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Abstract Algorithm selection is typically based on models of algorithm perfor-
mance, learned during a separateoffline training sequence, which can be pro-
hibitively expensive. In recent work, we adopted anonlineapproach, in which mod-
els of the runtime distributions of the available algorithms are iteratively updated and
used to guide the allocation of computational resources, while solving a sequence
of problem instances. The models are estimated using survival analysis techniques,
which allow to reduce computation time, censoring the runtimes of the slower al-
gorithms. Here, we review the statistical aspects of our online selection method,
discussing the bias induced in the RTD models by the competition of different algo-
rithms on the same problem instances.

1 Introduction

This chapter is focused on modeling the performance of algorithms for solving
searchor decisionproblems (Hoos and Stützle, 2004). In this broad category of
problems, which includes satisfiability (SAT Gent and Walsh, 1999), and constraint
satisfaction in general (Tsang, 1993), there is no quality measure associated with
a solution candidate, but only a binary criterion for distinguishing a solution: each
problem instance may be characterized by zero, one, or more solutions.

In the more generaloptimisationproblem, each solution is characterized by one
or more scalar values, indicating its quality. While we do notexplicitly consider this
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category here, note that an optimisation problem can be mapped to a decision prob-
lem if a target solution quality can be set in advance: in suchcase, the corresponding
decision problem consists in finding a solution with the desired quality level.

From a computer scientist’s point of view, an algorithm is nothing but a piece of
software, being executed on a particular machine. In this sense, its performance may
be related to the use of various resources (memory, bandwidth, etc.), but the most
widely used is definitely the CPU time spent, orruntime, and performance modeling
is usually aimed at describing and predicting this value.

Consider then a randomized algorithm solving a given problem instance, and
halting as soon as a feasible solution is found, or the instance is proved unsolvable.
The runtime of the algorithm can be viewed as a random variable, which is fully de-
scribed by its distribution, commonly referred to as theruntime distribution(RTD)
in literature about algorithm performance modeling (see e.g. Hoos and Sẗutzle,
2004).

Fortunately for us, we do not have to solve this performance modeling task from
scratch. There is already a large corpus of research devotedto modeling the ran-
dom occurrence of events in time:survival analysis(Klein and Moeschberger, 2003;
Collet, 2003; Machin et al, 2006) is an important field of statistics, with applica-
tions in many areas such as medicine, biology, finance, technology, etc. Researchers
in medicine will typically be interested in time to death (hence the name), but the
analysis oftime-to-eventdata in general occurs in other fields, and other terms may
be used to describe the same thing. For example, engineers modeling the duration
of a device speak offailure analysis, or reliability theory(Nelson, 1982). Actuaries
setting premiums for insurance companies use the termactuarial science.

The rest of the chapter is organized as follows. Section 2 introduces the notions of
survival analysis that can be of use when modeling runtime distributions. Section 3
describes the statistical aspects of our approach to algorithm selection (GAMBLE TA
Gagliolo and Schmidhuber, 2006b, 2008a), focusing on the bias introduced in the
models by the use of algorithm portfolios to sample the runtime distributions. Sec-
tion 4 illustrates the presented concepts in a simple experimental setting. Section 5
references related work, and Section 6 concludes the chapter discussing ongoing
research.

2 Modeling Runtime Distributions

In this section, we briefly review the basic concepts from survival analysis, and
discuss their application to algorithm performance modeling.
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2.1 Basic Quantities and Concepts

Let T ∈ [0,∞) be a random variable representing the time from a well-defined origin
to the occurrence of a specific event: in our case, theruntimeof an algorithm, defined
as the interval between its starting time and its halting time, regardless of whether
the algorithm halts because it found a solution, or because it proved that there are
none.

An important distinction has to be made between the RTD of a randomized al-
gorithm on a given problem instance, which can be sampled by solving the instance
repeatedly, each time initializing the algorithm with a different random seed; and
the RTD of a randomized (or deterministic) algorithm on a setof instances, which
can be sampled by running the algorithm repeatedly, each time solving a randomly
chosen instance. In the first case, the random aspects are inherent to the algorithm.
In the second, an additional random aspect is involved when picking the instance;
another random process may be responsible of generating theinstances in the set. In
the following we will refer to these two distributions as theRTD of the instanceand
theRTD of the set, respectively; when no distinction is made, the concept exposed
are valid in both cases.

A runtime distribution, as any other distribution, can be described by itscumula-
tive distributionfunction (CDF),

F(t) = Pr{T ≤ t}, F : [0,∞)→ [0,1], (1)

which is an increasing function of time, representing the probability that the algo-
rithm halts within a timet. Another commonly used representation is theprobability
densityfunction (pdf), defined as the derivative of the CDF:

f (t) =
dF(t)

dt
. (2)

Integrating the pdf obviously gives us back the CDF:

F(t) =
∫ t

0
f (τ)dτ . (3)

Time-to-event distributions are often described in terms of thesurvival function

S(t) = 1−F(t), (4)

which owes its name to the medical application of this branchof statistics, and
represents, in our case, the probability that the algorithmwill be still running at
time t.

Another important concept in survival analysis is thehazardfunctionh(t), quan-
tifying the instantaneous probability of the event of interest occurring at timet, given
that it was not observed earlier:
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h(t) = lim
∆ t→0

Pr{t ≤ T < t +∆ t | T ≥ t}
∆ t

= lim
∆ t→0

Pr{t ≤ T < t +∆ t}
∆ t Pr{T ≥ t}

=
f (t)
S(t)

, (5)

wheref (t)/S(t)= f (t |T ≥ t) is the pdf conditioned on the fact that the algorithm
is still running at timet.

