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Miscible density fingering of chemical fronts in porous media:
Nonlinear simulations
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Nonlinear interactions between chemical reactions and Rayleigh—Taylor type density fingering are
studied in porous media or thin Hele-Shaw cells by direct numerical simulations of Darcy’s law
coupled to the evolution equation for the concentration of a chemically reacting solute controlling
the density of miscible solutions. In absence of flow, the reaction-diffusion system features stable
planar fronts traveling with a given constant speednd widthw. When the reactant and product
solutions have different densities, such fronts are buoyantly unstable if the heavier solution lies on
top of the lighter one in the gravity field. Density fingering is then observed. We study the nonlinear
dynamics of such fingering for a given model chemical system, the iodate-arsenious acid reaction.
Chemical reactions profoundly affect the density fingering leading to changes in the characteristic
wavelength of the pattern at early time and more rapid coarsening in the nonlinear regime. The
nonlinear dynamics of the system is studied as a function of the three relevant parameters of the
model, i.e., the dimensionless width of the system expressed as a Rayleigh nRiabéne
Damkadler numberDa, and a chemical parametdrwhich is a function of kinetic constants and
chemical concentration, these two last parameters controlling the speedl widthw of the stable

planar front. For smalRa, the asymptotic nonlinear dynamics of the fingering in the presence of
chemical reactions is one single finger of stationary shape traveling with constant nonlinear speed
V>yp and mixing zoneN>w. This is drastically different from pure density fingering for which
fingers elongate monotonically in time. The asymptotic finger has axial and transverse averaged
profiles that are self-similar in unit lengths scaled®s. Moreover, we find thatV/Ra scales as

Da %5 For largerRa, tip splittings are observed. @004 American Institute of Physics.

[DOI: 10.1063/1.1630576

I. INTRODUCTION reactions. Recently, reaction driven viscosity changes have
been shown numerically to lead to new spatiotemporal dy-
Chemical reactions can interact with hydrodynamic fin-namics of viscous fingering in chemical bistable autocata-
gering instabilities and affect the stability properties as welllytic systems providing traveling fronts between solutions of
as the nonlinear spatiotemporal dynamics of the system. Sewifferent viscosity’~® Unfortunately the predicted nonlinear
eral works have focused in this respect on the interplay bedynamics have not been observed to date mainly because
tween viscous fingering and chemical reactions in porougwutocatalytic reactions are usually performed in aqueous so-
media or Hele-Shaw cells. Ortoleva and co-workers haveutions for which the viscosity hardly changes with concen-
shown theoretically that, in porous media, chemical dissolutrations of solutes. The only striking evidence of chemically
tion of the porous matrix can change its permeability givingdriven viscous fingering for miscible autocatalytic systems
rise to a hydrodynamic fingering instabilityin Hele-Shaw  occurs in polymeric systems where the monomer solution
cells, the influence of Chemistry on immiscible viscous fin'and the po|ymer matrix can have quite Strong differences in
gering patterns has experimentally been strikingly evidencegjiscosity?
by Hornof and co-workefsand more recently by Sastry In miscible systems, chemical reactions are more prone
et al’ and by Fernandez and Honfsin the latter case, sur- 1o provide density differences that can drive buoyantly un-
face tension effects are dominant. For miscible systems, eXtaple situations as soon as a heavier fluid lies on top of a
periments on viscous fingering in reactive systems have aqi‘ghter one. Experimental evideri®? and theoretical
dressed the effect of the variation of reactant concentrationgy,ie2°-32 on density driven instabilities have shown that
and of the finger pattern on the spatial distribution of chemihe ¢oupling between buoyancy driven flows and chemical
cal species showing that the flow can drastically influencgeactions can strongly affect the properties of the fingering
the reactior?. However, in these systems, the chemical reacingiapility. The coupling with chemical reactions has been
tion does not feed back on the hydrodynamic motion as theqgressed mainly concerning the stability of planar fronts

viscosity of the two solutions at hand is not influenced by thevvith regard to Rayleigh—Taylor fingering. A prototype sys-

tem in that respect is the iodate-arsenious &b\ ) reac-
dElectronic mail: adewit@ulb.ac.be tion. In this redox reaction involving the oxidation of arse-
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y ticular characterize asymptotic regimes in terms of various
parameters of the problem such as the dimensionless width
X of the system corresponding to a Rayleigh number, the
Damkdler number, and the speed and width of the front. We
fresh reactants first introduce a theoretical model describing this instability.
After analyzing the pure density fingering instability in the
po> p1 absence of chemical reactions, we next study density finger-
ing of a chemical front in the monostable 1AA reaction.

|V products
pl Il. MODEL

A. Darcy—Boussinesq equations

Our model system is a two-dimensional porous medium
or thin Hele-Shaw cell of length, and widthL, with the
gravity fieldg oriented along (see Fig. 1 In this system, a
solution of densityp, containing a solute in concentration
nous acid by iodate, traveling fronts between fresh reactanifs under another solution miscible with it of density
and products can easily be triggered in a capillary tube, Hele>p1 and where the concentration of the solute ruling the
Shaw cells, or porous media. As the density of the solution igjensity of the solution can be taken without loss of general-

decreasing in the course of reaction, ascending fronts arg, to phe equal to zero. Let us first consider Darcy—
buoyantly unstable in the gravity field as they correspond tq3oyssinesq equations:

heavier reactants lying on top of lighter produse Fig. 1

FIG. 1. Sketch of the system.

