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Abstract

This paper introduces rank-based tests for the cointegrating rank in an Error Correction
Model with i.i.d. elliptical innovations. The tests are asymptotically distribution-free,
and their validity does not depend on the actual distribution of the innovations. This
result holds despite the fact that, depending on the alternatives considered, the model ex-
hibits a non-standard Locally Asymptotically Brownian Functional (LABF) and Locally
Asymptotically Mixed Normal (LAMN) local structure—a structure which we completely
characterize. Our tests, which have the general form of Lagrange multiplier tests, depend
on a reference density that can freely be chosen, and thus is not restricted to be Gaussian
as in traditional quasi-likelihood procedures. Moreover, appropriate choices of the refer-
ence density are achieving the semiparametric efficiency bounds. Simulations show that
our asymptotic analysis provides an accurate approximation to finite-sample behavior.
Our results are based on an extension, of independent interest, of two abstract results
on the convergence of statistical experiments and the asymptotic linearity of statistics to
the context of, possibly non-stationary, time series.
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1. Introduction

Since the introduction of cointegration by Granger (1981) and Engle and Granger (1987)
an extensive literature on inference for cointegration models has emerged. Traditionally,
Gaussian likelihood or moment-based procedures are used for estimation and testing
problems concerning, e.g., the cointegrating rank or the cointegrating vectors; see, e.g.,
Stock (1987), Johansen and Juselius (1990), Johansen (1988, 1991, 1995), Phillips (1991)
and Reinsel and Ahn (1992). Moreover, some papers describe (part of) the asymptotic
structure of cointegrating models from a statistical point of view, notably Phillips (1991),
Jeganathan (1997) and Hodgson (1998a, 1998b). We unify and extend these results by
providing a complete characterization of the limiting experiments (& la Le Cam) arising
within non-seasonal cointegrating Error Correction Models (ECMs) with independent
and identically elliptically distributed innovations.

The main contribution of this paper is twofold. First of all, we use the limiting
experiments to derive the form of locally and asymptotically optimal tests about the
cointegrating rank. These optimal tests take the cointegrating vectors, the short term
dynamics, and the exact form of the error distribution as nuisance parameters and turn
out to be of the Lagrange Multiplier type. Secondly, we introduce rank-based versions of
these statistics, i.e., asymptotically equivalent statistics that are based on a multivariate
notion of ranks for the innovations.

The limiting experiments that may arise are described in Proposition 2.1. For special
cases, most notably when the cointegrating rank is supposed to be known and under
the absence of a linear time trend, the model turns out to be Locally Asymptotically
Mixed Normal (LAMN) as in Hodgson (1998b). However, we demonstrate the statistical
consequences of linear time trends in the model. These lead, both within and outside the
cointegrating space, to specific directions in which the model is asymptotically Locally

Asymptotically Normal (LAN) with convergence rate T%/2. Specifically for inference
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about the cointegrating rank, we exploit these directions to construct locally and asymp-
totically optimal tests (optimality here is to be understood in the sense of stringency)
that turn out to be of the Lagrange Multiplier type.

There does not seem to be consensus in the literature about the role of linear time
trends in cointegration models; see, e.g., Saikkonen and Liitkepohl (2000). The main
reason for this is that existing inference procedures are non-similar, i.e., their limiting
distributions under the null hypothesis depend on the presence of a trend. This leads
some people to reject inference procedures that derive their asymptotic properties from
the linear trend. However, the standard cointegrated VAR as in our Section 1.1 does not
exclude this behavior. Without explicit additional restrictions on inference procedures,
asymptotically optimal inference procedures will achieve T3/2 rates. The exact form
and validity of such restrictions, in our view, is an empirical question and the answer
may differ between applications. We already note here that the inference procedures
we propose are similar under the null hypothesis. Furthermore, one may also interpret
the present paper as using a particular form of asymptotic analysis to suggest inference
procedures; see also the discussion in Hallin, Van den Akker, and Werker (2011). The
simulations in Section 5 then show that their finite sample properties in many cases
compare favorably to existing tests and thus provide a useful additional toolkit to the
econometrician.

As mentioned before, our second contribution lies in the fact that our tests are rank-
based. We do not restrict attention to rank-based tests a priori, but we prove that
rank-based versions of the locally and asymptotically most stringent tests exist in the
cointegration model with elliptically and identically distributed innovations. The use
of such rank-based tests offers several advantages. First of all, the rank-based tests
are asymptotically distribution-free. Thus, critical values do not depend on the actual
distribution of the innovations. Without estimated nuisance parameters this distribution-
freeness would even hold exactly in finite samples. In general, asymptotically, it provides
a form of robustness that stabilizes finite sample sizes (see Section 5). Secondly, as an
easy corollary of our analysis, we obtain a Chernoff-Savage result showing that Gaussian
rank-based procedures uniformly improve over the pseudo-Gaussian ones.

However, probably most strikingly, the rank-based procedures enjoy a quasi- or

3



pseudo-likelihood property, not only when based on Gaussian scores but irrespective
of the actual reference density used in the analysis. That is, imposing incorrectly a
density g in the analysis, while the actual underlying density is f # g does not invali-
date our tests in terms of their asymptotic size. This is in sharp contrast with classical
procedures. There, incorrectly imposing a Gaussian innovation density, and using appro-
priately adapted critical values, also leads to valid tests. However, incorrectly imposing,
say, a t-distribution for the innovations leads to incorrectly sized tests and, in terms of
estimation, inconsistent estimators. This drawback does not hold for our rank-based
procedures that always are appropriately sized whatever the reference density g used
and whatever the true underlying density f. This allows the researcher to select, e.g., a
fat-tailed innovation density when innovations are suspected to be fat-tailed. This will
lead to an increased local power of the test, without invalidating it when the assumed
reference density differs from the actual one.

It may be informative to compare our contribution to recent work in Boswijk, Jansson,
and Nielsen (2012). That paper improves upon likelihood ratio tests by a more careful
description of the relevant alternatives. Formally, their alternatives are specified as cones
instead of linear subspaces, much like a univariate test for a unit root generally uses the
one-sided alternative that the autocorrelation parameter is strictly smaller than unity.
That paper uses Gaussian likelihoods. We do not consider these more general cone-like
specifications of the alternative. Both approaches are complementary and, thus, could
possibly be integrated.

Before we formally introduce the model to be considered, a few remarks are in place.
First, while we ignore the possibility of seasonality or linear trends in AXy, these could
be added and analyzed using the same techniques. This is largely due to the fact that
the present paper contains some technical innovations that are of independent interest,
and extend to a more general context. First, Appendix C contains a general result to
obtain Local Asymptotic Quadraticity (in the sense of Jeganathan (1995)) of time-series
models. The conditions we impose are serial extensions of the conditions needed to prove
LAN for models with independent and identically distributed observations. Therefore,
they are close to minimal. Secondly, when nuisance parameters are present and need to

be estimated, the asymptotic linearity of the statistics of interest has to be established,
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so that the effect of using estimated initial parameters can be made explicit; for that
purpose, we generalize (Appendix C) a method of proof proposed by Van der Vaart

(1988) for statistics based on independent observations to a time series context.

1.1. The model

We consider finite realizations X (™) := (Xi,..., X7)" from a p-dimensional time se-
ries {X; | t € N} generated by the kth order vector autoregressive model written in

error-correction form (ECM)

k—1
AX, =1IX; 4 +ZFjAXt—j +u+e, teN, (11)

j=1
where A is first-order differencing, Xj_g,...,Xo are deterministic starting values,

I e RP*P, T := (Ty,...,T}_1) € RPX*=DP and 4 € RP are parameters, and {e;}
is an i.i.d. sequence of elliptically distributed innovations (centered at the origin) with
density §. We shall assume that each component of {X;} is integrated of order one at
most.

The assumptions we impose on this model are of two types: assumptions on the

density f of £; (the innovation density) and assumptions on the parameters p, I', and II.

1.2. Innowation densities

We assume throughout this paper that the innovations are elliptically distributed.

Thus, their density § satisfies the following assumption.

Assumption 1. (Elliptical symmetry) There exists a p X p symmetric positive definite
matriz Y2 and a function f: Ry — Ry satisfying fooo 2P~ f(2)dz = 1 (the radial density)

such that .

wpVdet ¥

where w, denotes the (p—1)-dimensional Lebesque measure of the unit sphere SP~1 in RP
and |le||s := (/X te)l/2.

fle) =Ts,z(e) := f(llells), eeR?, (1.2)

Clearly, f and ¥ in (1.2) are only identified up to a scale factor; the requirement
that [°2P7!f(z)dz = 1 thus is an identification constraint that does not imply any
loss of generality (both ¥ and f, moreover, are nuisance parameters in our inferential
problems of interest). Under Assumption 1, the radial distance ||&;||x at z € R4 has
density f,(z) := 271 f(z); write F, for the corresponding distribution function. Note
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that, contrary to fp, and despite of its name, the radial density f is not a probability
density, as it does not integrate to one. Denoting by X!/2 the symmetric square root
of ¥, still under Assumption 1, Uf := X71/2¢;/||e¢||s is uniformly distributed over the
unit sphere SP~! and independent of ||g;||s. In particular, it has mean EUf = 0 and

covariance matrix VarUy = I, /p.

On the radial density f itself we impose the following smoothness assumption.

Assumption 2. (Radial density)

(a) The radial density [ is absolutely continuous with a.e. derivative f', that is, there
exists a function f' such that for all0 < a <b

b
f(b) - f(a) = / f(2)dz.

(b) The radial Fisher information

1
7,0 =B (leln) = [ ¢} () du,

where ¢5 := —f'/ f denotes the so-called location score associated with f, is finite.
(c) f(z) >0 for all z € R;.

Observe that the location score for the p-variate density f is given by
—grad, logf(e) = ¢;(|les) 22U ae., with U=3x""%¢/|e|s, ecRP.

This explains our terminology for ¢ and Z,(f). Also, it is possible to weaken As-
sumption 2 into an assumption of quadratic mean differentiability for the mapping
e fY2(||e||); this is mainly of theoretical interest, though, and we refer to Section 1 of
Hallin and Paindaveine (2002a) for details.

Let F denote the set of all radial densities satisfying Assumption 2. Note that the
existence of moments for €; is completely determined by the existence of the correspond-
ing moments for the radial density, and denote by F> the subset of F corresponding to

radial densities with finite second moment, i.e.,

Fom{te 7| [@R0u= [ < o).



1.8. Parameter restrictions

In the present paper we are interested in the case that {X;} is integrated of order one
(I(1)), in the sense that each component of the process is at most I(1), and has no
seasonal unit roots. The number of cointegrating relationships is denoted by r and can
either be specified or unspecified. The required restrictions on the parameters are well
known (see, e.g., Johansen (1995) or Juselius (2006)); for the sake of completeness, and
to set notation, we briefly recall them here.

The characteristic polynomial Ar 11 associated with the ECM equation (1.1) is

k-1
Arn(z) = (1= 2)I, =TIz = Y "T;(1-2)2/, ze€C.
j=1
A (non-seasonal) unit root implies that IT is singular, since then 0 = |Ap (1)| = |1,

with rank r, 0 < r < p— 1. We then can write II as a product II = af’ for p x r
matrices o and 3 of rank r; in case r = 0, we define a = = 0px,. Also, let o, and 3,
be p x (p — r) matrices of rank p — r satisfying a'a, = 0, (p—r) = f'B.; for r = 0, we
define o, = I,, = B,. Note that the matrices o, a,, 8, and 5, are not uniquely defined
(unless r = 0). That lack of identifiability plays little role in the sequel. In case it does,
we mention it explicitly.

These parameter restrictions are formalized as follows.

Assumption 3. Using the above notation, the matrices I1 = a8’ and T in (1.1) are such
that

(a) rankIl < p;

(b) if |Aru(2)| =0 then |z| > 1 or z =1;

(c) the (p—r) x (p—r) matriz Up = o, (Ip - Z;:ll I‘j) B. is non-singular.

Assumption 3(b) excludes explosive behavior and seasonal unit roots in the process {X;}
and Assumption 3(c) is equivalent to the requirement that Ar 11 has exactly (p —r) unit
roots.

Under Assumption 3, the following version of the Granger-Johansen representation

theorem (see Theorem 3.2 in Nielsen (2009)) holds: letting

CF,H = ﬂJ_\I/I:}HO/L, (13)



the process {X;} generated by the ECM equation (1.1) admits the representation

t
Xy = (Crup)t+Crn Y es+Yi+ aurm, (1.4)
s=1

where

(i) the deterministic starting value a, r m is

k—2 k-1

a#pn_cm((f —Zr )XO+Z Y rAX. g) (1.5)

=0 j=4+1

(ii) the process Y; is given by Y; = TV, with the p x (r + (k — 1)p) matrix

Ti= (L, - Crn(l, - SEIT)B(E8) " —CXiin, o —oxil ),
and the process V/ := ((8'X:), (AX:), ..., (AX;i_ki2)) satisfying
L
Vi=E8Vi1 + I, €t,
O(k—2)pxp

where all eigenvalues of = are all less than 1 in absolute value.

Also observe, for later reference, that Cr it is an element of the column space of 3, .
Let © denote the set of admissible values of the parameter ¥ := (u,I',II), i.e., those
values of 9 where u € RP is unrestricted, but I and II are such that Assumption 3 holds.
Write Pg‘%f or Pg‘fp)’n;&f for the distribution of (X1,..., Xr) generated by the ECM
equation (1.1), conditional on the starting values X_jy1,..., Xo, under the Euclidean
parameter values (9;X) = (u, ', II; ¥) and the infinite-dimensional parameter f.

For all ¢ and ¥ > 0, define the residuals

k-1
€ — 6,5(19) = AXt - HXt,1 - ZPjAthj — U (16)
j=1
and the corresponding sphericized unit vectors (playing the role of multivariate signs)

o
llex ()=

with the convention that U; := 0 in case ¢, = 0. Note that, if ¢ is the true parameter

Uy =Uy(9;%) == 2Y26,(0), (1.7)

value, that is, under PE?Z;F%J’ e:(9) and U (9; ¥) coincide with e; and Ug, respectively.
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1.4. Rank-based inference

Throughout, (X, f) plays the role of a nuisance, ¥ being the parameter of interest. In
principle, (X, f) either should be included in the list of parameters indexing local limit-
ing experiments, or it should enter the definition of tangent spaces in the treatment of
semiparametric efficiency. However, as we shall see in Section 4, the testing problems
we counsider are adaptive with respect to (X, f). As a consequence, we do not have to
discuss paths with respect to 3 and f in our local experiments.

To motivate the statistics we propose, we now consider the model in which ¥ is known

and f is unknown, i.e. the semiparametric model
T
PO = (P |0 €O, feR)

Semiparametric efficiency bounds (in the sense of Bickel et al. (1993)), whether at some
chosen reference density g € Fo or uniformly over all densities g € Fa, provide the
relevant optimality concept and represent the best performance one can hope for. The
reason for treating 3 here as known is that this allows us to motivate our statistics
by invariance arguments. Indeed, general results by Hallin and Werker (2003) indicate
that if

(a) the parametric fixed-f submodels PJ(CT) = {Pg‘g sl U €O}, feF, are Locally

Asymptotically Normal (LAN, with respect to 1), with central sequence A%T% £
and

(b) the nonparametric fixed-¢ submodels 731(9T) = {Pg‘g sl f€F} U €O, are gener-
ated by some group of transformations Qgg acting on X (7, with maximal invari-
ant M E,TE) (typically, a combination of residual ranks and signs),

then, inference procedures reaching, as T — oo, the semiparametric efficiency bounds

at Pfg% o for given g € F can be based on the conditional expectation

(ry ._ (T) (T)
éﬂ;XLg = Eyng A'ﬂ;z,g| Mﬂ;z} (1-8)
(where Ey;x, 4 stands for expectation under P%T% g). In other words, Q%T% g atb ¥ and g,
is a version of the semiparametrically efficient central sequence for the semiparamet-

ric model P(T). The fact that it is measurable with respect to the maximal invariant
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of a generating group implies that, contrary to the traditional semiparametrically ef-
ficient central sequence resulting from tangent space projection, it is distribution-free
under ”Png). Inference based on ég% , thus remains valid irrespective of the actual den-
sity f, and g here plays the role of a reference density, to be chosen by the researcher.
Still without affecting validity, the same reference density also can be substituted with
an estimator f(7) of f; we refer to Hallin and Werker (2003) for details.

In the present context the maximal invariant MéTE) happens to be the T-tuple of
multivariate signs U;(¢; ¥) defined in (1.7), along with the ranks RE/T) (9; X) of the residual
moduli ||e:(9)]|s (see (1.6)). Those multivariate signed ranks have been successfully used
in a series of papers by Hallin and Paindaveine (2002a, 2002b, 2005a, 2005b), Hallin,
Oja, and Paindaveine (2006) and Hallin, Paindaveine, and Verdebout (2010, 2012) for
various problems (hypothesis testing and point estimation) in multivariate analysis and
multivariate time series. All these papers consider models for which (a) is satisfied.
However, for the cointegration model (a) is not satisfied as only specific submodels are
LAN (see Section 2). Invoking adaptivity arguments, we show that it is nevertheless
possible to develop efficient tests using signed ranks.

Finally, we note that ranks have been used in the context of cointegration before by
Breitung and Gouriéroux (1997) and Breitung (2001). Those papers, however, consider
testing for nonlinear forms of cointegration, while we focus on optimal inference within

linear semiparametric cointegration models.

