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Abstract

In this paper an algorithm is developed for the exact Fisher information matrix
of a Gaussian vector ARMAX or VARMAX process. The algorithm proposed in
this paper is composed by Chandrasekhar recursion equations at a vector-matrix
level, and some of these recursions consist of derivatives based on appropriate
differential rules applied to a state space model for a vector process. The chosen
representation is such that the recursions extracted from the state space model
are given in terms of expectations of derivatives of innovations, and not the
process and observation disturbances. The algorithm will be illustrated by an
example. On that example, a comparison is made with results from E4, a
toolbox for Matlab, and with the asymptotic information matrix.
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1. Introduction

This paper is devoted to the computation of the exact Fisher information
matrix of an m-dimensional time series {y1,...,yn} of length N, generated by

a Gaussian vector ARMAX, or VARMAX, process of order (p, e, s), {y,t € Z},
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Z the set of integers. More precisely, consider the equation representation of a

dynamic linear system,
p e s
Zaj Yt—j =0 + Z’)’j up—j + Zﬂj w—j, t € Z, (1)
§=0 j=1 §=0

where y;, u; and w; are, respectively, the observed output, the r-dimensional
observed input, and the unobserved errors, and where a; € R™*™, v € Rm*1
v; € R™*" and B; € R™*™ are the associated parameter matrices. We addi-
tionally assume ag = By = I, the m x m identity matrix. The error {wy,t € Z}
is a collection of Gaussian independent zero mean m-dimensional random vari-
ables with a positive definite covariance matrix X. In the following, we denote
transposition by " and the mathematical expectation by E. We assume either
that u; is non stochastic or that u; is stochastic. In the latter case, we assume
E{u; w)} =0, for all t,#', and that statistical inference is performed condition-
ally on the values taken by u;. Note that observations for u; should be available
fort>1-—e.

We use z to denote the backward shift operator, for example z u; = us_1.

Then (1) can be written as
a(z) ye =0 +7(2) ue + B(z) we, (2)

where a(z) = ¥ _ga; 27, y(2) = X251 &5 B(2) = X5 B; 2 are the
associated polynomial matrices, where z € C (with a duplicate use of z as an
operator and as a complex variable which is usual in the signal and time series
literature, e.g. [2], [8]). The assumptions det(a(z)) # 0 and det(8(z)) # 0 will
be imposed so that the eigenvalues of the matrix polynomials «(z) and £(z) will
be outside the unit circle.

Estimation of the matrices a1, g, ..., ap, B1, 52, ..., Bsy 0,71, 72, -+, Ve, and
3 has received considerable attention in the time series and filtering theory lit-
erature [2], [8], [25] and [32]. Let us store the coefficients in an (¢ x 1) vector
0 = vec(a, B,7), where £ = m?(p + s) + m(re + 1), a = vec(ay, az, ...,qp), 3 =
vec(B1, B2, -y Bs), ¥ = vec(Y0, 71,72, -+ Ve), Where vec X = col(col(Xi;)i )}y,



see e.g. [23]. In [9], the authors study the asymptotic properties of the maxi-
mum likelihood estimator of the coefficients of a VARMAX process based on N
observations, Oy or more simply 6.

For that purpose, we need the Fisher information matrix. In time series
models, we can distinguish the asymptotic Fisher information matrix and the
exact Fisher information matrix. Most of the literature is devoted to the former
but the exact Fisher information matrix is worth to be considered. On the one
hand, using (2) for all ¢t € Z to determine the residual w(6), and assuming that
uy 18 stochastic and that (y:, us) is a Gaussian stationary process, the asymptotic
Fisher information matrix F(6) is defined by the following (¢ x £) matrix which

does not depend on ¢

F(6) = E{0wi(9)) 27 (Gpwn(6))}

where 9p(+) denotes the (v x £) matrix 9(-)/06 " for any (v x 1) column vector (-).
See [22] for more details and Appendix B for examples. On the other hand, the
exact Fisher information matrix Jy () is based on the exact Gaussian likelihood

L(6), more precisely on

1 1+ 1~
1(0) = —log L(# Z{ log(27) 5 log det(B;) + §ytTBt lyt} ,  (3)

where 7;, the sample innovation, is defined below by (8) and B; = E[y:9,']
is its covariance matrix. The exact information matrix is given by Jyn(6) =
(1/N)E (021(6)/0606 7). 1t is shown in [21], where a formal proof is given at the

matrix level that the following holds true

=~ Z [ (BovecB,)" (By @ By) ™" (dgvecB,) + E{ (@) By (aggt)}} .

. 4)

A proof for the scalar version of (4) is given in [31]. Note that, strictly speaking,
the Fisher information matrix Z(#) is defined as a limit for N — oo and is such
that VN(Oy — 0) — N(0,Z71(0)), in distribution, as N — oo where N is the

normal distribution. This is true under suitable regularity assumptions. Here we



are interested in the case of finite N, either F(6) or Jx (), and more specifically
the latter.

In standard statistical theory (e.g. [24, Chapters 2 and 6]), assuming that
the estimator is unbiased, the inverse of Z(f) yields the Cramér-Rao bound
and, provided that the estimators are asymptotically efficient, the asymptotic
covariance matrix. For most purposes, the Fisher information matrix should be
evaluated at the unknown true value 6 but, more practically, at the maximum
likelihood estimate 57 obtained for the series of observations, generally using
an optimization algorithm. Then, tests on coefficients can be derived but the
reverse problem can also be solved: how long should the series be in order to
obtain a given statistical significance, see [6]. In [19], the authors considered the
asymptotic Fisher information matrix of a VARMA process. They show that
the Fisher information matrix is singular if and only if the matrix polynomials
a(z) and B(z) have at least one common root. Let us now present algorithms
for computing the asymptotic and then the exact Fisher information matrices.