Experiments in capillary tub&%*? have shown that curved V-u=0, @
ascending fronts traveling with a speed higher than that of @
descending stable planar fronts are then observed. Theoreti- Vp=— ;u+p(c)g, (2

cal work for such narrow geometry provides the critical ra-

dius of the tube above which the hydrodynamic instability c

can develop, and a discussion on whether axi- or non- P(C)=P1+(P0—P1)(1—C—), ()]
axisymmetric modes should be observed at offséf.More !

recently, experiments in Hele-Shaw cells have shown that dc ) ,

several fingers can develop in this geometry where the front 5; T U Ve=DVic+f'(c), 4
is laterally extended®~182°Dispersion curves providing the
growth rate of the fingers as a function of their wave numbe
have been measured experiment&il§? These dispersion X ) )
curves characterizing the early stages of the instability ar§t@nt in space and t|2me ardenotes the pressure. In thin
well reproduced theoretically by linear stability studies of €le-Shaw celisx=a’/12 wherea is the gapwidthf’(c) is
models coupling the evolution equation for the flow to thatthe d|men3|0na_l kinetic scheme. In diluted _solut|(_)ns, the den-
of the concentration of the species ruling the density of theity depends Ilnear% on the concentration witg=p(c
solution222°-3! | jttle is known, however, on the long time —0)>P1=p(C=Cy). _ o

dynamics of the fingers for such laterally extended Hele- 1S problem has neither a characteristic spémtause
Shaw cells. Experimentally, merging, fading, shielding, ano‘here, is no |njef:t|oh nor a characterlsuc Ie_ngth. Henpe to_
tip splitting of fingers are observ&tbut no detailed quanti- nondimensionalize the equations, we conglder thqt V|sco§|ty
tative characterization of this nonlinear dynamics has bee@"d Puoyancy forces have the same amplitude which defines

provided yet. From a theoretical point of view, one can find® characteristic speed as
in the literature nonlinear simulations of chemically driven Apgk

density fingering of the IAA system and other monostable U=
autocatalytic reactions:2%2832 Unfortunately, there again,

no quantitative measurements characterizing the nonlined¥ith Ap=(po—p1)/po andv= u/p, is the kinematic viscos-
transient and asymptotic dynamics are available. Such chafty. In addition, in the evolution equation far, it is expected
acterization of the nonlinear dynamics of miscible fingeringthat convection balances diffusion suggesting the following
has been performed in numerous articles devoted to puréharacteristic length, and timer, scales:

viscous and density fingering=°It is of interest to have a D D

guantitative idea on how chemical reactions can change such LhZU; =2 (6)
nonlinear properties of the fingers.

In this article, we perform a numerical study of the in- Let us nondimensionalize Eqgl)—(4) scaling the velocity,
terplay between monostable autocatalytic chemical reactionength, and time byJ, L,, and r,. The pressure, density,
and density driven fingering in porous media or thin Hele-and concentration are scaled, respectively, diy/«, pg,
Shaw cells. We analyze the nonlinear dynamics and in paand c;. We define in addition a hydrostatic pressure

Whereu= (uy,uy) is the velocity field. The viscosity, mo-
lecular diffusion coefficienD, and permeability« are con-

®

14
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gradient asVp"=Vp'—p}i, wherei, is the unit vector regard to the hydrodynamic effects. Tbe 1 solution is the
a|0ngx_ Dropping all the primesi the evolution equations for kinetiCa”y stable chemical Steady state Corresponding to the

the dimensionless variables become then final products whilec=0 corresponds to the unstable fresh
reactants. Equatioril4) admits as solution the following
V-u=0, (7) " propagating fronf®4142
Vp=—u+(1-0)iy, 8 B 1 1 L K 16
a2 C(X't)_mﬂx—_vtf_i +tan _E(X_Ut) (16)
—+u-Vec=V2%c+f(c) 9) . .
ot ' wherek=+/Da/2. This planar front travels with a speed
wheref(c) is now a dimensionless kinetic scheme. The di_equal o
mensionless domain width of the system becomes Da
v=1\/—(1+2d). (17
L, L,gkAp 2
L="=""_"""_Ra, (10) : . L .
Y Ly vD The widthw of the planar chemical front arbitrarily defined

as the distance between=6 andc=1— 6 can readily be

where the dimensionless paramd®s corresponds to a Ray- found from (16) to be equal to

leigh number. Analogously, ;=L,gxAp/vD=A Rawhere

A is the aspect ratio of the system. Taking the cun®fand 8 1-6
introducing the stream functiory such thatu= /9y and w=\pz" 5 (18)
v=—Jdiyldx, we obtain the final dimensionless equations: ) ) )
Expressiong17) and(18) show thus that increasiriga
VZy=—c,, (11)  leads to sharper fronts traveling with a higher speed. Let us
note here that the chemical front defined(thg) corresponds
Jc o . .
_+Cxwy_cy¢X:V2C+f(C), (12)  to a kinetically stable steady state<1) invading an un-
ot stable steady state€ 0) with a constant speadand width
tion and diffusion. Such a front is different from the station-
B. Reaction-diffusion front ary front between two stable steady statebtained for a

bistable kineticsthe viscous and density fingering of which

As a model system, we consider a simple one-variablg,q peen analyzed in Refs. 6, 7, and 43, respectively.
cubic kinetics capable of sustaining traveling fronts between

a kinetically stable and an unstable state when coupled to
molecular diffusion. This chemical model has been studied i - NYMERICAL SCHEME AND VALIDATION STUDIES
detail theoretically and accounts quantitatively for experi-  Let us now analyze the nonlinear fingering dynamics of
ments performed with the iodate-arsenious dbih ) redox  the chemical fron{16) when buoyancy effects are destabi-
reaction in some parameter rarfgé’~3“In the absence of lizing. To do so, we numerically integrate the following
flow, its dynamics follows the dimensional reaction-diffusion model:

evolution equatior{!