The integral of (5) is termedcumulativehazard, and has the following relation-
ship with the survival function:

H(t) =
∫ t

0
h(τ)dτ =

∫ t

0

dF(τ)
S(τ)

=− lnS(t), (6)

or, conversely,
S(t) = exp(−H(t)). (7)

The expected value of runtime, orexpected runtime, can be evaluated as

E{T}=
∫ ∞

0
t f (t)dt =

∫ 1

0
tdF(t). (8)

A quantile tα of the RTD is defined as the time at which the probabilityF(t) of
the event reaches a valueα ∈ [0,1], and can be evaluated solving the equation:

tα = F−1(α). (9)

A difference between the typical event of interest in survival analysis, death,
and problem solution, is that the latter does not necessarily have to happen, as in
general there is no guarantee that an algorithm will halt, whether finding a solution,
or proving unsolvability of the instance at hand. This situation can characterize the
behavior of an algorithm either on a single instance, if not all the runs halt, or on
a set of instances, if the algorithm does not always halt on atleast one of them. In
both cases, the performance of the algorithm can be described by animproperRTD,
whereF(∞) is strictly smaller than unity, and represents the probability of halting.
The integral of an improper pdf over[0,∞) does not sum to one:

Pr{T < ∞}= F(∞) =
∫ ∞

0
f (t)dt < 1, (10)

the pdf for a successful run is

f (t | T < ∞) =
f (t)

F(∞)
, (11)

and the expected runtime is∞, as:

E{T} = Pr{T < ∞}E{T | T < ∞}+Pr{T = ∞}E{T | T = ∞} (12)

= F(∞)
∫ ∞

0
t f (t | T < ∞)dt+[1−F(∞)]∞ = ∞, (13)

while quantilestα are finite ifα < F(∞), infinite otherwise.
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2.2 Censoring

The specific feature that makes survival analysis differentfrom classical statistical
analysis isdata censoring, which refers to a situation in which the exact time of the
event of interest is not known, but is known to lie in some (possibly open) interval.
For example, in a medical research analyzing survival of patients with a particular
disease, some patient may still be alive at the time of performing the analysis of
the data. The only information available about one of these subjects is that she has
survived up to a certain time, which constitutes a lower bound on her survival time.
Such incomplete observation of the event time is calledcensoring1.

Different types of censoring exist. Intype Icensoring, the event is observed only
if it occurs before a prespecified censoring time, which can be different for each ob-
servation.Type IIcensoring occurs when we keep collecting data until a prespecified
number of events has been observed. Quite often, these two types of censoring will
result from experimenter’s decisions aimed at reducing theduration of an experi-
ment. Coming back to our medical example, one could decide tofollow the patients
for a predetermined period of time: all patients still aliveat the end of this prede-
termined period will have a censored survival time. In this case, the duration of the
experiment is fixed, while the number of observed deaths is a random variable. As
an alternative, one could decide to end the experiment as soon as a predetermined
number of deaths have been observed, the other patients’ lifetimes being censored
at the time the experiment ends. In this case, the number of observed events is fixed,
while the duration of the experiment is a random variable. Inother situations, the
censoring mechanism is not controlled by the experimenter.This occurs quite fre-
quently in medical applications, for example when patientsare “lost to follow-up”
in the course of the study (i.e. they stop participating in it).

In any case, one has to be very careful with discarding incomplete data as this
can result in an extremely biased model. Appropriate techniques have therefore been
developed to take these censored observations into account, as we will see in the next
subsection.

1 More precisely,right censoring. One also speaks aboutinterval censoring(we only know that
the event occurred in between two time points without knowingwhen) andleft censoring(we only
know that the event occurred before a certain time). Right censoring is the most common, and is
the only one we will consider here.
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2.3 Estimation in Survival Analysis

In this section we consider the problem of estimating the survival distribution of an
event, and modeling the impact of covariates on survival time, based on experimen-
tal data.

A sample of censored survival data is usually represented asa set of realizations
D = {(t1,c1), . . . ,(tn,cn)} of a pair of random variables(T,C), generated from an-
other pair oflatent random variables, the time to the actual eventTe, and the time
to censoringTc. For each realization in the sample, only the minimum of these two
variablesT =min{Te,Tc} is observed, along with theevent indicator C= I(Te≤Tc),
which is 1 if the event of interest was observed, 0 if it was censored. Most estimation
techniques require the time to eventTe and the time to censoringTc to be statistically
independent (uninformativecensoring).

Methods for estimating a distribution can be broadly classified as parametric or
non-parametric. In parametric methods, a parametric function is assumed to rep-
resent the time-to-event distribution. In non-parametricmethods, no assumption is
made on the distribution, and estimates are based solely on the observed data.

2.3.1 Parametric Methods

In this class of methods, a functionf (t;θθθ) is assumed to represent the pdf of the
runtime t. Several distributions are used to model survival times data, e.g. expo-
nential, Weibull, lognormal, etc. The choice of a particular distribution is clearly
a delicate issue, and should be based on empirical evidence:graphical diagnostic
tests are available to evaluate a parametric model (Klein and Moeschberger, 2003,
Chapter 12).

