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Synopsis 
A study of the origin of the disagreement between the expression of the spin-spin 

relaxation time give by Caspers and that of Anderson and Hartmann, and Tjon 
is presented. Tjon's intégral équation is discussed. 

I . Introduction. The p rob lem of spin-spin re laxat ion in pa ramagne t i c 
solids has been s tudied recent ly b y several authors^^^). M a n y of t h e m h a v e 
been in teres ted in the es tab l i shment of a Paul i équa t ion in the Umit of a 
high ex te rna l magne t i c field a n d of a high t empéra tu r e : 

Ho > HL and hwolkT < 1 

(where Hi, is t h e local field a n d a)o/27t the La rmor f r equency in the field Ho). 
C a s p e r s 1) has foUowed an a l t e rna t ive method , eva lua t ing direct ly t h e 
re laxat ion func t ion . His resui t disagrees wi th t h a t of A n d e r s o n a n d 
H a r t m a n n 3 ) based on t h e idea of Zeeman and dipole-dipole t empéra tu re s . 
However , it is clear t h a t Caspers 's direct évaluat ion of t h e autocorré la t ion 
func t ion of the z componen t of t h e magnet ic m o m e n t : Tv{MzMz{t)} a n d a 
calculat ion s t a r t i ng f r o m t h e mas t e r équat ion mus t give the same f ina l 
resuit . T j o n ' ' ) h a s used t h e m a s t e r équa t ion to eva lua te t h e corrélat ion 
func t ion a n d he obta ins a resui t in accordance wi th t h a t of H a r t m a n n a n d 
Anderson. T h e a im of th is no t e is t o clarify the d isagreement exis t ing 
be tween thèse au thors , b u t f i rs t we shall recaU briefly the i r theory . 

I I . Caspers's theory. W h e n a sample is submi t t ed to a cons tan t ex te rna l 
field Ho + h d i rected along the z axis of t h e référence f r a m e and t h e smal l 
field h is sudden ly swi tched off a t ^ = 0, t he l inear response of t h e sys t em 
is given b y 

- i ^ i ' " = « A (2.1) 

where Mz{t) is t h e average magne t i c m o m e n t u m a t t ime t and M^J*^ t h e 
equi l ibr ium magne t i za t ion in t h e présence of the ex te rna l field Ho alone. 

•) Aspirant au Fonds National de la Recherche Scientifique. 

\ B O R C K M A N S *J 

— 1289 — 



1290 J. PHILIPPOT AND P. BORCKMANS 

The System being in equ ihb r ium in a field HQ + h ior t < 0 is descr ibed b y 
a canonical dens i ty m a t r i x 

PiKO) = e x p { - / î [ ( i / o + M , + S FW]}/Tr {...}. (2.2) 
s 

T h e H a m i l t o n i a n of t he System is: 

^ — Zeeman ~r interaction 

= .^z+ S VM. (2.3) 
s = 0 , ± l , ± 2 

T h e var ions t e r m s of t h e in te rac t ion h a v e been classified according to the i r 
c o m m u t a t i o n rules w i th t he Zeeman Hami l ton i an z = —HQMZ = <t)QSz{Sz 
is t he z c o m p o n e n t of t h e t o t a l angular m o m e n t u m ) . T h e following com
m u t a t i o n rules are t h e n va l id : 

[Sz, F(«)] = s^F<«). (2.4) 

Re t a in ing only t h e f i rs t t e rms of t he expans ion in hcolkT (high t e m p é r a t u r e 
assumpt ion) , we f ind for <̂ 2z(<) : 

<f>zz{t) = fi TT{MMt)} (Tr l ) - i (2.5) 

where Mz{t) is t h e Heisenberg représen ta t ion of Mz'. 