1.5. Outline of the paper

The remainder of this paper is organized as follows. Section 2 unifies and generalizes
results on the (local) limit experiments resulting from the ECM model (1.1). These limit
experiments allow us to rely on existing theory about (optimal) asymptotic inference, see,
e.g., Strasser (1985), Le Cam (1986), Le Cam and Yang (1990), or Van der Vaart (2000).
It turns out that the central sequence relevant for testing hypotheses on the cointegrating
rank is of a specific form. In Section 3 we provide a rank-based version of that central
sequence, and study its properties under fixed distributions and under local alternatives.
In particular, we pay attention to the effect of using aligned ranks, i.e., those based on
estimated residuals instead of innovations. These results are subsequently used in Sec-

tion 4 to derive asymptotically distribution-free most-stringent rank-based tests about
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the cointegrating rank; for the sake of completeness, and the purpose of comparisons, we
also provide the explicit form of the corresponding optimal pseudo- or quasi-Gaussian
tests. Section 5 provides a small simulation study that shows that our asymptotic anal-
ysis indeed provides a decent approximation to the actual finite-sample distributions.
Finally, various appendices contain some results of independent interest and the most
technical proofs. Appendices A and B establish the main results about the various lim-
iting experiments and the asymptotic behavior of our rank-based statistics, respectively.
Appendix C generalizes two known abstract results on likelihood ratio expansions and
asymptotic linearity of statistics for models with independent observations to, possibly
non-stationary, time series models. This also leads to results on the asymptotic behavior
of statistics under local alternatives that are not of the classical Gaussian shift type.

Finally, additional and more detailed simulation results are provided in Appendix D.

2. Limit experiments

In this section, we review, extend, and unify existing results on the (local) limit experi-
ments (& la Le Cam) induced by the ECM model (1.1). We are interested in those limit
experiments for several reasons. First, asymptotic efficiencies (parametric and semipara-
metric) of tests and estimators are defined via those limits. Secondly, the limit experi-
ments allow us to perform local power calculations by applying Le Cam’s third lemma.
Third, limit experiments often suggest how efficient procedures can be constructed. Fi-
nally, simulations show that these limit experiments indeed yield good approximations
of the actual finite-sample distributions of the statistics of interest.

Two main results on limit experiments for the ECM model are available in the lit-
erature. The first one is for the so-called triangular models studied by Phillips (1991)
and Jeganathan (1997); the second one deals with cointegration models with known
cointegrating rank and no trend—see Hodgson (1998b). The triangular models lead to
limiting experiments of the Locally Asymptotically Brownian Functional (LABF) form.
Fairly little is known about optimal inference in that type of experiment; see, however,
Gushchin (1996), Jansson (2008), Miiller (2012), and Ploberger and Phillips (2012) for
some results. In this section, we identify exactly which local parameter directions lead,

in the ECM model with elliptical noise, to this LABF behavior. Hodgson (1998b), in the
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case of an ECM model with known cointegrating rank and without trend, derives, under
an assumption of central symmetry on the innovation density f, a Locally Asymptotically
Mixed Normal (LAMN) limiting behavior. Our results extend Hodgson (1998b) in that
they also allow for inference on the cointegrating rank in the presence of a linear time
trend. Possibly somewhat surprisingly, the LAMN property is lost in the presence of
such a trend (see the discussion below Corollary 2.1).

Both the LABF and LAMN limit experiments are special cases of Locally Asymp-
totically Quadratic (LAQ) experiments, see Jeganathan (1995), which often arise in the
context of (nearly) non-stationary time series (see, however, Drost, Van den Akker, and
Werker (2009) for a unit root problem leading to a non-LAQ limit experiment). Propo-
sition 2.1 states that the ECM model is LAQ.

2.1. Locally Asymptotically Quadratic limits

To derive the local limiting experiments, we analyze the (limiting) behavior of likelihood
ratios for local perturbations ¥(T) := (u(™) 7™ (M) of ¥ = (u,I',II) € ©. Note
that, since © is not an open set, it may happen that ¥(T) does not belong to © and
possibly corresponds, for instance, with explosive root alternatives. The results we are
deriving nevertheless also hold for such alternatives. The model we are investigating is,
in that sense, slightly larger than the one parametrized by ©; this is, however, common
practice in the cointegration literature—see, e.g. Johansen (1995) on Gaussian maximum
likelihood estimators.

We parametrize those local perturbations in a way that allows us to identify exactly
which parameter directions (which local subexperiments) lead to LAN, LAMN, or LABF
behavior3. The inference problems we discuss in this paper turn out to be adaptive with
respect to X, so that local alternatives for > need not be considered, and adaptive with
respect to f, so that semiparametric and parametric efficiency coincide (see Sections 4).

Our local perturbations are defined as follows. Building on the factorization IT = af’,
where o and § are full rank p x r matrices, we define local (in the vicinity of ¥ = (p, I', II))

alternatives 9(7) of the form (™), '™ 1I(T)), with

pD =y =y 72, T =TI =T 4 7712, (2.1)

3We are grateful to Peter Boswijk for his concrete suggestions at this point.
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and

M0 =10 54 p = B8 + T aud(Crup) + 770, DB, (22)

with local parameters m € R?, G1,...,Gp_1 € RP*? d € RP—" D e Re—m)xm-7)

and ozf) and ﬁg) of the form
oM =al{)i=a+17124, D = B1) = B4 TH2(Crup)t + T7'5.B, (2.3)

for A € RP*" b e R", and B € R"*®=7),

The local perturbations for g, I' and « are standard root-T" perturbations, and lead
to asymptotically normal behavior. The local alternatives for the cointegrating vectors 8
modify the cointegrating space without essentially affecting the cointegrating dimen-
sion 7. These alternatives are specified (at rate 7%/2, and provided that Crnp # 0) by
the r-dimensional vector b and (at slower rate T') by the r x (p—r)-dimensional matrix B.
As Crpe lies in the column space of 8., b and B are not separately identified. There-
fore, we throughout restrict B to be linearly constrained such that 8, B’ L (Crnp).
Also note that o and 3 are not separately identified, as only their product II = af’ is,
which implies that the interpretation of the local parameters A, b, and B depends on the
factorization adopted for II and the chosen versions for a; and 3, . This, however, has
no further consequences for the remainder of the paper.

The constraint 8, B’ L (Cr ) also illustrates the rationale for splitting the local
perturbations of 3 into b and B. From (1.4) we see that, under Py.x ¢, 5'X; is stationary
and has zero drift (as f'Cpnp = 0). For local perturbations BT) of B induced by B
(at rate T'), this still holds (under Py,s r); indeed, BM'X, remains stationary since the
additional effect of B on the drift is T‘lBﬁiCp,nu = 0. On the other hand, the local
perturbations 8(T) of # induced (at rate 7%/2) by b lead (under Py.x s, and provided
that Crop # 0) to non-zero drifts in B(T)/Xt, of magnitude T*3/2b(Cp7nu)’Cp7nu =
T=3/2p|Crp)|®. These effects on the drifts also explain the different localizing rates
for b and B.

In order to study local perturbations that affect the cointegrating rank, we similarly
use the local parameters d and D in (2.2). For the same reason as above, and with the
same interpretation, we throughout linearly restrict D by imposing (whenever Cr iy # 0)
that 8, D" L (Cr ).
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This local parametrization Hg; p.a,p allows us (see Proposition 2.1 below) to derive
a LAQ property that covers the ECM model with specified cointegration rank (corre-
sponding to the restriction d = 0 = D) as well as the ECM model with unspecified
cointegration rank (corresponding to local alternatives with d # 0, in case Crmp # 0
or D # 0). Note that the parametrization is such that both d # 0 and D # 0 increase
the rank of II; in case d # 0 and D = 0, however, the rank of II increases by one unit
exactly.

In order to obtain convenient expressions for the central sequence Ag‘r) and the finite-

sample Fisher information J1(9T) featuring in our LAQ result, let us introduce some partial
sum processes: for all u € [0,1] and ¢ € ©, define (with ¢, = €(9), Uy = Uy(9, %)
and Y; = Y3(9) from (1.4))

[uT] [uT]
1 1

WD) =—S & WD :=—=S S Y20,6;(lels), 2.4
() = 75 e W= 352U (fels) (24)

. | LTl
Wiso(0) i= 7= X AXij @ 27200 (lalls), j=1oh=1, (25)

t=1

and
[uT]
T 1 _

Wyau() i= = 3 Vit @ 5720y (Jerll) (2:6)

t=1

where A® BC stands for A® (BC') — see, e.g., Magnus and Neudecker (1988). Lemma A.1
establishes the limiting Brownian behavior, under Png% £ of these partial sums, and pro-
vides explicit expressions for their covariance structure. These results are not surprising,
but we include a proof for completeness.

Associated with each parameter u, I'y,...,Tx—1, and « (hence, with each local
parameter m, Gi,...,G_1, and A) are components of the central sequence denoted
by AELT),A(F?, .. .,A(F?_l, and A&T), respectively. For the matrix-valued parameters,
that central sequence should be interpreted as that of the corresponding vectorized ma-
trix. Thus, for instance, A((IT) actually is the central sequence for vec(a) perturbed
into vec(a) 4+ T2 vec(A); whenever possible, however, we avoid such heavy nota-

tion as Agg(a). As we split the local parameters associated with 5’ and 8 into (b, B)

and (d, D), respectively, we write AZST), Ag), Ag‘r), and Ag) for the corresponding ele-
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ments of the central sequence*. This, at the same time, also distinguishes the parameters
of interest from the nuisances p, I'1,...,T'x,—1, and .

The central sequence ALY = (AFTADL AT AT AT AT AT ATy

and finite-sample Fisher information J1(9T) appearing in Proposition 2.1 below are

AP =3 22w oo | STVUW)6s (la@)])s), (27)
t=1
2 W) @ d,

and
L) 5 2p)2y) o5 zp)zf) exTla Z2p)Zf) @5 ey
JéT) = pp Z Z(Ti)Z(TQt) ®ad'Y e Z(TQt)Z(TQt) ®a'S e |, (28)
t=1

7972 @\ v,

respectively, where

T7-1/2
T Y2AX 52
1 1 . 2 2 T7°/2(Cronp) Xe—1
Z(Tt) = Z(Tt)(lg) = : and Z(Tt) = Z(Tt) (9) = (T_lﬁj_ (thl _ (t)— lt)C’r i)
TY2AX
T71/2/8,Xt71

(2.9)
Remark 2.1. While a formal derivation of the central sequence is given in the proof of

Proposition 2.1 below, the form of A%T) in (2.7) also follows by pointwise differentiation
of the log likelihood. Such differentiation does not yield the terms —(¢ — 1)Cr p in the

lower entries of Zq(?t) (9). However, these terms, corresponding to B and D, vanish in the
expansion of the likelihood ratio due to the imposed orthogonality

vee(B) (B Crup® o') = vee (aBf, Crup) =0

and the corresponding condition for D. O

The central sequence Ang) can also be expressed in terms of the partial sum pro-
cesses (2.4)-(2.6):
AP =wi" ), Ag> =W les, (D), 1<i<k—-1, AP = @ L)W, 1), (210)

1 1
AT = |Croupf? / idr(u—)d(a' W) (u) + 77/ / (Cr,up) (Cr.aW ™ (u=))d(a' W) (u)
0 0

4 All those central sequence components depend on ¥, ¥ and f, which we omit for notational simplicity.
The subscripts p, I'1, ... in A;(LT), Ag;), ... thus only play the role of labels. So do the subscripts b, B, ...
in AZST), AEBT), ..., which should not be misinterpreted as indicating any functional relation between a

local parameter as b and a central sequence component AZST).
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+ T (Crnp) @ o YWY, (1) + T (Cronp) ar,m,ua Wi (1), (2.11)
A = /O '8 oW D) @ Ld(@' W) (u) + T (AL @ oYWy, (1)

+ TN (Blarm, ® ' WSP(1)), (2.12)
A" = |Crupf / 1 idr(u—)d(a’, W) (w) + 77/ / 1<0r,nu>’(or,nW£T)(u—))d(aLW;T)xu)

0 0

+T7H(Cronp) @ o/ )WY, (1) + T7H(Cronp) armua, WP (1), (2.13)

AD = /1 B CrnW T (u=) @ L—pd (o, W) (w) + T7H(BL @ o/ )WL, (1)
0

+ TN (Blarm, ® o, WD(1)), (2.14)

where idr denotes the cadlag function idy (u) := [uT]/T, which converges to the identity
function id(u) := u on [0, 1].

We are able now to formulate the main result of this section, which provides a com-
plete characterization of the possible limiting local experiments in the ECM model (1.1).
In essence, the proof of this result consists of two steps. The first step establishes a
quadratic expansion of the log-likelihood ratio, where the central sequence appears in
the first-order term and the finite-sample Fisher information in the second-order one.
The second step provides the joint limiting behavior, in distribution, of the central se-
quence and the finite-sample Fisher information. In view of the representations above,
that asymptotic distribution follows from a standard application of the literature on
convergence to stochastic integrals. We refer the reader to Appendix A for the proof.
The proof of the first step follows from an application of Proposition C.4, of indepen-
dent interest, which generalizes LAN results based on differentiability in quadratic mean
(DQM) for models with independent observations to the time series context with possibly

non-LAN limits.

Proposition 2.1. Let Assumptions 1-3 hold, 9 € ©, and f € F5. Consider a sequence
of perturbations

hip = (m/p, (vecGr)', (vec Ar)', by, (vec Br)', d'f, (vec Dr)’),

with hyp bounded, 5. By L (Crup), and B, D% L (Crnp), which defines a local param-
eter sequence 9\1), see (2.1)-(2.8). Then we have, under Pg{%’f, as T — oo,

dP(Q) 1
lo 7(1;@;271‘ = Wy AGD = S + op(1). (2.15)
032, f
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Under Pg%’f, (A%T), JéT)) converges in distribution® to (A, J) satisfying
Eexp (A — 1 Jh/2) =1,
where A" := (A}, Ap ;... A AL, A A AL AN with, forj=1,...k—1,

g1
Ay =Wy(l), Ar; i=Waxes (1), Aa:= (8@ 1)Wygs(l),

and
1 1
Ay = |CP,HM|2/ ud(a'Wy)(u),  Ap = / (B, CrnWe(u) @ 1) d(a/ W ) (u),
0 0

1 1
Ag = |Cr,nu|2/ ud(e/, Ws)(u),  Ap ;:/ (BLCrnWe(u) @ Ip—p)d(a, W) (u),
0 0

respectively. As for J, it decomposes into blocks in a conform way: the block correspond-
ing to (A}, Ap ..., Ax, |, AL, Ay, AY) is given by the covariance matriv of this random
vector (that part of J thus is deterministic, and only depends on 9 ); the block correspond-
ing to (A’z, Ap) is random (its distribution does not involve the local parameters, and
only depends on ¥). The full definition of J is explicitly provided in Appendiz A.1.

Remark 2.2. Proposition 2.1 and Le Cam’s first Lemma (see, e.g., Lemma 6.2 in Van
der Vaart (2000)) jointly imply that the sequences of probability measures PE;(F%),E_ f

and P%T% Iz T € N, are contiguous. Consequently, in expressions like (2.15), we do not
have to worry whether op’s or Op’s are taken at the null or at local alternatives of

the form Pg%);z, I Throughout, this consequence of contiguity is used without further

mention. O

Remark 2.3. The Brownian motions Cr nW, and o/ Wy are independent, since
/
E [cp,net (a’z—l/QUta;f(ngtnz)) } =E[Crnl,a] =0

in view of the fact that E|e:||s¢¢(|let||s) = p and Cr.ma =0 (see (1.3)). O

Remark 2.4. Note that the Fisher Information matrix in Proposition 2.1, both in finite-
sample form JlgT) and in the limit J, is somewhat involved. However, while its structure
is used to classify the various limiting experiments, the exact forms are not needed in
the rank-based test statistics of Sections 4. O

2.2. Special cases
Proposition 2.1 provides a complete picture of all possible local experiments in the ECM
model (1.1). More precisely, it identifies how the local parameters m, G, A, b, B, d

and D lead to various types of limiting experiments. From the form of the corresponding

5Throughout, we use the notation (Ar, Br) KA (A, B) as shorthand for (vec(Ar)’,vec(Br)")’ KA

(vec(A)’,vec(B)")'.
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central sequence in Proposition 2.1, we see that the behavior induced by D is of the
LABF type. Putting D = 0 leads to the following corollary, Part (iii) of which will be

used in Section 4 to construct optimal tests for the cointegrating rank.
Corollary 2.1. Let Assumptions 1-3 hold, ¥ € O, and f € F5. Then,

(i) the sequences of local subexperiments associated with perturbations of the form (2.1)-
(2.8) with o/ m = 0 and D = 0 are Asymptotically Mized Normal whenever
o p=0;

(i) the sequences of local subexperiments associated with perturbations of the form (2.1)-
(2.3) withm =0, G=0, A=0,d =0, and D = 0 are Asymptotically Mized
Normal (with respect to the remaining local parameters b and B);

(iii) the sequences of local subexperiments associated with perturbations of the form (2.1)-
(2.3) with B =0 and D =0 are Asymptotically Normal.

Remark 2.5. Part (i) of this corollary is equivalent to a previous LAMN result by Hodg-
son (1998b). Without imposing o/, u = 0 and, for the corresponding local parameter
o/, m = 0, the sequence of local subexperiments corresponding to D = 0 is not LAMN.
This somewhat surprising result is due to the fact that, conditionally on J, 1 .4 8.4,
ApLT,ab B,d 15 no longer zero-mean Gaussian due to, for instance, the non-zero corre-
lation between W, and Wy. A detailed study of the statistical consequences of this
phenomenon, and thereby the construction of optimal tests on the cointegrating vectors,
is beyond the scope of the present paper. Note that, in Part (ii) above, with respect to
the local parameters b and B only, we do obtain LAMN as Cr nW,, which is the only
source of randomness in J, g, and o'Wy are mutually independent (Remark 2.3).

Most relevant for the present paper is Part (iii) above. This (pure) LAN result, and
the corresponding nonstandard rates 7%/2, do not seem to have been noted in the litera-
ture. We will exploit this result in Section 4 to derive optimal tests for the cointegrating

rank.

