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AGGREGATION-BASED ALGEBRAIC MULTILEVEL
PRECONDITIONING∗

YVAN NOTAY†

Abstract. We propose a preconditioning technique that is applicable in a “black box” fashion
to linear systems arising from second order scalar elliptic PDEs discretized by finite differences or
finite elements with nodal basis functions. This technique is based on an algebraic multilevel scheme
with coarsening by aggregation. We introduce a new aggregation method which, for the targeted
class of applications, produces semicoarsening effects whenever desirable, while the number of nodes
is decreased by a factor of about 4 at each level, regardless of the problem at hand. Moreover,
the number of nonzero entries per row in the successive coarse grid matrices remains approximately
constant, ensuring small set up cost and modest memory requirements.

This aggregation technique can be used in an algebraic multigrid (AMG)-like framework, but
better results are obtained with an algebraic multilevel scheme based on a block approximate factor-
ization of the matrix. In this scheme, the block pivot corresponding to fine grid nodes is approximated
by a modified incomplete LU (MILU) factorization. To enhance robustness and avoid any potential
breakdown, the coarsening process is refined by recasting as “coarse” fine grid nodes for which the
corresponding pivot in this MILU factorization would be negative or too small.

Numerical results display the efficiency, the scalability, and the robustness of the resulting pre-
conditioner on a wide set of discrete scalar PDE problems, ranging from the two-dimensional Poisson
equation to three-dimensional convection-diffusion problems with high Reynolds number and strongly
varying convection.
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1. Introduction. We consider large sparse, possibly nonsymmetric, linear sys-
tems

Au = b(1.1)

arising from the discretization of second order scalar elliptic PDEs. To solve such
systems, algebraic multigrid (AMG) and algebraic multilevel methods are now quite
popular [5, 6, 7, 8, 9, 10, 11, 12, 17, 19, 24, 26, 30, 34]. They follow the paradigm
of classical “geometric” multigrid or multilevel methods (e.g., [2, 3, 22, 16, 33]) but
often do not require any information besides the matrix structure and the matrix
entries. They can thus be applied to problems without any particular structure, and,
somewhat sacrificing efficiency on “easy” cases, they aim at achieving robustness on
a large class of problems without need for any specific tuning.

Most of these methods are based on the recursive use of a two-level scheme, and
basically the same two ingredients enter the definition of these two-level schemes.

The first of these ingredients is a partitioning of the unknowns (or nodes) into fine
grid nodes and coarse grid nodes, according to which the system matrix is permuted
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(in general only implicitly) and written in the 2 × 2 block form

A =

(
AFF AFC

ACF ACC

)
.(1.2)

Here and in the following, F corresponds to the F set, i.e., the set of fine grid nodes,
and C to the C set, i.e., the set of coarse grid nodes.

The second ingredient is an “interpolation” matrix JFC that interpolates on the
F set a vector defined on the C set. With this matrix, one associates the prolongation

p =

(
JFC

I

)
(1.3)

and the Galerkin coarse grid matrix

ÂC = pT Ap = ACC + ACF JFC + JT
FC AFC + JT

FC AFF JFC .(1.4)

There are several ways to define these ingredients. Among them, aggregation-
based schemes play a particular role. On the one hand, they are appealing because
they are simple and cheap. Indeed, each fine grid node is then associated with a unique
coarse grid node; that is, JFC has only one nonzero entry per row. It is therefore as
sparse as possible, as is the associated coarse grid matrix ÂC . Consequently, resources
needed to compute and store the preconditioner are guaranteed to be low.

On the other hand, aggregation-based schemes do not in general lead to robust
and scalable performances, except when modified in one way or another, in which case
they lose their original simplicity [8, 32, 34]. However, this observation is essentially
true for schemes that follow the AMG paradigm. In [24], an algebraic multilevel
method based on a block approximate factorization process has been found scalable
and robust while using coarse grid matrices computed by an aggregation rule.

Consider the exact block factorization of the matrix (1.2):

A =

(
I

ACF A−1
FF I

)(
AFF

SA

)(
I A−1

FF AFC

I

)
,(1.5)

where SA = ACC − ACF A−1
FF AFC is the Schur complement. The latter kind of

method, in its basic two-level variant, approximates this factorization with

B =

(
I

ACF P−1
FF I

)(
PFF

S

)(
I P−1

FF AFC

I

)
,(1.6)

where PFF is some approximation to AFF , and S some approximation to SA, for
which one may take the (rescaled) coarse grid matrix ÂC .

Here, we present a method based on these principles, introducing two major
enhancements to the method from [24].

First, the coarsening process considered in [24] was essentially the one from the
standard AMG method [26, 32], with an a posteriori assignment of each fine grid node
to a neighboring coarse grid node. This process therefore inherits the drawbacks of
that approach: sensitivity to the strong/weak coupling threshold and slow coarsening
in case of low connectivity, severe anisotropy, or dominating convection. For instance,
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if the (main part of the) matrix originates from a two-dimensional (2D) five point
or three-dimensional (3D) nine point stencil, the F/C partitioning is essentially a
red-black one, which is not very desirable. Note also that aggressive coarsening, as
one may use with standard AMG [32, section A.7.1.2], is not very convenient in the
context of an aggregation scheme, since the a posteriori assignment of fine grid nodes
is not easy when some of them are not directly connected to any coarse grid node.

Here we develop another approach, in which aggregates are directly formed by
grouping the nodes pairwise. Since the resulting coarsening would be too slow, this
process is repeated once; that is, we form quadruplets by grouping pairwise the pairs
resulting from the first pass; we call this “double pairwise aggregation.” The number
of nodes is then decreased by a factor of about 4 at each level, regardless of whether,
for instance, the underlying PDE is 2D or 3D, with or without anisotropy. On the
other hand, pairs are formed by following the strongest negative coupling. As will be
seen below, this makes the process essentially insensitive to the strong/weak coupling
threshold.

