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W e give in this paper several sufficient condit ions for the existence of négative energy 
bound States in a purely attractive potential without spherical symmetry. Thèse condi t ions 
generalize the condit ion obtained recently by K. Chadan and A. Martin (C. R. Acad. Sci. 
Paris 2 9 0 (1980), 151), and can ensure the existence of n bound states. For the spherically 
symmetric case, one gets simple formulae which are also new. 

In a récent p a p e r [1], a sufficient cond i t ion was given which ensures t h e exis tence of 
a t least o n e b o u n d s ta te f o r a nonrela t iv is t ic par t ic le in a pu re ly a t t r ac t ive p o t e n t i a l 
w i t h o u t spher ica l symmet ry . It is the p u r p o s e of the présent w o r k t o genera l ize t h e 
a b o v e cond i t i on in o rde r t o ensure t h e existence of n b o u n d states . 

A s usual , we choose t h e uni t s in such a way tha t h = 2M = 1, whe re M is the m a s s 
of t h e par t ic le . T h e Schrôd inger é q u a t i o n then reads 

whe re A is t h e Lap lac i an , a n d K(r) the po ten t ia l . W e shall n o t en te r i n to t h e déta i ls of 
va r ious sufficient cond i t ions u n d e r which the H a m i l t o n i a n is se l f -ad jo in t a n d w h a t 
a r e its spect ra l p rope r t i e s in each case, a n d we refer the r e a d e r t o t h e l i t e ra tu re f o r 
m o r e déta i ls a b o u t the brief m a t h e m a t i c a l discussion which fo l lows [2, 3]. W e a s s u m e 
aga in t h a t t h e po ten t i a l is pure ly a t t rac t ive : K < 0. 

* Laboratoire Assoc ié au C N R S . 
t Chargée de Recherches du F o n d s Nat ional Belge de la Recherche Scientifique. 

I . INTRODUCTION 

HW = [-A + V(T)]W{t) = EW{t), (1) 
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T o b e o n t h e s a f e s ide c o n c e r n i n g t h e H a m i h o n i a n a s a s e l f - a d j o i n t o p e r a t o r wi th 
u s u a l s p e c t r a l p r o p e r t i e s : g iven a c o n t i n u u m f r o m 0 t o inf in i ty , p l u s a p o i n t s p e c t r u m 
w h o s e n é g a t i v e é l é m e n t s (néga t ive e n e r g y b o u n d s ta tes ) a r e b o u n d e d f r o m b e l o w 
a n d a r e finite in n u m b e r , w e a s s u m e t h e f o l l o w i n g c o n d i t i o n s : 

V(r) e L\n^) n L\W). ' (2) 

T h è s e c o n d i t i o n s g u a r a n t e e t h a t H h a s a u n i q u e s e l f - ad jo in t e x t e n s i o n , a n d t h a t i ts 

s p e c t r u m is a s e x p e c t e d . M o r e o v e r , a c c o r d i n g t o [2, T h e o r e m 1.22], t h e o p e r a t o r 

is a H i l b e r t - S c h m i d t o p e r a t o r f o r ail E oflF t h e pos i t i ve r ea l axis . I t is a n a l y t i c in E 
in t h e e u t p l a n e , a n d h a s a c o n t i n u o n s ex t ens ion t o t h e rea l axis f r o m a b o v e a n d be low, 
i .e. , t h e l imi t is a l s o H i l b e r t - S c h m i d t , i n c l u d i n g a t £ = 0. T h e n é g a t i v e e n e r g y b o u n d 
s t a t e s W s a t i s f y t h e h o m o g e n e o u s F r e d h o l m in tégra l é q u a t i o n (E = —y^, y > 0) 

0(r) = (47r)-i J I F ( r ) r ^ f f l T ^ I ^(^')\"' ^ ( ' ' ) d'''' (4a ) 

w h e r e <P = \ V [2, T h e o r e m s I I I . 2 a n d I I I .4 ] . A s is k n o w n , t h e p o s s i b l e z é r o 
e n e r g y (L^) s o l u t i o n o f th i s é q u a t i o n , w h i c h u sua l l y c o r r e s p o n d s t o a r é s o n a n c e r a t h e r 
t h a n a t r u e b o u n d s t a t e , is n o t a s o l u t i o n o f HW = 0 w i t h W in L^. T h i s m e a n s t h a t , 
in p r inc ip l e , we s h o u l d k e e p t h e e n e r g y s t r ic t ly néga t ive in t h e ana ly s i s w h i c h foUows . 
H o w e v e r , as h a s b e e n d o n c by S c h w i n g e r (see [2, C h a p t e r I I I ] f o r dé ta i l s ) , f o r c o u n t i n g 
t h e n é g a t i v e e n e r g y b o u n d s t a t e s ( i n c l u d i n g t h e pos s ib l e r é s o n a n c e a t z é r o energy) , 
w e c a n use t h e z é r o e n e r g y l imi t o f (4a) essent ia l ly b e c a u s e t h e k e r n e l s t ays H i l b e r t -
S c h m i d t a t y = 0. A c c o r d i n g t o S c h w i n g e r , t h e ex i s t ence o r n o n e x i s t e n c e o f such 
s t a t e s is r e l a t e d t o w h e t h e r o r n o t t h e ke rne l K(E == 0) h a s c h a r a c t e r i s t i c va lue s 
( inverse o f e igenva lues ) less t h a n 1 o r n o t , t h a t is, w h e t h e r o r n o t o n e c a n so lve t h e 
F r e d h o l m in t ég ra l é q u a t i o n 