3. Rank-based inference

The complete characterization of the possible limit experiments for the cointegration
model (1.1) allows us to derive locally and asymptotically efficient tests for hypotheses
on the cointegrating rank. As explained in the introduction, we will base these tests
on optimal rank-based procedures derived in the LAN limit experiment associated with
some reference density g and parameter perturbations satisfying B =0 = D, i.e., in the
situation of Corollary 2.1(iii)—except for the fact that g needs not be equal to f. This
approach offers several advantages, similar to the rank-based unit root tests proposed in
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Hallin, Van den Akker, and Werker (2011). First, we can use standard LAN projection
results in order to derive the scores to be used in the rank-based procedures. Secondly,
the restriction to D = 0 is innocuous as far as validity, i.e., the asymptotic size of
our tests, is concerned. Concerning (local) powers, they easily follow (see part (iv) of
Proposition 3.1) from an application of Le Cam’s third lemma. Such approach is also
feasible for local perturbations with nonzero D (hence, in a non-LAN context), but leads
to fairly uninformative and complicated expressions. With respect to nonzero B we
show that our test is actually adaptive. Thirdly, our procedures are valid for arbitrary
reference density g (satisfying Assumption 5 below, which is extremely mild), not only
the Gaussian one. This is in contrast to classical QMLE procedures that generally loose
their size or consistency properties when based on non-Gaussian reference densities. As
for the the power of our procedures, it obviously does depend on the chosen reference
density, and choices that are close to the actual density lead to more powerful tests.
Finally, our procedures are asymptotically distribution-free. More precisely, would
the signs and ranks they are based on be computed from ezact residuals (namely, un-
der P;T% > our procedures would be strictly distribution-free. In practice, however, 9
and ¥ are not (fully) specified under the null hypotheses of interest, and estimated resid-
uals Het(@(T))Hi(T), yielding aligned signs and aligned ranks, will be substituted for the
exact ones. The resulting procedures then remain asymptotically distribution-free, in
the sense that the relevant aligned test statistics are asymptotically equivalent to the

(unimplementable) ezact and strictly distribution-free ones.

3.1. Ranks and signs as mazimal invariants

As explained in Section 1.4, our rank-based semiparametric approach relies on two struc-
tural assumptions related with (a) the nature of fixed-f local experiments, and (b) the
existence of a generating group for fixed-¢ submodels. Our rank-based tests then are
achieving semiparametric efficiency at the selected reference density g. The nature of
local experiments involved has been studied in Section 2. In this section, we briefly ex-
plain which ranks and which signs enter into the picture, via assumption (b), as maximal
invariants.

Fixing ¢ and ¥ (recall that X, at this stage, is considered a fixed quantity), consider
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the group 91(9?2), o of transformations gj.y, acting on RP” and indexed by m € M, with
M :={m:R* - R m(0) =0, lim m(z) = oo, m continuous, monotone increasing},
Z—00

where ¢y, is mapping the series X (T) with p-dimensional observations X; onto the

transformed series X™(7) ;= g5 (X (7)) with p-dimensional observations

k-1
X o= (L +IDXT 4 Y TAXE 4+ p+w(|e()|s)S°U(0;%), t=1,...,T
j=1
(a recursive definition, with the k deterministic starting values remaining unchanged).
Letting m = é;loﬁp, it is easy to see that the joint distribution of X (™) is Pg%,f if and
only if the joint distribution of ¢f.s, (X (M) is Pg‘g 4> S that 91(9?2), o i$ a generating group
for 731(9T), with maximal® invariant (U1(9;%),...,Ur(9;%); RgT) (9;%),... ,R;T)(ﬁ; ),
where RET)(ﬁ; Y) denotes the rank of |e;(¥)||s among |[e1(F)]s,. .., |[en(P)|s-

3.2. Rank-based inference

The statistics of interest in Section 4 are functions of

STx) = T-“Zi(L—l)Uw-zw (lles()] 3.1
f ’ T o T+1 2 t\Ys f Ul€e E)a ()

with €;(9) and U;(¢J; X) defined in (1.6) and (1.7). The rank-based version of this statistic,

for reference density g, is
T (T)
_ t 1 ~ 1 [ R(%2)
(T) (9 — 1/2 _- . e\ )
Sy = T t; <T+1 2) U(9; E) g (Gp ( T+1 )) . (3.2)

As Zle t/(T+1)—1/2)=0, §£,T) (9;2) is centered (under Py,s f). A straightforward
adaptation of traditional results on linear rank statistics (see, e.g., Hdjek and Siddk

(1967), Section V.1.6) shows that the so-called approzimate score form (3.2) of §§T) is

6For the maximal invariance of (U1(%;%),...,Ur(9;2); RST) (% %),..., RgﬂT) (¥9; X)), it is required to
show that two points « and y in the observation space belong to the same orbit of Qw(gTz); if and only if they
yield the same U;’s and the same R;’s. That belonging to the same orbit implies having the same U;’s
and the same R;’s is straightforward. The converse (two points z and y sharing the same U;’s and the
same R;’s belong to the same orbit) is shown to hold by exhibiting a transformation that belongs to the
group and maps = onto y. Such a transformation can be constructed exactly as in the traditional one-
dimensional signed-rank case—see Lehmann and Romano (2005, p.242)—by considering the (monotone,
due to their common ranking) piecewise linear function m € M that maps di (z) to d1(y), ..., and dr(x)
to dr(y), with linear interpolation in between).
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asymptotically equivalent (i.e., the difference is op(1) under Py.x 4) to the ezact score
form (cf. Equation 1.8)

T
TS (g~ 3) P [00590, (a0l | G0, &P D). 63)

The main results we need on the asymptotic behavior of §£(,T) (¥; £) are summarized in
Proposition 3.1 below. As already mentioned, since in practice 3 is unknown, the statis-
tic §§T> (9; (M), where £(T) is an estimator of 3, will be used rather than §§T) (0, %)
itself; the statements in Proposition 3.1 accordingly are in terms of §§T> (% fJ(T)). Some
mild assumptions, however, are to be made on the estimator ST,

Assumption 4. The sequence 20 is such that
(i) for some a € Ry, TY2(2T) —aX) is Op(1) under Pg{gf, as T — 0o;

(ii) T is a measurable function of the e,(9)’s, and invariant under their permutations
and reflections with respect to the origin.

All concepts of scatter considered in the literature, among which the empirical co-
variance matrix, Tyler (1987)’s robust estimator, as well as the R-estimators of Hallin,
Oja, and Paindaveine (2006) (when computed from the €(¢)’s) satisfy Assumption 4.

For all results on rank-based statistics, we moreover need the following classical as-

sumption on the reference density g.

Assumption 5. The (radial) reference density g satisfies Assumption 1, and is such
that ¢g4 is the difference of two continuous and monotone increasing functions.

Finally, in Proposition 3.1 (iv) and (v) below, we are making an assumption of local
asymptotic discreteness. This concept is well known for root-T" consistent estimators, but
needs a refinement in order to handle the 7" and T3/ consistency rates in the cointegrating
vectors 5. Moreover, the analysis is complicated by the fact that these rates are associ-
ated with directions that themselves depend on an unknown parameter, namely Cr mp.
We therefore formulate the definition of local asymptotic discreteness in a somewhat non-
standard form. A rate-optimal estimator 07) = (3T, 1) &M FT)) of § = (u,T,1I)

is called locally asymptotically discrete if it satisfies the following assumption”.

7"As o and 3 as well as &™) and B(T) are not uniquely identified, we implicitly impose that it is
possible to select versions of these objects such that the assumption holds.
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Assumption 6. The estimation errors T/? (ﬂ(T) — u), TL/2 (f(T) — F), T2 (d(T) — a),
T(B(T) - ﬁ), and T3/? (B(T) — ﬁ)/Cp,H,u all are Op(1), under Pg{%J (rate optimality).
Moreover, for any M > 0, the number of distinct possible values of these estimation
errors in balls of radius M, centered at the origin, is eventually bounded as T — oo.

Remark 3.1. In standard situations, where all parameters are estimable at rate T/2,
any T'/2-consistent estimator can be turned into a locally asymptotically discrete one by
simply rounding each element to the closest point in the grid {kT‘l/2 s ke Z}. Such
rounding does not affect T'/2-consistency and leads to the desired discreteness. In our
model, the same approach can be adopted for the parameters p, I', and «, but not for f.
Therefore, we introduce a refined discretization algorithm for £ in order to obtain the
desired discreteness while preserving the 7'3/2 consistency property of B Ty Crp (as an
estimator of 5'Cr iy = 0).

To be precise, consider an estimator 3(7) satisfying the consistency properties as in
the statement of Assumption 6. For example, the reduced-rank regression estimator
discussed in Johansen (1995) would do, see his Lemma 13.2. In a first step, round each
element of 3(7) to a T~3/2-grid, that is, to the closest point in {k7~3/2: k € Z}. In order
not to clutter notation, we still denote this rounded estimator by B(T) and observe that
this first step preserves the 7' and T°%/2 consistency properties of the original estimator.
It also ensures that T°/2(3(T) — 6)/01"1‘[#, as T — oo, only has a bounded number of
possible values within balls of radius M. However, T(B(T) — 5) in general still will take an
unbounded number (of the order of T/2, to be precise) of possible values over such balls.
We, therefore, apply a second discretization step, of order T', to each of the columns
of BT, in such a way that the T°/2 consistency of B(T)'prnu is preserved. Choose

7 =1,...,7 and consider column BJ(»T). We now essentially project B](-T) sequentially
(p —r — 1) times on the closest of a series of parallel hyperplanes generated by the
(p —r — 1) columns of 8, that are orthogonal to Cr u and at distance of order T 1.
This general idea is complicated by the fact that both 3, and Cr rp must be estimated,
while the grid to be used is not allowed to be random.

Concretely, for this second discretization of BJ(»T), we note that, on the basis of As-

sumption 6, one can readily construct a T"/?-consistent estimator of rank (p —r — 1)
for B, — (Crp)(Cr.p) B /|Cr.ul?. Choose vectors Ay, 1 =1,..., p—r—1, that gen-
erate the same column space. Subsequently, we discretize each of the elements of A; on
a T~/2-grid. These discretized columns are, again for notational convenience, denoted

by A;. Note that AlCr i = Op(T~1/?), under PE;%J,. Now, perform in fact (p —r —1)

discretization steps on ﬁAJ(T) by sequentially projecting on the closest of the hyperplanes
KT—A+ [fll] ,1=1,..., p—r—1. The relevant insight is that such projections will not
affect the T3/2 consistency of B;T)/Cnn,u, as they affect B](-T) by a quantity nA; for some
n € (=1/T,1/T) which, still under Pg%’f, entails nA;Crp = Op(T~3/?). Moreover,
after all of these (p — r — 1) projections have been carried out, the resulting T(B(T) - B)
(again, for notational simplicity, we keep the same notation for the discretized estimator
as for the original one) only takes a bounded number of possible values over balls of

radius M, due to the earlier T'*/2-discretization of Al, l=1,...,p—r—1.
It should be insisted, though, that local asymptotic discreteness is needed in formal
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asymptotic statements, but has no practical implications. Certainly, one should not
bother to discretize estimators in practice: see pages 125 or 188 of Le Cam and Yang
(1990) for a discussion on this point.

The proof of the following proposition is given in Appendix B.

Proposition 3.1. Let Assumptions 1-5 hold, 9 € © and f € Fy. Consider a sequence
of perturbations

L= (m’T, (vec GrY', (vec Az, by, (vee Br)', dip, (vec DT)’), (3.4)

with hp bounded, 5, B} L (Crup), and . D} L (Crup), which defines a local pa-
rameter sequence 1) by (2.1)-(2.3). Then (all limits below are taken for T — o0),

(i) (asymptotic representation) under p'7)

()5, 7
S (0T 5D) T-WZ (75 - 3) U™ )6, (G (B (et ™))
+op(1 )=:§9T)(19(T>;2) +op(1); (3.5)

1) (asymptotic normality under the null) under p(h) , Q 19 B s asymptotically
93, f

; : 1
normal, with mean zero and variance mIp(g)Ip,

(i) (asymptotic normality under alternatives) if also By = 0 = Dr, §§T> (0; 5™ is

asymptotically normal under p! (%) SN with mean
12 Z,(f, 9)|Crupul*2~ V2 (ab + o, d), (3.6)
where
/ 07 (B (1)) g (G (), (37)

and variance ﬁlp (9)1p;

(iv) (asymptotic linearity) we have, under Pg%,f,

T
~ . 1 t 1
(T) (,9(T). (T)y _ q(T) (9. 3:(T)y — _ _ =
'Sg (19 Py ) ‘Sg (7‘972 ) - Ip(fv g)pTl/Q pot (T+ 1 2) UTt+OP(1)7 (38)

with vry = (Vrea,...,vrep) , where (e; stands for the jth unit vector in RP’s
canonical basis)

70 (9) @ 5712,
vt = hp Z%)(ﬁ) ®a'¥ V2% |, i=1,...,p,
Zj(?t) (W) ® o/, 212
and Zj(}t), Z%) are defined in (2.9);
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(v) the asymptotic linearity property (3.8) remains valid if 97 is replaced with a locally
asymptotically discrete (in the sense of Assumption 6) random sequence I

Remark 3.2. Observe that Part (iii) of the above proposition assumes By = 0 = Drp. The
reason is that nonzero Br perturbations lead to mixed normal limits and nonzero Dr
perturbations to limits as in continuous time Ornstein-Uhlenbeck processes. As a result,
the limiting distribution of §§T> (W) fJ(T)) is no longer a shifted Gaussian distribution.
While exact calculations are possible, they do not necessarily provide much insight and,
therefore, are omitted. Note that the use of aligned ranks, of course, implies that the
estimators used may deviate from the actual data generating process in the B and/or D
directions. Thus, the assumptions By = 0 and Dy = 0 are not made in parts (iv) and (v)
of the proposition. O

From Proposition 3.1, we see that the rank-based statistic ,SéT) is well-behaved even
under completely misspecified reference density. Under correctly specified reference
density (g = f), the rank-based statistic §§T> is equivalent to the parametric statis-
tic Q;T) = S}T), hence has the same properties as the latter, which justifies its in-
terpretation as a rank-based version of S}T). Note that the asymptotic representation
result in Part (i) shows that estimating the scatter matrix ¥ has no asymptotic impact

on §£,T) (0(T); (D) neither under the null nor under contiguous alternatives.

4. Testing the cointegrating rank

In this section, we use the limiting behavior of local experiments in the ECM model (1.1),
as obtained in Section 2, along with the asymptotic results on rank-based statistics of
Section 3, to construct a locally and asymptotically optimal test about the cointegrating
rank 7. Since the radial density f remains unspecified, this testing problem is of a
semiparametric nature. Nevertheless, we show that the tests we are proposing, which are
asymptotically distribution-free under the null hypothesis, achieve parametric efficiency
in the subexperiments described in Corollary 2.1(iii), under correctly specified reference

densities g = f.
4.1. Local experiments and efficient central sequences

Formally, we consider the problem of testing the null hypothesis H : r = o that the
cointegrating rank is rg against the alternative H' : r = ro + 1. This global hypothesis
(expressed in terms of the global parameter ¥) yields, at any ¥ satisfying H, a local form

that involves the local parameters, namely, H : d = 0 = D and H' : d # 0 or D # 0,
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with the parameters m, G, A, b, and B, the scatter matrix 3, and the radial density f,
playing the role of nuisance parameters.

As the local asymptotic behavior of the ECM model with respect to D is of the
LABF type, for which no precise optimality results exist, we actually seek optimality,
at any ¢ satisfying H, against alternatives of the (local) form H' : d # 0, D = 0,
that is, in constrained local experiments of the form considered in Corollary 2.1(iii).
Subsequently, we show that adaptivity is achieved with respect to B and . Since,
moreover, f is unspecified, we consider constrained local experiments associated with
some chosen reference density g. Finally, in order to avoid degenerate Fisher information,
we restrict to those values of ¥ such that Cr mp # 0. While their optimality properties
are restricted to those subexperiments, restricted ¥ values and chosen radial density g,
we stress that the validity of our tests extends to arbitrary ¢ and f (since they are
rank-based).

Building on standard projection results, the following lemma provides the paramet-
rically efficient central sequence for testing H : r = rg in the LAN situation of Corol-
lary 2.1(iii).

Lemma 4.1. Let 9 € © be such that r =ro, Crp # 0, £ >0, and f € Fo. Then,

(i) in the Gaussian shift limit experiment (with B = 0 and D = 0) considered in
Corollary 2.1(iit), the efficient score for d, when the local parameters m, G, A,
and b are treated as nuisances, is

1
83 = (Ceml [ (u=3)alt, - Poad W, @)

u=0

where P, denotes the (non-orthogonal) projection matriz P, = « (O/E_loz) Tynt
with the convention that P, = Opyxp (and «, the identity) in case ro = 0;

(i) for the corresponding local sequence of cointegration models, under Assumptions 1-
3, a version of that efficient central sequence is

7

x e 1
AP = era® [ (et - 3 )l - P et W w)
u=0
= |Conpl (I, = Pa) ] 572550, (4.2)

Proof. The efficient score for d is obtained as the residual of the regression, in the co-
variance structure J, r a4, of the score for d on that for the nuisances m, G, A, and b.
Let us show that this residual is indeed A} given in (4.1). First, observe

1
Au— Ay = [Crmpl / ud o, — (T, — Pa) o)) Woy(u)
u=0
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1
+(Crnpl 5 (T — Pa) ] Wo(1)

The components of the first term are in the space spanned by the components of the
score for b, the components of the second term in the space spanned by the components
of the score for m. As f;zo(u —1/2)du = 0, (4.1) moreover is orthogonal to Waxge(1)
and Wy ge (1), thus to the scores induced by m, G, and A. Finally, (4.1) is also orthogonal
to the scores induced by b, as [(I, — P) o] Wy(u) and o'W (u) are independent (their
covariance vanishes due to the fact that [(I, — P,)a.]' S~ 'a = 0). In case ry = 0, the
result follows along the same lines for the scores induced by m and G, while those induced
by A and b need not be considered. This establishes Part (i) of the lemma; Part (ii) is

an immediate consequence. [l

Remark 4.1. From the above proof, we see that, in order to get the efficient central
sequence (4.2), it is sufficient to regress the central sequence for d with respect to those
for m and b. In other words, the efficient central sequence (4.2) for d when m, G, A, and
b are nuisance parameters is the same as if only m and b were nuisances and G and A
were known. In this respect, the model is adaptive to perturbations of the I';’s and .