The second enhancement concerns the approximation PFF to AFF . As in [24], we
rely on modified incomplete LU (MILU) factorizations, because they possess all the
desirable properties (see below). However, they are not always well defined for general
matrices. Most often, the latter fact is harmless because the submatrix AFF resulting
from the coarsening process is fairly well conditioned, and (M)ILU factorizations of
well-conditioned matrices tend to be breakdown-free. Nevertheless, there is an obvious
danger in using this approach without safeguard. Here, we introduce a “dynamic”
MILU algorithm that reallocates to the C set the nodes for which the corresponding
pivot in the factorization of AFF would be negative or too small (relative to the
corresponding diagonal entry in AFF ). Note that we are comfortable in doing so
since, on account of the fast coarsening resulting from the double pairwise aggregation
strategy, there is plenty of room for moving nodes from F to C before one gets in
trouble with the coarsening speed or the set-up cost.

To conclude this introduction, we briefly mention some other approaches that can
be followed to build a preconditioner based on a two-level block factorization of the
form (1.6). First, as shown in [25], basically any (algebraic) multigrid-like scheme can
be used to define the F/C partitioning and the coarse grid matrix that approximates
the Schur complement. Here we have proposed an aggregation-based scheme because
we found it simple, cheap, and nevertheless robust.

Alternatively, the approximate Schur complement can be computed in an ILU-like
fashion, that is, formed by incompletely eliminating the fine grid unknowns, using,
for instance, some threshold to drop small entries. This idea is followed in, e.g.,
[28, 30, 31]. In these works, the F/C partitioning is based on finding a (block)
independent set in the matrix graph of A, so that AFF is (block) diagonal. Its inverse
is therefore sparse, allowing us to compute the approximate Schur complement by
applying some dropping rule to SA. Consequently, the method inherits the versatility
and the wide range of applications of ILU-based methods. However, the coarsening
is actually much slower than with our approach. Moreover, the number of nonzero
entries per row tends to increase in the successive coarse grid matrices, and most
often the multilevel reduction has to be stopped before the coarse grid matrix is
sufficiently small to be factorized exactly. The resulting method is then likely to be
not competitive with multigrid-based schemes on very large PDE problems.

The remainder of this paper is organized as follows. In section 2, we introduce
our double pairwise aggregation strategy. Its use in the context of an AMG-like al-
gorithm is briefly discussed in section 3. In section 4, we present the multilevel block
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approximate factorization preconditioner with more details, including a complete de-
scription and discussion of our dynamic MILU factorization algorithm. The results
of numerical experiments are reported in section 5.

2. Double pairwise aggregation.

2.1. Simple pairwise aggregation. There are two ways to define an aggrega-
tion algorithm. One way consists of defining an F/C partitioning and next associating
each F node with a unique C node, so as to form aggregates. The other way consists
of forming these aggregates directly. This is, for instance, the approach followed in
[8, 34]. In these works, the coarse level unknowns are treated as purely algebraic
entities, and no F or C set is defined explicitly. This is possible, however, only with
an AMG-like algorithm. If one wants to use a block two-level preconditioner of the
form (1.6), it is mandatory to further select one C node in each aggregate, the other
nodes forming the F set.

Our aggregation algorithm given below (Algorithm 2.1) forms aggregates directly
by grouping the nodes pairwise. One picks up one unmarked node i at a time, ac-
cording to some priority rule designed so as to favor a regular covering of the matrix
graph (see below). A tentative aggregate is then formed by grouping this node with
the unmarked node with which it is most strongly negative coupled, that is, (one of)
the unmarked node(s) j for which aij is minimal. The strong/weak coupling threshold
β then acts as a filter. That is, essentially as in AMG [32, p. 473], one defines the set
of nodes Si to which i is strongly negative coupled by

Si =

{
j �= i | aij < −β max

aik<0
|aik|

}
,

and the tentative pair is rejected if and only if j �∈ Si. In the latter case the node
i initially picked up forms a singleton, that is, a C node without any associated F
node. Note, however, that this may occur only if all nodes k for which aik is minimal
have already been marked (or do not correspond to a negative coupling because all
couplings in row i are positive). For the kind of applications targeted here, this occurs
only incidentally, for instance near boundaries. In general, the algorithm progresses
smoothly along the direction of strongest negative coupling, and most nodes picked
up are effectively associated with (one of) the neighbor(s) with which they are most
strongly negative coupled. Hence, the strong/weak coupling threshold has only a
slight influence on the coarsening process. This justifies the relatively large size of
the proposed default value in Algorithm 2.1, protecting against unsafe associations
without dramatic impact on the coarsening speed.

Once a pair has been formed, we always put the node initially picked up in F and
its companion in C. This guarantees that each node in F is strongly negative coupled
to the associated node in C, whereas the converse is not necessarily true and is even
usually not true when the matrix is nonsymmetric.

In Algorithm 2.1, we also include an optional check for strongly diagonally dom-
inant rows, for which the corresponding node is put in F without any companion
node in C (that is, the corresponding row in JFC is zero). This guarantees a proper
treatment of finite element matrices in which Dirichlet boundary conditions have been
imposed by adding a big number to the corresponding diagonal elements. More gener-
ally, it is heuristically clear that, when a row is strongly diagonally dominant enough,
a fast reduction of the error at the corresponding node can be obtained without mul-
tilevel enhancement.
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Algorithm 2.1 (pairwise aggregation).

Input: n× n matrix A = (aij);
strong/weak coupling threshold β (default: β = 0.75);
logical parameter CheckDD.

Output: partitioning (F , C) of [1 , n];
subset (aggregates) Gi, i ∈ C, such that Gi ∩ C = {i}

and Gi ∩Gj = ∅ for i �= j.

Definition: for all i: Si =
{
j �= i | aij < −β maxaik<0 |aik|

}
.

Initialization: if (CheckDD): F =
{
i | aii > 3

∑
j �=i |aij |

}
, otherwise: F = ∅;

C = ∅;
U = [1 , n]\F ;
for all i: mi = |

{
j ∈ U | i ∈ Sj

}
|.

Algorithm: while U �= ∅, do
1. select i ∈ U with minimal mi

2. select j ∈ U such that aij = mink∈U aik
3. if j ∈ Si:

3a. C = C ∪ {j}, F = F ∪ {i}, Gj = {i, j}, U = U\{i, j}
3b. update: mk = mk − 1 for k ∈ Si, and mk = mk − 1 for k ∈ Sj

otherwise:
3a′. C = C ∪ {i}, Gi = {i}, U = U\{i}
3b′. update: mk = mk − 1 for k ∈ Si

Eventually we discuss item 1 of Algorithm 2.1. We give priority to the node(s)
i with minimal mi, where mi is the number of unmarked nodes that are strongly
negative coupled to i (that is, mi is the number of sets Sj to which i belongs and that
correspond to an unmarked node j). As stated above, this favors a regular covering
of the matrix graph. Probably other rules could work as well. We consider this one
because we observe that in some nonsymmetric examples, at any stage of the process,
there is at least one node j for which mj = 0. Then, if this node is not selected, it
has many chances to become a singleton, since no unmarked node is strongly negative
coupled to it.