0 = \V + C (47r)-i I V I y |i/2 0 ^3^ ' (4b) 

b y i t é r a t i o n , a n d o b t a i n a c o n v e r g e n t B o r n séries. I t e r a t i n g t h e a b o v e é q u a t i o n , we 
o b t a i n , essen t ia l ly , t h e usua l B o r n séries o f t h e phys i c i s t ' s s c a t t e r i n g é q u a t i o n a t 
z é r o e n e r g y 

"F = 1 + (477)-i f ' '^^'"'^j dh' (5) 
J I r r I 

w h o s e t e r m s a r e finite t o all o r d e r s [2]. T h e r e f o r e , w h a t w e h a v e t o s t u d y is th i s las t 
é q u a t i o n , a s w a s d o n e in [1]. 

I 
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A s w e shall see, t h e c o n d i t i o n s f o r hav ing b o u n d s ta tes a r e o f t h e f o r m / , > 1, 
w h e r e a r e a p p r o p r i a t e in tégra is of t he po ten t i a l . W i t h equa l i ty sign, we m a y h a v e 
e i ther b o u n d s tates , o r r é s o n a n c e s a t zé ro energy . T o be su re of h a v i n g t r u e b o u n d 
s tates , it w o u l d t h e r e f o r e be sufficient t o t a k e t he inequa l i ty sign. T h i s m e a n s t h a t 
we s t r e n g t h e n the po ten t i a l , a n d t h e r e f o r e t he poss ib le r é s o n a n c e s b e c o m e t r u e b o u n d 
states. 

In p a p e r [1], cons ide r ing the to ta l i ty of t he po ten t i a l , it was s h o w n t h a t a suff ic ient 
c o n d i t i o n f o r t he exis tence of a t least o n e b o u n d s ta te w o u l d b e 

i r i = j ! J | , . | 5 ; « 4TT I r - r I i r i = / î Ji,'i^R 477 I r - r I I r I 

H ère, R is a r b i t r a r y , a n d c a n be chosen a t will. O u r p u r p o s e in t h e p r é sen t p a p e r is 
t o find t h e gene ra l i za t ion of (6) wh ich w o u l d g u a r a n t e e t h e exis tence o f a t least n 
b o u n d s ta tes . T h e m e t h o d of p r o o f is qu i t e s imi lar t o t h a t of [1], t o w h i ch we r e fe r 
t h e r eade r f o r détai ls . 

D iv ide t h e space i n t o spher ica l shells Qi, Q ^ , Q „ , Qj = {Rj-i < I r | < Rj}, 
j = l, 2, . . . , n, Rg = 0, R„ = 00, a n d cons ide r t h e p o t e n t i a l ( h e n c e f o r t h , we shal l 
Write I r I = r , etc.) 

VAt) = Vir)e(R, - r)e(r - R,_,) (7a) 

so t h a t V(r) = K / r ) . 
S u p p o s e n o w t h a t each 

/ / , = - J + K,(r), l e Q j , (7b) 

def ined as a se l f - ad jo in t o p e r a t o r in L\Q,) by i m p o s i n g s o m e b o u n d a r y c o n d i t i o n 
o n ë Qj h a s o n e e igens ta te wi th E <Q. W o u l d it be then poss ib le f o r H = —A + K(r), 
def ined as a u n i q u e se l f - ad jo in t o p e r a t o r in L^(R^) t o h a v e n b o u n d s ta tes w i t h £ < 0 ? 
T h e a n s w e r is yes p r o v i d e d we i m p o s e o n each Qj t he Di r i ch le t b o u n d a r y c o n d i t i o n 

f (r) = 0 , r 6 ëQi. (7c) 