In [28], an algorithm for the asymptotic Fisher information matrix of a
VARMA process is developed at the scalar-level. It is based on a frequency
domain representation of the Fisher information matrix, known as Whittle’s
formula, see [39]. That approach can be generalized to VARMAX processes
and put in matrix-level form, see [22]. The procedures used to evaluate the
asymptotic information matrix rely on evaluating integrals of a rational function
over the unit circle. These integrals can be computed by recurrences with respect
to the degrees of the polynomials (e.g. [30]). However, the most efficient method
consists in transforming the problem to the evaluation of the autocovariances of
an ARMA model, see e.g. [14]. In [15], the authors have been mainly concerned
with the single input single output (SISO) model but have also indicated that
their method can be used for the VARMA model. For recent references about
the asymptotic information matrix, see [35].

More recently, the exact information matrix has been studied. In [31] Porat
and Friedlander have described an algorithm for a univariate ARMA model

with a deterministic additive component. The method is both complex and also



computationally intensive since the number of scalar operations is of order N?2.
Independently, in [40], [41] and [36] the respective authors have given a much
more efficient algorithm based on the Kalman filter. This has been applied to
the VARMA model in [40] and [41], and to the general state space form by
[36]. The latter general case has also been treated by [33] and [34] but in an
approximate way. Although the algorithms in [40], [41], [42], and [36] need a
number of operations which is proportional to N, these algorithms are not very
efficient because the number of operations at each time is roughly proportional
to the square of the size of the model. That number is generally smaller than
N but not so much, so that the improvement with respect to the Porat and
Friedlander method [31] can only be apparent. Generalizing [26], Terceiro in [36]
has described the whole estimation procedure using the more computationally
efficient Chandrasekhar equations instead of the better known Kalman filter
recursions but he has not mentioned at all that the Chandrasekhar equations
can also be used to derive the information matrix. This was done in [20] with
an application to VARMA models. Working with the prediction error of the
state vector made it difficult to handle correctly the initial conditions (see also
[16]) and impossible to generalize the approach to VARMAX models.

Meanwhile a software called E4 [37] has been developed on the basis of
[36] but also of more recent contributions (see the references in [11]). Under
the form of a Matlab toolbox it offers various methods of estimation, signal
extraction and decomposition for models represented in state space form. E4
can handle seasonal polynomials and does allow for the treatment of missing
data. There is no problem to apply it to ARMA, ARMAX, SISO, VARMA, or
VARMAX models. However, there is no detailed exposition of the computation
of the exact Fisher information matrix beyond [36]. In particular, there is no
detailed documentation of the various options related to the initial state vector
(maximum likelihood, exogenous first value, exogenous mean value, zero) and
the initial covariance matrix of the state vector (zero, Lyapunov or de Jong,
except the last one which refers to [4]).

In this paper, we consider the exact Fisher information matrix Jy(6) of



VARMAX processes, as a generalization with some improvements of the method
proposed in [26] and [20]. The main contributions are (a) the use of recursions
at a vector-matrix level, (b) derivation of exact and explicit initial conditions,
and (c¢) computational performance. Indeed, (a) instead of writing recursions
for each element of the information matrix, we write recursions as concisely
as possible at the vector-matrix level. For that purpose, the differential rules
used in [20] are applied. Then (b), contrarily to [20], the approach is based on
derivatives of the estimated state vector, not on the error of estimation of the
state vector. A substantial complexity reduction is obtained. Moreover explicit
and exact initial conditions are deduced, as illustrated in Section 3. Finally, (c)
computational performance also follows, partly because Chandrasekhar equa-
tions are used. A practical comparison with E4 is performed. The results are
very close, although not identical, depending on the model and the E4 options
used. This is a confirmation of the high quality of this relatively little known
package. It may be that the relations used are similar to ours but this cannot
be confirmed since they are not documented.

The article is organized as follows. In Section 2, we present the model as well
as a closed form expression for the Kalman and the Chandrasekhar recursions
needed to evaluate the information matrix at a matrix level and not component-
wise. In Section 3, we examine the special case of the VARMAX model. In
Section 4, we compare the exact information obtained by our method with the
results given by E4. This is done by using a specific model and some data, and

we confront the exact information with the asymptotic information.

2. State space model and exact information

2.1. The state space model

As will be seen in Section 3, our vector linear times series model can be put
under a more general state space form. Let x; € R™ be the vector of the state

variables, and ¢, I', F', 79, H be matrices of dimensions, respectively, n X n,



nxr,nxm,mx 1, mxn. The state space structure is:

Tiy1 = ¢.’Et + Fut + F’LUt (5)

yr =0 + Hze + wy. (6)

2.2. The Kalman equations

There are several ways to compute the exact likelihood (3) of a VARMAX
time series. Except for the closed form expression of a normal multivariate
density, a simple representation is based on the Kalman filter equations, due to
[12] and [13]. We use the traditional notation e.g. 7;;—1 to define the linear

prediction of y; conditionally on the information at time ¢t — 1. It is given by

Utjt—1 = Yo + HZy—1, (7)
where Z;;_; is the one-step-ahead prediction of the state vector, yielding the
residual

Yt = Yt — Yajt—1 = Yt — Yo — HTyp_1. (8)

Now Zy;_; is based on the recurrence
Ty = OTyp—1 + Dug + Ky, (9)

where the Kalman filter gain K, is given below and the initial condition is
discussed at the end of Section 3.
The Kalman filter consists of a collection of recursions, one of them giving

Py 11}, the covariance matrix of the prediction error of the state vector
Ty =x — af\t\tfb (10)

Recall that B; = E[};7, ]. Note that the same noise is used in (5) and (6).
Hence the standard recursions (e.g. [1, Chapter 5]) are slightly simplified under

the form of

Bt = HPt+1|tHT +E,
Ki = (¢PpH' +F)B; ! (11)
Py = ¢Ppa¢ +FSFT — KBK/,



giving, respectively, the covariance matrix B; needed in (4), the Kalman filter
gain K; used in (11) and the so-called Riccati equation. The initial condition
for the latter is provided in the present stationary case by the linear system of
equations Ppg = ¢P1|0¢T + FXFT. For other approaches on the Kalman filter

in time series, see [7] and [10].

2.8. The Chandrasekhar equations

Given time-invariance of the state space model, an alternative to the Kalman
filter equations is provided by the so-called Chandrasekhar recursion equations
[27], see also [1, Chapter 6] and [2]. These equations are the most computation-
ally efficient, even with respect to the Kalman filter.

