. The metric up to second order in the radial coordinate ρ

is completely specified given σ(1),σ(2), A
(1)
a , A

(2)
a , h

(0)
ab , h

(1)
ab and h

(2)
ab . For the Schwarzschild

solution, we find

ds2 = dζ2

[
−z2 cosh2 ζ + 2Mz cosh ζ +

z4 sinh2 ζ cosh2 ζ

z2 cosh2 ζ − 2Mz cosh ζ

]
+2dzdζ

[
−z sinh ζ cosh ζ + 2M sinh ζ +

z3 sinh ζ cosh3 ζ

z2 cosh2 ζ − 2Mz cosh ζ

]
+dz2

[
− sinh2 ζ +

2M

z

sinh2 ζ

cosh ζ
+

z2 cosh4 ζ

z2 cosh2 ζ − 2Mz cosh ζ

]
+z2 cosh2 ζ(dθ2 + sin2 θdφ2). (I.A.3)

If we now expand this expression up to second order in z and remember that

h
(0)
ab dφ

adφb = −dζ2 + cosh2 ζ(dθ2 + sin2 θdφ2), (I.A.4)
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we get

ds2 = z2dζ2

[
−1 +

1

z

2M cosh(2ζ)

cosh ζ
+

4M2 tanh2 ζ

z2
+O(1/z3)

]
+2zdzdζ

[
4
M

z
sinh ζ + 4

M2

z2
tanh ζ +O(1/z3)

]
+dz2

[
1 +

2

z

M cosh(2ζ)

cosh ζ
+ 4

M2

z2
+O(1/z3)

]
+z2 cosh2 ζ(dθ2 + sin2 θdφ2), (I.A.5)

and the metric, up to second order, is fully specified given

σ(1) = M
cosh(2ζ)

cosh ζ
, (σ(1))2 + 2σ(2) = 4M2 ,

σ(2) = −M
2

2
(−6 + 2 cosh(2ζ) +

1

cosh2 ζ
) ,

A
(1)
ζ = 4M sinh ζ , A

(2)
ζ = 4M2 tanh ζ ,

h
(1)
ζζ = 2σ(1) , h

(2)
ζζ = 4M2 tanh2 ζ . (I.A.6)

2nd step

Get rid of the A
(1)
a following the Beig-Schmidt algorithm by doing the generic change of

coordinates

z = y , φa = φ̄a +
1

y
A

(1)
b h(0) ab , (I.A.7)

which for the Schwarzschild solution, where only A
(1)
ζ is non-zero, is just

z = y , ζ = ψ +
A

(1)
a h(0) aζ

y
= ψ − 4M sinhψ

y
, A

(1)
ζ (ψ) = 4M sinhψ. (I.A.8)

Plugging this into (I.A.3)(or equivalently (I.A.5)) and keeping only terms up to second
order, we get a metric specified by

σ(1) = M
cosh(2ψ)

coshψ
(σ(1))2 + 2σ(2) = 4M2(−1 + 2

1

cosh2 ψ
)

σ(2) =
M2

4 cosh2 ψ
(11− 4 cosh(2ψ)− cosh(4ψ))

A
(1)
ψ = 0 A

(2)
ψ = −4M2 tanhψ

h
(1)
ψψ =

2M

coshψ
(2 + 3 cosh(2ψ)) h

(2)
ψψ = − 2M2

cosh2 ψ
(3 + 9 cosh(2ψ) + 4 cosh(4ψ))

h
(1)
θθ = −8M coshψ sinh2 ψ h

(2)
θθ = 16M2 cosh(2ψ) sinh2 ψ

h
(1)
φφ = h

(1)
θθ sin2 θ h

(2)
φφ = h

(2)
θθ sin2 θ. (I.A.9)
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At this point, we still need to get rid of σ(2) and A(2). Also, we do not have

kab = 0↔ h
(1)
ab = −2σ(1)h

(0)
ab . (I.A.10)

The last step takes care of all these issues.

3d step

The general idea is to do a supertranslation of the form

y = ρ+ ω(φ̂a) +
F (2)(φ̂a)

ρ
,

φ̄a = φ̂a +
1

ρ
h(0) abω,b +

G(2) a

ρ2
, (I.A.11)

where φ̄ = {ψ, θ, φ} and φ̂ = {τ, θ̂, φ̂}, and look at the more general solution ω such that

h
(1)
ab + 2DaDbω + 2ωh

(0)
ab = −2σ(1)h

(0)
ab , (I.A.12)

where h
(1)
ab was given in (I.A.9) for the Schwarzschild solution. Then, we will fix the functions

F
(2)
a and G

(2)
a in such a way that σ(2) and A(2) are set to zero.

To solve for ω, we plug in (I.A.12) a general ω = ω(τ, θ̄, φ̄). One can see that the
component ττ of the equation (I.A.12) is a differential equation for τ that reads ∂2

τω− ω+
4M cosh(τ) = 0 . By writing ω(τ, θ, φ) = f(τ)g(θ, φ) , the most general solution f(τ) of the
previous differential equation is f(τ) = (M +C1 +C2) cosh(τ)− (2Mτ +C1−C2) sinh(τ) .
If we now plug this in the other components of (I.A.12), we see that ω is independent of the
angular coordinates and that the only equation left to satisfy is sinh(τ)∂τf − cosh(τ)f +
M(cosh(2τ) − 2) = 0 . By plugging our previous solution into this last equation, we see
that it is fulfilled only when C1 = −2M − C2 so that the more general non-trivial solution
to the gauge fixing of supertranslations is achieved by

ω(τ, θ, φ) = Mc1 sinh(τ)−M cosh(τ)− 2Mτ sinh(τ) , (I.A.13)

where we have redefined C1 − C2 = c1M .

Moving now to the functions appearing in the higher order terms, it is obvious after a
close computer-assisted inspection that we will only need an F (2) which is dependent on τ

to get rid of A
(2)
τ and a function G(2)τ (τ) to get rid of σ(2), so that our general change of

coordinates reads

y = ρ+ f(τ) +
K(τ)

ρ
, ψ = τ − ∂τf(τ)

ρ
+
n(τ)

ρ2
. (I.A.14)

Plugging this in the metric we see that for σ(2) to be zero, we have an algebraic equation
for K(τ) which gives

K(τ) =
M2

4

[
5− (c1 − 2τ)2 + (3− (c1 − 2τ)2) cosh(2τ)

+
2

cosh2(τ)
− 2(c1 − 2τ) sinh(2τ)

]
. (I.A.15)
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Looking eventually for A
(2)
τ to be zero, we see that the equation reduces to an algebraic

equation for N(τ) when using our solution for K(τ). We find

N(τ) =
M2

2

[
−2(c1 − 2τ)− 8(c1 − 2τ) cosh(2τ) + (17 + (c− 2τ)2) sinh(2τ)

+(
1

cosh2(τ)
− 8) tanh(τ)

]
. (I.A.16)

Conclusions

At the end of this procedure, we have obtained a metric which is written in the Beig-
Schmidt form and that fulfills kab = 0. The value for σ is given by

σ = M
cosh(2ψ)

coshψ
, (I.A.17)

while h
(1)
ab = −2σh

(0)
ab . We have also obtained the values of h

(2)
ab altough we will not provide

them here. Their expressions are in terms of M2 quantities. It can be checked that the
value of σ is precisely ζ̂a(0), a solution of (�+ 3)σ = 0 which is not one of the four solutions

of σab + σh
(0)
ab = 0. One can check that

Q[ζa(0) = ∂/∂t] = − 1

8π

∮
d2S E

(1)
ab ζ

a
(0)n

b = M , (I.A.18)

where E
(1)
ab = −DaDbσ − σh

(0)
ab .

I.B Properties on the hyperboloid

In this small Appendix, we present results on the hyperboloid that are used throughout all
this Part I. See also Appendix C of [45] and Appendix D of [51].

The unit metric on the hyperboloid is

ds2 = h
(0)
ab dφ

adφb = −dτ2 + cosh2 τ(dθ2 + sin2 θdφ2), (I.B.1)

and the covariant derivative associated to h
(0)
ab is Da.

The Riemann tensor of the metric h
(0)
ab on the unit hyperboloid H is given by

R(0)
abcd = h(0)

ac h
(0)
bd − h

(0)
bc h

(0)
ad . (I.B.2)

The commutator of two derivatives acting on a tensor tab is

[Da,Db]t dc = R(0) e
abc t

d
e −R

(0) d
abe t

c
e , (I.B.3)
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which implies that if t, ta, tab = t(ab) are some arbitrary fields on the hyperboloid, then

[Da,�] t = −2Dat, (I.B.4)

[Da,Db] tc = h(0)
ac tb − h

(0)
bc ta, (I.B.5)

[Da,�] tb = 2h
(0)
ab Dct

c − 4D(atb), (I.B.6)

[Dc,Da] tcb = 3tba − h
(0)
ab t

c
c, (I.B.7)

[Da,Db] tcd = 2h
(0)
a(ctd)b − 2h

(0)
b(ctd)a, (I.B.8)

[Da,�] tbc = 4h
(0)
a(bD

dtc)d − 6D(atbc), (I.B.9)[
Db,�

]
tbc = 4Ddtcd − 2Dct. (I.B.10)

These identities are useful for several arguments in the main text and for the proofs of the
lemmae as presented in the next Appendix. Note also that upon using the equations of
motion and the above identities, one can establish an infinite amount of identities for the
fields σ and kab. For example, we have

σ c
c = −3σ , (I.B.11)

σcca = −3σa , (I.B.12)

σ c
ac = −σa , (I.B.13)

σeσ
men = σeσ

mne − σmσn + σeσ
eh(0)mn , (I.B.14)

· · · (I.B.15)

I.C Proofs of the Lemmas

In this section, we present the proofs of Lemmae 1 and 2 given in section 2.3.3, of the
Lemma 3 presented in section 2.3.4, and the Lemmae 4 and 5 given in 2.5.1. The five
lemmae have an overlapping proof. In order to establish these lemmae we need to derive
the decomposition of regular symmetric, divergence-free, and traceless (SDT) tensors on
the hyperboloid. We do so in the rest of this appendix.

A general regular symmetric tensor on the hyperboloid can be expressed as a linear com-
bination of symmetric tensors built from two-dimensional spherical harmonics. A general
such tensor has the form

Tττ = f1(τ)Ylm(θ, φ), (I.C.1)

Tτi = f2(τ)D
(2)
i Ylm(θ, φ) + f3(τ)ε ji D

(2)
j Ylm(θ, φ), (I.C.2)

Tij = f4(τ)

(
D

(2)
i D

(2)
j +

l(l + 1)

2
ηij

)
Ylm(θ, φ) + f5(τ)ε k(iD

(2)
j) D

(2)
k Ylm(θ, φ)

+f6(τ)ηijYlm(θ, φ), (I.C.3)

where indices i, j, k run over two-sphere (θ, φ), Ylm(θ, φ) are scalar spherical harmonics on

the two sphere with l = 0, 1, . . . , and m = −l, . . . , l, and D
(2)
i is the covariant derivative
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compatible with the round metric ηij on the two-sphere. In writing these expressions we
have already made use of the identity(

D
(2)
i D

(2)
j +

l(l + 1)

2
ηij + ε k(i ε

l
j)D

(2)
k D

(2)
l

)
Ylm(θ, φ) = 0, (I.C.4)

in order to reabsorb the tensor structure ε k(i ε
l
j)D

(2)
k D

(2)
l Ylm into the definition of f4(τ). The

tensor is traceless if and only if

f1(τ) = 2 sech 2τf6(τ). (I.C.5)

For the case l = 0, m = 0, only f6(τ) parameterizes non-zero tensors. The divergence-free
condition is solved only for f6 ∼ sech τ . The general tensor then reduces to

Tab = DaDbζ̂(0) + h
(0)
ab ζ̂(0). (I.C.6)

When l = 1, we have that ε k(iD
(2)
j) D

(2)
k Ylm(θ, φ) = 0. Therefore, f4 and f5 do not lead to

non-zero tensors. The divergence-free condition fixes

f2(τ) = − tanh τf6(τ)− ∂τf6(τ), (I.C.7)

f3(τ) = C1 sech 2τ, (I.C.8)

f6(τ) = C2 sech 2τ + C3 sech τ tanh τ, (I.C.9)

where C1, C2 and C3 are constants. There are therefore three solutions for each value of
m = −1, 0, 1, so 9 solutions in total. Three independent solutions are the tensors admitting
a scalar potentials ζ̂(i), i = 1, 2, 3,

Tab = DaDbζ̂(i) + h
(0)
ab ζ̂(i). (I.C.10)

These tensors are curl-free and (� − 3)Tab = 0. The six other tensors can be written as a
linear combination of the following two sets of three tensors,

V(k)ττ = 2 sech 5τζ(i), V(k)τi = sech 3τ tanh τD
(2)
i ζ(k), V(k)ij = ηij sech 3τζ(k),

W(k)ττ = 0, W(k)τi = sech 3τε ji D
(2)
j ζ(k), W(k)ij = 0, (I.C.11)

where ζ(k) = cosh τf(k), k = 1, 2, 3. These tensors are dual to each other in the sense

ε cda DcVdb = −Wab, ε cda DcWdb = Vab. (I.C.12)

Since applying two times the curl operator on a traceless, divergence-free, symmetric tensor
is equivalent to applying (�− 3), we deduce that both tensors obey

(�− 2)Vab = 0, (�− 2)Wab = 0. (I.C.13)

These tensors also obey the orthogonality properties∫
S
V(k)abξ

a
rot(l)n

bd2S = 0,

∫
S
W(k)abξ

a
boost(l)n

bd2S = 0, (I.C.14)∫
S
V(k)abξ

a
boost(l)n

bd2S =
8π

3
δ(k)(l),

∫
S
W(k)abξ

a
rot(l)n

bd2S =
8π

3
δ(k)(l),(I.C.15)
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where C is a cut of the hyperboloid. Since V(k)ab and W(k)ab are divergence-free, these
integrals are independent of the chosen cut of the hyperboloid.

For l > 1, we can solve the divergence-free condition in terms of f2, f4 and f5 as

f2(τ) = − 2

l(l + 1)
(tanh τf6(τ) + ∂τf6(τ)), (I.C.16)

f4(τ) =
2

(l − 1)l(l + 1)(l + 2)

(
(l + l2 + 2 cosh 2τ)f6(τ)

+2 cosh τ(3 sinh τ∂τf6(τ) + cosh τ∂τ∂τf6(τ))
)
, (I.C.17)

f5(τ) = − 2

(l − 1)(l + 2)
cosh τ(2 sinh τf3(τ) + cosh τ∂τf3(τ)). (I.C.18)

The general tensor with harmonics (l,m), l > 1 is a linear combination of the following two
tensors depending each on an arbitrary function f(τ) of τ ,

T
(I)
ab (f) ≡ Tab

(
f3(τ) =

1

l(l + 1)
f(τ), f6(τ) = 0

)
, (I.C.19)

T
(II)
ab (f) ≡ Tab

(
f3(τ) = 0, f6(τ) =

1

2
f(τ)

)
. (I.C.20)

These tensors obey the remarkable properties

ε cda DcT
(I)
db (f) = T

(II)
ab (f), (I.C.21)

ε cda DcT
(II)
db (f) = −T (I)

ab (Of), (I.C.22)

where Of is the following differential operator acting on f(τ),

Of ≡ (1 + l(l + 1) sech 2τ)f + 2 tanh τ∂τf + ∂τ∂τf . (I.C.23)

We deduce also the following properties

(�− 3)T
(I)
ab (f) = −T (I)

ab (Of), (I.C.24)

(�− 3)T
(II)
ab (f) = −T (II)

ab (Of). (I.C.25)

Using the explicit expression for the tensors and the orthogonality of spherical harmonics,
we also have ∫

S
T

(I)
ab (f)ξarot(k)n

bd2S = 0,

∫
S
T

(II)
ab (f)ξarot(k)n

bd2S = 0, (I.C.26)∫
S
T

(I)
ab (f)ξaboost(k)n

bd2S = 0,

∫
S
T

(II)
ab (f)ξaboost(k)n

bd2S = 0, (I.C.27)∫
S
T

(I)
ab (f)Daζ(l)n

bd2S = 0,

∫
S
T

(II)
ab (f)ζa(l)n

bd2S = 0. (I.C.28)

The above decomposition proves lemma 3. Indeed, one can isolate the l = 0, 1 harmonics
and then all the higher harmonics can be regrouped in a tensor Jab that obeys

∫
S Jabξ

a
rotn

b =∫
S Jabξ

a
boostn

b = 0 as a consequence of (I.C.26)-(I.C.27).
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There are two special sets of two functions f(τ): the ones for which the differential
operator obeys Of(0) = 0 and the others for which Of(1) = f(1). The two functions obeying

Of(0) = 0 define tensors T
(II)
ab (f(0)) such that

D[aT
(II)
b]c (f(0)) = 0, (�− 3)T

(II)
ab (f(0)) = 0. (I.C.29)

The tensor T
(I)
ab (f(0)) is a tensor potential for T

(II)
ab (f(0)) and is uniquely determined for the

two solutions of Of(0) = 0. From the explicit form of the tensor, we note that T
(II)
ab (f(0))

can be written as

T
(II)
ab (f(0)) = DaDbΦ + h

(0)
ab Φ, (I.C.30)

where Φ =
∑

l

∑l
m=−l Φ

lm(τ)Ylm(θ, φ) is a scalar that obeys (� + 3)Φ = 0. The two
independent solutions of Of(0) = 0 correspond to the two independent solutions of the
equation (� + 3)Φ = 0 for fixed values of l > 1, −l ≤ m ≤ l.

The two independent solutions for f(τ) of the differential equation Of(1) = f(1) can be
used to define two pairs of dual tensors

Wab = T
(I)
ab (f(1)), Vab = T

(II)
ab (f(1)), (I.C.31)

which obey

ε cda DcVdb = −Wab, ε cda DcWdb = Vab, (I.C.32)

(�− 2)Vab = 0, (�− 2)Wab = 0. (I.C.33)

Given the special role of the eigenfunction of the operator O, it is natural to decompose the
functions f(τ) in that basis. The equation

Of(n) = (n− 1)2f(n), (I.C.34)

for each positive integer n is solved by associated Legendre functions of the first and second
kind,

f
(1)
(n) = sech τPnl [tanh τ ], f

(2)
(n) = sech τQnl [tanh τ ]. (I.C.35)

Lemma 1 is then proven as follows. A symmetric traceless divergence-free tensor obeying
(�− 3)Tab = 0 can be decomposed into harmonics. The only possible tensors in harmonics
l = 0, 1 have the form

Tab = DaDbΦ + h
(0)
ab Φ, (I.C.36)

where (�+3)Φ = 0 contains l = 0, 1 harmonics. For l > 1, we have seen that any tensor can

be decomposed as a combination of two different tensor structures T
(I)
ab (f (I)) and T

(II)
ab (f (II))

depending each on one function. We then see from (I.C.24)-(I.C.25) that such tensors obey
(�−3)Tab = 0 if and only if f (I) = f (II) = f(0) where f(0) are the solutions of the differential

equation Of(0) = 0. Then, we note using (I.C.21) that T
(I)
ab (f(0)) is not curl-free and thus

does not obey the preconditions of the lemma. The only remaining tensors have the form

T
(II)
ab (f(0)) and they can be written in terms of a scalar potential (I.C.30) as shown earlier.
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The general solution of (� + 3)Φ = 0 contains ζ(i), ζ̂(i), i = 0, 1, 2, 3 and the higher
l > 1 harmonics. For each value of l > 1, m, there are two solutions for Φ that uniquely

correspond to the two tensors T
(II)
ab (f(0)). The four lower harmonics correspond to the

tensor Tab built in (I.C.10). The dependence in ζ(i) is arbitrary since these scalars can then
be added to Φ without changing Tab. This ends the proof of lemma 1.

The lemma 2 is proven by noticing that by lemma 1, all tensors derived from a scalar

using (I.C.36) that have l > 1 harmonics have the form T
(II)
ab (f(0)). The tensor T

(I)
ab (f(0)) is

then the tensor potential for T
(II)
ab (f(0)) by (I.C.21).

Let us now prove lemma 4. We consider an arbitrary SDT tensor Tab. One can de-
compose it in l = 0, l = 1 and l > 1 harmonics, and further the arbitrary functions f(τ)
appearing in (I.C.19)-(I.C.20) can be decomposed in eigenfunctions (I.C.34) with positive
integer n. The l = 0, l = 1 and l > 1 harmonics with n = 1 can be written as the sum of a
tensor admitting a scalar potential and the curl of an SDT tensor. From (I.C.21)-(I.C.22),
the l > 1 harmonics with n > 1 are explicitly the curl of an SDT tensor. Using in addition
Lemma 2, we obtain that Tab can be written as a sum of the curl of an SDT tensor and a

sum of DaDbζ̂(i) + h
(0)
ab ζ̂(i), which proves the lemma.

Let us finally prove lemma 5. Note that no SDT tensor obeying (�+n2−2n−2)Tab = 0
with n > 2 integer can contain spherical harmonics l = 0 or l = 1. This follows from the
explicit form of the l = 0 and l = 1 SDT harmonics presented above. Therefore, any SDT
tensor obeying (� + n2 − 2n − 2)Tab = 0 with n > 2 can be decomposed in the basis

of tensors T
(I)
ab (f) and T

(II)
ab (f) (I.C.19)-(I.C.20) for f(τ) obeying the eigenvalue equation

(I.C.34). All such tensors are expanded in spherical harmonics with l > 1. The lemma then
follows from the orthogonality of spherical harmonics (I.C.26)–(I.C.28).

I.D Comparison of 3+1 and covariant boundary conditions

The hyperbolic and cylindrical representation of spatial infinity are valid in the limits ρ→∞
and r →∞, respectively. The key change of coordinates is the one mapping flat spacetime
from the hyperbolic to the cylindrical representation of spatial infinity

ρ = r

√
1− t2

r2
, τ = arctanh(

t

r
) . (I.D.1)

The hyperbolic and cylindrical representations coincide asymptotically in the limit where
ADM time is kept finite, t/r → 0 which is equivalent to τ → 0. In that case, ρ ∼ r
asymptotically.