I t a m o u n t s t o p u t t i n g infini té walls be tween e a c h shell . F o r t h e p r o o f of th is l e m m a 
a n d c o m p l è t e ré férences , see [4]. It is n o w o b v i o n s t h a t w h a t we need in o r d e r t o secu re 
t he exis tence of a t least n b o u n d s ta tes is t he a n a l o g u e of (6) f o r each Qj w i th Di r i ch le t 
b o u n d a r y c o n d i t i o n . R e m e m b e r n o w t h a t t he (s imple) p r o o f of (6) was b a s e d o n t h e 
zé ro ene rgy so lu t ion of t he S c h r ô d i n g e r é q u a t i o n , i.e., Eq . (5), w h e r e 1 r ep resen t s t he 
b o u n d a r y va lue , i.e., t h e va lue o f W{co). W e m u s t n o w wr i t e t h e c o r r e s p o n d i n g é q u a ­
t ion f o r each Qj. W e h a v e t h e r e f o r e t o get first t h e G r e e n ' s f u n c t i o n (A^^ f o r Qj 
with Di r ich le t b o u n d a r y c o n d i t i o n . Such a G r e e n ' s f u n c t i o n c a n easily be f o u n d b y 
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t h e m e t h o d o f i m a g e s k n o w n in e l e c t r o s t a t i c s [5], a n d is g iven by ( r = [ r |, e tc . , 
Rj-i < r , r ' < R,): 

y ) = ( - 4 . ) - + i ( - ) . + . 

( 8 ) 

w h e r e /<."' a r e o b t a i n e d b y r e c u r s i o n f r o m 

9o = 9o = 1, 
l(0) 
' + = /i»' = 1 y 1, (9a ) 

(9b) 

/ (n+l ) 
' + = / ? / / / ! " ' . (9c) 

I t c a n b e eas i ly ve r i f i ed t h a t i n d e e d G, v a n i s h e s w h e n e v e r x is o n t h e s p h è r e s Rj_i o r 
R j , a n d t h a t it is s t r ic t ly n é g a t i v e ins ide . T o s h o w th i s l as t p o i n t , w e u s e t h e f a c t 
t h a t G , ( X , X') is a h a r m o n i e f u n c t i o n e x c e p t a t X = X'. T h e r e f o r e , i t c a n n o t h a v e 
loca l m a x i m a a n d m i n i m a ins ide p u n c t u r e d a t X' . T h e r e f o r e , s ince G, v a n i s h e s o n 
8 Q j , it c a n n o t v a n i s h e l s e w h e r e . A t X = X', it r e a c h e s its a b s o l u t e m i n i m u m , — oo. 
A i l t h è s e f a c t s a r e we l l k n o w n [6, 7]. N o t i c e a l s o t h a t , w h e n Rj_i 0 , o r Rj + oo, 
o r b o t h , w e r e c o v e r t h e G r e e n ' s f u n c t i o n f o r 0 < r < ^ , r > /?, o r t h e e n t i r e s p a c e , 
r e spec t ive ly [6]: 

G[o.«] = - ^ [ | x - y | - y I X -R-yiy^ | ] ' ^' ^ < ^' ^^^^^ 

= - ^ [ | x - y | - y I X - % i y ^ \ ] ' ^' > ^ ^^^^^ 

I I . B o u N D STATES WITH DIRICHLET CONDITIONS 

W e c o n s i d e r n o w t h e S c h r ô d i n g e r é q u a t i o n (1), w i t h D i r i c h l e t b o u n d a r y c o n d i t i o n s , 
in e a c h d o m a i n Qj . S ince t h e p o t e n t i a l is well b e h a v e d ( loca l ly L^), a n d t h e d o m a i n 
Qj is finite, w e h a v e o n l y a d i s c r è t e in f in i ty o f e i g e n v a l u e s < < •• t e n d i n g t o 
+ 00, a n d b o u n d e d f r o m b e l o w . T h e y a r e g iven b y t h e s o l u t i o n s o f t h e F r e d h o l m 
é q u a t i o n 

( l i a ) 

W h e n t h e p o t e n t i a l is w e a k , w e h a v e E^ > 0 . I n c r e a s i n g t h e s t r e n g t h of t h e p o t e n t i a l 
a n d m a k i n g it m o r e a t t r a c t i v e , t h e r e a p p e a r s a s i t u a t i o n w h e r e t h e g r o u n d s t a t e E^ 
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crosses t h e va lue z é r o a n d b e c o m e s négat ive . Jus t a t t h a t p o i n t , t h e i n h o m o g e n e o u s 
in tégra l é q u a t i o n a t zé ro energy 

fa i ls t o h a v e a so lu t ion because of t he f ac t t h a t t he g r o u n d - s t a t e w a v e f u n c t i o n , i.e., 
t he so lu t ion of t he h o m o g e n e o u s é q u a t i o n , is a lways s t r ic t ly pos i t ive ( R é f . [3, Vol . IV, 
p. 201 ff]), a n d t h e r e f o r e is n o t o r t h o g o n a l t o 1. Befo re such a s i tua t ion occurs , t h e 
i n h o m o g e n e o u s é q u a t i o n h a s a u n i q u e so lu t ion , wh ich is given by i t é ra t ion . S ince ail 
t h e t e r m s of th is séries a r e posi t ive ( r e m e m b e r t h a t G,- a n d V a r e b o t h négat ive) f 
itself is posi t ive , a n d we a r e in a s i tua t ion very s imi lar t o t h a t t r e a t e d in [1]. 

