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Abstract

For about thirty years, time series models with time-dependent coef-
ficients have sometimes been considered as an alternative to models with
constant coefficients or non-linear models. Analysis based on models with
time-dependent models has long suffered from the absence of an asymp-
totic theory except in very special cases. The purpose of this paper is to
provide such a theory without using a locally stationary spectral repre-
sentation and time rescaling. We consider autoregressive-moving average
(ARMA) models with time-dependent coefficients and a heteroscedastic
innovation process. The coefficients and the innovation variance are deter-
ministic functions of time which depend on a finite number of parameters.
These parameters are estimated by maximising the Gaussian likelihood
function. Deriving conditions for consistency and asymptotic normality
and obtaining the asymptotic covariance matrix are done using some as-
sumptions on the functions of time in order to attenuate non-stationarity,
mild assumptions for the distribution of the innovations, and also a kind
of mixing condition. Theorems from the theory of martingales and mix-
tingales are used. Some simulation results are given and both theoretical
and practical examples are treated.

1. Introduction

Apart from the recent interest towards non-linear models, most of the literature
on time series is concerned with stationary linear models. Time invariance is
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however difficult to justify over a long period of time but provides a welcome
simplification. If non-linear models have been the object of numerous papers in
the recent years, it is mainly for theoretical aspects, much less for practical ap-
plications. See e.g. Priestley (1988), Tong (1990), Guégan (1994), for reviews.
The power of the theory on non-linear models relies on results depending on
stationarity and ergodicity. On the contrary, models with time-dependent coef-
ficients have been less studied in the literature and also rarely used in practice.
The main reason is their lack of stationarity and ergodicity which has prevented
from using standard arguments. Among the first authors who have investigated
these models, let us mention Quenouille (1957), Whittle (1965), Abdrabbo and
Priestley (1967), Miller (1968, 1969), Subba Rao (1970), Wegman (1974), and
Hallin and Mélard (1977). Among the recent references on the subject, let us
mention Singh and Peiris (1987), Kowalski and Szynal (1991), Azrak and Mélard
(1993) where the extended ARIMA model includes some cases of models with
time-dependent coefficients and marginally heteroscedastic models, Grillenzoni
(1990) who has used an approach based on recursive estimation, and Dahlhaus
(1996 a, b, ¢, 1997) and Bibi and Francq (2003), whose contributions will be
discussed below. For conditionally heteroscedastic covariance stationary mod-
els, see Lumsdaine (1996). For ARMA processes with periodic coefficients, see
Basawa and Lund (2001).

The asymptotic properties of estimators for models with time-dependent
coefficients are not studied in a general framework in the statistical literature
although Tjgstheim (1984b) has been close from it with his general theory for
linear and nonlinear models. The difficulty to derive conditions for consistency
and asymptotic normality, and to obtain the asymptotic covariance matrix is
due to three reasons: (a) the observations are not independent; (b) they are not
identically distributed; (c) they are not normally distributed.

In this paper, we consider asymptotic properties of quasi-maximum likeli-
hood estimators for a large class of models, the autoregressive-moving average
(ARMA) model with time-dependent coefficients and heteroscedastic innovation
variance. These coefficients and that variance are assumed to be determinis-
tic functions of time which depend on a finite number of parameters. There
are some assumptions on these functions of time in order to attenuate non-
stationarity, mild assumptions for the distribution of the innovations, and the
estimator which is used is the Gaussian maximum likelihood estimator, max-
imising the likelihood function as if the process were Gaussian. The advantage of
that approach is that the Gaussian likelihood function can be computed exactly,
with very efficient algorithms (e.g. Mélard, 1982, Azrak and Mélard, 1998).

Let us consider a stochastic process w = (w¢,t € N), defined on a probability
space (Q, F, Pg), with values in R, whose distribution depends on a vector § =
(81, .., Br) of unknown parameters to be estimated, with 8 lying in an open set B
of an Euclidian space R", r € Ny. The true value of 3 is denoted by 8°. Consider

a triangular sequence of observations w(™ = (le), wén), . w,(zn)) of the process

w. Let F™ be the o-field generated by (w(™,u < t), and F,™ = {0,Q}.
Let Q, = Qn(8) = Qn(,b’;w§"), ...,wsl")) be a general penalty function to be
minimised, which depends on the observations and . The estimator is obtained
by solving the system of equations

9Qn(B)
dB;

=0, fori=1,..r



To use the method of maximum likelihood we maximise, with respect to 3, the
function

(B0, o w) = S log fr(w™; B/F™),
t=1

(n

where f,(w\™; 8/F\")) is the conditional density of w\™ with respect to F,").
For ARMA models, for a reason explained in Section 3, (™ can be omitted for
the filtration, leading to F;_;. In what follows, we briefly describe a synthesis
of the literature.

Very general non-stationary models have been considered. Silvey (1961) has
tried to generalise the statistical properties of maximum likelihood estimators
in the non-standard case without specifying a particular model but under as-
sumptions which are difficult to check. Bar-Shalom (1971) shows, in the case
of a scalar parameter, convergence in probability and asymptotic efficiency by
assuming that, at 3 = 3°:

—-F

(1.1)
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Bhat(1974) extends the results of Bar-Shalom (1971) by showing asymptotic
normality of the estimator under the assumption that, at 8 = 2,

HE) = — E(am(wé”kﬂ/ﬂ_ﬁ /) = E <(aft<w£">;6/ﬂ_1))2 / FH) |

032 032
(1.2)
and that

LS A — I, (1.3)
t=1

where J(3°) is a strictly positive constant. In a more general framework, Crow-
der (1976) gives conditions which guarantee weak consistency of the maximum
likelihood estimator. One of these conditions cannot be verified in our case.

Let us now restrict ourselves to more particular models in the class of the
ARMA (autoregressive-moving average) processes with time-dependent coeffi-
cients. Subba Rao (1970) is interested in AR models using estimators based on
the evolutionary spectral analysis of Priestley (1965). Mélard (1977) fits (mar-
ginally) heteroscedastic ARMA models called ARMAG models. Mélard and
Kiehm (1981) deal with models with time-dependent coefficients and Gaussian
maximum likelihood estimation. Mélard (1982) gives an algorithm for comput-
ing the exact Gaussian likelihood. These authors have not studied the asymp-
totic properties of their methods.

Kwoun and Yajima (1986) introduce a first-order AR process with a time-
dependent coefficient. They show consistency and asymptotic normality of the
least squares estimator, by assuming that the coefficients of the moving average
representation are uniformly bounded with respect to ¢. Hamdoune (1995)
extends that approach to autoregressive processes of order p, using also an
M-estimateur, and shows strong consistency and asymptotic normality under
certain regularity assumptions. The first-order moving average process is also
considered.



It is important to notice that the other approaches mentioned before are
concerned with homoscedastic innovations. Tyssedal and Tjgstheim (1982),
however, consider heteroscedastic autoregressive models. We provide results
partly based on the work of Klimko and Nelson (1978), and of Tjgstheim (1984a,
1984b, 1986) which consist in using a Taylor expansion of the penalty function,
here the Gaussian likelihood. Tjgstheim (1986) has considered various linear and
non-linear autoregressive models, detailed in Tjgstheim (1984a) and Tjgstheim
(1984D), respectively, but with a constant innovation variance. Estimation is
performed by the maximum likelihood method only for stationary processes, not
for processes with time-dependent coefficients for which only the least squares
method is used. We shall start from two theorems of Klimko and Nelson (1978)
denoted here by KN1 and KN2. KN1 states existence of an estimator, and shows
almost sure (a.s.) consistency, whereas KN2 proves asymptotic normality and
gives the asymptotic covariance matrix. These theorems are based on a standard
technique of Taylor expansion of a general penalty function and on Egorov’s
theorem. We have not used the versions of Tjgstheim (1986) of KN1 because
the assumption on the smallest eigenvalue of a certain matrix is difficult to check
when there are more than two parameters. Moreover, the original assumption
of KN1 is still necessary for proving KN2.

The difficulty is to check the assumptions of Klimko and Nelson (1978) by
stating realistic assumptions on the model with the Gaussian likelihood taken
as the penalty function. For the general ARMA case, we give expressions which
are generalisations of those given by Kwoun and Yajima (1986) for the AR(1)
process. They seem relatively easy to check at least in special cases. For pure
autoregressive processes, in a companion paper (Azrak and Mélard, 2005), we
propose an alternative mixing condition which assumes that a certain series in
the ¢-mixing coefficients is convergent. Of course, theorems from the theory of
martingales are used, essentially a strong law of large numbers (Stout, 1974)
and a version of Basawa and Prakasa Rao (1980) of the central limit theorem.
For the case where the coefficients depend on time but also on the length of
the series, a martingale array is considered and a weak law of large numbers
is used to obtain convergence in probability of the estimator instead of almost
sure convergence. Also, in order to bound the higher-order term of the Taylor
expansion, laws of large numbers for mixtingales are used, either for sequences
if the coefficients depend on ¢, or for arrays if they also depend on n.

More recently, Dahlhaus (1996 a, b, ¢, 1997) has obtained asymptotic results
for a new class of locally stationary processes which includes heteroscedastic
ARMA processes with time-dependent coefficients. Either a spectral-based or a
maximum likelihood estimation method is used. The asymptotics are based on
rescaling time: instead of simply increasing the length n of the series, Dahlhaus
assumes that the observation period is fixed, let us say [0,1], but that the interval
between the n observations decreases and tends to zero.

Let us mention another very recent approach by Bibi and Francq (2003).
Their assumptions are different, e. g. they assume only finite fourth-order mo-
ments but other conditions more difficult to check in our case, their estimation
method is quasi-least squares, and their scope of applications favors cyclical
ARMA models with non constant periods.

We proceed in two stages. First, we consider the quasi-maximum likelihood
estimator of a process which is not necessarily stationary (see Section 2). Then,
we particularise to ARMA models with time-dependent coefficients (see Section



3). Section 4 is devoted to five examples where the assumptions of Section 3 can
be verified. Some simulation results for examining small sample properties of
estimators and their standard errors are given in Section 5 in the case of some
examples of Section 4. We end with practical examples on standard time series
(Section 6), and some conclusions.

2. Maximum likelihood estimation for a general
time series model

In this section, we apply the two theorems KN1 and KN2 of Klimko and Nelson
(1978) in the case of a quasi-maximum likelihood. Let us consider /1 (83),
the conditional expectation of w; given F;_; :

W11 (8) = Eg(we/Fy—1), (2.1)
and similary the conditional variance:
ht/t—l(ﬂ) = Eg((w — wt/t—l(ﬂ))2/Ft—l)' (2.2)

We take as penalty function,(,, minus the logarithm of the quasi-likelihood
function L, (8; w1, ..., w,),computed as if the process were Gaussian:

Lo(B;w1, ..., wy) = (2m) /2 (H ht/t_1(6)> exp (‘ ) = ;hjz/tl_(lg)ﬁ)) )

t=1 t=1

hence

N | =

—Qn = 1n(B) = log Lu(B; w1, ywn) = =5 > () — glog(27r), (2.3)
t=1

where

(w — 12)t/t—l (5))2

hepa(B)
Later we shall consider models where the coefficients depend not only on ¢
but also on n so that it will be necessary to add a superscript (n) to the no-
tations, leading to ﬁ)i}bgfl(ﬁ),hi;bt)fl(ﬁ), and a,(tn)(ﬁ) instead of, respectively,
Wy y¢—1(B3), hise—1(B), and a4(3). To simplify the presentation, we denote

a(8) =loghy/i—1(B) + (2.4)

E§(-(8)) = E5(-(8)) gpo -
and similarly vargo(-) and covgo(:). We denote e;(8) = w; — wy/;—1(B) and

ei”) (8) when necessary, but e;(8o) will be written more simply as e;.
In order to check the assumptions of the theorems KN1 and KN2 of Klimko
and Nelson (1978), we need some additional conditions as follows.



