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Abstract

Thispaperdealswith theapplicationof amodelreductionmethodto theupdatingof mod-
els of industrialstructureswith many degreesof freedom.The updatingmethodis based
on the conceptof constitutive relationerror (CRE).This is an iterative methodin which
eachiterationconsistsof a first stepin which the mostimportanterrorsin the modelare
localizedanda secondstepin which theseerrorsarecorrected.Thereductionmethodfol-
lowsaclassicalapproachin whichweintroduceatruncatedmodalbasisto whichthestatic
responsesassociatedwith differentexcitationsareadded.Theefficiency of themethodis
illustratedononeexampleof afinite elementmodelcontaining10,000degreesof freedom.
In thefirst part,we updatethemassandstiffnesspropertiesof themodelbasedon eigen-
modesandeigenfrequencies.In thesecondpart,thedampingpropertiesareupdatedbased
on thefrequency responsefunctions(FRFs)of thestructure.

Keywords: Modelupdating, reducedbasis,constitutiverelationerror, structural dynamics

1 Introduction

The useof numericalsimulationsis becomingincreasinglyimportantin today’s
industrialapplications.With theincreaseof computerpower, themodelsusedhave
attaineda high degreeof complexity. Even thoughcomputerscan calculatethe
responseof suchstructuresfor linear problems,iterative calculationsareusually
excessively expensive.
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Despitetheincreasinguseof simulations,experimentaltestingis still necessaryin
orderto validatethehypothesesusedfor numericalmodels.Veryoften,thetestdata
andnumericalpredictionsarepoorlycorrelated.Thiscanbeexplainedby thediffi-
culty of modelingcertainpartsof thestructures,suchasjoints,whosemechanical
behavior is generallynot verywell-known.

Wheneverthecorrelationbetweentestandcalculationsis unsatisfactory, modelup-
datingmethodsareused.Thepurposeof suchmethodsis to minimizethedistance
betweenthe testdataandthe modelby modifying the numericalmodel.A state-
of-the-artreview of thesemethodscanbe found in [1]. The first modelupdating
methodswhich appearedfall in the ’directmethod’category in which corrections
of themassandstiffnessmatricesof themodelweresoughtwithout takinginto ac-
countthephysicalmeaningof themodifications.Within this category, a first setof
methodsis basedon thesearchfor minimumnormcorrections([2] [3]). A second
setof methodsis closelyrelatedto control theory([4] [5]). Themaindrawbackof
thesemethodsis thatthecorrectionsusuallylack physicalmeaning,sothemodels
areofteninvalid whenthey areusedin configurationsdifferentfrom thoseusedfor
theupdatingprocess.

In orderto maintainthephysicalmeaningof themodel,indirectorparametricmeth-
odshave beendeveloped.In thesemethods,thechangesin thestiffnessandmass
matricesarebasedon variationsof thephysicalparametersof themodel.Theap-
proachconsistsof building a cost function which representsthe correlationbe-
tweenthenumericalmodelandthetestdatain termsof thephysicalparametersof
themodel.Severaltypesof costfunctionscanbeused.They canbeclassifiedinto
threecategories.The first two categoriesarethe input residuals([6], [7]) andthe
outputresiduals([8], [9]). Thethird category is basedona residualcalled”Consti-
tutiveRelationError”. Theinitial work onmodelupdatinggoesbackto theeighties
[10]. Thefirst developmentof themethodwasaimedat achieving modelupdating
basedon eigenfrequenciesandeigenmodes[11]. Then,the methodwasextended
to forcedvibration problemsin [12,13]. This approachis basedon the so-called
Drucker error andhasproved its ability to updatethe mass,stiffnessanddamp-
ing properties[14]. The methodcanalsodealwith nonlinearitiesdueto both the
materialand contact.The conceptof dissipationerror was introducedin a new
developmentpresentedin [15]. Thiserrorhasaclearmechanicalmeaningandem-
phasizesthedissipationpropertiesof themodel.Let usalsonotethedevelopment
of very similar methodsfor the free vibration case,suchasMDRWE (Minimum
DynamicResidualExpansion[16]) andMECE(ModelingError in theConstitutive
Equations[17]).