Mz{t) = exp itjejh Mz exp -UJ^jh. (2.6) 

To eva lua te 02z(i), Caspers uses a représenta t ion in which t h e t o t a l Hami l to 
n ian is diagonal . 
A t th is po in t we would like to stress on a few r e m a r k s : 

I t is clear t h a t a r a t e équa t ion is val id only in a well chosen représen ta t ion 
a n d for a H a m i l t o n i a n sa t i s fy ing cer ta in proper t ies 9). One usual ly uses a 
r ep résen ta t ion diagonal izing t h e u n p e r t u r b e d p a r t of t h e H a m i l t o n i a n o 
(here J^z + F*")) which ha s a cont inuous spec t rum in t h e l imit of a large 
System (N-^oo). T h e p e r t u r b a t i o n should of course no t c o m m u t e wi th o a n d 
should h a v e matrix é léments varying slowly wi th some con t inuous q u a n t u m 
n u m b e r in order to m a k e a s y m p t o t i c t ime in tégra t ions possible. Caspers 's 
choice of a r ep résen ta t ion no t only renders a n y compar i son w i th o the r 
théor ies d i f f icul t b u t also p résen t s g rea t risks as to t h e c o n t i n u i t y proper t ies 
of t he m a t r i x é léments involved in his theory . 

T h e n e x t s t ep in Caspers ' s calculat ion is t o split t he t r ace in t he s u m of 
t h e t i m e i ndependen t d iagonal é léments a n d t h e s u m of t h e nondiagona l 
é léments 

Tr{MzMz{t)} = 'L\<n\Mz\ny\^ + S <n \Mz\ my<m \Mz{t)\ n}. (2.7) 

n n^m 

Or also, a f t e r d iv id ing b y iV T r 1 = Np, 

N-HMzMz{t)y = S \<n \Mz\ «>|2 {pN)-^ + Q{t) (2.8) 
n 

where t h e double b r a c k e t represen ts t h e normal ized t race . 
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The m a t r i x é léments <m |Mz(<)| n} are then wr i t t en , using the i t é ra t ion 
solution of the mot ion équa t ion : 

Mz(t) = + i (ih)-i/dhfdh .../'dti[Mz; Vih), V{t2). V{ti)] (2.9) 
1=1 0 0 0 

where V = Sg^o ^ ( 0 the in terac t ion représentat ion of V. T h e 
no ta t ion [ ; , . . . , . . . ] s t ands for t h e c o m m u t a t o r s of the commuta tors . T h e 
t e rms of the séries (2.9) are expanded in o r thogona l operators and Caspers 
re ta ins only the p a r t of Mz{t) which is p ropor t iona l t o Mz] he therefore wri tes 

{ih)-i[Mz; V{h). V{h), V m = 

= -giih - h, h - h , . . . , ti-i - h) Mz + Ti (2.10) 

a n d drops the Ti t e rms . He then obta ins a f t e r some calculations an in tégral 
équa t ion which in the limit of i n s t an taneous colhsions reduces to the follow-
ing dif ferent ia l équa t ion for Q{t) : 

/ d r « [ M . ; F ( . ) , F ] M . » 

d^ {ih)+^ iMlyy 

a n d t h u s t h e re laxa t ion t ime is 

/ d T « [ M , ; F( r ) , V]Mz}} 
0 

(2. 

(2.12) 

I I I . Comments on Caspers's theory. The d ropp ing of the Ti t e rms of (2.9) 
is jus t i f ied in t h e calculation of Tv{MzMz{t)] since 'ïr{MzTi\ = 0 a n d 
as no ted b y T j o n in t h e calculat ion of Tr{MzMz{t)] one might as well 
keep t h e Ti t e r m s since their cont r ibut ion , in t h i s case, is vanishing. One 
t h e n f inds t h a t t h e magnet iza t ion decreases exponent ia l ly to zéro. This 
indicates t h a t Caspers 's dér ivat ion is not correc t*) . 

I n fac t , work ing in a représenta t ion where Mz and F*") are diagonal , 
using s t a n d a r d m e t h o d s and re ta in ing only second order terms, one f inds 
immed ia t e ly for t h e diagonal é léments of dMzjdt t he analogue of a Pau l i 
équa t ion 

^ <k \Mz{t)\ky = -ik \Mz{t)\k> s \<k\V\ ly\2^ôiE, - El) + 

+ S <̂  \Mz{f)\ ly \<k\V\ ly\i^ô(Ejc - El) (3.1) 
i fi 

*) Caspers's équation apparently results from a confusion between Mz and Mz(t) in an inter-
mediate step of the calculation. 
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where |^> are t h e e igens ta tes a n d Ek t h e eigenvalues of t h e u n p e r t u r b e d 
H a m i l t o n i a n -HQMZ + F C ) . 