In our context the Chandrasekhar equations make use of matrices X; and

Y; with respective dimensions m x m, n x m. Besides (7-9), the recurrences are

By = Bia+HY;, (X, Y, HT,

K, = [KiaBia+¢Yi XY, HTB Y,

Y, = [p— K H]Y;, (12)
X: = Xeor— XV, H'B'HY, 1 X,

The initial conditions are: By = HP1|0H—r +3, Y = ¢P1|OHT + FY, K; =
YiB;', X1 = —B;'. Note that the operation count is reduced because the
n x n matrix Py, does not need to be computed, except a part of it, PHOHT,

for t = 0.

2.4. The exact Fisher Information Matrix

In this subsection, we use the differential rules of [20] recalled in Appendix A
in order to compute the exact Fisher information matrix at the vector-matrix
level. The technique for evaluating the necessary derivatives of the recursion
equations is equivalent to [20], where the authors have used the prediction er-
ror of the state vector (10). In this paper recursions are expressed in terms
of expectations of derivatives of the 7;;_; and this leads to an explicit or im-

plementable algorithm at the general state space level. This implies that the



VARMA or VARMAX version can be obtained by substituting the appropriate
parameters of the corresponding state space form. We shall only illustrate the
main recursion for the general case but a complete set of recursions is provided
in Section 3 for the VARMAX process. The derived algorithm is then imple-
mentable. The suggested differential rules are displayed using the notations
recalled in Appendix A.

Taking into account the property dpy: = 0 and dpus = 0 (justified because
the realization does not depend on the parameters «, 3, and ) and d% = 0, (9)
yields dy 1y = do Typ—1+¢ dyy—1+ dU ug+ dK; gy + Ky dy;. Component-wise
application of Rule 7 in Appendix A to (9) gives

ATy s1)r = (@WH ® 1,,) vecdg+odiy,_1+(uf ® I,) veedl+ (5 ® I,) vecd K+ Kydi.

We can now formulate the appropriate derivative of #,,; with respect to
6 by applying the approach described in [20], and recalled in Appendix A, to

obtain

80§t+1|t = (@Lq & In) Ogvecop + ¢8055\t+1\t + (u;r ® In) Ogvecl’

+ (3 ® 1) dpvecK, + K;dphr.  (13)
Similarly for the derivative of g;, we obtain from (8)
gy = — { oo + (@T‘t,l ® Ip,)O0gvecH + H 3050\1:|t71} . (14)

For computing the first term of (4) the derivatives of the Chandrasekhar equa-
tions are needed. The second term of (4) consists of the expected value of a
stochastic component. We therefore vectorize Jy () according to Rule 7, see

Appendix A:
1 (1
veeJy(0) = N ; {2 [(BgvecBy) @ (BgvecBy)] ! vec (B @ By) ™"

+E {005 @ O} veeB; !} (15)

Equations (13) and (14) allow the right-hand side of (15) to be written in an
appropriate way. This is fully done for the VARMAX case in Section 3.



3. An algorithm for the vector ARMAX model

An appropriate choice for a parametrization of (5) and (6) is given by

—a1 I, Om B1— o é!
—as 0, - B2 — a2 Yo
¢= .  Fr= . =1 |, (16)
. . Im : .
—ap Op -+ O Brn — an Th
andH:<Im 0 . . . om) (17)

and h = max(p, s, e), 0, is the m x m zero matrix, o; = 0,7 > p, 5; = 0,7 > s,
v; = 0,7 > e, and consequently n = hm. More precisely the i-th m x 1 block,

i =1,..., h, of the state vector z; is composed of

p e S
(x4); = _Zaj Yt—j+i—1 T+ Z%‘ Up—jti—1 T Zﬁj Wi—jyi—1, t=1,..., V.
j=i =i =i
(18)
Note that dgvecH = 0. Hence (14) simplifies to dgy; = —0gyo — HOpZ¢t—1 and

we obtain a main recurrence equation analogous to (32) of [20]:

E (0ot © 09yt) = (H @ H)E (8pZy1—1 © 0oTyi—1) + ov0 © Bayo

+ 0670 ® (H E (06Tyj1—1)) + (H E (9pTje—1)) ® Ooyo,  (19)

but much shorter. Of course it is necessary to update the expectations in the

right hand side of (19) by using, from (13), with the notation for commutation

10



matrices M, , given in Appendix A,

E (0pTis11t ® 0pTyt1)t) = (¢ @ @) E (0pTyje—1 @ OpTpe—1) + (Kt @ Ky)E (g © Oplhy)

+ E( xt‘t% ® itT‘tfl) ® In} Mn,nz} ® In} (Opveco ® Dpvecd)
+ { Mo [{ 0B (967001 @ 2], ) } © ] Mo } (Dyvecs @ 1)
+ ( xt‘t ) ® In)ﬁgvecqﬁ) ® ((uf @ I,)dgvecT)

+|m

o {KtIE (agyt ® ), 1) ® I, } MW} (Bgvecd © 1)
(K, ® 1) { (aggt ® aejlt_l) ® In} (I, ® Bgvece)
+ (@ ®I,) {E (ag'ftlt_l ® @,]t_l) ® In} (I, ® Bgvece)
+{o®u @I,} {E(0pT¢1_1) ® gvecl'}
+ (¢ ® Ky)E (0 y—1 © O4ift) + (K; ® O)E (g © Dppe_r)
+ ((w] @ L)agveet) @ ((E (#,1 ) @ L) doveco)
dgvecl’) @ {GE (0oTyjr—1) }
dgvecl') ® ((u] ® I,)0pvecl)

+ ((u) ®1I,
+((w) @I,
+ ((u] ®1I,)9vecT') @ {KE (Do)}

+{{E (% @3 ) @I} My um] @ I} (QovecK; ® dgveck)

+ {KE (067:)} ® ((u; ® I,,)dpvecl’), (20)

)
)

since E[g;] = 0, E [Zy—1 @ 0] = 0, E [(89Z44—1) @ i) = 0, E[(Dpy) @ 5] = 0.