Thecostfunctionto beminimizedis generallynonlinearwith respectto themodel’s
parameters.Thus,it is necessaryto useaniterativeprocedurein orderto updatethe
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model.Theuseof modelswith a largenumberof degreesof freedommakesthese
calculationsvery costly in termsof computertime (CPU).The knowledgeof the
excitations,thepointsof measurementandthepossiblevariationsin thestructure
enableoneto definea subspaceof basisvectorswhosedimensionis muchsmaller
thantheinitial space.Thisapproachhastheadvantageof reducingthecostof updat-
ing themodeldrastically. Amongtheexistingapproaches,wementionthosebased
on sensitivity vectors(for a state-of-the-artreview of thesemethods,see[18]), the
multimodelapproach([19]) in which the basisis formedby the truncatedmodal
basesof themodelfor differentvaluesof themodel’sparametersandtheapproach
presentedin [20]) in which the variationof the model’s parametersis interpreted
asexcitationsappliedto the initial structure.Let usalsomentiontheexistenceof
an iterative methodto constructa solutionwith a given accuracy for the MDRE
method([21]).

Themodelupdatingmethodwe useis basedon theconceptof Constitutive Rela-
tion Error. Themainideain thismethodis to subdividetheequationsandquantities
into a reliablegroupandanotherwhich is lessreliable.For thenumericalmodel,it
is assumedthattheconstitutiverelationscanbeinaccurate,which leadsto thecon-
structionof anerrorcalled”constitutiverelationerror”.Thiserrorcanbecalculated
locally on thestructure,which allowsusto detecttheregionswhich have not been
modeledcorrectly. Regardingexperimentaldata,the amplitudesof the measured
data(force,displacement,...) areconsideredto bethelessreliablequantitieswhich
leadto the constructionof an error on the measurements.The reliableequations
andquantitiesaresatisfiedexactly, whereasthepossiblevariationsin themodelare
dueonly to thelessreliableequations.

In order to reducethe cost associatedwith the calculationof the error, we first
considera truncatedmodalbasis.We assumethat dampingis small, that the fre-
quency consideredin the calculationis small comparedto the frequenciesof the
eigenmodesretainedin thetruncatedmodalbasisandalsothatthevariationsin the
model’sparametersaresmall.With theseassumptions,weshow thatthecalculation
of theerrorcanbetreatedasaforcedvibrationproblemin whichtheexcitationsare
associatedwith thelessreliableequationsandquantities.However, theexcitations
arefunctionsof thesolutionof theproblem.Therefore,following theapproachde-
scribedin [20], weseekafirst-orderapproximationof theseexcitations.

Then,the initial truncatedmodalbasisis enrichedwith the identifiedexcitations
by following a classicalapproachin which we addthe Krylov vectorsassociated
with theseexcitations.A localizationstepandacorrectionstepmustbeperformed
at eachiterationof themethod.A differentreducedbasismustbeusedfor eachof
thesesteps.
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This paperis organizedasfollows: in thefirst part,we outlinethemodelupdating
methodbasedon Constitutive RelationError andwe detail the discreteformula-
tion of the problemfor linear, dampedstructures.In the secondpart,we address
the choiceof the reducedbasis.By rewriting the problemin orderto expressthe
error calculationon themodelasa forcedvibrationproblem,we identify thedif-
ferent typesof excitationsthat needto be taken into account.Then,we propose
a reducedbasiswhich is a function of theseexcitations.In the last part,we illus-
trate the effectivenessof the methodon a numericalexample.The structureis a
simplifiedmodelof cameraequipmentintendedto beattachedto anairplane.The
finite elementmodelhasmorethan10,000degreesof freedom(dofs).Weillustrate
thecapabilitiesof thereductionmethodbasedon modaldataaswell asfrequency
responsefunctions.Thebasisfor localisationcontainslessthan100vectorswhich
arethelow frequency modesto whichstaticcorrectionsto forceslocatedat thesen-
sorsareadded.For thecorrectionstep,staticcorrectionsassociatedto thevariable
parametersareaddedto thebasisusedfor localization.