F r o m (3.1) we deduce 

oo 

Tr{M,M,(<)} = T r |{(î̂ )-2 J dT[M,(i) ; V[r), F(0)] M^} . (3.2) 
0 

One f inds of course t h e same resui t b y re ta in ing t h e Mz c o m p o n e n t of t h e 
expans ion of àMzjàt in o r thogona l ope ra to r s : 

T r { ( « ) - 2 Tr[ 7d r [* f , (< ) ; F(T) , F(0)] M J M',) 

^ T r ( M ^ . ( ' » = ^ f ï q j J J • (3.3) 

Th i s las t f o r m is easily c o m p a r e d w i th Caspers 's resuit (2.11). F o r long t imes , 
t h e m a t r i x é léments ik \Mz(t) \ ky t e n d to t h e cons t an t ( M z ) ^ over t h e 
cor responding microcanonica l su r face a n d ^MzMz{t)'^ t e n d s t o w a r d s 
C <M'z>|;> in ag reemen t w i th T j o n ' s theory . 

W e the re fo re believe t h a t Caspers ' s équa t ion (2.11) is no t correct . I t is 
équ iva l en t t o a closed é q u a t i o n fo r t h e inverse of t h e Z e e m a n t e m p é r a t u r e 
Tz 

However , since H a r t m a n n a n d Ande r son h a v e shown t h a t t h e sy s t em we 
are i n t e res t ed in p ré sen t s t w o quas i inva r i an t s , t he Z e e m a n a n d t h e dipole-
dipole énergies, i t ha s become clear t h a t t h e t ime évolu t ion is gove rned b y 
H a r t m a n n a n d Ande r son ' s coupled équa t ions 

dtXTzJ T12 \ T z TDJ 
(3.5) 

d • • 

àt \ Tj) / T 2 1 \ TD 

Tz, TD be ing respect ive ly t h e Z e e m a n a n d t h e dipole-dipole t e m p é r a t u r e s . 
T h e t r u e re laxa t ion t i m e is t h e n 

T 1 2 ( 3 . 6 ) 

where 
Trr(F(''))21 

a n d T12 is equal to Caspers ' s r e l axa t i on t ime (2.12). 
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IV. Intégral équations for the magnetization. T h e gênera i f o rma l i sm 
developed b y P r i g o g i n e i o ) a n d R é s i b o i s ^ i ) al lows t o wr i te d o w n im-
med ia t e ly an i n t ég ra l é q u a t i o n for t h e d iagonal é l émen t s of Mz{t) : 

t T T m - 3 

0 0 0 

X <k l[F(r), [F(TI), . . . ,F(T„_2), [F(0), M;^„_J...] |A>d.i.| (4.1) 

whe re 
Ml[t) = S \ky ik \MM ky <.k\. 

k 

T h e subscr ip t d.i . i nd i ca t e s t h a t one h a s t o t a k e t h e d y n a m i c a l i r reduc ib le 
p a r t of t h e c o m m u t a t o r . Th i s cond i t ion ensures t h a t Mz is n e v e r r e p r e s e n t e d 
b y a d iagona l m a t r i x in t h e i n t e r m e d i a t e s ta tes . (cf. a p p e n d i x a n d ré fé rence 

11)-
I n con t r a s t w i t h T j o n ' s i n t ég ra l équa t ion , t h e ke rne l of (4.1) is of in f in i t é 

order . Th i s p r o p e r t y is n o t a f f e c t e d b y t h e use of V a n H o v e ' s d i agona l 
s ingu la r i ty cond i t ion (see a p p e n d i x ) . T j o n ' s in tégra l é q u a t i o n is on ly cor rec t 
t o t h e second o rde r . H o w e v e r , i t m i g h t be necessary t o go t o a h ighe r o rde r 
t h a n t h e second t o descr ibe comple t e ly t h e phys ica l processes respons ib le 
for t h e a p p r o a c h t o equ i l i b r ium. I t h a s been shown b y one of us 8) t h a t t h e 
processes descr ib ing t h e évo lu t i on of t h e dipole-dipole s u b s y s t e m t o i n t e r n a i 
equ i l ib r ium a re of t h e f o u r t h o rde r if one uses t h e r e p r é s e n t a t i o n whe re 
— HQMZ a n d FC) a re d iagona l . 