vZy=—c,, 19
Jc
i 26— _
at DV<c—qc(c—cy)(ct+cy) (13 (;—(t:+Cxl//y_cy¢x:V2C_DaC(C_l)(c+d)- (20)

with c=[17], ¢;=[103 1o, C2=Kqa/ky, q=k,[H* ]2 where

k, andk, are kinetic constants. Following the reasoning of
Sec. IlA, we introduce new dimensionless variabbes
=xU/D, y'=yU/D, 7'=tU?D, ¢'=clc;. In terms of
these variables, Eq13) can be written after omitting the

Our pseudospectral numerical scheme is based on that devel-
oped by Tan and Homsyand modified to take the chemical
scheme into account. The linear terms of E4®) and(20)

are computed in Fourier space. The nonlinear terms are cal-
culated in real space. Back and forth between real and Fou-

primes: . ! .
rier spaces are done using fast Fourier transforms from the
i, FFTW library. The time-stepping scheme is a second order
il c—Dac(c—1)(c+d) (149 Adams—Bashforth scheme. The spatial discretizationess
) stated otherwiseuses a ratio of 4 between the number of
with spectral modes CELY and CELX and the dimensionless
chi K, width L)’,: Raand length_;,=ARa In other words, the spa-
Da= (15 tial discretization stegix=L,/CELX=4 and similarlydy

-z d=—.
v kpCs =L,/CELY=4. The corresponding time stepd$=0.2. As

Da is the ratio r,/ 7. between the characteristic hydrody- initial conditions, we choosé=0 everywhere which corre-
namic time scaler,=D/U? and the chemical time scale  sponds to solutions initially convectively at rest. For the con-
= 1/qc§, i.e., Da is the Damkbler number of the problem. centration, we take as an initial condition either a step func-
The higher the Damkder number, the quicker the chemical tion betweenc=1 andc=0 or the analytical front function
time scale and hence the stronger the chemical effects witfl6) located close to the upper boundary and the reverse step
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or front function at the bottom of the system. The upper front
corresponds to the lightec=1 product solution invading
downdards into the heavier=0 reactant solution which, in
a gravity field, corresponds to a buoyantly stable planar front
traveling with velocityv and widthw given by (17) and
(18), respectively. The reverse upwards moving front is on
the contrary buoyantly unstable and develops fingering. Pe-
riodic boundary conditions are used in both longitudinal and
transverse directions. While using periodic boundary condi-
tions in the transverse direction is quite standard, considerin
periodic boundary conditions in the streamwise direction im-
plies to use the above described periodic extension of th
displacement front to avoid Gibb’s phenomena. As has been o _ , _
. . . FIG. 2. Pure density fingering in the absence of chemical reactions, i.e.,
shown in many previous studi¢see, for example’ Refs. 34, Da=0 shown from left to right fromt=2000 up tot=11 000 with a time
35, 37, 44, and the references thejeirse of such boundary interval of At=1000 in a system of dimensionless wida=512. Finger-
conditions place only a limit on the maximum time of the ing conserves an up and down invariance with regard to the position of the
simulation(reached when the two counterpropagating frontgdnitial front, i.e., the fing_ers elongate on average as far upwards and down-
start to interadtbut not on its accuracy. To initiate fingering, 2"ds I the course of ime.
white noise of 0.1% in amplitude is added to tbhe0.5

isolines in the initial step function of concentration. If the .
initial condition is the chemical fronL6) then noise of 0.1% N the same geometry well controlled experiments character-

in amplitude is added on the concentration field in the aredZiN9 Such Rayleigh—Taylor instability in the linear regi‘ﬁﬁe__
where 0.4 ¢c<0.6. and have compared their results with theoretical stability

analysis achieved in Refs. 47 and 48. The nonlinear dynam-
ics of fingering is known to be characterized by merging and
shielding®33° leading to an overall coarsening of the
fingers® Tip splittings are observed in larger systetfé®
Pure density fingering is invariant with respect to the change

For buoyantly unstable stratification, Ba=0, there is no Of variablex——x, u,——u, as can be seen from Eqg)—
chemical reaction and the model features pure density fingef®) Where f(c)=0. This implies that, on average, fingers
ing. If Da+0, we analyze then the effect of chemical reac-T0Ving up and downwards have the same length W'tﬂs regard
tions on density fingering. We have tested that, in thesd® the position of the initial front for a given t"'f?& a
cases, the spatiotemporal fingering dynamics remains robuBfoPerty that we will call here up and down invariance.

with regard to refinement of time and space discretization . 1S purely hydrodynamic fingering must be contrasted
steps. In addition, we have checked for several values 0Wlth fingering in the presence of chemical reactions shown in
parameters that the wavelength of the fingers that appear 5{9- 3 for different values oa and d with Ra=512.
early times is in good quantitative agreement with the Vame(:learly the chemical reaction breaks the up and down invari-

of the most unstable mode predicted by the linear stabilin?1C€ because of the influence of the front velocity. As the
analysis given in Ref. 29. As an example, for a system of 0Nt IS moving upwards, fingers growing downwards are
width Ra=2048 andDa=0.1,d=0.2, the first visible pat- advected and impaired. This results in the eating of the white

miingers corresponding to the kinetically unstable O state

by the black stable=1 solution. Comparison of Figs. 2 and

3 enlightens the asymptotic dynamics for pure and reactive
fingering, respectively. Fdba=0 (Fig. 2), the fingers never
stop elongating. FdRa=512, coarsening leads to one single

represented by two-dimensional density plots of the concerfin9€r which continues to extend in the course of time.
tration ranging fromc=0 (white) to c=1 (black—see Fig. Chemical reactions drastically change this picture. The
2 for instance. The aspect ratio betweeandy is preserved asymptotic dynamics is still one single finger but its longitu-

in the plots and the focus is put only on the dynamics of thdlinal extent is constant in time as a result of the competition
unstable front. between hydrodynamic convection which creates and

stretches the finger and chemical reactions which favor pla-

nar fronts. The characterization of the nonlinear dynamics
IV. DENSITY FINGERING OF A CHEMICAL FRONT: can benefit from various types of measurem#¥nts>°
NONLINEAR DYNAMICS which we now present.

