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Abstract The three-body Schréodinger equation of the H; hydrogen molecular ion is
solved in perimetric coordinates using the Lagrange-mesh method. Energies and wave
functions of the four lowest vibrational bound or quasibound states for total orbital
momenta from 0 to 40 are calculated with high accuracy. A simple calculation using
the associated Gauss quadrature provides accurate quadrupole transition probabilities
per time unit between those states over the whole rotational bands.
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1 Introduction

The H;‘ bound rotational-vibrational spectrum possesses about 420 bound states as
well as about 60 narrow quasibound levels corresponding to the Xy electronic configu-
ration and three loosely bound states corresponding to the X', electronic configuration.
For this simple three-body system, the Schrédinger equation involving Coulomb po-
tentials can be solved with a high accuracy for both energies and wave functions.

Because of the symmetry of the two protons, electric dipole transitions are forbid-
den. The more complicated electric quadrupole transitions are the dominant mode of
deexcitation. A systematic study of all transitions for states up to L = 20 within the
Born-Oppenheimer approximation has been published with two significant figures in
Ref. [1]. We present accurate E2 transition probabilities without Born-Oppenheimer
approximation [2]. They are obtained from three-body wave functions calculated with
the Lagrange-mesh method in perimetric coordinates [3]. The Lagrange-mesh method
is an approximate variational calculation using a basis of Lagrange functions and the
associated Gauss quadrature [4]. It has the high accuracy of a variational approxima-
tion and the simplicity of a calculation on a mesh [5].
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2 Transition probabilities with Lagrange-mesh method in perimetric
coordinates

For the three-body Schrédinger equation with central two-body forces, the total orbital
momentum L and parity m are good quantum numbers. The rovibrational states in
the Xy band are characterized by L™ and the level of excitation v, equivalent to the
vibration quantum number. The parity and the proton spatial symmetry are both given
by (—1)%.

If atomic units are used, the oscillator strength for a transition with multipolarity
X from an initial state (L;, v;) with energy Ej; to a final state (Ls,vy) with energy Ef
reads
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where « is the fine-structure constant, Si(;‘) = |(Livi||O()‘)HLfvf>\2 and OfLA) is the
electric multipole operator. The transition probability per time unit for By < E; is
given by

W = 203(B; — Bp)? ) (2)
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For H; the electric dipole operator is proportional to the electron coordinate and is
therefore odd. Transitions within the Xy bands are thus forbidden.

The coordinates are expressed as three Euler angles 1, 8, ¢ defining the orientation
of the triangle formed by the three particles, and three internal coordinates z, y, z
describing the shape of this triangle [6]. Each of these coordinates is the sum of two of
the side lengths of the triangle minus the third one. The wave function is expanded as

L
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where D{(fK(dJ, 0, ) are normalized parity-projected Wigner functions. In practice, the
sum over K can be truncated at some value Kmax.
The perimetric functions @%L )(JJ, y, z) are expanded in Lagrange functions [4,5]
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where the mesh points u;, v, wy, are defined by Ly (u;) = 0, Ly (v;) =0, Ly, (wg) =0
and h and h. are scale parameters. Because of the symmetry of the protons, the
expansion must be symmetric with respect to x and y. This basis is equivalent to a
basis of products of Laguerre polynomials times the square root of the product of their
weight functions. The Lagrange functions verify the Lagrange property

Fij(hugr hvojr, hpwy) o¢ 8440051 0ppe (5)

i.e. they vanish at all mesh points but one. Because of this property, when the consistent
Gauss quadrature is used, the variational approximation of the Schrodinger equation
takes the simple form of mesh equations. The potential terms are given by

(FijilV(x,y,2)|[Fyjrgr) = V(hug, hvg, hawy)0i40 0 Spoper - (6)

The potential matrix is diagonal and no integrals are required. The transition proba-
bilities (2) are then also easily evaluated with the same Gauss quadrature.
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Fig. 1 Energy levels of calculated wave functions in the four lowest rotational bands.

Table 1 Convergence of energies IJ; and E; and of transition probability W with respect to
N and N for the (30T,2) — (321,0) transition.

N N. E;(30%,2) E;(32%,0) W (1010571
30 20  —0.508263395 —0.511 78381169 2.391 488
35 20 —0.5082634376  —0.5117838118059  2.391465808
40 20 —0.50826343821 —0.51178381180725 2.391465579
40 30 —0.50826343821 —0.51178381180725 2.391465577
Ref. [7]  —0.50826343818 —0.51178381171

3 Results

The mesh equations are solved with N = 40 and N, = 20 (h = 0.14, h, = 0.4) and
Kmax = 2. The calculated states, i.e. v =0 — 3 for L = 0 — 40, are depicted in Fig. 1.
The convergence of the energies and of the transition probabilities is illustrated in
Table 1 for the transition between the (307,2) and (327,0) states. It is typical of all
calculated states [2]. The accuracy on the energies reaches 13 digits for v = 0 and 11
digits for v = 2. The transition probability displays a convergence at 10 digits with
respect to N and N,. However the accuracy is limited to 6-7 digits with Kmax = 2
because of the neglect of interference terms like between K = 0 and K’ = 3.

=L, +

= |Ui—

Oscillator strengths are displayed in Fig. 2 for all transitions with Ly
2 between the states of Fig. 1. The oscillator strengths decrease when Av
vy| increases. The Av = 1 strengths vanish near L = 20 where the direction of the
transition changes (see arrows in Fig. 1). They also vanish when the reduced matrix
element S;y changes sign.

The lifetimes of the different states are displayed in Fig. 3. They are very long in
the v = 0 band for L < 15. The lifetime of the L = 2 vibrational ground state is 3300
years. The lifetimes of the other states are comprised between 4 and 20 days.
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Fig. 3 Lifetimes of the states in the four lowest rotational bands.

4 Conclusion

The Lagrange-mesh method in perimetric coordinates does not only provide accurate
energies but also accurate wave functions. With these wave functions we have deter-
mined 6-digits transition probabilities [2]. The same wave functions can be used to
calculate other observables such as the static and dynamic polarizabilities of H;r 8]
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