As output of the algorithm, we have, besides the F/C partitioning, also the
aggregates Gj , j ∈ C, that is, the set of F nodes associated with j, plus j itself. The
interpolation matrix JFC may then formally be defined by

∀ i ∈ F , j ∈ C : (JFC)ij =

{
1 if i ∈ Gj ,

0 otherwise,
(2.1)

whereas the prolongation p satisfies

∀ i ∈ [1 , n] , j ∈ C : (p)ij =

{
1 if i ∈ Gj ,

0 otherwise.
(2.2)

However, there is no need to form these matrices explicitly, and the Galerkin coarse
grid matrix (1.4) is more easily computed with

∀ i , j ∈ C :
(
ÂC

)
ij

=
∑
k∈Gi

∑
�∈Gj

ak� .(2.3)
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That is, the entries in the coarse grid matrix are obtained by summing the entries in
A that connect the different aggregates.

2.2. Forming pairs of pairs. Coarsening by simple pairwise aggregation is
relatively slow, which does not favor optimal performance of multilevel methods. A
faster coarsening can be obtained by repeating the process, defining aggregates by
forming pairs of pairs—more precisely, by forming pairs of aggregates from the first
pass, some of which are singletons.

Forming pairs of pairs has already been considered in [8], where a strategy is
proposed that is based on the connectivity pattern in the resulting aggregates. This
favors a coarsening that mimics the geometric coarsening well. However, as is well
known, geometric coarsening is not desirable in all cases, and good algebraic coars-
ening algorithms should, for instance, automatically provide a semicoarsening like
partitioning in the presence of strong anisotropy or dominating convection.

We therefore propose another strategy, based on the repeated use of our pairwise
aggregation algorithm. That is, we compute the coarse grid matrix resulting from a
first application of Algorithm 2.1, and apply this algorithm again to the latter matrix,
forming pairs of C nodes from the first pass, which implicitly define pairs of pairs.
Details are given in Algorithm 2.2 below. For the class of applications considered in
this paper, the resulting aggregates are mostly quadruplets, with some triplets, pairs,
and singletons left. Consequently, the coarsening ratio n/nc (where nc = |C| is the
number of C nodes) is slightly less than 4, regardless of the problem at hand.

On 2D model problems, the procedure mimics geometric coarsening well if the
coefficients are isotropic, whereas strong anisotropy induces a nonstandard semi-
coarsening h → 4h in the direction of strong coupling. We apply the same procedure
in 3D cases as well. On model anisotropic problems, this induces a standard planewise
semicoarsening or an h → 4h linewise semicoarsening, according to the case at hand.
It is more difficult to figure out what comes out in isotropic cases, but the numerical
experiments show that the approach is robust (see section 5 below).

Algorithm 2.2 (double pairwise aggregation).

Input: n× n matrix A = (aij);
strong/weak coupling threshold β (default: β = 0.75);

Ouput: partitioning (F , C) of [1 , n];
subset (aggregates) Gi, i ∈ C, such that Gi ∩ C = {i}

and Gi ∩Gj = ∅ for i �= j.

Algorithm:
1. Apply Algorithm 2.1 to A with threshold β and CheckDD = True.

Output: (F1 , C1) and G
(1)
i , i ∈ C1.

2. Compute the auxiliary matrix A1 = (a
(1)
ij ), i, j ∈ C1, with

a
(1)
ij =

∑
k∈G

(1)
i

∑
�∈G

(1)
j

ak� .

3. Apply Algorithm 2.1 to A1 with threshold to β and CheckDD = False.

Output: (F2 , C2) and G
(2)
i , i ∈ C2.

4. C = C2, F = F1 ∪ F2, Gi = ∪
j∈G

(2)
i
G

(1)
j , i ∈ C.
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Fig. 1. Relative solution cost (total number of flops divided by the number of flops for 1 un-
preconditioned CG iteration) as a function of the inverse of the scaling parameter.

3. Aggregation-based AMG. With the ingredients defined in the preceding
section, it is not difficult to set up an AMG scheme. One needs only to choose a
smoother and a cycling strategy. Since this approach is not central in our work, we
refer to, e.g., [32] for more details.

Indeed, the combined use of AMG with simple aggregation is not advised in
general, as explained in some detail in [32, section A.9]. To summarize in a few
words, consider a model 2D example for which our strategy mimics well the geometric
coarsening. Despite this similarity, two major differences appear between a geometric
and an aggregation-based multigrid scheme. Firstly, the interpolation defined by (2.1)
is zero order accurate, whereas standard geometric multigrid uses (at least) first order
accurate interpolation, as required by the theory [16, sections 3.5 and 6.3.2]. Next,
the coarse grid matrices defined by (2.3) resemble their geometric counterparts but
appear to be badly scaled.

This latter point is best illustrated by the following numerical experiment. We
consider the AMG scheme resulting from the algorithms given in section 2, except
that the coarse grid matrices are rescaled. We use V-cycle and symmetric Gauss–
Seidel smoothing with one pre- and one postsmoothing step at each level; the coarse
grid matrix at the coarsest level is factorized exactly, and the number of levels is fixed
as indicated in section 4.3; the resulting AMG scheme is used as a preconditioner for
the conjugate gradient (CG) method. We consider Problem 3 that is fully described
in section 5. This is a five point approximation of a 2D Laplace-like equation, with
some Neumann boundary conditions and anisotropies and discontinuities of order d,
where d is a parameter; for d = 1, we thus have a model isotropic constant coefficient
problem.

