Algorithm Survival Analysis

Matteo Gagliolo and Catherine Legrand

Abstract Algorithm selection is typically based on models of algumit perfor-
mance, learned during a separatiline training sequence, which can be pro-
hibitively expensive. In recent work, we adoptedatineapproach, in which mod-
els of the runtime distributions of the available algorithane iteratively updated and
used to guide the allocation of computational resourcedigvgolving a sequence
of problem instances. The models are estimated using slianalysis techniques,
which allow to reduce computation time, censoring the mas of the slower al-
gorithms. Here, we review the statistical aspects of oumenselection method,
discussing the bias induced in the RTD models by the connetif different algo-
rithms on the same problem instances.

1 Introduction

This chapter is focused on modeling the performance of dhgos for solving
searchor decisionproblems [(Hoos and Bizle, 2004). In this broad category of
problems, which includes satisfiability (SAT Gent and Walk$99), and constraint
satisfaction in genera]@dgjb%), there is no qualiyasare associated with
a solution candidate, but only a binary criterion for digtiishing a solution: each
problem instance may be characterized by zero, one, or roargms.
In the more generalptimisationproblem, each solution is characterized by one

or more scalar values, indicating its quality. While we doexqlicitly consider this
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category here, note that an optimisation problem can be ethfapa decision prob-
lem if a target solution quality can be set in advance: in iade, the corresponding
decision problem consists in finding a solution with the degbguality level.

From a computer scientist’s point of view, an algorithm ishirog but a piece of
software, being executed on a particular machine. In thiseséts performance may
be related to the use of various resources (memory, bantvétit.), but the most
widely used is definitely the CPU time spentyontime and performance modeling
is usually aimed at describing and predicting this value.

Consider then a randomized algorithm solving a given probiestance, and
halting as soon as a feasible solution is found, or the igst@proved unsolvable.
The runtime of the algorithm can be viewed as a random vajathich is fully de-
scribed by its distribution, commonly referred to as thetime distributiogRTD)
in literature about algorithm performance modeling (seg ,
2004).

Fortunately for us, we do not have to solve this performanadating task from
scratch. There is already a large corpus of research detotetwhdeling the ran-
dom occurrence of events in tingurvival analysigKlein and Moeschberger, 2003;
Collet,|2008] Machin et al, 2006) is an important field of istits, with applica-
tions in many areas such as medicine, biology, finance, tdobw, etc. Researchers
in medicine will typically be interested in time to death iflae the name), but the
analysis otime-to-eventlata in general occurs in other fields, and other terms may
be used to describe the same thing. For example, engineafslimpthe duration
of a device speak dhilure analysis or reliability theory | 1982). Actuaries
setting premiums for insurance companies use the éetoarial science

The rest of the chapter is organized as follows. Selionr@dinices the notions of
survival analysis that can be of use when modeling runtireidutions. Sectiohl3
describes the statistical aspects of our approach to #igoselection (AMBLE TA
Gagliolo and Schmidhuber, 2006b, 2008a), focusing on ths tiitroduced in the
models by the use of algorithm portfolios to sample the matdistributions. Sec-
tion[4 illustrates the presented concepts in a simple exarial setting. Sectidd 5
references related work, and Sectidn 6 concludes the ahdisteussing ongoing
research.

2 Modeling Runtime Distributions

In this section, we briefly review the basic concepts fronvisat analysis, and
discuss their application to algorithm performance maodgli
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2.1 Basic Quantities and Concepts

LetT € [0,) be a random variable representing the time from a well-defomigin
to the occurrence of a specific event: in our caseruhémeof an algorithm, defined
as the interval between its starting time and its haltingtinegardless of whether
the algorithm halts because it found a solution, or becauseved that there are
none.

An important distinction has to be made between the RTD ohdamized al-
gorithm on a given problem instance, which can be sampledhyng the instance
repeatedly, each time initializing the algorithm with afelient random seed; and
the RTD of a randomized (or deterministic) algorithm on adaféhstances, which
can be sampled by running the algorithm repeatedly, eaahgitving a randomly
chosen instance. In the first case, the random aspects areimtto the algorithm.
In the second, an additional random aspect is involved wieking the instance;
another random process may be responsible of generatimsthaces in the set. In
the following we will refer to these two distributions as tR&D of the instancand
the RTD of the setrespectively; when no distinction is made, the concepbsad
are valid in both cases.

A runtime distribution, as any other distribution, can beatéed by itcumula-
tive distributionfunction (CDF),

F(t) - Pr{T < t}v F: [0700) - [07 1]a 1)

which is an increasing function of time, representing trabpbility that the algo-
rithm halts within a timeé. Another commonly used representation isghabability
densityfunction (pdf), defined as the derivative of the CDF:

f(t)= dziit). 2)

Integrating the pdf obviously gives us back the CDF:

F(t):./otf(r)dr. 3)

Time-to-event distributions are often described in terfrthesurvivalfunction

S(t) =1—F(t), 4)

which owes its name to the medical application of this braotistatistics, and
represents, in our case, the probability that the algorigithbe still running at
timet.

Another important concept in survival analysis is tezardfunctionh(t), quan-
tifying the instantaneous probability of the event of iet&roccurring at timg given
that it was not observed earlier:
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o PH{t<T<t+At[T>t) . Pt<T<t+At}  f(1)
h(t) = jim, At =AM aters sy O

wheref(t)/S(t) = f(t| T >1) is the pdf conditioned on the fact that the algorithm
is still running at time.