Indeed sample innovations g; are zero mean uncorrelated random variables.
Also E(Z4¢—1®¥:) = 0 because #;;_1 is in the space spanned by the observations
till time ¢ — 1 included, whereas ¥; is orthogonal to that space. The explanation
is similar for Jy#;;—1 and Jpy;. Note that there are several ways to write terms
n (20). We have made sure to reduce computations for large n and ¢. Note

that

E (065 © ;1) = —0070E(i,_1) — HE (067ye 1 © 3,1 ) -

For the implementation of the fundamental recurrence equation (20), we

11



need four additional recursions as follows:

1. E (a@wt ® :@jﬂlt) - { []E(:@,]t_l © i,y ® In] Mnmz} (Bgvecd @ ¢")
[E(#0,-1) ® ] (Bvecd) @ (u/TT)

{qu (a@m_l ® :z,jt,l) } (I, ®¢T)

(6B (Zup-1)) © [ TT) + KiE (9o @ 2y ) (e © 67)
((uf @ I,,)0pvecl’) @ (E(&),_1)¢")

((u] ®I,)9vecT) @ (u/T") + (KGE (9o7)) ® (u/TT)

[{(vecBy) " ® I} My mn)] (OgvecK; @ K,') . (21)

2. E (89/$\t+1|t) = [(Efcﬂt*l)—r ® In] Ogvecd

+ (¢ — K.H)E (9gZye—1) + (u) @ I,)9pvecl. (22)

3. B (&p41)¢ @ Zep1t) = (0 ® ) E(Fyjp—1 @ Zyj—1) + (@ O T) [E(Zyje—1) @ g
+ T ®¢) [uy @E(Zyp—1)] + T OT) (wp ® ug) + (K; ® Ky) vecBy.
(23)

4. E (i.t+1|t) = d)E(‘%t\t—l) + F’Ltt.

This set of recursions is nevertheless much lighter than equations (52) to (65)
in [20]. Of course the derivatives of the Chandrasekhar equations, equations (46)
to (49) in [20], recalled in Appendix A, are also needed.

To be complete we also need to state PyjoH T and its derivatives. This was
done in [20, Section 5, pp. 225-228] and doesn’t need to be repeated here to save
space. Note that the already complex initializations for E ((9pT1) ® (0p71)),
with Z; defined by (10) and other expressions (most of p. 229) were wrong
and replaced by a still more complex initialization procedure described in [16].
Fortunately, things are much simpler here. Besides By, K1, Y1, X1, and PyjoH T,
and their derivatives with respect to 6, the following initial values are needed.

Because of (18) for t = 1, after projection in the initial state space we have for

12



each subvector of dimension m
€
(5%1|0)i = Z’Yj Wi—j, (24)
j=i
fori=1,...,h,if e > 0 and 0, otherwise, hence

xuo Zﬁ’guz Jr E($1\o®351|0 ZZ Vi @ Vi) (Uimj @ Uug—r),

Jj=ik=g
e

E (8956”0)1. = Z(U%T_j ® Im)89vec'7ja
=i
e e

E [(89531‘0) & 3A31T|0} = ZZ (UiT_j ® Ly ® UgT—k) (80V6C'Yj ® 'Yl;r) )

»9 j*ik*g
E [(Do1)0) ® (Dod1)0)], ZZ u @ Iy @ uy @ Iy) (Dovecy; ® dgvecyy)
Jj=ik=g
for i,g =1,...,h, also if e > 0 and 0 otherwise. Note that ¢ and g are block in-
dices and that the elements of ((Jgvecys), ..., (dgvecye)) ' are related to dpvecl

T
through a commutation matrix ((aevec'yl)T s e (8gvec'ye)T) = Mpmr hmrOgvecl'.

4. A numerical example and a comparison with the E4 Toolbox

In this section some numerical results are displayed for an example. Fur-
thermore, the results are compared to those of E4, a toolbox for Matlab ([37],
[11]), which can be used to evaluate the exact information matrix of general
state space models. Our implementation is available at location
http:\\homepages.ulb.ac.be\ "gmelard\rech\km12prog.zip. It is heavily based on
[29] and [17], which were developed for VARMA models without exogenous

variables.

4.1. The example

The results obtained through the algorithm described in this paper will be
compared with the values of the entries of the asymptotic Fisher information

matrix of a VARMAX process. First the asymptotic case is handled on the basis

13



of [22]. The VARMAX process considered in this example is such that m = 2,

r=3and p=q=s=-e=1. We further assume,
E:IZ andQ:.Tg, (25)

where € denotes the instantaneous covariance matrix of the white noise process
used to generate u, assumed to be independent from w. The parameter vector

configuration is given by 6 = vec(a1, f1,71,72), where

all ol 1o g2 SRR LR
a= 21 22 | b= o1 ga2 |7 T 0 2 .23 |07 1,2
a0 1 1 T
For the numerical illustration, like in [22], we assume
a1 = 0771 = 07’72 = 07 (26)
and specific entries of the matrix polynomial 3(z) with
11 =6/5,51* =1/2, 57" = —(7/5) and f7* = —(1/5). (27)

4.2. The asymptotic Fisher information matrix

A partitioned form of the asymptotic Fisher information matrix is considered
in Appendix B. It is partially based on the theory in [21] and on the example
limited there to the case of the v’s. As a by-product of the present paper, it
appears that the formulas for the mixed blocks involving o and 8 are wrong.
Corrected versions of these blocks are displayed in Appendix B.

The results for the exact information matrix at 8 = (a1, 51,71, v2) are close
to those of the asymptotic information matrix. Note that the results are de-
pendent on the simulated values for u, since our exact information matrix is
conditional on u. More precisely, the blocks for v would not be the same for
another set of simulations whereas those for o and 8 would be the same. Of
course, in practice, the Fisher information matrix is evaluated not at the un-
known true value 6 but rather at the maximum likelihood estimate 8. In that
case, different blocks for o and 8 will be obtained for another series.