For buoyantly stable systentse., V2=0), the evolu-
tion of initial steps follows the standard error function, solu-
tion of the pure diffusive transport wheba=0 while for
Da#0, we recover the traveling frorii6) with the correct
speed(17) and width(18) dependence as a function bfa.

tern contains 27 fingers which appear at a dimensionless ti
of the order oft=500. This corresponds to a most unstable
wave numbek=0.08 and a growth rate=0.013 in quite
good agreement with the value predicted by the linear stabi
ity analysis(see Fig. 3 of Ref. 29 The dynamics will be

Figure 2 shows a typical simulation of pure density fin-
gering without chemical reactions obtained a=0 and
Ra=512. The nonlinear dynamics of pure density fingering At successive times, the two-dimensional concentration
has been analyzed in Hele-Shaw cells first experimentally bjield c(x,y,t) can be spatially averaged along either the lon-
Wooding*® More recently, Fernandezt al. have performed gitudinal x or transversey coordinate to yield one-

A. Averaged profiles
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(c)“ Hi'

FIG. 3. Density fingering in the presence of chemical reactions shown from

left to right fromt= 1000 up tot=9000 with a time interval oAt= 1000 in I L L L
a system of dimensionless widta=512 with (from top to bottom lines

(@ Da=0.01,d=0.01; (b) Da=0.01,d=0.3; and (c) Da=0.05,

d=0.01. The asymptotic dynamics is one single finger of fixed shape span- 08
ning the whole width of the system. Increasiba at fixedd leads to more
unstable fronts, i.e., earlier appearance of fingers with smaller wavelength:s
and to a final single finger of smaller extent traveling faster. Increasiag

fixed Da has little influence on the characteristics of the fingers at early *=
times but later on leads to more rapid coarsening and a smaller final mixing\O/
zone. v 047

e
dimensional averaged profiles. The transverse averaged prc w —

fil _ S
e

038

02

(@

< c(x,t) >
°\:

1000

FIG. 4. Transverse averaged profileg(x,t)) for the simulations of Fig.
3(a) for Ra=512,Da=0.01,d=0.01. The time interval between two suc-
cessive curves i&t=200. The front travels from righbottom of the setup
to left (top of the system

verse profile the front solutiofl6). As soon as fingering
starts, bumps appear ift(x,t)) as can be seen in Fig. 4
which shows the transverse averaged profiles as a function of
time corresponding to the nonlinear dynamics of Fign).3

The transverse profiles witness also the asymptotic finger
which appears as a deformed traveling front moving with a
constant shape and speed. The longitudinal averaged profiles

(b)

1 |_>’<
<C(y,t)>—LJ0 c(x,y,t)dx

allows one to follow the interaction between fingers and in
particular shows clearly how fingers interact, can spread and
shield their neighbors, or merge to ultimately lead to one

asymptotic single fingetFig. 5).

1 L/
(C(X,t)>=*f Ye(x,y,tdy
L,7o
y
G. 5. Longitudinal averaged profilés(y,t)) for the simulations of Fig.

o ) Fl
corresponds to standard curves computed in fingering stutg) for Ra=512,Da=0.01,d=0.01. The time interval between two suc-
ies. If the traveling front is stable, we recover in this trans-cessive curves idt=200.
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FIG. 6. Location of the tipt) and the reafr) of the fingering zone as a FIG. 7 Mixing length as a function of time for various values of the
function of time for the simulations of Figs. @ull line) and 3:(a) Da Damkdler number at fixedd=0.01 in a system of dimensionless width
=0.01,d=0.01: bold line;(b) Da=0.01,d=0.3: dashed line; andc) Ra=512.
Da=0.05,d=0.01: dotted line. When reaching the final asymptotic finger
for Da#0, the tip and rear travel at the same speed and are separated by a
constant mixing zon&V.

the nonlinear interaction between the convection rolls and

the traveling frontV is measured by computing the slope of
B. Position of the tip and rear of the fingered zone the curve at final times. The higher the Darhler number,

The transverse averaged profile is next used to define thtge_ higher this nonlinear speed. The rear of the front is en-

tip and rear of the fingered zone. The tip is chosen arbitraril);ra'ned by the_ chemical front. The _observgd b“”."'ps corre-
as the location along the axis in front of which the aver- spond to the disappearance of the tail of white=0) fingers

aged concentratiofc(x,t)) is less thans=0.01. The rear @n the black €=1) background as the traveling front is mov-

corresponds on the other hand to the location behind whicggg up (see in Fig. 3 the formation of little white tails into a