The integral of[(b) is termedumulativehazard, and has the following relation-
ship with the survival function:

H(t):/oth(r)dr: Ot dSF((Tg) — _Inst), )
or, conversely,
S(t) = exp(—H(t)). (7

The expected value of runtime, expected runtimecan be evaluated as

E{T) = /Omtf(t)dt: /OltdF(t). @)

A quantile t; of the RTD is defined as the time at which the probabffiy) of
the event reaches a valaec [0, 1], and can be evaluated solving the equation:
ty =F (a). (9)

A difference between the typical event of interest in suavi@nalysis, death,
and problem solution, is that the latter does not necegdaaite to happen, as in
general there is no guarantee that an algorithm will halgtivar finding a solution,
or proving unsolvability of the instance at hand. This dituracan characterize the
behavior of an algorithm either on a single instance, if Hbthe runs halt, or on
a set of instances, if the algorithm does not always halt deast one of them. In
both cases, the performance of the algorithm can be deddripanimproperRTD,
whereF () is strictly smaller than unity, and represents the prolitgof halting.
The integral of an improper pdf ovéd, «) does not sum to one:

PH{T < w0} = F (o) = / f(t)dt < 1, (10)
0
the pdf for a successful run is
f(t|T<oo):Ffﬂ (11)

and the expected runtimeds as:
E{T} =PH{T <oo}E{T|T <o} +P{T =}E{T |T =0} (12)
:F(oo)/omtf(t|T<00)dt+[1—F(00)]oo:oo, (13)

while quantileg, are finite ifa < F (), infinite otherwise.
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2.2 Censoring

The specific feature that makes survival analysis diffefiemh classical statistical
analysis iddata censoringwhich refers to a situation in which the exact time of the
event of interest is not known, but is known to lie in some §ildy open) interval.
For example, in a medical research analyzing survival akptg with a particular
disease, some patient may still be alive at the time of perify the analysis of
the data. The only information available about one of thedgests is that she has
survived up to a certain time, which constitutes a lower labom her survival time.
Such incomplete observation of the event time is catkautsorinE.

Different types of censoring exist. type | censoring, the event is observed only
if it occurs before a prespecified censoring time, which aadifferent for each ob-
servationType llcensoring occurs when we keep collecting data until a poefepe
number of events has been observed. Quite often, these p&s tf censoring will
result from experimenter’s decisions aimed at reducingdilration of an experi-
ment. Coming back to our medical example, one could deciétdltaw the patients
for a predetermined period of time: all patients still alatethe end of this prede-
termined period will have a censored survival time. In tlase; the duration of the
experiment is fixed, while the number of observed deaths @dam variable. As
an alternative, one could decide to end the experiment as @®a predetermined
number of deaths have been observed, the other patiertirids being censored
at the time the experiment ends. In this case, the numbersefreéd events is fixed,
while the duration of the experiment is a random variableothrer situations, the
censoring mechanism is not controlled by the experimeifités occurs quite fre-
guently in medical applications, for example when patiemts“lost to follow-up”
in the course of the study (i.e. they stop participating)in it

In any case, one has to be very careful with discarding indetmmlata as this
canresultin an extremely biased model. Appropriate tephes have therefore been
developed to take these censored observations into acesumé will see in the next
subsection.

1 More preciselyyight censoring. One also speaks abiierval censoringwe only know that
the event occurred in between two time points without knowwhgn) andeft censoringwe only
know that the event occurred before a certain time). Righs@eng is the most common, and is
the only one we will consider here.
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2.3 Edtimation in Survival Analysis

In this section we consider the problem of estimating theigalk distribution of an
event, and modeling the impact of covariates on survivattibased on experimen-
tal data.

A sample of censored survival data is usually representedsas of realizations
D ={(t1,c1),...,(tn,Cn)} Of @ pair of random variable@l,C), generated from an-
other pair oflatentrandom variables, the time to the actual evéitand the time
to censoringlc. For each realization in the sample, only the minimum of ¢htes
variablesT = min{Te, T} is observed, along with thevent indicator C=1(Te < T¢),
which is 1 if the event of interest was observed, 0 if it wassoead. Most estimation
techniques require the time to evdatand the time to censoringg to be statistically
independentyninformativecensoring).

Methods for estimating a distribution can be broadly cfessias parametric or
non-parametric. In parametric methods, a parametric foimdés assumed to rep-
resent the time-to-event distribution. In non-parametrgthods, no assumption is
made on the distribution, and estimates are based solelyeonitserved data.

2.3.1 Parametric M ethods

In this class of methods, a functidiit; 8) is assumed to represent the pdf of the
runtimet. Several distributions are used to model survival times,daty. expo-
nential, Weibull, lognormal, etc. The choice of a particuigstribution is clearly
a delicate issue, and should be based on empirical evidgnaghical diagnostic
tests are available to evaluate a parametric model (Kled hberge| 3,
Chapter 12).

The paramete@ is estimated based on the data. Various approaches canbe fol
lowed in this sense, usually based on the concept dikbEhood of the parameter
in light of the data, that isl.(8;D) = Pr{D | 8}. In a frequentistcontext, maxi-
mum likelihoodmethods estimate the parameter to be the one that maxinhiees t
likelihood. In Bayesianapproaches, the parameter value is assumed to be drawn
from aprior distribution P{ 8}, and inference is based on thesteriorprobability
Pr{@6|D} OPr{D | 6} Pr{8}, either considering its mode as point estimaté pbr
evaluatingcredible intervalsbased on the posteriar (Bishop, 1995; Mackay, 2002).
As both approaches require computing the likelihood, inftlewing we illustrate
how this can be done in the case of censored survival datin(Kiel Moeschberger,
2003).