The parameterθθθ is estimated based on the data. Various approaches can be fol-
lowed in this sense, usually based on the concept of thelikelihoodof the parameter
in light of the data, that is,L(θθθ ;D) = Pr{D | θθθ}. In a frequentistcontext,maxi-
mum likelihoodmethods estimate the parameter to be the one that maximizes the
likelihood. In Bayesianapproaches, the parameter value is assumed to be drawn
from aprior distribution Pr{θθθ}, and inference is based on theposteriorprobability
Pr{θθθ | D} ∝ Pr{D | θθθ}Pr{θθθ}, either considering its mode as point estimate ofθθθ , or
evaluatingcredible intervalsbased on the posterior (Bishop, 1995; Mackay, 2002).
As both approaches require computing the likelihood, in thefollowing we illustrate
how this can be done in the case of censored survival data (Klein and Moeschberger,
2003).

If g(.) andG(.) are respectively the pdf and the CDF of the censoring times, the
contribution of a non-censored observation(ti ,ci = 1) to the likelihood is

L(θθθ ; ti ,ci = 1) = (1−G(ti)) f (ti ;θθθ), (14)

while the contribution of a censored observation(ti ,ci = 0) is
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L(θθθ ; ti ,ci = 0) = (1−F(ti ;θθθ))g(ti). (15)

A sample of sizen will be a combination of censored and non-censored observa-
tions, and, assuming independence among then realizations of(T,C), the likelihood
will be given by

L(θθθ ;D) =
n

∏
i=1

[(1−G(ti)) f (ti ;θθθ)]ci [(1−F(ti ;θθθ))g(ti)]1−ci . (16)

If we assume independent censoring (Liang et al, 1995; Fleming and Harrington,
1991), the factors(1−G(ti)) andg(ti) are not informative for the inference on the
parameters and can be removed from the likelihood, which canthen be written

L(θθθ ;D) ∝
n

∏
i=1

f (ti ;θθθ)ci (1−F(ti ;θθθ))1−ci . (17)

When the proposed parametric distribution for runtimes is appropriate, paramet-
ric inference is more efficient than non-parametric (Pintilie, 2006), meaning that the
resulting model will converge faster to the underlying distribution as the sample in-
creases. Conversely, the use of a parametric function whichdoes not fit the data well
can produce an inefficient model.

2.3.2 Non-parametric Methods

If there is no censored data, a simple non-parametric estimate of the survival func-
tion can be obtained based on the empirical estimate of the CDF

F̂(t) = ∑
i:ti≤t

1
n

(18)

wheret1 < t2 < ... < tn are the ordered survival times observed.
In the presence of censoring, the most commonly used non-parametric estimator

of the survival function is the product-limit estimate proposed by Kaplan and Meyer
(1958). This method is based on the idea of estimating the hazard at each timeti
in the sample as the portion of patients still alive, or “at risk” (in our case: the
algorithms still running), experiencing an event at this time point:

ĥ(ti) =
∑i:t j=ti ,c j=11

∑i:t j≥ti 1
=

di

ni
, (19)

whereci is the event indicator,di is then the number of events observed at time
ti , andni is the number of observations still at risk at timeti . An estimate of the
survival function based on (19) is given by theproduct limitestimator, also known
as Kaplan-Meier (KM) estimator:
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Ŝ(t) = ∏
i:ti≤t

(1− ĥ(ti)) = ∏
i:ti≤t

(1−
di

ni
), (20)

from which one can estimate the CDF as

F̂(t) = 1− Ŝ(t). (21)

The cumulative hazard can be obtained from (20) using the following relation:

Ĥ(t) =− log(Ŝ(t)), (22)

or based directly on (19), as proposed by Nelson (1972); Aalen (1978):

Ĥ(t) = ∑
i:ti<t

di

ni
. (23)

The two estimators are similar for large sample sizes.
In this and other nonparametric methods,F̂(t), Ŝ(t), Ĥ(t) are “stepwise” func-

tions, that change their value only at uncensored observations{ti | ci = 1}, and are
defined until the largest one; if the largest observationtn is censored, the resulting
estimateF̂(tn) will be < 1. The hazard estimatêh(t) (19) is discrete, defined only at
the event times{ti} in the sampleD. In order to obtain meaningful predictions also
for t /∈ {ti}, hazard estimates can besmoothed(Wang, 2005).

A review of nonparametric estimation for censored survivaldata in a Bayesian
framework can be found in (Ibrahim et al, 2001).

2.3.3 Regression Models

If additional information is available about each observation, in the form of some
covariatesor featuresx ∈ Rd, it may be of interest to investigate its relationship
with the time to event. This can be done estimating a conditional model, orregres-
sionmodel, of the survival distributionS(t | x) or, as quite often done, of the baseline
hazardh(t | x). In our case, consider again the RTD of a set of instances, andthe
RTDs of each instance in the set, which will in general be different from the RTD of
the set. When performing algorithm selection, with the aim ofreducing runtime, it
is clearly not advisable to model the RTD of each instance, asthis would require ob-
taining multiple runtimes for each instance. As we expect similar instances to have
similar RTDs, we could instead identify features of the problem instance that can be
related to the runtime of the algorithm, in order to recover estimates that are closer
to the actual RTD of each instance. In another situation, onemight want to study
the impact of the various parameters of an algorithm on its runtime distribution: in
this case a sample could be formed using different values of the parameters, and the
parameters could be used as covariates.