I n d e e d , in [1], t h e s t a r t i ng p o i n t was t he we l l -kbown f a c t t h a t w h e n t h e p o t e n t i a l 
is w e a k ( n o b o u n d s ta tes p résen t ) , t h e E q . (5) cou ld b e so lved b y i t é r a t i on , a n d t h a t 
t h e B o r n séries t h u s o b t a i n e d is conve rgen t . E a c h t e r m of th is séries be ing posi t ive , 
we o b t a i n t h a t t h e so lu t ion W itself is every where b o u n d e d a n d posi t ive . W e t h e n c h o o s e 
a n a r b i t r a r y sphè re of r a d i u s R, w h i c h divides t he space i n t o t w o rég ions , t a k e t h e 
i n f i m u m of W ins ide t he sphère , a n d t h e i n f i m u m of | r l? ' ou t s ide , r ep lace t h e m i n t o 
t h e in tégra l é q u a t i o n (5), a n d ob t a in t h a t a necessary c o n d i t i o n f o r h a v i n g n o b o u n d 
States is / < 1, w h e r e / is t he l e f t - h a n d side o f (6). I t f o l lows t h a t (6) is a suff ic ient 
c o n d i t i o n f o r t he exis tence of a t least o n e b o u n d s tate . 

T h e r e a s o n w h y we t a k e t he i n f i m u m of | r I V ou t s ide t he sphè re R i n s t ead o f t h e 
i n f i m u m of W i tself, a s f o r t h e in te r io r rég ion , is t h a t t h e a s y m p t o t i c b e h a v i o u r o f t h e 
r i g h t - h a n d side o f (5) f o r la rge r is g iven by 1 + c | r It is t hen o b v i o n s t h a t t h e 
i n f i m u m of "F f o r | r | > 7î w o u l d be I, r eached f o r | r | = oo, a n d th i s l eads t o n o 
s ignif icant resui t . 

In o r d e r t o see h o w the m e t h o d w o r k s in the p résen t case, let us c o n s i d e r in déta i l 
t h e p r o b l e m f o r the sphère 

w h e r e G is given by (10a). R e m e m b e r t h a t b o t h G a n d V a r e néga t ive , a n d f o r X, 

W e a s s u m e n o w , as was d o n e in [1], t h a t the re a r e n o b o u n d s ta tes , a n d p r o c e e d 
a l o n g s imi lar l ines. W e i n t r o d u c e a sphère of r ad iu s R, R < R^, a n d cons ide r (12) 
in r < ^ a n d 7î < /• < / î j separa te ly . Since ¥^ is pos i t ive a n d b o u n d e d ( c o n v e r g e n t 
B o r n séries), a n d the G r e e n ' s f u n c t i o n van i shes o n t h e s p h è r e Ri, it is o b v i o n s , 
a c c o r d i n g to (12), t h a t t he i n f i m u m of ï ' f o r / î < | r | < / î j is 1, a n d is r e a c h e d o n t h e 
s p h è r e R^. W e h a v e t h e r e f o r e t o s tudy first t he exact b e h a v i o u r o f W n e a r t h e b o u n d a r y 
I r I = Ri. W e a r e l o o k i n g f o r a b e h a v i o u r i n d e p e n d e n t of angles , s imi lar t o | r of 
t h e p r e v i o u s case (see l e m m a be low) , a n d so it is suff icient t o a s s u m e h e r e t h a t t h e 
p o t e n t i a l is spher ica l ly symmet r i c . W e t h e n easily o b t a i n (see t h e A p p e n d i x ) 

(11b) 

(12) 

Y < R , , A^G{X, Y) = S (X - Y). 

Wir) = l + C ^ ^ + o{R,-r), ( 1 3 ) 
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w h e r e r = \ r\ a n d C is a pos i t ive c o n s t a n t . N o w we g o b a c k t o t h e g ê n e r a i c a se ( n o 
sphe r i ca l s y m m e t r y ) . L e t 

M, = ^Inf W(T), I (14a) 

- . i f î f > « ( ^ ) " ^ W , (14b ) 

U s i n g t hè se d é f i n i t i o n s in (12), w e easi ly o b t a i n 

1 + Ml In f f I GV\dh' 

+ M 2 l n f f d ^ r ' l GV \ T 

a n d 

^ 2 > ( n p ) + M l I n f ( ^ ^ ) f i G F I 

+ M a I n f ( - 5 - ^ ) f ̂ f̂ */-' ( 7 ) I GV |. 