If g(.) andG(.) are respectively the pdf and the CDF of the censoring tinmes, t
contribution of a non-censored observatiginc; = 1) to the likelihood is

L(8:t;,G = 1) = (1— G(t)) (t: 8), (14)

while the contribution of a censored observatignc; = 0) is



Algorithm Survival Analysis 7
L(8;ti,ci=0)=(1-F(t;0))g(t). (15)

A sample of sizen will be a combination of censored and non-censored observa-
tions, and, assuming independence amongtiealizations of T,C), the likelihood
will be given by

n

L(6;D) = |_|[(1— G(ti)) f (t; 8)]%[(1— F(t:; 8))g(ti)]* 4. (16)

If we assume independent censorihg (Lianglet al, 1995; Miemnd Harringtdn,

11991), the factor$1l — G(t)) andg(t;) are not informative for the inference on the
parameters and can be removed from the likelihood, whichteambe written

L(6;D) O Iﬂlf(ti; 0)% (1—F(t;0))¢. (17)

When the proposed parametric distribution for runtimes fgajriate, paramet-
ric inference is more efficient than non-parame@h), meaning that the
resulting model will converge faster to the underlying wligttion as the sample in-
creases. Conversely, the use of a parametric function vaaek not fit the data well
can produce an inefficient model.

2.3.2 Non-parametric Methods

If there is no censored data, a simple non-parametric estiofahe survival func-
tion can be obtained based on the empirical estimate of the CD

Bit)= --Ztl (18)

n

wheret; < tp < ... <t are the ordered survival times observed.

In the presence of censoring, the most commonly used nangric estimator
of the survival function is the product-limit estimate posed by Kaplan and Meyer
@). This method is based on the idea of estimating thartleat each timé
in the sample as the portion of patients still alive, or “akti(in our case: the
algorithms still running), experiencing an event at thisdipoint:

- Zi:tj:ti,cj':ll . 9

h(t; =,
(I) Zi:tjzti 1 N

(19)
wherec; is the event indicator; is then the number of events observed at time
ti, andn; is the number of observations still at risk at tirpeAn estimate of the

survival function based o (1L9) is given by theduct limitestimator, also known
as Kaplan-Meier (KM) estimator:
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N . dj
St) =i:li_|§t(1—h(ti)) :i:li_glt(l_ﬁi)’ (20)
from which one can estimate the CDF as
F(t)=1—§t). (21)
The cumulative hazard can be obtained frén (20) using thewolg relation:
H(t) = ~log(S(t)), (22)
or based directly oi{19), as proposed by Nelson (1972):/AdI878):
H(t) = g (23)
id=t N

The two estimators are similar for large sample sizes.

In this and other nonparametric methoBist), §t), H(t) are “stepwise” func-
tions, that change their value only at uncensored obsen&ft; | ¢, = 1}, and are
defined until the largest one; if the largest observatiois censored, the resulting
estimater (tn) will be < 1. The hazard estimatgt) (I9) is discrete, defined only at
the event timegt; } in the sampléD. In order to obtain meaningful predictions also
fort ¢ {t;}, hazard estimates can bmoothedWang/2005).

A review of nonparametric estimation for censored survietia in a Bayesian

framework can be found i (Ibrahim et al, 2001).

2.3.3 Regression Models

If additional information is available about each obsdapmtin the form of some
covariatesor featuresx € RY, it may be of interest to investigate its relationship
with the time to event. This can be done estimating a conthitimodel, oregres-
sionmodel, of the survival distributio§(t | x) or, as quite often done, of the baseline
hazardh(t | x). In our case, consider again the RTD of a set of instancesthend
RTDs of each instance in the set, which will in general besdéfht from the RTD of
the set. When performing algorithm selection, with the aimeafucing runtime, it
is clearly not advisable to model the RTD of each instancthiasvould require ob-
taining multiple runtimes for each instance. As we expedilar instances to have
similar RTDs, we could instead identify features of the peabinstance that can be
related to the runtime of the algorithm, in order to recowameates that are closer
to the actual RTD of each instance. In another situation,roigdt want to study
the impact of the various parameters of an algorithm on itéime distribution: in
this case a sample could be formed using different valugsegbarameters, and the
parameters could be used as covariates.

A parametric regression model can be based on & fidf8) in which the pa-
rameter is itself a parametric function of the covarifle; B) (see, e.gmp,
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11995, par 6.4): for example, an exponential distributfdt; ) = 8 exp(—6t) can
be cascaded with a linear mod#(ix; B) = B - x, obtaining a parametric conditional
model:

f(t[xB) = 6(x;B)exp(—6(x; B)t) = (B-x)exp(—B -X). (24)

Various other parametric models have been proposed to stedgependency
between covariates and the survival time. Several of thedeifribis dependency via
the hazard or the cumulative hazard function, and the mgsilpoone is probably
the proportional hazardsnodel, or Cox mode@k.__lQVZ):

h(t [ x) = ho(t) exp(B - x) (25)

In this model it is assumed that the covariates act multifiely on a baseline
hazardhy(t): if this is left unspecified [{25) is termedsami-parametrienodel. With
such a model, the ratio of hazards of two observations igieddent of time, and is
determined by the corresponding covariates. Among otleenit3parametric mod-
els, one can cite the additive risk model (Klein and Moesajie 2008, Chapter
10), in which the covariates act additively on the hazardfionm; and the acceler-
ated failure time model (Cox and Oakes, 1984), in which thedates are related
to the logarithm of survival times.