Figure 1 displays the relative solution cost against the inverse of the scaling pa-
rameter, that is, the number by which all coefficients in the successive coarse grid
matrices have been divided. One sees that for the model problem (d = 1), dividing all
coefficients by 2 delivers near-optimal results and scalable performances. This was al-
ready observed in [8]. However, performances deteriorate as d increases, and it seems
better not to scale the coarse grid matrices then. Generally speaking, results appear
sensitive to the scaling parameter, and it is not obvious how to find a rule that could
be applied uniformly.
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Figure 1 also displays the results obtained with our multilevel block approximate
factorization (MBF) preconditioner, considering the method as described in the next
section, except that all coarse grid matrices are uniformly scaled according to the in-
dicated parameter (instead of the more sophisticated default rule (4.4) that is justified
below). On the model problem, this approach is roughly equivalent to aggregation-
based AMG with appropriate scaling. But it appears fairly insensitive to the scaling
parameter and much more robust with respect to anisotropies and discontinuities in
the coefficients of the underlying PDE.

4. Aggregation-based multilevel block factorization. As already stated,
this approach consists of using as a building block a two-level preconditioner of the
form (1.6) with

S = α ÂC ,(4.1)

where ÂC is the coarse grid matrix computed from (2.3) and α some scaling factor.
There are several ways to explain why this may be efficient despite the mitigated

results obtained with AMG. First, applying AMG requires effectively using the inter-
polation (2.1) to transfer information from the coarse grid to the fine grid. With the
block approximate factorization approach, the interpolation is used as only a tool to
build the coarse grid matrix, and plays otherwise no role in the algorithm. Hence, it
does not matter if this interpolation resembles a zero order one, as long as the resulting
coarse grid matrix mimics well those obtained with more sophisticated schemes. More
generally, one may observe that if the F/C partitioning resembles a geometric one
and if the coarse grid matrix mimics well a discretization on the coarse grid, then the
multilevel block approximate factorization preconditioner is close to its “geometric”
counterpart as defined, for instance, in [22], where optimal convergence properties are
proved for the symmetric case (see also [23] for the nonsymmetric case).

Next, as we saw in the preceding section, the main problem with aggregation-
based coarse grid matrices is their bad scaling. We also saw on an example that
this issue is much less critical with multilevel block factorization preconditioning. To
understand why, observe that the eigenvalues of B−1A with B defined by (1.6) are

the same as those of B̃−1Ã, where

Ã =

(
I

−ACF P−1
FF I

)(
AFF AFC

ACF ACC

)(
I −P−1

FF AFC

I

)
and

B̃ =

(
PFF

S

)
.

The scaling of S thus plays exactly the same role as the scaling of one of the diagonal
blocks in a 2 × 2 block-diagonal preconditioning. From a theoretical point of view,
this scaling is near-optimal when, considering both matrices P−1

FF ÃFF and S−1ÃCC ,
the spectrum of the better conditioned one is contained in the spectrum of the worse
conditioned one. In practice, one does not have to expect large variations in the
performances as long as this condition approximately holds. This explains the obser-
vations from Figure 1: on the one hand, it is worthwhile to rescale the coarse grid
matrices, but, on the other hand, results are about the same with any scaling factor
whose inverse lies between 2.5 and 3.5.
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Now, to complete the description of our multilevel block factorization precondi-
tioner, we need to consider the following points: (1) the choice of the approximation
PFF to AFF and the associated refinement of the F/C partitioning; (2) the scaling
factor α for which a rule has still to be provided; (3) the cycling strategy used to turn
the two-level preconditioner based on (1.6) into a multilevel scheme. These points are
discussed in the next three subsections.

4.1. Definition of PF F and refinement of the F/C partitioning. In gen-
eral, AFF as resulting from our coarsening algorithm is fairly well conditioned, and it
is therefore not difficult to set up close easy-to-invert approximations PFF . However,
from the theoretical developments and numerical results in [20, 25], one knows that
PFF may not be any approximation. Roughly speaking, it has to be such that

J̃FC = − P−1
FF AFC(4.2)

also defines a “correct” interpolation for (algebraically) smooth vectors. Without
going into the details, this requirement may be understood from the relation

B−1 =

(
I −P−1

FFAFC

I

)(
P−1
FF

S−1

)(
I

−ACF P−1
FF I

)
=

(
I
0

)
P−1
FF

(
I 0

)
+

(
−P−1

FFAFC

I

)
S−1

(
−ACF P−1

FF I
)
.

This preconditioner acts therefore as an additive two-level scheme, with prolongation
from the coarse variables space defined by

p̃ =

(
−P−1

FFAFC

I

)
.

If A is a symmetric M -matrix with nonnegative row-sum, theoretical and numer-
ical results show that MILU factorizations of AFF possess all the desired properties
[20, 22, 25]. These factorizations are computed so as to satisfy the row-sum criterion

PFF eF = AFF eF ,

where eF =
(
1 . . . 1

)T
. Note that if AFF eF + AFC eC ≈ 0, this rule ensures that

the interpolation (4.2) is a good approximation for the constant vector. This is pre-
cisely the main requirement for a “correct” interpolation for the class of applications
targeted in this paper (that is, second order scalar elliptic PDEs discretized by finite
differences or finite elements with nodal basis functions). We therefore decided to use
MILU factorizations as well for non–M - or nonsymmetric matrices. We stress, how-
ever, that this approach is likely to be insufficient for other classes of problems like,
for instance, coupled systems of PDEs, which are the subject of further investigations.

Now, MILU factorizations are not necessarily well defined if AFF is not an M -
matrix with nonnegative row-sum. Of course, instabilities (small or negative pivots)
are much less likely than when factorizing the whole matrix, since the restriction to
F nodes strengthens the relative weight of the diagonal elements. Nevertheless, as
is, the method is not breakdown-free. More generally, there is no guarantee that the
conditioning of AFF is good enough so that a cheap MILU factorization will deliver
a nice approximation PFF .

This leads us to consider a “dynamic” factorization algorithm that reallocates to
the C set the nodes for which the corresponding pivot would be too small relative
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Algorithm 4.1 (adaptive MILU factorization of AFF ).

Input: n× n matrix A = (aij);
stability threshold γ (default: γ = 3

5 );
partitioning (F , C) of [1 , n] (tentative F/C partitioning),
associated aggregates Gi, i ∈ C;
Boolean matrix (ηij) indicating where fill-in is allowed.

Output: partitioning (F , C) of [1 , n] (final F/C partitioning),
associated aggregates Gi, i ∈ C;
MILU factorization PFF = LFF Q−1

FFUFF of AFF

(where diag(LFF ) = diag(UFF ) = QFF ) such that QFF ≥
γ diag(AFF )(QFF = (qij), LFF = (lij), UFF = (uij)).