For N = 1000000, the results for Jx(f) are given in Appendix C. That

suggests the conjecture of convergence of the exact Fisher information matrix

14



to the asymptotic Fisher information matrix. That property is established by
[18] for VARMA models and should be extended to VARMAX models, at least
under some assumptions. Note also that the asymptotic information matrix
considered here is not conditional, which means that an alternative conditional

definition should be used.

4.8. Comparison with the E4 Toolbox

We have mentioned in the introduction E4, a toolbox for Matlab ([37], [11])
which can evaluate the exact information matrix of general state space models,
and can be specialized to VARMAX models. Note that E4 can be used to esti-
mate the parameters of the models by themselves or in composite formulation,
unconstrained or subject to linear and/or nonlinear constraints on the param-
eters, under standard conditions or in an extended framework that allows for
observation errors, missing data or vector GARCH errors.

For a comparison with E4, we have used the same simulated series as in
the previous subsection but with V = 100. We have then derived the exact
information by using E4 with the several options for econd (ml or maximum
likelihood, iu or exogenous first value, au or exogenous mean, or zero) and vcond
(idejong or based on [4], lyapunov or zero). It appears that for our model (and
perhaps because of the particular configuration of the coefficients), the econd =
auto option is identical to econd = ml, the maximum likelihood estimation of the
initial state vector, and that the results for vcond = idejong and vcond = lyapunov
are identical.

We have first examined the blocks («, ) and (8, ) of the exact information
matrix which were exactly 0. For some combinations of the options of E4, these
blocks are not exactly 0. This is the case for econd = ml or the maximum
likelihood estimation of the initial state vector. Note however that when econd
= ml but vcond = zero (zero initial covariance matrix of the state vector), the
block (8, v) is exactly 0 but not the block («, 7). E4 can also provide an
approximation of the information matrix, the Watson and Engle approximation

[38).

15



We have looked further in Table 1 at the other option combinations of E4
for which the blocks («, v) and (8, ) are exactly zero, by comparing the E4
estimated standard errors (i.e. the square roots of the diagonal elements of
JN'(8)/N) for the 20 parameters to those obtained by our exact method. To

save space, Table 1 contains only the results for a subset of parameters, i.e. ail,

11 and 33, It appears that the results are identical for the parameters a and
B for these option combinations vcond = lyapunov (or vcond = idejong therefore
omitted from the table) and econd = iu or econd = au or econd = zero. For these
parameters, they are not identical to our exact results (denoted by KM in the
tables) when vcond = zero or when econd = ml. The results are not identical for
the parameters 7. On the contrary, the Watson-Engle approximation is bad for
the parameters « and 8 but is nearly as good as the other E4 results for the
parameters 7.

These results lead to the suggestion that, at least when e > 1, which is the
case here, none of the E4 state vector initializations corresponds to (24). In order
to illustrate the differences between the E4 options in a case where they are more
sensitive than in the previous example, we have changed the generation of the
exogenous variables so that the first value is more different from zero and also
from the mean value, in order to increase the difference between the initial state
vector options. As a matter a fact, we have generated the three variables u by a
VAR process with a mean vector different from 0. To emphasize the differences,
we have also reduced the length of the series from 100 to 50. For the reasons
mentioned above, only vcond = lyapunov was considered. As shown in Table 2,
the results are different for the v’s. None of the three options is uniformly better
for the 12 parameters v but econd = iu has the smallest standard deviation than
econd = au or econd = zero. A closer look at the E4 Toolbox manual [37] and
at [3] reveals that they refer to [5] for the deterministic case whereas [3] treats
stochastic but uncorrelated exogenous variables. Apparently an equation like
(24) is not mentioned. Nevertheless, our analysis is largely confirmed by the E4
results, and, likewise, the power of E4, which can handle a larger variety of state

space models (including the case of nonstationary roots) is also emphasized.
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Table 1: For different option combinations of E4 and the method of the paper (KM), results
for the information matrix for the blocks («, ) and (3, ), and for the standard errors of the
parameters a%l, 6111, and 7%3. These results were obtained for simulated time series of 100
observations. Underlined E4 standard errors are identical to our KM results.

Method econd vcond (a, ) (B,7) ail i1 e
E4 ml  lyapunov  £0  Z£0 0.4217 0.4454 0.14579
7ero #0 0 0.4198 0.4431 0.14579
iu lyapunov 0 0 04278 0.4517 0.14490
Z€ero 0 0 0.4265 0.4501 0.14576
au lyapunov 0 0 0.4278 0.4517 0.14574
Zero 0 0 0.4265 0.4501 0.14576
Zero lyapunov 0 0 04278 0.4517 0.14576
7Z€ero 0 0 0.4265 0.4501 0.14576
E4 Watson-Engle ml lyapunov ~ #0 #0 0.3448 0.3611 0.1467
ml 7ero #0 #0  0.3457 0.3616  0.1468
iu lyapunov ~ #0 #0 03506 0.3682 0.1459
au/zero lyapunov = #0 #0 03741 0.3626 0.1470
not ml Zero #0 %0 0.3507 0.3683 0.1468
KM 0 0 0.4278 0.4517 0.14565

5. Conclusion

This paper has established recursions at the matrix level for the exact Fisher
information matrix of a VARMAX stochastic process, conditionally with respect
to exogenous (deterministic or stochastic) variables. It can be seen as a gener-
alization of [20] which was restricted to VARMA processes but the approach is
more useful and also simpler. We could compare our results with E4, a Matlab
Toolbox, which is aimed at estimation of a more general state space model, in-
cluding the evaluation of the gradient and the exact information matrix. Note
that, although the general principle stated by [36] is the same, the expressions
there are not given at the matrix level but at the scalar level, and we could not
find the detailed expressions in the literature, e.g. the papers cited in [11]. Our
results are close to those obtained using E4 but not identical. We have pointed
out the cause of discrepancy, more specifically that (24), the exact initialization
when e > 1, is not supported by E4. For long series we have compared our

results with the asymptotic information matrix, as proposed and illustrated by
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Table 2: For some option combinations of E4 and the method of the paper (KM), results for the
standard errors of the parameters 0/1], ,81‘7, i,j=1,2, 'yi] and 'y;], i=1,2,j=1,2,3. These
results were obtained for simulated time series of 50 observations. Underlined E4 standard
errors are the closest from KM results.