A parametric regression model can be based on a pdff (t | θθθ) in which the pa-
rameter is itself a parametric function of the covariateθθθ(x;βββ ) (see, e.g. Bishop,
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1995, par 6.4): for example, an exponential distributionf (t;θ) = θ exp(−θ t) can
be cascaded with a linear modelθ(x;βββ ) = βββ ·x, obtaining a parametric conditional
model:

f (t | x;βββ ) = θ(x;βββ )exp(−θ(x;βββ )t) = (βββ ·x)exp(−βββ ·x). (24)

Various other parametric models have been proposed to studythe dependency
between covariates and the survival time. Several of them model this dependency via
the hazard or the cumulative hazard function, and the most popular one is probably
theproportional hazardsmodel, or Cox model (Cox, 1972):

h(t | x) = h0(t)exp(βββ ·x) (25)

In this model it is assumed that the covariates act multiplicatively on a baseline
hazardh0(t): if this is left unspecified, (25) is termed asemi-parametricmodel. With
such a model, the ratio of hazards of two observations is independent of time, and is
determined by the corresponding covariates. Among other (semi-)parametric mod-
els, one can cite the additive risk model (Klein and Moeschberger, 2003, Chapter
10), in which the covariates act additively on the hazard function; and the acceler-
ated failure time model (Cox and Oakes, 1984), in which the covariates are related
to the logarithm of survival times.

Only limited work has been done on fully non-parametric regression models (see
reviews by Keilegom et al, 2001; Spierdijk, 2005). Beran (1981) and later works
(e.g. Akritas, 1994; Wichert and Wilke, 2005) are based on the idea of estimating
a conditional hazard function, as in (19), but with 1 replaced by akernel function
K(x,y) : Rd ×Rd → [0,∞) representing a similarity measure in covariate space: a
prediction of the hazard at timet for an individual with covariatex is given by

ĥ(t | x) =
∑i:ti=t,ci=1K(x,xi)

∑ j:t j≥t K(x,x j)
. (26)

In all these conditional models, the covariates are constant over time. In some
situations, it might be interesting to model the effect of covariates which vary over
time. In our case,dynamicinformation about the algorithm could be available, for
example the state of some internal variables. One possibility is to treat it as atime-
varyingcovariate (Li and Doss, 1995; Nielsen and Linton, 1995); another possibil-
ity is to considerlongitudinal dataanalysis techniques (Fitzmaurice et al, 2008).

2.4 Competing Risks

In some situations, occurrence of another type of event may “compete” with the
event of interest, and prevent the observation of the latterfor some individuals. For
example, in a medical setting, one might want to study the distribution of time to
deathTA, due to a particular disease or conditionA, and gather a sample of individu-
als affected by it: at the end of the study, some patients willhave died of conditionA,
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and their lifetime recorded as uncensored, while others will be still alive, and their
time to death censored. But some of the patients might have died from a different
condition,B. If we want to estimate the distribution of time to death ofA, we may
view death ofB as a censoring event, as it prevented to know whatTA would have
been if the patient did not die ofB at a timeTB < TA. Death fromB is termed a
competing risk(Pintilie, 2006; Putter et al, 2006).

As death ofB is an event that we are not interested in modeling, one possibility is
to consider it as an additional censoring mechanism. This may pose a problem when
the distribution of the event of interest and the one of the competing risk are not
independent, for example if both conditionsA andB become more likely with old
age. This would obviously result in a censoring mechanism that is not independent
from the distribution of time to events, thus not satisfyingassumption on which most
estimators rely.

When modeling runtime distributions, this situation can generally be avoided, as
one can always “kill” the same “patient” (i.e. the same problem instance) multiple
times, using different algorithms independently, as different “causes of death”. This
is not the case of our online algorithm selection method (Sect. 3), where we strive
to avoid unnecessary computations, solving each instance only once, and using the
fastest algorithm as a censoring mechanism for sampling runtimes of the slower
ones; so the topic discussed in this subsection is more relevant to our work, rather
than to RTD modeling in general.

Consider a set ofK competing risks, represented byK random variablesT1, . . . ,TK ,
each with its own distribution, sampled with some censoringmechanism with
thresholdTc. For each individual, we only observe a pair of random variables(T,C),
whereT = min{T1, . . . ,TK ,Tc} is the event time, and the event indicatorC is 0 if the
individual is still alive atTc, k if the individual died of thek-th risk, so it is a discrete
random variable with value in{0,1, . . . ,K}.

Consider thejoint survival functionof the timesTk

Z(t1, . . . , tK) = Pr{T1 > t1, . . . ,TK > tk}. (27)

The probability of the event{Tk > tk} is themarginalsurvival function

Pr{Tk > tk}= Zk(tk) = Z(0, . . . , tk, . . . ,0). (28)

If the event times{Tk} are independent, the joint probability (27) equals the product
of the probabilities of the single events (28):

Z(t1, . . . , tK) =
K

∏
j=1

Z j(t j). (29)

Unfortunately, if the data is gathered as described above, with at most one un-
censored event time per individual, the independence assumption cannot be tested.
Neither the joint survival function (27), nor the marginals(28) can be identified, and
Kaplan-Meier estimates of the marginals for each risk will be biased (Tsiatis, 1975;
Putter et al, 2006).
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One can always estimate the overall survival probability for an individual,

S(t) = Pr{T1 > t, . . . ,TK > t}= Z(t1 = t, t2 = t, . . . , tK = t), (30)

with a product limit estimate (20) from the data, considering all recorded events
as they were the same event. Other quantities that can be estimated (Pintilie, 2006;
Putter et al, 2006) are thecause-specific hazard, which is defined as the hazard of
failing for a specific causek:

λk(t) = lim
∆ t→0

Pr{t ≤ T < t +∆ t,C= k | T ≥ t}
∆ t

, (31)

from which one can obtain the cumulative cause-specific hazard,

Λk(t) =
∫ t

0
λk(τ)dτ , (32)

and thesubsurvivalfunction,

Rk(t) = exp(−Λk(t)), (33)

with
S(t) = ∏

k

Rk(t) = exp(−∑
k

Λk(t)). (34)

Thecumulative incidence functionor subdistribution functionfor the causek is
defined as the probability of failing from causek before timet:

Ik(t) = Pr{T ≤ t,C= k}=
∫ t

0
λk(τ)S(τ)dτ . (35)

This is an improper distribution, asI(∞) = Pr{C= k}= Pr{Tj > Tk∀ j 6= k}, which
can be smaller than 1.