Caspers h a s also w r i t t e n a n in t ég ra l é q u a t i o n fo r Q{t). T h e ke rne l of his 
é q u a t i o n is of i n f in i t é o rde r a n d con ta ins a cond i t ion of i r reduc ib i l i ty 
ana logous t o t h a t of R é s i b o i s i i ) . W e shall, however , n o t discuss i t in 
dé ta i l since we h a v e a l r e a d y seen t h a t i t does n o t r e d u c e t o t h e cor rec t 
d i f fe ren t ia l é q u a t i o n . 

A c k n o w l e d g e m e n t s . T h e a u t h o r s wish t o t h a n k D r . R é s i b o i s for 
m a n y f ru i t fuU discussions . 

APPENDIX 

W e t r e a t in t h i s a p p e n d i x t h e p r o b l e m of t h e i n t r o d u c t i o n of V a n H o v e ' s 
^ -s ingular i ty i n T j o n ' s t h e o r y . 

As i t was s h o w n b y o n e of usi2)_ we can in f a c t cons ider t w o d i f f é r en t 
t y p e s of ^ -s ingular i ty . I n t h e f i r s t one, t he r e is no r a n d o m é lémen t phys ica l ly 
p résen t in t h e p r o b l e m a n d we c a n n o t say, a priori , of w h i c h order t h e d iago
na l t e r m is, c o m p a r e d t o t h e s u m of t h e non-d iagona l t e r m s ( in te r férence 
te rms) (e.g. ^2 VkiVikl'Zi S s V/ciVu = unknown) , a l t h o u g h t h e d iagona l 
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t e r m is grea ter t h a n a n y nondiagonal t e rm by a f ac to r N. W e mus t thus 
be care fu l when we use Van Hove ' s (5-singularity condi t ion in the form 

= Fi{k) ô{k - s) + F2{k, s) 

because we do no t know, a t first, wether F2{k, s) m a y be neglected or not, 
compared to Fi{k). I n t h e other case, physically, t he re appears a " s t r o n g " 
(5-singularity in t h e problem. In the case of the sca t te r ing of an électron b y 
r andomly d i s t r ibu ted centers, a real ô{k — k') appea r s in the space of the 
electron 's wave vector , which expresses the r andomness of the phases of the 
m a t r i x é léments of t h e pe r tu rba t ion and of the d i s t r ibu t ion of the scat ter ing 
centers. V e r b o v e n i ^ ) also uses the same a rgumen t in his theory of electrical 
conduct iv i ty , as he considers a disordered alloy wi th t h e components 
r andomly d is t r ibu ted . 

B u t even if we should have, in the problem t r e a t e d b y T j on , th is " s t r o n g " 
t y p e of (5-singularity, as we call i t , it would not give us t h e resuit obta ined 
b y T j o n , whose t h e o r y is only valid u p to the second order . 

Ef fec t ive ly let us consider the four th order t e r m of T jon ' s équat ions 
(4.3), (4.4) ((see 7(a))) 

t t t t ^ 

T\^\Es) = {ih)-^ S àh / d h Jàh Jàh X 
0 0 0 0 

X^<Esa\[S^•.V{h),V{h),V{h),V{h)]\Esoc>. (A.l) 
a 

We recall t h a t t h e représenta t ion used is def ined b y 

where 

.3^0 \Es<x} = E \EsoO 

Sz \EsaL) = S |£sa> (A.2) 