Only limited work has been done on fully non-parametric esgion models (see
reviews byl Keilegom etlal, 2001 Spierdijk, 2005). BeranglPand later works
(e.g. Akritas) 1994; Wichert and Wilke, 2005) are based enidea of estimating
a conditional hazard function, as 0 {19), but with 1 repthbg akernelfunction
K(x,y) : R4 x RY — [0,) representing a similarity measure in covariate space: a
prediction of the hazard at timefor an individual with covariate is given by

F](t | X) _ Z|:ti:t,ci:1K(val). (26)
¥ it >t KX, Xj)

In all these conditional models, the covariates are cohstegr time. In some
situations, it might be interesting to model the effect ofartates which vary over
time. In our casegdynamicinformation about the algorithm could be available, for
example the state of some internal variables. One podgilslio treat it as dime-
varying covariate|(Li and Doss, 1995; Nielsen and Linton, 1995) tlaopossibil-
ity is to considefongitudinal dataanalysis techniques (Fitzmaurice ét al, 2008).

2.4 Competing Risks

In some situations, occurrence of another type of event ncaynpete” with the
event of interest, and prevent the observation of the l&itesome individuals. For
example, in a medical setting, one might want to study thtrildigion of time to
deathTy, due to a particular disease or conditiyrand gather a sample of individu-
als affected by it: at the end of the study, some patientshaite died of conditioi,
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and their lifetime recorded as uncensored, while othersheikstill alive, and their
time to death censored. But some of the patients might hacg fddm a different
condition,B. If we want to estimate the distribution of time to deathfpfwve may
view death ofB as a censoring event, as it prevented to know Whatould have
been if the patient did not die d& at a timeTg < Ta. Death fromB is termed a
competing riskPintilie, (2006 Putter etldl, 2006).

As death oB is an event that we are not interested in modeling, one pitigsid
to consider it as an additional censoring mechanism. Thispnae a problem when
the distribution of the event of interest and the one of themeting risk are not
independent, for example if both conditioAsandB become more likely with old
age. This would obviously result in a censoring mechanisahithnot independent
from the distribution of time to events, thus not satisfyasgumption on which most
estimators rely.

When modeling runtime distributions, this situation canegaily be avoided, as
one can always “kill” the same “patient” (i.e. the same penblinstance) multiple
times, using different algorithms independently, as déffe “causes of death”. This
is not the case of our online algorithm selection method t{&¢cwhere we strive
to avoid unnecessary computations, solving each instamgeoace, and using the
fastest algorithm as a censoring mechanism for samplininmes of the slower
ones; so the topic discussed in this subsection is morearlé® our work, rather
than to RTD modeling in general.

Consider a set & competing risks, represented Kyandom variable$;, . . ., Tk,
each with its own distribution, sampled with some censonngchanism with
thresholdT,. For each individual, we only observe a pair of random vées(tr,C),
whereT = min{Ty,..., Tk, Tc} is the event time, and the event indica®is 0 if the
individual is still alive afT, k if the individual died of the&k-th risk, so itis a discrete
random variable with value if0,1,...,K}.

Consider thgoint survival functionof the timesTy

Z(ty,...,tk) =Pr{Ty >1t1,..., Tk > t&}. (27)
The probability of the even{Ty > tx} is themarginal survival function

Pr{T >t} = Z(t) = Z(0,... t,...,0). (28)
If the event timeq Ty} are independent, the joint probabilify {27) equals the pebd
of the probabilities of the single evenfs]28):

K
Z(ty,....t) = [1Zi(t)). (29)
PRI JI:L i (t]

Unfortunately, if the data is gathered as described aboith, ar most one un-
censored event time per individual, the independence ggsumcannot be tested.
Neither the joint survival functioi {27), nor the margin@8) can be identified, and
Kaplan-Meier estimates of the marginals for each risk V\élbiasedmim?&
Puter et 4. 2006),
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One can always estimate the overall survival probabilityafo individual,
St)=P{Ty >t,.... Tk >t} =Z(t1 =t,tp =t,...,tk =t), (30)

with a product limit estimatd (20) from the data, considgrail recorded events
as they were the same event. Other quantities that can mm%&
I6) are thmause-specific hazaravhich is defined as the hazard of
failing for a specific causk:

Pr{t <T <t4+At,C=k|T >t}

A(t) = fimg At 1)
from which one can obtain the cumulative cause-specificrdaza
t
Adt) = [ Adryar, (32)
0
and thesubsurvivafunction,
Re(t) = exp(—A(t)), (33)
with
St) = [RdD) = expl= 3 (D) (34)
k

The cumulative incidence functioor subdistribution functiorior the cause is
defined as the probability of failing from cauls®efore timet:

I(t) = PHT <t,C =k} = /Ot)\k(r)S(r)dr. (35)

This is an improper distribution, dgo) = Pr{C = k} = Pr{T; > TV # k}, which
can be smaller than 1.