3 Model-based Algorithm Selection

Attempts to automatealgorithm selectionare not new (Rice, 1976), and are mo-
tivated by the fact that alternative algorithms for solvingthe same problem often
display different performance on different problem instances, such that there is no
single “best” algorithm. Selection is typically based on predictive models of algo-
rithm performance, which are either assumed to be available, or are learned during
an initial training phase, in which a number of problem instances are solved with
each of the available algorithms, in order to sample their performances.

As we have seen, the natural performance model for a decisionproblem solver
is its runtime distribution. The advantage of survival analysis techniques is that they
allow to reduce the time spent for sampling the RTD, as excessively long runs of
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the algorithm can be censored, and still contribute to the model. It is to note that
there is an obvioustrade-off between the computational cost of the sampling ex-
periment, and the portion of uncensored events observed, which in turn will have
an impact on the precision of the obtained model: a higher portion of uncensored
events will imply a larger time cost, but it will also result in a more precise estimate
of model parameters. In the context of algorithm selection techniques, this trade-
off should rather be measured between training time and the gain in performance
resulting from the use of the learned model: in this sense, the required model preci-
sion can be much lower than expected. An example of such a situation is given in
(Gagliolo and Schmidhuber, 2006a) where this trade-off is analyzed in the context
of restart strategies2, reporting the training times, and the resulting performance, of a
model-based restart strategy, where the RTD model is learned with different censor-
ing thresholds. Inspired by this idea, Gagliolo and Schmidhuber (2007) proposed an
onlinemethod for learning a restart strategy (GAMBLE R), in which a model of the
RTD of an algorithm is iteratively updatedand used to evaluate an optimal restart
strategy for the algorithm. Gagliolo and Schmidhuber (2006b, 2008a), adopted a
similar online approach (GAMBLE TA) to allocate computational resources to a set
of alternative algorithms. In both cases, the trade-off between exploration and ex-
ploitation is represented as amulti-armed bandit problem(Auer et al, 2003). This
game consists of a sequence of trials against aK-armed slot machine: at each trial,
the gambler chooses one of the available arms, whose losses are randomly gen-
erated from different unknown distributions, and incurs inthe corresponding loss.
The aim of the game is to minimize theregret, defined as the difference between the
cumulative loss of the gambler, and the one of the best arm.

In GAMBLE TA (Gagliolo and Schmidhuber, 2006b, 2008a), the different“arms”
of the bandit are represented by differenttime allocators(TA), that is, different tech-
niques for allocating computation time to the available algorithms. To understand
the rationale of this approach, consider a situation in which we have a way to allo-
cate time based on a model of the RTDs of the algorithms, i.e. amodel-basedTA.
In an online setting, in which the models are gradually improved as more instances
are solved, and a larger runtime sample is available, the performance of this TA will
obviously be very poor at the beginning of the problem sequence. This model-based
TA can be combined with a more “exploratory” one, such as a parallel portfolio of
all available algorithms, and, at an upper level, the banditproblem solver (BPS) can
be used to pick which TA to use for each subsequent problem instance, based on
the previous performances of each TA. Intuitively, the BPS will initially penalize
the model-based allocator, but only until the model is good enough to outperform
the exploratory allocator. Alternative allocation techniques can be easily added as
additional “arms” of the bandit.

To introduce some notation, consider a portfolioA = {a1,a2, ...,aK} of K al-
gorithms, which can be different algorithms, different parametrization of the same
algorithm, or even copies of the same randomized algorithm differing only in the

2 A restart strategy consists in executing a sequence of runs of a randomized algorithm, in order
to solve a given problem instance, stopping each runj after a timet j if no solution is found, and
restarting the algorithm with a different random seed.
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random seed, or any combination thereof. The runtime of eachak on the current
problem instance is a random variable,Tk. The algorithms solve the same prob-
lem instance in parallel, and share the computational resources of a single machine
according to ashares = {s1, ..,sK},sk ≥ 0,∑K

i=1sk = 1; i.e. for any amountt of
machine time, a portiontk = skt is allocated toak. Here and in the following we as-
sume an “ideal” machine, with no task switching overhead. Algorithm selection can
be represented in this framework by setting a singlesk value to 1, while a uniform
algorithm portfolio would haves = (1/K, ...,1/K).

A time allocator (TA) can be defined as a device setting the share s for the algo-
rithms in the portfolio, possibly depending on the problem instance being solved.
A model-basedTA can be implemented mapping the estimated RTDs of the algo-
rithms on the current instance to a share values. Gagliolo and Schmidhuber (2006b)
proposed three different analytic approaches, in which time allocation is posed as
a function optimisation problem: the RTD of a portfolio is expressed as a function
of the shares, and the value ofs is set optimizing some function of this RTD, for
example the expected runtime. The next sections will illustrate these two steps.