Similarly, the efficient central sequence (4.2) is also orthogonal to the score for B as,
again, [(I, — Pa) a,] Wy(u) and o'Wy (u) are independent. This suggest that the model
is also adaptive with respect to the local parameter B, a claim which is indeed verified
by Proposition 4.2 below. This holds despite the fact that, as indicated in Corollary 2.1,
the model is not jointly LAMN with respect to m, G, A, b, B, and d.

4.2. Optimal rank-based tests

Lemma 4.1 is the basis for the construction of locally and asymptotically optimal rank-
based tests about the cointegration rank.

Proposition 4.2. Let Assumptions 1-5 hold, 9 € © be such that r = rq, ¥ > 0,
and f € Fo. Consider the rank-based statistic §§T> (9; %) in (3.2) and the quadratic form

12p
Zn(9)

N_((;T)(ﬁvz) — géT) (19; Z)/E—1/2[(Ip_ Pa) OZL] [O/J_ (2—1_ E_la(alz_la)_lo/z_l)aL]71

x [(Ip —P,) aL]/E‘l/QgéT)(ﬁ; ),  (4.3)

h O _ 9. 9|° 5 _
with Qg " (9,%) = (12p/Z,(g)) |Sy *(9;%)| in case ro = 0. Then,

(i) QéT) (9,%) under Pg%;f has a limiting x5, distribution;
(i) under Pycr).5. ¢, where 9T s as in (2.1)-(2.8) with D = 0, QgT)(ﬁ,E) has a

limiting non-central XZ%—TO distribution with noncentrality parameter

7 B 2 /I — / — — I — - — -1
%|Cﬂnu|4d'c&2 1[([;,—Pa)ou][ozL (E Lyl ('S 1&) 'o's 1)0@}

x[(1, ~ Po)a.] w7 aud, (4.4)

forrg > 0 and (Ip(f, g)2/12pIp(g)) |Cp7nu|4 ||d||2E in case rg = 0;
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(i) the limiting distributions above remain valid if the statistic QéT) (9,%) is computed
on the basis of estimators ST and 9O satisfying Assumptions 4 and 6, respec-
tively, and the constraint that r =rg;

() for Crup # 0 and f = g, a locally and asymptotically z-level most stringent
test of H: d =0 = D against H : d # 0, D = 0 consists in rejecting H
whenever QgT) (™), 5(T)) exceeds the (1 — z)-quantile of a chi-square distribution
with p — 1o degrees of freedom. That test is parametrically efficient under radial
density f =g.

Proof. Part (i) follows immediately from Proposition 3.1(ii). Part (ii) follows from an
application of Le Cam’s third lemma as in Proposition 3.1(iii). Note that, without loss
of generality, we may assume B = 0, as the score associated with B depends on o/ W,
which is independent of [(I, — Py) o . Wy. Thus, applying Le Cam’s third lemma as in
Theorem 6.6 in Van der Vaart (2000) and using Girsanov’s theorem, then leads to the
same distribution under the null as under local alternatives generated by B since the
sharp bracket of the score for B and [(I, — P,) cv,]' Wy vanishes. As a result, we obtain,

for the asymptotic mean, under Pyr).5,. ¢, of [(I, — Pa) a,] 2*1/2§§T) (9, %),

1 _
T3 2.9 [Cr.upl® [(y = Pa) 0] 57! (ab 4 0.)

1 —
= ﬁpzp(ﬂ 9) |Crapl’ [(I, — Pa)a,] S . d.

Part (iii) is a consequence of Proposition 3.1(iii)-(v), due to the premultiplication
of §£,T) (0; %) by [(I, — Pa) ay] 2712, More precisely, the shift in (3.8) vanishes with
respect to the local parameter B as [(I, — Py) o] ©7'a = 0. Shifts due to d and D are
not possible, as a cointegrating rank ry is imposed as a constraint in the construction of
the estimator. Concerning the remaining local parameters m, G, A, and b, premultiplying
the shift (3.6) by [(I, — Pa) a.] ©71/2 yields zero as well. Finally, Part (iv) follows from
the standard construction of (conditionally) most stringent tests in LAN experiments
with nuisance parameters using Lemma 4.1 and the observation that, in view of Part (iii),
equally stringent tests can be constructed when ¥ and B are unknown. [l

Remark 4.2. If the reduced rank regression method is used, as in Johansen (1995), to
estimate ¢ under the null, the rank-based test statistics QéT) (1§(T), fJ(T)) are invariant

with respect to non-singular linear transformations of the data.

The rank-based test statistic QgT) (9, %) in Proposition 4.2 has several quite desirable
properties. First of all, it is exactl} distribution-free under the null, due to its dependence
on the innovation ranks only. In particular, note that any scalar factor in the innovation
scatter matrix ¥ would cancel out of the statistic. Also, the statistic does not depend on
the versions chosen for o and 8 or o, and 3,. As a result, this statistic has a constant size
over the null hypothesis. This result carries over to the asymptotic size when considering

the aligned-rank version QgT) (1§(T), fJ(T)). Note that the actual radial density f needs
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not be estimated for this.

The local and asymptotic power of the test, determined by the noncentrality param-
eter (4.4), does depend on the actual underlying density f, the scatter matrix ¥, the
drift Cr p and the column spaces of a and «,. Again, this asymptotic power result is
not affected by the estimation of ¢ and 3 (under Assumptions 4 and 6). The power of the
test gets larger as the reference density g gets closer, as measured by Z,(f, g), to the actual
density f. Also, the power increases with larger values of |Cr ript|. For Cr np = 0, the test
has asymptotically no power at the rate 7°%/2 in the local alternatives we consider—but
note that no test ever would. However, it may very well have power against alternatives
at rate T.

Part (iv) of Proposition 4.2 asserts that, for well-chosen reference density, the rank-
based test achieves the parametric lower bound in case Crp # 0. In that case, the
limiting experiment (still, with B = 0 = D) is LAN, so that the concept of efficiency is
well defined. The notion that the power of the rank test increases as g gets closer tof
suggests the use of a pre-estimated density f instead of the fixed reference density g.
This idea has been pursued in other contexts, see, e.g., Hallin and Werker (2003), and is
equally applicable in the present setting. Incidentally this shows, as was to be expected,
that the inference problem is adaptive with respect to f as well.

Quite remarkably, the dependence on f of local powers (the noncentrality parame-
ters (4.4)) is entirely characterized by the scalar cross-information quantity Z,(f,g) de-
fined in (3.7). Those cross-information quantities are exactly the same as in the location
problems considered in Hallin and Paindaveine (2002a). As a result, the Chernoff-Savage
property established in their Proposition 6 also holds here for the normal-score or van
der Waerden version of the test described in Proposition 3.1. The latter relies on the
quadratic form Q;T) (™), 5(T)) based on §;)T) (™) £, where

T (T)(q. 1/2
(T) (.5 . —1/2 t 1 . (R (9;8)
SYW;n) =T ;:1 (—1 2) Ut(ﬁ,E)(FX% (71 )) (4.5)

(here, Fy2 stands for the chi-square distribution function with p degrees of freedom).
This means that the asymptotic relative efficiencies under radial density f (AREy), with
respect to the pseudo- or quasi-Gaussian methods (based on Proposition 4.3 below), of

the van der Waerden rank-based tests (based on (4.5)), are always larger than or equal
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to one, irrespective of the actual unknown radial density f; equality is achieved in the
Gaussian case only, that is, for Gaussian f, meaning a root chi-square (p degrees of

freedom) radial density f.

4.8. Optimal Gaussian tests

Although we throughout avoid Gaussian assumptions and emphasize the nonparamet-
ric nature of the problem, Gaussian procedures—more precisely, the pseudo- or quasi-
Gaussian ones—remain a classical benchmark. Particularizing Lemma 4.1 to the case of
a Gaussian f immediately yields a parametric Gaussian version of Proposition 4.2, with
an optimal Gaussian test of the Lagrange multiplier type. The following proposition
provides a description of that test and summarizes its properties. Proofs are a simplified
version of those of the previous section (no f-dependent asymptotic representation of the
test statistic is needed here), and details are left to the reader.

Proposition 4.3. Let ¥ € © be such that r = rg, Crp # 0, £ > 0, and assume that
Assumption 8 holds.

(i) Consider the Gaussian case f(e) = (2m)"P/2|S|"Y/2 exp(—1|le||%), that is,

fz)= 21_p/2F_1(p/2) exp(—2%/2) and or(2) = 2. (4.6)

Then, the efficient central sequence (4.2) of Lemma 4.1(ii) becomes

A" = (Cr (L, — Pa) ay] 571257, (4.7)
with
Tt 1
T T — —
S.; ) = S.§ )(1972) = T 1/22 (T—H - 5)2 1/2615(19).
t=1

Consider the quadratic form
-1

Q" (@®,3) = 125 (v, 5)n 12 [ (I— Pa) ou] [ozﬁ_ (2‘1— 2‘1a(a’2‘1a)‘1a/2‘1)m]

<[ (1, - Po) aL]'z*ﬂs;T) 9,%), (4.8)

2
with Q{7 (9,5) = 12 }s@ (0, 2)‘

in case rg = 0. Then,

(i) for any f € Fo, Q](LT) (9,%) under Pg%;f has an asymptotic x5, distribution (this
distribution is exact for [ given in (4.6));

(i4) under Pycr).5. ¢, where 9T s as in (2.1)-(2.3) with D =0 and f € Fo, Q,(TT)(ﬂ,E)
has a limiting non-central Xme distribution with noncentrality parameter

7,(f,9)
12p2

|Cr,nu|4 d'ozlEfl [(Ip— P.) ou][o/L (Efl— Y la (o/E*loc)_lo/Efl)ou_} -
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x[(1p ~ Payou] s aud, (4.9)

forrg >0, and (Ig(f, g)/12p2) |Cp7nu|4 ||dH2z in case rg = 0;

(iv) the limiting x7_,, and non-central x3_, distributions in (ii) and (iii) remain
asymptotically valid for Q](LT) (1§(T), ﬁ](T)), where the estimators () and 9T sat-
isfy Assumptions 4 and 6, respectively, and the constraint that r = ro;

(v) when Crnp # 0, the Gaussian test rejecting H whenever Q](LT)(ig(T), fJ(T)) exceeds
the (1 — z)-quantile of a chi-square distribution with p — ro degrees of freedom is

locally and asymptotically z-level most stringent, and reaches parametric efficiency,
against alternatives of the local form H' : d # 0, D = 0 with Gaussian radial

density [ (4.6).
The tests described in Part (v) of Proposition 4.3 are Lagrange multiplier counter-
parts of Johansen’s likelihood ratio based tests (Johansen (1991), Johansen (1995)); both
qualify as pseudo-Gaussian tests, as their validity extends to all elliptical radial densities

g with finite second-order moments.

5. Monte Carlo study

This section reports the results of a small Monte Carlo study to corroborate our asymp-
totic analysis and to assess the finite-sample performances of the pseudo-Gaussian statis-
tic and the proposed rank-based statistics. We compare their performances to those of
Johansen’s LR-based tests, i.e., the mazeig (maximum eigenvalue) and the trace test.
These LR-based tests are often used in empirical work and, as documented by Hubrich,
Liitkepohl, and Saikkonen (2001), have comparatively good performances. The study is
implemented in MATLAB 7.14 and the code is available upon request. We use reduced-
rank regression® to determine the residuals and to estimate a. The pseudo-Gaussian
test uses the empirical covariance matrix of the residuals to estimate ¥ and the rank-
based tests use Tyler’s estimator of scatter?. Throughout we will use a 5% level. For
the pseudo-Gaussian statistic and the rank-based tests we use the critical values implied
by their asymptotic y2-distributions and for the mazeig and trace test we use Matlab’s
tabulated values (computed using methods described in MacKinnon, Haug, and Michelis

(1999)).

8We use MATLAB’s Econometrics Toolbox to compute the reduced-rank regression estimators as
well as the maxeig and trace statistics.

9The iterative scheme of Randles (2000, p.1267) is used to compute Tyler’s estimator of scatter (using
the Frobenius norm and 10710 as tolerance).

30



The DGPs we consider are based on Hubrich, Liitkepohl, and Saikkonen (2001) and
Toda (1994). These DGPs are described by

0(pfl)><1 " ¢Ir Orx(pf'r)

AX; = Xi 1 +e&y, (51)

1 Op—ryxr Op—r)x(p-n)

where ¢ is a scalar. Note that o/ = (¢Ir OTX(p_T)) and ' = (Ir Orx(p—r))' Also
note that, for ¢ # 0, the cointegrating rank of {X;} equals r. These DGPs can be
considered as ‘canonical forms’, since interesting models can be obtained by nonsingular
linear transformations of the data; see Hubrich, Liitkepohl, and Saikkonen (2001) and
Toda (1994) for details. Restricting to the canonical forms is legitimate because the
pseudo-Gaussian and the rank-based tests we consider, as well as the LR-based mazeig
and trace test, are all invariant with respect to such transformations.

In the simulation study we consider p € {2,3,5} and ¢ = —.3. As innovation distri-
butions we consider N'(0,3,), t3(X,) and t19(2,), where 3, € {I,, X, .}. The matrices

Yp,c, yielding correlation between the components of €, are given by

1 04 08 0
1 04 08 1 0 O
Yo .= y M3 = 1 0|, XYs5c= 1 0

1

0
0
0
0
1

The choices for p = 2 and p = 3 are taken from Hubrich, Liitkepohl, and Saikkonen
(2001) (p = 5 was not considered in that study). Also in line with the setup in Hubrich,
Liitkepohl, and Saikkonen (2001), we use X¢ = Opx1 as initial values and use 50 periods
to ‘warm up’ the process (so we use Xs1,..., X504+ as observations). As sample sizes
we consider T € {100, 250, 500}. To conserve space we only present the results for p = 5
with Y5 = Y5 in the main text; the results for p = 2,3 and p = 5 with X5 = I5 are
organized in Appendix D.

To illustrate the convergence to a y2-distribution under the null hypothesis, Fig-
ure 1 presents a scaled histogram of simulated values of the rank-based tests QE,T),
g € {¢,t3,t10}, under (5.1) for p = 5, 1o = 0, X5 = I, and T = 100 along with

their limiting x2-density. Table 1 presents the size of the pseudo-Gaussian test Q](LT),
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Figure 1: Simulated (25,000 replications) finite-sample, T' = 100, distributions of the rank-tests (4.3),
g € {$,t3,t10}, for p =15, ro = 0, X5 = Is compared to their limiting Xg-distribution.

the sizes of the rank-based tests QéT), g € {p,t3,t10}, as well as the sizes of the mazeig
and trace tests under (5.1) for p =5, 1o € {0,...,p — 1} and X5 = X5 .. The sizes for
Y5 = I are reported in Table 4 in Appendix D. The size of the rank-based statistics is
indeed more stable than for the classical mazeig and trace statistics. For smaller sample
size (T" = 100), the rank-based statistics are somewhat undersized for larger ro, while
the classical counterparts are somewhat oversized for small rg. For larger sample sizes,
all statistics are well sized.

To assess the finite-sample powers of the tests, we consider alternatives of the form!°
0" =11+ 77320, d(Cr.np), (5.2)

with d = —hl(,_;)x1 in (2.2). From Proposition 4.2 we know that, under these local
alternatives, the rank tests asymptotically follow a non-central x2-distribution. As an
illustration of this weak convergence result, Figure 2 compares the finite-sample distribu-
tion of the rank-based test Q;T) under (5.2) with h =3 for p=15, 1o =0, f = N(0, I5),
and T = 500, to the theoretically appropriate non-central y2-distribution. For complete-
ness, we also plot the limiting null distribution once more. Again, we conclude that our
asymptotic analysis provides a close approximation to these finite sample experiments.

Figures 3-7 present the power curves of the various tests for p = 5 and 9y =
0,...,4. Each figure shows the power, as function of h in (5.2), for the sample sizes
T € {100, 250,500} and the innovation distributions f € {N(0,%5.),%3(X5,),t10(Zs5,)}-
The results for the case X5 = I5 are presented in Figures 18-22 in Appendix D. As
mentioned before this appendix also contains the simulation results for p = 2, 3.

First of all we note that the simulation results corroborate the asymptotic result that

the power of the rank-based tests is maximal in case f = ¢g. The figures also show that

10We use the version o/, = (0(p,r)><r I(p,r)x(p,r)).
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Table 1: Simulated sizes (25,000 replications) of the mazeig test, trace test, pseudo-Gaussian test Q

(T)
i

and the rank-based tests (4.3), g € {¢,t3,t10}, under (5.1) for p = 5, ro € {0,...,4}, ¢ = —0.3,
fe{N(0,35,c),t3(Zs5,¢c), t10(Zs5,c) }- Clearly, for 7o = p — 1 the mazeig and trace tests are identical.