3 Model-based Algorithm Selection

Attempts to automatalgorithm selectiorare not new@m&, and are mo-
tivated by the fact that alternative algorithms for solvihg same problem often
display different performance on different problem insts) such that there is no
single “best” algorithm. Selection is typically based oegictive models of algo-
rithm performance, which are either assumed to be avajlablere learned during
an initial training phase, in which a number of problem inst&s are solved with
each of the available algorithms, in order to sample theifopmances.

As we have seen, the natural performance model for a deqgissiem solver
is its runtime distribution. The advantage of survival gsal techniques is that they
allow to reduce the time spent for sampling the RTD, as exsggdong runs of
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the algorithm can be censored, and still contribute to thdehdt is to note that
there is an obviougrade-off between the computational cost of the sampling ex-
periment, and the portion of uncensored events observeidhvim turn will have
an impact on the precision of the obtained model: a highetiggoof uncensored
events will imply a larger time cost, but it will also resulta more precise estimate
of model parameters. In the context of algorithm selectemhniques, this trade-
off should rather be measured between training time and direig performance
resulting from the use of the learned model: in this senserdgfuired model preci-
sion can be much lower than expected. An example of such atisituis given in
(Gagliolo and Schmidhubér, 2006a) where this trade-ofhisyed in the context
of restart strateglﬁsreportlng the training times, and the resulting perforogamof a
model-based restart strategy, where the RTD model is |dawith different censor-
ing thresholds. Inspired by this idea, Gagliolo and Schmiii (2007) proposed an
onlinemethod for learning a restart strategyA{@LE R), in which a model of the
RTD of an algorithm is iteratively updatezhd used to evaluate an optimal restart
strategy for the algorithn. Gagliolo and Schmidhuiber (2)@008h), adopted a
similar online approach (&@vBLE TA) to allocate computational resources to a set
of alternative algorithms. In both cases, the trade-ofiveen exploration and ex-
ploitation is represented asnaulti-armed bandit problermlma. This
game consists of a sequence of trials agairétaamed slot machine: at each trial,
the gambler chooses one of the available arms, whose lossegaralomly gen-
erated from different unknown distributions, and incurghia corresponding loss.
The aim of the game is to minimize tiegret defined as the difference between the
cumulative loss of the gambler, and the one of the best arm.

In GAMBLE TA (Gagliolo and Schmidhuber, 2006b., 2008a), the diffetanns”
of the bandit are represented by differénte allocatorgTA), that is, different tech-
nigues for allocating computation time to the availableodtyms. To understand
the rationale of this approach, consider a situation in tviaie have a way to allo-
cate time based on a model of the RTDs of the algorithms, ineodel-basedA.
In an online setting, in which the models are gradually ilmptbas more instances
are solved, and a larger runtime sample is available, tHenpeance of this TA will
obviously be very poor at the beginning of the problem segeehhis model-based
TA can be combined with a more “exploratory” one, such as alfgmportfolio of
all available algorithms, and, at an upper level, the bgmdiblem solver (BPS) can
be used to pick which TA to use for each subsequent probletarios, based on
the previous performances of each TA. Intuitively, the BPi initially penalize
the model-based allocator, but only until the model is gooough to outperform
the exploratory allocator. Alternative allocation tedums can be easily added as
additional “arms” of the bandit.

To introduce some notation, consider a portfolio= {a;,ap,...,ax} of K al-
gorithms, which can be different algorithms, differentgraetrization of the same
algorithm, or even copies of the same randomized algoritifferithg only in the

2 A restart strategy consists in executing a sequence of runs oflarmared algorithm, in order
to solve a given problem instance, stopping eachjrafter a timet; if no solution is found, and
restarting the algorithm with a different random seed.
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random seed, or any combination thereof. The runtime of @aan the current
problem instance is a random variablg, The algorithms solve the same prob-
lem instance in parallel, and share the computational ressiof a single machine
according to ashares= {s,..,}, & > O,ziKzlsk =1; i.e. for any amount of
machine time, a portioty = st is allocated ta. Here and in the following we as-
sume an “ideal” machine, with no task switching overheadofithm selection can
be represented in this framework by setting a sirgglealue to 1, while a uniform
algorithm portfolio would have = (1/K,...,1/K).

A time allocator (TA) can be defined as a device setting theesi@r the algo-
rithms in the portfolio, possibly depending on the problerstance being solved.
A model-basedA can be implemented mapping the estimated RTDs of the algo-
rithms on the current instance to a share vali@agliolo and Schmidhuber (2006b)
proposed three different analytic approaches, in whicke tatocation is posed as
a function optimisation problem: the RTD of a portfolio ispegssed as a function
of the shares, and the value o$ is set optimizing some function of this RTD, for
example the expected runtime. The next sections will atetthese two steps.