(c(x,t)) is greater than 0.99. These points represent the mog| ack background and their sudden Qisapp'ear)anmer "."”
gers have merged and only one single finger remains, the

and least advanced locations of the fingered zone. Figure ; o . .
shows the position of the tip and rear as a function of time'ear travels then in parallel again with the tip at the nonlinear

for the four simulations of Figs. 2 and 3. The full line is the SP€€dV. They are separated by a constant mixing zone of
situation in the absence of chemical reactiops & 0). The extentW, larger than the widthwv of the stable planar front.
growth is symmetric with regard to the initial position of the C. Mixing lenath
front which is characteristic of the up and down invariance of Xing 1eng
the purely hydrodynamic density fingers. After an initial The nonlinear dynamics of the fingers can typically be
growth in vt due to dispersive mixing of the two fluids, a characterized by the mixing length defined as the distance
linear growth follows as soon as fingering with several fin-between the tip and the rear of the fingers. The mixing
gers sets iff° In narrow systems, if only one or two fingers lengths computed as a function of time for varidua keep-
remain present, the motion of tip and rear can depart froning d fixed and starting from a step function are shown in
such a linear growth because of transverse diffiSishas  Fig. 7. If Da=0, we recover the initial dispersive growth in
seen in Fig. 6. In any case, the growth of the mixing zone is/t followed by the linear growth due to density fingering.
always continuous as the fingers keep stretching both up an/hen only one finger remains such as in Fig. 2 Ra
downwards. =512, Taylor dispersion can lead to departure from this lin-
The bold, dashed, and dotted lines in Fig. 6 correspon@ar growth at a later time. Nevertheless, the growth of the
to the situation in the presence of chemical reactions fomixing zone is always continuous and monotonic. Ba
variousDa andd. The chemical reactions induce a break-#0, the early time shows a constant mixing zone corre-
down of the up and down invariance due to the presence afponding to the width of the stable front given (18). After
the characteristic velocity of the front. Starting from an ini- a certain induction time, fingering starts. The higbex, the
tial step function, the planar reaction-diffusion front estab-shorter the induction time and the higher the slope of the
lishes initially. The tip and rear move in parallel separated byinitial linear growth of the mixing length. This can be under-
a distancew [see Eq(18)] as long as the front is not desta- stood by the fact that, for high&a, the widthw of the front
bilized. They both travel at the same speefyjiven by (17)] is smaller and hence the system is more unstabiéever-
which is the speed of the stable traveling front obtained her¢heless, as time goes by, it is observed that the nonlinear
as the slope of the linear initial transient. After a certaindynamics leads to much more effective coarsening of the
induction time which is a decreasing function®@g, the tip  fingers for higherDa. The fact that the tails of the down-
starts to move more quickly when fingering starts. In thisward moving fingers are entrained leads to a sudden abrupt
fingering regime, the location of the tip varies linearly in decrease of the mixing zone corresponding to a very rapid
time but with a quicker “nonlinear” speell resulting from  movement of the rear of the fingered zofsee Fig. 6. Ul-
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FIG. 8. Reaction rat® as a function of time foRa=512,d=0.01 and

the same various values of the Daihler number as in Fig. 7, e, FiG. 9. Power averaged mean numbey of fingers(continuous curvesin

Da=0.01; 0.05; 0.1; 0.15; 0.20; 0.30 from the bottom up to the Upperihe system as a function of time f&a=512, Da=0.01 and various values

curve. of d=0.01 (bold), 0.1 (dotted, 0.2 (dashey, 0.3 (dot-dashelj and 0.4
(plain). The stepped curves represent the Fourier mode with the highest
amplitude as a function of time.

timately, there is saturation to a constant mixing zone of

extentW characterizing the final single finger. Increasing ] } ] ]

gives less elongated fingers characterized by a smaller mi¥ocation of the tip versus time. As an example, let us consider

ing zoneW. This is due to the competing effects of hydro- the results of Fig. 3. Fdba=0.05 andd=0.01, the velocity

dynamic fingering and chemical reactions which for higher ©f the planar stable front is equal to 0.1fsee Eq.(17)]

Da become more effective. As the pure reaction-diffusionwhile V.computed as the slope of the corresponding reaction

front is planar, the higheba (and hence the more effective rateR versus timeFig. 8) is equal to 0.482, the same value

the chemistry the stronger the tendency to overcome finger-V as the slope of the tip of the fingers versus time obtained in

ing and hence the smaller the asymptotic mixing zdne Fig. 6. The tip of the fingered zone travels thus with the same
velocity as the whole fingered zone on average, this velocity

D. Reaction rate R being constant and larger than that of planar fronts. Such an

If the chemical i fect the hvdrod i f enhancement of the velocity of chemical fronts due to con-
: the chemical reactions afiect the hydrodynamic INger ¢ ion has peen observed for quite a long time in capillary
ing, fingering also has an influence on the reaction rate. Int'ubeslo'll

deed in a fingered front, the contact zone between the two
solutions is increased and it is expected that the reaction wi
speed up because of the convective movements of the fluid.
In that respect, an interesting meas@re given by the re- In the absence of tip splittings, the nonlinear dynamics
action rateR computed in terms of the area of the reactedof the system is clearly dominated by coarsening of the fin-
zone (i.e., the number of points wheris higher than an gers both in the abserffeand presence of chemical reac-
arbitrary thresholct*) normalized by the width of the sys- tions. A convenient quantitative measure of this phenomenon
tem versus time. In other words, we compute as a function o provided by the power averaged mean wave nuffitois-
time the quantity fined as

. Power averaged mean wave number

(L 2ikiP;
R(t):iJLXJLdeXdM (21) (k(t))ZW, (22)
L),, 0o Jo i

. * . where k; are the Fourier modes of the Fourier transform
wherey=1 if c(x,y,t)>c* and zero otherwise. The larger &(k,t) of the transverse averaged prof{ie(y,t)) and P(K)
the contact zone between the two fluids, the higher the reac-", ged Proyey.,

i € CO? atl::_zone8 € we_zn tﬁ 0 L:.' S ae 9 fer t'e reaC=|<":(k)|2 is their amplitude in Fourier space. The averaged
Kf)rt]' ra ef. |gt;#re . prIO\Q es feI:r_eac7£p rba?j af_ L.'PC lon wavelength of the fingers is thus simply\(t))