In order to obtain the form of the metric in r, t coordinates, we expand the right-hand
side of ρ, τ in powers of t/r and we expand the Beig-Schmidt fields in Taylor series around
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τ = 0,

σ(τ, θ, φ) = σ(θ, φ) +
t

r
σπ(θ, φ) +

t2

2r2
γ(θ, φ) +O(r−3), (I.D.2)

kab(τ, θ, φ) = kab(θ, φ) +
t

r
kπab(θ, φ) +

t2

2r2
γab(θ, φ) +O(r−3), (I.D.3)

iab(τ, θ, φ) = iab(θ, φ) +
t

r
iπab(θ, φ) +O(r−2), (I.D.4)

h
(2)
ab (τ, θ, φ) = h

(2)
ab (θ, φ) +

t

r
h
π,(2)
ab (θ, φ) +O(r−2), (I.D.5)

where we define σπ(θ, φ) = ∂τσ(0, θ, φ), kπab(θ, φ) = ∂τkab(0, θ, φ), γ(θ, φ) = ∂τ∂τσ(0, θ, φ),

γab(θ, φ) = ∂τ∂τkab(0, θ, φ), iπab = ∂τ iab(0, θ, φ), h
π,(2)
ab (θ, φ) = ∂τh

(2)
ab (0, θ, φ). We will keep

the same notation for canonical fields in Hamiltonian formalism as fields in Lagrangian
formalism

σ(0, θ, φ) = σ(θ, φ), kab(0, θ, φ) = kab(θ, φ),

iab(0, θ, φ) = iab(θ, φ), h
(2)
ab (0, θ, φ) = h

(2)
ab (θ, φ). (I.D.6)

The tensors decompose into scalars, vectors and two-dimensional tensors under decomposi-
tion into temporal and spatial components. The meaning of the notation should be clear in
either Hamiltonian or Lagrangian context. The fields γ(θ, φ) and γab(θ, φ) are determined
from the equations of motion of σ and kab. After a straightforward computation, we obtain

3grr = 1 +
2σ

r
+
σ2 + 2tσπ

r2
+ o(r−2),

3grζ = − t
r
kτζ − t

log r(iτζ) + h
(2)
τζ + tkπτζ

r2
+ o(r−2), (I.D.7)

3gζι = r2gζι + (kιζ − 2σgζι)r + log r(iζι) + (h
(2)
ζι + tkπιζ − 2tσπgζι) + o(r0),

for the canonical fields and

(detgζι)
−1/2πrr = −2σπ +

1

2
kπιζg

ιζ
(S2)
−Dι

(S2)kτι +
log r

r

(1

2
gζιiπζι −D

ζ
(S2)

iτζ

)
+

1

r

(1

2
gζιh

π,(2)
ζι −Dζ

(S2)
h

(2)
τζ − 2tγ + 6tσ − 1

2
tkιζg

ιζ
(S2)

+
1

2
tγιζg

ιζ
(S2)

+2tkττ − kττσπ − tDι
(S2)k

π
ι + (k − k terms)

)
+ o(r−1),

(detgζι)
−1/2πrι = − 1

2r
kιτ −

log r

r2
(iιτ ) +

1

r2

(
− h(2)ι

τ +
1

2
iιτ − 2t∂ισ (I.D.8)

− t
2
kπτζg

ζι
(S2)
− σkτζgζι(S2)

− t

2
Dι

(S2)kττ + (k − k terms)
)

+ o(r−2),

(detgζι)
−1/2πιζ =

1

r2

(
− 1

2
kπ,ιζ +D

(ι
(S2)

kζ)τ + gιζ
(S2)

(
1

2
kπ,ξξ −D

ξ
(S2)

kτξ)
)

+
log r

r3

(
− 1

2
iπ,ιζ +D

(ι
(S2)

iζ)τ + gιζ
(S2)

(
1

2
iπ,ξξ −D

ξ
(S2)

iτξ)
)

+O(r−3),

for the conjugate fields. Here, we denote by (k − k terms) terms quadratic in kab which
do contribute to the finite part of the conserved Lorentz charges but that we omit here for
simplicity.
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Let us finally discuss how the notions of parity are related between Beig-Schmidt fields
and canonical fields. A field on the hyperboloid is parity-time reversal even if it is invariant
under the combined transformation of inverting the hyperboloid time τ → −τ and doing
a parity transformation (θ, φ) → (π − θ, φ + π). Fields in canonical formalism are parity-
time reversal even if their components in Cartesian coordinates do not transform under
three-dimensional parity and if the components of their conjugate momentum in Cartesian
coordinates transform with an overall sign under parity. From the dictionary of the Beig-
Schmidt asymptotic fields in 3+1 decomposition, we see after switching from spherical to
Cartesian coordinates that the even parity-time reversal conditions on σ and kab lead to
parity-time reversal even first order canonical fields on the initial time slice t = 0.

135





Part II

Magnetic theory through duality
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Chapter 4

Electromagnetic duality for Maxwell’s theory

In this chapter we review the theoretical discovery of P.A.M. Dirac [87], in 1931, who showed
that Maxwell’s equations can be made invariant under a symmetry that exchanges electric
and magnetic fields at the cost of introducing sources for the magnetic field. This symmetry
is known as the electromagnetic duality and the new postulated particles bear the name
“magnetic monopoles”.

In section 4.1, we review this duality at the level of the equations of motion. In section
4.2, we briefly discuss electric and magnetic charges and the Dirac string. The major
importance of Dirac’s work is that, even if magnetic monopoles have never been observed in
Nature, the presence of at least one of them would explain the quantization of the electric
charge. This is what is reviewed in section 4.3. We eventually finish by a small discussion
of some other aspects in section 4.4.

4.1 The electromagnetic duality

In 1861, Maxwell wrote the famous equations that bear his name and that describe, in a
unified way, electricity, magnetism and optics. In the vacuum, these are

~∇. ~E = 0, ~∇. ~B = 0,

~∇× ~B =
∂ ~E

∂t
, −~∇× ~E =

∂ ~B

∂t
. (4.1.1)

It is easy to see that they are invariant under the so-called electromagnetic duality which
interchanges electric and magnetic fields

~E → ~B, ~B → − ~E. (4.1.2)

As we said in the introduction of this thesis, Maxwell’s equations were already fitted for
special relativity. This can be seen by introducing an exact antisymmetric tensor, where
the index i goes from 1 to 3,

F0i = Ei, Fij = εijkB
k, (4.1.3)

139



such that Maxwell’s equations can be written in a covariant form

∂νF
µν = 0, εµνρσ∂νFρσ = 0, (4.1.4)

where indices are raised and lowered with the flat metric ηµν such that F00 = F 00, F0i =
−F 0i, .... The first equation is called the equation of motion while the second is the Bianchi
identity, an identity for an antisymmetric two-form. Using differential forms, it is just

d ? F = 0, dF = 0. (4.1.5)

The second equation (Bianchi identity) states that F can be obtained from a potential

Fµν ≡ ∂µAν − ∂νAµ, (4.1.6)

where Aµ is called a gauge field. Local transformations of the form

δAµ = ∂µΛ(x), (4.1.7)

leave the field strength Fµν invariant. The electromagnetic duality (4.1.2) is rephrased as a
Hodge duality on the field strength. Alternatively stated, Maxwell’s equations are invariant
under

Fµν → F̃µν = (?F )µν =
1

2
εµνρσF

ρσ. (4.1.8)

In the presence of electric sources, we have

~∇. ~E = 4πρe, ~∇. ~B = 0,

~∇× ~B = 4π~je +
∂ ~E

∂t
, −~∇× ~E =

∂ ~B

∂t
, (4.1.9)

and the equations are not invariant anymore. To restore the symmetry, the idea of Dirac
was to introduce a new density of charges and a new current in the following way

~∇. ~E = 4πρe, ~∇. ~B = 4πρm,

~∇× ~B = 4π~je +
∂ ~E

∂t
, −~∇× ~E = 4π~jm +

∂ ~B

∂t
, (4.1.10)

or rewritten with Fµν , Jµe = (ρe, j
i
e) and Jµm = (ρm, j

i
m)

∂νF
µν = 4πJµe ,

1

2
εµνρσ∂νFρσ = 4πJµm. (4.1.11)

By introducing a magnetic 4-current on the left hand side of the Bianchi identity, these
equations are now invariant under the duality symmetry

Fµν → F̃µν =
1

2
εµνρσF

ρσ, Jµe → Jµm, Jµm → −Jµe . (4.1.12)

This duality intertwines the equation of motion with the Bianchi identity.
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4.2 Electric charge versus magnetic monopole

Electromagnetic duality tells us that for every “electric” field, there is a “magnetic” dual
field. In the presence of sources, for every “electric” source there is a dual “magnetic”
source. As we know, the electric charge is the source of the electric field. If electromagnetic
duality is realized in Nature, Dirac postulated that there should exist a magnetic charge,
source of the magnetic field. These particles are known as magnetic monopoles. A particle
that contains both electric and magnetic charges is called a dyon.

Let us consider an electric source generating an electric field ~E = Q ~r
r3 such that

At =
Q

r
, Ftr = Er =

Q

r2
. (4.2.1)

After an electromagnetic duality rotation, sending F → F̃ and the source Q → H, we
obtain the field generated by a magnetic monopole

F̃θφ = H sinθ. (4.2.2)

Speaking of conserved charges, the electric charge is

Q = − 1

4π

∮
F 0idΣi. (4.2.3)

By analogy, one would like to associate a magnetic, topological, charge to the dual field

H =
1

8π

∮
εijk Fjk dΣi. (4.2.4)

By taking the expression (4.2.2), we can actually check that the above expression does
reproduce the magnetic charge H.

The magnetic monopole and the Dirac string

As we have already said, in the absence of magnetic sources, the Bianchi identity dF = 0
ensures that the field strength can be expressed as F = dA. Also, from Stoke’s theorem, it
is easy to see that if F = dA, we should have

H =

∮
Σ
F =

∮
Σ
dA =

∮
C
A = 0, (4.2.5)

where C is a closed curve.

When we introduce the four-vector Jµm, the magnetic charge sources the Bianchi identity
and thus F = dA is no longer true. To describe the pure monopole field (4.2.2), we actually
need to write

F = dA+ C, dC = Jm, (4.2.6)

where C is a singular contribution as we now review. Indeed, let us consider the gauge field

Ã = −H (cosθ + 1) dφ = −H 1

r(r − z)
(xdy − ydx), (4.2.7)
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which is singular along the positive z-axis, the so-called Dirac string singularity. For this
gauge field, we see that the electric field is trivial while the magnetic field computed with
(we closely follow [88])

~A = (H
y

r(r − z)
,−H x

r(r − z)
, 0), (4.2.8)

gives rise to

~B = ~∇× ~A = H
~r

r3
−Hδ(x)δ(y)θ(z)~1z , (4.2.9)

where θ(z) is the Heaviside function which is zero for z < 0 and one for z ≥ 0, and ~1z is the
unit vector along the z-direction. Note that to obtain this last result, we used the following
regularization procedure: we first set r → R =

√
r2 + ε2 and obtain easily

~Breg = H
( ~r

R3
− ε2(2R− z)
R3(R− z)2

~1z

)
. (4.2.10)

We then take the limit of ε→ 0 to recover (4.2.9).

What we have described in (4.2.9) is a modified magnetic field which has a singular
contribution along the positive axis. This unwanted singular contribution actually sets the
magnetic charge to zero.

To describe the pure monopole field (4.2.2), we actually need to write

F = dA+ C , Cij = εijzHδ(x)δ(y)θ(z) , (4.2.11)

and we realize that C is precisely a string singularity along the z-axis canceling the one
coming from our naive guess (4.2.7). It is sourcing the left hand side of the Bianchi identity.
One can check that under an appropriate gauge transformation, the string can be sent along
the negative z-axis so that, for the classical theory at least, the singularity in the gauge
field should be seen as an artifact as it is really the electric and magnetic fields which are
the physical gauge-invariant observables.

One interesting remark, for further considerations in the next chapter, is that the in-
tegrand appearing in the surface integrals for computing the charges is the field strength
F = dA, a gauge invariant quantity. This means that if we consider F = dA+C, a regular
gauge transformation on A does not shift the string. It can thus always be fixed so as to
cancel the singular term coming from dA.

4.3 Quantization of the electric charge

As we have seen in the previous section, when one wants to deal with gauge potentials,
one needs to introduce the Dirac string. However, this string is not physical classically
as the electric and magnetic fields, the true observables, are regular. The fact that the
string should not be visible quantum mechanically led Dirac to the first explanation of the
quantization of the electric charge in units of h.
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One way to understand this result is to consider a system of an electric charge and
a magnetic monopole separated by a fixed distance. This system will possess an angular
momentum

~L =

∫
d3x ~x× ( ~E × ~B) =

QH

4π
~n, (4.3.1)

The fact that angular momentum is quantized in the quantum theory tells us now that the
electric charge has to be quantized in units of h.

The importance of this result lies in the fact that the very observation of a unique
magnetic monopole would explain the quantification of the electric charge.

4.4 Other comments

Let us comment here on some other aspects that have not been considered in the above.

Double field formalism and the invariance of the action

Up to here, we have seen that the magnetic charge appears as a topological charge. This
is due to the fact that we have described the monopole using an “electric” formulation as
only the electric charge is considered to be dynamical. As we have pointed out in chapter 1,
working in the Hamiltonian formalism, it is actually possible to introduce new gauge degrees
of freedom. By doubling the number of gauge degrees of freedom, one can introduce two,
dual, potentials. In this way, electric and magnetic parts can be set on an equal footing.
This is known as the doubled field formalism.

The equations of motion are invariant under the exchange of electric and magnetic fields.
However, the action

L =
1

2
(E2 −B2) , (4.4.1)

is obviously not invariant under such a transformation. To check that the action is invariant,
it has been shown in [89], using the doubled field formalism, that one should actually
consider transformations of the gauge field, which represent the true dynamical variables of
the theory, instead of the field strength. Although the action can be written in a manifestly
invariant way, it is no longer manifestly invariant under Lorentz transformations.

The strong-weak duality

Electromagnetic duality is a strong-weak duality. Indeed, the electric charge is directly
related to the coupling constant, the strength of the electromagnetic interaction. Under a
duality rotation the electric charge is sent to the magnetic charge. The fact that the duality
is a strong-weak duality can be understood from the quantization condition of the electric
charge. Indeed, let us write it as

QH =
n

2
. (4.4.2)
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From this, we see that if the electric theory is “weakly” coupled, then the magnetic theory
will instead be strongly coupled.

Electromagnetic duality inspired C. Montonen and D. Olive who conjectured in [90]
the presence of this symmetry inside non-abelian gauge theories. It was later shown by H.
Osborn in [91] to hold as a strong-weak duality in N = 4 super Yang-Mills.
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Chapter 5

Gravitational duality in linearized gravity

In this chapter, we review how electromagnetic duality can be transposed to general rel-
ativity. As we said at the beginning of this thesis, the main reason to believe that such
a duality could be present in general relativity is the presence of the Taub-NUT solution.
This solution has a mass M and a parameter N that play, at least in the linearized theory,
the same roles as the electric and magnetic charges in electromagnetism.

Instead of providing the reader immediately with the Taub-NUT solution, we would
like to take a hopefully more interesting path. In section 5.1, we review the fact that
general relativity reduced along a Killing direction has a pair of scalars which parametrize
an SL(2, R)/SO(2) coset. Using this, we show that the Schwarzschild metric can be mapped
under an SO(2) rotation, subgroup of Ehlers’s SL(2, R) group, to a new solution, the Taub-
NUT metric, of Einstein’s equations. Gravitational duality is the name given to this SO(2)
rotation. It is an exact duality of the full theory in the presence of a Killing direction. We
finish this section by discussing the Taub-NUT solution as a solution of general relativity.

In section 5.2, we review how linearized equations of motion, in four dimensions and in
the presence of electric sources, are invariant under an SO(2) duality rotation if one allows
for the presence of a magnetic stress-energy tensor in complete analogy with the work of
Dirac for electromagnetism. This duality is valid even in the absence of any Killing direction.
The duality in the linearized theory in the absence of Killing directions has been proven to
be a symmetry of the action using a double field formalism in [1]. This result was generalized
in the presence of sources in [92]. Note that these works only deal with the linearized theory.
In [26], it was proved that this duality can not be extended perturbatively to the 3-vertex
in Einstein gravity using a proof similar to the one showing that electromagnetic duality of
free Maxwell theory cannot be extended to Yang-Mills theory.

In section 5.3, we give expressions for the ten Poincaré charges associated to the elec-
tric stress-energy tensor and the ten dual Poincaré charges associated to the magnetic
stress-energy tensor, generalizing in a way the Abbott-Deser construction in the presence
of singularities. We show that momenta and dual momenta can be expressed as surface
integrals while Lorentz and dual Lorentz charges require some gauge fixing in our “electric”
formulation.

Eventually, in section 5.4, we discuss several linearized solutions such as the Schwarzschild,
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Kerr and Aichelburg-Sexl pp-wave and their respective dual solutions that we refer to as
the pure NUT, rotating NUT and NUT-wave. Duality considerations lead us to an exotic
interpretation of the source of the Kerr metric. The Aichelburg-Sexl shock pp-wave is ob-
tained as an infinite boost of the Schwarzschild metric and its gravitational dual is also
recovered by taking the infinite boost of the pure NUT metric.

5.1 Ehlers’s symmetry and the Taub-NUT solution

In this section, we start by reviewing the discovery of J. Ehlers [93] who showed that
Einstein’s equations reduced on a circle possess an SL(2, R) symmetry. We then see how
the Taub-NUT solution can be obtained by an SO(2) rotation of the Schwarzschild solution
reduced on a circle, when the parameters M and N are seemingly rotated, and discuss some
important aspects of this solution.

To illustrate this, let us first perform a Kaluza-Klein reduction of Einstein’s equations
along a timelike direction. Start with a four dimensional metric that can be written in the
form

ds2
4 = −e−φ(dt+A) + eφds2

3. (5.1.1)

Plugging this ansatz for the metric into Einstein’s equations, we obtain a set of three-
dimensional equations: Einstein’s equation for the three-dimensional metric, a Maxwell
equation for the graviphoton A and a Klein-Gordon equation for the dilaton field φ. This
set of equations can be obtained from the three-dimensional Lagrangian

L3 =
√
g3

(
R3 −

1

2
∂iφ ∂

iφ+
1

4
e−2φ FijF

ij
)
. (5.1.2)

This is the standard Kaluza-Klein reduction that we will not review here, but we refer
the interested reader to C.N. Pope’s lectures available on the internet for a crystal clear
presentation of the subject [94].

In three dimensions, the dual of a vector is a scalar. As we have seen for electromag-
netism, duality typically exchanges equations of motion with Bianchi identities. The usual
way to implement such a duality at the level of the Lagrangian is to add a term that enforces
the Bianchi identity of the field to be dualized. In our case, the term is 1

2Fijε
ijk∂kχ and it

is a boundary term when the Bianchi identity for the field strength is enforced. With this
additional term, one can also integrate out Aµ. The equation of motion for the graviphoton
is the defining duality relation. Rewriting the action with the supplemented term as

L3 +
1

2
Fijε

ijk∂kχ =
√
g3

(
R3 −

1

2
(∂φ)2 − 1

2
e2φ (∂χ)2

+
1

4
e−2φ(Fij +

1
√
g3
εijke

2φ∂kχ)(F ij +
1
√
g3
εijle2φ∂lχ)

)
, (5.1.3)

and making use of the defining relation

Fij +
1
√
g3
εijke

2φ∂kχ = 0, (5.1.4)
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the last term in the Lagrangian (5.1.3) is zero. We eventually get a theory where the dual
field has now become dynamical

L3 =
√
g3

(
R3 −

1

2
(∂φ)2 − 1

2
e2φ (∂χ)2

)
. (5.1.5)

It is by now a well-known fact that the scalar sector parameterizes an SL(2, R)/SO(2)
coset. One can check that the Lagrangian is invariant under the non-linear transformations
of the scalar fields

eφ → eφ
′

= (cχ+ d)2eφ + c2e−φ,

χeφ → χeφ
′

= (aχ+ b)(cχ+ d)eφ + ace−φ, (5.1.6)

where a, b, c, d are the coefficients of 2× 2 matrices such that ad− bc = 1. In here, we will
no longer discuss the SL(2, R) transformations but interest ourselves in an SO(2) subgroup
of it (

a b
c d

)
=

(
cosψ − sinψ
sinψ cosψ

)
. (5.1.7)

Let us now see what happens if we apply a rotation ψ to the Schwarzschild metric

ds2
4 = −(r2 − 2Mr)

r2
dt2 +

r2

r2 − 2Mr
dr2 + r2dΩ2

2. (5.1.8)

One starts by performing the change of coordinates r → r +M to cast it into the form

ds2
4 = −(r2 −M2)

(r +M)2
dt2 +

(r +M)2

r2 −M2
ds2

3, (5.1.9)

ds2
3 = dr2 + (r2 −M2)dΩ2

2, (5.1.10)

with

χ = 0, eφ =
(r +M)2

r2 −M2
=
r +M

r −M
. (5.1.11)

Under a rotation of angle ψ, we get

eφ
′

=
r2 +M2 + 2Mr cos(2ψ)

r2 −M2
, χ′ = − 2Mr sin(2ψ)

r2 +M2 + 2Mr cos(2ψ)
. (5.1.12)

Now, one should also rotate the charges. We see that by defining

M ′ = M cos(2ψ), N ′ = M sin(2ψ), (5.1.13)

we have

eφ
′

=
(r +M ′)2 +N ′2

r2 −M ′2 −N ′2
, χ′ = − 2N ′r

(r +M ′)2 +N ′2
,

ds2
3 = dr2 + (r2 −M ′2 −N ′2)dΩ2

2. (5.1.14)
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Using (5.1.4) and the above information, the graviphoton is

A = 2N ′ cos θdφ, (5.1.15)

Upon uplifting to four dimensions, the four-dimensional metric is

ds2
4 = − r2 −M ′2 −N ′2

(r +M ′)2 +N ′2

(
dt+ 2N ′ cos θdφ

)
+

(r +M ′)2 +N ′2

r2 −M ′2 −N ′2
(
dr2 + (r2 −M ′2 −N ′2)dΩ2

2

)
. (5.1.16)

Now, by making r → r −M ′, we find

ds2 = − λ

R2
(dt+ 2N cos θdφ)2 +

R2

λ
dr2 +R2dΩ2, (5.1.17)

where λ = r2 − N2 − 2Mr, R2 = r2 + N2, dΩ2 is the metric on the unit two-sphere and
where we have removed the primes on the charges for simplicity.

This new solution of Einstein’s equations is the so-called Taub-NUT metric, name given
to the solution found by A.H. Taub in [95] and E. Newman, L. Tamburino and T. Unti in
[96]. The Taub-NUT metric was studied by C. Misner in [97]. This metric reduces to the
Schwarzschild metric (5.1.8) when N = 0 and to the metric

ds2
4 = −(r2 −N2)

(r2 +N2)
(dt+ 2N cos θdφ) +

r2 +N2

r2 −N2
dr2 + (r2 +N2)dΩ2

2, (5.1.18)

when M = 0. In the following, we will refer to this last metric as the pure NUT metric.