Initialization: Repeat = True.

Algorithm:
1. Repeat = False.
2. (re)initialize:

QFF = diag(AFF ), LFF = lower(AFF ), UFF = upper(AFF ).
3. for k = 1, . . . , n, k ∈ F :

if qkk ≥ γ akk:
(eliminate row and column k in AFF according to the
MILU algorithm)
∀ i > k, i ∈ F :

qii = qii − lik uki

qkk

∀ j > k, j ∈ F , j �= i:
if ηij = 0: qii = qii − lik ukj

qkk

if ηij = 1 and j > i: uij = uij − lik ukj

qkk

if ηij = 1 and j < i: lij = lij − lik ukj

qkk

otherwise: F = F\{k}, C = C ∪ {k};
for i ∈ C such that k ∈ Gi: Gi = Gi\{k};
Gk = {k};
Repeat = True.

4. If (Repeat), GoTo 1, possibly decreasing the value of γ.

to the corresponding diagonal element in AFF . The detailed procedure is given in
Algorithm 4.1. In this algorithm, γ is the threshold for this reallocation. That is,
letting PFF = LFF Q−1

FFUFF with diag(LFF ) = diag(UFF ) = QFF be the tentative
MILU factorization of AFF , a node i is reallocated to the C set if and only if (QFF )ii <
γ(AFF )ii.

We iterate on the factorization because removing a posteriori a row and a column
disturbs the relation (PFF eF )i = (AFF eF )i on previously computed rows i. Hence, if
some nodes are moved to F , the factorization has to be recomputed in a second pass.
In principle, during this refactorization, some more nodes may be moved, in which case
a third factorization would be necessary, and so on. To maintain low set-up cost, it is
mandatory to keep small the number of such refactorizations. That is why we suggest
decreasing the threshold γ from one pass to the next (see step 4 of Algorithm 4.1).
There is, of course, some tradeoff here between set-up cost and stability issues. We
could, however, hardly recommend any particular strategy because, in the numerical
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experiments we have performed so far, when some nodes were moved to C during
the first pass, the second factorization always satisfied the stability criterion QFF ≥
γ diag(AFF ) for the value of the threshold γ used during the first pass. Hence, any
possible strategy would anyway accept the F/C partitioning resulting from the first
pass.

We now discuss the proposed default value γ = 3
5 . This may look relatively severe,

but remember that one of the goals is to guarantee the good conditioning of P−1
FFAFF .

In [1, Lemma 10.2] it is proven that, in the symmetric case, if

λmin

(
QFF − ξ

(
AFF − (LFF −QFF ) − (UFF −QFF )

))
≥ 0(4.3)

holds for some ξ > 1
2 , then

λmax

(
P−1
FFAFF

)
≤ 1

2 − ξ−1
,

whereas λmin

(
P−1
FFAFF

)
≥ 1 holds if AFF is an M -matrix.1 If one discards all

fills (that is, if one uses Algorithm 4.1 with ηij = 0 for all i , j), one has AFF −
(LFF − QFF ) − (UFF − QFF ) = diag(AFF ), and condition (4.3) reduces to QFF ≥
ξ diag(AFF ), which is precisely the one targeted by the algorithm with ξ = γ. The
default threshold then ensures λmax

(
P−1
FFAFF

)
≤ 3.

In our experiments we do not allow fill-in, but we accept the update of entries
already nonzero in AFF (that is, we set ηij = 1 ⇐⇒ aij �= 0). Then, it is difficult
to know whether (4.3) still holds for some ξ > 1

2 , and what could be the relationship
between ξ and γ. We nevertheless observe that the proposed default threshold is
efficient to improve the conditioning of P−1

FFAFF , especially in highly nonsymmetric
cases for which there is no supporting theory.

In most cases, this improvement is obtained nearly for free, only a fairly small
amount of nodes being moved from F to C. The effect is more dramatic on some
difficult highly nonsymmetric problems, for which nc was increased by up to 20% at
some coarser levels. Note that we are anyway comfortable in this respect, since, on
account of the fast coarsening resulting from our double pairwise aggregation strategy,
there is plenty of room for moving nodes from F to C before recovering a prohibitively
slow coarsening.

4.2. The scaling factor α. We already saw that coarse grid matrices computed
by the aggregation rule (2.3) are somewhat overweight. We also saw that it is not
necessary to finely tune the scaling parameter α in (4.1). For instance, in light of
Figure 1, taking uniformly α = 1

3 seems enough.
The main goal of this subsection is therefore to report our observation that in

a few cases results tend to be (slightly) improved by taking somewhat larger values
for α. These cases are more precisely those where a significant number of nodes are
moved from F to C by Algorithm 4.1. One should not be surprised at this observation:
considering the formula (2.3), clearly, fewer nodes on average in the aggregates implies
less overweighting. Therefore, instead of applying uniformly α = 1

3 , we propose the

default rule α = 4nC

3n , that is

S =
4nC

3n
ÂC(4.4)

(observe that α = 1
3 when n

nC
= 4).

1λmin(C) and λmax(C) stand for, respectively, the smallest and the largest eigenvalues of C.
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4.3. From two- to multilevel. To apply the two-level preconditioner (1.6),
one needs to solve a system

B v = g(4.5)

at each iteration. This is performed with the following steps:
1. yF = P−1

FF gF ,
2. yC = gC −ACF yF ,
3. solve S vC = yC ,
4. vF = P−1

FF (gF −AFC vC).
A multilevel scheme is obtained when the solution to

S vC = yC(4.6)

at step 3 is computed only approximately, using a preconditioner BS for S that is
defined with the same algorithms and rules as those used to define B. This principle
is then applied recursively until the coarse grid matrix is sufficiently small so that it
is more advantageous to factorize it exactly with some standard software.

The simplest approach consists of using vC = B−1
S yC , leading to a so-called

V-cycle. This is unfortunately not optimal with this kind of preconditioner. We
therefore consider a more sophisticated approach, in which an approximate solution
to (4.6) is computed by running a few steps of a Krylov subspace method with BS

as preconditioner. This idea has already been followed in [24] and traces back to [4].
It is important to recall that the approach is stable, in the sense that a small error
in the solution to (4.6) cannot be amplified and entails a large error in the solution
to (4.5). More precisely, as shown in [24], the residual in (4.5) is the residual in (4.6)
padded with zero for the F entries; in the symmetric case, one has further that the
energy norm of the error is the same in (4.5) and in (4.6).