3.1 RTD of an Algorithm Portfolio

An g that can solve the problem in a tirgf run alone, will spend a time= t /s«

if run with a shares,. If the runtime distributiorir (k) of ax on the current problem is
available, one can obtain the distributiB, (t) of the event &, solved the problem
after a timet, using a sharg,”, by simply substitutingy = st in F:

Fesc(t) = R(sed). (36)

If the execution of all the algorithms is stopped as soon &sajrthem solves
the problem, the resulting duration of the solution prodesa random variable,
representing the runtime of the parallel portfolio, whoakie is determined by the
shares, and by the random runtimég of the algorithms in the set:

Td:min{g,—,...,—}. (37)

Its distributionF,, 5(t) can be evaluated based on the stgrand the{FR}. The
evaluation is more intuitive if we reason in terms of the swaldistribution: at a
given timet, the probabilityS,, s(t) of not having obtained a solution is equal to
the joint probability thano single algorithm g has obtained a solution within its
time sharesit. Assuming that the solution events are independent for aac¢his
joint probability can be evaluated as the product of theviidldial survival functions

Su(sdt)

K

Sy slt) = [ S(sd). (38)

k=1
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Given [8), equatior(38) has an elegant representatiomrimstef the cumulative
hazard function. Apart from the ternsg, (39) is the method used by engineers to
evaluate the failure distribution ofseriessystem, which stops working as soon as
one of the components fail, based on the failure distrilufit each single compo-

nent 2):

K K
Hos(t) = =In(Sus(t) = 3 —In(Sc(sd)) = 3 Hi(sad)- (39)
K=1 k=1
The above formulas rely on the assumption of independentteeaiintime val-
ues among the different algorithms, which allows the joirghability (38) to be
expressed as a product. This assumption is met only iBtliepresent the runtime
distributions of theax on the particular problermstancebeing solved. If instead
the only S available capture the behavior of the algorithms oseeof instances,
which includes the current one, independence cannot benassun this case, the
methods presented should be viewed as heuristics. In a ésssnstic scenario,
one could have access to models of $aeonditioned on features, aovariates x
of the current problem. In such a case tlomditionalindependence of the runtime
values would be sufficient, and the resulting joint survimadbability could still be
evaluated as a product

K

Sslt 1) = [ S5 0 (40)

3.2 Model-based Time Allocators

Once the RTD of the portfolio is expressed as a function ofstheres, as in [38,
[40), the problem of allocating machine time can be formulate an optimisation

problem. In(Gagliolo and Schmidhuber, 2006b), the follogvalternatives are pro-

posed:

Expected time  The expected runtime valug,, s(t) = [5 tf. s(t)dt can be ob-
tained, and minimized with respect4o

s=arg nginEM«,S(t). (41)

Contract If an upper bound, ocontract t, on runtime is imposed, one can
instead use[(38) to pick thethat maximizes the probability of
solution within the contradt,, s(tu) = Pr{T,., s < ty} (or, equiva-
lently, minimizesS,, s(tu)):

5= argminS, s(t,). (42)
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Quantile In other applications, one could want to solve each probletin w
probability at leastr, and minimize the time spent. In this case, a
quantilet,, s(a) = F@;.ls(a) should be minimized:

s=arg rrginEQ;}s(a). (43)

These three methods can be easily adapted to allocate timauttiple CPUs
(Gagliolo and Schmidhuber, 2008b). If tReare parametric, a gradient of the above
quantities can be computed analytically, depending on téicplar parametric
form: otherwise, the optimisation can be performed nunadyic

Note that the sharesresulting from these three optimisation processes can dif-
fer: in the last two cases, they can also depend on the ch@deesvfort, and a
respectively. In no case there is a guarantee of unimogdalitgt it may be advis-
able to repeat the optimisation process multiple timed) different random initial
values fors, in case of extreme multimodality.

3.3 Algorithms as Competing Risks

As said, G&MBLE TA is a fully online algorithm selection method, in which tees
no distinction between learning and using the RTD modelsrdier to save compu-
tation time, for each instance, we only wait until the fastdgorithm solves it: at
this point we stop the execution of the remaining algorithimsnedical terms, we
are viewing each instandg as a patient, with covariates, and theK algorithms
as competing risks, one of which should eventually “killéthatient, and censor the
runtime values for the other algorithms.

From a statistical point of view, a clear disadvantage aigisin algorithm portfo-
lio to gather runtime data is that, as we saw in ect. 2.4 gbelting models will be
biased. In the next section we will see an illustrative exiengpthis phenomenon.

4 Experiments

In this section we present a simple sampling experimenh avgmall set of satisfi-
ability problem solvers, in order to illustrate the conseiptroduced in this chapter.
Satisfiability (SAT) problems (Gent and Walsh, 1999) cdogti a standard de-
cision problem, with many important practical applicaBoA conjunctive normal
form CNFk,n,m) problem consists in finding an instantiation of a seth &oolean
variables that simultaneously satisfies a setroflauses, each being the logical
OR of k literals, chosen from the set of variables and their negatié problem
instance is termedatisfiable(SAT) if there exists at least one of such instantia-
tions, otherwise it isinsatisfiabldf UNSAT). An algorithm solving an instance will
halt as soon as a single solution is found, or unsatisfighdiproved. Withk = 3
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the problem is NP-complete. Satisfiability of an instancpesels in probability
on the clauses to variables ratiophase transitiorcan be observed at/n ~ 4.3

(Mitchell et al,[199P), at which an instance is satisfiabléhgirobability 05. This

probability quickly goes to 0 fom/n above the threshold, and to 1 below.

SAT solvers can be broadly classified in two categoroesnpletesolvers, that
execute a backtracking search on the tree of possible Variastantiations, and
are guaranteed to determine the satisfiability of a problem finite, but possibly
unfeasibly high, amount of time; aridcal search(LS) solvers, that cannot prove
unsatisfiability, but are usually faster than complete e@on satisfiable instances.
In other words, a local search solver can only be appliedtisfigdble instances: at
the threshold, there is a®probability that the instance will be unsat, in which case
the solver would run forever. The RTD of a set of instancesafoomplete solver
will have F () = 1 for any value of the ratim/n; a local search solver would have a
F (o) = 0.5 on a set of instances at the84hresholdF («) = 1 below the threshold,
andF(t) = 0 vt above it.