Let us now discuss some relevant aspects of the Taub-NUT metric. The first important
thing to notice about the Taub-NUT metric is that

gtφ ∼ 2N cos θdφ. (5.1.19)

This resemblance with the gauge field of the magnetic monopole presented in the previ-
ous chapter (remember we had A = H cos θdφ) is the reason why Taub-NUT could be
interpreted as a gravitational dyon, see for example [21], [98], [99].

As we have seen for electromagnetism, the potential is singular along the z-axis. This
singularity for the Taub-NUT metric is known as the (Dirac)-Misner string. In [97], it was
stated that the singularity has to be removed because ”If one is given a manifold and on
it a metric which does not at all points satisfy the necessary differentiability requirements,
one simply throws away all the points of singularity”. Misner showed that the singularity
is a coordinate singularity (just like r = 2M is for the Schwarzschild black hole) and that
it can be removed. Let us see how this works.

As in the electromagnetic case, the singularity can be set on the positive or negative
axis by an appropriate gauge transformation. In here, it is implemented by a change of the
φ coordinate. Starting from the metric (5.1.17), one can make the change of coordinate

t→ tS + 2Nφ, (5.1.20)
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so that the string singularity is along the positive z-axis or

t→ tN − 2Nφ, (5.1.21)

and the string will then be along the negative z-axis. In the coordinate system (5.1.20),
the metric is regular around the South pole and with (5.1.21) around the North pole. For
consistency, we should impose that both regular metrics are equivalent on the equator. This
is just

tN = tS + 4Nφ. (5.1.22)

Because φ is periodic with period 2π, the singularity is cured if one imposes t to be periodic
with period 8πN as stated in [97]. The drawback of identifying time is that it introduces
closed timelike curves, another undesirable feature of general relativity.

In the rest of this thesis we will not consider this identification but rather deal with
the metric (5.1.17). The main reason is that we want to deal with linearized gravity where
there is an exact duality [1] that rotates the linearized Taub-NUT metric onto itself (when
the mass and the NUT charge are also rotated). Also, Taub-NUT metric is asymptotically
flat (at least locally) following Regge-Teitelboim, see [27]. As one can check from Part I,
remark that the metric fulfills the parity conditions, even if kab is now singular along the
z-axis. Considerations about the existence of a variational principle in the presence of NUT
charge can be found in [27], [17] and [48].

5.2 Gravitational duality for linearized gravity

In this section, we would like to review how gravitational duality works for linearized general
relativity in the absence of Killing directions. We will re-derive the duality invariant form
of the Einstein equations, cyclic and Bianchi identities, following the lines of [27]. In the
rest of this thesis, we will work in vielbein formalism. This was first motivated by the study
of solutions of supersymmetric theories as we detail in Part III. However, we will see that
it also has its utility in the rest of this chapter.

Linearized general relativity seems to have a lot in common with electromagnetism, as
they are for example both linear theories and possess both a duality symmetry. However, if
one wants to generalize the electromagnetic duality to linearized gravity, there are subtleties
that need to be taken care of.

The first difference with electromagnetism comes from the fact that the duality is a
Hodge duality on the Riemann tensor, a tensor that has two pairs of antisymmetric indices
(the Lorentz and the form indices, respectively, in reference to the spin connection). There-
fore, one is free, in the linearized theory, to pick the Lorentz indices, the form indices, or
even a linear combination of these two. We argue in the following that gravitational duality
is best understood when dualization is performed on Lorentz indices.

In comparison with electromagnetism, the second subtelty arises from the existence of
three different “objects” in general relativity. Indeed, we have a vielbein eaµ, a connection

ω ab
µ , and a curvature Rabµν . Because the singularity appears in the vielbein, one could
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reasonably wonder why the connection could not be used, instead of the Riemann tensor,
to play the same role as does the field strength F in electromagnetism. We show that
the choice of dualization on Lorentz indices permits to lower the duality relation between
Riemann tensors to a duality between spin connections. The important difference we point
out is that the spin connection is a gauge-variant quantity while the field strength F is not.
We show however that, by duality, a gauge choice can always be made such that the dual
spin connection is regular. We eventually give an expression of the spin connection in terms
of the vielbein and a three index object, first introduced in [27], that contains the magnetic
information of the solution. Since we linearize around flat Minkowski space in cartesian
coordinates, there will be no distinction between curved and flat indices in the following.

Linearizing around flat space gµν = ηµν+hµν , the Einstein equations, cyclic and Bianchi
identities, in the absence of magnetic charges, are just

Gµν = 8πGTµν ,

Rµ[ναβ] =
1

3
(Rµναβ +Rµβνα +Rµαβν) = 0,

∂[α R|ρσ|βγ] =
1

3
(∂α Rρσβγ + ∂γ Rρσαβ + ∂β Rρσγα) = 0, (5.2.1)

where Rρσγα is the linearized Riemann tensor. The Bianchi identities are solved by express-
ing the Riemann tensor in terms of a spin connection. In turn, the cyclic identity is solved
when the spin connection is expressed in terms of a vielbein or, when the local Lorentz
gauge freedom is fixed, in terms of a (linearized) metric.

In the absence of sources, gravitational duality tells us that for every metric there exists
a dual metric such that their respective Riemann tensors are Hodge dual to each other, in
complete parallel with the Hodge duality in electromagnetism. As explained above, we will
prefer here a dualization on the Lorentz indices, the first two indices in our conventions, as
is clear from the Bianchi identities above. We write the duality in the absence of sources as

Rµνρσ → R̃µνρσ =
1

2
εµναβR

αβ
ρσ, R̃µνρσ → −Rµνρσ = −1

2
εµναβR̃

αβ
ρσ, (5.2.2)

where R̃µνρσ denotes the magnetic or dual Riemann tensor. To check that linearized Ein-
stein’s equations are invariant under this duality and also to generalize the duality in the
presence of electric sources, it is useful to remark that the magnetic cyclic identity in the
presence of electric sources can be written as

(R̃µναβ + R̃µβνα + R̃µαβν) = 3δρσκ[ναβ]R̃µρσκ = −1

2
εγναβ(εγρσκR̃µρσκ)

= −1

2
εγναβ(2Rγµ − δγµR) = 8πGεναβγT

γ
µ. (5.2.3)

The electric stress-energy tensor appears at the right hand side of this last equation. Trans-
posing Dirac’s idea for electromagnetism to linearized gravity, we will add a magnetic
stress-energy tensor Θµν on the right hand side of the ”electric” cyclic identity. Under
a gravitational duality rotation in the presence of both electric and magnetic sources, we
have schematically

Rµνρσ → R̃µνρσ, R̃µνρσ → −Rµνρσ,
Tµν → Θµν , Θµν → −Tµν . (5.2.4)
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We write the full set of electric and magnetic equations respectively as

Gµν = 8πGTµν ,

Rµναβ +Rµβνα +Rµαβν = −8πGεναβγΘγ
µ,

∂ε Rγδαβ + ∂α Rγδβε + ∂β Rγδεα = 0,

G̃µν = 8πGΘµν ,

R̃µναβ + R̃µβνα + R̃µαβν = 8πGεναβγT
γ
µ,

∂ε R̃γδαβ + ∂α R̃γδβε + ∂β R̃γδεα = 0. (5.2.5)

From these equations, the duality is manifest as soon as we write the electric and magnetic
cyclic identities, by means of (5.2.3), as

G̃µν = 8πGΘµν , Gµν = 8πGTµν . (5.2.6)

One advantage of dualizing on Lorentz indices, as compared to a dualization on form
indices, is that we do not need to modify the Bianchi identity because

∂[α R̃|µν|βγ] =
1

2
ε ρσ
µν ∂[α R|ρσ|βγ]. (5.2.7)

Note that the vanishing of the Bianchi identity is consistent with the cyclic identity having
a non-trivial source term if and only if the magnetic stress-energy tensor is conserved,
∂µΘµν = 0, just as the ordinary stress-energy tensor. This is obviously an important
property as we will construct charges from this quantity in the next section.

As already mentioned previously, the Riemann tensor can only be defined in terms of a
metric when both the cyclic and Bianchi identities have a trivial right-hand side. To deal
with the introduction of magnetic sources we introduce, as in [27], a three-index object Φµν

ρ

such that

∂αΦαβ
γ = −16πGΘβ

γ , Φαβ
γ = −Φβα

γ , (5.2.8)

Φ̄ρσ
α = Φρσ

α +
1

2
(δραΦσ − δσαΦρ), Φρ = Φρα

α. (5.2.9)

The Riemann tensor that is solution of the set of equations (5.2.5) when making use of
(5.2.8) is

Rαβλµ = rαβλµ +
1

4
εαβρσ(∂λΦ̄ρσ

µ − ∂µΦ̄ρσ
λ), (5.2.10)

where rαβλµ is the usual Riemann tensor verifying the usual cyclic and Bianchi identities
with no magnetic stress-energy tensor. This means that rαβλµ = rλµαβ and that it can be
derived from a potential: rαβλµ = 2∂[αhβ][λ,µ].

Another advantage of the dualization on Lorentz indices comes directly from the van-
ishing right hand side of the Bianchi identity. Indeed, as compared to the results presented
in [27], our dualization gives us the right to express the linearized Riemann tensor in terms
of a spin connection by

Rµνρσ = ∂ρωµνσ − ∂σωµνρ . (5.2.11)
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This allows to lower the duality relation between Riemann tensors to a duality between
spin connections. With the help of (5.2.2) and (5.2.11) the gravitational duality relation
becomes

ω̃µνσ =
1

2
εµναβ ω

αβ
σ, (5.2.12)

where this relation is true up to a gauge transformation as the spin connection is a gauge-
variant object.

The linearized vielbein and the spin connection for the Riemann tensor rµναβ are defined
as

rµνρσ = ∂ρΩµνσ − ∂σΩµνρ,

eµ = dxµ +
1

2
ηµν(hνρ + vνρ)dx

ρ,

Ωµν = Ωµνρe
ρ, Ωµνρ =

1

2
(∂νhµρ − ∂µhνρ + ∂ρvνµ), (5.2.13)

where hµν = hνµ is the linearized metric and vµν = −vνµ. Using this together with relations
(5.2.11) and (5.2.12), one obtains the spin connection in terms of the vielbein and the three-
index object Φµνρ

ωµνρ = Ωµνρ +
1

4
εµνγδΦ̄

γδ
ρ

=
1

2
(∂νhµρ − ∂µhνρ + ∂ρvνµ) +

1

4
εµνγδΦ̄

γδ
ρ. (5.2.14)

From (5.2.12), it is clear that there always exists a “regular” (with respect to string singu-
larities on the two-sphere at spatial infitinity) spin connection even when magnetic sources
are present. From the expression above this can be achieved for a specific choice of vµν that
cancels string contributions coming from Φµνρ. One also easily sees that

ω̃µνσ =
1

2
εµναβ ω

αβ
σ = −1

4
[εµναβ(2∂αhβσ + ∂σv

αβ) + 2Φ̄µνσ]. (5.2.15)

5.3 Charges and dual charges

Now that we have looked into more details how the duality works at the linearized level,
we would like to deal with the definition of charges in the linearized theory. Since we
have an electric and a magnetic stress-energy tensor, one should be able to define the
usual 10 Poincaré charges associated to Tµν , as we presented in chapter 1, but also 10
other topological, dual, Poincaré charges associated to the dual stress-energy tensor Θµν .
This is what we explore in this section. We start by giving the generalized expressions for
the ADM momenta and dual ADM momenta. We give a full treatment of the singular
string contributions, obtaining gauge-independent expressions for the surface integrals1.
We eventually apply the same ideas to derive general expressions for the Lorentz charges

1Note that in [100], we only established them for a specific gauge choice of the vielbein.
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and their duals. However, we will show that there is no possibility in this formalism to
express these charges as surface integrals without partially fixing the gauge. Two copies of
the Poincaré charges, expressed as surface integrals, have also been derived by G. Barnich
and C. Troessaert in [92] using a doubled (Hamiltonian) formalism. This gauge fixing is an
artifact of our Lagrangian approach which is more “electric” in spirit as the magnetic charges
are topological. The charges obtained in [92] should however be completely equivalent to
ours.

5.3.1 The momenta and dual momenta

The generalized ADM momenta and dual ADM momenta are

Pµ =

∫
T0µd

3x =
1

8πG

∫
G0µd

3x, (5.3.1)

Kµ =

∫
Θ0µd

3x =
1

8πG

∫
G̃0µd

3x. (5.3.2)

Given the definition of the Riemann tensor in (5.2.11), one easily obtains

G00 =
1

2
Rijij = ∂iωijj , (5.3.3)

G0i = R0jij = ∂iω0jj − ∂jω0ji. (5.3.4)

The dual Ricci tensor is

R̃µρ = ηνσR̃µνρσ =
1

2
ηνσεµναβR

αβ
ρσ. (5.3.5)

The dual Ricci scalar and dual Einstein tensor are defined just as R̃ = ηµρR̃µρ and G̃µρ =
R̃µρ − 1

2ηµρR̃. We thus have the following expressions

G̃00 = −1

2
εijkR0ijk = εijk∂iω0jk, (5.3.6)

G̃0i =
1

2
εjklRklij =

1

2
εjkl(∂iωklj − ∂jωkli) = εjkl∂lωijk. (5.3.7)

In the last equality of (5.3.7) we have used the identity ∂[iωjkl] = 0. Note also that G̃0i 6= G̃i0
for an arbitrary (i.e. off-shell) spin connection.

Eventually, we can express the electric and magnetic Einstein tensors in the more com-
pact form

G0µ = ∂i(ω
0i
µ + δ0

µω
iρ
ρ − δiµω0ρ

ρ),

G̃0µ = εijk∂iωµjk . (5.3.8)

This enables us to formulate the momenta as surface integrals

Pµ =
1

8πG

∮
[ω0l

µ + δ0
µω

lρ
ρ − δlµω0ρ

ρ]dΣl, (5.3.9)

Kµ =
1

8πG

∮
εljkωµjkdΣl. (5.3.10)
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With the help of (5.2.14), we have

P0 =
1

16πG

∮ [
∂ih

li − ∂lhii + ∂iv
il + εljkΦ0jk

]
dΣl, (5.3.11)

Pk =
1

16πG

∮ [
∂0h

l
k − ∂lh0k + δlk∂

ih0i − δlk∂0h
i
i + ∂kv0

l + δlk∂
ivi0

−1

2
εlij [Φijk + δikΦj0

0 + δikΦjm
m] +

1

2
δlkε

ijmΦijm

]
dΣl, (5.3.12)

K0 =
1

16πG

∮ [
εlij [∂ih0j + ∂jvi0] + Φl0

0

]
dΣl, (5.3.13)

Kk =
1

16πG

∮ [
εlij [∂ihkj + ∂jvik] + Φl0

k

]
dΣl. (5.3.14)

When there are no magnetic charges, Θµν is zero and thusKµ and Φµνρ also by definition.
Then, setting ourselves in the gauge where vµν = 0, one easily recognizes the ADM momenta
Pµ. Remember that in electromagnetism the contribution of the Dirac string was always
equal to the opposite of the string contribution coming from the regularized connection as
F is a gauge-independent quantity. Even if our charges are obviously gauge invariant, the
important difference with electromagnetism is that here the surface integrals for calculating
the charges depend on the spin connection, a gauge-variant object. If we want to cancel
the string contributions in the expressions (5.3.11), we need the additional gauge freedom
of the vielbein to be fixed in the right gauge. As we have seen in the previous section, this
trick can always be used as the duality can always be lowered to a duality between spin
connections. For each electric solution with a regular spin connection, there exists a regular
spin connection for the dual magnetic solution. Note that computations can also be made
using our expressions (5.3.9)-(5.3.11) or even the volume integrals (5.3.1)-(5.3.2).

5.3.2 Electric and magnetic Lorentz charges

In the same spirit, the general expression for the Lorentz charges and their duals are as
follows2

Lµν =

∫
(xµT 0ν − xνT 0µ)d3x =

1

8πG

∫
(xµG0ν − xνG0µ)d3x,

L̃µν =

∫
(xµΘ0ν − xνΘ0µ)d3x =

1

8πG

∫
(xµG̃0ν − xνG̃0µ)d3x. (5.3.15)

Plugging the expression (5.3.8) into the definition of the electric Lorentz charges leads

2Note that the fixed timelike index is now upstairs, contrary to the definitions of the momenta. We hope
that this (arbitrary but innocuous) switch in the convention will not upset the reader too much.
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us to

Lij =
1

8πG

∫
(xiG0j − xjG0i)d3x

=
1

8πG

∮ [
xj [ω0li − δliω0k

k]− xi[ω0lj − δljω0k
k]

]
dΣl +

1

8πG

∫
[ω0ij − ω0ji] d3x,

L0i =
1

8πG

∫
(tG0i − xiG00)d3x

=
1

8πG

∮ [
−t[ω0li − δliω0k

k]− xiωljj
]
dΣl +

1

8πG

∫
ωijj d

3x. (5.3.16)

We see that in the presence of non-trivial Φµνρ, we have a priori no way to express the
charges as surface integrals. However, we know that the charges are independent of the
choice of vµν . We can thus try to choose a gauge, an appropriate vµν , such as to cancel the
Φµνρ contributions present in the volume integrals. Expanding the volume integrals in the
above expressions

∫
2[ω0ij − ω0ji] d3x =

∫
[∂ih0j − ∂jh0i + ∂jvi0 − ∂ivj0 − εijkΦ 0

k0 ] d3x,∫
2ωijj d

3x =

∫
[∂jh

ij − ∂ihjj + ∂jv
ji + εijkΦ0jk] d

3x, (5.3.17)

where we simplified the last equation using the relation εlk[iΦ̄
j]

lk = εijkΦ 0
k0 , we see that

we can absorb the Φµνρ by choosing the vij and the v0i such that

∫
∂jv

ij d3x =

∫
εijkΦ0jk d

3x, (5.3.18)∫
[∂jvi0 − ∂ivj0] d3x =

∫
εijkΦ 0

k0 d3x. (5.3.19)

Actually, these gauge choices do not fix completely the local Lorentz gauge, and hence
vµν . Rather, they restrict the gauge to a choice satisfying the above integral relations. Of
course this can be done in the simplest way by choosing a vµν that locally compensates the
singularity contained in Φµνρ.

Picking a gauge such that (5.3.18) and (5.3.19) are fulfilled, we obtain

Lij =
1

8πG

∮ [
xj [ω0li − δliω0k

k]− xi[ω0lj − δljω0k
k] +

1

2
[δilh0j − δjlh0i]

]
dΣl,

L0i =
1

8πG

∮ [
−t[ω0li − δliω0k

k]− xiωljj +
1

2
[hil − δilh]

]
dΣl. (5.3.20)
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If we look at the dual Lorentz charges, we have

L̃0i =
1

8πG

∫
(tG̃0i − xiG̃00)d3x

=
1

8πG

∮
−εljk[t ωijk + xiω0jk]dΣl +

1

16πG

∫
εikl[ω0kl − ω0lk]d

3x ,

L̃ij =
1

8πG

∫
(xiG̃0j − xjG̃0i)d3x

=
1

8πG

∮
εlkm[xjωikm − xiωjkm]dΣl +

1

8πG

∫
εijkωk

l
ld

3x , (5.3.21)

where in the last equality we used εikmωjkm − εjkmωikm = εijkωk
l
l.

It is amusing to observe that the pieces in Lµν and L̃µν that cannot be expressed as
surface integrals actually enjoy a duality relation, L̃bulk

µν = 1
2εµνρσL

ρσ
bulk. This surprising

property cannot of course be extended to the full charges, as is obvious from their definition
in terms of the stress-energy tensor and its dual. However, a consequence of this observation
is that with the previous choice of gauge, we can also express the dual charges as surface
integrals

L̃0i =
1

8πG

∮ [
− εljk[t ωijk + xiω0jk] +

1

2
εilkh0k

]
dΣl ,

L̃ij =
1

8πG

∮ [
εlkm[xjωikm − xiωjkm] +

1

2
εijk[hlk − δlkh]

]
dΣl. (5.3.22)

The expressions derived here for the electric and magnetic Lorentz charges are thus
valid in whatever gauge when expressed as volume integrals like in (5.3.16) and (5.3.21).
Moreover, we have shown that there exists a gauge choice valid for the Lorentz charges and
their duals that permits to eliminate the Φµνρ and express the charges in terms of surface
integrals. Note that if all Φµνρ are zero, any gauge is obviously fine and the charges reduce
to the ADM expressions.

In the next section, we will consider several different solutions and their dual counter-
parts. Instead of applying these formulas explicitly, it will prove more efficient to work out
the sources of the solutions, encoded in Tµν and Θµν , and compute the charges from their
original definitions (5.3.1) and (5.3.15). One is ensured, following the above arguments,
that the surface integrals, with a correct choice of gauge, will yield the same results.

5.4 Examples illustrating the duality

In this section, we review various linearized “electric” solutions and their “magnetic” coun-
terparts. For each of them, we illustrate how the duality works and what are their associated
charges. The solutions that we will consider are the Taub-NUT metric, its infinitely boosted
limit, and its rotating version called the Kerr-NUT.
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5.4.1 The Taub-NUT solution

The metric for the Taub-NUT solution is

ds2 = − λ

R2
(dt+ 2N(k + cos θ)dφ)2 +

R2

λ
dr2 +R2dΩ2, (5.4.1)

where λ = r2 −N2 − 2Mr, R2 = r2 +N2, dΩ2 is the metric on the unit two-sphere, and k
is a parameter. Here, we have introduced a parameter k such that for k = 1, respectively
k = −1, the string is along the positive, respectively negative, z-direction. For any other
value of k, the metric has a singularity all along the z-axis. As already stated, it is easy
to see that the value of k can be mapped to k + c if one performs the coordinate change
t→ t+ 2Ncφ.

Here, we would like to review the duality that maps the linearized Schwarzschild to the
linearized pure NUT solution. We show that, by gravitational duality, the string singularity
determines a magnetic stress-energy tensor and is thus non-physical in an “electric” theory;
it is a topological charge. It is also called the magnetic massN . For the sake of completeness,
we eventually consider what would happen if we do not consider this singular contribution.
One can easily realize that the magnetic stress-energy tensor is zero, as it is clear from
its definition. The pure NUT solution is then described as a semi-infinite massless source
of angular momentum N . This is Bonnor’s interpretation [101] of the pure NUT solution
where the string is considered as a physical singularity in the “electric” theory.