Concerning the practical details, we made essentially the same choices as in [24].
We review them below, with a few comments.

• Except at the coarsest level, the so defined preconditioner is slightly variable
from step to step. We therefore select Krylov subspace methods explicitly
designed to accommodate variable or “inexact” preconditioning, namely the
flexible CG method [15, 21] in the symmetric case and FGMRES [27, 29]
in the nonsymmetric one. In all cases, the initial approximation is the zero
vector.

• Inner iterations are exited when the residual rC in (4.6) satisfies ‖rC‖ ≤
0.35‖yC‖, or when the number of iterations reaches its maximal value, set
equal to int [nz(A)/nz(S)], where int [·] and nz(·) mean the integer part of and
the number of nonzero entries in, respectively. As discussed in [24], the latter
criterion ensures that the global cost of one application of the preconditioner
is bounded independently of the number of levels; with the choices made for
the coarsening process, this maximal number of iterations is most often equal
to 3.

• The coarse grid matrix is factorized exactly when the estimated cost for this
exact factorization represents less than a fraction of one unpreconditioned
CG iteration for the whole system. This fraction is set equal to 1 in the
symmetric case and 0.2 in the nonsymmetric one (for which the real cost may
be larger than the estimated one, because of the need for pivoting).

• We use the CERFACS implementation of FGMRES [14], whereas the coarse
grid matrices at the coarsest level are factorized using routines of the MA27
and MA28 suites from the HSL archive [18].
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5. Numerical results. We consider the following test problems.
Problem 1 (model 2D anisotropic problem). Linear system resulting from the

five point finite difference approximation of

−ax
∂2u

∂x2
− ay

∂2u

∂y2
= 1 in Ω = (0, 1) × (0, 1)

with constant coefficients ax, ay and boundary conditions{
u = 0 on x = 1 , 0 ≤ y ≤ 1,

∂u
∂n = 0 elsewhere on ∂Ω.

We use a uniform mesh with constant mesh size h in both directions.
Problem 2 (model 2D anisotropic problem, bilinear finite elements). Linear

system resulting from the bilinear finite element approximation of

−ax
∂2u

∂x2
− ay

∂2u

∂y2
= 1 in Ω = (0, 1) × (0, 1)

with constant coefficients ax, ay and homogeneous Dirichlet boundary conditions ev-
erywhere on ∂Ω. We use a uniform mesh with constant mesh size h in both directions.

Problem 3 (2D problem with anisotropy and discontinuity). Linear system
resulting from the five point finite difference approximation of

− ∂

∂x

(
ax

∂u

∂x

)
− ∂

∂y

(
ay

∂u

∂y

)
= f in Ω = (0, 1) × (0, 1)

with boundary conditions{
u = 0 on y = 1 , 0 ≤ x ≤ 1,

∂u
∂n = 0 elsewhere on ∂Ω

and coefficients given by⎧⎪⎪⎨⎪⎪⎩
ax = 1, ay = d, f = 0 in (0.65 , 0.95) × (0.05 , 0.65),
ax = d, ay = 1, f = 0 in (0.25 , 0.45) × (0.25 , 0.45),
ax = d, ay = d, f = 1 in (0.05 , 0.25) × (0.65 , 0.95),
ax = 1, ay = 1, f = 0 elsewhere,

where d is a parameter. We use a uniform mesh with constant mesh size h in both
directions.

Problem 4 (model 3D anisotropic problem). Linear system resulting from the
seven point finite difference approximation of

−ax
∂2u

∂x2
− ay

∂2u

∂y2
− az

∂2u

∂y2
= 1 in Ω = (0, 1) × (0, 1) × (0, 1)

with constant coefficients ax, ay, az and boundary conditions{
u = 0 on x = 1 , 0 ≤ y , z ≤ 1,

∂u
∂n = 0 elsewhere on ∂Ω.

We use a uniform mesh with constant mesh size h in all directions.
Problem 5 (3D problem with discontinuity and local refinement). Linear system

resulting from the seven point finite difference approximation of

− ∂

∂x

(
ax

∂u

∂x

)
− ∂

∂y

(
ay

∂u

∂y

)
− ∂

∂z

(
az

∂u

∂z

)
= f in Ω = (0, 1) × (0, 1) × (0, 1)
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with boundary conditions{
u = 0 on z = 1 , 0 ≤ x , y ≤ 1,

∂u
∂n = 0 elsewhere on ∂Ω

and coefficients given by{
ax = ay = az = d, f = 1 in

(
1
4 ,

3
4

)
×
(

1
4 ,

3
4

)
×
(

1
4 ,

3
4

)
,

ax = ay = az = 1, f = 0 elsewhere,

where d is a parameter. We use either a uniform mesh with constant mesh size h
in all directions or a nonuniform mesh, structurally regular (Cartesian) but refined
near material interfaces, with mesh sizes hx = h(x), hy = h(y), hz = h(z) varying
according to

h(t) =

{
1

400 if 0.2 ≤ t ≤ 0.3 or 0.7 ≤ t ≤ 0.8,
1
25 otherwise

to define a 101×101×101 grid, or half these values to define a 201×201×201 grid.
Problem 6 (2D convection-diffusion equation). Linear system resulting from

the five point finite difference approximation (upwind scheme) of

−ν Δu + v∇u = 0 in Ω = (0, 1) × (0, 1)

with boundary conditions{
u = 1 on y = 1 , 0 ≤ x ≤ 1,
u = 0 elsewhere on ∂Ω

and convective flow given by

v(x , y) =

(
x(1−x)(2 y − 1)
−(2x− 1)y(1−y)

)
;

ν = ∞ corresponds to the Laplace equation (no convection). We use either a uniform
mesh with constant mesh size h in both directions or a stretched mesh, structurally
regular (Cartesian) but refined in the neighborhood of the boundaries, in such a way
that the ratio of maximum mesh size to minimum mesh size is equal to 200, the ratio
of subsequent mesh sizes being kept constant.