Theorem 1

Let the stochastic process (w;,t € N) be such that Eglw:|* < oo for all 8 and
such that @/, () and hy/;—1(3) are almost surely (a.s.) twice continuously
differentiable in an open subset © which contains the true value 3° of vector £.
Suppose there exist two positive constants C; and Cy such that for all ¢ > 1:

Oay(B) |4

Hiao Byl ‘ <O, j=1,.m (2.5)
J
320@ (B) Oy (B) 2 .
H —E =1, (2
1.2 8ﬂzaﬂ] (aﬁlaﬁ] / t— 1)| > 02 ) 1,7 yeeny T ( 6)

Suppose further that

. 1 Z 8 at( ) _ 0 .
H1.3 nh—{go%ZE (86 8ﬂ] /Ft 1) - ‘/lj(/g ) a.8. ,1,] = 17_“7,,~’ (27)

where the matrix V(8°) = (V;;(8°))1<i,j<r is a strictly definite positive matrix

of constants;
i<{a2at } _{a2at<ﬂ>} )
<\ 98:08; | 5_p. 9B:i0B; ] 5_po

a.s., 4,7 = 1,...,r, where 5* is a point of the straight line joining 8° to every 3,
such that, || 8 — 8% |[|< A.

Hi 4 lim sup —
n— oo A,I,O n

<o , (2.8

Then, there exists an estimator Bn such that Bn — A% almost surely, and such
that for every € > 0, there exists an event E in (Q, F, Pgo) with Pgo(E) > 1—€
and ng such that for n > ng, in E, 8ln(3n)/8ﬂi =0,7=1,...,7, and [, reaches
a relative maximum at the point [fn

If these conditions are satisfied, as well as the following assumption:

- %ZH:EB <aaté )(9at( /B 1) - _ZEBU (a(gﬂ a;;(f)) 50

t=1

(2.9)
a.s., as n — 00, where T denotes transposition, then
nt2(Bn = 8°) =F N(O,V(5) W (BOV ()7, (2.10)
where L indicates convergence in law and W (3°) is defined by:
R day(B) o (B)
0y __ - t
W (8% = lim 4nz_:Eﬁo< 5 95 ) (2.11)

Remark 1

This theorem is essentially an existence theorem. It is possible to extend it in
the same way as Hamdoune (1995) has done in the AR(1) case, by considering
M-estimation instead of maximum likelihood estimation. It is more complex
here because a term and a factor are introduced in (2.4) for the treatment of
heteroscedasticity.



Theorem 1’

Under the same assumptions as in Theorem 1 except that wy/;—1(8), heje—1(5),

and a4(f) are replaced by AEZ) 1(ﬂ),h£7g 1(B), and a(n) (B), respectively, that
the assumptions H; ; and Hi o are valid uniformly with respect to n, and al-
most sure convergence is replaced by convergence in probability in assumptions
H,3,H; 4 and Hiy 5, then, there exists an estimator ﬂn such that Bn — B%in

probability. The asymptotic normality result is the same as in Theorem 1.

3. Maximum likelihood estimation for ARMA
models with time-dependent coefficients

In this section, we use the assumptions of Theorems 1 and 1’ for ARMA models
with time-dependent coefficients, based on an innovation process made up of
independent random variables with zero mean and a time-dependent variance.
We suppose that the autoregressive and moving average coefficients, as well as
the innovation variance, are deterministic functions of time which depend on a
finite number of parameters which need to be estimated.

While checking the assumptions of Theorem 1, we shall need the following
result stated by Hamdoune (1995) which, as noticed by Kwoun and Yajima
(1986), follows from a proof in Doob (1953, pp. 492-493, Theorem X.6.2),
where it is given for a second order stationary process.

Lemma 1

Let (wy,t € Z) be a process with second-order moments which are uniformly
bounded with respect to ¢, and let ¥ > 0 be such that

1 ’ 1
E| - w =0(—
(13m) o6
t=1
Then, n=! Y | wy converges almost surely to zero when n tends to occ.

Definition 1

The process (w¢,t € N) is called an autoregressive-moving average process of
order (p, q), if and only if it satisfies the equation

p q
= Z DerWi—p + €5 — Zetket—ka (3.1)
k=1 k=1

for t > 1, where (e;,¢ € N) is an independent white noise process, consisting
of independent random variables, not necessarily identically distributed, with
zero mean and variance o7 > 0.The coefficients ¢y, and 6y are the coefficients
of the model. The initial values w;,t < 1, and e;, ¢ < 1, which are used
n (3.1), are supposed to be equal to zero. In the sequel, we will also use
dr0 =,0:0 = =1, =0,k > p, and O, =0,k > q.

The contents of the vector of parameters 8 will be discussed soon. We define
e:(B) or e (B) like in Section 2. Of course, e,(3°) and e{™ (8°) = e;.



Thanks to the assumption about initial values and by using (3.1) recurrently,
it is possible to write the pure moving average and the pure autoregressive
representation of the process. For any 3, the pure moving average representation
is given by

Z/wtk et k (32)

where the coefficients, the Green functions (Miller, 1968), 1 (8) = t(,’z)(ﬂ),
k =1,..,t — 1, can be obtained from the autoregressive and moving average

coefficients using the following recurrences (see Hallin and Mélard, 1977, or
Hallin, 1978)

O (B) = —04(8), 5 = L,st=1, U (B) =1, DV(B) = ¢j(B),4 = 1,0t~

D(B) = B) = ()b gk (B)sd = Kyt — 1,

D(8) = DB + DTV (B)brrgor (B),f =k + Lt — Lk =1, — 1.

In a Wold-Cramér decomposition (Cramér, 1961) of the process, (3.2) would be
an infinite series converging in the mean and the e; would be a weak white noise
process. Alternatively, we can use a pure autoregressive representation

w = 3w (Bwei + B, (33)
k=1

where the coefficients m (8) = ﬂt(,’j) (8), k=1,...,t — 1, can be obtained using
the following recurrences (see Hallin and Mélard, 1977, or Hallin, 1978)

Wt(;))(ﬂ) - ¢t](5)3] = 17 at - 11 Trt(;))(ﬂ) = —et.](ﬂ)a.] = 17 at - 11

Trt(f) (ﬂ) - ’/Tt(f 2 (ﬂ) - ’frillz_l) (ﬂ)d)t*k,jfk(ﬂ)’j - ka 7t - 11

70 B) =75 B) + 7V Bk gk (B) i = k1t = LE=1,.t— L

Let F} be the o-field spanned by (e,,u < t). By (3.2), w; is Fy-measurable,
for all . From (3.3), F} is also the o-field spanned by (w,,u < t), for all t. If
the process were not started at time ¢ = 1, it should be necessary to impose
a causality and an invertibility condition, for example Hallin and Ingenbleek
(1983), Hallin (1986).

In the sequel, (3.1) is used to represent a time series (wy, t = 1,...,n) where
w; is the observation of the variable made at time ¢, ¢t = 1,...,n. The time
series is considered as a partial realisation of a stochastic process (w¢,t € N).
The asymptotics are based on a triangular sequence of observations w =
(w§”> wén), w%n)). However, for reasons that will become clear later, the
coefficients in (3.1) can also depend on n, the length of the series. In that case,
we consider a sequence of processes indexed by n, based on the same innovation
sequence (e;,t > 1). Consequently, the sequence of the o-fields (Fy,t > 1) is
unique and does not depend on n.

The model depends on the parameters contained in each coefficient ¢y, =

o1 (5) or ¢tk)(,8) O, = 041 (8) or 9 (ﬂ) and the parameters contained in o7 =



o?h(B) > 0 or at(")2 = thgn)(/)’), where the scale hy = hy(3) or hg")(/)’) is a
deterministic strictly positive function of time. These parameters are estimated
from the realisation w(™ = (w§”> wén), w,(ln)). In the sequel, we often drop
the superscript (n) on the observations. Rather, when the coefficients depend
on n, we add a superscript (n) to them but also to all the symbols which depend
on them.

Let 8 be a r-dimensional vector containing all the parameters to be esti-
mated, except for 2. We suppose, for the commodity, that the parameters in
O for k=1,...,p,in By for k =1, ..., q, and in h; are functionaly independent.
The vector § in the parameters is thus composed of three sub-vectors ¢, § and
d: ¢ is the vector of parameters included in ¢y, kK = 1,...,p, with dimension
s1 (Bi = ¢; for i = 1,...,81), 0 is the vector of parameters included in 6y,
k=1,...,q, with dimension sy (8;1+s, = 0; for i = 1,...,s2), and 0 is the vector
of parameters included in h; with dimension r — s, where s = s1+ 2, (8; = d;—s,
i=s+1,...,7). Denote k4; the 4-th order cumulant of the innovation e; (which
does exist and is uniformly bounded by Hs5). It may depend on § (and even
on n).

We start by giving the explicit expression of a; = a;(8) or at (ﬂ) in the
framework of the model defined by equation (3.1). The conditional expectation
w41 () and the conditional variance h;/;_(3) take the following forms

w1 (B) = Eg(we/Fy—1) Z¢tk YW _Zetk Yer—k( (3.4)

hiji—1(B) = Es((wy — wye—1(B8))?/Fie1) = Es(€e; (B)) = o”hi(B3), (3.5)
with superscripts (n) if the coefficients depend on n. The expression (2.4) can
then be written as

(wy — "bt/t—l(ﬂ))Q

ai(B) = log (0*he(8)) +

o*he(B)
or
(n) _ 27 (n) (’LU t/t 1(&))
o, (B) =log (o”hy " (B)) + -
o2h" (6)
accordingly.
Now we consider, with possibly superscripts (",
ow Po 90 q de..
tg;; -2 k- k—z D et () - 3 0(5) 5L, (36)
' k=1 ’ ! k=1 v

i = 1,...,7, which is a recurrence equation since e;(3) = w; — ;¢ (). We can
obtain a simpler expression from the pure autoregressive representation (3.3)

Oy ye—1( O (B
am Z aﬂz Yk

and similarly

Pinjr(8) -~ Pu(B)  Pinpa(B) g~ P
0B:0B; = 0B:0B; " 0Bi0BOB <= 9Bi0B0B "



for 4,7,1 = 1,...,r. Alternatively, each of these expressions on the right hand
side can be written as a pure moving average

.
%—Zlﬂnk €t k (37)
8?

ZZ@;}] Zwmk Yer_k(8), (3.8)
o wt/t 1(

amaﬁ]am kamlk Jerk(B), (3.9)

for i,j,0 = 1,...,r, where the coefficients ¥ (8), ¥rijr(8) and ik (8) are
obtained by the following relations

Oy i
"ptzk Z ﬂéﬁz '(/)t u,k— u(,B; ¢mk Z 828@ 'ébt u,k— u(ﬂ)

k
Py
Yeijir (B Z Bﬂjgﬂjaﬁ Vt—u—u(B)-

Example

Let us consider the special case of an ARMA(1,1) process defined by
wy = Grwe—1 + e — Orer—1, (3.10)

where ¢; = ¢;(8) and 0; = 6,(8). We shall use the pure moving average
representation of the process which has coefficients (to be used in Examples 1
to 3 of Section 4)

Yk (B) = { kl:f ¢t4(ﬂ)} {¢t—k+1 (B) — 0t7k+1(/3)}a
1=0

k=1,2,...,t — 1, where a product for [ = 0 to —1 is set to one. Similarly, the
coefficients of the pure autoregressive form are as follows

T (8) = {'ﬁet_l(ﬂ)}{@_kﬂ (8) = 011 (8) }
=0

so that their derivatives are given by

Omn(B) _ 0¢u(B)  06:(B)
o3 0B op

87@(6) _ 601( )
op
Omi3(B) _ aet(ﬂ)
op op

{pe-1(B) — 6:—1(B)} + 6:(B) {5¢t—1(5) _ 80t1(ﬁ)}

op op
30t 1(

9#1(5){¢t72(5)—9t72(5)}+9t( {¢t 2( 9#2(5)}

10



0or2(8) 39t2(ﬁ)}

51 (9) { 2550 - P

Hence it can be shown that

ko[ k
Yir(B) = Z (H Xth,k,l,h,i(ﬁ)) , (3.11)
h=1

=1
where ) (ﬁ)
_ thlh lfh — l,
Xekini(B) = { thlh ith £1,
and
¢t(ﬂ) if I<h<ek,
Xtkin(B) = { +(8B) if h<i<k,
u(B) —0u(B) if h=k.