Linearized Schwarzschild solution

The non-trivial fluctuations of the linearized metric and spin connection for the Schwarzschild
metric are

htt =
2M

r
, hij =

2M

r3
xixj ,

ω0i0 =
1

2
∂ih00 = −M xi

r3
,

ωijk =
1

2
(∂jhik − ∂ihjk) =

M

r3
(δjkxi − δikxj). (5.4.2)

The non-trivial components of the linearized Riemann tensor are

R0i0j = −∂jω0i0 = M(−3xixj
r5

+
δij
r3

+
4π

3
δijδ(x)),

Rijkl = ∂kωijl − ∂lωijk

= (
2M

r3
+

8πM

3
δ(x))(δikδjl − δilδjk)

−3M

r5
(δik xj xl − δjk xi xl − δil xj xk + δjl xi xk), (5.4.3)

where we used

∂j
xk
r3

=
δjk
r3
− 3xkxj

r5
+

4π

3
δjkδ(x). (5.4.4)
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We eventually see that the Ricci tensor and Ricci scalar are

R00 = 4πMδ(x), Rij = 4πMδijδ(x), R = 8πMδ(x). (5.4.5)

This also means that

G00 = 8πT00 = 8πMδ(x), Gij = Tij = 0, G0j = T0j = 0. (5.4.6)

The source for the linearized Schwarzschild solution is a point of mass M .

The NUT solution from the dual Schwarzschild

To obtain the “electric” spin connection for the NUT metric, we use the duality relation

ωµνσ = −1

2
εµναβ ω̃

αβ
σ, (5.4.7)

where ω̃ is the spin connection for the linearized Schwarzschild after we applied the duality
rotation ω → ω̃ and M → N . In this way we obtain a regular spin connection. It is given
by

ωij0 = εijkω̃0k0 = −Nεijk
xk
r3
, ω0ij = −1

2
εiklω̃klj = Nεijk

xk
r3
. (5.4.8)

One can now compute the non-trivial components of the Riemann tensor

R0i0j = 0, Rijkl = 0,

Rij0k = Nεijl∂k(
xl

r3
) = Nεijl(

δkl
r3
− 3xkxl

r5
+

4π

3
δklδ(x)),

R0ijk = ∂jω0ik − ∂kω0ij

= −2Nεijk(
1

r3
+

4π

3
δ(x)) + 3N(εijl

xkxl
r5
− εikl

xjxl
r5

). (5.4.9)

Einstein’s equations are trivially satisfied as R00 = Rij = 0 and R0i = Ri0 = 0, meaning
that Tµν = 0. However, plugging the above expressions in the cyclic identity, we obtain

R0ijk +R0kij +R0jki = −8πεijkΘ
00

= −2Nεijk(
3

r3
+ 4πδ(x)) + 6N(εijl

xkxl
r5
− εikl

xjxl
r5
− εkjl

xixl
r5

),

R00ij +R0j0i +R0ij0 = −8πεijkΘ
k

0,

Ri0jk +Rik0j +Rijk0 = −∂j(ω0ik + ωik0) + ∂k(ω0ij + ωij0) = −8πεjklΘ
l
i.

(5.4.10)

This implies that the dual solution is characterized by

Θ00 = Nδ(x), Θ0k = 0, Θli = 0. (5.4.11)

Let us now remark that for a solution to describe such a magnetic particle of mass N , and
thus a magnetic stress-energy tensor Θ00 = Nδ(x), we need, as one can see from (5.2.8),

Φ0z
0 = −16πNδ(x)δ(y)ϑ(z). (5.4.12)
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From (5.2.14), we see that the previous non-trivial components of the spin connection can
be readily expressed as

ωij0 =
1

2
(∂jh0i − ∂ih0j) +

1

4
εij0k Φ0k

0,

ω0ij =
1

2
(∂ih0j + ∂jvi0)− 1

4
ε0ijk Φ0k

0, (5.4.13)

where we only assumed that the linearized vielbein is independent on time. As we have
established that the regular spin connection is such that ωij0 = −ω0ij , we immediately see
that the right gauge fixing will be h0i = −vi0. The previous spin connections are recovered
with

h0x = v0x = 2N
y

r(r − z)
, v0y = h0y = −2N

x

r(r − z)
, (5.4.14)

where the metric has a singularity on the positive z-axis, in agreement with the form of the
Φz00 term. To check that this is the right result, one can go through the same standard
regularization procedure as we used for electromagnetism ( see e.g. [88]). We set

~A = (h0x, h0y, h0z),

~B = ~∇× ~A = 2N
~r

r3
− 8πNδ(x)δ(y)ϑ(z)ẑ, (5.4.15)

where ẑ is the unit vector along the z-axis and we obtain

∂jh0i − ∂ih0j = −2Nεijk
xk

r3
+ εzij8πNδ(x)δ(y)ϑ(z). (5.4.16)

Note that the non-trivial contribution to the linearized metric in spherical coordinates is

h0φ = −2N(1 + cos θ), (5.4.17)

which is also the only non-trivial component for the linearized pure NUT metric as one can
directly obtain from (5.4.1) with k = 1.

Here, we interpret the singularity at θ = 0 as non-physical in an “electric” way. However,
it contributes to the magnetic stress-energy tensor. The solution describes thus a particle
of magnetic mass N .

The NUT solution without the string

To recover Bonnor’s interpretation, we set to zero the Φµν
ρ. Then, we obviously have

Θµν = 0. With the previous choice of vµν , the non-trivial components of the spin connections
are now

ωij0 = −Nεijk
xk
r3

+ εzij4πNδ(x)δ(y)ϑ(z),

ω0ij = Nεijk
xk
r3
− εzij4πNδ(x)δ(y)ϑ(z). (5.4.18)

Note that we still have ωij0 = −ω0ij so that from (5.4.10) we still have Θil = Θ0i = 0. Now,
we can also check that Θ00 = 0 as it should be.
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The non-trivial components for the Einstein tensor are

Gi0 = −∂j(εzij4πNδ(x)δ(y)ϑ(z)), (5.4.19)

giving non-trivial contributions to Tµν

Tx0 = −N
2
δ(x)δ′(y)ϑ(z), Ty0 =

N

2
δ′(x)δ(y)ϑ(z). (5.4.20)

Note that such Tµν is conserved.

Given this, we see that Pµ = 0 and ∆Lxy/∆z = N all along the singularity. This
agrees with Bonnor’s interpretation of the NUT solution as a massless source of angular
momentum at the singularity θ = 0.

5.4.2 The Kerr and the rotating NUT

There exists in the literature a generalization of the Taub-NUT metric with three parame-
ters, the ADM mass M , the NUT charge N , and a rotation parameter a. This solution is
known as the Kerr-NUT metric. It is a particular case of the general Petrov type D solution
found in [102]. It is given by

ds2 = − λ
2

R2
[dt− (a sin2 θ − 2N cos θ)dφ]2 +

sin2 θ

R2
[(r2 + a2 +N2)dφ− adt]2

+
R2

λ2
dr2 +R2dθ2, (5.4.21)

where λ2 = r2 − 2Mr + a2 −N2 and R2 = r2 + (N + a cos θ)2.

If we set a = 0 in the above solution, we recover the Taub-NUT solution (5.4.1) with
k = 0. If we set N = 0 in the metric (5.4.21), we recover the Kerr metric in Boyer-Lindquist
coordinates

ds2 = −(1− 2Mr

Σ
)dt2 − 4Mar

Σ
sin2 θdtdφ+

Σ

∆
dr2 + Σdθ2 +

B

Σ
sin2 θdφ2, (5.4.22)

where ∆ ≡ λ2(N = 0) = r2 − 2Mr + a2, Σ ≡ R2(N = 0) = r2 + a2 cos2 θ, and B =
(r2 + a2)2 −∆a2 sin2 θ. One can linearize this metric at first order in the charges, meaning
we only keep terms in M and Ma and obtain

h00 =
2M

r
, hij =

2M

r3
xixj , h0i =

2Ma

r3
εzijx

j . (5.4.23)

We will review rapidly hereafter that the source for this solution is a rotating mass M with
angular momentum Jz = Lxy = Ma. A more interesting metric is the one where we set M
to zero in (5.4.21). This is what we refer to as the rotating NUT metric. The linearized
contributions of the metric are

h̃tx =
2Nyz

r(x2 + y2)
, h̃ty =

−2Nxz

r(x2 + y2)
, h̃µµ =

2Naz

r3
. (5.4.24)
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We will see that this linearized metric (after we set the string along the positive z-axis)
supplemented with the Φµνρ contributions

Φ0z
0 = −16πNδ(x)δ(y)ϑ(z), (5.4.25)

Φ0y
x = −Φ0x

y = −Φxy
0 = Φyx

0 = 8πNaδ(x), (5.4.26)

where ϑ is the usual Heaviside function, describes the dual solution to the linearized Kerr.
The rotating NUT solution is understood as a point of magnetic mass N and a magnetic
angular momentum L̃xy = Na.

As we have seen for the Taub-NUT case, taking or not taking into account singularities
contributions from Φµνρ lead to different interpretations of the ”dual” metric and thus to
different interpretations of its sources. As an example, we have just discussed Bonnor’s
interpretation of the Taub-NUT metric. Here, we will discuss what happens if one does
not include the singular delta contributions (5.4.26) for the rotating NUT solution. In the
last part, we see that by duality the Kerr metric could be given an exotic interpretation if
singular contributions of this type were added.

In the following, we only present the additional information not contained in the previous
Taub-NUT example as the non-trivial contributions of the linearized Kerr-NUT metric
split into contributions that were already present in the Taub-NUT case and additional
contributions in Ma or Na.

Kerr metric

The additional (with respect to the Schwarzschild metric) non-trivial components of the
linearized metric and linearized spin connection are

h0i =
2Ma

r3
εzijx

j ,

ω0ij =
1

2
∂ih0j = −Maεzij(

1

r3
+

4π

3
δ(x))− 3Ma

r5
εzjlxix

l,

ωij0 =
1

2
(∂jhi0 − ∂ihj0) = ω0ji − ω0ij

= Maεzij(
2

r3
+

8π

3
δ(x))− 3Maxl

r5
(εzilxj − εzjlxi). (5.4.27)

The additional non-trivial components of the linearized Riemann tensor are

R0ijk = −Maεzkl(∂j∂i∂l
1

r
) +Maεzjl(∂k∂i∂l

1

r
),

Rij0k = −Maεzjl(∂k∂i∂l
1

r
) +Maεzil(∂k∂j∂l

1

r
),

(5.4.28)

where one can show that

∂i∂j∂k
1

r
= −15

xixjxk
r7

+
3

r5
(δijxk + δkixj + δjkxi)

−4π

5
(δij∂kδ(r) + δki∂jδ(r) + δjk∂iδ(r)). (5.4.29)
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Combining these results with the ones obtained for Schwarzschild, we easily find

Rj0 = R0j = R0ij
i = Maεzjl(∂l∆

1

r
) = −4πMaεzjl∂lδ(x),

R00 = 4πMδ(x), Rij = 4πMδijδ(x), R = 4πMδ(x). (5.4.30)

Eventually, we get

G00 = 8πT00 = 8πMδ(x), Gij = Tij = 0, (5.4.31)

G0j = R0j = 8πT0j = −4πMaεzjl∂lδ(x). (5.4.32)

This solution describes a point of electric mass M with an electric angular momentum
Lxy = Ma.

The rotating NUT solution from the dual Kerr

As for the dual of linearized Schwarzschild, by duality rotation we obtain the additional
components of the spin connection of the dual Kerr metric

ω0i0 = −1

2
εijkω̃jk0 = Na

δzi
r3
− 8

3
πNaδziδ(x)− 3Na

zxi
r5
,

ωijk = εijlω̃0lk = Na(δziδkj − δzjδki)(−
2

r3
+

4π

3
δ(x))

+
3Na

r5
(xk(xjδzi − xiδzj) + z(xiδkj − xjδki)), (5.4.33)

where we used εijkε
zjk = 2δzi and εijkε

zjl = δizδ
k
l − δkz δil . Following the same reasoning as

before, one can easily derive the Einstein tensor and find that this solution corresponds to
a magnetic point of mass N with a magnetic angular momentum L̃xy = Na. This is the
gravitational dual of the Kerr solution where Θµν has a structure equal to the stress-energy
tensor for Kerr, meaning

Θ00 = Nδ(x), Θ0x =
Na

2
∂yδ(x), Θ0y = −Na

2
∂xδ(x). (5.4.34)

From this last result, we see that the non-trivial components for Φµνρ are

Φ0z
0 = −16πNδ(x)δ(y)ϑ(z) ,

Φ0y
x = −Φ0x

y = −Φxy
0 = Φyx

0 = 8πNaδ(x). (5.4.35)

We also have

ω0i0 =
1

2
∂ih00 +

1

4
ε0ijkΦ

jk
0 =

1

2
∂ih00 +

1

2
δizΦ

xy
0,

ωijk =
1

2
(∂jhik − ∂ihjk + ∂kvji) +

1

2
εij0lΦ̄

0l
k, (5.4.36)

where for our choice of Φµνρ, we find

1

2
εij0lΦ̄

0l
k =

1

2
εij0lΦ

0l
k = (δizδjk − δjzδik)Φ0y

x. (5.4.37)
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We then easily obtain3

h00 =
2Naz

r3
, hij =

2Naz

r3
δij , vij =

2Na

r3
(δzixj − δzjxi). (5.4.38)

The non-trivial components of the linearized metric in spherical coordinates are then

hµµ =
2Naz

r3
, h0φ = 2N(1 + cos θ). (5.4.39)

These are the non-trivial components of the linearized rotating NUT metric, where the
string is along the positive z-axis.

The rotating NUT without the delta contributions

If we set Φ0y
x = −Φ0x

y = −Φxy
0 = Φyx

0 = 0, the difference with the previous case appears
for

ω0i0 = −Na∂i∂z(
1

r
),

ωijk = −Na[δik∂j∂z(
1

r
)− δjk∂i∂z(

1

r
) +

1

2
δzi∂k∂j(

1

r
)− 1

2
δzj∂k∂i(

1

r
)]. (5.4.40)

This means that

R00 = −4πNaδ(x)δ(y)δ′(z), Rij = −4πNaδijδ(x)δ(y)δ′(z), (5.4.41)

and the electric Einstein tensor has now a non-trivial component

G00 = −8πNaδ(x)δ(y)δ′(z).

The solution has associated charges K0 = N and L0z = −Na, describing a point magnetic
mass N with in addition a “boost mass” −Na which can be understood as a dipole of electric
masses M and −M separated by a distance ε in the limit where ε→ 0 and L0z = Na = Mε
is kept constant. Positivity of energy in general relativity tells us that this interpretation
should however be discarded.

The interested reader could eventually wonder about different combinations of the pre-
vious considerations. One could for example try to interpret the rotating NUT solution with
only the delta contributions and no string contribution (or respectively no Φµνρ contribu-
tions at all). Following our analysis this only partially matches the proposal of J.G. Miller
in [103] to interpret the Kerr-NUT metric as a Kerr black hole and an infinite source of
angular momentum along the singularity. Indeed, our calculations show that it should also
be supplemented with a magnetic angular momentum when delta contributions are included
(respectively with a dipole of electric masses in the same limit as previously discussed).

3Note that the vµν obtained here, and which lead to a regular spin connection, do not satisfy the gauge
fixing conditions (5.3.18) and (5.3.19) proposed in Section 5.3, where the aim was rather to define surface
integrals.

163



Comments about duality of the Kerr metric

We have seen that the string singularity input from Φµνρ in the case of the Taub-NUT
solution found its meaning in the existence of an unphysical string singularity in the lin-
earized metric. This is also justified by considering the Schwarzschild metric as electric
and imposing gravitational duality. From this perspective, Bonnor’s proposal seems rather
unphysical.

However, in the case of the Kerr-NUT solution, we have seen that some Φµνρ terms
are only singular in r = 0. Besides duality, we do not have any a priori argument in favor
of adding these delta contributions to the rotating NUT solution. As we just described,
one could think of the linearized rotating NUT with only the string contribution Φ0z

0 as
another physical solution. This interpretation is however to be rejected on physical grounds
because of the presence of a negative mass in the compound.

Let us amuse ourselves by contemplating the dual situation, i.e. the usual Kerr solution,
where we insert a non-trivial magnetic stress-energy tensor so that the non-trivial charges
become P0 = M and L̃0z = Ma. The sources for this solution are

T00 = Mδ(x), Θ00 = Maδ(x)δ(y)δ′(z), (5.4.42)

an electric point of mass M and a di-NUT, a dipole of NUT charges +N and −N , separated
by a distance ε when we take the limit ε→ 0 and N →∞ but with the product Nε constant
and equal to L̃0z = Nε = Ma such that

Θ00 = limε→0[Nδ(x)δ(y)δ(z + ε/2)−Nδ(x)δ(y)δ(z − ε/2)]

= Maδ(x)δ(y)δ′(z). (5.4.43)

This situation is physical since there is no obstruction in having negative NUT charges.
Indeed, the Taub-NUT metrics with opposite signs of N are just related by a flip of the sign
of the φ variable. We should however note that this leads seemingly to a clash between the
statement of gravitational duality and positivity of the mass for the Schwarzschild solution.
In other words, according to the above arguments the gravitational dual of a physical
situation is not necessarily physical. It would be nice to understand this issue better, with
the use for instance of positive energy theorems.

Concerning the euclidean Kerr black hole, this interpretation had already been noticed
a long time ago in [104]. For the Lorentzian signature, it has recently been observed in [105]
that the Kerr metric could be reproduced by a non-linear superposition of two Taub-NUT
black holes of opposite NUT charges.4 Here, we have clarified that if this is indeed true from
the perspective of the metrics, there is nevertheless a difference depending on whether the
δ′ singularities find themselves in the T0i components of the ordinary stress-energy tensor or
in the Θ00 component of the magnetic, dual, stress-energy tensor. The difference is encoded
in the tensor Φµνρ and is reflected on which Lorentz charges are non-trivial, the electric or
the magnetic ones. We suggest to identify the Kerr metric as a di-NUT only in the case
where there is a non-trivial Θ00.

4We would like to thank A. Virmani and R. Emparan for pointing out this reference to us.
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5.4.3 Shock pp-waves

Pp-waves, or plane-fronted waves with parallel rays, were first introduced by Brinkmann in
1925 as metrics on Lorentzian manifolds. They are described by

ds2 = H(u, x, y)du2 − du dv + dx2 + dy2 , (5.4.44)

where H is a smooth function. Moreover, if the function H is harmonic in x and y then it is
a solution of Einstein’s equations. Here we will consider shock pp-waves, a particular case
where the function H factorizes its u dependence in a delta function such that H(u, x, y) =
F (x, y)δ(u) and F (x, y) is a harmonic function.

To start with, we review the result of P. C. Aichelburg and R. U. Sexl in [106] where
the infinite boost of the Schwarzschild metric was considered and shown to be of the form
of a shock pp-wave. It is now referred to as the Aichelburg-Sexl solution. This shock
pp-wave was later re-discovered by T. Dray and G. ’t Hooft in [107] and understood as
the gravitational radiation of a particle traveling at the velocity of light measured by an
observer at rest. The method of Aichelburg and Sexl was generalized in [108] and used, for
example, to compute the infinite boost of the Reissner-Nordström black hole. This more
general analysis was then used in [109] for the infinite boost of the Kerr black hole where
the Aichelburg-Sexl metric is shown to be recovered in a certain limit.

Inspired by these generalized methods we describe, in a second part, the infinite boost
of the pure NUT metric (M = 0) and obtain the NUT-wave, another shock pp-wave.

In the last part, we show that the gravitational dual of the Aichelburg-Sexl pp-wave
is precisely the NUT-wave, the infinitely boosted NUT wave. More generally, we establish
that any pp-wave solution described by a function F (x, y) of Einstein’s equations possess a
dual pp-wave which is characterized by the harmonic conjugate of F (x, y), which we denote
as F̃ (x, y).

The Aichelburg-Sexl shock pp-wave

In here, we reproduce the results5 presented in [106]. Let us start with the usual metric of
Schwarzschild in the so-called Schwarzschild coordinates

ds2 = −(1− 2M

R
)dt2 + (1− 2M

R
)−1dR2 +R2(dθ2 + sin2θdφ2), (5.4.45)

and make the change of variables

R = r(1 +
M

2r
)2, (5.4.46)

to obtain the metric in isotropic coordinates

ds2 = −(1−A)2

(1 +A)2
dt2 + (1 +A)4(dx2 + dy2 + dz2), (5.4.47)

5Note that several typos are present in the computations of this original paper.
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where A ≡M/2r and dx2 +dy2 +dz2 = dr2 +r2(dθ2 +sin2 θdφ2). Let us now apply a boost
along the z-direction

t = γ(t̃− βz̃),
z = γ(z̃ − βt̃), (5.4.48)

where γ = 1/
√

1− β2, and obtain

ds2 = −(1−A)2

(1 +A)2
γ2(dt̃− β dz̃)2 + (1 +A)4(dx̃2 + dỹ2 + γ2(dz̃ − β dt̃)2)

= (1 +A)4(−dt̃2 + dx̃2 + dỹ2 + dz̃2)

+

[
(1 +A)4 − (1−A)2

(1 +A)2

]
γ2(dt̃− β dz̃)2, (5.4.49)

where A is now A = M/2
√
x2 + y2 + γ2(z − β t)2 and where in the last equality we made

use of

γ2(dz̃ − β dt̃)2 = −dt̃2 + dz̃2 + γ2(dt̃− β dz̃)2. (5.4.50)

We now want to consider the infinite boost limit where β → 1, M → 0 but where we keep
Mγ = p, p being a constant. From its definition, we see that A is going to zero, so that we
can linearize the metric in A and rewrite (5.4.49) as

ds2 = (1 + 4A)(−dt̃2 + dx̃2 + dỹ2 + dz̃2) + 8A γ2(dt̃− β dz̃)2 . (5.4.51)

Immediately performing the infinite boost would mean that we only keep terms in γ2A
because

Aγ2 =
Mγ

2
√
γ−2ρ̃2 + (z̃ − β t̃)2

→ p

2|z̃ − t̃|
, (5.4.52)

where ρ̃2 = x̃2 + ỹ2. The metric would be

ds2 = −dt̃2 + dx̃2 + dỹ2 + dz̃2 + 4 p
1

|z̃ − t̃|
(dt̃− dz̃)2. (5.4.53)

However, this metric is only valid for t 6= z. If we want to carry the limit β → 1 for points
where t = z, we need to make the “awkward” change of coordinates (singular in t̃ = z̃ when
β = 1 )

T (v) : z′ − βt′ = z̃ − βt̃,

z′ + βt′ = z̃ + βt̃− 4p ln

[√
(z̃ − βt̃)2 + γ−2 − (z̃ − t̃)

]
. (5.4.54)

To apply this change of coordinates, we first start by re-writing (5.4.51) as

ds2 = (1 + 4A)

[
dx̃2 + dỹ2 + (dz̃ − βdt̃)(dz̃ + βdt̃)− (1− β2)dt̃2

]
+8A γ2

[
(dz̃ − β dt̃)2 − (1− β2)dz̃2 + (1− β2)dt̃2

]
. (5.4.55)
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Moreover, we see that only terms in Aγ2 will contribute. Indeed, the contributions in
(1− β2) will drop in the infinite boost limit. Prior to any change of coordinates, we write
the metric as

ds2 = dx̃2 + dỹ2 + (dz̃ − βdt̃)(dz̃ + βdt̃) + 8A γ2(dz̃ − β dt̃)2. (5.4.56)

Now, as one can see from (5.4.54), the change of coordinates is trivial for dz̃ − βdt̃ =
dz′ − βdt′ and also

dz̃ + βdt̃ = dz′ + βdt′ + 4p

[
(z̃−βt̃)(dz̃−βdt̃)√

(z̃−βt̃)2+γ−2
− (dz̃ − dt̃)

]
√

(z̃ − βt̃)2 + γ−2 − (z̃ − t̃)
, (5.4.57)

which we could rewrite as

dz̃ + βdt̃ = dz′ + βdt′ + 4p
1√

(z′ − βt′)2 + γ−2 − (z̃ − βt̃) + (1− β)t̃[
(z′ − βt′)(dz′ − βdt′)√

(z′ − βt′)2 + γ−2
− (dz̃ − βdt̃) + (1− β)dt̃

]
. (5.4.58)

If we now again drop the contributions in (1− β), we get

dz̃ + βdt̃ = dz′ + βdt′ − 4p
1√

(z′ − βt′)2 + γ−2
(dz′ − βdt′). (5.4.59)

By plugging this in (5.4.56) and taking the limit β → 1, we get

ds2 = −dt′2 + dx′2 + dy′2 + dz′2 +

4p lim
β→1

[
1√

(z′ − βt′)2 + γ−2ρ′2
− 1√

(z′ − βt′)2 + γ−2

]
(dt′ − dz′)2.