If we now develop t h e c o m m u t a t o r we shall f ind s ixteen t e rms to ail of 
which we h a v e to app ly Van Hove ' s (5-singularity in ail possible manners . 
Af te r regrouping t h e d i f férent classes of t e rms we ob ta in 

t ti tz is 

Tl'\Es) = ( ^ - ^ y j dh j dt2 J dh j dk X 
0 0 0 0 

â) X S {<Esoc\[[Sz: V{h), V{t2)]a, V{h), V{k)]a\ £sa> 
ce 

, 1^ . + <Escc \[[S^, V{h)][V{t2) Vih)]a. V{h)]a\ Esa} 

e) + <Es<x \[[V{t2) V{t3)]^ [Sz, V{h)l Vih)]a\ £sa> 

i f - + <Esoc \[V{h), V{t2)[[Sz. V{h)] V{t3)]a]a\ Es^y 

file:///EsoO
file:///EsaL
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é) + <Esoc \[LV{t3)[V{h), S,]]a Vih), V{t4)]a\ £sa> 

f) " " + <Esoc \[S,; V{h), V(t2), V(t3), V(h)]a\ Esoc} (A.3) 

w h e r e t h e last t e r m is t h e res t of t h e t e r m s of t h a t order a n d whe re 
t h e subsc r ip t "d" m e a n s t h a t o n e h a s t o t a k e t h e d iagonal é léments . F r o m 
ail t hèse t e r m s , T j o n only keeps t h e f i r s t t e r m of t h e r .h.s . of (A.3). W e will 
n o w d é t e r m i n e t h e c o n t r i b u t i o n s of ail thèse t e rms . To do this we a p p l y 
t h e t e c h n i q u e s deve loped b y R é s i b o i s in t h e gênera i t h e o r y of i r révers ib le 
processes, ba sed on t h e d y n a m i c a l i r r educ ib i l i ty condi t ion i^). B u t w e shal l 
h a v e t o m o d i f y t h e m sl ight ly as we s t u d y he re t h e t i m e évolut ion of a n 
o p e r a t o r a n d no t of t h e d e n s i t y m a t r i x . 

W e use t h e d i a g r a m s i n t r o d u c e d b y F u j i f a ^ * ) , which we have m o d i f i e d 
t o a d a p t t h e m to our p rob l em. W e shal l b r ie f ly expose how we p roceed 
before g iv ing t h e global resul ts . 

L e t us consider one p a r t i c u l a r wt^-order t e r m of 

t h t • , 

T I ^ ' ^ \ E S ) = ( J ^ y j dh j dt2... j dtn^X 

0 0 0 

X s <Esa \[Sz; V{h), V{t2), .... V{tm)]\ £sa>^.i., (A.4) 
a 

i.e. (to s imp l i fy t h e n o t a t i o n w e use |£mSmam> ^ |«m>) 

{ i n T J / "̂ ^̂  ••• J ^^"^^^^"^ ''^^^''^ ""'̂  ••• 
0 0 0 

... (m-i \V{ti)\niy<ni \Sz\ niyini\V[ta)\ni+i) . . . |F(<d)| M>}d.j., (A.5) 

t o w h i c h we a p p l y t h e d.i . cond i t ion ( subscr ip t ! !) 
w i t h 

ti < tj <c ... •< tl 

ia > tp > ... ^ tg 

a n d ti, tj, ta, tp, ...,t0 a re t h e tm, tm-i, h- A t t i m e t t he Sys tem is 
in t h e d i agona l s t a t e (w^ || ni} *). A t t h i s po in t we h a v e t o a d a p t t h e m e t h o d 
t o o u r p r o b l e m . T h e t e c h n i q u e w a s deve loped t o s t u d y t h e con t r i bu t ions of 
t h e v a r i o u s t e r m s of t h e t i m e v a r i a t i o n of t h e d e n s i t y m a t r i x (Schrôdinger 
r ep ré sen t a t i on ) , h e r e we s t u d y t h e t i m e v a r i a t i o n of a n ope ra to r (He i senberg 
r ep ré sen ta t i on ) a n d t he r e is t h u s a t i m e invers ion in t h e sensé t h a t i n s t e a d 
of w o r k i n g u p w a r d in t h e t i m e scale, we w o r k d o w n w a r d . T h u s in t h e 
d i rec t ion of decreas ing t ime , a f i r s t t r ans i t i on , V(ti) b r ings t h e System t o a n 