We first address the case where the coefficients depend on ¢ but not on n.

Theorem 2

Consider an autoregressive-moving average process defined by (3.1) and sup-
pose that the functions ¢ (8), 0 (8) and hi(S) are three times continuously
differentiable with respect to 3, in the open set B containing the true value 3°
of 3, that there exist positive constants ® < 1, Ny, Na, N3, Ny, N5, K1, K,
K3, m, M, m; and K such that Vi =1,....n

t—1

Z¢tzk ) < N @" Z¢tzk ) < Na®" 1, Z"p?ijk(ﬁo) < N3 @',

Zd}tmk HO < N,y@™ ! Zd)tulk < N57

k=v k=1
v=1..,t—-1, 4,51l=1..r;

T T B Y

< K3,

Fhi(B)
{ 331321' 0B }ﬁ=ﬁ°

i, 5,0 =1,...,7;
Hysz  0<m < hy(B°) <my;
Hyy  E(w}) < M;
Hs 5 (0®hi (B°)) ' E(ef) < K.

Suppose furthermore that

i - Oy /4 Oy /y—
Hag limy, oo 20 [a 2 B0 ( a8 ot ) wgﬁjl(m)

{20} ne {2 =V, i1
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where the matrix V(8°) = (V;;(8°))1<i,j<r is a strictly definite positive matrix;

n—1ln—dt—1—d

Hs 7 % SN D k(B ek (B s ik al BVt ajkra(B0)kae—k = O(%),

d=1 t=1 k=1

n—1ln—dt—d

3> v (B gara ek (8) = ).

d=1 t=1 k=1

1
n?

Then,

e there exists an estimator ﬂAn such that ﬁn — B9 almost surely and in the sense
of Theorem 1;

e n'/2(B, — %) =L N(0,V(B2)'W(B°)V(3°)~!) where there exists a matrix
W (B°) whose elements are defined by (2.11).

Remark 2

H, 1 is satisfied if there exists ® < 1 such that 97, (8°) < ®* and similar con-
ditions for the others. H, 7 is also verified in that case. Hs 7 is a sort of mixing
condition which will take a more classical form in the case of a pure autore-
gression (see Azrak and Mélard, 2005). Hsg is probably the most intriguing
assumption. It means that each parameter is asymptotically informative either
for the coefficients of the ARMA model or for the innovation standard deviation.
In the stationary case, the assumption implies that there is no common root in
the autoregressive and moving average polynomials. Things are of course much
more complex here as will be shown in Example 5 in Section 4. The assumption
on existence of 8th-order moments of the innovations can be reduced to the ex-
istence of moments of order 4 + -, where v > 0 but this requires strengthening
H 1.1

Remark 3

As is well known, for a non-Gaussian process, neither V' (3°)~!, nor W (3°)71,
is the asymptotic covariance matrix, see White (1982) (obtained there for in-
dependent observations) and Tjgstheim (1986) but well the so-called sandwich
estimator V(8%)~1W (8%)V(8°)~1L.

Remark 4

With the following theorem we shall see that the dependence of the model
with respect to n through the coefficients ¢y, = ¢£Z) (B), Ou = 022) (8) and
he = hin) (B) has no substantial effect on the conclusions except that almost
sure convergence is replaced by convergence in probability. For convenience,
we state the lemma which corresponds to Lemma 1 in the case of triangular
arrays of random variables. The proof is immediate since convergence in Lo
norm implies convergence in probability.

Lemma 1°

Let (wt("),t =1,...,,n) be, for each n € N, a process with second-order moments,
and let v > 0 be such that

12



2
le= (n 1
t=1

Then, n=t Y7, wt(") converges in probability to zero when n tends to infinity.

Theorem 2’

Consider a sequence of autoregressive-moving average processes based on the
same innovation process, defined by (3.1) and indexed by (n), n € N, and sup-

pose that the functions ¢£Z) (8), ng) (8) and hg") (B) are three times continuously
differentiable with respect to 3, in the open set B containing the true value 3°
of 3, that there exist positive constants ® < 1,Ny, N», N3, Ny, N5, K1, K>,
K3, m, M, m; and K, such that V¢ = 1,...,n and uniformly with respect to n:

Hy s ZW” %) < Ny@" ! Zng‘,g“ %) < Np@ ™! Zipt;;),j %) < N3,

k=v k=v

Zwtmk ﬁo <N<I)y 1 Z’(/}tl]lk ﬂo <N5;

on™ () 9*h" (8)
Hy {Tﬂi}ﬁﬁo < Ky, {W ) < Ko,

*h™ () -
Zt < K. gl=1, .7
{8&8@8& g = 123 1, r

Hy 5 0<m< h:(:n)(ﬁo) < my;
Hys  E@w!™") < M;
Hys  (®h{M'(8%) ' E(ef) < K.

Suppose furthermore that

n A (n) +(n)
1 _ t/t—l('B) (n) t/t—l(ﬂ)
H ! 1 - 2.E‘ 0 h 1
2.6 nL“;on; o *Ep T G

on{™ (8) () gy 2 | D1 (B) _
+2{ az; }ﬁ:ﬁo{ht (8°)} o8, o = Vi (8%,

i,j = 1,...,r, where the matrix V(8%) = (V;;(8%))1<i,j<r is a strictly definite
positive matrix;

n—1ln—dt—1—d

" 1
Hy: — S S U BB BT B i = o),

d=1t=1 k=1
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1 n—1ln—dt—d . . . 1
=500 2 2 ik B (BN (B°) = O().
d=1 t=1 k=1
Then, . A
e there exists an estimator 3, such that 3, — B° in probability;
e n'/2(B, — %) =L N0,V (8%~ W(B°) V(%) 1) where there exists a matrix
W (8°) whose elements are defined by (2.11) with oy (8) replaced by ai™ (3).

Remark 5

It is not obvious that almost sure convergence can be obtained in Theorem 2’
using our approach. Indeed, besides the mixtingale array problem mentioned
in the proof of Theorem 2, it relies also on Theorem 1’ where a strong law
of large numbers for martingale difference arrays doesn’t seem to exist, and
on Lemma 1 for which the proof also makes use of sequence arguments. This
contrasts to the approach of Dahlhaus (1997) where almost sure convergence is
obtained. Note however that the assumptions of Theorem 2’ are weaker: we have
no assumption of continuity with respect to time, the possibility of coefficients
periodically varying with respect to time ¢, no condition on the roots of the
autoregressive and moving average polynomials considered at each time.

4. Examples

In this section, we consider five examples. The first three of them concern
AR(1) processes with a time-dependent coefficient. In the first example, the
coefficient is a periodic function of time. In the second example, the coefficient
is an exponential function of time. The innovation variance is constant in both
cases. In the third example and in part of the simulation results of Section 5, we
have a linear function of time for the coefficient and an exponential function of
time for the scale factor. The last two examples are for a MA(1) and an ARMA
(1,1) processes. The former has a linear function of time for the coefficient and
an exponential function of time for the scale factor and is also illustrated in the
simulation results of Section 5. The latter is mainly used to investigate the need
for H2‘6.

Example 1

Let us consider the process defined by
Wy = Grwi—1 + ey, (4.1)

where the coefficient ¢; = B;_4|¢/5], s > 1 is an integer and |z] is the largest
integer less or equal to x, the innovations have possibly a time-dependent vari-
ance which does not depend on parameters and finite 8th-order moment. It is
assumed that the product g* = [of;...0s—1 < 1. Otherwise, (4.1) will not be
causal which means it will not have a purely nondeterministic solution. Note
that some of the factors can be greater than 1, contrarily to the assumptions of
Dahlhaus (1996a). Suppose there are s parameters, let us say Bo, 51, .-, Bs—1-
We now check the assumptions Hs 4, Hs ¢ and Hs 7 of Theorem 2, since the
other ones are trivially true.

14



By specializing the results of the example of Section 3, we have

k—1 _ 968
Yur(B) = [ ee-1(8), Yrir(B) 6tﬂ H Pr—1(
=0 v

The moving average representation of the process is, for large ¢,

00 l—1—s[l/s]
thZﬂ*U/SJ H Bi—j—s|(t—j)/s| | €t—1-
=0 j=0

Consequently, assuming that the innovation variance is a constant o?:

s_1 [1—1—sll/s] 2

var(wt /8*2 Z H Btfjfst(tfj)/sj . (42)

Jj=0

An expression for the 4th-order moment can be obtained in the same way. These
expressions would be more complex in the marginally heteroscedastic case. Note
that the derivatives of w,/,_;(3) with respect to the parameters are either w;_;
or 0, and (4.2) implies that the limit in Hs ¢ exists.

Let us now consider the case where h; is constant. It is well known (Tiao
and Grupe, 1980) that a process with periodic coefficients of period s can be em-
bedded into an s-dimensional stationary autoregressive process. By using Pham
and Tran (1985) result, under mild assumptions, the process is therefore strong
mixing, at an exponential rate. The conclusions of Azrak and Mélard (2005)
apply but, of course, the result is already known for a multivariate stationary
process. The result is however new if the innovations have a bounded time-
dependent variance. This example is not compatible with the time rescaling
approach of Dahlhaus (1997) because of the fixed periodicity.

Example 2

Let us consider again (4.1), where the innovations have a constant variance o>

and 8th-order moments, but now ¢; = §") (B) = vBY" where 0 < vy < 1is a
fixed constant. It is assumed that the only parameter of the model is 5 and
that its true value is 8%, 0 < B° < 1. The coefficient qﬁin) (B) is decreasing
with ¢ and varies between v(5°)'/" and v3°. We shall use the moving average
representation of the process which is

oo k—1
n) _ ka <H 3(tl)/n> Crp.
k=0 =0

Consequently, E (wt(")Q) /o? has an upper bound equal to the sum of a geometric
series with rate 424%™ < 1 and a lower bound 1. The existence of E(wgnM)

follows similarly. The expression in Hs ¢ has the form



evaluated at 8 = °. It suffices to show convergence of

i 3 (L) g e gy LATTOER™
n—oo N n 0 n=r00 N3 (1- ﬁg/")?’ 253(1 - /30)3.

t=1

Using Theorem 2’, we can try replacing wtlk(ﬂ) by an upper bound *. For
example, the second part of Hy 7 can be written

2n 1n—d n—t O_Qn—Qntnft
0 v 2k1+d
) Do Y min BOm a8 < e IPID I
d=1 t=1 k1=1 t=1 d=1 k=1
2
(2
< (43)

n(l—~2)(1-7)

which is O(1/n). Similarly the first part of Hy 7 can be replaced by an upper
bound using (A1.15) which is a triple sum such as (4.3) but where y?¥1+¢ s

replaced by y*1+2¢, Note that 8¢tn) ()08 = (t/n)ypY/"* and

m(ﬂ) t kﬂt/n 1 H/B(t l)/n

decreases exponentially with k, so that Hy ; is verified. The conclusion is sim-
ilar hence Theorem 2’ applies.

In order to conclude Example 2, let us mention that the use of time-dependent
coefficients such as ¢§") (8), which depend on the length of the series is compat-
ible with the approach of Dahlhaus (1997) mentioned in Section 1.