(15a) 

(15b ) 

I n o r d e r t o g o f u r t h e r , we n e e d t h e fo l l o l i ng : ' 

LEMMA. Let Xe Qj, where is the domain {finite or infinité) Rj_i < | X | ^ Rj 
introduced before, and Gj(X, Y ) the corresponding Green's function, given by (8), (10a) , 
or (10b) . Let r be arbitrary, Rj_i < /• < i î , , and W^O, and define 

F(X) = - \ CXX, Y) W(Y) d^Y, 

f { r ) = I n f F ( X ) , 

•' ^ |X|=r ^ " 

where W, besides being nonnegative, satisfies the same integrability conditions as those 
given at the beginning for the potential (locally L^,..., etc.). Then r(r — Rj-i)~^f(r) is a 
decreasing function of r, and Rjr{Rj — r)~^f(r) an increasing function, for r in the 
interval {Rj-i, Rj). Notice that both products are positive. Also, because of the vanishing 
of Gj on the boundary, the first one vanishes at R,, and the second one at Rj_i. 

F o r t h e p r o o f o f th i s l e m m a , see t h e A p p e n d i x . W e o n l y n o t i c e h e r e t h e f o l l o w i n g 
f ac t s . M a k i n g Rj_i - > 0, we find t h a t / ( r ) is a d e c r e a s i n g f u n c t i o n o f r i ns ide t h e 
s p h è r e R j . T h i s is a s imp le c o n s é q u e n c e o f t h e f a c t t h a t / ( r ) , d e f i n e d a s t h e i n f i m u m o f 
s u p e r h a r m o n i c f u n c t i o n s / " ( X ) , is i tself a s u p e r h a r m o n i c f u n c t i o n [7]. I n d e e d , we h a v e 
A F(X) = — yV{X) < 0, w h i c h is j u s t o n e o f t h e dé f i n i t i ons o f s u p e r h a r m o n i c f u n c -
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t ions ( r e m e m b e r t h a t a s u p e r h a r m o n i c f u n c t i o n is j u s t m i n u s a s u b h a r m o n i c f u n c t i o n ) . 
W e c a n a lso m a k e Rj -* oo. W e get t h e n t h a t r f { r ) is a n i n c r e a s i n g f u n c t i o n o f r 
ou t s ide t he s p h è r e . W h e n b o t h Rj_i = 0 a n d R, = oo, we find t h a t f ( r ) is dec reas -
ing, a n d r f ( r ) increas ing , f o r ail r > 0. Thèse t w o p r o p e r t i e s were s h o w n in [1], a n d 
were used t o p r o v e (6). 

F r o m t h e a b o v e l e m m a , it f o l i ows immed ia t e ly t h a t t he i n f i m a in (15a) a r e r e a c h e d 
o n the i n t e r m e d i a t e sphè re R. Ca l l ing thèse in f ima a n d J2 respect ively, we o b t a i n 

M l ^ 1 + + 

a n d 

M, > (1 + M i A + M^^) 

since t h e i n f ima in (15b) a r e a l so r e a c h e d on t h e s p h è r e R. C o m b i n i n g t hè se t w o 
inequal i t ies we get 

M i A + > (1 + M,J, + M^J,) ( / i + - ^ ^ ^ ) -

It foUows f r o m this las t inequa l i ty t h a t a necessary c o n d i t i o n f o r t he va l id i ty of o u r 
a s s u m p t i o n s : 

N o b o u n d s ta tes conve rgence of t he B o r n séries —»- pos i t iv i ty o f V', 

is Ji + RJiKRi — R) < l. T h e r e f o r e , a sufficient c o n d i t i o n f o r h a v i n g a t least o n e 
b o u n d State wi th t h e po t en t i a l V(r)6(Ri — r) is 

w h e r e G is t h e G r e e n ' s f u n c t i o n (10a). T h i s cond i t i on is, of cou r se , s t r o n g e r t h a n 
c o n d i t i o n (6) w i t h F ( r ) 0 ( ^ i — r) because we i m p o s e n o w the v a n i s h i n g of W on Ri, 
w h e r e a s (6) was o b t a i n e d w i t h o u t i m p o s i n g a n y cond i t i on a t finite d i s t ances . H o w e v e r , 
as w e s aw in t h e i n t r o d u c t i o n , Di r ich le t b o u n d a r y c o n d i t i o n s a r e necessa ry in o r d e r 
t o b e su re o f t h e addi t iv i ty of t he n u m b e r of b o u n d s ta tes w h e n we a d d u p severa l 
régions , each wi th o n e b o u n d s tate . 