2 Presentation of the updating method

2.1 Thereferenceproblem

Fig. 1. Domainstudiedandappliedloads

We considera structurewithin a domainΩ during a time interval
�
0 � T � . On the

boundary∂Ω, displacementsUd andforcesFd areprescribedon ∂1Ω and∂2Ω re-
spectively. Body forces f

d
exist insidethedomainΩ. Thereferenceproblemcon-

sistsof finding thedisplacementsU � M � t � , stressesσσ � M � t � andforcesΓ � M � t � , t ��
0 � T � , M � Ω whichverify asetof equationsthatwesubdivideinto areliablegroup

anda lessreliablegroup:

Thereliableequations:� theequilibriumequations

Thelessreliableequations:
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� theconstitutiverelations.

In orderto take into accountboththefree-andtheforced-vibrationcases,we will
work in the frequency domain.In addition to the equationshereabove, we need
somedatain order to solve the problem(frequency, direction and amplitudeof
excitation,boundaryconditions,...). In theframework of modelupdating,this data
comefromsmeasurementsona realstructure.Weconsiderfor exampleastructure
excitedin onepointonwhichthedisplacementsaremeasuredatdifferentlocations.
In this example,wedivide thedataasfollows :

Thereliablemeasurements:� themeasuredangularfrequency ω;� thepositionsanddirectionsof theexcitationandsensors.

Thelessreliablemeasurements:� theamplitudesof theforcesF̃d anddisplacementŨd at thepointsof excitation;� theamplitudesof thedisplacementsat thesensorpointsŨω, which constitutea
vectorof finite dimensioncontainingall discretemeasurementvalues.

This separationis only givenasanexampleandcanvary dependingon theprob-
lem.Thereliablequantitiesandequationsdefinetheadmissiblesolution.We seek
a solutionwhich is admissibleandwhich verifiesthe lessreliableequationsand
quantitiesascloselyaspossible.Theproblemwe mustsolve is:

Finds � Sω
ad

(Pω) whichminimizese2
ω � s��� with s�	� Sω

ad

(1)

wheree2
ω � s�
� is the Modified Constitutive RelationError. In the caseof a single

excitation, the measureddisplacementsarenormedby the amplitudeof the force
vectorsothatonly theamplitudesof thedisplacementsappearin theexpressionof
themodifiederror, which canbewrittenat agivenfrequency as:

e2
ω � s��� ξ2

ω � s��
 r
1 � r

�
Π � U ��� Ũω

� 2 (2)

whereξ2
ω � s� is theConstitutive RelationError andthesecondtermrepresentsthe

erroron themeasurements.e2
ω � s� containsall thelessreliablequantitiesandequa-

tionswhichareto beverifiedby theadmissiblesolutionascloselyaspossible.
Π is a projectionoperatorwhich whenappliedto vector � U � givesthe valueof
the vectorat the sensors.

����� 2 is an energetic error measureequivalent to ξ2
ω � s� .

Thechoiceof this errormeasurewill beadressedin section3.1.will bediscussed
in section.The coefficient r

1 � r is a weighting factorwhich allows us to assigna
greateror lesserdegreeof confidenceto themeasurements:thevalueof r is close
to 1 if themeasurementsareconsideredvery reliableandcloseto 0 in theopposite
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case.Thevaluecurrentlyusedis 0.5.

In the caseof multiple excitations,additionaltermsappearin the expressionof
e2

ω � s� in order to take into accountthe fact that the amplitudesof the measured
forcesarenot reliablequantities.For moredetails,see[22].

Remark: Thereareotherexampleswherewe couldconsiderthat thedirectionor
thepositionof theexcitationis not reliable.In thatcase,thedefinitionof theMod-
ified ConstitutiveRelationErrorandtheadmissibilityis thuschangedaccordingto
this new assumption.