Problem 7 (3D convection-diffusion equation). Linear system resulting from
the seven point finite difference approximation (upwind scheme) of

−ν Δu + v∇u = 0 in Ω = (0, 1) × (0, 1) × (0, 1)

with boundary conditions{
u = 1 on z = 1 , 0 ≤ x , y ≤ 1,
u = 0 elsewhere on ∂Ω

and convective flow given by

v(x , y , z) =

⎛⎝ 2x(1−x)(2 y − 1)z
−(2x− 1)y(1−y)

−(2x− 1)(2 y − 1)z(1−z)

⎞⎠ ;
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Without dynamic MILU
First coarse grid Second coarse grid

nc = 3794, n
nc

= 3.83, nz
nc

= 5.46 nc = 1025, n
nc

= 14.2, nz
nc

= 6.02

With dynamic MILU
First coarse grid Second coarse grid

nc = 3852, n
nc

= 3.77, nz
nc

= 5.46 nc = 1124, n
nc

= 12.9, nz
nc

= 5.94

Fig. 2. Coarsening for Problem 3 with d = 100 and h−1 = 120 (n = 14520; nz
n

= 4.96, where
nz stands for the number of nonzero entries).

ν = ∞ corresponds to the Laplace equation (no convection). We use either a uniform
mesh with constant mesh size h in all directions or a stretched mesh, structurally
regular (Cartesian) but refined in the neighborhood of the boundaries, in such a way
that the ratio of maximum mesh size to minimum mesh size is equal to 200, the ratio
of subsequent mesh sizes being kept constant.

We first illustrate the behavior of our aggregation scheme. In this respect,
the most interesting symmetric problem is perhaps Problem 3. For d = 100 and
h−1 = 120, the rules given in section 4.3 entail that there are only three levels, the
second coarse grid being already sufficiently small to be factorized exactly. Figure 2
displays these first two coarse grids (displaying the fine grid would be uninteresting
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Convective flow First coarse grid

nc = 3581, n
nc

= 3.96, nz
nc

= 5.68

Second coarse grid Third coarse grid

nc = 995, n
nc

= 14.2, nz
nc

= 6.58 nc = 328, n
nc

= 43.2, nz
nc

= 6.92

Fig. 3. Coarsening with dynamic MILU for Problem 6 with ν = 10−4 and a uniform 121×121
grid (n = 14161; nz

n
= 4.96, where nz stands for the number of nonzero entries).

because it is uniform). On the top we illustrate our coarsening without dynamic
MILU (Algorithm 2.2 alone), whereas the bottom figures correspond to the combined
use of Algorithms 2.2 and 4.1. For clarity, the zones in which either ax �= 1 or ay �= 1
or both have been slightly shadowed (in green with color display). One sees the semi-
coarsening h → 4h in the anisotropic zones, and one may check that the refinement
of the F/C partitioning by dynamic MILU has only a marginal impact on the num-
ber of nodes in the coarse grids. Nevertheless, it not only guarantees the quality
of the MILU factorization of AFF , but seems also to improve the regularity of the
coarsening. This suggests that it could be useful in other contexts as well, offering,
for instance, a cheap alternative to the iterative improvement of the coarsening by
so-called compatible relaxation [9, 13].
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Table 1

Results for Problem 1.

h−1 = 600 h−1 = 1200
ax ay

n
nc

inner iter. sol. n
nc

inner iter. sol.

Geometric multigrid

1 1 3.99 1.00 9 28.3 4.00 1.00 9 28.5

Aggregation-based algebraic multilevel

1 1 3.99 1.94 18 63.3 4.00 2.00 19 70.3
1 2 3.98 1.95 19 63.0 3.99 1.95 20 68.4
1 4 3.97 2.10 20 70.6 3.98 2.10 21 76.2
1 10 3.95 2.05 22 72.1 3.98 2.10 21 70.7
1 102 3.95 2.00 22 69.0 3.98 2.06 18 58.9
1 104 3.95 1.94 18 54.9 3.98 1.89 18 55.4

Table 2

Results for Problem 2.

h−1 = 600 h−1 = 1200
ax ay

n
nc

inner iter. sol. n
nc

inner iter. sol.

1 1 3.99 1.94 17 55.2 3.99 1.94 17 56.4
1 2 3.99 2.20 15 54.0 4.00 2.20 15 55.6
1 4 3.99 2.11 19 68.9 4.00 2.05 20 72.2
1 10 3.99 2.00 20 68.5 4.00 2.05 20 74.2
1 102 3.99 1.95 20 69.1 4.00 1.75 24 80.0
1 104 3.99 1.75 20 65.5 4.00 1.83 18 60.3

We also illustrate the coarsening on the unsymmetric Problem 6 with ν = 10−4

and a uniform 121 × 121 grid. Here, four levels and thus three coarse grids are
necessary. (As already written in section 4.3, we have to use a more strict rule in the
nonsymmetric case because of the need for pivoting.) We show these coarse grids in
Figure 3, displaying only those obtained with dynamic MILU because there is nothing
new to learn from those obtained without this enhancement. We also graphically
represent the magnitude and the direction of the convective flow v. This allows us
to see that semicoarsening effects appear in the regions where the flow is largest in
magnitude and aligned with the grid lines.

We now assess the performances of our multilevel preconditioner. All problems
were solved by the flexible CG method [15, 21] (Problems 1–5) or FGMRES [27, 29]
with restart parameter set equal to 10 (Problems 6–7). The initial approximation was
the zero vector, and the stopping criterion was a decrease of the relative residual error
by 10−6. In all cases, we used the algebraic multilevel preconditioner, as described in
section 4, based on the aggregation procedure given in section 2. All parameters were
set to their default value.

The results are reported in Tables 1–7. In these tables, n/nC is the coarsening
ratio at the first level, inner the mean number of inner iterations to (approximately)
solve the coarse grid system on this first level, iter. the number of (outer) iterations
to solve the system, and sol. the solution cost (number of floating point operations),
relative to the cost of 1 unpreconditioned CG iteration. To have a more precise idea
of this relative efficiency, we also solved the model Problem 1 with ax = ay = 1 using
a standard geometric multigrid scheme accelerated by CG (bilinear interpolation, one
pre- and one postdamped Jacobi smoothing step with ω = 0.5, V-cycle).
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Table 3

Results for Problem 3.

h−1 = 600 h−1 = 1200
d n

nc
inner iter. sol. n

nc
inner iter. sol.