(5.4.60)

To take this limit, we use the fact that

lim
ε→0

1

ε
f(z/ε) = δ(z), (5.4.61)

for a function f such that ∫ +∞

−∞
f(z)dz = 1. (5.4.62)

In our case, if we write Z = z′ − βt′ and γ−1 = ε, we see that

g(Z/ε) = g(γ(z′ − βt′)) =
1√

(z′ − βt′)2 + γ−2ρ′2
− 1√

(z′ − βt′)2 + γ−2

=
1

ε
f(Z/ε), (5.4.63)
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where

f(Z/ε) =
1√

(Z/ε)2 + ρ′2
− 1√

(Z/ε)2 + 1
. (5.4.64)

However, one can see that ∫ +∞

−∞
f(Z/ε) = − ln(ρ′2), (5.4.65)

such that using (5.4.61) the limit for the function g(Z/ε) is

lim
ε→0

g(Z/ε) = lim
ε→0

1

ε
f(Z/ε) = − ln(ρ′2)δ(Z). (5.4.66)

Using this result in (5.4.60), we recover the result of Aichelburg and Sexl

ds2 = −dt′2 + dx′2 + dy′2 + dz′2

−4p ln(x′2 + y′2) δ(t′ − z′)(dt′ − dz′)2 . (5.4.67)

We have thus recovered the fact that the infinitely boosted Schwarzschild metric is a shock
pp-wave with function H(u, x, y) = −4 ln(x2 + y2)δ(u), where F (x, y) = ln(x2 + y2) is an
harmonic function as it verifies ∂2

xF + ∂2
yF = 0. Note that, for t 6= z, this result only

coincides with (5.4.53) after we implement the inverse of the change of coordinates (5.4.54)
such as explained in [106].

Another procedure to perform such limits was proposed in [108] and applied to the
Schwarzschild black hole in [109]. The idea is to look at the Schwarzschild solution as a
perturbation of flat space, perturbation which we linearize before taking the limit in the
sense of the distribution as explained here above. We refer the reader to the original paper
for this derivation. However, we will illustrate this method now by applying it to the pure
NUT metric.

The infinitely boosted NUT metric

We want to perform the infinite boost of the pure NUT solution. Instead of finding an
equivalent awkward change of coordinates, let us write the metric as

ds2 = −dt̄2 + dx̄2 + dȳ2 + dz̄2 + ds2
def , (5.4.68)

and only consider the linearized part of the deformation which writes

ds2
def = −4N cos θ̄dt̄ dφ̄. (5.4.69)

Here, for convenience, we will take the Misner string along the x direction (namely inter-
changing x̄ and z̄ in (5.4.69)) and boost along the z̄ direction. At leading order in γ, we
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find

t̄ → γ u,

z̄ → −γ u,
r̄2 → γ2 u2 + (x2 + y2),

cos θ̄ =
x̄

r̄
→ x/

√
γ2 u2 + (x2 + y2),

dφ̄ → 1

γ

ydu

u2 + γ−2y2
, (5.4.70)

where tan φ̄ = ȳ/z̄. Also, we defined u = t − βz and by leading order we mean that
z̄ → γ(z−βt) = −γu+γ(1−β)(z+ t) ∼ −γu. Note that we can also drop in dφ̄ the second
term in u dy as we will see that a contribution appears only at u = 0, when the infinite
boost limit is considered. The deformed part of the metric becomes

ds2
def = −4N

x√
γ2 u2 + (x2 + y2)

γdu
1

γ

ydu

u2 + γ−2y2
. (5.4.71)

In the limit of infinite boost, we take γ → ∞ and N → 0 while keeping Nγ = k. This
means we have

ds2
def = −8k lim

ε→0

1

ε

A du2

2
√

(u/ε)2 + (1 +A2)((u/ε)2 +A2)
, (5.4.72)

where we wrote ε = γ−1x and A = y/x. Following the same limiting procedure described
for the infinitely boosted Schwarzschild metric, we find

ds2
def = −8k arctan(1/A) δ(u) du2 = −8k arctan(x/y) δ(u) du2, (5.4.73)

and the metric of the infinitely boosted pure NUT metric is just

ds2 = −dt2 + dx2 + dy2 + dz2 − 8k arctan(x/y) δ(t− z) (dt− dz)2. (5.4.74)

The above metric is obviously also a shock pp-wave as it has a function H(u, x, y) of the
required form and arctan(x/y) is an harmonic function. In the following, we refer to it as
the NUT-wave.

Charges of shock pp-waves

Using previous results, one can straightforwardly consider a finite boost of the Taub-NUT
metric and obtain the charges

P0 = γM, Pi = −γβM, K0 = γN, Ki = −γβN. (5.4.75)

To show this for the pure NUT metric, we can directly work with the linearized pure NUT
solution

ds2
Lin = −dt̄2 − 4N cos θ̄dφ̄dt̄+ dr̄2 + r̄2(dθ̄2 + sin2 θ̄dφ̄2), (5.4.76)
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which can be written in cartesian coordinates as

ds2
Lin = −dt̄2 − 4N

z̄

r̄

1

ρ2
(x̄dȳ − ȳdx̄)dt̄+ dx̄2 + dȳ2 + dz̄2, (5.4.77)

where ρ2 = x̄2 + ȳ2. If we now perform a boost in the z-direction

t̄ = γ(t− βz), z̄ = γ(z − βt),
x̄ = x, ȳ = y, (5.4.78)

we get

ds2 = −dt2 + dx2 + dy2 + dz2

−4N
γ2(z − βt)

r̄ρ2
(dt− βdz)(xdy − ydx). (5.4.79)

One should be careful while treating the coordinate r̄ as the large radius limit is really
r ≡ (x2 + y2 + z2)1/2 →∞ and thus

1

r̄
≡

[
x2 + y2 + γ2(z − β t)2

]−1/2

=
1

r

[
(sin2 θ + γ2 cos2 θ) + γ2β2(t2/r2)− 2γ2β cos θ(t/r)

]−1/2

∼ 1

rB
+O(1/r2), (5.4.80)

where we defined B =
√
sin2θ + γ2cos2θ. Our choice for the vielbein is

e0 = dt− 2N
γ2(z − βt)

r̄ρ2
(ydx− xdy),

e1 = dx,

e2 = dy,

e3 = −2N
γ2β(z − βt)

r̄ρ2
(y dx− x dy) + dz, (5.4.81)

where it can be checked that the spin connection is regular so that we can directly use our
expressions for the charges without taking care of the singularities. Note that our choice is
precisely the triangular vielbein em̄µ̄ for the linearized static pure NUT metric transformed

under the boost to emµ = Λmn̄ Λ ν̄
µ en̄ν̄ = δmµ + 1

2η
mν(hνµ + vνµ). Looking at (5.4.79), the

linear perturbations are

hxz = −βhtx = −2Nγ2β
(z − βt)

r̄

y

x2 + y2
,

hyz = −βhty = 2Nγ2β
(z − βt)

r̄

x

x2 + y2
. (5.4.82)
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As we can directly see from (5.4.81), we have vta = hta and vza = hza for a = x, y. We can
now easily proceed to the calculation of K0

K0 =
1

16π

∮
εlij(∂ih0j + ∂jvi0)dΣ̂l =

1

8π

∮
εlij∂ih0jdΣ̂l

=
N

4π
γ2

∮
S

sin θ

B3
dθdφ

= γN. (5.4.83)

Note also that the time dependence in the integrand (5.4.83) is subleading and tends to
zero when r →∞. The calculation for Kz is readily the same and we find

Kz = − β

8π

∮
εlij∂ih0jdΣ̂l = −βK0 = −γβN, (5.4.84)

while Kx = Ky = 0.

With this knowledge, it is also easy to see that the charges associated to the Aichelburg-
Sexl pp-wave are just P0 = −Pz = p and for our NUT-wave K0 = −Kz = k. For the
Aichelburg-Sexl pp-wave, this was done in [110]. For the NUT-wave, one can use the
symmetric vielbein

e0 = dt− F

2
(dt− dz) , e1 = dx , e2 = dy , e3 = dz − F

2
(dt− dz) , (5.4.85)

where F is an harmonic function, so that vµν = 0 and the spin connection is regular. We
eventually obtain

K0 =
1

16π

∮
εlij∂ih0jdΣl = − k

2π

∮
1

r
δ(t− z) dΣr

= k

∮
r sin θ δ(t− r cos θ) dθ = k

∮
δ(t− r cos θ) d(r cos θ)

= k. (5.4.86)

Again, the calculation for Kz is readily the same and gives −k.

Let us now check that the NUT-wave is the metric one obtains by acting with a gravi-
tational duality rotation on the Aichelburg-Sexl pp-wave.

Duality among shock pp-waves

It is easy to see that the NUT-wave is the gravitational dual of the Aichelburg-Sexl pp-wave.
The non-trivial fluctuations for the Aichelburg-Sexl pp-wave are

htt = hzz = −htz = −8 p ln(
√
x2 + y2) . (5.4.87)

The non-trivial components of the linearized Riemann tensor defined byRαβγδ = 2∂[αhβ][γ,δ]

for the Aichelburg-Sexl metric are

Rtatb = −1

2
∂a∂bhtt , Rtazb = −1

2
∂a∂bhtz , Rzazb = −1

2
∂a∂bhzz , (5.4.88)
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for a, b = x, y. The NUT-wave has non-trivial fluctuations

h̃tt = h̃zz = −h̃tz = −8 k arctan(x/y) , (5.4.89)

where h̃µν refers to the dual metric. The non-trivial components of the Riemann tensor
write in the same way as in (5.4.88) but with hµν replaced by h̃µν .

A small computation permits to show that the duality relation is satisfied

R̃αβλµ =
1

2
εαβγδ R

γδ
λµ. (5.4.90)

Doing so, one checks that the gravitational dual of the Aichelburg-Sexl pp-wave is the
NUT wave. From (5.4.88) and (5.4.90), it is easy to see that the function F̃ for the NUT-
wave is the harmonic conjugate of the function F describing the Aichelburg-Sexl pp-wave.
By definition, this implies we can construct a complex variable ζ = y+ ix whose logarithm
is ln ζ = ln

√
x2 + y2 + i arctan(x/y) and attribute the real part of this logarithm to the

Aichelburg-Sexl metric and the imaginary part to the dual pp-wave. This last fact can be
generalized to any solution (5.4.44), where H(u, x, y) = F (x, y)δ(u) and F (x, y) is a har-
monic function. The gravitational dual solution is characterized by H(u, x, y) = F̃ (x, y)δ(u)
where F̃ is the harmonic conjugate function of F (namely F(ζ) = F + iF̃ is an holomorphic
function of ζ). The holomorphic nature of F(ζ) is reminiscent of the holomorphic nature
of the complex Ernst potential for BPS solutions (see for instance Section 3.4 of [111]).
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Part III

Gravitational Duality and Supersymmetry
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Chapter 6

A short introduction to Supergravity

As for now, we have mainly been concerned with the Poincaré group which is the symmetry
group of Minkowski spacetime. In the 60’s, along with the understanding of the importance
of internal symmetries, physicists started wondering if a larger, external, symmetry group
containing the Poincaré group could be of any interest to describe the Nature we observe.

The first important result in this direction is the no-go theorem of S. Coleman and
J. Mandula who proved in [112] “the impossibility of combining space-time and internal
symmetries in any but a trivial way”. Without going into technical details, what they
actually showed is that any symmetry group of the S-matrix, that would not lead to trivial
physics, should be a direct product of an internal symmetry group and the Poincaré group,
up to additional U(1)’s. This result describes the fact that any non-trivial mixing would
bring in additional conserved quantities, and thus quantum numbers in the quantum theory,
which are not observed experimentally (see also [113] for concrete examples).

No-go theorems are based on assumptions and they can a priori always be bypassed
if some of these assumptions are relaxed. Independently from these considerations, Y.A.
Golfand and E.S. Likhtman achieved in [114] a non-trivial mixing of the Poincaré symmetry
with a new type of symmetries by enlarging the concept of Lie algebra. They constructed the
so-called superalgebras. The superalgebras are generalizations of the Lie algebras where one
is allowed to introduce charges verifying anti-commutation relations. Following the spin-
statistics theorem, these charges have half-integer spin, and are called fermionic or odd
charges, as compared to integer-spin charges which are called bosonic or even charges. This
is the basic ingredient that we will need to recover the so-called supersymmetry algebra.

Actually, the work [114] remained unnoticed for a long time. The real birth of super-
symmetry is to be found, some years later, in the study of two-dimensional models (see
[115], [116], [117] ) where supersymmetry on the two-dimensional world-sheet was observed.
Referring to these works, J. Wess an B. Zumino generalized the idea to four dimensions
and proposed in [118] the first example where supersymmetry is linearly realized in four di-
mensions. In a subsequent paper [119], the same authors pointed out that ”the supergauge
transformations evade the Coleman-Mandula no-go theorem because their algebra is not a
ordinary Lie algebra”. See eventually [120] for more details on the birth of supersymmetry.

Nowadays, supersymmetry is the name given to a type of symmetry that relates bosons
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and fermions, elementary particles of different quantum nature. Under this symmetry, and
because the transformation parameter has spin 1/2, a particle of spin s is mapped to its
so-called superpartner particle which differs by half a unit of spin. To each known boson of
integer spin, respectively known fermion of half-integer spin, there corresponds a supersym-
metric partner which is a fermion, respectively a boson. For example, the supersymmetric
partner of the photon of spin 1 is a spin 1/2 particle called the photino and to each quark
of spin 1/2 there corresponds a bosonic particle of spin 0 called the s-quark.

On one side, it seems that the main reasons why physicists started considering such
symmetries was that these were bringing cancellations such as in the computation of ra-
diative corrections to the mass of the Higgs boson. Because supercharges commute with
the generator of translations, each known particle in a supermultiplet, a representation of
the supersymmetry group, should have the same mass. This means that all known par-
ticles should have superpartners with the same mass. As these particles have not been
observed experimentally, even if supersymmetry was part of our lives, supersymmetry must
be broken. Nowadays, there exists a plethora of models to explain how supersymmetry
can be broken. These models can be classified following that the breaking is explicit or
spontaneous. Explicit breaking for the MSSM has been considered by adding all possible
soft terms to its Lagrangian. However, a spontaneous breaking, explaining the origin of the
breaking and fixing by construction the form of the soft terms, is more desirable. Due to
constraints coming from experimental facts such as flavor changing neutral currents or con-
straints coming from supersymmetry itself such as non-renormalization properties (see for
example [121]), models to describe supersymmetry breaking are somehow constrained. For
a fresh start into more experimental facts about supersymmetry, and a general introduction
to supersymmetry and its breakings, see the detailed review of S. Martin [122].

On another side, even if we know that supersymmetry must be broken in Nature, su-
persymmetry is a beautiful theoretical framework which brings in many new features. It
is thus interesting to study supersymmetric theories as they are often more tractable than
non-supersymmetric ones. If gravitational duality has anything to do with the non-linear
sector of Einstein’s theory, we believe that the study of supersymmetric generalizations of
gravity theories could help in understanding this duality.

This chapter is intended as a review of the material needed to deal with supergravity,
i.e. supersymmetric extensions of gravity theories, and some of its specific solutions as we
will be concerned with in the last chapter of this thesis. In section 6.1, we start by reviewing
the global supersymmetry algebra. We then illustrate in section 6.2 how a global symmetry
is turned into a local one by means of Noether’s procedure. Based on this procedure, in
section 6.3, we briefly comment on how a local supersymmetric theory, where the parameter
of transformation is required to be local, is a theory of gravity. In section 6.4, we provide
the reader with the so-called N = 1 and N = 2 supergravities we will be interested in. We
sketch how these theories are invariant under local supersymmetry transformations. We
eventually recall some facts, in section 6.5, about the search for bosonic solutions of these
supergravities and discuss the integrability conditions, necessary conditions for the existence
of Killing spinors, that lead to the BPS bound. We finish this chapter by discussing, in
section 6.6, two methods for solving specific Killing spinor equations.
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6.1 The supersymmetry algebra

The Poincaré group P is generated by the translations Pµ and the Lorentz transformations
Mµν that satisfy the relations

[Pµ, Pν ] = 0, [Pµ,Mνρ] = ηµνPρ − ηµρPν ,
[Mµν ,Mρλ] = ηµλMνρ + ηνρMµλ − (ρ↔ λ), (6.1.1)

where ηµν is the flat metric. As we have just discussed, the Coleman-Mandula theorem
shows that there exists no extension of the Poincaré algebra which presents a non-trivial
mixing with the Lorentz generators if we want a non-trivial S-matrix. In mathematical
language, what they state is that any symmetry group made out of the Poincaré group and
a symmetry group G with generators Ta such that

[Ta, Tb] = f c
ab Tc, [Pµ, Ta] = 0, (6.1.2)

must actually be a direct product of P and G, meaning that we should also impose

[Mµν , Ta] = 0. (6.1.3)

In modern language, this is just the statement that only internal (global or local) symmetries
can be considered under their hypothesis. This conclusion can be bypassed if one allows the
introduction of “odd” generators Q satisfying anti-commutations relations. We will require
the algebra to have a Z2 graded structure

[even, even] = even,

{odd, odd} = even,

[even, odd] = odd.

If one imposes the generalized Jacobi identities (as detailed for example in [113]), one can
construct the so-called N = 1 super-Poincaré algebra whose algebra is given by (6.1.1) in
addition with

[Pµ,Qα] = 0, [Qα,Mµν ] =
1

2
(γµν) β

α Qβ, (6.1.4)

{Qα,Qβ} = (γµ C)αβ Pµ. (6.1.5)

where the last anticommutator is referred in the following as the superalgebra, the algebra
of anticommuting charges. Note that we have chosen four-component real Majorana super-
charges and C is the charge conjugation matrix, which we take here to be C ≡ γ0. In our
conventions, gamma matrices are also real, see Appendix A. Actually, when considering a
number N of supercharges that we denote QI , the superalgebra can be centrally extended,
i.e. one can add Lorentz scalars to the superalgebras. The so-called extended superalgebras
where obtained by R. Haag, J. Lopuszanski and M. Sohnius in [123]

{QI ,QJ} = γµ C Pµ δ
IJ + CU IJ + γ5 C V IJ , (6.1.6)

where U IJ = −UJI and V IJ = −V JI commute with all generators. Let us remark that,
to be precise, in [123], only point-like particles interactions were considered. With the
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apparition of p-branes, more general extensions with Lorentz-tensor central charges, or
brane charges, have also been considered (see for example [124], [125]). In these works,
such extensions are permitted as the hypothesis of locality (point-like interactions) of the
Coleman-Mandula theorem is relaxed.

6.2 From global to local symmetry: Noether’s procedure

In this section, we would like to review the standard procedure that is used to turn a
global theory into a local one, i.e. where the symmetry parameter is made dependent on
the space-time coordinates. This procedure is often shortcut by saying that it amounts
to a replacement of the standard partial derivatives into covariant derivatives, where the
so-called “compensating” field has been introduced to make the action invariant under the
local symmetry. In here, we would like to review the Noether procedure and re-derive this
standard textbook result by applying the procedure to a simple example. This will turn out
to be quite useful if one wants to understand why gravity appears when dealing with local
supersymmetry, or how supersymmetric theories of gravity have been firstly constructed.

As a starting point, let us pick a generic theory whose field content is denoted by the
collection of fields Φi and the Lagrangian is given by

L = L(Φi , ∂µΦi). (6.2.1)

Let us also assume that the theory is invariant under a global symmetry and denote the
constant parameter of the transformation by Λ. In general, the variation of the Lagrangian
is a total derivative

δL = ∂µK
µ . (6.2.2)

If we want to make the symmetry local, we allow the transformation parameter to depend
on the spacetime coordinates and set Λ → Λ(x). One can easily realize that the variation
of the action will now be of the form

δL = ∂µK
µ + (∂µΛ)Sµ , (6.2.3)

where one can check that Sµ is actually the Noether current Jµ. Indeed, a generic variation
of the Lagrangian

δL =
∂L
∂Φi

δΦi +
∂L

∂(∂µΦi)
δ∂µΦi

=
( ∂L
∂Φi
− ∂µ

∂L
∂(∂µΦi)

)
δΦi + ∂µ

( ∂L
∂(∂µΦi)

δΦi

)
,

(6.2.4)

tells us that, when considering (6.2.2) and (6.2.4), the Noether current is given by

ΛJµ =
∂L

∂(∂µΦi)
δΦi −Kµ. (6.2.5)

178



Comparing both expressions (6.2.3) and (6.2.4), where (6.2.5) is taken into account, we find( ∂L
∂Φi
− ∂µ

∂L
∂(∂µΦi)

)
δΦi = ∂µΛ(Sµ − Jµ)− Λ∂µJ

µ. (6.2.6)

Since the left-hand side does not depend on ∂µΛ, we must have Sµ = Jµ.