Method econd vcond ait aft al? af?
E4 iu/au/zero lyapunov 0.6108 0.7244 0.5625 0.6672
KM 0.6108 0.7244 0.5625 0.6671
T 71 T2 72
E4 iu/au/zero lyapunov 0.6452 0.7356 0.4555 0.6991
KM 0.6452 0.7356 0.4555 0.6991
A A LA LA W
E4 iu lyapunov  0.0877 0.1053 0.0843 0.1193 0.0594 0.1073
au lyapunov  0.0893 0.1072 0.0849 0.1180 0.0405 0.0573
zero lyapunov  0.0889 0.1052 0.0857 0.1193 0.0569 0.0936
KM 0.0875 0.1085 0.0861 0.1194 0.0613 0.1092
LA G GG oG | A
E4 iu lyapunov  0.1179 0.1554 0.1039 0.1439 0.0547 0.0948
au lyapunov  0.1201 0.1556 0.1021 0.1400 0.0423 0.0599
Z€ro lyapunov  0.1201 0.1544 0.1045 0.1424 0.0529 0.0853
KM 0.1177 0.1532 0.1061 0.1443 0.0554 0.0958

[22]. That comparison leads to the suggestion of a conjecture generalizing [18]
from VARMA to VARMAX models. A first investigation of that conjecture

indicates that it will not be true without additional assumptions.
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107-119.

A. Appendix

First let us recall the notations for the derivatives with respect to vectors
and the needed related rules also used in [20].

Consider a real differentiable (m x n) matrix function X (6) of real (¢ x 1)
vector 6 = (0y,...,0,)7, where m, n and £ are positive integers. Let (m x n)
matrices 0, X = 0pX;; with r = 1,...,¢ be the first order derivatives of X (0)
in partial derivative form with X;; being the element (i,j) of X. Then the
(mn x £) matrix dgvecX (0)is defined.

We further recall the rules also used in [20].

Rule 1. (A® B)(C® D) = AC ® BD, where A € R™*" B € RP*4, C € R"*k,
and D € RI*!,

Rule 2. (A+B)®(C+D)=AC+A®D+B®C+B®D.

Rule 3. (A®B)' =AT @ BT.

Rule 4. (A®B) '=A1'@B1if A~! and B! exist.

Rule 5. Let A € R™*" B € RP*4, then M ,,(A® B)M,,, = B® A,

where the commutation matrix M,, , is defined by M,, , = 222125:1 (& ®5¥)
€ R™™>mr where &; = el (e;f)T, and e} is the i-th unit standard basis column
vector in R™ and e} is the j-th unit standard basis column vector in R". Note
also the properties M;':m = My, and My, = My,1 = I, and taking the
orthogonality into account yields M, ., My, » = Ipyyr.

Before formulating the next rule, we consider the random vectors x € R™ and
y € R™ , jointly distributed with E(z)=p1, E(y) = pe and E {(y — po)(z — )" } =
Q, leads to
Rule 6. E(z ® y) = vecQ) + 1 ® po.

We add
Rule 7. vecABC = (CT ®A) vecB, where A € R™*", B € R"*? and C €
RP*S,
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Computationally, the recursions of the paper are written in the less demand-
ing form. Several times Rules 1 and 5 have been used to put random variables
next to each other to set forth expectations whereas Rule 1 has been avoided
when possible because otherwise the number of operations is increased without
necessity. Indeed, the left hand side of Rule 1 requires mpng + ngkl + mpnqkl
multiplications, generally bigger than what is required by the right hand side
mnk + pgl + mkpl multiplications.

The equation for the general state space, which is a generalization of (19),

is of the form:
E (00 © 0071) = { { M1 (B@T, 1 @ ]01) ® L) Moo } © L} (OgvecH @ dyvecH)
+ {Mm,m [{H}E (a(,g?ﬂt_l ® agt_l) } ® Im} an,g} (OgvecH © 1)
+ HHE (agaﬂt_l ® EI,H)} ® Im] (I, ® dgvecH)
+ (H ® H)E (0pT41—1 @ OpTyj—1)
+ 0070 ® (B (3] 11 ) ® Ln)OgvecH + H E (997, 1))
+ (B (3] 1-1) @ Ln)dgvecH + H E (953y:1) ) © 0070
+ 970 ® Do, (A.1)

where the commutation matrix M, ; is defined in Rule 5.

Finally, the derivatives of the Chandrasekhar equations are considered, using

the rule dA=1 = —A~1 (dA) A~! to obtain
dgvecBy = dgvecBy_1 + [(HY;-1X,_|) ® H] dgvecY;_1 + [(HY;—1) ® (HY;-1)] dgvecX; 1

+ [H @ (HY;_1X;_1)] DpvecY,! ,, (A.2)

dgvecK, = [(B; 'By—1) ® I,)] OgvecK, 1 + [(B; 'HY;—1X,_,Y;[,) ® I,,] Ogveco
+ [B; ' ® Ky—1]| OgvecBy_1 + [(B; "HY,-1X,_ ) ® ¢] dgvecY;_4

B ® (Kt 1Bf 1B )] (99V6CBt

[

ll

+ (B, IHYt 1) ® ¢Yi_1] OpvecXy 4
[( "H) @ (¢Yi—1X¢-1)] gvecY;
-

By' @ (¢Yio1Xe—1Y,L H By )] OgvecB, (A.3)
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OpvecY; = [Ygl ® In] Ogvecd + [I; ® @) OgvecYi_q
— (I, HT) ® 1] dgvecK,

— [Ik & (KtH)] OgvecY;_1, (A.4)

dgvecX, = OgvecX;_1 — [(X, 1V, H" By 'HY; 1) ® I};] OgvecX_q

(X, V[ \H"B;'H) ® X;_1] dgvecY,,

- [
+ (XY, L H B Y @ (X1 Y,L H " B; )] OgvecB,
- [XL, ® (Xe-1Y, L H By ' H)] OpvecY;—4
— Iy ® (X421 Y, L H T By Y HY, )] QgvecX, . (A5)
B. Appendix

We derive the asymptotic information matrix for the example of Section 4.1.