Sample size and innovation distribution

Test T =100 T = 250 T = 500
N(@O,55.0)  t3(Zs5.0)  t10(Zs.e) | N(0,Zs5.0)  t3(8s5.c)  t10(Zs.e) | N(0,T5.0)  t3(Zs,0)  t10(Zs,e)

T = 0

maxeig 0.064 0.083 0.065 0.053 0.065 0.055 0.049 0.061 0.054
trace 0.071 0.082 0.072 0.058 0.063 0.058 0.054 0.059 0.055
Qg_T) 0.044 0.038 0.043 0.047 0.047 0.047 0.048 0.047 0.048
Q;T) 0.044 0.043 0.043 0.047 0.049 0.046 0.047 0.048 0.048
Q£§> 0.045 0.042 0.046 0.050 0.047 0.047 0.048 0.048 0.049
Qi?o) 0.047 0.045 0.045 0.049 0.048 0.047 0.047 0.047 0.049
T = 1

maxeig 0.072 0.083 0.077 0.057 0.066 0.062 0.054 0.061 0.055
trace 0.082 0.091 0.084 0.061 0.070 0.065 0.054 0.060 0.057
Q§T> 0.035 0.033 0.033 0.042 0.041 0.043 0.046 0.046 0.046
Qd)T) 0.036 0.041 0.034 0.042 0.046 0.044 0.044 0.048 0.047
Q§§> 0.039 0.049 0.040 0.045 0.049 0.045 0.047 0.050 0.047
Qi?o) 0.037 0.045 0.037 0.043 0.049 0.045 0.045 0.049 0.048
T = 2

maxeig 0.029 0.040 0.031 0.053 0.060 0.054 0.051 0.056 0.052
trace 0.036 0.047 0.039 0.053 0.061 0.056 0.052 0.054 0.053
Q§T> 0.022 0.021 0.022 0.038 0.039 0.041 0.044 0.044 0.045
Q¢T> 0.021 0.028 0.021 0.038 0.044 0.040 0.043 0.047 0.044
Q§§> 0.030 0.044 0.034 0.041 0.051 0.043 0.045 0.051 0.046
Q&’f{; 0.024 0.034 0.026 0.039 0.048 0.043 0.043 0.050 0.045
T = 3

mazxeig 0.020 0.024 0.019 0.048 0.054 0.047 0.050 0.053 0.049
trace 0.021 0.027 0.021 0.049 0.054 0.048 0.049 0.054 0.049
Q§T> 0.017 0.018 0.018 0.039 0.038 0.038 0.042 0.045 0.046
Q?T) 0.016 0.022 0.017 0.038 0.041 0.039 0.042 0.046 0.045
Qtz) 0.025 0.036 0.027 0.041 0.048 0.042 0.046 0.049 0.045
Qﬁ’fg 0.019 0.026 0.020 0.039 0.043 0.039 0.044 0.047 0.045
T = 4

mazxeig 0.040 0.047 0.038 0.044 0.048 0.045 0.046 0.049 0.050
trace 0.040 0.047 0.038 0.044 0.048 0.045 0.046 0.049 0.050
QE_T) 0.026 0.025 0.024 0.040 0.040 0.040 0.044 0.046 0.047
Q?T) 0.024 0.026 0.023 0.039 0.042 0.039 0.043 0.047 0.047
Qtz) 0.031 0.039 0.032 0.041 0.046 0.044 0.045 0.048 0.048
Qﬁ’fg 0.026 0.036 0.026 0.038 0.044 0.042 0.045 0.048 0.047
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Figure 2: Simulated (25,000 replications) finite-sample, T' = 500, distribution of the Gaussian rank-

based test (4.3), i.e., g = ¢, under the alternative HgT) for p =5, r0 = 0 and f = N(0, Is), compared
to its limiting distribution, Xg, under the null hypothesis (dashed line) and its limiting distribution,

non-central xg with non-centrality parameter 15/4, under the alternative (solid line).

the Gaussian rank-based test dominates the pseudo-Gaussian test, except for Gaussian
innovations for which they are equivalent. This is in line with the asymptotic Chernoff-
Savage result of Section 4.2. This motivates once more our interest in rank-based tests.
If we compare the performances of the pseudo-Gaussian test and the rank-based tests to
the performances of the maxeig and trace test, we can make the following observations.
For T" = 250,500 the pseudo-Gaussian test and the rank-based tests yield substantial
improvements to the mazxeig test and the trace test, while for T" = 100 there is no
uniform conclusion as the mazeig test and trace test tend to perform better for large

values of h. For g = p—1 the pseudo-Gaussian test and rank-based tests do not perform

very well for small sample sizes. Summarizing, we conclude that no uniformly valid

conclusions are possible and that the rank-based tests, which are easy to compute, nicely

complement the mazeig and trace test and thus are a useful additional toolkit to the

econometrician.
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Figure 3: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=0versus H : r =1 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
fe {N(O,254;),t3(25yc),t10(2515)} .
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Figure 4: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=1versus H : r =2 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
FE{N(0,%5,0),t3(Zs5,c), t10(X5,¢) } -
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Figure 5: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=2versus H : r =3 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
fe {N(O,254;),t3(25yc),t10(2515)} .
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Figure 6: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=3versus H : r =4 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
FE{N(0,%5,0),t3(Zs5,c), t10(X5,¢) } -
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Figure 7: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=4versus H : r =5 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
fe {N(O,254;),t3(25yc),t10(2515)} .

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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6. Discussion and Conclusion

We analyze asymptotically optimal testing of the cointegrating rank in Error Correction
Models. We show that, in applications where non-zero trends could possibly be expected,
standard Locally Asymptotically Normal behavior can be exploited. We propose rank-
based versions of the optimal tests to exploit their advantages, in particular, their very
stable size and their QMLE property that extends beyond Gaussian reference densities.

By fully characterizing the possible limiting experiments that arise in the Error Cor-
rection Model, interesting avenues for future research are discovered. In particular, with
respect to the cointegrating vectors, the model is only Locally Asymptotically Mixed
Normal in the absence of a linear time trend. Questions on optimal testing for these

experiments remain largely unaddressed.
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Technical Appendix to “Rank-based Tests of the
Cointegrating Rank in Semiparametric Error
Correction Models”

A. Proof of Proposition 2.1

In this appendix we present the proof of Proposition 2.1. Section A.1 introduces the
limiting Brownian motion corresponding to the partial sum processes (2.4)-(2.6) and
exploits this Brownian motion to provide the full definition of J. And Section A.2
contains the proof of Proposition 2.1. This proof exploits Proposition C.4 which provides
high-level conditions for quadratic expansions of log likelihood ratios.

Throughout this appendix we evaluate, unless mentioned otherwise, expectations,

Op’s, and op’s under Py.x; r. We repeatedly use the filtrations F() . ( 1(LT) u € [0, l])7
T € N, defined by Fi") = o(et,t € N: t < [uT]), v € [0,1]. The angle-bracket

process <AZ(.T), A§T)> (u) and the straight-bracket process {AET), A§T)} (u) are now well-
defined for all F(T)-adapted locally square-integrable martingales and semimartingales
AgT), respectively (see, e.g., Jacod and Shiryaev (2002)). If AgT), 1 = 1,2, are square-
integrable martingales of the form A(T) (u) = ,[5":7;] I:(pzt) with Ij(ft) Fi-measurable, we have
A A (1) = U DI (A0, ALY ) = ST [0 | o] e
call that for a square-integrable martingale with continuous sample paths the angle-

brackets and straight-brackets coincide.

A.1. Limiting behavior partial sum processes

First we note that, under Assumptions 1-3 with ¢ € © and f € F3, the vector autore-
gressive process V' = ((8'Xy)", AX{,...,AX]{ ;) from the Granger-Johansen repre-
sentation (1.4) can be given a stationary starting value under Py.5; . Let us denote the
probability measure under which {V;} is stationary by Py g ;.

Let m = p+p+ (k—1)p? +p? and summarize the partial sum processes (2.4)-(2.6) in
the process W(T) taking values in Dgm [0, 1], i.e. W) = (W(T)/ W(T)/ W@/@w W}(};@);)
with Wf;y@gb = (ng;()':@qb,l’ R Wg;?:gqb,k_ﬂ-

Let W' = (W, Wi, WA x4 Wygg) denote a m-variate Brownian motion with vari-



ance per unit of time given by:

1 o0
o W.(1) _ EIO rPH f(r)dr 1, )
Ws(1) I s(Hs!
!/
AXp AXo
Waxes(1)] _ 1 | |
var | Vaxes ) _ ~Ip(f)Ej5 s o
Wyaoll) p AXo_ AXo_y,
Yo Yo
and
Wa wel e
Cov xao | (W) _ [lo-nxa ®Chn o (b 350)2).
Wyao ) \Ws(1) Boim.g¥o

The following lemma shows that W) weakly converges to W. The proof, an applica-
tion of a functional central limit theorem for arrays of martingale differences, is included

for completeness.

Lemma A.1. Let Assumptions 1-3 hold, ¥ € O, and f € Fo. Then we have, in Dgrm |0, 1]

and under Pg%_f,

wo = w (A1)

and, still under Py,s ¢, we have
(WO WD) (1) = WD WD (1) +0p(1) = Var WD) +op(1).  (A2)

Proof. Tntroduce U = (e}, (272U oy (|edll))'), U = w1 @ £2U5 (i)
with vy = (AX{_y,...,AX] ., Y/ )). Note that W) = W W'Y with
W (u) = 7-1/2 ,[5":7;] U and partition W = (W;, W5) accordingly. An application

K2

of Theorem VIII.3.33 in Jacod and Shiryaev (2002) shows that (A.1) and (A.2) hold if,
for all w € [0,1], 4,7 € {1,2} and § > 0,

[uT]
1 Ny
<W§T>, W§T>> (W=7 > F [U,S g9 ]-'t_l] B uCovWi(1),W; (1)) (A.3)
t=1
and

N2 .
v 1 {‘Uf“

> NT}‘ ]-'t_l] L) (A.4)

1 T
TZE{
t=1

2



We start with (A.3). Fix u € [0,1]. For ¢ = 5 = 1 (A.3) is immediate from the weak
law of large numbers (using the independence of Uf and ||e;||s and using the equality
Ellet|ls¢s(lletlls) = p). For i = j = 2 we have

[uT] [uT]

1 1 1

T E E [Ut(g)Ut(z)/ | Ft—l} = ];Ip(f) T § Vv | ® !
t=1 t=1

and for ¢ = 2 and j = 1 we obtain

[uT] [uT]
1 (2) 77 (1) _1 We(l)
= ?:1 E [Ut vy ]-'t_l} =z ;:1 va® Cov (W0, (1)) )

Because {v:} is a stable vector autoregressive process of the order 1 with finite second
moments we have

/

AXy AXy A Xy
=) v — uEjy s : and = » wqvp g = uEjs : :
T t=1 ’ AXQ—k T t=1 i AXQ_k AXQ_k
YO YQ YO

Note that AX; = Crnp + Crner + AY;. We thus have Eg;z’fAXt = Cr np which
completes the verification of (A.3).

Next we verify (A.4). For i =1 (A.4) is immediate (the L; norm of the left-hand-side
converges to 0 by an application of the dominated convergence theorem). For i = 2 we
first introduce

600 = B[ 20z6 ()| 1{[=7 20765 lels) 2 M} (45)

and note that ¢(M) — 0 as M — oo (this essentially is the argument for ¢ = 1). This
yields

1 I
e
t=1
as we already noted 7! Zle ve—10;_; = Op(1) and as we have T' max—1, .1 |V—1| =

op(1) (which follows from a combination of (A.4) with Lemma C.3). This concludes the
proof. O

Ut(z)r 1{

T
Ut(z)‘>5\/f}‘]-}_1}é¢< ovT )%;m_uﬂ:op(l),

maxy—1,..7 |Vt—1]

—1/2

Next we use the Brownian motion W to provide the definition of J. To this end we
first introduce an auxiliary process A by

W (u)
Waxes(u)
. (8" @ L) Wygg(u)
Au) = |Cr mpl? fou sd(a'Wy) (s , u€o,1],
Jo (BLCrnWe(s) @ I.) d(a'Wy)(s)
|Crapl® [) sd(e/L W)(s)
Jo (BLCrnWe(s) ® I§,r)d(alW¢)(s)



which is adapted to the natural filtration generated by WW. Note that A(l) = A. Now

we define J as

J:=[A,A](1).
Using standard calculus rules for quadratic variations we obtain the following represen-
tation of J:
1 J11 j2 @Y ta j12 @Yty
J = =T,(f) j®dYt e jauedYlay |,
p Ja2 @/ ey
with

I, 0 0 Wy(1) I, 0 0o\’
jll = 0 I(kfl)pQ 0 Var WAX®¢(1) 0 I(kfl)p2 0 ,
0 0 B @I, Wy ge(1) 0 0 B @I,

’
i [HICTmal (Crnl? (f uWe(du) Chn
22 = ,
8.Cran (fy Welw)W.(w)du) Cf .

and
!
LCr .’ (Jy Welwau) Cf. .
. / ’
Jiz = | l—1yx1 @ %'CF,HMFCF,H,U/ lh—1)x1 ® Crup ® (fol We(u)du) Cr By
§[Cr 8 5, Yo B'Ejm 1Yo (Jy Wiw)C mBudu)

Remark A.1. Note that only the blocks involving B or D are random. Also note that all
blocks involving b or d vanish in case |Cr np| = 0.

A.2. Proof

To enhance readability, we split the proof into two parts. In Part A we show
(i) (A7 757) = (A, 7);
(ii) Eexp(WA —h'Jh/2) =1,

and in Part B we show that (2.15) of Proposition 2.1, the quadratic expansion of the log
likelihood ratio, holds.



Part A(i)
First we introduce auxiliary processes A1), T e N, byt

W (u)
Wg@@w(u)
(B’ @ L)Wy, (u)
AD (y) = |Cr upf® [y idr(s—)d(@/WiD)(s) . welo1].
Sy (BLCrnWe(s—) ® L) d(a' W) (s)
Crnpl? [ idr (s—)d (e, W) (s)
S (B CruWe(s—) @ Ip—n)d (o, W) (s)

A combination of Lemma A.1 with Theorem 2.1 in Hansen (1992) (the conditions
are trivially met as W) is a martingale with respect to F(T) and the increments of
WéT) are i.i.d. with finite second moment) yields AT) = A in Dy« [0,1], where m*
denotes the number of components of A(T). Using this weak convergence, the identity
[A, B)(u) = A(u)B(u)— A(0)B(0) — [ A(s—)dB(s) — [, B(s—)dA(s) and the continuous
mapping theorem in combination with Theorem 2.1 in Hansen (1992) (the condition
to this theorem is met as A(T) is a martingale with respect to F(Z) and as we have

S BIAM(4/T) = AD((¢ — 1)/T)2 = O(1)) yields,

(A<T>(1), [NT),A(T)} (1)) = (A, [A,A} (1)) = (A, ). (A.6)

A combination of (2.10)-(2.14), which represent the central sequence A%T) in terms of

(integrals with respect to) W(T), with (A.6) and the continuous mapping theorem yields
A = A (1) + 0p(1). (A7)

Introduce Zr; = (Zq(}t)l, Zq(?t)l)/ by Zq("lf,) = Z”Erlt) and

72 - 1 |Crnul* 5
T _
VT /GLOF,HWE( ) L1y,
Note that
o L) 70 70" (9) @ n? ~Z(T?~Z(T2;' (W) @S ~Z§12~Z(T2;' ) @S a,
(A A)(1) = =223 ZO7ZP (W earla ZPZD' W @',

p — 5(2) 5(2) e
= Z7) 27 (9) @ o 27 e,

1 Recall that idr denotes the cadlag function idz (u) = [uT]/T which converges to the identity id(u) =
u on [0, 1].
)



In view of (A.6)-(A.7) and (2.8) the proof of Part A(i) is complete if we show
(A, A)(1) - [A,A] (1) = op(1) (A.8)

and

T
ZriZipy — Y ZriZipy = op(1). (A.9)

1 t=1

[M]=

t
Indeed (A.9) and (2.8) imply J$7) = (A, A)(1)+0p(1) and (A.7)-(A.8) yield (Aff’, J§T>) -
(A<T>(1), [A,A} (1)) +op(1).

We first consider (A.8). An application of Theorem 2.23 in Hall and Heyde (1980)
shows that (A.8) holds if, for all § > 0, i = 1,2 and compatible matrices M,

T
>B|1Z5) © MSTV2UF o (ledll2) PHIZE] © METV2Uf 0y (leils)| > 8} | Fia | = 0p(1).
! (A.10)
We only show the result for ¢ = 2, because for ¢ = 1 we already obtained the result
for M = I, in the proof of Lemma A.1 (as Zj(}t) = Zj(}t)). We easily obtain, with ¢ as

defined in (A.5) and using the Frobenius matrix norm, that the left-hand-side of (A.10)

is bounded by
oNT
M|? —_—
o] QT¢<|M|@>,

with Qr = [Crul* + pllB, Cronll? maxici,..p [W | Since [W)

o = HWe7i||ooa
by a combination of Lemma A.1 and the continuous mapping theorem, (A.10) follows.
Finally we demonstrate (A.9). Using Zq("lt) = nglt), Zle Z%)Zr}lt), = Op(1) (estab-
lished in the proof of Lemma A.1) and the Cauchy-Schwarz inequality, it follows that it
is sufficient to show .
=(2) 5(2)’ 2) (2)’

Z (Zﬂ(“t)Zi(“t) - Z”El“t)Z”El“t) ) =op(1).

t=1
This easily follows by invoking the decomposition, implied by the Granger-Johansen

representation (1.4),

72 _ (Crop)’ (%CF,H,M + %CF,HWe(T) () + 73 Yeo1 + a#,r,n))
T =
B (\/LTCF,HWE(T) () + £ (Vi1 + amr,n))

)

in combination with the stability of the process {Y;}, Lemma A.1 and the continuous

mapping theorem. This completes the proof of Part A(i).
6



Remark A.2. In Part B of the proof we will exploit

T
> 1Zri]?* = Op(1), and (A.11)
t=1

x| Zri| = op(1), (A12)
which are implied by a combination of (A.8)-(A.9) with (A.6) and a combination of

(A.9)-(A.10) with Lemma C.3 respectively. O

Part A(ii)

All components of the limiting central sequence A can be seen as stochastic integrals
with respect to linear combinations of W, i.e. A; = fol fi(u)dV\/i (where W, = aiW).

These integrands &; satisfy
max [[§illee < C(1 + max [[Willoo),

for a constant C' (depending on ). An application of Corollary 3.5.16 in Karatzas and
Shreve (1991) yields Eexp(h'A — h'Jh/2) = 1.