]? 'Te orf the S|rr]nua|otnhs Oh L?f* b. tlih y |e|n| Iofntr? =2m/(k(t)). Figure 9 shows the power averaged mean
unction of the cnosen thresno ut the siope of e ~  mper  of fingers in the system defined &%)

curveR(t) is independent of it and characterizes the average:Ra/O\(t»_ As can be seen, this number decreases in time

speedV of the finggrs.v is thus he_re the rate of change of 55 4 consequence of coarsening. Wiieis increased for
the area of the region where reaction has happened, N0rmalseq pa, coarsening is more efficient &s) is smaller for a
ized by the width of the channel. Because of convection, theyiyen time. Similar information is obtained by looking at the
average speed is higher than the speed of the stable step-like function of Fig. 9 which represents simply the
planar chemical front. The average sp&theasured as be- mode of maximum amplitude. One can clearly see that the
ing the asymptotic slope of the functid(t) is equal to the system switches from four fingers in the width of the system
nonlinear speed/ defined as the asymptotic slope of the to three, then two, and eventually one single finger dor
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=0.01. For a higher value af=0.4, the coarsening is more
effective and the mode of highest amplitude switches directly
from 3 to 1. A similar trend is observed when keepthfixed

and increasingDa, i.e., coarsening is more effective for
higherDa.

F. Maxima and minima

A nice way to look at the dynamics of the system is to
plot a space-time diagram of the locations of the maxima and
minima of the transverse averaged profflg(y,t)) in the
course of time(see Fig. 10 Such a diagram enlightens the
mechanism of shielding of one finger by its spreading neigh-
bor and the subsequent reordering of the positions of the
extrema until one ultimate single finger remains.

V. PARAMETRIC STUDY

The nonlinear dynamics is clearly influenced by the
chemical reactions. Let us now analyze quantitatively to
what extent variations of the three relevant parameters of the
problem, i.e., the Rayleigh numbRra, the DamKdler num-
berDa, and the chemical paramety influence the dynam-
ics of the fingers.

At this stage, it is important to note that the initial con-
dition of the simulation may have an influence on the tran-
sient nonlinear dynamics. If we start from a step function
rather than from the traveling front solutigh6), the initial
width of the front is smaller and the system is more
unstable?® Fingering starts thus earlier for a step initial con-
dition than for a front of given extent. Nevertheless, in both
cases, the asymptotic dynamics is the same single finger
traveling with the same spead and with the same mixing
zoneW.

The noise which seeds the initial condition is also quite
important for the transient dynamics of the system going
towards the final one single finger. Fingering starts indeed
earlier when the noise has a higher amplitude. The number of
fingers which appear out of the noise is, in any case, set up
by the most unstable wave number given by the linear sta-
bility analysis. However, the location of these fingers along
they axis and their subsequent nonlinear interactions depend
on the noise. Repeating the same simulations for fixed pa-
rameters and an ensemble of initial conditions with a noise }

i L] ':I L l!'

of the same amplitude, one obtains each time a different
initial pattern(although with the same number of initial fin-
gers which has its own nonlinear dynamics. If there is no FIG. 10. Space-time map of the locations of the maxibiack and minima
reaction, th|S |eadS to an ensemble Of Variable miXing |ength®raw of the transverse averaged proﬂke(y’t» as a function of time for

as a function of time, the slopes of which are scatteredimulation of Fig. 38) (Ra=512,Da=0.01,d=0.01). The horizontal di-
around a mean value. The influence of a given noise is mucﬁ_&ction corresponds to the coordinate while the vertical axis is time run-
more pronounced for small&a. For Ra=256 where only ning upwards.

two fingers appear initially, the slope of the mixing length as

a function of time is much more sensitive to possible chan-

neling. For some initial conditions, channeling is observedmixing length and their time of appearance depend on the
while it is not for other ones. FoRa roughly above 1024, initial condition. Nevertheless, whatever the initial condition
there are enough fingers so that the scattering around thend whatever the amplitude of the noise, the system always
mean value of the slope becomes smaller. These trends rends up with one single finger with the same characteristics,
main when chemical reactions are present but affect only thee., the same extetw and the same nonlinear velocity.
transient towards the final one single finger. In other wordsThe only influence of the initial condition is on the lateral
the number of bumps seen in the time dependence of thgosition of its maximum which can be at any place algng
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as we use periodic boundary conditions along that direction. [t
In that respect, all simulations presented in this article start 2500."-..,. @) ]
from a step function with random noise of 0.1% in ampli- L ]
tude. Nevertheless, all asymptotic characteristics of the 2000f
single finger presented in Figs. 11, 12, 16, and 17 are inde- I
pendent of the initial condition and of the amplitude of the 31500'

®-.... Ra=T768

noise.

A. Role of d 1000F

For the particular case of the IAA reaction, the kinetic C
parameted=Kk, /k,c; can be varied by changing the initial 500(
concentrationc; of the reactant. To be more general and o
draw conclusions that go beyond the peculiarities of the IAA d
model system, let us recall thatin fact influences the speed
v of the stable planar front as=+/Da/2(1+ 2d) but does Lt rrre e rer e
not affect its widthw. Increasingd leads thus to chemical [
fronts of constant widthw traveling with an increased speed
v. It has been shown on the basis of a linear stability
analysi€® that this leads to more stable fronts. An inspection i
of Figs. 3 and 9 and of other results for varidDs andd > 0.51 ]
shows that an increase dfmerely affects the initial time of 1 1
the nonlinear dynamics. The initial wavelength and time of PR
appearance of the fingers depend very weakly dotut
strongly onDa. The influence ofl is, however, clear in the
subsequent nonlinear dynamics of the fingers. Indeed, wher
d is increased, coarsening is more effective leading to more P | I R T S B
rapid merging of fingers and hence earlier reach of the Y
asymptotic single finger. This single finger has a nonlinear
speedVv which is almost independent dfwhile its extension  FiG. 11. Nonlinear mixing zon& (a) and speed/ (b) of the asymptotic
W is a decreasing function ad (see Fig. 1L This latter  one single finger as a function of the parametéor three values oRaand
dependence is due to the fact that, for a higher chemicdpa=0.01.
speedv, the displacement of the front is entraining more
effectively fingering. The convection roll will thus be of