Example 3

For simplicity, we keep an AR(1) process but with a coefficient which is a linear
function of time and the innovation standard deviation which is an exponential
function of time, and again innovations with bounded 8-th order moments. More
specifically, we suppose that

1 n+1

n)
6" (B) = ¢ + —(t -

o', hP(B) = exp {2~ "),

(4.4)
There will be conditions on the parameters 8 = (d)/,cb”, 5)" which will be
discussed below. Note that the scale factor {A{"(8)}!/2 is such that

H{h(n }1/2—exp< 512n: n+1>:1

t=1

and it varies between e~% and €, fulfilling Hy 3. Let us denote by ¢* () the
upper bound of |¢:(B)|, t = 1,...,n. Then the moving average representation
implies that

(o]

E( Z(l:[@ z) et k)
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< 2{¢ B} (i, + 30" n{2 (8)}

_Z{¢ (B)}* kap—k + 3o tr(t=23) Z{¢ (8)}4kertk s

Hence, if the process were Gaussian, a sufficient condltlon for the existence of a
uniform bound in Hy 4, for fixed n, is that ¢*(8°) exp(—8°/(n — 1)) < 1, where
0 is the value of ¢ if 8 = B°. The uniform bounds of Hs ; with respect to n
are satisfied if ¢*(3°) < 1. This is not a necessary condition. Contrarily to the
approach of locally stationary processes of Dahlhaus (1997), there would be no
problem, assuming a more complex form for |¢tn) (8%)] than (4.4), if it would be
larger than 1 during a finite span of time. Similarly

. 2 oo [k—1 2
i) =3 (T etiw) st =o 3 (ko) i
k=0 k=0 =0

(e}
< 0‘2en2_—51(t_nT+1) Z {‘b*(ﬁ)} e;Q‘ik
k=0

We have the 3 x 1 vectors

o), () 1 n+1. \T oy Oh(B) MM (B) . n+1\T
—a = (Lamt=0) Wl Tage = (00 SR e)

The expression in Ho ¢ takes the form

n—1

L& (00 (8) 0w (BT 1
nll)rrgo n ; { ap ( op ) U2h§n) )

10h{"(8) (3h§") (B))T 1 }

2 9B OB/ (mm () e=e"

o1&, B 1

= nl;ngo - ; I:Stnw + §Ttn] (4.5)

where

1 t, O 0 0 O
0 0 0 0 0 42

with ¢, = {t — (n +1)/2}/(n — 1). For example, if 3° = (¢°,0,°)7, we have

o 27 (n) (50
(n)2y _ 225, Z 0\2k 2250 ) o’hy " (B°)
Eﬁo(wt ) =o0e ((;5 ) en-1% = 1— ((}50)26_260/("_1)’

hence (4.5) evaluated at 8 = 3° is

{1-(¢°)2}! 0 0
0 12{1- (@) 0 |. (4.7)
0 0 1/6
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There remains to check the assumptions of Theorem 2’. Here

k—1

1 n+1

tlk H 4’ g]ﬁ(ﬁ) = m(t—T) H ¢§2(5)a f?;i(ﬂ) =0,
=1

which have an upper bound (¢*(53))*. Hence the second part of Ha 7 can be

written, for 4,5 = 1,2,3,

n—1n—d n—

0.2

t
,(/Jtzkl ﬂo wt-’rdj kl—i—d(ﬂo) t— k1 (ﬂo)

2
N = =1 ket
0_2 n—2 o n—t n—t 050
S — 625 tn ¢*(,80)2k1+d€ =3 k1
=1 d=1ki1=1
_50
9 e 1
=0 + O0(—
2001 = (@ — o (5 T )

which is O(1/n) and similarly for the first part of Hs 7. The result of Theorem
2’ is again valid.

Let us compute W (%) ~! in order to obtain the asymptotic covariance matrix
of n1/2(j3, — 8°). Taking again the case where % = (¢°,0,5°)7, the element (3,
3) of (2.11), for example, is obtained as follows

n n) n (n)2 )
lim LZEﬁO(aat—(ﬁ)f: lim 12 : )2 (t—n+1)2E5°{1_ . (m)}

n=o00 4n — 083 n—oo 1 £ nin—1 2 02h£n) (8
(n)
1 n+ 1 Ryt
_ li 4.8
6+ni>n;onn—1 042_: 2 hgn(BO)z’ (48)

which reduces to 1/6 if the process is Gaussian. Let us suppose this. Then
V(B%) =t = W(B°)~! and, consequently, the asymptotic covariance matrix of

n'/2(3, — 3°) is

1—(¢%)? 0 0
V()T WOV ()T = ( 0 12{1 - (¢°)?} 0 ) : (4.9)
0 0 6
Example 4

This is a pure moving average process defined by
wﬁ") =e — Hin)et_l, (4.10)

with a coefficient which is a linear function of time and the innovation standard
deviation which is an exponential function of time, and again innovations with
bounded 8-th order moments. More specifically, we suppose that

o (8) =0+ (o

" n (s +1
)6, KM (B) ZGXP{Qm(t—n

n+1
2

)} (4.11)
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There will be conditions on the parameters § = (0,, 6", 8)T which will be
discussed later. The scale factor varies like in Example 3. Let us denote by

0*(8) the upper bound of |0t(”) (B)|, t = 1,...,n. There is no condition for the
existence of a uniform bound in Hs 4. Here

— k—2

-1 +1 n
tlk H E )l tzg(ﬂ) = m(t_k+1_n ) ) H 9§_)l(ﬂ), t3k(5) =0,

=0

T
<}
~

which have an upper bound (6*(3))*. The expression in Ho ¢ takes the form

lim l zn: {Stn Ele} | + {02") (8°))2e2_, + {ggl) (50)}2{9&)1(50)}26?_3 .

n—oo N P Uzhin) (ﬁO)

1
+§Ttn}a

(4.12)
using again the notations (4.6).
For example, if 3% = (6°,0,°)7, the expectation in (4.12) equals

o0 27 (n) [ p0
2 26%, 0)2k —25 Tk _ a’hy(8°)
o€ kZ_O(@ ) 1 (69)2e-2/(n-1)

with again t,, = {t — (n + 1)/2}/(n — 1). Hence (4.12) evaluated at 3 = 8 is

{1- (92} 0 0
( 0 [12{1— (62}~ 0 ) . (4.13)
0 0 1/6

There remains to check the other assumptions of Theorem 2’. The second
condition of Hs 7 can be written, for i,5 =1,2,3

o n—1n—d n—t

= ST 0 (80 a (BB (5°)

d=1 t=1 k1=1

0_ n—2 n—t n—t
S_E Jtn§ § 9*602k1+d€"1 1
n?
t=1 =1k1=1

0
675

2

7 2n0(1 = 67 (8%)) (1 - 6 (8"))

which is O(1/n) and similarly for the first condition of Hy 7. The result of
Theorem 2’ is again valid.

Let us compute W (%) ~! in order to obtain the asymptotic covariance matrix
of n*/2(B, — B°). Taking again the case where 89 = (°,0,6°)7 and assuming
that the process is Gaussian, we obtain (4.12). Consequently, in that case, the
asymptotic covariance matrix of n'/2(3, — 8°) is

+0(-3)

1— (6°) 0 0
V()T W)V ()T = 0 12{1-(6°)?} 0 |, (4.14)
0 0 6

which is similar to what was obtained for Example 3.
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Example 5

We consider a special case of the ARMA(1,1) process considered as an example
in Section 3, where the innovations have a constant variance o2 and 8th-order
moments. We suppose that ¢, = in) (B) = pA/™ and §; = 0§n) (B) = A/,
where 0 < A < 1 is a fixed constant, and the two parameters of the model are
B = (B1,B2) = (¢,0). Tt is assumed that its true value is 3 = (¢°,6°), such
that —1 < ¢° < 1 and —1 < ° < 1. We shall later assume that ¢° # 6° in
order to fulfill Ho . The assumptions Hy 1 are clearly satisfied.
Note that 9¢\™ /0¢ = 06\™) (8)/96 = A\/". Then

t/6t¢1('8) — \/ne n) (B)+¢)\t/n)\ (t=1)/ng (n (ﬁ) ¢2)\t/n)\(t 1)/ny\(t=2)/n (n (/8)+
o), (8) (n) (n) (n)
T — _)\t/netil(ﬁ)_eAt/nA(t—l)/netf_lz(IB)_92)\t/n)\(t—l)/nA(t—Z)/netf_l3(IB)_

Using (3.11), the expression in Hy ¢ has the form

ko k ko ok
hm—Z 2 (ITx" 2 (IT
e [{ thklhz {ll thklh,g

to be evaluated at 3 = $° which gives a 2 x 2 matrix
n t—1 k
1 B /n (¢)O) 2(k—1) —(¢0)k=1(g0)h—1
o ZZ 1:[1)\(t )/ ( —(g0)E1(g0)k1 (00) (k—1) ,  (4.15)

generally of rank 2 but not if ¢° = #°. The other conditions are easy to check
by proceeding like above.

5. Some simulation results

We consider a limited Monte Carlo study to show that the theory stated above
works with finite series. We are interested in the speed of convergence of the
estimators to the true value of the parameters, either when the innovation dis-
tribution is normal (corresponding to exact maximum likelihood), or it is not
normal, considering as an example the case where the law is double exponen-
tial. We are also interested in comparing various estimates of the standard
errors. Three formulas are used for the evaluation of the asymptotic covariance
matrix of the estimator: (a) V(3°)~! which should be correct for a Gaussian
process; (b) V(89)~1W(8°)V(8°)~1; and (c) the standard numerical estimate
(called Marquardt default expression in the sequel) based on the sample aver-
age of {0e;(3)/03} {de:(B)/0BT}. Doing this implies forgetting the term e;(3)
{6%e4(8)/0B0BT} whose expectation is equal to zero for an ARMA model but
not when there is a parameter in h:(3).

The estimation method which is used in the examples of this section has
been implemented in Time Series Expert (Mélard and Pasteels, 1997): the ex-
act Gaussian likelihood is computed by the algorithm of Mélard (1982) and the
optimum is obtained using a customised variant of Marquardt’s (1963) non-
linear least-squares optimisation procedure. The algorithm given independently
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by Dahlhaus (1996a) and Azrak and Mélard (1998), which provides a generali-
sation of Gardner et al. (1980), combined with a good optimisation procedure
could have been used instead. Contrarily to Dahlhaus (1997) assertions, the
exact maximum likelihood method is not computationally intensive, not very
much than for ARMA models with constant coefficients. Indeed, although the
number of operations at each time is quadratic with respect to the model or-
ders, the experiments made by Mélard (1982) and Azrak and Mélard (1998)
show that the computation times remain reasonable. For example, if the Ans-
ley (1979) Cholesky factorization algorithm is used, the number of operations
at each time is barely multiplied by 2, plus the operations needed for computing
the coefficients in terms of the parameters, of course. A run of 1000 simulations
taken from Table 1, for series of length 400, does not take more than 4 minutes
on a computer with a 500 MHz Intel Celeron processor.

Alternatively to the exact maximum likelihood method, the conditional max-
imum likelihood method can be considered for fitting the models. But, Monte
Carlo experiments (e.g. Ansley and Newbold, 1980) have shown that, for sta-
tionary MA and ARMA models (not for AR models) and relatively short series
of length 50 or 100, exact maximum likelihood estimation is superior to con-
ditional maximum likelihood estimation (or least-squares estimation), which
either assumes that the pre-sample observations and errors have known fixed
values, or starts estimation at ¢ = m + 1, with m = max(p,q) and e; = 0 for
t < m. It seems therefore plausible that conditional maximum likelihood suffers
similarly when dealing with more general time-dependent or non-linear models.
Our purpose is also to show that the unconditional quasi-maximum likelihood
method is indeed superior to the conditional quasi-maximum likelihood method,
at least for MA models.

Table 1: Estimated parameter for ¢ (true value: 0.5), ¢ (true value: 0),
and §/(n — 1) (true value as shown) for the AR(1) model with (® normal or
®) double exponential innovation distribution, obtained by quasi-maximum like-
lihood methods, for n = 25, 50, 100, 200, 400; 1000 replications, except (¥)819,
(0)802 for n = 25, and (@980, (!962 for n = 50.