The appropriate matrix polynomials are

1—|—a112 a%Qz 1+6112 %Qz
olz) = 21 22 ’ Blz) = 21, 22
oz 14+ a3%2 1 14 Bz

and

A Al Al a1z, 13 13,
(2) = 21 21 23 23 ' (B.1)
W%z WA R4

Let us consider the partitioned form of the asymptotic information matrix

faa(e) faB(H) -7:047(9)
Fsa(0) Fpp(0) Fsy(0) |- (B.2)
Fra(0)  Frp(0)  Fyy(0)

Taking into consideration that the input u; and the white noise w; are orthogonal

processes leads to the property
Fyp(0) = 0. (B.3)

The numerical example displayed in [22] is such that the authors focus on

some entries of the submatrix F,,(¢), considering the crucial role of the ~y
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parameters in VARMAX processes. The computations are extended here in
order to compute the whole asymptotic information matrix. The partitioned

form of F,.(6) is considered, to obtain

]_-77(9) _ ‘7:7171 (9) ‘F’Yl’m (0) ) (B.4)

]:“/271 (9) ]:7272 (6)
The parametrization of input coefficient matrix y = ((vecy) ", (vec'yg)T)T is

given by vecy; = (v} 7?177}2,7]22,7}3,7323)—'—, j = 1,2. Like in the numerical

i
illustrations proposed in [22], we assume the specific values given by (26) and
(27). The basic assumption that the eigenvalues of the matrix polynomial 3(z)
lie outside the unit circle is fulfilled since the eigenvalues are (5/23) (=5 =% iv/21)
with modulus equal to 1.47442. This assumption is fundamental for evaluating
the appropriate integrals displayed in this paper and in [22], so that the Peterka
and Vidincev [30] algorithm can be implemented. According to [22], with &;; as

defined in Appendix A, Rule 5, the elements of (B.4) can be written

1 _ _ . _\ dz
)iy = 5 § 27T (57 )€ RuEG S (2)27) 2,
|z|=1

where Tr(M) is the trace of a square matrix M, and the subscripts are 4,1 =
1,2,...,mand j,f = 1,2,...,r and the superscripts are d,g = 1,...,e. The
Cauchy integral is counterclockwise, X* is the complex conjugate transpose of
complex matrix X and X ~* is its inverse. The spectral density R,(z) of the
input process u; is an r x r Hermitian matrix. For a definition, see e.g. [2]
and in [22] it is given by the equations (17) and (18) page 679. Given (25),

R, (z) = I5, and we obtain in the example

1,1 1 _ . dZ
(]:’71"/1 (9))171,171 = i Tr (rB 1(2)511511/6 (Z)) ~
|z|=1
__Lj{ 500 z (1 — 152 + 2?) dz
o 2mi (50 + 50z + 2322) (23 + 502 + 5022) 2
|z|=1
= 7.82242.
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We proceed accordingly for the remaining ~ parameters. It yields the fol-

lowing submatrices of (B.4) rounded to 3 decimal places

7.822 2.780 0 0 0 0
2.780 2.500 0 0 0 0
0 0 7.822 2.780 0 0
f’Yl’Yl (9) - -7:'y2'm (0) =
0 0 2.780 2.500 0 0
0 0 0 0 7.822 2.780
0 0 0 0 2.780 2.500
and
—5.495 0.163 0 0 0 0
—3.355 —0.890 0 0 0 0
T 0 0 —5.495 0.163 0 0
]:"/1’)’2 (9) = ]:'72’)/1 (9) =
0 0 —-3.355 —0.890 0 0
0 0 0 0 —5.495 0.163
0 0 0 0 —3.355 —0.890

It can be seen that the submatrices of F,,(6) are block Toeplitz matrices.

11 321 212 22)T
1 1M1 :

The parametrization for the submatrix £ is vec = (8i+, 57",

We have according to [22]

c,s 1 c—s — — % — dZ
FaslO)G0s = 5 P = °T (B @BGZELS (2 L,

e
|z]=1

where ¢,s =0,1,...,q—1and i,5,l, f =1,...,m and when applied to the case
> =I5, and taking c¢,s = 1, it yields

1,1 1 _ . dZ
Fan @ity = 55 § T (BB EG () 2
|z]=1
where the m x m matrix E;; = e"(e]")", where e]* and €] are defined in

Appendix A, Rule 5. The case m = 2, and 4, j, [, f = 1,2, leads to (to 3 decimal
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places)
7.822 2.780 0 0

2.780 2.500 0 0
0 0 7.822 2.780
0 0 2.780 2.500

Fpp(0) =

Let veca; = (ail, a2l ai? a??)T. Now we set forth the general representa-

tion of the entries of the asymptotic Fisher information submatrix Fu(0) which

are computed according to [22], to obtain

(Faa 01 = (FaalO)i s + (Fa (005

where

(Faa(®) flf—zL ?{ T (37 (2) By (DR (o () BB ()87
- (B.5)

and

v ‘%Wﬂf—% }{ T () Bya ()88 (ot (A (25 2
- (B.6)

where k,v = 0,1,...,p — 1 and 4,4,I,f = 1,...,m. Since in the example
~v(z) = 0, (B.5) vanishes, and since a = 0, a(z) = I, the block (a, «) of
the Fisher information matrix given by (B.6) becomes

1 dz

(Faal®))) ) = — 7( Tr (B~ (2) By B(2)B* () B 5 (2) 2,

211 z
[z]=1

giving after computation for 4, 5,1, f = 1,2

7.855  3.648 —8.979 —6.855
3.648  4.588 —0.170 —3.648
—-8.979 —-0.170 25.665  8.979
—6.855 —3.648 8979  7.855

Faald) =

The submatrix associated with «f is now considered. The entries of the
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appropriate Fisher information submatrix are computed according to