(b)

0.5

smaller extent leading to smallgy. The nonlinear speed

is of smaller extent’V and has a higher nonlinear speed

is rather related to the amplitude of the velocity field which (see Fig. 12 a signature of the fact that chemistry is oppos-

is a function of the density difference across the widtlof
the planar front. Asw is independent ofl, we can under-
stand thav/ is almost independent af. In real experiments,
it is likely to be difficult to vary the speed of a planar front
without changing also its widtkv. In that respect, it is par-
ticularly instructive to look at the effect dba on the dy-
namics.

B. Role of Da

The Damkdler numbeDa is the ratio between the hy-
drodynamic and chemical time scales. The higbex, the

ing more efficiently fingering. Let us note that the system is
much more sensitive to changesDra whenDa is smaller
than 0.1 and in particular whelha tends to zero. In other
words, there is a huge difference between systems with and
without chemistry but once chemistry is operative, there is a
saturation of its effect wheBa is further increased.

C. Role of Ra

In our scaling,Ra is the dimensionless width of the
system. Increasin@Ra thus simply leads to larger systems
and hence to more fingers as, in our dimensionless variables,

more effective the chemistry. For planar reaction-diffusiontheir wavelength is independent Ba.?° This can be seen
fronts, increasind>a leads to sharper fronts traveling more when comparing simulations for the sarbe and d but

quickly as can be seen by inspecting ihe dependence af
andw. A linear stability analysis shows that increasing,

differentRa: Figures 3a) and 3c) for Ra=512 with Fig. 13
whereRa=256 and Fig. 14 wher®a=2048, all of them

i.e., sharpening the front for a same density difference leadwith Da=0.01 and 0.05 whiled=0.01. Multiplying the

to more unstable fronts with regard to density fingefihg.

This is confirmed by nonlinear simulatiohsompare Figs. 2,
3(a) and 3c)] which show that an increase bfa leads to the

width of the system by four roughly leads to four times as
many fingers at early times. The nonlinear dynamics is nev-
ertheless dependent &a. It is seen when comparing Figs.

earlier appearance of fingers which have then smaller waved and 13 at the same times that increastaleads to a more

lengths. In addition, the highdda, the more effective the

rapid coarsening of the fingers. This is further testified by

coarsening. Indeed the asymptotic single finger is reacheimhspecting theRa dependence of the mixing length for fixed

much more quickly for higher values 6fa. This final finger

Da and d (Fig. 15. In addition, when reaching an
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0.6-

>0.5:
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0 0.05 0.1 0.15 0.2 0.25 0.3
Da

FIG. 12. Nonlinear mixing zon&V (a) and speed/ (b) of the asymptotic
one single finger as a function of the paraméer for three values oRa
andd=0.01.

asymptotic single finger, its widtiW and speed/ are larger
whenRais larger(Figs. 11 and 1R This can be understood
as in larger systems, the convection roll around the final
single finger is of course larger faRa=512 than forRa
=256 amplifying thus the effect of convection and hence
stretching the finger.

Scaling laws can be extracted for the asymptotic single
finger. Figure 16 represents the asymptotic mixing zone res- (b)
caled byra both as a function oDa andd. ltis striking to FIG. 13. Density fingering in the presence of chemical reactions. The upper
see that the three curve/Ra=f(Da) fall exactly on the and lower series correspond Bla=0.01 andDa=0.05, respectively, with
same curve which scales W§Ra=0.32/\/Da. The collapse  4=0.01 andRa=256. From left to right, the system is shown at successive
on one single curve foW/Ra=f(d) is better ford—0  timest=1000, 2000, 3000, 4000, 5000, and 6000.
which is interesting as in experimental conditiond,
=0.00212° No straightforward scaling came to us fdr

For what concerns the asymptotic profile, a comparisorevolution equations would be sufficient to describe here the
of Figs. 3 and 13 for the sania andd show that the final two-dimensional dynamics.
finger shape foRa=512 and 256(as well as that folRa It is known that in pure fingering phenomena, tip split-
=768 not shown hejeare geometrically similar. In length tings may occur if the front has spread wide enough to allow
scales rescaled bRa, i.e., in unitsL,/Ra and L§/Ra, the  more fingers to grod? Hence tip splitting of density or vis-
axial and transverse averaged profiles of the final finger daous fingers is shown to appear beyond a given value of the
indeed overlap(see Fig. 1Y showing that the asymptotic dimensionless width of the system for a fixed density or
fingers for differentRa but fixedDa andd are self-similar.  viscosity ratio®***2¥The same trend is observed with chemi-
In a coordinate system moving with spe¥d the averaged cal reactions as can be seen in Fig. 18 where tip splittings of
profiles are therefore a stationary solution of the set of nonreactive fingers are observed f&a=5120. So, it is ex-
linear equations. This suggests that one-dimensional fromiected that above a given criticRla function of Da, the
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(@) Da
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FIG. 14. Density fingering in the presence of chemical reactions. The upper 3 55

and lower series correspond Ba=0.01 andDa=0.05, respectively, with
d=0.01 andRa=2048. From left to right, the system is shown at succes-
sive timest=1000, 2000, 3000, 4000, 6000, and 9000.

system will not evolve towards the asymptotic single finger
but that large fingers will split again. As such simulations of
large systems are very much time consuming, no detailed