Length n 25 50 100 200 400
Distribution ¢ = 0.5

normal® 0.451 0.476 0.489 0.497 0.498
double exponential®™ 0.455 0.475 0.489 0.497 0.498
Distribution qS” =0.0

normal® -0.00048 -0.00150 -0.00032 -0.00005 -0.00004
double exponential® -0.00030 -0.00115 -0.00037 -0.00004 -0.00004
Distribution §/(n — 1) 0.0480 0.0240 0.0120  0.00600  0.00300
normal® 0.0408 0.0228 0.0116  0.00593  0.00299
double exponential® 0.0384 0.0226  0.00116  0.00595  0.00301

We consider two sets of simulations. They will address respectively AR(1)

and MA(1) processes, but marginally heteroscedastic with an innovation stan-
dard deviation which is an exponential function of time. We have generated
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realizations of these processes and, for each of the series, we have fitted a model
with the right specification except that the coefficient is time dependent in-
stead of being constant. Our simulations provide statistical evidence for the
test of stability of the coefficient and also compare the empirical results with
the asymptotic expressions of Section 4, respectively Examples 3 and 4.

An AR(1) process with a time dependent coefficient, defined by (4.1) with
the same specification as in Example 3, has been simulated, with (ZS, = 0.5,
¢ =0andd # 0, and using a normal or double exponential distribution for
the e;. The length n of the series varies from 25 to 400. Note that §/(n — 1)
is used as a parameter in (4.4) with the same ¢ for each n. This is a way to
implement the condition Hs/ 3 of Theorem 2’. The same stream of sequences of
400 uniform pseudo-random numbers has been used to simulate the innovations
for the two distributions, using the inverse distribution function procedure. A
number of 1000 series of length 400 have been generated using a method which
doesn’t require warming. For series of length n < 400, the first n observations
have been used. The purpose is to reduce randomness among the experiments.
The results are given in Tables 1 and 2 in the case of a normal distribution,
and in Tables 1 and 3 for the double exponential distribution. Note that for
short n, n = 25,50 and even 100, the entire estimation procedure has not been
carried on successfully for a few simulated series. This is due to the fact that the
estimate of V' obtained by finite second order derivatives of the log-likelihood
is not always positive definite. Results denoted by (®) and () in Tables 1-3 are
based on the remaining series.

Table 2: Theoretical, empirical and estimated standard errors for the AR(1)
model with normal innovation distribution obtained by the unconditional quasi-
maximum likelihood methods, for n = 25, 50, 100, 200, 400; 1000 replications,
except (@819, (9951 for n = 25 and (Y980, (9991 for n = 50. Standard er-
rors are computed (Yusing V~1; (9using Marquardt default; a — indicates an
unreliable result.

Length n 25 50 100 200 400

¢ =05

theoretical 0.173 0.106 0.0866 0.0603 0.0433
empirical® 0.188 0.129 0.0887 0.0603 0.0421
estimated® (avg) 0.217 0.135 0.0904 0.0625 0.0437
estimated® (avg) — 0.130 0.0895 0.0622 0.0437
¢ =0.0

theoretical 0.0240 0.00734 0.00300 0.00106 0.000375
empirical® 0.0275 0.00956 0.00314 0.00110 0.000381
estimated® (avg) 0.0347 0.01008 0.00325 0.00110 0.000383
estimated® (avg) —— 0.00917 0.00315 0.00109 0.000380
true §/(n — 1) 0.048 0.024 0.012 0.006 0.003
theoretical 0.0196 0.00693 0.00245 0.000866 0.000306
empirical® 0.0229 0.00763 0.00256 0.000871 0.000311
estimated® (avg) 0.0239 0.00745 0.00254 0.000882 0.000309
estimated® (avg) —— 0.01044 0.00357 0.001245 0.000436
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Table 3: Empirical and estimated standard deviation for the AR(1) model with
double exponential innovation distribution obtained by the unconditional quasi-
maximum likelihood method, for n = 25, 50, 100, 200, 400; 1000 replications,
except (1802, (M815 for n = 25, V(D962 for n = 50, and (D998 for n = 100.
Standard errors are computed (Pusing VWV ~1; (Dyusing V—1; a — indicates
an unreliable result.

Length n 25 50 100 200 400

¢ =05

empirical™® 0.182 0.127 0.0877 0.0606 0.0423
estimated® (avg) — — 0.0858 0.0608 0.0430
estimated® (avg) 0.211 0.135 0.0904 0.0625 0.0438
¢ =00

empirical® 0.0260 0.00937 0.00310  0.00109  0.000378
estimated® (avg) — — 0.00305  0.00106 0.000376
estimated® (avg) 0.0333 0.01016 0.00327  0.00111 0.000384
true 6/(n — 1) 0.048  0.024 0.012 0.006 0.003
empirical® 0.0320 0.0112  0.00382  0.00135 0.000491
estimated® (avg) — — 0.00364  0.00136  0.000499

estimated® (avg) 0.0242  0.0076  0.00257  0.00089  0.000310

As shown in Table 1, for the three parameters, the bias tends to zero when n
increases. Also, there is not much difference when the innovation distribution is
compatible with the law used in the quasi-maximum likelihood, i.e. normal(®,
or when it is double exponential(®. In Table 2, as far as standard errors are
concerned, V~1(9) gives satisfactory result in the normal case, as expected. The
empirical standard deviations of the estimates agree with the theoretical values
deduced from (4.9). Note, however, that the standard errors provided by the
Marquardt optimisation procedure(®) are bad for §, a fact that has been conjec-
tured by Mélard (1985). The number of replications for which the Marquardt
optimisation procedure(®) gives a satisfactory covariance matrix is larger than
with the more correct procedure(*). The averages of the estimates for case (¢)
are not shown here but are very close to those of Table 1 except for n = 25. For
example, 0,460 is obtained for ¢ instead of 0,451. When n = 25, the estimated
standard errors are sometimes unreliable so that the average has no meaning
and have been replaced by dashes. This has however never occurred in our
simulations for n = 50 or larger.

With double exponential innovations, we didn’t try to evaluate the theoret-
ical standard errors because of the difficulty to compute (4.8). As shown in
Table 3, using V(9 seems to agree with empirical standard deviations except
for 6/(n—1), and this whatever the sample size. In the latter case, as expected,
V=WV ! proves to be necessary for evaluating the standard errors.
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Table 4: Estimated parameters for the MA(1) model with normal innovation
distribution obtained by the conditional or unconditional quasi-maximum like-
lihood methods, n = 25, 50, 100, 200, 400; 1000 replications, except (*)996,
(0954 for n = 25, (#1997, ()979 for n = 50, and (©1999, (!)998 for n = 100.

Length n 25 50 100 200 400
Method 0 =05

conditional™ 0.552 0.515 0.509 0.500 0.501
unconditional ® 0.516 0.513 0.510 0.501 0.501
Method 6" =0.0

conditional ™ 0.00937  0.00089 0.00011 -0.00003 0.00003
unconditional ® 0.00978 0.00119 0.00007 -0.00006 0.00002
Method true 6/(n — 1) 0.048  0.0240 0.0120 0.0060  0.0030
conditional ™ 0.040  0.0233  0.0118  0.0060  0.0030
unconditional ® 0.043  0.0236 0.0119  0.0060  0.0030

Table 5: Estimated parameters for the MA(1) model with double exponen-
tial innovation distribution obtained by the conditional or unconditional quasi-
maximum likelihood methods, n = 25, 50, 100, 200, 400; 1000 replications
except (9929, (1781 for n = 25, (1991, 1912 for n = 50, and (©998 (¥)983 for

n = 100.

Length n 25 50 100 200 400
Method 6 =05

conditional 0.501 0.514  0.508 0.500 0.501
unconditional ® 0.496  0.503  0.508 0.501 0.501
Method 6" =00

conditional 0.00434  0.00058 0.00012 -0.00003 0.00003
unconditional ® 0.01175 0.00182 0.00016 -0.00006 0.00002
Method true 0/(n — 1) 0.048  0.0240 0.0120 0.0060  0.0030
conditional 0.042  0.0233 0.0118  0.0060  0.0030
unconditional ® 0.041  0.0235 0.0118  0.0060  0.0030
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Table 6: Theoretical, empirical and estimated standard errors for the MA(1)
model with normal innovation distribution obtained by the unconditional quasi-
maximum likelihood methods, for n = 25, 50, 100, 200, 400; 999 or 1000 repli-
cations, except (M760, (99954 for n = 25, (1898, (1979 for n = 50, and (V)984,
(9998 for n = 100. Standard errors are computed (Yusing V—'; (9using Mar-
quardt default; a — indicates an unreliable result.

Length n 25 50 100 200 400

¢ =05

theoretical 0.173  0.106  0.0866  0.0603 0.0433
empirical® 0.241 0.156  0.0962  0.0650 0.0437
estimated®™ (avg) 0.216  0.139  0.0926  0.0636 0.0441
estimated® (avg) 0.210 0.127 0.0881 0.0622 0.0437
¢ =00

theoretical 0.0240 0.00734 0.00300 0.00106 0.000375
empirical® 0.0418 0.01201 0.00362 0.00119  0.000402

estimated® (avg) 0.0338 0.01049 0.00341 0.00114 0.000389
estimated® (avg) 0.0359 0.00998 0.00320 0.00110  0.000382

true 6/(n — 1) 0.048 0.024 0.012 0.006 0.003
theoretical 0.0196 0.00693 0.00245 0.000866 0.000306
empirical® 0.0252 0.00791 0.00259 0.000871 0.000312

estimated® (avg) 0.0237 0.00751 0.00255 0.000883 0.000309
estimated® (avg) 0.0325 0.01051 0.00358 0.001245 0.000436

Table 7: Empirical and estimated standard errors for the MA(1) model with
double exponential innovation distribution obtained by the unconditional quasi-
maximum likelihood method, for n = 25, 50, 100, 200, 400; 1000 replications,
except (1783, (9781 for n = 25 and V(9912 for n = 50, (?)(9)983 for n = 100.
Standard errors are computed (*) using V-1WV ~1;(9using V—1; a — indicates
an unreliable result.

Length n 25 50 100 200 400

¢ =05

empirical® 0.226  0.147  0.0937  0.0649  0.0439
estimated® (avg) — — 0.0940  0.0638 0.0442
estimated® (avg) 0.217  0.139  0.0925 0.0635  0.0441
¢ =00

empirical® 0.0343 0.01076 0.00341 0.00119 0.000397
estimated® (avg) — — 0.00342 0.00114 0.000390
estimated® (avg) 0.0344 0.01053 0.00341 0.00114 0.000390
true 6/(n — 1) 0.048  0.024 0.012 0.006 0.003
empirical® 0.0320 0.0112 0.00381 0.00134 0.000491
estimated® (avg) — — 0.00364 0.00136 0.000498

estimated® (avg) 0.0235 0.0075 0.00256 0.00089 0.000310
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The second simulation experiment is based on a MA(1) process with mar-
ginally heteroscedastic innovations defined by (4.10) and (4.11), using 6 = 0.9,
T 0, 6 as in Table 4, and a normal or double exponential distribution for
the e;. The length of the series varies from 25 to 400. A number of 1000 se-
ries have been generated. The results are given in Table 4 and Table 6 in the
case of a normal distribution, in Table 5 and Table 7, in the case of a double
exponential distribution. In Table 4 and Table 5, it can be seen that the bias is
smaller with the unconditional method than with the conditional method, and
decreases faster to zero when n increases. Also, there is no difference when the
innovation distribution is compatible with the law used in the quasi-maximum
likelihood, i.e. normal, or when it is not compatible, i.e. double exponential.
Tables 6 and 7 are concerned with the standard errors for the moving average
series produced with normal and double exponential innovations, respectively.
They are provided here only when the maximum quasi-likelihood method is
used. The following are compared: the theoretical value (only in the normal
case), the Monte Carlo standard deviation, and the results of V=1, V-iWwy 1
as well as the standard errors provided by the Marquardt optimisation proce-
dure. The results are similar to those for the AR(1) model. In Table 6, the
empirical values largely agree with the theoretical values deduced from (4.14)
in the normal case.