1 3.99 1.76 21 67.1 4.00 1.76 21 68.8
2 3.97 2.00 20 69.8 3.99 2.00 23 82.9
4 3.96 2.04 24 84.1 3.98 2.00 25 90.3

10 3.95 2.04 24 84.2 3.98 2.04 26 94.0
102 3.95 2.04 24 82.5 3.98 2.00 26 90.6
104 3.95 1.96 26 88.0 3.98 2.04 27 95.6
106 3.95 2.15 26 92.2 3.98 2.00 31 107.9

Table 4

Results for Problem 4.

h−1 = 100 h−1 = 200
ax ay az

n
nc

inner iter. sol. n
nc

inner iter. sol.

1 1 1 4.00 2.00 19 91.0 4.00 2.00 19 93.8
1 4 1 4.00 2.00 19 91.0 4.00 2.00 19 93.8
1 4 2 3.90 2.16 19 88.8 3.95 2.37 19 95.1
1 4 4 3.93 2.06 17 73.0 3.96 2.06 18 79.0
1 16 1 3.74 2.05 20 80.6 3.87 2.05 20 91.3
1 16 4 3.81 2.16 19 85.5 3.90 2.26 19 93.7
1 16 16 3.92 2.13 16 72.6 3.96 2.18 17 78.7
1 102 1 3.74 2.05 19 74.2 3.87 1.78 27 110.2
1 102 10 3.74 2.11 19 87.3 3.87 2.10 21 88.2
1 102 102 3.92 2.12 17 74.0 3.96 2.19 16 72.8
1 104 1 3.74 2.00 15 59.0 3.87 2.29 14 62.2
1 104 102 3.74 2.06 17 69.2 3.87 1.95 21 89.6
1 104 104 3.92 2.06 17 72.1 3.96 2.06 17 74.2

Table 5

Results for Problem 5.

101 × 101 × 101 grid 201 × 201 × 201 grid
d n

nc
inner iter. sol. n

nc
inner iter. sol.

Uniform mesh

1 4.00 2.05 19 85.0 4.00 2.10 20 94.4
4 4.00 2.05 21 96.8 4.00 2.00 22 105.8

10 4.00 2.05 21 97.1 4.00 2.05 21 104.5
102 4.00 2.05 22 104.8 4.00 2.05 22 108.3
104 4.00 2.09 22 104.9 4.00 2.05 22 109.3
106 4.00 2.09 22 106.5 4.00 2.04 23 113.7

Nonuniform mesh

1 3.93 2.05 22 100.3 3.97 2.04 24 105.2
2 3.89 2.04 23 107.4 3.95 1.96 26 115.0
4 3.90 2.05 22 103.1 3.95 2.04 24 111.4

10 3.89 2.05 22 103.8 3.95 2.04 24 111.7
102 3.89 2.04 23 106.0 3.95 2.04 24 110.4
104 3.89 2.04 23 108.1 3.95 2.08 25 118.4
106 3.89 2.04 23 108.3 3.95 2.13 24 112.9
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Table 6

Results for Problem 6.

601 × 601 grid 1201 × 1201 grid
ν n

nc
inner iter. sol. n

nc
inner iter. sol.

Uniform mesh

∞ 3.99 1.85 13 61.7 4.00 1.85 13 61.9
1 3.96 2.00 15 71.6 3.85 2.00 17 87.0

10−1 3.99 2.00 15 69.8 3.99 1.87 15 67.1
10−2 3.98 2.00 17 87.4 3.96 2.00 18 89.0
10−4 3.94 2.81 21 149.7 3.93 2.90 21 176.3
10−6 3.99 2.83 23 158.3 4.00 2.87 23 178.0

Stretched mesh

∞ 3.98 1.89 18 78.6 3.98 1.89 18 79.9
1 3.98 1.88 16 68.4 3.98 1.89 18 79.9

10−1 3.98 1.94 17 74.0 3.98 1.89 18 79.8
10−2 3.97 2.00 17 76.2 3.99 1.89 18 80.4
10−4 3.79 2.40 25 130.0 3.83 2.71 24 138.4
10−6 3.41 1.97 29 157.8 3.61 2.85 27 180.8

Table 7

Results for Problem 7.

101 × 101 × 101 grid 201 × 201 × 201 grid
ν n

nc
inner iter. sol. n

nc
inner iter. sol.

Uniform mesh

∞ 4.00 2.00 15 79.6 4.00 2.00 15 82.0
1 3.76 2.00 17 109.7 3.81 2.00 17 108.3

10−1 3.80 2.00 16 99.4 3.81 2.00 17 111.2
10−2 3.75 2.00 18 119.7 3.84 1.94 18 111.7
10−4 3.93 2.00 21 136.9 3.93 2.00 21 136.8
10−6 3.93 2.00 26 167.2 3.96 2.00 30 203.0

Stretched mesh

∞ 3.91 1.94 16 79.3 3.94 1.88 17 85.8
1 3.91 1.94 16 80.0 3.94 1.88 17 85.8

10−1 3.91 2.00 16 79.2 3.94 1.88 17 85.7
10−2 3.92 1.65 20 95.5 3.95 1.94 17 85.3
10−4 3.46 1.81 21 117.1 3.64 1.87 23 125.8
10−6 3.64 2.00 27 171.0 3.28 2.00 27 186.3

One sees that our method is about 2.5 times slower than a well-tuned geometric
multigrid method on a model 2D problem. This is, however, compensated by a great
robustness. The different test problems feature several difficulties: strong anisotropies,
sometimes with varying direction; large jumps in the PDE coefficients; anisotropy in-
duced by nonuniform grids; large positive off-diagonal entries induced by the bilinear
finite element approximation of an anisotropic problem (and the associated difficulty
in detecting the right direction of strong coupling); highly nonsymmetric matrices
without any regular pattern because they originate from a convective flow that is
varying both in magnitude and direction. Despite this, the tables look rather simi-
lar, with about the same coarsening ratios and numbers of inner or outer iterations,
whereas, except for the convection-diffusion problems with extremely low viscosity,



AGGREGATION-BASED MULTILEVEL PRECONDITIONING 1017

the relative solution cost is never larger than 1.7 times that for the model 2D problem.

Acknowledgments. I thank the referees for their careful reading and helpful
suggestions.
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