This last result is the starting point of the Noether procedure which consists, in a first
step, of replacing the original Lagrangian by

L′ = L − gXµJ
µ, (6.2.7)

where g is a coupling constant and Xµ denotes the compensating field, and demand that

δXµ =
1

g
∂µΛ. (6.2.8)

We will also consider the addition of a kinetic term for the compensating field. The usual
next step is to vary the new action (6.2.7)

δL′ = −gXµδJ
µ, (6.2.9)

and compute explicitly the variation of the Noether current. What the first implementation
(6.2.7) does is actually to make the Lagrangian invariant up to order one in the coupling
constant g. In the second step, we will add terms in g2. One can thus start an iterative
procedure in powers of g to make the action invariant up to all orders in g.

To illustrate this procedure, let us consider the theory of a complex scalar field

L = ∂µφ ∂
µφ̄. (6.2.10)

This theory is invariant under a global U(1) symmetry because the action is invariant when
the fields transform as

φ(x)→ eiΛφ(x) , φ̄(x)→ e−iΛφ̄(x) , (6.2.11)

or as infinitesimal transformations

δφ = +iΛφ, δφ̄ = −iΛφ̄, (6.2.12)

where Λ is a constant parameter. If we consider the variation of this action by allowing the
parameter Λ to depend on the spacetime coordinates, we find on-shell

δL = (∂µΛ)(iφ∂µφ̄− iφ̄∂µφ) ≡ (∂µΛ)Sµ. (6.2.13)

One can check that Sµ is just the Noether current

ΛJµ ≡ ∂L
∂(∂µφ)

δφ+
∂L

∂(∂µφ̄)
δφ̄. (6.2.14)

Following Noether’s procedure, we must introduce a gauge field Aµ, the compensating field,
by modifying the Lagrangian as

L′ = L − gAµJµ, (6.2.15)
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and impose

δAµ =
1

g
∂µΛ. (6.2.16)

Then, we compute the variation of L′ and find

δL′ = −gAµδJµ

= −2gAµφφ̄∂
µΛ. (6.2.17)

Now, one can check that this last varied term can be exactly canceled by adding the term
g2AµA

µφφ̄ to the Lagrangian. We have thus completed the procedure as our theory is now
invariant under the local symmetry up to any order in g. The final Lagrangian, where we
have added a kinetic term for the gauge field, reads

L = FµνF
µν + ∂µφ∂

µφ̄− gAµJµ + g2AµA
µφφ̄

= FµνF
µν +DµφD

µφ̄, (6.2.18)

where in the last equation Dµ ≡ ∂µ − igAµ is the covariant derivative. Starting from a
theory that is invariant under some global symmetry, one can make it invariant under a local
symmetry by allowing the symmetry parameter to depend on the space-time coordinates
and replacing partial derivatives by covariant derivatives. In standard language, this is the
so-called minimal coupling.

One other enlightening example of this procedure is the construction of the Yang-Mills
theories. To construct these theories, one starts with a collection of N abelian gauge fields,
i.e. each invariant under a local U(1), that transforms under some global symmetry. Making
this last symmetry local through the Noether procedure, one obtains a local Yang-Mills
theory.

In Part II, we have been dealing with electromagnetic, respectively gravitational, du-
ality which is a global symmetry of electromagnetism, respectively linearized gravity. One
could then wonder if these duality symmetries can be gauged. It is just recently that this
computation has been considered for the electromagnetic duality by M. Henneaux and C.
Bunster in [126] (see also the work of S. Deser for an Hamiltonian version [127]). Following
the Noether procedure, it is shown that such a gauging is impossible. In their words “the
fact of being electric or magnetic does not seem to be a space-time dependent concept”. In
[128], A. Diffon and H. Samtleben and M. Trigiante have considered gaugings of this type
but at the cost of losing a Lagrangian description.

The Noether procedure to gauge a global supersymmetry is the subject of the next
section.

6.3 Local supersymmetry is supergravity

The question we would like to answer here is: what happens if one considers a theory which
is invariant under global supersymmetry and tries to make the spinorial parameter ε of
the transformation dependent on the space-time coordinates ? As we said, starting from
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a theory invariant under global supersymmetry and following the Noether procedure, one
sees that the variation of the Lagrangian, when the parameter is made local, will be of the
generic form

δL = ∂µK
µ + (∂µε̄)S

µ, (6.3.1)

where ε is the parameter of global supersymmetry transformations. To restore the symme-
try, one modifies the Lagrangian by adding

−κψ̄µJµ, (6.3.2)

where Jµ is the Noether current associated to the global supersymmetry invariance of the
initial theory, and imposes the variation

δψµ ∼ κ−1∂µε. (6.3.3)

For global supersymmetry, the compensating field ψµ must have a vector and a spinor index.
It is a spin 3/2 field. If one goes on with the procedure by computing explicitly the variation
of the Noether current Jµ, the stress tensors associated to the matter fields of our initial
theory appear. These can only be cancelled by the introduction of a new Noether coupling,
the metric gµν , which is a spin 2 field. The spin 3/2 field is the supersymmetric partner
of the spin 2 field and it is in this respect that it is called the gravitino. See the excellent
review [129] of supergravity by P. Van Nieuwenhuizen for more details.

The first supergravity theories, or supersymmetric theories of gravity, have been con-
structed using the Noether procedure. After that, some theories were constructed by di-
mensional reduction of known supergravities. Indeed, the standard Kaluza-Klein reduction
preserves supersymmetry. One should remember that Noether’s procedure is an iterative
procedure. Although in the simple example presented in the last section, this procedure
stops at second order, it is often not the case for supergravity. This is why most supergrav-
ities constructed by the Noether procedure are only dealt with up to a certain order in the
fermions.

In the next chapter, we will be dealing with the so-calledN = 1 andN = 2 supergravities
in four dimensions which are exactly invariant under local transformations when including
quartic interactions. In the next section, instead of going through the Noether procedure to
construct such theories, we will just present them and check that they are invariant under
local supersymmetric variations.

6.4 The N = 1 and N = 2 supergravities

General relativity is a theory for a spin 2 field, known as the graviton. In its simplest
supersymmetric version, we will couple it to a spin 3/2 particle known as the gravitino.
Those fields form the N = 1 supergravity multiplet. The (3/2, 2)-theory is known as
the N = 1 supergravity. The action is invariant under local supersymmetry where the
parameter of transformation is allowed to depend on the space-time coordinates. This
N = 1 supergravity was constructed first in [130] (see also [131]) by applying Noether’s
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procedure (and a lot of intuition) to the sum of the free actions of Einstein-Hilbert and
Rarita-Schwinger, describing respectively the spin 2 and spin 3/2 free fields. In this way, an
interacting theory invariant under local supersymmetry was found. As we explain below, it
can be written as [132] 1

e−1L = −1

4
R+

1

2
ψ̄µγ

µνρD̂νψρ, (6.4.1)

where D̂µ ≡ ∂µ + 1
4 ω̂

ab
µ γab and where the spin connection is fixed by its own equation of

motion

ω̂µab = Ωµab − Ωµba − Ωabµ, (6.4.2)

Ω a
µν = ∂[µe

a
ν] −

1

2
ψ̄µγ

aψν . (6.4.3)

Note that the “hat” for spin connection or covariant derivative is used in the presence of
fermions. It is invariant under the supersymmetry transformations

δe a
µ = ε̄γaψµ, δψµ = D̂µε. (6.4.4)

We also have δe µ
a = −ε̄γµψa. In the original work [130], the independent fields are the

vielbein and the gravitino. The disadvantage of their method is that the computations
are quite involved: “A term in fifth power of the gravitino field has been shown to vanish
by a computer calculation”. Their method is referred to as the second order formalism
because the Einstein-Hilbert Lagrangian depends on the metric, actually the vielbein, and
provide second order equations of motion. In [131], they considered the spin connection as
an independent field. This is a first order formalism. For general relativity, the first order
formalism is known as the Palatini formalism. Instead of considering the Einstein-Hilbert
Lagrangian, one considers the action

LP = −1

4
|e| e µ

a e
ν
b R

ab
µν [ω], R ab

µν = 2 ∂[µ ω
ab

ν] + 2 ω ac
[µ ω b

ν]c , (6.4.5)

which depends on both independent quantities e and ω. By varying this action, one finds

δLP = −1

2
|e|(R a

µ −
1

2
e a
µ R) δe µ

a −
3

2
|e|(Dµe

a
ν ) e µ

[a e
ν
b e

σ
c] δω

bc
σ , (6.4.6)

upon using δR ab
µν = 2D[µω

ab
ν] . The equations of motion are thus

R a
µ [ω]− 1

2
e a
µ R = 0, (6.4.7)

D[µe
a
ν] = 0→ ω = ω[e]. (6.4.8)

This is a set of two first order equations. Upon implementing the defining equation for the
spin connection into the first equation, we go back to the second order Einstein equations.
First and second order formalisms are thus equivalent on-shell. This first order formalism,

1We have the same conventions as in [132]. We would like to warn the reader that supergravity is a jungle
of conventions and one should always pay great attention when using conventions of others.
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where the vielbein and the spin connections are taken as independent fields, was used in [131]
to construct the N = 1 supergravity. One disadvantage of this method is that it requires
the appropriate variation of the spin connection, as it is considered to be an independent
field, under local supersymmetry.

In (6.4.1), we have provided the reader with an action that combines benefits from both
methods and simplifies a lot the verification of its invariance under local supersymmetry.
This is referred as the 1.5 order formalism. We will start by considering that the vielbein
and spin connections are independent fields just as in the first order formalism. However,
while varying the action, we implement the fact that the spin connection is not completely
an independent field but can be solved in terms of the vielbein and the gravitino. Indeed,
one can check that the variation of the spin connection in the action

e−1L = −1

4
R+

1

2
ψ̄µγ

µνρDνψρ = −1

4
R+

1

2
εµνρσψ̄µγνγ5Dρψσ, (6.4.9)

yields its defining equation in terms of the vielbein and the gravitino

δL
δω

= 0 → D[µe
a
ν] =

1

2
ψ̄µγ

aψν → ω = ω[e, ψ] . (6.4.10)

Pay attention to the fact that the action (6.4.9) has a non-hatted covariant derivative.

Following the 1.5 order formalism, let us check that we have an action invariant under the
local supersymmetry transformations (6.4.4). As we look at the variation of our supergravity
action and implement ω = ω[e, ψ], we see that

δL =
δL

δe

∣∣∣
ω=ω̂[e,ψ]

+
δL

δψ

∣∣∣
ω=ω̂[e,ψ]

+
δL

δω

∣∣∣
ω=ω̂[e,ψ]

(δω̂
δe
δe+

δω̂

δψ
δψ
)

=
δL

δe

∣∣∣
ω=ω̂[e,ψ]

+
δL

δψ

∣∣∣
ω=ω̂[e,ψ]

. (6.4.11)

This method is thus much easier as one does not need to provide the variation of the spin
connection, such as in the first order formalism, or vary it when checking invariance under
supersymmetry as in the second order formalism, only variations with respect to the vielbein
and the gravitino are needed.

Variation of the Einstein-Hilbert term, with respect to the vielbein, was already provided
in (6.4.6) and is just

δLEH = −1

2
|e|(R a

µ −
1

2
e a
µ R) δεe

µ
a =

1

2
|e|(R a

µ −
1

2
e a
µ R) ε̄γµψa . (6.4.12)

The variation of the Rarita-Schwinger term is a bit more involved but we find, up to quartic
order in fermions, that it is precisely of the form

δLRS = −δLEH . (6.4.13)

One can also rapidly obtain the quartic order terms and chek, using a Fierz-identity, that
they cancel. This concludes our verification.

Although we will quickly consider the N = 1 theory to study supersymmetric pp-waves,
we will mostly focus on N = 2 supergravity. From representation theory, one sees that the
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content of the gravity multiplet is a metric gµν , a pair of real gravitini and a Maxwell field.
It can also be understood as the coupling of the N = 1 gravitino multiplet, composed of
a gauge field and a gravitino, to the N = 1 supergravity just described. One can rapidly
imagine that the construction of this supergravity in [133] through Noether’s procedure has
been a real nightmare.

The pure N = 2 supergravity lagrangian is given in 1.5 formalism by [132]

e−1L = −1

4
R+

1

4
FµνF

µν +
1

2
ψ̄µγ

µνρ∇̂νψρ +
i

8
(F + F̂ )µνψ̄σγ[µγ

σκγν]ψκ, (6.4.14)

where ψµ = (1/
√

2)(ψ1
µ + iψ2

µ) is a complex gravitino, ∇̂µ ≡ D̂ + i
4 F̂abγ

abγµ is called the

super-covariant derivative, Fµν ≡ 2∂[µAν] and F̂µν ≡ Fµν − Im(ψ̄µψν). The spin connection

is defined just as for the N = 1 supergravity but with Ω a
µν = ∂[µe

a
ν] −

1
2Re(ψ̄µγ

aψν). The
lagrangian is invariant under

δe a
µ = Re(ε̄γaψµ), δψµ = ∇̂µε, δAµ = Im(ε̄ψµ) , (6.4.15)

where now ε is a complex spinor, as one can check following an equivalent procedure as the
one described for the N = 1 case.

6.5 Bosonic solutions of supergravities

When looking at supersymmetric solutions of supergravity theories, one is often only inter-
ested in bosonic solutions where all fermions have been set to zero. In this case, variations
of the bosons are trivial. However, for consistency, we should impose that variations of the
fermions do not introduce bosons. Schematically, we need to set

δ(fermions) = 0. (6.5.1)

In this thesis, we will not discuss the classification of the solutions but pay attention to
particular solutions. Let us consider only the N = 2 supergravity. The results for N = 1
are obtained by setting the Maxwell field, and one gravitino, to zero. In the N = 2 case,
the requirement (6.5.1) is just

δψµ =
(
∂µ +

1

4
ω ab
µ γab +

i

4
Fabγ

abγµ

)
ε = 0. (6.5.2)

This equation is known as the Killing spinor equation. When we say that a bosonic solution
(of the equations of motion of the supergravity theory) is supersymmetric, or more exactly
preserves some supersymmetry, we mean that one can find non-trivial solutions to the
Killing spinor equations. Remark that if one starts by finding a configuration of bosonic
fields that solves the Killing spinor equation such that non-trivial Killing spinors exist, one
still needs to check that it is a solution of the equations of motion. Killing spinor identities,
developed in [134], have however been useful to show that most of the equations of motion
will be trivially fulfilled in this case, see also [135]. This, and the use of G-structures, has
enabled the classification of all supersymmetric solutions of various supergravities (see for
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example the illuminating work of J. Gauntlett, J. Gutowski, C. Hull, S. Pakis and H. Reall
in [136] where they deal with the minimal supergravity in five-dimensions).

Coming back to the Killing spinor equations, consistency conditions for the existence of
such Killing spinors is of the general form

[∇µ,∇ν ]ε = 0 , (6.5.3)

where ∇µ ≡ ∇̂µ|ψ=0. These are also often referred as integrability conditions. From (6.5.2),
one easily sees, using [Dµ, Dν ]ε = (1

4R
ab

µν γab)ε, that

[∇̂µ, ∇̂ν ]ε =
(1

4
R ab
µν γab +

i

2
γabγ[νDµ]Fab

)
ε = 0. (6.5.4)

For all solutions we will be concerned with, one can check that (6.5.3) is of the generic
form

[∇µ,∇ν ]ε = Xµν Θ ε = 0 . (6.5.5)

This equation is an algebraic equation and has non-trivial solutions if and only if the oper-
ator Θ acting on the supersymmetry parameter ε has vanishing eigenvalues, i.e.

det Θ = 0. (6.5.6)

This last equation involves a relation among the sources of the solutions ( such as the
mass, the NUT charge and the electromagnetic charges as we describe after for the charged
Taub-NUT metric). Actually, upon implementing this relation, we see that Θ becomes a
projector. The trace of this projector gives us the number of supersymmetries that are
preserved by the solution. The consistency conditions for Minkowski space are trivial such
that all supersymmetries are preserved. Minkowski spacetime is said to be maximally
supersymmetric.

6.6 Solving Killing spinors equations

Even if it is already non-trivial to find supersymmetric solutions, it is an even more difficult
task to actually solve the Killing spinor equations to obtain the expressions for the Killing
spinors. A method to solve these equations in a specific set-up was presented in [132]. We
will start by reviewing this algorithm and we will then present a more generic, although
more intuitive, alternative procedure to compute the Killing spinors we will be interested
in. In the next chapter we will apply both methods to compute the Killing spinors of the
Reissner-Nordstrom and Taub-NUT solutions with electric charge Q and magnetic charge
H . Although the final expressions obtained with each method seem rather different, we
provide at the end of this section a small generic argument to check that they are actually
equivalent.
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6.6.1 Romans’ algorithm

As in [132], we will be interested in solving a system composed of the integrability condition
(6.5.5), an algebraic equation on the Killing spinors, and the Killing spinor equation for r
obtained after all t, θ, φ dependence has been worked out. The system we want to solve is
thus of the form

Πε(r) =
1

2

(
1 + x(r)Γ1 + y(r)Γ2

)
ε(r) = 0 , (6.6.1)

∂rε(r) =
(
a(r) + b(r)Γ1 + c(r)Γ2

)
ε(r) , (6.6.2)

where Γ1 and Γ2 are such that

(Γ1)2 = (Γ2)2 = 1 , Γ1Γ2 = −Γ2Γ1 , (6.6.3)

where Π is a projector Π2 = Π which imposes that x2 + y2 = 1, and where we also assume
that y 6= 0. This last condition permits us to set, without loss of generality, c = 0 as we
can always use (6.6.1) into (6.6.2). There is eventually a last consistency condition that
needs to be imposed on the parameters. This arises when one takes the derivative of the
projection equation

Πε = 0→ ∂r(Πε) = (∂rΠ)ε+ Π∂rε = 0. (6.6.4)

It is now rather easy to see, using Γ2ε = −(1/y)(1 + xΓ1)ε and y′/y = −xx′/y2, that the
last equation is just

(x′ + 2by2)

2y2
Γ1(1 + xΓ1)ε = −(x′ + 2by2)

2y
Γ1Γ2ε = 0 , (6.6.5)

which is satisfied (when y 6= 0) if and only if

x′ + 2by2 = 0. (6.6.6)

The more general solution can be written as

ε(r) =
1

2
[A(r) +B(r)Γ1 + C(r)Γ2 +D(r)Γ12]ε0. (6.6.7)

For simplicity, we will moreover assume that A = −B and C = D. Plugging this in the
projection equation (6.6.1), we see that a non-trivial solution requires

C = −A(1− x)

y
, (6.6.8)

while the Killing spinor equation requires

A′ = (a− b)A , C ′ = (a+ b)C. (6.6.9)

Summing those last two equations such as to get rid of b and using (6.6.8), we obtain a
differential equation for A

A′ = [a+
x′

2(1− x)
+
y′

2y
]A. (6.6.10)
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One can easily check that the solution is

A(r) = p(x, y)ew, w =

∫ r

a(r′)dr′, p(x, y) =

√
y

1− x
=

√
1 + x

y
, (6.6.11)

and then we also get

C(r) = q(x, y)ew, q(x, y) = −
√

1− x
y

. (6.6.12)

We eventually recover Romans’ result

ε(r) = (A(r) + C(r)Γ2)P (−Γ1)ε0, (6.6.13)

where P (Γ1) is the projector

P (Γ1) =
1

2
(1 + Γ1). (6.6.14)

6.6.2 Alternative method

Let us consider once more the system (6.6.1)-(6.6.2) and write the projection equation in
the generic form

Πε =
1

2
(1 + Y )ε = 0 , (6.6.15)

where Π2 = Π implies that Y 2 = 1. One could try to shortcut Romans’s procedure by
writing the solution directly as

ε(r) = f(r)
1

2
(1− Y )ε0. (6.6.16)

This is indeed a solution of the projection equation Πε ∼ (1− Y 2)ε = 0. We can then solve
for the function f(r) by directly plugging it into the differential equation. We will see that
this method is much more efficient to obtain the Killing spinors of the solutions we will
consider in the next chapter.

As we will check on specific examples, one may be tormented by the fact that this
method will generically provide different expressions for the Killing spinors than obtained
with Romans’ method. However, one can see that the respective projections on ε0 actually
project on the same space. Let us see how this works.

Let us denote the two Killing spinors derived using each method as

ε1(r) = f(r)Π1ε0, ε2(r) = f(r)Π2ε0, (6.6.17)

where Π1 and Π2 are projectors. We will say that the apparently different projections are
equivalent if we have

Π1Π2 = Π2 = Π2
2, Π2Π1 = Π1 = Π2

1, (6.6.18)
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and Tr(Π1) = Tr(Π2). Indeed, introducing Π3 = Π1 −Π2, one can rewrite (6.6.18) as

Π3Π2 = 0, Π3Π1 = 0. (6.6.19)

Substracting these last equations implies also that

Π2
3 = 0→ Π1 = Π2 +X, (6.6.20)

where X2 = 0 and Tr(X) = 0. We thus see that Xε does not bring in additional information.
Both projections are thus equivalent.
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Chapter 7

Gravitational duality in N = 1 and N = 2
supergravity

In this chapter, we want to discuss the supersymmetric properties of the bosonic solutions,
and their gravitational duals, discussed in Part II. Our main concern will be to understand
how the supersymmetry algebra copes with the charges generated under gravitational du-
ality. In particular, in the context of D = 4, N = 2 supergravity we review how the BPS
equation is generalized in presence of NUT charge to [137]

√
M2 +N2 = |Z|,

and in turn we show how the superalgebra itself takes into account the possibility of turning
on a NUT charge, or more generally a dual momentum. We eventually see how these
conclusions apply to the N = 1 superalgebra by studying supersymmetric pp-waves.