I n t h e case of spher ica l s y m m e t r y , we find, by us ing t h e e x p a n s i o n [8] 

(17) 
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va l id f o r p < r, w h e r e 9 is t he angle be tween r a n d p, a n d in t eg ra t ing over t h e angles 

(18) 

M a k i n g Tîj oo in (16) a n d (18), we get , respectively, f o r m u l a (6), a n d a n o ld resui t 
of C a l o g e r o f o r t h e r ad ia l case [9] 

4 '•M V(r)\ dr + R C \ V(r)\ dr ^ \. (19) 

C o n d i t i o n (16), a l t h o u g h n o t easily a m e n a b l e t o explicit a n d s imple ca l cu la t ions f o r 
p o t e n t i a l s w i t h c o m p l i c a t e d shapes , is never the less n o t t o o c o m p l i c a t e d a n d c o m p u t e r 
ca l cu l a t i ons seem feas ib le . N o t i c e a lso t h a t R is a r b i t r a r y , a n d c a n be chosen a t will. 

C o n s i d e r n o w t h e p r o b l e m f o r | r | ^ R2, wi th t he G r e e n ' s f u n c t i o n given by (10b) , 
w h i c h van i shes o n t h e s p h è r e R2, a n d a s s u m e aga in t h a t t he re a r e n o b o u n d states . 
I t is s h o w n in t h e A p p e n d i x t h a t t h e b e h a v i o u r of t h e so lu t ion of 

W(r) = 1+1 dh' G{t') K(r') f ( r ' ) 
• ' i r ' I J R , 

wi th a spher ica l ly s y m m e t r i c po ten t i a l , n e a r t h e sphè re R^, is g iven b y 

' F = 1 + C - R. + oir - R2). I 

(20) 

(21) 

W e i n t r o d u c e n o w a g a i n a n a r b i t r a r y sphè re of r a d i u s R(> R^, a n d cons ide r s epa ra -
tely t h e t w o rég ions ^ 2 < | r | < /? a n d \ r \ ^ R. Le t 

M l = In f W(r) ( — ^ ) , 

M , = In f I r I ¥^(r). 

R e a s o n i n g exac t ly as be fo re , a n d us ing a g a i n o u r l e m m a , we o b t a i n t h a t a sufficient 
c o n d i t i o n f o r h a v i n g a t least o n e b o u n d s ta te wi th t h e p o t e n t i a l V(j)0{r — R^) in 
I r I ^ R2 w i th Di r i ch le t c o n d i t i o n o n R2 is ^ 

\ I n f r G ( r , r ' ) F ( r ' ) ( ' ' " l - ^ M d^r' 
\ R - R2J l r i = « JR,<\,'KR ^' ^ ^ ' \ I r' I / 

+ R ïn{ l G ( r , r ' ) 4 ? r û ? ' ' - ' > U (22) 

w h e r e G is g iven b y (10b) . M a k i n g he re R2 —>• 0, we o b t a i n aga in , as expec ted , f o r m u l a 
(6). W h e n t h e p o t e n t i a l is spher ica l ly symmet r i c , we o b t a i n , a f t e r i n t é g r a t i o n over t he 
angles , t he suff icient c o n d i t i o n 

( j i ^ j i j (>• - ^ 2 ) ' I V(r)\ d r + i R - R2) I V(r)\ dr ^ L (23) 
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Aga in , in (22) a n d (23), R is a rb i t r a ry , a n d can be var ied in o r d e r t o o b t a i n t h e 
o p t i m u m inequal i ty . 

F o r t h e gêne ra i case of a finite sphericai shell 0 < ^ \ r \ ^ R2 < <X), it is 
s h o w n in t h e A p p e n d i x t h a t we have behav iou r s imilar to (13) f o r r ^ R^ a n d (21) 
f o r r ^ Ri. S t a r t i ng n o w f r o m t h e intégral é q u a t i o n (12), i n t r o d u c i n g R, a n d 

M l = Inf ( — ^ ) ¥'(r). 

Ma = Inf ( ^ ^ ) W{T) 

a n d f o l l o w i n g t h e s a m e p r o c é d u r e as be fore , we ob ta in , t h a n k s t o o u r l e m m a , t h a t t h e 
cond i t ion 

\ R - R j \r\=RjR^^W'\^R ^' ' \T'\ I 

w h e r e G is g iven by t h e gênera i f o r m u l a (8) with j = 2, is sufficient t o secure the exis­
tence of a t least o n e b o u n d s ta te f o r the po ten t ia l F(r)^(/- — R^d{R2 — r) wi th 
Di r ich le t c o n d i t i o n on the sphères R^ a n d ^ 2 • Aga in , R is a r b i t r a r y here , a n d can be 
var ied in o r d e r t o m a k e t h e inequal i ty op t ima l . M a k i n g R^ —>• 0, R^^ 00, o r b o t h , 
we recover o u r p rev ious condi t ions . 