2.2 ModifiedConstitutiveRelationError

Weconsiderthefollowing constitutiverelations:

σσ � Hεε 
 iωBεε (3)

Γ ��� ρω2U (4)

whereρ is the density(assumedto be constant),H and B are the Hooke’s and
dampingoperatorsandεε representsthedeformationtensor. Fromthesetwo consti-
tutive relations,it is possibleto build the’Drucker error’ ([23]) which, for a given
frequency (displacementformulation),is expressedas:

ξ2
ω � U � V � W �����

Ω

γ
2

tr
� � H 
 Tω2B ��� εε � V �	� εε � U ������� εε � V ��� εε � U ��� �
 1 � γ

2
ρω2 � U � W ���!� U � W � dΩ (5)

where � representsthecomplex conjugate;we introducedfieldsU � V � W suchthat:

Uc � U (6)
σσs � Hεε � V �"
 iωBεε � V � (7)

Γs ��� ρω2W (8)

Wealsodefinetherelativeerror

ξ2
ωr � ξ2

ω
D2

ω
(9)

with:
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D2
ω � �

Ω

γ
2

tr
� � H 
 Tω2B � εε � U ��� εε � U � ��
 1 � γ

2
ρω2U � U dΩ (10)

Assumingthat the structureis divided into substructuresE � E, the error canbe
viewedasthesumof thecontributionsof all substructures:

ξ2
ωr � s��� ∑

E # Ω
ξ2

Eω � s� (11)

Therelativeerrorfor eachsubstructureis givenby:

ξ2
Eω � 1

D2
ω

�
ΩE

γ
2

tr
� � H 
 Tω2B ��� εε � V ��� εε � U ��� � � εε � V ��� εε � U ��� �
 1 � γ

2
ρω2 � U � W ����� U � W � dΩE (12)

Whenthestructureis studiedin afrequency range,weintroduceaweightingfactor
z(ω) suchthat: � ωmax

ωmin

z� ω � dω � 1 z� ω ��$ 0 (13)

TheDruckererrorin a frequency rangeis givenby:

ξ2
T �%� ωmax

ωmin

ξ2
ωrz� ω � dω (14)

andthelocal contributionsbecome:

ξ2
ET ��� ωmax

ωmin

ξ2
Eωz� ω � dω (15)

TheModifiedConstitutiveRelationError is now:

e2
T � � ωmax

ωmin

1
D2

ω
e2

ω z� ω � dω (16)

Thesimplestchoicefor functionz� ω � is:

z� ω �&� 1
ωmax � ωmin

(17)

This function can be adjustedbasedon the regions of interestin the frequency
range.Thevalueof ξ2

T representstherelativequality (in %) of thenumericalmodel
with respectto themeasurements.
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2.3 Implementationof theupdatingmethod

2.3.1 Localizationstep

For eachexperimentalfrequency ω, we solve Problem(Pω) givenby (1). Theso-
lution of this problemallows to calculatethe indicatorsξ2

T � ξ2
ET ande2

T definedin
Section2.2.Thevalueof ξ2

T representstherelativequality (in %) of thenumerical
modelwith respectto themeasurementsin a certainfrequency range.This allows
usto decidewhethermodelupdatingis necessary.

If modelupdatingis considerednecessary, we startfrom our mathematicalmodel
which dependson a numberof uncertainparameters,suchasYoung’s modulusor
the thicknessof certainparts.We arrangethesestructuralparametersinto a vec-
tor k; we call the correspondingspacek. The selectionof the ’most erroneous’
substructuresis basedon thecriterion:

ξ2
ET $ δ

�
maxE # E ξ2

ET (18)

with, for example,δ � 0
�
8. Let usnotethatlargeerrorsin all substructuresindicate

thattheerrordistribution is nearlyuniform in thestructure.Let Z bethesetof the
substructureswhichverify (18).

2.3.2 Correctionstep

Thelocalizationstepallowsusto selecttheregionsof thestructurewherethemod-
eling error is large.Only parametersbelongingto thesesubstructuresareselected
for correction.Theproblemis: Findk � kz which minimizes:

k �(' J � k� (19)
kz �(' R (20)

ThefunctionalJ � k� is definedby:

J � k�&� � ωmax

ωmin

1
D2

ω
e2

ω z� ω � dω

This is anonlinearproblemwith respectto theparametersin k. Wesolve it usinga
BFGS-basedminimizationalgorithm.Thegradientsof thecostfunctionarecalcu-
latednumerically. Thus,thestiffness,massanddampingmatricesarereassembled
andProblemPω is solvedfor eachvariationof theparameters.
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2.3.3 Interruptionof themodelupdatingprocess

Oncethecorrectionhasbeenmade,thevalueof ξ2
T is reevaluated.If it falls below

therequiredquality level ξ2
0, theupdatingprocessis terminated.If not,a new iter-

ation consistingof a localizationstepanda correctionstepis performed.In each
iteration,new erroneoussubstructurescanappearasa resultof the substructures
from the previous stagesbeingcorrected.This approachintroducesa regulariza-
tion to theinverse(ill-posed)problem.