We start by reviewing, in section 7.1, the charged Taub-NUT solution of the coupled
Einstein-Maxwell equations and its BPS bound in the N = 2 supergravity theory. We apply
the methods described in the previous chapter to find the Killing spinors of the Reissner-
Nordstrom solution, helping us in deriving those of the charged Taub-NUT solution. In
section 7.2, we comment on the form of the asymptotic projection found for the charged
Taub-NUT solution and how this is related to the left hand side of the superalgebra. In
section 7.3, we show that the complexified Witten-Nester form is actually holding all the
information that we would require on the right hand side of the superalgebra. In section
7.4, we justify the presence of this extra term, containing the dual momenta information,
as a topological extension of the algebra of bosonic supercharges. We see that supercharges
undergo a transformation under gravitational duality which tells us to consider a generalized
superalgebra that includes the dual momenta. In section 7.5, we show that the same
phenomena arises when considering the NUT-wave in N = 1 supergravity. We relegate
properties of gamma matrices to Appendix III.A.
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7.1 The charged Taub-NUT solution of N = 2 supergravity

As we explained in section 6.5, when searching for supersymmetric solutions of supergravi-
ties, one is usually focusing on purely bosonic supergravity solutions, i.e. where all fermionic
fields have been set to zero. We will thus consider the purely bosonic part of the N = 2
supergravity Lagrangian, which is just the Einstein-Maxwell Lagrangian

e−1 L = −1

4
R+

1

4
FµνF

µν , (7.1.1)

and impose the Killing spinor equation

δψµ = ∇µε = Dµε+
i

4
Fabγ

ab γµ ε = 0. (7.1.2)

All supersymmetric solutions of the N = 2 supergravity have been classified by P. Tod
in [138].

A particular solution to the equations of motion derived from the action (7.1.1) is the
charged Taub-NUT black hole solution carrying, besides the mass M , a NUT charge N ,
and both electric Q and magnetic H Maxwell charges

ds2 = − λ

R2
(dt+ 2N cos θdφ)2 +

R2

λ
dr2 +R2 dΩ2, (7.1.3)

At =
Qr +NH

R2
, Aφ =

−H(r2 −N2) + 2NQr

R2
cos θ, (7.1.4)

where dΩ2 is the metric on the unit two-sphere and where

λ ≡ r2 −N2 − 2Mr + Z2 , R2 ≡ r2 +N2 , Z2 ≡ Q2 +H2 . (7.1.5)

Note that in the following, we will also describe the Reissner-Nordstrom solution with
electric and magnetic charges. It is obtained from the above solution by setting N = 0. We
get

ds2 = −(1− 2M

r
+
Z2

r2
)dt2 + (1− 2M

r
+
Z2

r2
)−1dr2 + r2dΩ2, (7.1.6)

At =
Q

r
, Aφ = −H cos θ. (7.1.7)

As we are interested in the supersymmetry properties of the charged Taub-NUT solution,
we will need to solve for the Killing spinor equations. For this reason, let us introduce here
the vielbein

e0 =

√
λ

R
(dt+ 2N cos θdφ), e1 =

R√
λ
dr,

e2 = Rdθ, e3 = R sin θdφ. (7.1.8)
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With this, one can also compute the non-trivial components of the spin connection

ω 01
t =

λ′

2R2
− λ

R3
R′, ω 12

θ = −
√
λ

R
R′,

ω 13
φ = −

√
λ

R
R′ sin θ, ω 23

φ = − cos θ(1 +
2λN2

R4
),

ω 02
φ = −

√
λ

R2
N sin θ, ω 03

θ =

√
λ

R2
N,

ω 23
t = − λ

R4
N, ω 01

φ = 2N cos θ(
λ′

2R2
− λ

R3
R′).

The non-zero components of Fab are

F01 =
1

R4
(Q(r2 −N2) + 2HNr) = − Q

R2
+ 2r

Qr +NH

R4
,

F23 =
1

R4
(H(r2 −N2)− 2QNr) =

H

R2
− 2N

Qr +NH

R4
,

so that

Fabγ
ab = −2F01γ01 + 2F23γ23

= − 2

R4
γ01(r + γ5N)2(Q− γ5H). (7.1.9)

The expressions for ω ab
µ γab are

ωabt γab =
2

R4
γ01

[
(r −M)R2 − λ(r + γ5N)

]
, (7.1.10)

ωabr γab = 0, (7.1.11)

ωabθ γab = −2

√
λ

R2
γ12(r + γ5N), (7.1.12)

ωabφ γab = −2

√
λ

R2
sin θγ13(r + γ5N)− 2 cos θγ23

+4N cos θ
1

R4
γ01

[
(r −M)R2 − λ(r + γ5N)

]
. (7.1.13)

We also have

γt =

√
λ

R
γ0, γr =

R√
λ
γ1, γθ = Rγ2, γφ = R sin θγ3 + 2N

√
λ

R
cos θγ0. (7.1.14)
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Plugging all this into the supersymmetric variation of the gravitino, we find

δψt = ∂tε+
1

2R4
γ01

{
(r −M)R2 − λ(r + γ5N)− i(r + γ5N)2(Q− γ5H)

√
λ

R
γ0

}
ε,

δψr = ∂rε− i
1

2R4
γ01(r + γ5N)2(Q− γ5H)

R√
λ
γ1ε,

δψθ = ∂θε+
1

2R4

{
−
√
λR2γ12(r + γ5N)− iγ01(r + γ5N)2(Q− γ5H)Rγ2

}
ε,

δψφ = ∂φε+
1

2R4

{
−
√
λR2 sin θγ13(r + γ5N)−R4 cos θγ23

+2N cos θγ01

[
(r −M)R2 − λ(r + γ5N)

]
−iγ01(r + γ5N)2(Q− γ5H)

(
R sin θγ3 + 2N

√
λ

R
cos θγ0

)}
ε. (7.1.15)

As we said in the previous chapter, necessary conditions for the existence of Killing
spinors will generally introduce relations among the constants. The BPS bound for the
charged Taub-NUT solution was recovered using integrability conditions in [137, 139]. For
simplicity, we introduce the following expressions

r ± γ5N = Re±β(r)γ5 ,

M ± γ5N = Ue±αmγ5 ,

Q± γ5H = Ze±αqγ5 , (7.1.16)

where U =
√
M2 +N2, and as discussed in section 6.5, we check that integrability conditions

impose the algebraic equation

Θε =
1

2

(
1 +

iZR√
λ

(
eβγ5

R
− Ueαmγ5

Z2
)e−αqγ5γ0

)
ε = 0. (7.1.17)

As an example, for the one willing to explicitly check this, we find

[∇r,∇θ]ε = XrθΘε, Xrθ =
iZ

R2
e(3β−αq)γ5 . (7.1.18)

The equation (7.1.17) has non-trivial solutions if the determinant of Θ is zero. Imposing
this, we recover the BPS condition

M2 +N2 = Q2 +H2. (7.1.19)

Plugging this last relation back into (7.1.17), we immediately get

Θε =
1

2

(
1− ie(β+αm−αq)γ5γ0

)
ε = 0 . (7.1.20)

We can then easily check that Θ is a projector, as Θ2 = Θ, with tr Θ = 2. As the projection
will halve the number of independent Killing spinors, we say that we have an half-BPS
solution. In the case we set N = 0, and thus also β = αm = 0, this simplifies to

M2 = Z2, Θε =
1

2

(
1− ie−αqγ5γ0

)
ε = 0, (7.1.21)
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and we thus obviously also describe half-BPS states. In our paper [100], a more intuitive
derivation of the same condition (7.1.19) was provided. We do not wish to reproduce it here
and refer the reader to this paper for more details.

Given the above BPS bound (7.1.19), the SUSY variations can be rewritten as

δψt = ∂tε+
r −M
2R3

Zγ01e
(β−αm)γ5

{
1− ie(β+αm−αq)γ5γ0

}
ε, (7.1.22)

δψr = ∂rε−
Z

2R(r −M)
ie(2β−αq)γ5γ0ε, (7.1.23)

δψθ = ∂θε−
1

2
γ12ε+

Z

2R
γ12e

(β−αm)γ5

{
1− ie(β+αm−αq)γ5γ0

}
ε, (7.1.24)

δψφ = ∂φε−
1

2
(sin θγ13 + cos θγ23)ε+ (7.1.25)

+

[
Z

2R
sin θγ13 +

NZ(r −M)

R3
cos θγ01

]
e(β−αm)γ5

{
1− ie(β+αm−αq)γ5γ0

}
ε.

Upon imposing the projection equation, we immediately see that the set of equations
reduces to

δψt = ∂tε, (7.1.26)

δψr = ∂rε−
Z

2R(r −M)
ie(2β−αq)γ5γ0ε, (7.1.27)

δψθ = ∂θε−
1

2
γ12ε, (7.1.28)

δψφ = ∂φε−
1

2
(sin θγ13 + cos θγ23)ε, (7.1.29)

and we can solve the Killing spinor equations for the t, θ and φ dependence by writing the
solution in the form

ε(t, r, θ, φ) = e
1
2
γ12θ e

1
2
γ23φε(r), (7.1.30)

where ε(r) is a solution of the system

Θε =
1

2

{
1− ie(β+αm−αq)γ5γ0

}
ε = 0 , (7.1.31)

∂rε =
Z

2R(r −M)
ie(2β−αq)γ5γ0ε. (7.1.32)

The above projection equation (7.1.31) will be essentially enough for the rest of the
discussion on the relation between the Killing spinor and the supersymmetry algebra. How-
ever, for the sake of completeness, and in order to show that a solution indeed exists, we
would like to provide the reader with the complete expressions of the Killing spinors (see
also [100]).

The system (7.1.31)-(7.1.32) is exactly of the form presented in section 6.6. We will start
by applying Romans’s algorithm and our alternative algorithm to the Reissner-Nordstrom
black hole with electric charge and with electric and magnetic charges. These results are,
for example, presented in [132]. We start by reviewing this firstly because it is easier to
illustrate both methods, and secondly because it strongly suggests how one should deal, as
we will do just after, with the charged Taub-NUT black hole.
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RN with only electric charge

Here, the BPS condition is M = Q, and also β = αm = αq = 0. The projection simplifies
to

Πε =
1

2
(1− iγ0)ε = 0, (7.1.33)

Following Romans’s procedure, we need y 6= 0 and we thus set x = 0, y = 1 and Γ1 = −iγ0.
The Killing spinor equation (7.1.32) simplifies to

∂rε =
M

2r(r −M)
iγ0ε =

M

2r(r −M)
ε. (7.1.34)

Following Romans’s algorithm, we have

a =
M

2r(r −M)
, b = 0, (7.1.35)

and the integrability condition is trivially satisfied as x = b = 0. We obtain

p = 1, q = −1, ew =

√
1− M

r
. (7.1.36)

The general solution is

ε(r) =

√
1− M

r
(1 + iγ0)ε0 . (7.1.37)

Note that we will obtain exactly the same result if we apply our alternative method.
Indeed, from (7.1.33), we start by stating that

ε(r) = f(r)(1 + iγ0)ε0 . (7.1.38)

The differential equation for f(r) gives precisely the same result as above.

RN with electric and magnetic charges

In this case, the projection equation is

Θε =
1

2
(1− ie−αqγ5γ0)ε =

1

2
(1 +

Q

M
(−iγ0) +

H

M
(iγ123))ε = 0 , (7.1.39)

and the Killing spinor equation is the same as in the previous case

∂rε = − i
4

(1− M

r
)−1(

2

r2
(−Qγ01 +Hγ23))γ1ε =

M

2r(r −M)
ε , (7.1.40)

upon using the projection equation. Given this, we have

a =
M

2r(r −M)
, b = 0 ,

x = H/M , y = Q/M ,

Γ1 = iγ123 , Γ2 = −iγ0 , (7.1.41)
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and the solution is

ε(r) =

√
1− M

r
(

√
M +H

Q
+ iγ0

√
M −H
Q

)
1

2
(1− iγ123)ε0 . (7.1.42)

In here, our alternative method is actually equivalent to an approach presented in [132]
which relies on the use of electromagnetic duality. It is implemented by setting

Q = M cosα , H = M sinα , (7.1.43)

and realizing that

∇(α) = exp(−1

2
γ5α)∇(0)exp(+

1

2
γ5α) . (7.1.44)

Given the Killing spinors for the purely electric RN case (α = 0), we immediately find

ε(r) =

√
1− M

r

1

2
(1 + iγ0(cosα+ γ5 sinα))ε0

=

√
1− M

r

1

2
(1 + ie−αqγ5γ0)ε0 . (7.1.45)

This last result is obviously what one obtains using our alternative method. Although
the projections, let us call them Π1 and Π2, appearing in (7.1.42) and (7.1.45) seem rather
different, one can check that they are equivalent following the argument presented in section
6.6. Indeed, we have Π1Π2 = Π1 and Π2Π1 = Π2, but also Tr(Π1) =Tr(Π2) = 2.

TN with electric and magnetic charges

Here, if one wants to follow Romans’s algorithm, the system to solve is

Θε =
1

2

{
1− ie(β+αm−αq)γ5γ0

}
ε = 0 , (7.1.46)

∂rε =
Z

2R(r −M)
ie(2β−αq)γ5γ0ε, (7.1.47)

meaning that we set

a =
(Qr2 + 2NHr −N2Q)

2yR3(r −M)
, b = − N

2R2y
,

x =
(MH −NQ)r −N(MQ+NH)

RZ2
, y =

(MQ+NH)r +N(MH −NQ)

RZ2
,

Γ1 = iγ123 , Γ2 = −iγ0 , (7.1.48)

and that

exp[w] = exp[

∫
adr] = K

√
Z2y(r −M)

R
, (7.1.49)
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where K is an integration constant that we fix such that in the limit N → 0 we recover the
result for the charged RN. By setting K = 1/

√
MQ, we have

exp[w](N = 0) =

√
1− M

r
, (7.1.50)

where y(N = 0) = Q/M , Z(N = 0) = M . The final result takes the rather complicated
form

ε(r) =

√
r −M
R

(
√

1 + x+ iγ0

√
1− x)(1− iγ123)ε̃0 . (7.1.51)

Now, one can try to solve it using our alternative method. However, it is a bit more
involved as the projection is now an r-dependent projection. Let us first rewrite this pro-
jection into a more enlightening form

1

2

(
1− ie(β+αm−αq)γ5γ0

)
ε =

1

2
e(β

2
−αm)γ5

(
eαmγ5 − ieαqγ5γ0

)
e−

β
2
γ5ε , (7.1.52)

where we made use of e2αmγ5 = e2αqγ5 which is valid when M2 + N2 = Z2 and also
γ5γ0 = −γ0γ5. Given all this, it is now easy to realize that the solution will be

ε(r) =

√
r −M
R

1

2

(
1 + ie(β+αm−αq)γ5γ0

)
e(β

2
+αm)γ5ε0 (7.1.53)

=

√
r −M
R

e
β
2
γ5

1

2
(eαmγ5 + ie−αqγ5γ0)ε0 . (7.1.54)

Indeed, it is easy to see that it reduces to the result found for the RN solution (7.1.45) when
N = 0 and that it trivially fulfills the projection equation. Eventually, one can check that
it also fulfills the Killing spinor equation

∂rε =
Z

2R(r −M)
ie(2β−αq)γ5γ0ε. (7.1.55)

Indeed, by plugging our guess for ε, we rewrite it as

∂rε =
Z

2R(r −M)
e(β−αm)γ5ε. (7.1.56)

Now, we are just left with checking that

∂r(

√
r −M
R

e
β
2
γ5) =

Z

2R(r −M)
e(β−αm)γ5(

√
r −M
R

e
β
2
γ5). (7.1.57)

This is trivial after computing

∂r

√
r −M
R

=
Mr +N2

2(r −M)R2

√
r −M
R

,

∂re
β
2
γ5 = −γ5N

2R2
e
β
2
γ5 , (7.1.58)
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and also

Mr +N2

2(r −M)R2
− γ5N

2R2
=

(M − γ5N)(r + γ5N)

2(r −M)R2

=
Z

2R(r −M)
e(β−αm)γ5 . (7.1.59)

We have thus shown that, provided the BPS bound M2+N2 = Z2 is satisfied, the metric
has a Killing spinor, which actually depends on two complex numbers. The metric thus
preserves half of the 8 supersymmetries. This is in agreement with the results presented in
[138] (see also [137, 139]).

As a last word, we could worry about the issue whether the Killing spinor is globally
defined. Indeed, as we discussed in Part II, the metric has a coordinate singularity along
the z axis. However, we said that one can remove the singularity along half of the axis
by a coordinate transformation. Essentially, one obtains two completely regular patches on
the upper and lower hemispheres, where the metric is the same as (7.1.3), but with cos θ
replaced by cos θ± 1. It amounts to shift the time coordinate t by ±2Nφ. Since the Killing
spinor is t-independent, we can already see that it will be the same on the two patches.
This can be verified by re-deriving its expression as above with the regular metric in each
patch. As expected one finds the same result as above.

7.2 Asymptotic projection and the superalgebra

In this section, we analyze in more details the solution for the Killing spinor found in the
previous section. In particular, we consider the projection that defines the Killing spinor
and take its limit of large radius, where the metric is asymptotically flat. The projection
can be recast in a form which is similar to the right hand side of the N = 2 supersymmetry
algebra. However, we point out that the term containing the NUT charge has the wrong
hermiticity condition and thus does not seem to fit in any of the central (or else) extensions
of the most general N = 2 supersymmetry algebra.

The projection defining the four independent real components of the Killing spinor is
given by {

1− ie(β(r)+αm−αq)γ5γ0

}
ε = 0. (7.2.1)

We have emphasized that it is r-dependent. There are two observations one can make about
this dependence. Recalling that tanβ(r) = N/r and that tanαm = N/M , we see that when
the NUT charge is absent, both β = 0 and αm = 0. The projector becomes r-independent.
However, even when N 6= 0, in the limit of large radius, r →∞, we observe that β → 0 and
the r-dependence also disappears. We are left with a constant asymptotic projector which
depends on all of the four charges (where it is of course understood that they satisfy the
BPS bound (7.1.19)).

Let us rewrite the projector in a more readable form. By setting β = 0 and multiplying
by e−αmγ5 , we obtain

{M − γ5N − i(Q− γ5H)γ0} ε = 0. (7.2.2)
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Let us now try to motivate the fact that the NUT charge should find its place in the
supersymmetry algebra. Remember that the most general N = 2 superalgebra including
the scalar central charges (see e.g. [113]) was already presented in section 6.1 for Majorana
supercharges QI (with I = 1, 2 in our present case). It is

{QI ,QJ} = γµCPµδ
IJ + CU IJ + γ5CV

IJ , (7.2.3)

where both U IJ = −UJI ≡ UεIJ and V IJ = −V JI ≡ V εIJ , and C ≡ γ0 is the charge
conjugation matrix. In our conventions, Majorana spinors are real and we can define a
single complex Dirac supercharge

Q =
1√
2

(
Q1 + iQ2

)
. (7.2.4)

The only non trivial relation of the superalgebra becomes

{Q,Q?} = γµCPµ − i(U + γ5V )C. (7.2.5)

When there is a multiplet of BPS saturated states, some combinations of the super-
charges have to be represented trivially, i.e. they have to vanish. This translates into the
statement that the matrix {QI ,QJ}, or equivalently {Q,Q?}, is not of maximal rank. This
means also that the right hand side of (7.2.5) must have vanishing eigenvalues. In the
present case, for a massive state at rest, we identify P0 ≡M . Further, if we set U ≡ Q and
V ≡ H, we see that we have preserved supersymmetries if the equation

{M − i(Q− γ5H)γ0} ε = 0, (7.2.6)

has solutions (note that we have multiplied the expression in (7.2.5) by γ0 on the left and
C on the right).

We recognize the equation (7.2.2) for N = 0. So, we see that for a Reissner-Nordström
black hole with electric and magnetic charges, the projection on the Killing spinor in the
extremal case maps directly to the right hand side of the N = 2 superalgebra. Actually, we
could have guessed the superalgebra (7.2.5) from the expression for the projector (7.2.6).
It is thus tempting to do this for the case where N 6= 0. From (7.2.2), we see that N must
belong to a “charge” which carries a Lorentz index. The most straightforward guess is that
N ≡ K0 of a vectorial charge Kµ which enters the superalgebra as

{Q,Q?} ?
= γµCPµ + γ5γ

µCKµ − i(U + γ5V )C. (7.2.7)

We see that the NUT charge N seems to belong to an extension of the superalgebra which
is not central in the sense that it is not a Lorentz scalar. Such extensions have been studied
[140], and the most general N = 2 superalgebra taking them into account has been written
[124, 125]. It is however straightforward to see that our term with Kµ is not part of any
extension considered so far. The reason why Eq.(7.2.7) is wrong is extremely simple: it
violates hermiticity. Indeed, we have that (γ5γ

µC)† = −γ5γ
µC, while any term on the right

hand side must be hermitian since {Q,Q?}† = {Q,Q?}. Alternatively, it is stated in [113],
that if one tries in general to include such a term, the Jacobi identity of the schematic form

[{QI , QJ}, J ] + [{QI , J}, QJ ] + [{QJ , J}, QI ] = 0, (7.2.8)
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can never be satisfied unless the additional term mixes non-trivially with the Poincaré
generators. This is however excluded by the Coleman-Mandula no-go theorem.

Before seeking a way to solve this puzzle, we will provide the reader with a more stronger
procedure to understand how the left hand side of the superalgebra is related to the pro-
jection acting on the spinors. We will see in the following section that the dual momenta
Kµ arise naturally through a generalization of this construction.

7.3 The Witten-Nester form

A general theorem proving positivity of energy in general relativity was first proposed by
R. Schoen and S.T. Yau in [141]. A simplified proof was given by E. Witten in [9] where
spinorial techniques are used. This last construction was even more simplified by J. Nester
in [142] where a covariant tensor is introduced, known as the Witten-Nester two-form.
Positivity of the energy in supergravity was proved in [143] (see also [144]) by showing that
the Hamiltonian is the square of the spinor supercharges just as for globally supersymmetric
theories.

In here, we are not interested in positivity energy theorems and refer the reader to these
papers for more information. However, for our purposes, it will be interesting to review
the fact that these constructions for general relativity have, surprisingly, a deep connection
with supergravity constructions as was pointed out in [9] and made precise by C. M. Hull in
[145]. Especially, we want to review the fact that the Witten-Nester two-form can be seen
as describing the right hand side of the superalgebra. This was explicitly shown for N = 1
supergravity in [145] and N = 2 in [144]. At first sight, it is not so astonishing that such a
connection exists. Indeed, the positivity energy theorems have connected this two-form to
the usual ADM definitions of energy and momenta, while we have reviewed that Pµ appears
in the superalgebra.