3.1 RTD of an Algorithm Portfolio

An ak that can solve the problem in a timetk if run alone, will spend a timet = tk/sk

if run with a sharesk. If the runtime distributionFk(tk) of ak on the current problem is
available, one can obtain the distributionFk,sk(t) of the event “ak solved the problem
after a timet, using a sharesk”, by simply substitutingtk = skt in Fk:

Fk,sk(t) = Fk(skt). (36)

If the execution of all the algorithms is stopped as soon as one of them solves
the problem, the resulting duration of the solution processis a random variable,
representing the runtime of the parallel portfolio, whose value is determined by the
shares, and by the random runtimesTk of the algorithms in the set:

TA = min{
T1

s1
,
T2

s2
, . . . ,

TK

sK
}. (37)

Its distributionFA ,s(t) can be evaluated based on the shares, and the{Fk}. The
evaluation is more intuitive if we reason in terms of the survival distribution: at a
given timet, the probabilitySA ,s(t) of not having obtained a solution is equal to
the joint probability thatno single algorithm ak has obtained a solution within its
time shareskt. Assuming that the solution events are independent for eachai , this
joint probability can be evaluated as the product of the individual survival functions
Sk(skt)

SA ,s(t) =
K

∏
k=1

Sk(skt). (38)



14 Matteo Gagliolo and Catherine Legrand

Given (6), equation (38) has an elegant representation in terms of the cumulative
hazard function. Apart from the termssk, (39) is the method used by engineers to
evaluate the failure distribution of aseriessystem, which stops working as soon as
one of the components fail, based on the failure distribution for each single compo-
nent (Nelson, 1982):

HA ,s(t) =− ln(SA ,s(t)) =
K

∑
k=1

− ln(Sk(skt)) =
K

∑
k=1

Hk(skt). (39)

The above formulas rely on the assumption of independence ofthe runtime val-
ues among the different algorithms, which allows the joint probability (38) to be
expressed as a product. This assumption is met only if theSk represent the runtime
distributions of theak on the particular probleminstancebeing solved. If instead
the onlySk available capture the behavior of the algorithms on asetof instances,
which includes the current one, independence cannot be assumed: in this case, the
methods presented should be viewed as heuristics. In a less pessimistic scenario,
one could have access to models of theSk conditioned on features, orcovariates, x
of the current problem. In such a case theconditionalindependence of the runtime
values would be sufficient, and the resulting joint survivalprobability could still be
evaluated as a product

SA ,s(t | x) =
K

∏
i=1

Sk(skt | x). (40)

3.2 Model-based Time Allocators

Once the RTD of the portfolio is expressed as a function of theshares, as in (38,
40), the problem of allocating machine time can be formulated as an optimisation
problem. In (Gagliolo and Schmidhuber, 2006b), the following alternatives are pro-
posed:

Expected time The expected runtime valueEA ,s(t) =
∫ ∞

0 t fA ,s(t)dt can be ob-
tained, and minimized with respect tos:

s = argmin
s

EA ,s(t). (41)

Contract If an upper bound, orcontract, tu on runtime is imposed, one can
instead use (38) to pick thes that maximizes the probability of
solution within the contractFA ,s(tu) = Pr{TA ,s ≤ tu} (or, equiva-
lently, minimizesSA ,s(tu)):

s = argmin
s

SA ,s(tu). (42)
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Quantile In other applications, one could want to solve each problem with
probability at leastα, and minimize the time spent. In this case, a
quantiletA ,s(α) = F−1

A ,s(α) should be minimized:

s = argmin
s

F−1
A ,s(α). (43)

These three methods can be easily adapted to allocate time onmultiple CPUs
(Gagliolo and Schmidhuber, 2008b). If theFk are parametric, a gradient of the above
quantities can be computed analytically, depending on the particular parametric
form: otherwise, the optimisation can be performed numerically.

Note that the sharess resulting from these three optimisation processes can dif-
fer: in the last two cases, they can also depend on the chosen values fortu andα
respectively. In no case there is a guarantee of unimodality, and it may be advis-
able to repeat the optimisation process multiple times, with different random initial
values fors, in case of extreme multimodality.

3.3 Algorithms as Competing Risks

As said, GAMBLE TA is a fully online algorithm selection method, in which there is
no distinction between learning and using the RTD models. Inorder to save compu-
tation time, for each instance, we only wait until the fastest algorithm solves it: at
this point we stop the execution of the remaining algorithms. In medical terms, we
are viewing each instanceb j as a patient, with covariatesx j , and theK algorithms
as competing risks, one of which should eventually “kill” the patient, and censor the
runtime values for the other algorithms.

From a statistical point of view, a clear disadvantage of using an algorithm portfo-
lio to gather runtime data is that, as we saw in Sect. 2.4, the resulting models will be
biased. In the next section we will see an illustrative example of this phenomenon.

4 Experiments

In this section we present a simple sampling experiment, with a small set of satisfi-
ability problem solvers, in order to illustrate the concepts introduced in this chapter.

Satisfiability (SAT) problems (Gent and Walsh, 1999) constitute a standard de-
cision problem, with many important practical applications. A conjunctive normal
form CNF(k,n,m) problem consists in finding an instantiation of a set ofn Boolean
variables that simultaneously satisfies a set ofm clauses, each being the logical
OR of k literals, chosen from the set of variables and their negations. A problem
instance is termedsatisfiable(SAT) if there exists at least one of such instantia-
tions, otherwise it isunsatisfiable(UNSAT). An algorithm solving an instance will
halt as soon as a single solution is found, or unsatisfiability is proved. Withk = 3
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the problem is NP-complete. Satisfiability of an instance depends in probability
on the clauses to variables ratio: aphase transitioncan be observed atm/n ≈ 4.3
(Mitchell et al, 1992), at which an instance is satisfiable with probability 0.5. This
probability quickly goes to 0 form/n above the threshold, and to 1 below.