Part B
We use Proposition C.4 to prove the expansion (2.15). To this end we set Pr = Pg%,z o
PT = Pg{%’f, and ]:Tt = ]:t-
For notational convenience we introduce Sp; = Sy, for T e Nand t =1,...,T, by
Z) © 572050 (|ledls)
Sri = | 2] © a'S7PUs g ()
2 _
27 © o, B7V2Us o (Jexx)
Notice that AJ” =S 7y and J7 = 37 E[S7455, | Fia).
In the notation of Proposition C.4 we have,
fllee — wrels)
LRy = ——F7——=% (A.13)
fleds)
with
k-1
Wty = T_l/QmT + T-1/2 Z GT,jAXt_j + T_l/QATﬁ/Xt_l + T_B/Qosz(Op,H,u)/Xt_l
j=1

+ T aBrB, Xi—1 + T*?a dr(Crup) Xe—1 + T~ o DpfB Xy
7



+ T2 Arbp(Crup) Xe—1 + T3/ 2Ar BB, X, 1.

Exploiting the orthogonality restrictions 8, B}, L (Cr ) and 8, D}, L (Crmp) we can

rewrite the fifth, seventh, and last term of wr; as:
T 'aBrfB X; 1 =T 'aBrf (X;—1 — (t — 1)Crnp),
T ra,DrB X, 1 =T 'a,DrB (Xi—1 — (t — 1)Crp), and
T3 ArBrB, Xi—1 = T~*?ArBrf (Xi—1 — (t — 1)Crnp).

Assumption 2 implies, see Hallin and Paindaveine (2002a, Section 1), that the map-

ping e — f1/2(|e]) is differentiable in quadratic mean:

V(e —wlls) _ . e
where
P(d) = sup LE7’2(61,w) —0asd— 0. (A.14)

w: |w|<4 |w|2

Using the identity vec(AX B) = (B’ ® A) vec(X) we obtain

1
VLRpy =1+ B (WpSte + Rrt) (A.15)
with

R = r(es, wre) + (T72ATbT(CF,HN)/Xt71)/ o1 (leellw) S0,

+ (T_B/QATBTﬁi (Xp—1— (t = 1)CF,HN))/ ¢f(||5t||2)2_1/2Ut- (A.16)

So we can conclude that expansion (2.15) holds once we verify the conditions to Propo-
sition C.4.

Condition (a) is immediate as hp converges by assumption. Condition (b). Square-
integrability follows from our assumption f € Fs. Display (C.2) follows immediately
from the independence of U; and ¢¢(||e¢]|s) and E¢¢(|let|ls) = 0 (which follows from
Assumption 2 and standard arguments (see, e.g., Lemma 7.6 in Van der Vaart (2000)).
Next we verify the conditional Lindeberg condition (C.3). We have, for 6 > 0 and with
¢ as defined in (A.5),

T T
)
E [(K 21400, _1| < Clhr|? Zr+e|?
S [0S0 g 051 ] < i o (e ) > 170
8



with C = 1+ [|a|| + ||a.||. Invoking (A.11) and (A.12) yields (C.3). Display (C.4) is
immediate as Jr = JigT) = J by Part A(i). Condition (c). We first consider condition
(C.5). From (A.11) we obtain

T 2
>_E [((T_QATbT(CP,HM)/Xt1)/¢f(||€t||2)2_1/2Ut) Iftl] =op(1)

and

T
S8 | (120 B (Xis — (¢~ DCrn o ed)5™20) 17| = op(1)
t=1

A combination with (A.16) yields

T T
> B[Ry Fi1] <4 B [r?(er, wre)| Fooa] + dop(1)
t=1 t=1
T
< 41#( max |th|> Z|wT,5|2 +4op(1).
""" t=1

Note that we can write wr; as a linear transformation of Zr; with bounded coefficients,

ie. wry = AT Zp, with supgey [|AT)]| < co. Hence (A.11) and (A.12) imply

Z lwre|®> = Op(1) and ,max |wre] = op(1),

and we thus have

T
ZE R%,|Fioa] = op(1),

=1

which shows that (C.5) holds. As we assumed that the radial density f is strictly positive
Display (C.6) is immediate. Finally, Condition (d) is immediate as the initial values are

deterministic.

B. Proof of Proposition 3.1
B.1. Proof of Part (i).

Part (i) of the proposition follows as a particular case of the nonserial asymptotic

representation result in Proposition 2.1(i) of Hallin and Paindaveine (2006a), with the

t 1
vector-valued weights ¥ ~1/22/ . K replaced with the scalar ones (— - —).

T+1 2

9



B.2. Proof of Part (ii).

Part (ii) is a direct consequence of the central limit theorem for weighted sums of
independent summands with finite variance and weights satisfying the traditional Noether
condition, which directly applies to §£(7T) (9;2) defined in (3.5) (see Héjek and Siddk
(1967), p.153).

B.3. Proof of Part (iii).

The asymptotic normality of ,SéT) (0; 2™ in Part (iii) results from a classical ap-

plication of Le Cam’s third Lemma (see, for instance, p.90 of Van der Vaart (2000)).

Due to contiguity, the asymptotic representation (3.5) also holds under p(7) Hence,

98,
the asymptotic mean of Sy (T) (0 ST )), under local alternatives of the form Pg(%) SR i
the vector of asymptotic covariances, under Pfg S f of the asymptotically joint normal

distribution of §§T> (9;%) in (3.5) and the log-likelihood (2.15). Clearly, those covari-
ances involve sums of expectations of products of quantities of the type UfUs/ and the
corresponding summands in the linear part h’ A%T) of the approximation of local log-
likelihoods; they break into k + 3 parts, associated with the corresponding subvectors
of A(T) which we successively examine.

(a) For the A( part of A the covariance is

T
7y (75— 5 B[00 (G (B Ulealn) )b (leels) U7 U |

T
— - 1;(T—_;_1__)I(f’g)m:0'

p

(b) For the Ag), i=1,...,k — 1 subvectors, we obtain the covariance

T
TS (g B[00 (G (B (ledls)) o el UFUF'S 2 (AX_ 1) |vee(G)

t=1

where AX;_; = Crnrpe+ Crer—i + AY;—; is independent of ; and Uy, yielding

Ty (T i - %) Z(£:9) y-1/2 ((CH’F,U + E[AY-]) ® Ip)vec(Gi) = o(1)

t=1 p
T
since Z (— — —) =0 and E[AY;_;] = o(1) in view of the asymptotic stationarity
t=1
of {Y3}.

10



(¢) Turning to A,, the covariance term is

et 1 -
T3 (7 Bl (@

which, due to the fact that X; ;8 =

Yy (leell=) ) 5 (el ) UFUFS2 (X1 B)@ 1) vee( ),
Y, 153, where Y;_; is independent of ¢, takes the

form

71 Z (Ti T %) I(J; 9)2*1/2((CH,FM + E[Ytl_lﬂ]) ® Ip)VeC(A) =o(1)

t=1

since, again, Z ( )
(d) The perturbation of ' has two parts, one with rate T—3/2, the other one with

1
) =0 and {Y:} is asymptotically stationary.

rate T—!. The first one yields a covariance term

—2 d t 1 51
723 (7Bl

which, taking into account the Granger representation (1.4) of X;_; and the independence

(F (Ilﬁtllz)))<bf(IIEtHz)Ufo'E’l/z(Xt’_1®a)]veC(b(Cnru)')

between X;_; and e (hence also U), reduces to

2Z(T+1—5) ALy ”2((«t—1>cn,w>'+Em’_11+a'2,m)A®a)1ec(b<cnru>'>
= A1 + Az + A3, say.

Now, recalling that (C' ® A)vec(B) = vec(ABC),

A = 2Z(T—+1——)(t—1)

%Eﬂﬂvec (ab(Crrp) (Crrp)) =

% S2((Crrp) @ @) vee(b(Crirp)')

7
U9 s 20, (B.1)

while, in view of {¥;}’s asymptotic stationarity,

(4, ) “V2(E[Y]_]) @ a)vec(b(Crrp)’) = o(1)

QZ(T+1_§) p

t 1
as T — oo and, sinceZ(— — —) =0,
— T+1 2

) (J; ) ~12(afy p,, ® ) vee(b(Crrp)') = 0.

Y (-

11



The T~ !-perturbation of 3’ is of the form T=*BA’, where BB, Criru = 0. Its contribu-
tion to the covariance decomposes, as the previous one, into a sum of three terms, A’, A}

and Aj, say, with, for the same reasons as above, A5 = o(1) and A5 = 0. As for Af,

T
A = T‘?’/QZ( t 1)(7:—1)@2—1/’2((0&@’®a)vec(35;)

p T+1 2
~(_t ] I(f,9)
T73/2 Z (7‘,—_’_1 — 5) (t - 1)7’271/2V8C(a3ﬁ101‘[71“ﬂ)
t=1
T
where T73/2 Z (; — 1) (t — 1) does not converge anymore; the orthogonality con-
p T+1 2 '

dition BBLCH,_FM = 0, however, implies that A} = 0.

(e) The reasoning for the 3, -part Ag‘,F) of the central sequence is entirely similar, and
4
yields a contribution
Z(f.9)

2 |Cr np]*S 2, db; (B.2)

details are left to the reader.
The desired result follows from adding the contributions (B.1) and (B.2).

B.4. Proof of Part (iv).
The proof of the asymptotic linearity part (iv) of Proposition 3.1 relies on Proposi-
tion C.5, which uses the same quadratic mean differentiability techniques we also use
in Proposition C.4, which deals with quadratic approximations of log-likelihood ratios.
Those two propositions therefore are regrouped in Appendix C.

In view of the asymptotic equivalence (3.5) and contiguity it is sufficient, in order to

establish (3.8), to show that, under Pg%’f,

1

—) vre +op(l).  (B.3)

T
1 1 t
(M) 9™ . vy - s (9. 9) = —= — - _
ST x) - 557 (0;3) pIp(f,g)\/T;:1 (T+1 5

Moreover, in view of Assumption 5, it is sufficient to prove (B.3) for monotone increas-

ing ¢g.

12



Introduce, for m € N, the truncated versions J,,, of ¢4 o G; !

0 if0<u< i
(bgoégl(%)m(u—%) if%<u§%;

Jm(u): ¢g0é;1(u) 1f%<u§1—%7
¢gOG;1(1—%)m(l—%—u) ifl—%<u§1_%;
0 if1-L<u<l

Note that Jy, : [0,1] — R is uniformly continuous and thus bounded. Moreover, we have

/O (690G ()?du < 0o, lim Jp(u) = dy0Cyl(w), we(0,1),  (B)

m—r o0

and, using the fact that ¢4 o C:'; ! is non-decreasing and continuous, for some mg € N,
()] < |60 G )], we (0,1), m > mo. (B.5)

Next, consider, for 8 € ©, the truncated-score statistics

T
s 0:3) = =3 (S - 1) B0 (Rl
t=1

The following lemma relates these truncated-score statistics to their non-truncated coun-

terparts.

Lemma B.1. For all € >0, lim sup sup Py.x ¢ (‘ﬁg)(ﬁ; ¥) — §§T,21(19; E)‘ > e) =0.
M=% TeNYeO '

The proof of this lemma in turn involves another lemma.

Lemma B.2. We have, under Py.s ,

x|l = le(@)]ls] = op(1), (B.6)
and, for alln >0,
Jax |00, 8) = U0, 2) [ lleels > n} = op(1). (B.7)

Proof. Under Py,s , we have (see the proof of Lemma 4.1 in Hallin and Paindaveine
(2006a, pp.29-30) for details),

e @) s = llee@)lls| < 1Z72]len(9) — e (D)
and

2
U (07, 2) = U9, D)1 llee | > 0} < EIIE’”QIIIet(ﬁ) — (9],
13



Hence, (B.6) and (B.7) follow if we show that

max_|e;(9) — e, (9| = op(1). (B.8)

t=1,..,T

We have

k—1

1 1
6t('l9(T)) — &t = —T_l/QmT - ﬁ Z GgT)Athj - ﬁATﬁ/}ftil

t—1
— T73/2(t — 1)|CF’HILL|2Oé(T)bT — Tﬁloz(T)bT(OF,H,LL)/CF’HWE(T) (T)

J=1

t—1
— 17320 Dby (Crap) (Yier + aprn) — TP Brg, Crnw ™) <T)

— T_loz(T)BTﬁi (Yie1 +aurm).

As the process {V;} from the Granger-Johansen representation (1.4) is, under Py.s f,
stable with finite second moments we have, for all § > 0,

T
. 1
A f;Em,Am?mw > 5VT} =0,

which implies, by an application of Lemma C.3, that 7—1/2 maxs=1, .71 |Vz| = op(1). We

thus have that T=Y2max;—1 7 |AX;—;| (j = 1,...,k — 1) and T~ 2 max;—; 7|V}

are op(1). Now, an application of Lemma A.1 and the continuous mapping theorem yield

max;=1,...p ||W€(:ZF) loo = Op(1). This establishes (B.8) and hence concludes the proof of

Lemma B.2. O

gueey

Proof of Lemma B.1. Let
Chim = Ui (895G, Fy(lletlls) — T (B (lletl]))-

Then, we have

1 t 1\2 T) ~(T
Varga, s (S50 %) = SEA0 D) = 23 (755 — ) Boss OG0
t=1
T

1 ~ 21 t 1\2
= —LE(¢goG* —JIm = — ==,
p B @eGy (V) = In(V) T;(T+1 3)
where V is uniform over [0,1]. Dominated convergence and (B.4)-(B.5) yield that
E[((bgoé;l (V) - Jm(V))2], which does not depend on 7" and ¥, converges to zero
as m — oo. Since §§T) (¥; %) and §gn)1(19;2) are both centered under Pg{%’f, an ap-

plication of the Markov inequality completes the proof of of Lemma B.1. O

14



We now turn back to the proof of part (iv) of Proposition 3.1. Defining

Lpm f7 / ¢f u m(u)du,

note that dominated convergence, (B.4) and (B.5) entail

lim 7,.n(f,9) = Zp(f, 9)- (B.9)

m—roo

As T2 (4/(T + 1) = 1/2)vry = Op(1) Lemma B.1, contiguity, and (B.9) imply
that a sufficient condition for (B.3) to hold is that, for all m € N,

T
S5im (11 3) = Sgin (0 %) = = Tun (£,9) 75 2 (g = 3 ) vre +0p(1): (B10)

Let us show that (B.10) holds componentwise as a consequence of Lemma C.5, with

~ _ t+1 1 ~

Zr = 17 (S = ) U0 D Fy a0l
_ t+1 1 -

Zr = 1 (2 = D) U0 Byl

Pp =Py, o . Pr=PJ)  and LRy, as in (A.13),

Note that Conditions (a)-(e) of Proposition C.4, which are required also in Propo-
sition C.5, are satisfied (see Proposition 2.1 and its proof in Appendix A). As J,, is
bounded and |U¢(8,%)| < 1 for all # € ©, Condition (g) of Proposition C.5 clearly holds;
Condition (h) follows straightforwardly.

In order to conclude, thus, we only have to establish that Condition (f) holds true.

We have

T
ZEﬂ s, f [(ZTt (LRry)'/? - ZTt) | -7:T,t1:| < 2ZE19;Z7f [(ZTt - ZTt)2 | -7:T,t1:|

t=1

T
2 ~
+ 2t maXT ((LRTt)l/z — 1) ZEﬁ;E’f [Z%t | -7:T,t—1:| .

=1,... —1

It follows from (C.12) that maxs=1, 7 |(LRT,5)1/2 — 1] = op(1), and we already noted
that 23:1 Eg.x ¢ [Z%t | -7:T,t71} = Op(1). Hence Condition (f) holds if we show that

2
T
Tlggo—ZEﬂzf (DEmZ) =0 (B.11)
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with (writing €; for ,(9(")) and Uf for U, (9(7); X))
D) = Uf ;1 (B ([ledlls)) — US jIm (B (llec )

Let 1 > 0 such that E,(n) < m~" and note that Jo,,(Fp(||e¢]|2))1{||e||z < n} = 0. This
yields, for |Dt(r‘,2|, the bound

DS < [ By llztls)) = T (Bpllleeo))| + [T Epledli))| U7 = Uf | 1ledlls > n}.

Uniform continuity of .J,, o £, and (B.6) imply

T 2
i 33 B (Jn(Folled=) ~ n(Fyllelz))” =0

Similarly, (B.7) and bounded convergence yield

T
1 c 12 c 12
72 o |V, = U Ul > 0} < B e, U2, = UL | Wl > = o)

Display (B.11) follows, hence also Condition (f). Lemma C.5 thus applies, which estab-
lishes (B.10). Noting that

, 1 t 1 ,
Eo;s, 1 [Zre(hp Doz p) | Fioa] = pIp,m(f, g) Tl 3Tt

completes the proof of Part (iv) of Proposition 3.1. O

B.5. Proof of Part (v).

The proof of Part (v) is classical, though the various rates of convergence involved
make it more complicated than usual. For given M > 0, let ©(7) (M) denote the set of
possible values of 9(1), as described in the last part of Assumption 6. Observe that the
set of sequence ¢V, (M such that tT) € ©T) (M) for all T € N is a countable set,
and that each of those sequences constitutes a sequence of perturbations in the sense of
(3.4). The proof of Lemma 4.4 in Kreiss (1987) then applies without changes. The result

follows.

C. Quadratic expansions of log-likelihood ratios and a general asymptotic
linearity result
Irrespective of the statistical model under study, the derivation of limits of sequences
of local experiments often follows along very similar lines, essentially involving differ-

entiability in quadratic mean of (conditional) densities. This appendix establishes two
16



abstract and very general results providing sufficient and nearly necessary conditions
for (i) the existence of a quadratic expansion, and (ii) the asymptotic linearity of local
log-likelihood ratios'?; see Sections C.2 and C.3, respectively. Such results have been
proved, for models involving independent and identically distributed observations, by,
e.g., Bickel, Klaassen, Ritov, and Wellner (1993), Van der Vaart (1988) and Van der
Vaart (2000). Here, we extend them to time series models. Unlike their i.i.d. counter-
parts, our results moreover are not restricted to locally asymptotically normal (LAN)
experiments, so that non-stationary time series, for instance, also can be handled.