In the following experiments, we used a set of 200 randomlyegated in-
stances at the phase transition, 100 of which satisfiabléy, mi= 250 variables
andm = 1065 clauses: thaf - 250- 1065 anduuf - 250- 1065 instances from
SATLIB (Hoos and Sitzle, 2000). The algorithm portfolio consisted of two SAT
solvers from the two categories above, the same used iniBaahd Schmidhubkr,
2006h). As a complete solver we picked Satz-Rand (Gomes20@0), a random-
ized version of Satz (Li and Anbulagan, 1997) in which randmise influences the
choice of the branching variable. Satz is a modified versfch@complete DPLL
procedure, in which the choice of the variable on which tanbhanext follows an
heuristic ordering, based on first and second level unitggapon. Satz-Rand dif-
fersin that, after the listis formed, the next variable tariwh on is randomly picked
among the toph fraction of the list. We present results with the heuristarting
from the most constrained variables, as suggested alsé@amLAnbulagalri, 1997),
and the noise parameter set t@.0As a local search solver we used G2-WSAT
(Liand Huanb| 2005): for this algorithm, we set a high noiseameter (), as
advisable for problems at the phase threshold, and thesification probability at
the default 005.

This algorithm set/problem set combination is quite intérg, as G2-WSAT al-
most always dominates the performance of Satz-Rand ofiahlésinstances, while
the latter is obviously the winner on all unsatisfiable omeswhich the runtime of
G2-WSAT is infinite.

This situation is visualized by the continuous lines in Blgwhich plot the RTD
of the set for the two solvﬂsresultlng from a KM estimate of the CDE{21) based
on the runtimes collected from 100 runs with different ramdseeds for each of

3 As we needed a common measure of time, and the CPU runtime measuregeisagcurate
(see alsd_Hoos andiBrlé,[2004, p. 169), we modified the original code of the twgoethms
adding a counter, that is incremented at every loop in the.cbide resulting time measure was
consistent with the number of backtracks, for Satz-Rand, anduhwer of flips, for G2-WSAT.
All runtimes reported for this benchmark are expressed in thegedgcles: on a2 GHz machine,
10° cycles take about 1 minute.
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Fig. 1 The RTDs (continuous lines) of Satz-Rand (black) and G2WSHay(), along with the
RTD of the portfolio (dashed lines) resulting from differentues of the share= (s1,s,), where
s; is the portion of time allocated to Satz-Rand, ape- 1 — s; is the portion used by G2WSAT

the 200 instances. No censoring was used, except of courgbeauntimes of
G2WSAT on the UNSAT instances, which were artificially getedaas censored
events with threshold 0 One can clearly notice the advantage of G2-WSAT on
satisfiable instances, represented by the small lower iesugbelow 16). From
quantile 05 on, the RTD remains flat, reflecting the fact that half of th&tances
are unsatisfiable. Satz-Rand starts solving problems kater is competitive with
G2-WSAT only on a small number of satisfiable instances, babis to solve also
all the unsatisfiable ones, as indicated by the fact that T fiRaches 1.

On the same plot (dashed lines), we display the RTD of thefgdiart(@8)) for
different values of the share, obtained simulating a rumefdortfolio [3T) for each
pair of runtime values. Fas= (1,0) only Satz-Rand is run. Giving a small portion
of time to G2-WSAT 6= (0.9,0.1)) already improves the situation; increasing its
share gradually moves the RTD of the portfolio towards the @hG2-WSAT €=
(0.1)).

Let us now look with more detail at the variability of the RT@thin the set.
Figure[2 (a) displays the RTDs of the two algorithms on thesst®of SAT and
UNSAT instances. Figurés 2 (c,d,e) display the RTDs of tlstaimces, again esti-
mated based on 100 runs for each instance, grouped based algdnithm and on
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Fig. 2 (a) RTDs of the two algorithms on the subsets of SAT and UNSAT itsts: the line for
G2WSAT on UNSAT instances would be constant at 0, and is omitgdRTDs of G2WSAT on
each of the 100 satisfiable instances. Note the different time.Sdagelower line leaving the plot
refers to instance 24, and reaches 1 at tinfex110%. (c,d) RTDs of Satz-Rand on the satisfiable
and unsatisfiable instances, respectively.

satisfiability. Note that there still is a huge variabilitffthe RTD of the instances
within each subset.

To illustrate the bias induced by a competing risk, in ElgaBwe display again
the unbiased RTDs of the two algorithms (dotted lines) onwhele set of in-
stances, compared with the KM estimafed (20) of the RTDsefwo algorithms,
this time obtained with the portfolio approach, that is, sing the runtime of
the slowest algorithm for each run and each instance (aomis lines). While the
model for G2ZWSAT remains accurate, as it mostly gets censomeghsatisfiable
instances on which it would run forever anyway, one can btleastice the bias of
the product-limit estimator for Satz-Rand: the runtimevsrestimated, especially
for the satisfiable instances, on which Satz-Rand is slaswet,gets censored.