SAT solvers can be broadly classified in two categories:completesolvers, that
execute a backtracking search on the tree of possible variable instantiations, and
are guaranteed to determine the satisfiability of a problem in a finite, but possibly
unfeasibly high, amount of time; andlocal search(LS) solvers, that cannot prove
unsatisfiability, but are usually faster than complete solvers on satisfiable instances.
In other words, a local search solver can only be applied to satisfiable instances: at
the threshold, there is a 0.5 probability that the instance will be unsat, in which case
the solver would run forever. The RTD of a set of instances fora complete solver
will haveF(∞) = 1 for any value of the ratiom/n; a local search solver would have a
F(∞) = 0.5 on a set of instances at the 4.3 threshold,F(∞) = 1 below the threshold,
andF(t) = 0 ∀t above it.

In the following experiments, we used a set of 200 randomly generated in-
stances at the phase transition, 100 of which satisfiable, with n = 250 variables
andm= 1065 clauses: theuf-250-1065 anduuf-250-1065 instances from
SATLIB (Hoos and Sẗutzle, 2000). The algorithm portfolio consisted of two SAT
solvers from the two categories above, the same used in (Gagliolo and Schmidhuber,
2006b). As a complete solver we picked Satz-Rand (Gomes et al, 2000), a random-
ized version of Satz (Li and Anbulagan, 1997) in which randomnoise influences the
choice of the branching variable. Satz is a modified version of the complete DPLL
procedure, in which the choice of the variable on which to branch next follows an
heuristic ordering, based on first and second level unit propagation. Satz-Rand dif-
fers in that, after the list is formed, the next variable to branch on is randomly picked
among the toph fraction of the list. We present results with the heuristic starting
from the most constrained variables, as suggested also in (Li and Anbulagan, 1997),
and the noise parameter set to 0.4. As a local search solver we used G2-WSAT
(Li and Huang, 2005): for this algorithm, we set a high noise parameter (0.5), as
advisable for problems at the phase threshold, and the diversification probability at
the default 0.05.

This algorithm set/problem set combination is quite interesting, as G2-WSAT al-
most always dominates the performance of Satz-Rand on satisfiable instances, while
the latter is obviously the winner on all unsatisfiable ones,on which the runtime of
G2-WSAT is infinite.

This situation is visualized by the continuous lines in Fig.1, which plot the RTD
of the set for the two solvers3, resulting from a KM estimate of the CDF (21) based
on the runtimes collected from 100 runs with different random seeds for each of

3 As we needed a common measure of time, and the CPU runtime measures are quite inaccurate
(see also Hoos and Stützle, 2004, p. 169), we modified the original code of the two algorithms
adding a counter, that is incremented at every loop in the code. The resulting time measure was
consistent with the number of backtracks, for Satz-Rand, and thenumber of flips, for G2-WSAT.
All runtimes reported for this benchmark are expressed in these loop cycles: on a 2.4 GHz machine,
109 cycles take about 1 minute.
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Fig. 1 The RTDs (continuous lines) of Satz-Rand (black) and G2WSAT (gray), along with the
RTD of the portfolio (dashed lines) resulting from different values of the shares = (s1,s2), where
s1 is the portion of time allocated to Satz-Rand, ands2 = 1−s1 is the portion used by G2WSAT

the 200 instances. No censoring was used, except of course for the runtimes of
G2WSAT on the UNSAT instances, which were artificially generated as censored
events with threshold 109. One can clearly notice the advantage of G2-WSAT on
satisfiable instances, represented by the small lower quantiles (below 106). From
quantile 0.5 on, the RTD remains flat, reflecting the fact that half of the instances
are unsatisfiable. Satz-Rand starts solving problems later, and is competitive with
G2-WSAT only on a small number of satisfiable instances, but isable to solve also
all the unsatisfiable ones, as indicated by the fact that the RTD reaches 1.

On the same plot (dashed lines), we display the RTD of the portfolio (38) for
different values of the share, obtained simulating a run of the portfolio (37) for each
pair of runtime values. Fors = (1,0) only Satz-Rand is run. Giving a small portion
of time to G2-WSAT (s = (0.9,0.1)) already improves the situation; increasing its
share gradually moves the RTD of the portfolio towards the one of G2-WSAT (s =
(0,1)).

Let us now look with more detail at the variability of the RTDswithin the set.
Figure 2 (a) displays the RTDs of the two algorithms on the subsets of SAT and
UNSAT instances. Figures 2 (c,d,e) display the RTDs of the instances, again esti-
mated based on 100 runs for each instance, grouped based on the algorithm and on
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(b) G2WSAT on SAT instances
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(c) Satz-Rand on SAT instances
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(d) Satz-Rand on UNSAT instances

Fig. 2 (a) RTDs of the two algorithms on the subsets of SAT and UNSAT instances: the line for
G2WSAT on UNSAT instances would be constant at 0, and is omitted.(b) RTDs of G2WSAT on
each of the 100 satisfiable instances. Note the different time scale. The lower line leaving the plot
refers to instance 24, and reaches 1 at time 1.6×108. (c,d) RTDs of Satz-Rand on the satisfiable
and unsatisfiable instances, respectively.

satisfiability. Note that there still is a huge variability of the RTD of the instances
within each subset.