The results in this appendix thus are of general interest, and are not specific to the
cointegration model we are focusing on in the main text. As a result, we do not rely on

assumptions or notation introduced elsewhere, and this appendix is self-contained.

C.1. Main notation and some preliminary results.

We first describe the abstract setup and introduce the main notation. For each T' € N|
let (Qr, Fr) be a measurable space on which two probability measures, Py and Pp,
are defined. Let Fpo C --- C Frr C Fr be a sequence of increasing o-fields. Still
for T € N, define the restrictions Py := Pr|z,, and Py := Pp|z.,. of Py and Pr,
respectively, to Fpp. Using obvious notation, similarly define, for ¢ = 0,...,7T, the
restrictions f’Tt = ]@T| Fr, and Py := Pp|x.,. The Lebesgue decomposition of f’Tt on

Py (with respect to Fry) takes the form
15Tt(A) = / L7idPr¢ + 15Tt(A N Nry) A€ Fry,
A

where Np; € Fpy is such that Prg(N¢) = 0 and Ly is the Radon-Nikodym derivative
of that part of 15Tt which is absolutely continuous with respect to Pry.

The likelihood ratio statistic LRy for Py with respect to Pt is, by definition, Lpr.
Put LRrg := L7g, and define the conditional likelihood ratio contribution of observation
t as

LRy :=Lyy/Lpy—q, t=1,....T,

with the convention 0/0 = 1. Then, the likelihood ratio statistic LRy factorizes into

T
LRT = H LRTt, PT—a.s.
t=0

12 Asymptotic linearity will be needed whenever unspecified model parameters are to be replaced, in
some statistic of interest, with some preliminary estimator.
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This factorization follows from the fact that, under Pp, {Ly::0 <t < T} is a super-
martingale with respect to the filtration {Fp; : 0 < ¢ < T'} (which is easy to check) by re-
peated application of the following Lemma with X = Ly, Y = Ly, 1, and F = Frs—1,
andt=1,...,T.

Lemma C.1. Let X be a nonnegative, integrable random variable and'Y a F-measurable
random variable satisfying Y > E [X|F]. Then, X1{y—_qy =0 a.s.

Proof. This readily follows from the fact that

0< EXl{y:O} =EE [X|]:] 1{y:0} < EYI{Y:O} = 0. O

We end this section with two lemmas that are needed in the sequel. The first one is
a consequence of Theorem 2.23 and Corollary 3.1 in Hall and Heyde (1980). We refer to
Lemma 2.2 in Drost, Klaassen, and Werker (1997) for additional details.

Lemma C.2. If the square-integrable process {Xr: : 1 <t < T} is adapted to the filtra-
tion (Fri)o<i< and satisfies Z,f:l E [X2, | Fri—1] = op(1), then,

T T
ZX%t = Op(].) and Z (XTt —E [XTt | ./_‘.T’tfl]) = Op(].).
t=1 t=1

The second lemma follows by an application of a result due to Dvoretzky (see the
proof of Theorem 2.23 in Hall and Heyde (1980)).

Lemma C.3. If the process { X1 :1 <t < T} is adapted to the filtration (Fr¢)g<ser
and satisfies, for all § > 0, o

T

> B [XFdxrsey | Fraa] = op(1),
t=1

then we have max;—1 1 |X7¢| = op(1).

C.2. Quadratic expansions of log likelihood ratios

The following proposition provides a very general sufficient condition for the existence of
a quadratic expansion of local log likelihood ratios.

Proposition C.4. Suppose that, for some k € N, there exist, for each T € N, Fpy-
measurable mappings St : Qp — R¥ and Rye : Qpr — R, t = 1,...,T, such that the
conditional likelihood ratio contribution LRr: can be written as

1 2
LRty = <1 + 5 (Wp STt + RTt)) ) (C.1)

where
18



(a) hr is a bounded (deterministic) sequence in R¥;

(b) for each T € N, {Sp::1 <t <T} is a Pr-square integrable martingale difference
array with respect to the filtration {Fry : 0 <t < T}, satisfying the conditional Lin-
deberg condition and with tight squared conditional moments, i.e., such that, un-

der P,
Epy [Sti | Fre-1]=0, t=1,...,T, (C.2)
T

> B [(0r870% 1y sy fos) | Froaa | = op(1) V8 >0, (C.3)
t=1

T
Jr =Y Epy [S1eSty | Fri] = Op(1); (C.4)
t=1

(c) the remainder terms Ry and the null-sets Nty from the Lebesgue decomposition of
Pr on Py are sufficiently small, i.e., under P,

T
ZEPT [R%t | —FT7t71] = Op(].) (C5)

t=1
and

T
Z (1 —Ep, [LRrt | Fri—1]) = op(1); (C.6)
=1

(d) under Pr, log LRro = op(1).
Then, under P, the log likelihood ratio admits the quadratic expansion

T
1
log LRy = hip » Sty — §hi_pJThT +op(1). (C.7)
t=1

Proof. Let r : 2z + r(2z) := 2 (log(1 4+ z) —  + 2?/2), and rewrite the log likelihood
ratio statistic as

T T
1
log LRy = ZlOgLRTt = Op(l) + Z h/TSTt — §h/TJThT
t=0

T T
1
—I—Z <h/TJThT— E (R Stt) >+ E (Rrt — Ep [Rrt | Froi—1])
=1

t=1

T
Ry — Z WSt Ry + <Z Epq [Rre | Fri—1] + hTJThT>
=1

1 t 1

u>|>—‘
\TM%

r (WSt + Rr) , (C.8)

[M]=

+

t=1

where we used Condition (d) to neglect the first term log LRro. To establish (C.7), we
show that the six remainder terms on the right-hand side of (C.8) all converge to zero in

probability under Pr.
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By Theorem 2.23 in Hall and Heyde (1980), Condition (a) and (C.2)-(C.4) we have

T
S (WpSte)® — Wy drhr = op(1), (C.9)
t=1

which shows that the first remainder term is indeed op(1).

Since (Lr¢)o<t<r is a Pr-supermartingale, we have Ep LRy < 1. Since Sty is
also Pp-square integrable, it follows from (C.1), that Ry, is Pr-square integrable. From
Lemma C.2 and (C.5), we now immediately obtain

T T
> (Rri — Epy [Rry | Fry-a]) = op(1) and Y Rf, = op(1), (C.10)
t=1 t=1
i.e. the second and third remainder term also are negligible.

Next we show that the remainder term (1/2) Y | .St R vanishes asymptoti-
cally. First note that Condition (a) and (C.4) and (C.9) imply Y1, (hSre)? = Op(1).
Combined with (C.10), an application of the Cauchy-Schwarz inequality thus yields the
convergence of the fourth remainder term.

To prove the negligibility of the fifth remainder term in (C.8), observe that (C.1),
(C.2), (C4), (C.5), and the Cauchy-Schwarz inequality again, entail

T T T
> (Epy [LRri | Froal —1) =Y Ep, [WpSre | Fraal+ > Bey [Bre | Fri-a

t=1 t=1 t=1

T
Z o (B | Frei]

_|_
] =
W

»-lklb—'

Be [(WpS70)" | Fre] +

t=1

o [(WpSTt) Ry | Fro—1]

+

N =
(7~
3!

o~
Il
-

Il
FQH

1
o [Rre | Fr—1] + Zh/TJThT +op(1).

t

1
Now, the second part of (C.5) implies

T
1
> Ep, [Bre | Frea] + Jhrdrhr = op(1). (C.11)

t=1

Thus, the fifth remainder term in (C.8) also is negligible.
Turning to the sixth and last remainder term, let us first show that

T

nax_ Wy Ste+ Rrdl = 0op(1) and > [WpSre+ Rl = op(1). (C.12)
""" t=1
As (C.3) and (C.5) yield, for 6 > 0,
T
ZEPT {(hITSTt + RTt)21{|h’TSTt+RTt|>5} | —FT7t71}
t=1
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T T
< 4ZEPT [(hérSTt)Ql{|h/TSTt|>5/2} |-7:T,t71} +4ZEPT [R7 | Fri—1] = op(1),

t=1 t=1

the first part of (C.12) follows as an application of Lemma C.3. The second part is
obtained from the latter by taking out the maximum (which tends to zero) and by
observing that the remaining quadratic term is bounded in probability. In view of the
first part of (C.12), indeed, it is sufficient to study the behavior of the final remainder
term on the event {|h/.S7¢ + Ry¢| < 1}. On this set, this remainder term is bounded:

using [log (1 + ) — 2 + 12| < 22® for |z| < 3, indeed, we obtain

Z r (h/TSTt + Rpy)

T
4
2 < 3 Z (WSt + RTt)3 .

t=1

Convergence to zero is now obtained from the second part of (C.12). This completes the
proof of the proposition. O

C.3. Asymptotic linearity: general result

This appendix provides a sufficient condition for asymptotic linearity which generalizes
Proposition A.10 in Van der Vaart (1988) to the case of serially dependent observations

and non-LAN limit experiments.

Proposition C.5. Let, for each T € N, {ZTt 1<t < T} and {Zrs : 1<t <T} be
a PT-square integrable martingale difference array, and a Pr-square integrable martingale
difference array, respectively. Suppose that the Conditions (a)-(d) of Proposition C.4
hold, as well as the following Conditions (e)-(h):

(e) (23:1 Stt, Jr) converges in distribution, under Py, to a limit (A, J) that satisfies,
for all a € R¥, Eexp (a'A — %a’Ja) =1;

T . 2
(f) ZEPT |:(ZT,5\/LRT,5 — ZTt) | ]:T,t—l] = Op(l) under PT;
t=1

T T
(g) ZEIST {Z%t | -FT,t—l} = Op(l) under PT, and ZEPT [ij“t | ]:T,t—l] = Op(l)
t=1

t=1
under Pr;

(h) the conditional Lindeberg condition holds for {ZTt :1 <t <T} under Pr, i.e., for

T
all§ >0, Ep, [Z%t1{|2ﬂ|>5} | fT,H} = op(1) under Pr.
t=1

T T
Then, letting Iy = Z It = ZEPT [(WpSTt)Z1t | Frii—1], we have, under Pr,
=1 =1
T T i
ZZTt = ZZTt — I +op(1). (C.13)
=1 =1
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Proof. The proof decomposes into four parts. In Part 1 we show that (C.13) holds if,
under P,

ZTt (1 —\V LRTt) + %INT = Op(].). (014)

[M]=

.
Il

1

In Part 2 we show that (C.14) holds in case, under Pr,
T ~ ~
> Zri(WpSri) — Ir = op(1). (C.15)
t=1

In Part 3 we introduce a new sequence of probability measures (Py.) and show that it is
contiguous to (Pr). Part 4 shows that (C.15) holds under the new sequence (Pj.), hence
also under (P7), which concludes the proof.

Note that Lemma C.4, Condition (e), and Le Cam’s first lemma imply that (Pr)
and (Pr) are contiguous. It follows that op’s and Op’s under (P7) and (Pr) coincide;
therefore, in the sequel, we safely can write op and Op without specifying whether (IST)
or (Pr) is the underlying sequence of probability measures.

Part 1. Recalling that Iy = Zthl Irt = Zle Ep, [(WpStTi)Z1e | Fre—1], we have

T T

N ~ 1.

} : {ZTt —Zri + ZTt} = E Zrt (1 — LRTt) + §IT
-1

t=1 t=

S

+ Z {ZTt V LRty — Z7¢ — Ep,, [ZTt vV LRry | -7"T,t—1} }
=1
T

+ Z {EPT [ZTt\/ LRt | ]:T7t—1} + %ZTt} ;
=1

hence, (C.14) implies (C.13) in case

i {ZreV IRt = Z1i = Bpy | Z00V/ TR | Fraoa| = or(1) (C.16)

t=1
and

T

Z {EPT {ZTt\/ﬁTt | ]:T,t—l} + %ZTt} =op(1). (C.17)

t=1

As (C.16) is implied by Condition (f) and Lemma C.2 (recall that Ep [Z1, | Fry—1] = 0),
we only need to show that (C.17) holds in order to complete Part 1. We have

T T
ZEPT [ZTt\/ﬁTt | ]:T,tq} = ZEPT [ZTt(l —VLRyy) | ]:T,tq}
=1 t=1
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T
+ ZEPT [(ZTt\/ LRt — Z1t)(1 — VLRy) | —FT7t71}
=1

+ iEPT [ZTtLRTt | ]:T,tq}

t=1

1-
:_§IT 2 (1)_'_7,(2)_'_7,(3)

with

rT = ZEPT (Zre Ry | Fre—1),
t=1

r? _ZEPT[ZT“/LRTt Zr0)(1 = VIRry) | Frya|, and
t=1

ry) = ZEP [ZTtLRTt | Fri— 1}

t=1

Starting with rgpl ),

T 2

|7“ | < <Z \/EPT (2, | fTifl]\/EPT (R, | ]:Tﬂfl])
Ti T

S ZEPT I:Z'J%t | fTi*l} ZEPT [R%t | ’FTﬂt*l] ’

=1 t=1

o+

so that (C.5) and Condition (g) imply rgpl) = op(1). In the same way (C.4), (C.5) and
Condition (f) yield rg) = op(1). As for 7‘?), since Ep,_ {ZTA}'T,t_l} = 0 we obtain,
using (C.5) and Condition (g) again,

2

MH

|7’T |

Es,. [ZTthTt |-7:T,t—1}

~~
Il

1

B

<> Ep

T

T
|28 F 201 3001~ Bey [LRry | Froa]) = op(1).
t t=1

Part 2. We have

Il
-

T

% > Zr Ry

t=1

11T T
= < ) Z 72"t Z R%t'
t=1

t=1

T T

- 1
E ZTt(l -\ LRTt + 5 E Tt STt)
t=1

t=1

Now, by (C.10), 23;1 RZ, = op(1) and, by Conditions (g) and (h) and an application
of Hall and Heyde (1980, Theorem 2.23), Zle Z2, = Op(1). Hence, (C.14) follows
from (C.15).
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Part 3. For all T € N, define a new sequence of probability measures (P%, )L ; on Fry,
absolutely continuous with respect to Py, with density

dp; !
Tt = H \V4 LRTS CTs

R

with, for s = 1,...,T, c;sl = Ep, [\/LRTS | ]-"T75_1}. Note that the probability that

all c;sl are strictly positive tends to one, since (C.5) implies

T
Tlg%o Pr (HS S {1, .. .,T} : CE; = 0) < Thj};oPT <Z(1 — EPT[LRTt|FT,t—1]) > 1) =0.

t=1

In the sequel, we thus safely can ignore the event {3s € {1,...,T} : c¢;} = 0}. Define
P/, := P/pp and note that Pf is the restriction of Pf. to Fry. Because of (C.2), we
have c}sl =1+ %EPT [Rr¢ | Frt—1] . This yields, using an expansion of log(1 + ), (C.5),
and (C.11),

T

_ 1
Zlog Crp = —ghITJThT +op(1).
t=1

Moreover, an application of Lemma C.3 and (C.5) yields maxi=1,... 7 |c;t1 — 1| =o0p(1),
and thus also
max _|ery — 1] = op(1). (C.18)

t=1,...,

Inserting (C.7) and recalling that log LRpo = op(1), we obtain, under Pr,

AP 1 d 1o 1, -
log 75 = 3 > log LRy — Y logcyy +op(1) = 5> hpSre — Shiplrhr + op(1).
t=1 t=1 t=1

Condition (e) and Le Cam’s first lemma entail that (P/) and (P1) are mutually contigu-
ous. This completes Part 3 of the proof.

Part 4. Let us show that, under the measures (P7),

T

> Ery | ZruhpSr0) | Fraoa] = Ir +op(1) (C.19)
t=1
and
T ~ T _
ZZTt(h/TSTt) = ZEP;F {ZTt(h&wSTt) | ]:T,t—l} + Op(l). (0.20)
t=1 t=1

Since op(1)’s under (P/.) are op(1)’s under the contiguous (Pt) too, a combination of
these two results yields (C.15) and concludes the proof.
Starting with (C.19), we have

T T
ZEP/T {ZTt(hITSTt) | —FT7t71} = ZCTtEPT [ZTt\/mTt(h/TSTt) | ]:T,tq}

t=1 t=1
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Il
’\n

T
Z (cri = 1)Epy [Zri(hpSTe) | Fri-1]

+ Z crtEpy [(ZTt\/ﬁTt — Zrt)(hpStt) | —FT7t71} :
t=1
Condition (f) and (C.18) imply (C.19) since 23:1 Ep, [(WpS1e)? | Fru-1] = Op(1)
(see (C.4)) and Y, Epy [Z2, | Fri—1] = Op(1) (see Condition (g)).

Turning to (C.20), first note that 27 (A4.S7¢)? = Op(1) and Y_, Z2, = Op(1)
by an application of Hall and Heyde (1980, Theorem 2.23) and (C.3), (C.4), Con-
dition (g) and Condition (h), respectively. Hence 23:1 |Zri||Wyp S| = Op(1) and
Z,f:l Ep/T[|ZTt||h'TSTt| | Fri—1] = Op(1). Let €, > 0. In view of the previous re-
marks, we can find B and T} such that, for T' > T, P’T(AgT)) < §/6 for

T
AT {Z |(WeS10) Ze1 — By, [(WrSr0) Zre | Fraca]| > B} .