W/Ra

study of such tip splitting dynamics has been undertaken. 1F E

0.5F 3

VI. CONCLUSIONS AND PERSPECTIVES N S T
. . 0 0.1 0.2 0.3 0.4

We have shown that chemical reactions can profoundly (b) d 03

affect the nonlinear dynamics of density fingering of

monostable chemical fronts. Our nonlinear simulations hav@'f-lelif’t-] ﬁj?’nfgztgica’;"Zi?fnigg;‘;’"oggh&fz:é giﬁf;or‘rotfr?:gz\f;uiﬁ tgfe
been don.e “S'”Q D‘,”“CY'S law cc_)upled toa re,aCtlon dlﬁuslorﬁay(dagshedRa: 256; plain:Ra=512; dottedRa="768). The three curves
system with cubic kinetics allowing as a solution convection-;, (a) all match the functioW/Ra=0.32\Da.

less planar traveling fronts of concentration When the

density of the solution depends on the concentratiaf the

solute, density fingering develops when the heavier solutioteads to one final single finger traveling with a nonlinear
lies on top of the lighter one. Monostable chemical reactionspeedV larger than the velocity of the planar front and
break the up and down “invariance” of the pure Rayleigh— having an extensioWw>w wherew is the width of the stable

Taylor fingering leading to a competition between the hydro-traveling front. The axial and transverse averaged profiles of
dynamic instability that favors monotonic extension of thethe asymptotic final finger are shown to be self-similar for
convection and chemistry that prefers traveling planar flatlifferent Ra such that their mixing zone scales W Ra
fronts. In systems of small lateral extent, this competition~Da %> In larger systems, tip splittings of the fingers are

observed. This nonlinear dynamics has to be contrasted with
that of fingering of bistable chemical systems leading to

R droplet formatiorf:
1250 ] The cubic scheme used here accounts quantitatively for
. Ra=768 ] the monostable IAA reaction in some parameter range. The
= 1000F 3 conclusions gained using the IAA reaction are nevertheless
20 ; ] very general and could apply to any reaction-diffusion front
= 7501 Ra=512 3 for which one kinetically stable steady state invades an un-
,%0 . ] stable one. Indeed any traveling front is characterized by an
E 5oL ] intrinsic speedv and widthw that depend here on the pa-
= E ] rametersd andDa specific for the IAA system. As our dis-
250F 3 cussion goes beyond the peculiar value of the parambters
L 3 and d to reach an understanding in terms of the effect of
0_ = e e ] increasing the speed and widthw of the front, these con-
0 2000 4000 6000 8000

time

FIG. 15. Mixing lengths foDa=0.05,d=0.01 and varioufka.

clusions should remain valid for any other chemical front
subject to density fingering. In particular, we have shown
that fronts traveling faster will undergo a much more effec-
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FIG. 18. Tip splittings observed in large systems wRa=5120, d
=0.0021,Da=0.1 anddx=dy=10. From left to right and top to bottom,
the system is shown at successive tirhesl000, 2000, 3000, 4000, 6000,
and 9000.

0.4
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02
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curves with regard to a Darcy descriptigtt’3 The ques-
B A I S S I tion raised now is 'Whether .such a conclusion can be ex-
' tended to the nonlinear regime as w¥llin other words,
would nonlinear dynamics such as the switch from one
FIG. 17. Superposed axiéd) and transverséb) asymptotic averaged finger asymptotic self-similar single finger towards tip splittings
profiles for three different values &a on length scales normalized Ra when the dimensionless width of the domain is increased or
for Da=0.05 andd=0.01. the more effective coarsening induced by increasing the
speed of the front or sharpening its width be robust with
regard to three-dimensional effects? Could any new dynam-
tive coarsening leading more quickly to a final finger of jcs come into play? What would the scaling laws concerning
smaller extent because quicker fronts oppose much more efhe asymptotic fingefif robust be in 3D? Concerning the
ficiently to the convective rolls set up by a fixed density chemical kinetics, while nonlinear simulations using a one-
difference across the front. Similarly, sharpening the fronts,ariable chemical scheme of order four modeling the CT
makes them more unstable and undergo quicker coarsenifgaction have shown that one single finger can also be
which, in smaller systems, leads to one single finger of derecovered? a more detailed analysis of the nonlinear speed
creasingW and increasing/. Such conclusions should be v and mixing zonew as a function of the parameters would
independent of the details of the kinetics. This is furthernow be welcome. In particu|ar’ in some parameter range, the
suggested by the fact that analogous preliminary treéadd T reaction is better described by a two-variable model and
in particular the asymptotic single fingérave been obtained yariation of the ratio of molecular diffusivities of the impor-
in a study of density fingering of another front producing tant chemical species could quantitatively affect the dynam-
monostable autocatalytic reaction: the chlorite-tetrathionatgs as well. Moreover, in some cases, the exothermicity of
(CT) system?? the reaction cannot be neglected and the nonlinear dynamics
This work calls for further extensions. First of all, com- g influenced as well by the heat released in the frOrfti-
parisons with experimental results made with buoyantly unngajly, from a mathematical point of view, characterization of

stable IAA fronts or other autocatalytic reactions in porousthe self-similar asymptotic profiles using nonlinear analytical
media or thin Hele-Shaw cells would be welcome. From agechniques would be of great elegance.

theoretical point of view, it would be of interest to analyze in

detail to what extent the nonlinear dynamics described here

are robust with regard to changes in the hydrodynamics or iR s, NOWLEDGMENTS

the chemical kinetics. Concerning the hydrodynamics, linear

stability analysis have shown that the use of 2D Brinkman’s  The author thanks F. Otto for fruitful discussions as well
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