To illustrate the bias induced by a competing risk, in Fig. 3 (a) we display again
the unbiased RTDs of the two algorithms (dotted lines) on thewhole set of in-
stances, compared with the KM estimates (20) of the RTDs of the two algorithms,
this time obtained with the portfolio approach, that is, censoring the runtime of
the slowest algorithm for each run and each instance (continuous lines). While the
model for G2WSAT remains accurate, as it mostly gets censoredon unsatisfiable
instances on which it would run forever anyway, one can clearly notice the bias of
the product-limit estimator for Satz-Rand: the runtime is overestimated, especially
for the satisfiable instances, on which Satz-Rand is slower,so it gets censored.

To reduce the bias, we repeated the sampling, randomly reordering the instances
for Satz-Rand: in this way, the two algorithms run in parallel, but each on a different
instance. This should reduce the statistical dependence among the runtimes of the
two algorithms, allowing to consider the censoring mechanism uninformative, thus
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(b) Random reordering

Fig. 3 (a) The unbiased RTDs (dotted lines) of Satz-Rand (black) and G2WSAT (gray), compared
with the biased estimates (continuous lines) obtained censoring, for each instance and each seed,
the runtime of the slowest algorithm. Note the bias in the model forSatz-Rand. (b) The same unbi-
ased RTDs (dotted lines), again compared with the estimates (continuous lines) obtained censoring,
the runtime of the slowest algorithm, this time after a random reordering of the instances, in order
to reduce the bias. Note the improvement in the model for Satz-Rand.

resulting in a more correct estimate: this can indeed be observed in Fig. 3 (b), where
we display again the “real” runtime distributions, compared against the estimates
obtained after random reordering of the instances. This time the estimator for Satz-
Rand is visibly more accurate on the whole range of runtimes observed.

5 Related Work

Literature on RTD modeling aimed at analyzing algorithm performance is rela-
tively recent. The behavior of complete SAT solvers on solvable and unsolvable
instances near phase transition have been shown to be approximable by Weibull
and lognormal distributions respectively (Frost et al, 1997). Heavy-tailed4 behav-
ior is observed for backtracking search on structured underconstrained problems
in (Hogg and Williams, 1994; Gomes et al, 2000). The performance of local search
SAT solvers is analyzed in (Hoos, 1999), and modeled using a mixture of exponen-
tial distributions in (Hoos, 2002).

A seminal paper in the field of algorithm selection is (Rice, 1976), in which
offline, per instance selection is first proposed, for both decision and optimisa-
tion problems. More recently, similar concepts have been proposed, with different
terminology (algorithmrecommendation, ranking, model selection), in the Meta-
Learningcommunity (Vilalta and Drissi, 2002). Research in this fieldusually deals

4 A heavy-tailedruntime distributionF(t) is characterized by a Pareto tail,F(t)→t→∞ 1−Ct−α .
In practice, this means that most runs are relatively short, but the remaining few can take a very
long time.
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with optimisation problems, and is focused on maximizing solution quality, without
taking into account the computational aspect.

Work onEmpirical Hardness Models(Leyton-Brown et al, 2002; Nudelman et al,
2004) is instead applied to decision problems, and focuses on obtaining accurate
models of runtime performance, conditioned on numerous features of the problem
instances, as well as on parameters of the solvers. The models are used to perform
algorithm selection on a per instance basis, and are learnedoffline: censored sam-
pling is considered in (Xu et al, 2008).

The foundation papers about algorithm portfolios (Huberman et al, 1997; Gomes et al,
1998; Gomes and Selman, 2001), describe how to evaluate the runtime distribution
of a portfolio, based on the runtime distributions of the algorithms, which are as-
sumed to be available. The RTD is used to evaluate mean and variance, and find
the (per set optimal)efficient frontierof the portfolio, i.e. that subset of all possible
allocations in which no element is dominated in both mean andvariance.

Another approach based on runtime distributions can be found in (Finkelstein et al,
2002, 2003), for parallel independent processes and sharedresources respectively.
The RTDs are assumed to be known, and the expected value of a cost function, ac-
counting for both wall-clock time and resources usage, is minimized. A dynamic
schedule is evaluated offline, using a branch-and-bound algorithm to find the opti-
mal one in a tree of possible schedules. Examples of allocation to two processes are
presented with artificially generated runtimes, and a real Latin square solver. Unfor-
tunately, the computational complexity of the tree search grows exponentially in the
number of processes.

Other examples of the application of performance modeling to resource alloca-
tion are provided by the literature on restart strategies (Luby et al, 1993; Gomes et al,
1998), and on anytime algorithms (Boddy and Dean, 1994; Hansen and Zilberstein,
2001).

6 Summary and Outlook

In this chapter we illustrated the application of survival analysis methods to model
the performance of decision problem solvers, focusing on the application of mod-
eling to algorithm selection. We described in deeper detailthe statistical aspects of
GAMBLE TA (Gagliolo and Schmidhuber, 2006b, 2008a), discussing the bias in the
RTD models caused by thecompeting riskscensoring scheme adopted for sampling
the runtime of the algorithms, and illustrating it with a simple sampling experiment.

Ongoing research is aimed at analyzing the actual impact of this bias on the per-
formance of GAMBLE TA, and at finding a computationally cheap way of reducing
this bias, possibly inspired by the random reordering trickdescribed in Sect. 4. On
a longer term, we are working on transferring other survivalanalysis methods to
model the runtime-quality trade-off of optimisation algorithms, in order to devise
an algorithm selection method for this broader class of problems.
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