(‘Faﬁ(a))i,jl,f = ﬁ ?{ St (_B_l(Z)Eija_l(Z),B(Z)ZEleﬁ—*(Z)E—l) %
- (B.7)
The choice, ¥ = a(z) = I3, combined with k,s =1, m =2 and ¢, 5,1, f = 1,2,
yields
FaslO)los = g § (57 GIBBEGS () L,
|z|=1

giving after computation

—1.229 1.246 2.747 1.678
—2.976 —-1.431 —0.082 0.445
—7.693 —4.697 -8.921 -3.451

0.229 —1.246 —-2.747 —2.678

Fap(0) = F3al0) =

Note that the entries of Fgq(6) are computed according to

S 1 s— - - * —%k —k d
(fﬁa(e))l:ﬁi,j =355 j{ 2R (=271 87N (2) By £8% (2)a (z)Eg (2)) ;Z
|z|=1
(B.8)

The entries of the submatrices F,~(6) and F,,(6) are given by the following
equations when expressed by Cauchy integrals

(]_—a’y(e))k’]g,l = 1 . Zk_gTr (_5_1(Z)Eija_l(Z)W(Z)Ru(Z)gl-l}ﬁ_*(z>2_l) 7

z
|z|=1

(B.9)
and

(FraO)0F, = 2i ]f 9D (-2 () Rl (ot ()ERE () L,

- (B.10)
where the subscripts are £k = 0,....,p—1, g = 1,...;e, 3,5,l = 1,...,m and
f=1,...,r. Note that the aforementioned equations (B.7), (B.8), (B.9) and
(B.10) are corrected with respect to [22]. The property Fo(6) = F./,(0) holds.
When the input matrix polynomial v(z) = 0 then F,-(#) = 0.
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We have generated 1000 observations of u; and wy, using Gaussian deviates
with mean 0 and variance 1 and then obtained y; using (1) with a; =0, 3 = 0,
v2 = 0, and (; as given above. The data are available at http:\\homepages.ulb.ac.be
\ "gmelard\rech\km12data.zip. By using now the method developed in this paper
we have computed the exact information matrix. This model (and also simpler
models) allowed us to check (and sometimes correct) the Matlab program based
on the theory. For these single simulated series of N = 1000 observations, we

obtained for the exact Fisher information

7.678 2.735 0.450 0.084 —0.107 0.014
2.735 2.459 0.205 0.099 —-0.098 —0.055
0.450 0.205 6.608 2.438 0.000 —-0.114
(JN(Q))'Yl'Yl = )
0.084 0.099 2.438 2.324 0.131 0.012
—0.107 —0.098 0.000 0.131 7.481 2.661
—-0.014 -0.055 -—0.114 0.012 2.661 2.383
7.704 2.743 0.479 0.099 —0.100 0.003
2.743 2.462 0.213 0.104 —-0.094 —0.057
0.479 0.213 6.634 2.450 0.015 —0.119
(JN(G))’Yz’m = )
0.099 0.104 2.450 2.330 0.140 0.011
—0.100 —-0.094 0.015 0.140 7.472 2.647

0.003 —-0.057 —0.119 0.011 2.647  2.376

—5.405 0.147 -0.274  0.057 -0.049 -0.107
—-3.286 —0.864 —0.288 —0.117  0.095 0.012
—-0.480 -0.110 —4.401 0.342 0.219 0.160
—-0.221 -0.133 —-2.883 —-0.687  0.013 0.094
0.123 0.021 -0.212 -0.146 —-5.274 0.126
0.076 0.064 —-0.055 —-0.115 -3.140 —-0.793

(INO) v = (IN(O))1,, =
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7.834

3.639
—-8.952 —
—6.835 —

(IN(0))ap = (IN(0)) g =

C. Appendix

For N = 1000000 observations, we obtained for the exact information matrix

7.810
2.775
0.003
0.004
—0.009
—0.012

(JN(G))’Yl’)’l =

7.810
2.775
0.003
0.004
—0.009
—0.012

(JN(Q))'vz'yz =

3.639 —8.952 —6.835
4580 —0.167 —3.639
0.167 25593  8.951
3.639 8951  7.834
~1.227  1.241
—2.970 —1.431
—7.671 —4.685
0.229 —1.242

2.775 0.003
2495 —0.002
—0.002 7.788
0.001 2.770
0.005 0.007
—0.004 0.004
2.775 0.003
2495 —0.002
—0.002  7.788
0.001 2.770
0.005 0.007
—0.004 0.004
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0.004
0.001
2.770
2.494
0.000
0.001

0.004
0.001
2.770
2.494
0.000
0.001

—0.009
0.005
0.007
0.000
7.832
2.784

—0.009
0.005
0.007
0.000
7.832
2.784

, (IN(9))gs =
2.739  1.672
~0.083  0.443
~8.896 —3.440
2739 —2.670

—0.012
—0.004
0.004
0.001
2.784
2.504

—0.012
—0.004
0.004
0.001
2.784
2.504

7.799
2.772
0.005
0.001

2.772
2.493
0.005
0.003

0.005
0.005
7.790
2.766

0.001
0.003
2.766
2.489



and

(IN())yirs = (JN(Q)):er’Yl =
7.855 3.648
3.648 4.588

(JN(Q))OM =
—8.979 —-0.170
—6.855 —3.648

and finally

(IN(0))ap = (IN(0)) jo =
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—5.487 0.162 —0.007 -0.003 0.019
—-3.349 -0.888 —0.003 —0.003 0.004
0.003 0.004 —5.465 0.168 —0.010
—-0.001 0.002 —3.342 -0.885 —0.005
—0.010 -0.013 -0.004 0.000 —5.500
0.00r —0.002 —-0.001 0.002 —3.362
—8.979 —6.855 7.822
—0.170 —3.648 2.780
25.665  8.979 > (wi))es = 0.000
8.979 7.855 0.000
—1.229 1.246  2.747 1.678
—297 —1431 -0.082 0.445
—7.693 —4.697 —-8.921 -—-3.451
0.229 —1.246 —-2.747 —2.678

0.010
0.006
—0.003
—0.004
0.165
—0.893

2.780
2.500
0.000
0.000

0.000
0.000
7.822
2.780

0.000
0.000
2.780
2.500