In the case of spher ica l symmet ry , in tegra t ing over the angles ( t ed ious b u t s t ra ight -
f o r w a r d ) , a n d us ing f o r m u l a e (30) a n d (31) of t h e A p p e n d i x , l eads t o t h e cond i t i on 

+ ( (R, - R^IR - R,) ) C - - ""'^ ' 

+ { ( R ^ - R L - J ^ ù ) CI ^^^^1 - ^ ^ ^ ( ^ -

X f ^ ' \ V ( r ) l ( R , - r y d r ^ ^ l (25) 

f r o m which ail o u r p rev ious cond i t ions can be o b t a i n e d by t a k i n g t h e a p p r o p r i a t e 
hmi t s . 
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W e h a v e t h e r e f o r e complétée! o u r p r o g r a m m e of finding c o n d i t i o n s w h i ch w o u l d 
secure the ex is tence of a t least n b o u n d states . I ndeed , as was exp la ined in t he i n t r o d u c ­
t i on , if we c a n d iv ide t he space in to n spher ical shells (Rj-i, Rj) j = 0, 1,..., n, R^, = 0, 
R„ = 00, in such a w a y t h a t (24) o r (25) a r e satisfied f o r each shell w i th t he a p p r o p r i a t e 
G r e e n ' s f u n c t i o n (8), (10a) o r (10b), we a r e sure t h a t t h e p o t e n t i a l V(T), T e R^, h a s a t 
least n b o u n d states . 

So f a r , we h a v e a s s u m e d t h a t t he po ten t i a l satisfies (2). H o w e v e r , th is c o n d i t i o n is 
n o t real ly necessa ry because it exc ludes r~^'^ b e h a v i o u r a t t h e o r ig in a n d r~^~^ a t 
inf in i ty . A s is s h o w n in [2, 3], ail t h a t is needed is t o a s s u m e t h e R o U n i k c o n d i t i o n 

V(i)\ I ^'(r ' ) l dY < 0 0 . (26) 

I n fac t , it is o b v i o u s f r o m o u r resul ts t h a t t h e y a r e val id u n d e r very gêne ra i a s s u m p -
t ions , i.e., as l o n g as t h e in tégra is a r e m e a n i n g f u l . F o r t h e spher ica l ly s y m m e t r i c case, 
it is obv ious , as expec ted , t h a t w h a t is needed is on ly 

r r I V(r)\ dr < o o . (27) 

L i k e m a n y o t h e r b o u n d s o n t h e n u m b e r of b o u n d s tates , it is easi ly seen h è r e a lso 
t h a t o u r b o u n d s a r e s a t u r a t e d by § - func t ion po ten t i a l s 

V(r) = -g 8(r - r„). (28) 

I n d e e d , c o n s i d e r i n g th is p o t e n t i a l in t he d o m a i n /?i < r < ^ 2 wi th D i r i ch l e t b o u n d a r y 
cond i t i ons , o n e finds t h a t t h e exact cond i t i on f o r h a v i n g o n e b o u n d s t a t e is (it is 
necessar i ly a n ^ - s t a t e ) 

1 1 ' 
^ i — Ri ^ R2 — TQ) I (29) 

T h e s a m e conc lu s ion is r eached by cons ide r ing o u r f o r m u l a (25), a n d by c h o o s i n g 
R = ro — e or ro + €. 

W e m e n t i o n a l so a n o t h e r k i n d of sufficient cond i t i on f o r h a v i n g a t least o n e b o u n d 
s ta te in e a c h d o m a i n Qj, w h i c h is [1] 

' ( 3 ) T r Kj^^ > 0 , 

w h e r e t h e pos i t ive ke rne l Kj is given b y 

A;. = - I K l^'^Gi I V 

(30) 

(31) 

Gj be ing t h e G r e e n ' s f u n c t i o n (8), a n d the super sc r ip t s (2) a n d (3) m e a n i n g t h e s econd 
a n d the t h i r d i t é râ tes of K j . 
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W e end u p by r emind ing the reader tha t there a re var ious necessary cond i t i ons 
( B a r g m a n n , Schwinger , Calogero , G l a s e r - G r o s s e - M a r t i n - T h i r r i n g , M a r t i n , G h i r a r d i -
Rimini , Cwicke l -S imon , etc.) which mus t be satisfied in o rde r t o have n b o u n d states 
[2, 3]. There fo re , be fo re t rying t o see whether a potent ia l a d m i t s n b o u n d states, 
o n e mus t verify t h a t the necessary c o n d i t i o n s a re indeed satisfied. AIso, one can choose , 
ins tead of sphericai shells used in this pape r , o the r shapes (cubes, eUipsoids,. . .) 
p rov ided one can calculate the co r re spond ing G r e e n ' s func t ions . Final ly , the re is n o 
di f f icuhy f o r generahz ing o u r results t o spaces of higher d imens ions N > 3 [1]. 