Let us begin by showing how the Nester form [142] is related to the variation of the su-
percharge, expressed as a surface integral (see [146, 144, 145]), which is just the algebra of
charges. The bosonic algebra is then linked to the superalgebra. This construction enables
us to see how the Witten-Nester two-form provides an expression of the bosonic charges,
appearing on the right hand side of the superalgebra, in terms of surface integrals at infinity
and coincides with the usual ADM expressions. Actually, we show that complexifying the
Witten-Nester form, the ADM momenta appear together with the dual, magnetic, ADM
momenta and are equivalent to the expressions already derived in Part II. This complexi-
fication is triggered by considering a “topological”, symmetric, contribution to the algebra
of bosonic supercharges. We will show that these contributions are the ones describing the
dual charges. Evaluated on the charged NUT black hole, the right hand side of the modified
superalgebra reduces exactly to the asymptotic expression contained in the definition of the
Killing spinor, discussed in the previous section. We follow closely [145].

Using the Noether method one computes the generator of supertranslations1. It can be

1Here, supertranslations have obviously nothing to do with the supertranslations discussed in Part I.
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written as a volume integral, which in turn can be expressed as a surface integral

Q̃[ε, ε̄] =
i

2π

∫
εµνρσ ε̄γ5γν∇̂ρψσdΣµ + c.c.

= − i

4π

∮
εµνρσ ε̄γ5γρψσdΣµν + c.c., (7.3.1)

where ∇̂ρ is the supercovariant derivative acting on a spin-3/2 field, c.c. denotes complex
conjugate, ε̄ = ε†C ≡ ε†γ0 and we take the convention ε0123 = −ε0123 = 1. Although we are
being quick here, note that we are just stating that the supercharge is obtained by taking the
volume integral of the linearized Rarita-Schwinger field equations contracted with a Killing
spinor (see [145]), in complete analogy with the Poincaré charges obtained in chapter 1 by
contracting the linearized Einstein equations with a Killing vector, “à la Abbott-Deser”.

The charge Q̃[ε, ε̄] is bosonic and transforms the supergravity fields according to a su-
pertranslation. When acting for instance on the bosonic fields, which are real, it generates
a variation which is also real. We recall that in the present N = 2 case, the gravitino ψµ is
Dirac and hence complex. In terms of the fermionic Dirac supercharges defined in (7.2.4),
and because (ε̄Q)? = −Q̄ε, we have

Q̃[ε, ε̄] = i(ε̄Q+ Q̄ε). (7.3.2)

It follows from the theory of surface charges (see for instance [18, 19]) that the variation
of the supercharge should define its bracket in the usual way

δε1,ε̄1Q̃[ε2, ε̄2] = i
[
Q̃[ε1, ε̄1], Q̃[ε2, ε̄2]

]
. (7.3.3)

In terms of the fermionic supercharges (7.2.4), using the expression (7.3.2), we would then
obtain

i
[
Q̃[ε1, ε̄1], Q̃[ε2, ε̄2]

]
= iε̄2{Q,Q?}Cε1 − iε̄1{Q,Q?}Cε2. (7.3.4)

However we will see that our analysis will force us to consider a possible “topological
extension”

δε1,ε̄1Q̃[ε2, ε̄2] = i
[
Q̃[ε1, ε̄1], Q̃[ε2, ε̄2]

]
+ T. (7.3.5)

The crux of the matter is that δε1,ε̄1Q̃[ε2, ε̄2] is not antisymmetric in the exchange of ε1 and
ε2, as we now show.

Using (7.3.1) one finds for the bracket term and the “topological” term the following
expressions

i
[
Q̃[ε1, ε̄1], Q̃[ε2, ε̄2]

]
=

1

2
(δε1,ε̄1Q̃[ε2, ε̄2]− δε2,ε̄2Q̃[ε1, ε̄1])

= − i

4π

∮
εµνρσ ε̄2γ5γρ∇σε1 dΣµν +

i

4π

∮
εµνρσ∇ρε̄1γ5γσε2 dΣµν − (1↔ 2), (7.3.6)

and

T ≡ 1

2
(δε1,ε̄1Q̃[ε2, ε̄2] + δε2,ε̄2Q̃[ε1, ε̄1])

=
i

4π

∮
εµνρσ∇ρ(ε̄1γ5γσε2 + ε̄2γ5γσε1) dΣµν . (7.3.7)
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Note that obviously (7.3.6) is identically zero when ε1 = ε2 but T is non-zero.

We now focus on the following expression which is the “building block” of the expressions
appearing in (7.3.6)-(7.3.7)

Êµν ≡ 1

4π
εµνρσ ε̄γ5γρ∇σε. (7.3.8)

This is precisely the two-form presented by Nester [142] and generalized by Gibbons and
Hull [144], albeit in its complex version2 (recall that ε is Dirac in our set up). One can see
that the (antisymmetric) bracket term (7.3.6) and the (symmetric) topological term (7.3.7)
map respectively to the real and imaginary parts of the Nester form (7.3.8).

We are now going to use the expression (7.3.8) to obtain a linear combination of purely
bosonic surface integrals, which correspond to space-time momenta and Maxwell charges.
In order to proceed, we linearize gravity around Minkowski spacetime, in cartesian coor-
dinates. As we have already seen, we consider space-time endowed with a NUT charge as
asymptotically flat, at least as far as spacelike surface integrals are concerned [27].

First of all, following [144], we rewrite the complex Nester form as

Êµν = Eµν +Hµν , (7.3.9)

where

Eµν =
1

4π
εµνρσ ε̄γ5γρDσε, Hµν =

i

16π
εµνρσFabε̄γ5γργ

abγσε. (7.3.10)

One can readily check that Hµν is actually real, hence any surprise will necessarily come
from the purely gravitational term Eµν .

In the following, we will express everything in terms of the linearized spin connection
ωµνρ. Hence the covariant derivative on a spinor becomes (note that we no longer distinguish
between flat and curved indices, since they are the same at first order)

Dµε = ∂µε+
1

4
ωνρµγ

νρε. (7.3.11)

We now plug back this expression in Eµν . Note that in the surface integral, the piece pro-
portional to ∂µε will drop out as explained in detail in [9, 145]. The spinors will henceforth
be identified with the constant value that they take asymptotically.3 Hence we restrict to

Eµν =
1

16π
εµνρσωαβσ ε̄γ5γργ

αβε. (7.3.12)

Using the relation (see appendix III.A)

γργλτ = ηρλγτ − ηρτγλ − ερλτξγξγ5, (7.3.13)

we obtain

Eµν =
1

8π
ε̄γλε

(
ωµνλ + δµλω

νρ
ρ − δνλωµρρ

)
+

1

8π
ε̄γλγ5ε ε

µνρσωλρσ. (7.3.14)

2In references [142] and [144], they indeed considered Êµν + (Êµν)∗.
3Indeed, we can actually take the spinors to be the Killing spinors of flat space in cartesian coordinates.
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Note that the first term above is real while the second is imaginary.

Integrating the above 2-form at spatial infinity, we select the E0i component, with
i = 1, 2, 3. We can then reexpress the integral in terms of purely bosonic surface integrals
as ∮

E0idΣ̂i = ε̄γλPλε+ ε̄γ5γ
λKλε, (7.3.15)

where we recover the following expressions for the ADM momenta and the dual magnetic
momenta, already obtained in Part II,

Pλ =
1

8π

∮
(ω0i

λ + δ0
λω

iρ
ρ − δiλω0ρ

ρ)dΣ̂i, (7.3.16)

Kλ =
1

8π

∮
εijkωλjkdΣ̂i. (7.3.17)

At last, we can also address the second term of the generalized Nester form, which is treated
as in [144]. By writing

Hµν =
i

32π
εµνρσFλτ ε̄γ5(γργ

λτγσ − γσγλτγρ)ε, (7.3.18)

and using (see appendix III.A)

γργλτγσ − γσγλτγρ = 2ερλτσγ5 + 2(ηρλητσ − ηρτηλσ), (7.3.19)

we obtain

Hµν =
i

4π
Fµν ε̄ε+

i

8π
εµνρσFρσ ε̄γ5ε. (7.3.20)

The surface integral then becomes∮
H0idΣ̂i = −iε̄Uε− iε̄γ5V ε, (7.3.21)

with the central charges defined by

U = − 1

4π

∮
F 0idΣ̂i, (7.3.22)

V =
1

8π

∮
εijkFjkdΣ̂i. (7.3.23)

It can be checked that U = Q and V = H on the electromagnetically charged RN or TN
solutions.

Summing up all the terms, we have∮
Ê0idΣ̂i = ε̄γλPλε+ ε̄γ5γ

λKλε− iε̄Uε− iε̄γ5V ε. (7.3.24)

It is clear that the above expression cannot be equated to ε̄{Q,Q?}Cε, which would then
result in the “wrong” superalgebra (7.2.7). But now we see that the obstruction to do so is
precisely the presence of the topological term T in (7.3.5).
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Using the definitions of T (7.3.7) and of the complex Nester form (7.3.8) we see that

T (ε, ε̄) = −i
∮

(Ê − Ê∗). (7.3.25)

Using then the result (7.3.24) we finally indeed find

T (ε, ε̄) = −2iε̄γ5γ
λKλε. (7.3.26)

To sum up, we see that a refined analysis of the Nester form in its complex version
permits to recover precisely the additional term which was guessed from the asymptotic
projection acting on the Killing spinor. In this context, we see that this additional term is
actually violating the relation (7.3.3) and corresponds to a “topological” term leading to
the bosonic algebra (7.3.5). It would be interesting, but beyond the scope of this thesis, to
understand better under the lines of [19], the appearance of such topological terms.

7.4 A modified superalgebra

As we have already discussed in Part II, Taub-NUT spaces are notoriously problematic for
the time identifications that they imply [22], and for the presence of the Misner strings
[97], which are gauge-variant singularities. It has been suggested that these pathologies
are enough to conclude that such spacetimes are not globally supersymmetric [147], even
though they have locally (and globally as well) Killing spinors. However from the point
of view of the surface integrals that define both the bosonic and the fermionic charges of
the superalgebra, the spacetime with NUT charge is asymptotically flat according to the
simplest definition [27]. If we were to assume that the presence of Killing spinors implies
that the spacetime is supersymmetric, we would be faced with the challenge of including
the NUT charge in the superalgebra. The (asymptotic) projection acting on the Killing
spinor must be the same as the projection acting on the supercharges which are represented
trivially on a BPS multiplet. However, as we have shown, the NUT charge enters in a
term which cannot be part of the superalgebra because of its wrong hermiticity. Below, we
suggest a tentative path to trivialize this problem.

A logical possibility is to write the corrected variation of the supercharge (7.3.5) in a
different form, by introducing a new supercharge Q̃′

δε1,ε̄1Q̃[ε2, ε̄2] = i
[
Q̃′[ε1, ε̄1], Q̃[ε2, ε̄2]

]
. (7.4.1)

The above expression is not antisymmetric under the exchange of ε1 and ε2, which is another
way of encoding the presence of the (symmetric) topological term. In terms of the fermionic
supercharges Q and Q′, (7.4.1) reads

δε1,ε̄1Q̃[ε2, ε̄2] = iε̄2{Q,Q′?}Cε1 − iε̄1{Q′,Q?}Cε2, (7.4.2)

where we have supposed that {Q,Q′} = 0. Then, equating the above to the expression
obtained through the Nester form, we get

{Q,Q′?} = γµCPµ + γ5γ
µCKµ − i(U + γ5V )C. (7.4.3)
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Now the l.h.s. is no longer hermitian, so there are no obstructions to having the antiher-
mitian term containing Kµ in the r.h.s. The question is of course what is Q′. It must be
related to Q otherwise we would be doubling the number of supercharges. We now show
that it is related to Q through an “axial” phase shift.

Let us rewrite for definiteness the relation (7.4.3) on our particular static massive,
charged states with NUT charge

{Q,Q′?} = M + γ5N − i(Q+ γ5H)γ0. (7.4.4)

Using the angles defined in (7.1.16), it can be rewritten as

{Q,Q′?} =
√
M2 +N2eαmγ5 − iZeαqγ5γ0. (7.4.5)

If the charge Q′ is related to Q by a simple phase rotation

Q′? = Q?eαmγ5 , (7.4.6)

then eq. (7.4.4) takes a more standard, hermitian form

{Q,Q?} = M ′ − i(Q′ + γ5H
′)γ0, (7.4.7)

with

M ′ =
√
M2 +N2, Q′ =

QM −HN√
M2 +N2

, H ′ =
HM +QN√
M2 +N2

. (7.4.8)

Hence, through a non-linear redefinition of the charges, we obtain the relation (7.4.7) that
in the new variables defines an hermitian superalgebra. Actually, the new variable M ′ is
precisely the result of a gravitational duality rotation that eliminates the NUT charge(

cosαm sinαm
− sinαm cosαm

)(
M
N

)
=

(
M ′

0

)
. (7.4.9)

Note that also Q′ and H ′ are obtained from Q and H through an electromagnetic duality
rotation of the same angle.

The phase rotation (7.4.6) depends on dynamical quantities, such as N and M . The
latter however commute with the supercharges for consistency of the superalgebra, hence
for instance we are assured that {Q,Q′} = 0. Moreover, one could wonder what modified
supersymmetry variation is induced by Q′. This clearly deserves to be investigated, though
for consistency we anticipate that we should not find any modification in the transformation
laws of the elementary fields.

In a more general case where both ordinary and NUT momenta Pi and Ki are non zero
the situation is a bit subtler. Indeed, focusing only on the “gravitational” part, we would
have

{Q,Q′?} = P0 + γ5K0 + (Pi + γ5Ki)γ
iγ0. (7.4.10)

After a rotation similar to (7.4.6) we would get

{Q,Q?} =
√
P 2

0 +K2
0 +

1√
P 2

0 +K2
0

[PiP0 +KiK0 + γ5(KiP0 − PiK0)] γiγ0. (7.4.11)
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We thus still have an offending anti-hermitian term, which is however proportional to KiP0−
PiK0 and is thus not present when Kµ is parallel to Pµ. Now, under a general gravitational
duality rotation [27] we have that

(
cosα sinα
− sinα cosα

)(
Pµ
Kµ

)
=

(
P ′µ
K ′µ

)
, (7.4.12)

and a NUT 4-momentum Kµ can be completely eliminated only if it is parallel to Pµ. We
thus seem to be able to make sense out of a superalgebra in the presence of NUT charges
only when the latter can be eliminated by a gravitational duality rotation.

When this is not possible, we do not seem to be able to define a superalgebra. Note
that we are not aware of solutions with non-aligned Kµ and Pµ charges. Actually, it can
be shown on simple examples that the r.h.s. of (7.4.3) does not have vanishing eigenvalues
when Kµ and Pµ are non parallel.

In the case Kµ = λPµ, we have λ = N/M = tanαm and performing the rotation (7.4.12)
with α = αm, the relation (7.4.11) becomes the usual superalgebra

{Q,Q?} = γµCP ′µ. (7.4.13)

Note that Kµ is always parallel to Pµ if the spatial components Ki and Pi are obtained
by boosting a static object with K0 and P0 charges. Indeed, remember that we have seen
in Part II that boosting a pure Taub-NUT solution, one indeed obtains a solution with
Ki 6= 0. Notice that this solution will however not be supersymmetric. Actually, in the
infinite boost limit, one recovers the magnetic dual of the usual pp-wave, which is moreover
half-BPS. This latter fact lends support to the presence of the dual magnetic momenta even
in the N = 1 superalgebra, along the same lines as above. We will discuss that in the last
section.

We could thus sum up in the following way the answer to the question that motivated
this work, namely how does the NUT charge enter in the supersymmetry algebra. When
Kµ is parallel to Pµ, which seems to be the only situation where we have Killing spinors, we
can eliminate Kµ by a gravitational duality rotation (7.4.12). The superalgebra then incor-
porates the NUT charges through the (duality invariant) combination P ′µ. Alternatively, we
can define a generalization of the superalgebra (7.4.3) where the NUT charges appear on
the r.h.s. but where we have to define a new supercharge through the axial phase rotation
(7.4.6). It is this latter generalized superalgebra that can be directly related to the com-
plex Nester form. Nevertheless, both alternatives give the same BPS bound and projection
on the supercharges, and are hence compatible with the projection on the Killing spinor.
In conclusion, this is evidence that backgrounds which are obtained through gravitational
duality rotations from ordinary BPS solutions, such as Reissner-Nordström black holes, are
indeed supersymmetric.

In the following section, we review how this argument can be understood in N = 1
supergravity.
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7.5 Supersymmetric pp-waves

Here, we want to review the fact that the shock pp-wave is a supersymmetric solution of
N = 1 supergravity4. As the BPS bound is P0 = −P3 for the Aichelburg-Sexl metric, we
want to establish that the BPS bound is K0 = −K3 for our dual pp-wave. From Part II,
we see that the charges for the dual pp-wave verify this BPS bound.

As explained in Part II, we will work with a regular spin connection. Let us start with
a pp-wave of the form

ds2 = −dt2 + dx2 + dy2 + dz2 + F (dt− dz)2

= −du(dv − Fdu) + dx2 + dy2, (7.5.1)

where F = F (x, y) and where we defined light-cone coordinates u = t − z and v = t + z.
Note that we dropped again the delta function for simplicity. An obvious vielbein choice in
light-cone coordinates is

e− = du, e+ = dv − Fdu,
e1 = dx, e2 = dy, (7.5.2)

and the metric is ds2 = ηabe
a eb where the non-vanishing components are η11 = η22 = 1,

η+− = η−+ = −1/2. Going back to cartesian coordinates, we obtain the symmetric vielbein

e0 =
1

2
(e+ + e−) = dt− F

2
(dt− dz),

e1 = dx,

e2 = dy,

e3 =
1

2
(e+ − e−) = dz − F

2
(dt− dz), (7.5.3)

where symmetricity is understood by the fact that vµν = −vνµ = 0. The non-trivial
components of the spin connection are

ω0a = −ω3a =
1

2
∂aF (x, y)(dt− dz), (7.5.4)

where F (x, y) = −4p ln(x2+y2) for the Aichelburg-Sexl pp-wave and F (x, y) = −8k arctan(x/y)
for the dual pp-wave. Even if in the case of our dual pp-wave the metric has a string sin-
gularity, one can see that the spin connection is “regular” in the x− y plane.

It can be easily seen that the pp-wave solution is an half-BPS solution of N = 1 super-
gravity when looking at the Killing spinor equation

δψµ =

[
∂µ +

1

4
ωmnµ γmn

]
ε = 0. (7.5.5)

4Note that all supersymmetric solutions of N = 1 supergravity were classified in [138].
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Indeed, we obtain

δψt =

[
∂t −

1

4
∂aF (x, y)(γ0 + γ3)γa

]
ε = 0 ,

δψx = ∂xε = 0 ,

δψy = ∂yε = 0 ,

δψz =

[
∂z +

1

4
∂aF (x, y)(γ0 + γ3)γa

]
ε = 0 . (7.5.6)

As the second and third equations show that ε does not depend on x and y, then the first
and fourth equations imply the projection (γ0 + γ3)ε = 0, which is also what one obtains
when using the integrability conditions. This determines that the solution preserves half of
the supersymmetries and has a constant Killing spinor. This projection corresponds to the
BPS bound P0 = −P3 for the Aichelburg pp-wave and K0 = −K3 for our dual pp-wave.

Our computation shows that the infinite boost of Taub-NUT, a shock pp-wave, is also
a half-supersymmetric solution of N = 1 supergravity. This provides more evidence that
the NUT charge should be included in the N = 1 supersymmetry algebra in the same lines
as described in the previous section

{Q,Q′} = γµCPµ + γ5γ
µCKµ, (7.5.7)

whereQ′ is related toQ by a phaseQ′ = Q eαγ5 with tanα = K0/P0. Indeed, the “modified”
superalgebra (7.5.7) is consistent with the projection and the BPS bound just derived.
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Appendices

III.A Gamma matrices

We will consider 4 real 4x4 matrices γa, called gamma matrices, that satisfy the Clifford
algebra

{γa, γb} = γaγb + γbγa = 2ηab I. (III.A.1)

For definiteness, we list below a choice of real gamma matrices:

γ0 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 , γ1 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 ,

γ2 =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

 , γ3 =


0 −1 0 0
−1 0 0 0
0 0 0 −1
0 0 −1 0

 . (III.A.2)

We also have

γa = ηabγa → γ0 = −γ0, γi = γi (III.A.3)

Let us now define the parity matrix

γ5 = γ0γ1γ2γ3, (γ5)2 = −1, (III.A.4)

which is real and antisymmetric. The conjugation matrix used in the main text is defined
as C ≡ γ0. Let us eventually define

γa1...an = γ[a1
...γan], (III.A.5)
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which implies as one can check

γab =
1

2
(γaγb − γbγa) = γaγb − ηab, (III.A.6)

γabc = γaγbγc − ηabγc + ηacγb − ηbcγa (III.A.7)

= γaγbc − ηabγc + ηacγb, (III.A.8)

γabcd = γaγbγcγd + γaγcηbd − γaγbηcd − γaγdηbc
−γbγcηad − γcγdηab + γbγdηac − ηacηbd + ηabηcd + ηadηbc (III.A.9)

=
1

2
(γaγbcγd − γdγbcγa)− ηabηcd + ηacηbd, (III.A.10)

...

One can also verify the following identities

γaγ
a = 4 I, γbγ

aγb = −2γa, γcγ
aγbγc = 4ηab I, (III.A.11)

γdγ
aγbγcγd = 2γaγbγc − 4γaηbc + 4γbηac − 4γcηab. (III.A.12)

From the above definitions and identities, one can check that γabc = −γdγabcd. This also
implies that

γabc = εabcdγdγ5, (III.A.13)

where ε0123 = +1. Indeed, γ5 can be written as

γ5 = γ0γ1γ2γ3 = δabcd0123γaγbγcγd

=
1

4!
εabcdγaγbγcγd, (III.A.14)

and one readily sees that

εabcdγdγ5 = εabcdγd
1

4!
εefghγ

eγfγgγh = −γdγabcd. (III.A.15)

Another useful relation implied by the previous one is

γdγ5γab = γdγabγ5

= γdabγ5 + 2ηd[aγb]γ5

= −εdabcγc + 2ηd[aγb]γ5, (III.A.16)

where in the second equality we have used (III.A.8).

A last useful relation that can be obtained from (III.A.8) is

γaγbcγd − γdγbcγa = 2εabcdγ5 + 2(ηabηcd − ηacηbd), (III.A.17)

(III.A.18)

which can be checked by replacing γ5 with (III.A.14).
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