*) To avoid any confusion with the usual définition of a scalar product, use is made of a double bar. 
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i n t e r m e d i a t e s t a t e <wj |] MJ+I>, a second t r ans i t i on V{t2) t o a n o t h e r in te r 
m e d i a t e s t a t e <«j II W j + 2 > , a n d so on un t i l t h e sys t em cornes b a c k f inal ly to 
t h e d i agona l s t a t e <« j| w> t h r o u g h t h e las t i n t e rac t ion V(tm)- T h e d.i. 
cond i t i on impl ies t h a t no i n t e r m e d i a t e s t a t e <Mj || fij} is d iagonal . Th i s 
cond i t i on is easy t o u n d e r s t a n d if we associa te a g r a p h w i t h each t e r m as 
(A.5). W e t a k e a ho r i zon ta l l ine a n d we d r a w a do t for each in te rac t ion 
V(ti) o r d e r e d f r o m r igh t t o lef t as t i m e increases ; ail i n t e rac t ions appea r ing 
on t h e l e f t of a re i n d i c a t e d a b o v e t h e ho r i zon ta l line a n d t h e ones ap 
p e a r i n g on t h e r igh t a re d r a w n below th i s line. U n d e r each ver t i ca l h n e we 
m a r k t h e s t a t e t h e s y s t e m h a s r e a c h e d a f t e r each in t e rac t ion h a s occurred , 
e.g. (Fig. 1). T o i l lus t ra te t h e t e chn ique , we shal l n o w a p p l y t h e m e t h o d 
b o t h a reduc ib le a n d nonreduc ib le f o u r t h o rde r t e r m of (A.3). 

• • • • 

Fig. 1. Schematic description of one order contribution. 

a) Reducible term: [V{h) M2V{h)]d V{h) ¥{1^)^ 

<n \V{h)\n'yin' \M^\ n'yin' \V{h)\ny<.n\V{t3)\n"y<.n" \V{h)\ny 

T h e fol lowing d i a g r a m is assoc ia ted t o th i s t e r m (Fig. 2). 
W e see t h a t t h e r e is a n i n t e r m e d i a t e d i agona l s t a t e a n d t h u s t h e t e r m is 
r educ ib l e a n d c o n t r i b u t e s t o t h e second order . 

.»2 .'3 

(rillrt) <n||n'> <n||n> <nlln") <n||n) 

Fig. 2. Reducible fourth order term. 

t, 
• 

i 3 

<ri||ri) <nlln'> (nlln"> <nlln'> <nlln> 

Fig. 3. Irreducible fourth order term. 

b) Nonreducible term: [V{ti) Mz[V{tz) V{tz)]a ¥{1^)]^ 

in\V{tx)\n'y<n' \Mz\ n'y<n' \V{t2)\n"y<n" {VM n'y<n' V(ti\ ny 

W e t h e n associa te t h e o t h e r d i a g r a m (Fig. 3). 
As t h e r e a p p e a r s n o i n t e r m e d i a t e d i agona l s t a t e t h e t e r m is n o t reduc ib le 

a n d i t c o n t r i b u t e s t o t h e f o u r t h o rder . 
B y t h e s a m e w a y , we m a y t e s t ail t e r m s a p p e a r i n g in (A.3). W e f i n d t h a t : 
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a) is reducible and t h u s con t r ibu tes t o t h e second order 
b) , c), d), e), f) are irreducible a n d t h u s con t r ibu te to the four th order . So 
we see t h a t T j o n neglects t h e fou r th order t e rms which have been p r o v e d 
to be i m p o r t a n t in spin-spin re laxa t ion b y P h i l i p p o t ^ ) as t hey describe 
the f i rs t s tep of this re laxat ion, name ly t h e dipole-dipole re laxat ion. 
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