A P P E N D I X 

(a) Behaviour ofWnear the Bomdaries 

Let us cons ide r first t he case of the sphère with rad ius , when f i s t he so lu t ion 
of Eq. (12). T h e poten t ia l V = F(r) being spherically symmetr ic by a s s u m p t i o n , we 
separa te the in tégra t ions fo r A' < r a n d fo r r ' > r, a n d we use expans ion (17) f o r the 
t w o t e rms of the G r e e n ' s func t ion (10a). W h e n in tegra t ing over the angles, only the 
t e r m / = 0 gives a non-ze ro con t r ibu t ion of A-n-jr, where r > p. Hence we get 

f = 1 + ( y - ^ ) r'' I V{r')\ Wir') dr' 

+ -^)r'\Vir')\W{r')dr' 

+ Rx I V(r,)\ W(R,) + o(R, - r ) ] , ( A l ) 

wh ich p roves the behav iour (13) fo r r t end ing t o 7?i. 
In the case of t he région | r | = r ^ R2,the behav iour of the so lu t ion f o f (20) nea r 

the b o u n d a r y is ob ta ined in a similar way: 

f = 1 + ( l - ^ ) /-' I F ( r ' ) | f (/•') dr' 

+ ^-f^(\--^^)r'^\Vir')\nr')dr' 

= 1 + '•' I n n i n n dr' 

+ R, I V(R,)\ W(R,) (^^^) + o(r - R,)], (A2) 

which yields t h e behav iou r (21) f o r r ^ R^. 
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I n the case of t he finite spherical shell 0 < Rj_i ^ r ^ Rj < +00, i.e., of t he inté­
gral é q u a t i o n (12) wi th the G r e e n ' s func t ion (8), we find, a f t e r s imilar bu t lengthy 
calculat ions , 

y = 1 + C ( ' ^ ^ ' - ' - ) + o(r - R,.,), r-*R,_,, (A3) 

" P ^ l + C ' ^ ^ + oiR.-r), r->R,, (A4) 

where C a n d C" a re posi t ive cons tan t s . T h e c o m p u t a t i o n s a re t o o long f o r wri t ing 
t h e m d o w n explicitly bu t présent n o new diflRculty with respect t o the prev ious cases, 
p rov ided o n e uses the fo l lowing s u m m a t i o n f o r m u l a s 

(A5a) 

which can be easily derived f r o m (9a), (9b), (9c). 

(b) Proof of the Lemma 

T h e f u n c t i o n F (X) = J^. — G,(X, Y)PF(Y) is s u p e r h a r m o n i c in Qj since 
AFÇK) = — W(\) < 0. T h e func t ion / ( / •) def ined as the i n f i m u m of s u p e r h a r m o n i c 
func t ions-F(X) is also s u p e r h a r m o n i c a n d it fol lows tha t (see [10] f o r the different ial i ty 
p roper t i e s of s ingular intégrais) 

^ / = ^ ^ m = (rT + 2rf') < 0. j (A6) 

In o r d e r t o check tha t Rjr{Rj — r)~^f(r) is a n increas ing func t ion , let us verify t ha t its 
der ivat ive is posi t ive, or t ha t (R, — r) rf + Rjf > 0. Th is resul ts f r o m the fact t h a t 
t he q u an t i t y {dldr)[{Rj - r) rf + R-f] = (/?,• - r){rf" + I f ) is négat ive as fo l lows 
f r o m (32). In t eg ra t ing this expression f r o m r to Rj we get 

m - r ) ( r f ) + Rd\ > [ (^ i - r) rf + RJU,,, 

I 

t he r i gh t -hand side van ish ing because of t he a s s u m p t i o n s o n W(y) a n d the b o u n d a r y 
condi t ions on G,. 

O n the o t h e r h a n d , t he f u n c t i o n r(r — Rj-i)~^f{r) is a decreas ing func t ion . Indeed , 
its der ivat ive is p r o p o r t i o n a l t o r{r — 7? ,_ i ) / ' — R j - ^ f , wh ich is a négat ive quan t i ty . 
Th is fo l lows f r o m (A6) since 

I 

r i - Hr - R j - d f - R^-J] = ( r - ^ . - i ) ( 2 / ' + r f ) < 0. 
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I n t e g r a t i n g th is inequa l i ty be tween a n d r we have 

[/•(/• - Ri-ùi' - Ri-J] < [rir - Rj-ùf - R^-JUR,,, , 

w h e r e t h e r i g h t - h a n d s ide is aga in zéro . 
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