To reduce the bias, we repeated the sampling, randomlyegogdthe instances
for Satz-Rand: in this way, the two algorithms run in patabat each on a different
instance. This should reduce the statistical dependenoagthe runtimes of the
two algorithms, allowing to consider the censoring mecd@aniininformative, thus



Algorithm Survival Analysis 19

S ] Q ]
— —
@© ©
2o 2o
g g
© ©
831 831
s s
c < S <
£ o] 2o
E - Satz-Rand: real E -+ Satz-Rand: real
n N © G2WSAT: real n N <+ -+ G2WSAT: real
e —— Satz-Rand: naive KM © —— Satz-Rand: naive KM (rand ord)
o | —— G2WSAT: naive KM o | —— G2WSAT: naive KM (rand ord)
© O T T T T T T
0. Oe+00 ‘ l.Oé+08 2.0é+08 ‘ 3.0é+08 ‘ 0. 0e+00 1.0e+08 2.0e+08 3.0e+08
Runtime [loop cycles] Runtime [loop cycles]
(a) Same instances (b) Random reordering

Fig. 3 (a) The unbiased RTDs (dotted lines) of Satz-Rand (black) &\ EAT (gray), compared
with the biased estimates (continuous lines) obtained censdongach instance and each seed,
the runtime of the slowest algorithm. Note the bias in the modeb&tr-Rand. (b) The same unbi-
ased RTDs (dotted lines), again compared with the estimatesr{oons lines) obtained censoring,
the runtime of the slowest algorithm, this time after a randomaderimg of the instances, in order
to reduce the bias. Note the improvement in the model for SatzktRan

resulting in a more correct estimate: this can indeed bereédén Fig[3 (b), where
we display again the “real” runtime distributions, comghesainst the estimates
obtained after random reordering of the instances. This the estimator for Satz-
Rand is visibly more accurate on the whole range of runtinbsgived.

5 Related Work

Literature on RTD modeling aimed at analyzing algorithmfgenance is rela-
tively recent. The behavior of complete SAT solvers on daklvand unsolvable
instances near phase transition have been shown to be apphia by Weibull
and lognormal distributions respectivel_L(—Er_o_s_me)gg-leavy—tail behav-
ior is observed for backtracking search on structured wwhstrained problems
in (Hogg and William's, 1994: Gomes et lal, 2000). The perforoesof local search
SAT solvers is analyze Sl%99) and modeled usiniaure of exponen-
tial distributions i |n

A seminal paper in the field of algorithm selection lis (Rice74), in which
offline, per instance selection is first proposed, for bothigien and optimisa-
tion problems. More recently, similar concepts have beepgsed, with different
terminology (algorithmrecommendationranking, model selectiop in the Meta-

Learningcommunity (Vilalta and Drissi. 2002). Research in this fietaially deals

4 A heavy-tailedruntime distributiorF (t) is characterized by a Pareto ta#l(t) — 0 1—Ct 7.
In practice, this means that most runs are relatively short,Hautémaining few can take a very
long time.
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with optimisation problems, and is focused on maximizinigison quality, without
taking into account the computational aspect.

Work onEmpirical Hardness Model@_eyton-Brown et al, 2002; Nudelman et al,
@D is instead applied to decision problems, and focusesbtaining accurate
models of runtime performance, conditioned on humeroutsifes of the problem
instances, as well as on parameters of the solvers. The sadelsed to perform
algorithm selection on a per instance basis, and are leanfflete: censored sam-
pling is considered WL(TUPEIMOS).

The foundation papers about algorithm portfollos (Hubermgal| 1997; Gomes ef al,
[1998] Gomes and Selman, 2001), describe how to evaluatertiene distribution
of a portfolio, based on the runtime distributions of theoaithms, which are as-
sumed to be available. The RTD is used to evaluate mean arahear and find
the (per set optimakfficient frontierof the portfolio, i.e. that subset of all possible
allocations in which no element is dominated in both meanvamidnce.

Another approach based on runtime distributions can bedfou(Finkelstein et al,
,), for parallel independent processes and shesedrces respectively.
The RTDs are assumed to be known, and the expected value ef tunction, ac-
counting for both wall-clock time and resources usage, isimized. A dynamic
schedule is evaluated offline, using a branch-and-bouratitig to find the opti-
mal one in a tree of possible schedules. Examples of allmtéditwo processes are
presented with artificially generated runtimes, and a raéihLsquare solver. Unfor-
tunately, the computational complexity of the tree searcivg exponentially in the
number of processes.

Other examples of the application of performance modelingesource alloca-

tion are provided by the literature on restart strategiesylet dll 1993; Gomes et al,

11998), and on anytime algorithnis (Boddy and Déan, 1994; éfarsd Zilberstein,
2001).

6 Summary and Outlook

In this chapter we illustrated the application of survivahlysis methods to model
the performance of decision problem solvers, focusing erafplication of mod-
eling to algorithm selection. We described in deeper détailstatistical aspects of
GAMBLE TA (Gagliolo and Schmidhuber, 2006b, 2008a), discussiegtas in the
RTD models caused by tlewmpeting riskeensoring scheme adopted for sampling
the runtime of the algorithms, and illustrating it with a pilesampling experiment.

Ongoing research is aimed at analyzing the actual impatii®bias on the per-
formance of QMBLETA, and at finding a computationally cheap way of reducing
this bias, possibly inspired by the random reordering tdekcribed in Sedfl 4. On
a longer term, we are working on transferring other survavadlysis methods to
model the runtime-quality trade-off of optimisation algoms, in order to devise
an algorithm selection method for this broader class of lerob.
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