Set n = min{1, v6¢(108(B + 2))~/2} and introduce the event

Ay = {|ZTt| < 77} N {|h§r5Tt| < 77}-

Decompose

T T
Z Zri(RpSti) — Z Ep,, {ZTt(hITSTt) | -7"T,t—1} = pg}) (2) +p(3)
t=1 t=1

with

T
=" Zro(WySi)1ac
t=1

T
p’.(I“Q) = ZEP;F {ZTt(h/TSTt)]-Af%Tt | —FT7t71:| y and

t=1
T T i

P = > Zre(WpSri)la, ., — > Epy, [ZTt(hérSTt)lAn,Tt | ]:T7t71} :
t=1 t=1

Let us show that there exists T* such that, for all T > T*, P} (|pT)| > 6/3) < §/3,

which, as € > 0 and § > 0 can be taken arbitrarily small, yields (C.20). Applying Hall
and Heyde (1980, Theorem 2.23) and (C.4), (C.3), Condition (g) and Condition (h), we
obtain

ZZTt1{|ZTt| >n}+ Z hypSTe)*1{|PpSte| > 0} = 0p(1),

t=1
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This yields, using (C.4) and Condition (g) again,

T T
2 J Z(hITSTt)QJ > 23 {1 Zre] > n}
t=1

t=1

T
| < J > (B Sr)21{ |1y S| > n}\l

-

T T
Ipi| < J > B, |23, 21l > 0} | Fra-a J > By [(WpS70)? | Fro-i]

t=1 t=1

T T
[ D2 BB, [ 23 | Fraca]y| D By (W S1e)21 {05 Stil > m} | Fraoa] = op(1).
t=1

t=1

Hence, there exists T such that, for all T > T, P/, (|p(TJ)| > 6/3) < 4§/3 for j =1,2.
Next, define the martingales

t
{ATt = Z {ZTt(hérSTt)lAn,Tt —Ep, [ZTt(hITSTt)l.AmTt | ]:T,s—l]} 1<t < T},

s=1
the stopping times S() := inf {t eN| 22:1 |[AApg| > B}, and the processes

{MTt = AT7t/\8(T) 01 S t S T},

namely, the stopped versions of the martingales {Ar; : 1 <t < T}—which thus also are
martingales. Note that |[AAr;| < 2n%. We obtain

T 51
Ep, M7p =Y  Epy (M — Mr1)* < Epy, { > (AATt)Q}

t=1 t=1
ST

< 20’Epy, [ > IAATtI] < 20°(B +2n°).

t=1

So, for T' > Ty, we have

P (1] > ¢/3) = Py (|Arr| > €/3) < Py (Mar # Arr) + Py (M| > ¢/3)
< Pp(S™ < T) + P (Mrr| > ¢/3)

0
< P(A") 4+ Phr (M| > ¢/3) < & +

Letting T* := max{Ty,T>} completes the proof. O
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D. Additional Monte Carlo results

Table 2: Simulated sizes (25,000 replications) of the maxzeig test, trace test, pseudo-Gaussian test,
and the rank-tests (4.3), g € {¢,t3,t10}, under (5.1) for p = 2, 1o € {0,1}, ¢ = —0.3, f €
{N(0,22),t3(22), t10(X2)}, X2 € {I2,T2,c}

I Sample size and innovation distribution

T =100 T = 250 T = 500
Test N(0,I2) t3(I2) ti0(I2) N(0, I>) ts(I2) t10(I2) N(0, I>) t3(I2) tio(I2)
:sazegg 0.053 0.055 0.052 0.051 0.052 0.048 0.051 0.052 0.049
trace 0.055 0.057 0.054 0.053 0.056 0.049 0.052 0.052 0.050
Q" 0.047 0.044 0.044 0.051 0.047 0.048 0.049 0.048 0.048
QIT) 0.045 0.045 0.043 0.051 0.047 0.046 0.048 0.049 0.048
QE;T) 0.050 0.048 0.048 0.051 0.048 0.047 0.048 0.048 0.047
Qi) 0.049 0.048 0.046 0.052 0.048 0.047 0.048 0.050 0.049
xazeig 0.050 0.057 0.051 0.051 0.054 0.049 0.051 0.052 0.049
trace 0.050 0.057 0.051 0.051 0.054 0.049 0.051 0.052 0.049
QM 0.041 0.037 0.039 0.047 0.048 0.046 0.048 0.049 0.048
QiT) 0.039 0.038 0.036 0.047 0.047 0.045 0.047 0.048 0.047
Qi) 0.042 0.045 0.043 0.048 0.048 0.045 0.049 0.050 0.047
Q) 0.041 0.042 0.040 0.047 0.048 0.044 0.049 0.050 0.048
T =100 T = 250 T = 500
Test N(0,%.)  t3(Z2.c) t10(Z2,c) | N0, Z2.)  t3(22.)  t10(Z2e) | N(0,22.0)  t3(Z2,c)  tio(Z2,c)
:gaze?g 0.052 0.055 0.052 0.050 0.051 0.049 0.050 0.053 0.050
trace 0.055 0.056 0.055 0.052 0.052 0.049 0.051 0.053 0.049
Q" 0.047 0.040 0.044 0.051 0.047 0.048 0.049 0.048 0.048
QIT) 0.045 0.045 0.043 0.051 0.047 0.046 0.048 0.049 0.048
QE;T) 0.050 0.048 0.048 0.051 0.048 0.047 0.048 0.048 0.047
Qi) 0.049 0.048 0.046 0.052 0.048 0.047 0.048 0.050 0.049
:r(z)azeig 0.069 0.076 0.067 0.061 0.060 0.059 0.054 0.055 0.051
trace 0.069 0.076 0.067 0.061 0.060 0.059 0.054 0.055 0.051
Q" 0.047 0.044 0.044 0.052 0.048 0.050 0.048 0.048 0.048
QiT) 0.042 0.045 0.041 0.050 0.049 0.048 0.048 0.048 0.047
Qi) 0.048 0.053 0.048 0.049 0.052 0.048 0.049 0.051 0.050
Qi) 0.047 0.049 0.045 0.051 0.052 0.048 0.049 0.049 0.048
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Table 3: Simulated sizes (25,000 replications) of the mazeig test, trace test, pseudo-Gaussian test,
and the rank-tests (4.3), g € {¢,t3,t10}, under (5.1) for p = 3, ro € {0,1,2}, ¢ = —0.3, f €
{N(0,%3),t3(X3), t10(23)}, X € {I3,33,c}-

Sample size and innovation distribution

T =100 T = 250 T = 500
Test N (0, Is) t3(I3) t10(13) N (0, I3) t3(I3) t10(I3) N (0, I3) t3(I3) tio0(I3)
To =
moawe?g 0.054 0.064 0.056 0.054 0.056 0.053 0.050 0.055 0.052
trace 0.057 0.064 0.058 0.054 0.056 0.053 0.050 0.054 0.051
Q(T) 0.046 0.041 0.044 0.048 0.043 0.051 0.048 0.048 0.050
Q({)T) 0.044 0.042 0.043 0.048 0.045 0.050 0.047 0.048 0.050
ng) 0.047 0.045 0.046 0.049 0.046 0.051 0.050 0.047 0.050
Qi’fo) 0.047 0.045 0.045 0.049 0.046 0.052 0.048 0.048 0.050
ro =1
Tgazeig 0.042 0.042 0.039 0.052 0.050 0.052 0.052 0.050 0.051
trace 0.042 0.045 0.041 0.051 0.052 0.051 0.050 0.052 0.052
Q(T) 0.034 0.030 0.034 0.045 0.041 0.047 0.048 0.046 0.048
QIT) 0.032 0.033 0.032 0.044 0.042 0.047 0.047 0.046 0.047
Q?Z) 0.036 0.041 0.040 0.047 0.046 0.048 0.048 0.050 0.048
ngo) 0.034 0.037 0.036 0.046 0.045 0.048 0.048 0.047 0.049
o = 2
TTOlazeig 0.045 0.050 0.047 0.049 0.048 0.049 0.049 0.050 0.049
trace 0.045 0.050 0.047 0.049 0.048 0.049 0.049 0.050 0.049
Q(T) 0.034 0.031 0.035 0.045 0.043 0.045 0.047 0.048 0.048
QIT) 0.031 0.032 0.033 0.044 0.044 0.043 0.046 0.049 0.046
Q?Z) 0.037 0.040 0.040 0.046 0.046 0.045 0.049 0.051 0.047
QM 0.033 0.036 0.035 0.045 0.046 0.044 0.047 0.050 0.047

T =100 T = 250 T = 500
Test N(@O0,Z3.c)  t3(Z3.c)  t10(Z3,.e) | N(0,53..)  t3(Zs,e)  t10(Zs,e) | N(0,Z3.c)  t3(Z3.c)  t10(Ts,c)
To =
gaze?g 0.054 0.065 0.056 0.055 0.056 0.053 0.050 0.056 0.052
trace 0.056 0.065 0.058 0.053 0.057 0.052 0.051 0.054 0.050
Q(T) 0.046 0.041 0.044 0.048 0.043 0.051 0.048 0.048 0.050
QIT) 0.044 0.042 0.043 0.048 0.045 0.050 0.047 0.048 0.050
Q?Z) 0.047 0.045 0.046 0.049 0.046 0.051 0.050 0.047 0.050
Qg’fo) 0.047 0.045 0.045 0.049 0.046 0.052 0.048 0.048 0.050
7o =1
Tr(z)azeig 0.066 0.067 0.067 0.058 0.057 0.058 0.054 0.052 0.054
trace 0.073 0.072 0.073 0.061 0.060 0.062 0.055 0.055 0.054
Q(T) 0.040 0.038 0.038 0.047 0.041 0.046 0.048 0.046 0.047
QIT) 0.039 0.044 0.037 0.045 0.044 0.045 0.047 0.047 0.047
Q?Z) 0.045 0.050 0.045 0.048 0.048 0.048 0.048 0.048 0.049
QM 0.042 0.048 0.041 0.047 0.047 0.047 0.048 0.049 0.049
o = 2
Tr(z)azeig 0.069 0.073 0.069 0.057 0.058 0.058 0.054 0.056 0.053
trace 0.069 0.073 0.069 0.057 0.058 0.058 0.054 0.056 0.053
Qg,T) 0.040 0.039 0.039 0.047 0.047 0.048 0.050 0.049 0.048
Q;T) 0.037 0.042 0.037 0.046 0.047 0.047 0.048 0.050 0.047
Qiz) 0.044 0.052 0.045 0.048 0.052 0.049 0.050 0.052 0.050
Qi?o) 0.041 0.047 0.040 0.047 0.050 0.049 0.049 0.052 0.049
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Table 4: Simulated sizes (25,000 replications) of the maxzeig test, trace test, pseudo-Gaussian test,
and the rank-tests (4.3), g € {&,t3,t10}, under (5.1) for p = 5, ro € {0,...,4}, ¢ = —0.3, and f €
{N(0,I5), t3(I5), t10(15) }-

Sample size and innovation distribution

Test T = 100 T = 250 T = 500

N0, I5)  t3(Is)  tio(I5) | N(O,Is)  ts(Is) tio(d5) | N(O,Is)  t3(Is)  tio(ds)
T = 0
maxeig 0.063 0.083 0.065 0.053 0.065 0.055 0.049 0.061 0.054
trace 0.070 0.082 0.072 0.058 0.063 0.058 0.054 0.059 0.055
QSrT) 0.044 0.038 0.043 0.047 0.047 0.047 0.048 0.047 0.048
~¢(1>T) 0.044 0.043 0.043 0.047 0.049 0.046 0.047 0.048 0.048
QY 0.045 0.042  0.046 0.050  0.047  0.047 0.048  0.048  0.049
Qii}) 0.047 0.045 0.045 0.049 0.048 0.047 0.047 0.047 0.049
T = 1
mazxeig 0.017 0.029 0.016 0.048 0.058 0.049 0.052 0.058 0.052
trace 0.029 0.037 0.029 0.050 0.057 0.051 0.050 0.057 0.054
Q%T) 0.025 0.023 0.023 0.043 0.042 0.041 0.046 0.045 0.047
Q%}“ 0.024 0.029  0.022 0.042 0.044  0.042 0.045 0.047  0.046
th) 0.030 0.037 0.030 0.043 0.047 0.044 0.047 0.048 0.047
QETO) 0.026 0.033 0.025 0.043 0.045 0.044 0.046 0.048 0.047
T = 2
mazxeig 0.010 0.017 0.011 0.047 0.054 0.046 0.050 0.056 0.051
trace 0.017 0.026 0.019 0.049 0.055 0.048 0.051 0.055 0.051
Q(}T) 0.018 0.018 0.017 0.039 0.039 0.040 0.043 0.043 0.046
Q((DT) 0.016 0.021 0.018 0.039 0.042 0.040 0.043 0.048 0.045
Qtz) 0.025 0.033 0.027 0.042 0.047 0.043 0.044 0.050 0.047
QETO) 0.019 0.027 0.020 0.039 0.045 0.042 0.044 0.047 0.045
T = 3
mazxeig 0.020 0.024 0.019 0.048 0.054 0.047 0.050 0.053 0.049
trace 0.021 0.027 0.021 0.049 0.054 0.048 0.049 0.054 0.049
Q(}T) 0.017 0.018 0.018 0.039 0.038 0.038 0.042 0.045 0.046
Q?T) 0.016 0.022 0.017 0.038 0.041 0.039 0.042 0.046 0.045
Qtz) 0.025 0.036 0.027 0.041 0.048 0.042 0.046 0.049 0.045
QET()) 0.019 0.026 0.020 0.039 0.043 0.039 0.044 0.047 0.045
T = 4
mazxeig 0.040 0.047 0.038 0.044 0.048 0.045 0.046 0.049 0.050
trace 0.040 0.047 0.038 0.044 0.048 0.045 0.046 0.049 0.050
QErT) 0.026 0.025 0.024 0.040 0.040 0.040 0.044 0.046 0.047
Q%T) 0.024 0.026 0.023 0.039 0.042 0.039 0.043 0.047 0.047
th) 0.031 0.039 0.032 0.041 0.046 0.044 0.045 0.048 0.048
QETO) 0.026 0.031 0.026 0.038 0.044 0.042 0.045 0.048 0.047
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Figure 8: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=0versus H : r =1 under (5.2), for h € {0,2.5,5,...,50}, p = 2, T € {100, 250,500}, and
€ {N(0, I2),t3(I2), t10(I2)} -

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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Figure 9: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=1versus H : r =2 under (5.2), for h € {0,2.5,5,...,50}, p = 2, T € {100, 250,500}, and
fe{N(0, I2),t3(I2), ti0(I2)} -

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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Figure 10:
test,
H: r=20versus H :

FEAN(0,22,),t3(X2,c), t10(X2,¢) } -

T=100,Gaussian innovations

T=250,Gaussian innovations

Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
the pseudo-Gaussian test and the rank-based tests (4.3),

g € {o,t3,t10}, for testing

r =1 under (5.2), for h € {0,2.5,5,...,50}, p = 2, T € {100,250,500}, and

T=500,Gaussian innovations

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0= 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
T=100, ty innovations T=250, ty innovations T=500, ty innovations
1 1
0.8 0.8
0.6 0.6
0.4 0.4 B T
02 02 == ——
0 ——— 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
T=100, to innovations T=250, tho innovations T=500, th innovations
1 1 1
0.8 0.8 0.8
0.6 0.6 e 0.6
0.4 0.4 g = 0.4
0.2 0.2 0.2
0=— 0 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
‘+maxeig ——trace —— pseudo-Gaussian - - -rank Gaussian rankt, .—.-.rankt

Figure 11:
test,
H: r =1 versus H’

FE{N(0,22,),t3(X2,c), t10(X2,¢) } -

T=100,Gaussian innovations

T=250,Gaussian innovations

Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
the pseudo-Gaussian test and the rank-based tests (4.3),

g € {o,t3,t10}, for testing

: r =2 under (5.2), for h € {0,2.5,5,...,50}, p = 2, T € {100, 250,500}, and

T=500,Gaussian innovations
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Figure 12:
test,
H:r=0versus H' :
F € {N(0,13),t3(I3), t10(I3)} -

T=100,Gaussian innovations
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Figure 13:
test,
H:r=1versus H :

fe{N(0,13),t3(I3), t10(I3)} -

T=100,Gaussian innovations
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Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
the pseudo-Gaussian test and the rank-based tests (4.3),

g € {o,t3,t10}, for testing

r =2 under (5.2), for h € {0,2.5,5,...,50}, p = 3, T € {100,250,500}, and
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Figure 14:
test,
H: r=2versus H :
fe {N(O,I;;),tg([g),tlo(fg)} .

T=100,Gaussian innovations

T=250,Gaussian innovations

Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
the pseudo-Gaussian test and the rank-based tests (4.3),

g € {o,t3,t10}, for testing

r =3 under (5.2), for h € {0,2.5,5,...,50}, p = 3, T € {100,250,500}, and

T=500,Gaussian innovations
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Figure 15:
test,
H: r =0 versus H’

FEAN(0,%3,c),t3(23,c), t10(X3,¢) } -

T=100,Gaussian innovations
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Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
the pseudo-Gaussian test and the rank-based tests (4.3),

g € {o,t3,t10}, for testing

: r=1 under (5.2), for h € {0,2.5,5,...,50}, p = 3, T € {100,250,500}, and

T=500,Gaussian innovations
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Figure 16: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=1versus H : r =2 under (5.2), for h € {0,2.5,5,...,50}, p = 3, T € {100, 250,500}, and
fe {N(O,Egyc),tg(zgyc),tlo(zg’c)} .
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Figure 17: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=2versus H : r =3 under (5.2), for h € {0,2.5,5,...,50}, p = 3, T € {100, 250,500}, and
FEAN(0,%3,c),t3(23,c), t10(X3,¢) } -

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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Figure 18: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=0versus H : r =1 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
€ {N(0,15),t3(I5), t10(I5)} -

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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Figure 19: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=1versus H : r =2 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
fe{N(0,Is),t3(Is), tio(I5)} -

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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Figure 20: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=2versus H : r =3 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100,250,500}, and
€ {N(0,15),t3(I5), t10(I5)} -

T=100,Gaussian innovations T=250,Gaussian innovations T=500,Gaussian innovations
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Figure 21: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3), g € {¢,t3,t10}, for testing
H:r=3versus H : r =4 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and
fe{N(0,Is),t3(Is), tio(I5)} -
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Figure 22: Simulated (2,500 replications) finite-sample powers of the mazeig test, the trace
test, the pseudo-Gaussian test and the rank-based tests (4.3),
H:r=4versus H : r =5 under (5.2), for h € {0,2.5,5,...,50}, p = 5, T € {100, 250,500}, and

fe {N(O,I5),t3([5),t10(15)} .
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