The conclusions of these experiments are
- the results of the asymptotic theory can be expected to work even on short
series;

- for MA processes, exact quasi-maximum likelihood is better than using a con-
ditional least-squares approach;

- standard errors provided by the Marquardt optimization procedure are reliable
except for short series or when the parameter is used to measure heteroscedas-
ticity;

- standard errors provided by the sandwich estimator V"WV ! are of course
recommended in non normal situations but may be difficult to obtain for short
series.

6. Practical time series

We show three renowned examples from Box and Jenkins (1976). The first one,
based on the so-called Series A (measurements of the concentration of a chimical
process once every two hours, n = 197), is aimed at illustrating the use of an
ARMA model with a time dependent coefficient. For Series A, Box and Jenkins
(1976) have proposed an ARIMA(0,1,1) model with equation

th = €t — Het_l. (61)

We modify that model by assuming that the moving average coefficient varies
slightly, writing
th =€t — Otet_l, (62)

where 6; = 6 + 0" is a smooth function of time. To facilitate non-linear
estimation, it has been seen that the following parametrisation is better:

6, =0 +(t—(n+1)/2)8" (6.3)
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Table 8: Series A. Estimation results for the model (6.1-3) where 6" is denoted
by "MA1” and 6", by " TDMA1”.

(ALGORITHM FOR TIME DEPENDENT ARMA MODELS)

ESTIMATION BY MAXIMIZATION OF THE EXACT (LOG)LIKELIHOOD

=== MODEL DESCRIPTION FORM DEGREE/ORD PARAMETERS NUMBER
- DIFFERENCE REGULAR 1
- ADDITIVE CONSTANT AUTOMATIC
- ARMA MODEL
MOVING AVERAGE POLYNOMIAL REGULAR 1 MA nn 1
- MA TIME DEPENDENT COEFFICIENTS LINEAR 1 MATDnn 1
PIVOTAL TIME FOR ARTD/MATD 99.0
FINAL VALUES OF THE PARAMETERS WITH 957 CONFIDENCE LIMITS
NAME VALUE STD ERROR  T-VALUE LOWER UPPER
1 MA 1 .60155 5.87912E-02 10.2 .49 .72
2 TDMA 1 -2.35026E-03 9.27707E-04 -2.5 -4.17E-03 -5.32E-04
=== SUMMARY MEASURES
TOTAL NUMBER OF PARAMETERS = 3 STANDARD DEVIATION = .317066
INFORMATION CRITERIA : AIC = 112.656 SBIC = 125.855

The results shown in Table 8 reveal that the Student statistic for " (denoted
TDMA1) is equal to —2.5, thus the hypothesis of a model with a time-invariant
model is rejected at the 5% level.

The second example is Series B (closing IBM stock prices, n = 395) which
will show the treatment of marginal heteroscedasticity (although it can also be
shown for illustrating conditional heteroscedasticity, as for many stock prices
series, e. g. Bollerslev, 1986). When the model (6.1) is fitted, § = —0.085 is
obtained. Inspection of the residuals reveals that the volatility is higher at the
end of the estimation period. Furthermore, the fit is not very good. For example,
the Ljung-Box test statistic with 36 lags has a probability of significance equal
to 0.022. A much better model is obtained by using (6.1-4.11) with Vw; instead
of We:

th = €t — Het,l. (64)

As can be seen from Table 9, the estimate § is significantly different from zero at
any usual level and the fit is better, with a probability of significance of 0.370 for
the Ljung-Box test. Furthermore, the Schwarz Bayesian information criterion
SBIC = 2489 is much lower than for the previous model, SBIC = 2524.

The third example is Series G from Box and Jenkins (1976), the airline
passengers data. It is well known that the series should be treated in logarithms
(multiplied here by the geometric mean). The usual model has the following
form

VV12 log(wt) = (1 — 93)(1 — @Bl2)6t, (65)

where B is the lag operator. We have replaced the constant innovation standard
deviation by an exponential function of time (4.4) with § instead of 6/(n — 1).
The results of the fitted model are displayed in Table 10. Note that the estimate
é is again significant. Table 11 shows a similar model but with (4.4) replaced
by the linear function

hy=1+0(t— (n+1)/2). (6.6)
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Table 9: Series B. Estimation results for the model (6.1-4.11) where 6 is denoted
by "MA1” and §, by ”VART1".

=== ESTIMATION BY MAXIMIZATION OF THE EXACT (L0OG)LIKELIHOOD
(ALGORITHM FOR TIME DEPENDENT ARMA MODELS)

=== MODEL DESCRIPTION FORM DEGREE/ORD PARAMETERS NUMBER
- DIFFERENCE REGULAR 1
- ADDITIVE CONSTANT AUTOMATIC
- ARMA MODEL
MOVING AVERAGE POLYNOMIAL REGULAR 1 MA nn 1
- TIME DEPENDENT INNOVATION STD DEV. EXPONENTIAL VART 1 1
FINAL VALUES OF THE PARAMETERS WITH 95% CONFIDENCE LIMITS
NAME VALUE STD ERROR  T-VALUE LOWER UPPER
1 MA 1 -.14529 5.21067E-02 -2.8 -.25 -4.32E-02
2 VART 1  2.36966E-03  3.57617E-04 6.6 1.67E-03 3.07E-03

=== SUMMARY MEASURES

TOTAL NUMBER OF PARAMETERS 3 STANDARD DEVIATION = 6.86460
INFORMATION CRITERIA : AIC = 2473.84 SBIC = 2489.53

=== RESIDUAL ANALYSIS WITH 368 RESIDUALS, BEGINNING AT TIME ===
LJUNG-BOX PORTMANTEAU TEST STATISTICS ON RESIDUAL AUTOCORRELATIONS
ORDER D.F. STATISTIC SIGNIFICANCE

48 47  49.60 .370

It is clear that the results are close to those in Table 10. There is a trend
in the innovation standard deviation but small enough so that a linear or an
exponential specification are alike.

7. Conclusions

We have shown that under suitable conditions, quasi-maximum likelihood esti-
mators of a large class of marginally heteroscedastic ARMA models with time-
dependent coefficients do exist, converge almost surely or in probability, and
are asymptotically normally distributed with a known covariance matrix. The
conditions are partly similar to those of Dahlhaus (1997) but the class of models
seems more general and the asymptotics are apparently different.

The empirical results, albeit partial, show that the approach can be used
in practice even for series of moderate length. Note that results of that nature
have never appeared in the literature, although the subject has been studied for
a long time.

In principle, the approach can be extended to more general estimators, such
as M-estimators, and to more general models, including multivariate models
and non-linear models. It is possible to add a mean to the model. As indicated
by Azrak and Mélard (1993), the simplest way is to replace (3.1) by

p q
Wy — [y = Z G (Wi — pe—) + €1 — Z Oinei—i,
k=1 k=1

where p; is a deterministic function of time (and perhaps on the length of the
series) and depends on a finite number of parameters. Under assumptions of
uniform boundedness and a Noether condition, similar results can be obtained.
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Table 10: Series G. Estimation results for the model (6.5-4.4) where 6, ©, and
¢ are denoted by "MA1”, ”SMA1”, and ”VART1”, respectively.

ESTIMATION BY MAXIMIZATION OF THE EXACT (LOG)LIKELIHOOD
(ALGORITHM FOR TIME DEPENDENT ARMA MODELS)
MODEL DESCRIPTION FORM

DEGREE/ORD PARAMETERS NUMBER

- SEASONAL PERIOD 12
- NORMALIZED BOX COX TRANSFORMATION LOGARITHMS BOXC 1 0
- DIFFERENCE REGULAR 1
- DIFFERENCE SEASONAL 1
- ARMA MODEL
MOVING AVERAGE POLYNOMIAL REGULAR 1 MA nn 1
MOVING AVERAGE POLYNOMIAL SEASONAL 1 SMA nn 1
- TIME DEPENDENT INNOVATION STD DEV. EXPONENTIAL VART 1 1
FINAL VALUES OF THE PARAMETERS WITH 95% CONFIDENCE LIMITS
NAME VALUE STD ERROR  T-VALUE LOWER UPPER
1 MA 1 .31340 9.18528E-02 3.4 .13 .50
2 SMA 1 .50222 7.77547E-02 6.5 .35 .66
3 VART 1 -6.45416E-03 1.94479E-03 -3.3 -1.03E-02 -2.57E-03
=== SUMMARY MEASURES <V>
TOTAL NUMBER OF PARAMETERS = 3 STANDARD DEVIATION = 8.51820
INFORMATION CRITERIA : AIC = 945.645 SBIC = 958.436

Table 11: Series G. Estimation results for the model (6.5-6.6) where 8, ©, and
¢ are denoted by "MA1”, ”SMA1”, and ”VART1”, respectively.

ESTIMATION BY MAXIMIZATION OF THE EXACT (LOG)LIKELIHOOD
(ALGORITHM FOR TIME DEPENDENT ARMA MODELS)

MODEL DESCRIPTION

FORM

DEGREE/ORD PARAMETERS NUMBER

- SEASONAL PERIOD 12
- NORMALIZED BOX COX TRANSFORMATION LOGARITHMS BOXC 1 0
- DIFFERENCE REGULAR 1
- DIFFERENCE SEASONAL 1
- ARMA MODEL
MOVING AVERAGE POLYNOMIAL REGULAR 1 MA nn 1
MOVING AVERAGE POLYNOMIAL SEASONAL 1 SMA nn 1
- TIME DEPENDENT INNOVATION STD DEV. LINEAR VART 1 1
FINAL VALUES OF THE PARAMETERS WITH 95% CONFIDENCE LIMITS
NAME VALUE STD ERROR  T-VALUE LOWER UPPER
1 MA 1 .31646 9.18827E-02 3.4 .13 .50
2 SMA 1 .50787 7.68019E-02 6.6 .35 .66
3 VART 1 -5.87685E-03 1.66481E-03 -3.5 -9.20E-03 -2.55E-03
=== SUMMARY MEASURES <V>
TOTAL NUMBER OF PARAMETERS = 3 STANDARD DEVIATION = 8.70774
INFORMATION CRITERIA : AIC = 951.455 SBIC = 964.246
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For all these models, there remains to work on specification procedures because
it is not feasible to introduce too many parameters.

Appendix 1

The following are the proofs of all the theorems stated in the paper.

Proof of Theorem 1

We check the assumptions of KN1 for Q,(8) = —1,(8). For the third assump-
tion, we have to show that

1 [0l,(p)
E{ B;

Note that {0a:(8)/0B:, F;} is a martingale difference sequence since it belongs
to F; and is integrable and

} -0 as,i= 1,..r (A1.1)
B=p°

oy () _ 1 Ohyje-1(B)  2(wi — yyp—1(B)) Oty -1 (B)
9B; hije1(B)  OBi heji—1(B) 9B;
_ (wy — UA}t/tfl(/B))Q 8ht/t71(6)
Ry (BF 98 (41.2)

In order to invoke the strong law of large numbers for martingales (Stout, 1974,
p. 154, Theorem 3.3.8), we need to suppose that the martingale difference
sequence {0y (8)/08;, F; } satisfies the condition

i Ego|0cy(B)/0BiP < oo

ti+p/2

t=1

for p > 2. But, taking p =4, 8 = 8° and using H; 1, we have

> E30|8at(ﬂ)/8ﬁi|4 > 1
Z 3 < Z t_3 < 00.
t=1

t=1

We conclude that (A1.1) holds.

To check the second assumption of KN1, we begin by evaluating the second
derivative of the function «a; defined by (2.4):

Pald) 1 0 PhpaB) s o O a(8) Oy (6)
05, i3, i 55 o,
iy 1(8), ; e R =
_2%%/1—1(@(% — /1 (B)) + Q%htﬁ_l(ﬂ)%
o Ohy e
_|_2wth;(B)(wt — W/p—1 (6))ht/?51(ﬂ)thl(ﬂ)
G Ohaye
+2WgT,l(ﬁ)ht_/?f—l(ﬂ)t/8tT-l(m(wt — Wy1-1(B))
j 7
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Ohy/e-1(8) Ohyje—1(B)

+2(wg — Wy je—1(B))’ ht/i 1(B)

0B 0p;
O2hy /s
(= B iy () it (413)
3 J
It is clear that
0?au(B) _ By (320%( )/ )
8B:0B; o808, /11!

defines a martingale difference sequence. Using again the strong law of large
numbers for martingales (Stout, 1974), given H; o, with p = 2,

ol 1 82at(ﬂ) 620ét( ) 02
;t_ZEBO 8,3;(9ﬂj —Eo(aﬂlaﬂ /Ft 1) <Et—2<00

we can deduce the following convergence

82C¥t 1 = aat )
_2{86,3ﬂ] }B:BO—EZ <3,88ﬁ /Fi— 1) -0 a.s.

t=1

2

But, from H; 3

. 1 ° (9ozt( ) .
nlLH;O%ZE <8666 /Fi— 1) = Vi (8°)

where V(8°) = (Vi;(8°))1<i,j<r s a strictly definite positive matrix of constants.
The second assumption of KN1 is thus satisfied. Since we have taken @Q,(8) =
—ln (w1, ..., wyn; B), Hy4 and the first condition of KN1 are identical. The three
assumptions of that theorem are thus proved. Consequently, there exists B such
that 3, — B° in the sense given in the statement of the theorem.

To prove asymptotic normality of the estimator (,, it suffices to prove that
the first assumption of KN2 is satisfied. We shall make use of a central limit
theorem for martingales (Basawa et Prakasa Rao, 1980, p. 388). Let us first
show that

op

For that part of the proof, we use the Cramér-Wold device. Let A be a con-
stant vector of dimension r x 1 and & a random variable defined by & =
M'{0a4(B)/0B}s=po. Our purpose is to show asymptotic normality of Y 1 | &
for all A. We start by checking the assumptions of the theorem of Basawa
and Prakasa Rao (1980) for the variable &. We have already shown that
EBO (é-t/thl) =0.

Let us now check that there exists A; > 0 and M()), such that E|&|>T4 <
M(X) < 00, Vt > 1. For Ay =2,

n~1/? {al”—(m} —L N, W). (Al1.4)
B=pB°

8at

Oay( 4
Enoleilt = <r||A||4ZE (%552) <l <o,

using Cauchy inequality and Hj 1, where ||.|] is the Euclidian norm such that
[IAll = (ATA)Y/2. Hence, the condition is satisfied. There remains to prove that

Jim -3 Bpo(&/Fi) = 7V, (AL5)
t=1
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where 7?(X) > 0. From H; 5, the left hand side of (A1.5) is equal to

N R 79a:(B) 0o (B)
S 2 B (’\ 95 0BT A/F“)

IR 700u(B) 9 (B) |\ _ 1
_HILH;OE;EBO <,\ 55 agr \) = AWAz0.

We take that expression as 7v2()). All the assumptions of the theorem of Basawa
and Prakasa Rao (1980) are then verified. Consequently, we have

n~2N g 5P N(0,97(V)  or n—1/2AT{—6lgg3)} =5 N(0,ATW ),
t=1 B=p°

and since it is true for all A\, we deduce (Al.4). To conclude, Theorem KN2
leads to Theorem 1.

Proof of Theorem 1’

We use a weak version of theorems KN1 and KN2 of Klimko and Nelson (1978)
(e.g. Bar Shalom, 1971, Bhat, 1974), where almost sure convergence is replaced
everywhere by convergence in probability. We simply indicate the modifications
to the proof of Theorem 1.

Since the coefficients can now depend on n, when increasing n, all the preceeding
terms in the log-likelihood are changed. Therefore, the log-likelihood is not a

martingale. However {804”) (B)/0B;, F¢} is a martingale difference array in the

sense that {0c;" (B8)/08i, Fi,t = 1,...,n} is a martingale difference sequence
for each n. Instead of a strong law of large numbers for martingales, we use
a weak law of large numbers for a martingale difference array (Chow, 1971,
Davidson, 1994, p. 299, Theorem 19.7 with k, = n). More specifically, we
take & = {00i™ (8)/0B;} 5—z and want to show that n={dl,(8)/0B:} sp0 =
n~tY 0 & =™ 0 as n — 0o, where =™ denotes convergence in L, norm and
1 <7 < 2, implying convergence in probability. We take ¢,y = 1/n and ©7 = 2
so that all the conditions are satisfied: (i) {|&nt/cne|™} is uniformy integrable
since {|&n/cnt|2}? = (100 (8)/0Bi|3—p0)" is bounded with respect to t and n,
by Hi.1; (ii) imsup,, o > opy ¢t = 1 < 00; (iil) limpyeo Yy €2, = 0.

To check the second assumption of KN1 in the sense of convergence in probabil-
ity, we need to apply a weak law of large numbers on the martingale difference

o o) (0aV@) . (A16)
9Bi0B; o\ apiop; T g0 ' '

We proceed as above but with 7 = 1 and condition (i) results from H; 2. The
remaining part for checking the second assumption of KN1 is identical to the
proof of Theorem 1, implying existence of 3,, such that 8, — % in probability.
Asymptotic normality of [fn comes again by checking the first assumption of
KN2 which is now obtained by using a central limit theorem for martingale
difference arrays. Indeed &,y = AT{aa,ﬁ"’ (B)/08}s=po is a martingale difference
sequence for all n. We can use Hall and Heyde (1980, Theorem 2.23 p. 44
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and Corollary 3.1, p. 58) where we have replaced the conditional Lindeberg
condition by the stronger Lyapounov condition which has already been checked
in Theorem 1. There is no substantial change in the rest of the proof, leading
to the same conclusion.

Proof of Theorem 2

We refer to Theorem 1 and want to show that its assumptions H; 1—H; 5 are
fulfilled.

Proof of H; ;. Let us show there is a positive constant C; such that (2.5)
holds. From (A1.2),

(2o

< 8{m<1ﬂ>4 (%5 ))4 (1- ah%) + gl (W)} |

The mathematical expectation of the absolute value of that quantity at 8 = 3°
can be bounded above by 8 times

L (@B [, B\
A° ht(ﬂ)4( aB; ) <1 O'th(ﬂ)> (AL.7)
e (Uth(ﬂ))4et(ﬁ )< 9B > (AL8)

We show separately that the expressions (A1.7-8) are bounded. The term (A1.7)
is bounded from above by

4
1 ohy(B) _€(B)
he(FO) <{ 95, }5:50> E‘*“‘l 2 (B)

4
S ({ ) Bl g KO+ E)
= W) <{ op; }wo> (”(ﬂht(ﬂw)fq =

say, using Hoo—Hs 3. Since the e; are independent random variables, (A1.8)
equals

4

2 1 Oy y-1(8) "
(o?ht</30>>4E(6t)EB°< oF; )

From H> 5 and Cauchy-Schwarz inequality, we deduce that {o2h:(8°)} "2 E(e}) <
K'/2 There remains to show that Ego(dwy/,—1(8)/0B;)" is bounded. Using
(3.7), it is equal to

DSOS TN ik, (B°)riks (B°)briny (B)tins (BO){ E(es—ky €1—ko€r—rser—ii)}s

ki ko ks ka

where the sums over k,, u = 1,...,4 are from 1 to t — 1.We have

Ego(0tby—1(8)/0B:1)" = _ i (B°)E(ef_y)
k
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+30' 35T ke R (B0, (B) ety (B) he—ka (B°)

k1 # ko
< m?(N,K'Y? 4 3Ny)o™. (A1.9)

Hence (A1.8) is smaller than
K1/2

o =9 (N, K2 4+ 3Ny).

Consequently, the upper bound (2.5) is checked by taking the constant C; equal
to 8 max(Cl(l), Cf2)).

Proof of H; 5. To check that assumption, we need to show there is a constant
Cs such that (2.6) holds. From (A1.3) and its conditional expectation at 8 = 3°,
we deduce that

2

D%y -1 (B)

320@(@ 52C¥t( ) _ -
EBO 8[318ﬂj —E (8ﬂlaﬂ] /Ft 1) = EBO —2(g2ht(ﬂ)) 16t(ﬁ) 8ﬂla,8]
+ 1 (1 _ e (B) > (62ht(,3) 2 Ol(B) aht(5)>
i (B) o*h(8)) \ 0B:0B;  m(B) 0Bi 9B
. 2
+2et(5)a7“utg—;(m(aht(ﬂ))—2 aigﬂ@ Nij=1,..,r (A1.10)
J 2

Since that expression is not easy to bound, we proceed in three stages.

Stage 1

Let us now verify that for any pair 7,7 = 1,..., s, there is a positive constant
C5 such that (2.6) is verified. For example, f; = ¢; and 3; = 0;_,,. Since
ht(B) doesn’t depend on the autoregressive and moving average parameters,
and 0wy ;1 (B)/0B; doesn’t depend on the parameters of the variance, (A1.10)
becomes

2

D%y 4
Ego |~2(0*h(8)) " ex(8) ggiggfﬂ = Z%k he-s() <

which is the value of the constant C in (2.6).

Stage 2

Let us now consider each pair 8; = §;—s and 3; = §;_s, fori,j = s+1,...r. The
left hand side of (2.6) equals

1 <1 _ e (B) ) <52ht(ﬂ) 2 Ol(B) aht(ﬂ))
he(B) o*h(B)) \ 0B:i0B;  M(B) 9B OB,
which can be bounded by

{3%(5)} 2 {6ht(ﬂ) 8ht(ﬂ)}

0Bi0B; J s_ge  he(BO) | 9Bi 0B [ 4_po
<2 (K2 4K12> (3 + K1/?),
m m

and defines the constant Cs in this case.

2

Ego

1
hi (B°)

Bee (1 - ah‘%)
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Stage 3

Let us now consider each pair for i = 1,...,s and j = s+ 1,...,7, e. g 5; = ¢;
and f3; = d;_,. Similarly to the derivation leading to (A1.9)

OBi
The left hand side of (2.6) equals

Oy /1—1(B)
oot

S {ahxﬂ>} :
0B ) p=po

4K}m N, K'/4

m3 '
Proof of H; 3. Let us show (2.7) where V(8°) = (V;;(8°))1<i,j<r is a positive
definite matrix of constants. We have

1 — 0 at(ﬁ) _ 3wt/t 1 ( - Oy s—1(5)
%;E (86 0B; > ~ no? Z{ 9B }B:BO E {8—/81}ﬁ:6°

The almost sure limit of (A1.12) for n — oc will exist and be equal to

lim zn: <awt/t 1(@ ht_l(/B) &th/atl(ﬂ))
n—oo — ﬂ]

il - 8ht(ﬂ)} -2/ 0 {aht(ﬂ)}
+ lim Qntz:{ B S 5_po h(6) 9Bj Jgpo’

=1

~ 2 -
Ego <M) =Y Ui (B)E(]_y) <miNi K (A1.11)
k=1

L 0n(B) |
0p;

Oy /1—1(B)
0Bi

Ego |2¢:(8) (chi(B))

2

< 4072 (1n(8")) Ego

and is bounded by
Cy =

if the two conditions of Lemma 1, applied to the process Ztij (8) defined by
Oy 4—1(B) Oy (B) i <51ﬁt/t1(ﬂ) 3ﬁ)t/t1(ﬂ)>
9Bi B; 9Bi B,

are satisfied for 8 = 9. To prove that the first condition of Lemma 1 is fulfilled,
it suffices to show that the expression

Z7(B) = h ' (B) h ' (B)

g Oy /s Oy /4 2
A e e e )

is uniformly bounded for all . Using Cauchy-Schwarz inequality, Hs 3 and

inequality (A1.9), the expression is bounded by a constant. The first condition
is thus checked. To prove the second condition, let us show that

2
1 ;i 1 o= Oy /1 (B) . Oy 141 () 1
%«agawﬂ:“%”GZ?J%f”“W‘%%LJ:O%)

t=1
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The left hand side of the last expression equals

n—1n—d ~ . R R
- Z S cove <awtg/§: (8) ol (B) Bwtgﬁ_; (5)’ 8wt+dg;id_l(6) htid(ﬂ)%;jd_ﬂﬂ)) .
(AL13)

d=1 t=1

The covariance can be written as

DN DD briks (Bt (BO) et ks (BO) et jpa (B°)
k1 ka

k2 k3

{E(et—ky€t—ko€trd—ksCttd—ks) — Elet—k,€t—ky ) E€trd—tks€tra—rs)}, (AL.14)

where the sums over ky,u =1,...,4arefrom1tot—1 (ifu=1or2)ort+d—1
(if u= 3 or 4). In the sequel, the sums which don’t contain any term because of
the constraints imposed to the summation indices are set equal to zero. Like in
the proof of Hy 1, (Al.14) becomes

Z Vi, (B2) 0ty (B2)ttd,ihy+a(BO)Vttd,jha+a(B)Eer_y,)

o‘*{ S Wik (B)rik (B)rsdiisks (Bt d ks (B ity (B iy ais (B°)

’lzi’;’?kg —d
30> ik (Bt (B) ¥t disbr+d(BO) et okt (B -y (B°) iy (B°)
o, ko
k1 # ko
0D Wi (B)ks (Bt dsishs 4 a (Bt ko +a (Bt (Bt ey (50)}
k1, ko
k1 # ko
{ Z Z Priky (B°) 1k (B°) E€r—y €1k }{ ; ; Vrrd,iks (B°)rsd jika (,BO)E(et+d—k36t+d—k4)}-

Hence, by completing the sums,

Z¢t@k Uik (B2)etdyi ket d(B°)Veta,jhrd(B°)Kat—k

+o* {Zwtzk(ﬂ VVttd,ikrd(B°)he—r(B°) }{Zl/ftgk Vttd,jitd(B0) i (8°)}

+{ Z Veik (BO)Vtrd,jira(BO) he—r (B°) }{ Zd)t]k Vivd,ikra(B2)hi—(B°)}].

(A1.15)

By H>. 7, we have
n—1n—d

222,4115 )

=1 t=1

This completes the proof of the two conditions of Lemma 1. Hence, we have the
following a.s. convergence to 0 of

1 awt/t 1 ) 1 awt/t—l(ﬂ) _ . 3lf)t/t—1(ﬁ) —1 31@t/t—1(5)
Z({ b (0) A }HO B (220 (5) 241 ))
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That result implies that

lim

. 1 -~ 82at(6)
n—oo 2no? — Ego ( 0608, /Ftl)

o1 - 0wy yi—1(B) , _y, , Oy ye—1(B)
—JL“&O;"EE‘”( O T

1 [oh(B) 200y [ Oh(B) a0
+ lim an{ 3, }Bzﬁoht (ﬂ){ 98, }B:BO—VW(B ). (A1.16)

t=1

From Hs g, the matrix V(8°) = (Vi;(8°))1<i,j<r is a strictly definite positive
matrix of constants, so Hy 3 is satisfied.
Proof of H; 4. The mean value theorem allows us to write

02 o ik
{Z 350:533] }B=B* {Z 8;36 }B=B° B Z {Z Bﬂ,géjaﬂz }

V1 <i,j <r,fB* being a point on the line joining 3* and 3°, with ||3* — 3°|| <
A. Consequently, the left hand side of (2.8) is bounded by

zn: 8 Oét )
aﬂlaﬂj aﬂl
{Z 9*au(8) }
— 95:08;06 s
by continuity when ||3* — 8°|| — 0, hence, to check (2.8), it suffices to show that

- Pai(B) }
;{a@aﬁjaﬁl 5=30

By considering the derivative of (A1.3) with respect to §;, and taking (3.4-5)
and (3.7-9) into account, it is possible to show that the expression which is
involved in (A1.18) takes the following form

lim sup(nA)~|8* — B

n—oo ALO

. 1
< lim sup —

n— oo AiO n

(A1.17)

< 00 as. for 4,5,l=1,..,r. (Al.18)

1| By n

: Z W ; {Au + Ay (B ) + Z Asit(B)|er(B)er—i (B)]
+B1(8) + th(ﬂ)}, (A1.19)

where the coefficients A14(8), A2(8), and Asri(8), k = 1,...,t — 1, evaluated

at the point 3° are bounded functions of time, by Ho 1—H. 2.3, and the random
variables Bi14() and Bs(8) are defined below. Denote Ay, Ay and Asy (for
all k), respectively, the upper bounds of A1;(3°), A2 (B°) and Az (8°). For
example

aht/t—l(/@) 5ht/t71(5) 5ht/t—1(5)}
B=pB°

< A =L
3B 3B, 3B, =

|A1t | = ’2ht/t 1 ,80){
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with more complex expressions for the other terms: Bj4(8) contains terms like

(Oei(B)/0B:,)(0ei(B)/0Bi,), Bai(B) contains terms proportional to (0%e;(3) /04, 0B, ),
where i1, 12 =1, ], 1.
The expression (A1.19) at the point 4% can then be bounded by

~ 1. n 1 n t—1 ~ 1 noo 1 noo
A1+EA226?+EZZA3k|etet_k|+EZBl+EZBQ’ (AIQO)
t=1 t=1 k=1 t=1 t=1

where the random variable Bl and B2 still need to be determined. For the
second and third terms, it suffices to show that

N U
nan;OE;et <00 as., (A1.21)

since, by Cauchy-Schwarz inequality, we have
LSl < {(E ) ()}
- erer - -
n tei—k] S\, € n Ct—k
t=1 t=1 t=1

for all finite k. For the limit in (A1.21), we use the strong law of large numbers
for an appropriate martingale difference sequence Y; = e — E(e?). It is immedi-
ate that Ego(Y;/F;—1) = 0 and that Ego (Y;?) is uniformly bounded, using H; 5
and Cauchy-Schwarz inequality. We can then conclude that

R RS
nl;ngo - ;Y} = nl;n;o - ;Eﬁo (V) < oo as. (A1.22)

The determination of By and B, is more difficult. Let us consider, for example,

(9e4(8)/98:)(Der(8) /08;) and show that

[ Dey(B) Dey(B) B dey(B) Der(B)
Xt_{ 0B 0p; }B=B° EBO( OB 0B; )
t—1 t—1
=30 ik B2k (BO) €tk €1—ky — Eer—k, €4-k5) }-
k1=1 k=1

is a Lo-mixtingale (Andrews, 1988). Let v > 1 be an integer. Since

t—1 t—1
Epo(Xe/Fin)= Y Y thries (B)%es1,gke (B°){€tmbrtmbo— E(€r—k, €1-k2) },

ki=v+1 ka=v+1

and, using the Ly-norm [|.||2

| Ego (Xt/Fy0)|l3 = E{Ego(X:/F; )}

=1 t—1  t—1  t—1
= Z Z Z Z Vit (B°) Pty (B°) Utk (B)Vtjka (B°)

ki=v+1 ko=v+1 ks=v+1 ka=v+1

El{ei—ret—ky — E(et—p, €t—ky) H{et—ks€t—ks — El€t—ks€t—k4)}]
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Z ¢tzk ¢tjk(ﬁ0) var(et k)

k=v+1
+Z Z ﬁl’f/f vt —1 Ytiky (B°)* %tk (/30)2E(e?—k1)E(e?—kz)
YN hkem vt tie—1 Ptk (BO)Prjks (BO)rins (B°)ujn, (B°) Eef ) E(€}_y,)

k1 # ko

hence ||Ego(X¢/F;—,)||2 is bounded by a constant times ®” using H».i, H3
and Hy 5. The second condition, concerning || Xy — Ego(X;/F;1,)||2 is trivially
true. Consequently (X¢, F}) is a Lo-mixtingale, with the sequence ¥, = ®” — 0,
exponentially as v — oo, since 0 < ® < 1, and the sequence of constants ¢; which
doesn’t vary with ¢. By using a strong law of large numbers for mixtingales (e.
g. Hall and Heyde, 1980, p. 41, Theorem 2.21), we have that n=! >} | X; — 0,
and conclude like before for Bl. The determination of E’g is similar so that Hs 4
is checked.

To conclude, the first four assumptions of Theorem 1 are satisfied. Consequently,
there exists an estimator Bn such that Bn — B9 a.s., and which maximises [,, in
the sense of the statement of Theorem 1.

Proof of Hy 5. Let us determine the explicit form of (2.9) for all 1 < 4,5 <.
From (A1.2), it is equal to

1 n 4 8wt/t71(5) _ awt/tfl(ﬂ)
E;ﬁ[{ 9B }Bzﬁohtl(ﬂo){ 9B; }5:50

OWy j4— OWy j4—
— Ego ( wtgﬁil(ﬁ) ht_l(ﬂ) wt/atﬁjl(ﬁ))]

0 0wy y—1(P) Oy s—1(B)
_Z iﬁ(ljtitﬂo {agt,é(’iﬂ) },8=,8° <{wt/‘97;}5=50 ~ Pee <w</97;>> '

(A1.23)
While checking H; 3, we have shown that the first term of (A1.23) tends to zero.
There remains to prove that the second term also tends to zero. Let

Z5(8) = Ki(8) (8@7;—[};@ —E <awtg—,§;(6)>> ’

where

Ee}(8) 0hy(B)
ot (h(8))* 9P
We now show that the two conditions of Lemma 1 are satisfied for Z;?(8) for
1,7 =1,...,r. Let us first remark that the expectation in

K{(B) =4

7] 2 i( Q02 awt/t—l(ﬁ) ?
Ego{Z(B)} < (K{(8%)Ego | —5——
B,
is uniformly bounded thanks to (A1.11). Also, by Cauchy-Schwarz inequality,
H, 5 and the arguments developed for proving Hj 2, we deduce that E{e 1 <
a2 KY4m,. Using Hs 5 and Hs 3, we have

AKY 4, Ky
o2m3

|Ki(8°)| < A1.24)
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There remains to verify the second condition, in an manner analogous to while
checking H; 3:

1 n i n—1ln—d 8 ‘ 8A B
’ (E;th(ﬁ)rz) T n2 Z ZCOVBO (Kt thﬂl(ﬂ) Kf+d(ﬂ)m(%+;1W) :

d=1 t=1

The covariance can be written as

o? K (B°)K{a(B Z Dij (B°)¥tra g a(B2) -1 (8°),

where (A1.24) implies that

16K ?m}K?

o2mb

|0 K (B%) K{y (8%)] < ;

and again we have to verify that n~2 times the sum over d and the sum over t
O(1/n). This is true according to Hs 7. Consequently, H; 5 is checked.

As a conclusion, the asymptotic convergence of the estimator (3, towards the

normal distribution is ensured and the proof of Theorem 2 is achieved.

Proof of Theorem 2’

We refer now to Theorem 1’ and keep most of the proof of Theorem 2, but where
almost sure convergence is replaced everywhere by convergence in probability.
Therefore, we simply indicate the modifications in the check of Hy 3, Hy 4 and
H; 5.
For H; 3 and H; 5, we need to consider two martingale difference arrays, respec-
tively

g Q0L () i)y (8)  cou)(8) o) ()
n)i t/t—1 (n) t/t 1 t/t—1 (n) t/t—1
and ( o
L o) (8) dw, . (B)
(n)ij (n)i t/t—1 _ t/t 1
200 = K'6) | =57 - B{—57—} ]
where

KEMNB) =

E{et” (B)} [ 0h" (8)
4a4<h£"><6>>3{ 7 )

t=1,...,n, for each n € N, instead of martingale sequences Ztij (8) and Ztij (B8).
The unique condition of Lemma 1’ is then verified such as in the proof of The-
orem 1.

While checking H; 4 we have used a strong law of large numbers for a mixtingale
sequence. Such a strong law doesn’t exist for a mixingale array. We revert
therefore to a weak law of large numbers (for example Andrews, 1988, p. 461,

Theorem 2 with k,, = n and sequence cﬁ") = 1) which provides the requested
result but with convergence in probability (and even in L;-norm).
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