3 Discretization and model reduction of problem (Pω)

Theupdatingmethodis developpedin afinite elementenvironmentwhichrequires
to discretizethe problem.Large sizeindustrialmodelsleadto costly calculations
becauseproblem � Pω � needsto be solved many timesin orderto performmodel
updating.In this section,afterdetailingthediscretizationof theproblem,we pro-
poseareductiontechniquein orderto lower thecostsassociatedto modelupdating
of largesizeindustrialmodels.

3.1 Discreteformulationof Problem(Pω)

Thediscretizationof theproblemusingthefinite elementmethodleadsto thecon-
structionof thestiffness,massanddampingmatrices

�
K � , � M � and

�
B � aswell asthe

vectorsof nodalvaluesof fieldsU , V andW, which will be designatedby � U � ,� V � and � W � . Thediscreteform of themodifiederroris:

e2
ω �)� U �*��� V �*��� W �+��� γ

2
� U � V �+�-, � K �.
 Tω2 � B �0/�� U � V �1


1 � γ
2

� U � W � � ω2 � M �2� U � W �1
 r
1 � r

� ΠU � Ũω � � � Gr ��� ΠU � Ũω � (21)

Here,matrix
�
Gr � representstheerrormeasure

����� 2. Thechoiceof thaterrormea-
sureis not critical and,for example,onecantake:�

Gr �3� γ
2

, � K � r 
 Tω2 � B � r /4
 1 � γ
2

ω2 � M � r (22)

where
�
K � r, �

M � r and
�
B � r are the reducedstiffness,massanddampingmatrices

of thesystemat themeasurementlocations(theclassicalGuyanreductioncanbe
used).Otherapproachesexistbut thissimpleapproachhasgivensatsifactoryresults
in thepast.Thetriplet s �5� � U �*��� V �*��� W �+� mustbeadmissible,which meansthat
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mustsatisfytheequilibriumequations:�
�
K �.
 iω

�
B �6�7� V ��� ω2 � M ��� W �8�9� F � (23)� F � representsthe excitation and is equal to zero in the caseof free vibration.

e2
ω canbe minimizedunderthe admissibilityconstraintby introducingLagrange

multipliers, which leadsto a saddle-pointproblem.One can show that problem� Pω � requirestheresolutionof thefollowing systemof linearequations:�
A�7� X �-��� B � (24)

with�
A�"� :;;;< γ

2 � � K �.
 Tω2 � B �=� 1 � γ
2 ω2 � M � r

1 � r ΠT �
Gr � Π

γ
2 � � K �.
 Tω2 � B �=� 1 � γ

2 � � K �>� iω
�
B �?� 0� � K ��
 iω

�
B �=� � ω2 �

M � �@� �
K �+� iω

�
B �.
 ω2 � M �=�

ACBBBD (25)

� X �-� :;;;< � U � V �� U � W �� U �
A BBBD (26)

� B �E� :;;;< r
1 � r ΠT �

Gr �2� Ũω �
0� F �

A BBBD (27)

3.2 Forced-vibrationaspectof theproblem

Thesecondsetof equationsallowsusto express� U � W � asafunctionof � U � V � :� U � W �8�F� γ
1 � γ

� � K �>� iω
�
B �=� � 1 G � K �.
 Tω2 � B �?H4� U � V � (28)

3.2.1 Approximation

Weassumethattheoperatoriω
�
B � is smallcomparedto thestiffness(this is thecase

if the dampingor the frequency is small),which allows us to performa reduced-
orderdevelopmentof operator� � K �>� iω

�
B �?� � 1, whichyields:
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� U � W �-IF� γ
1 � γ

m

∑
j J 0

� iω � j G � � K � � 1 � B �=� j 
 Tω2 � � K � � 1 � B �?� j K 1 H � U � V ���� γ
1 � γ

�
Zm��� U � V � �

(29)

Thefirst setof equationsin (24)becomes:G � K �+� ω2 � M � H � U � V �-��� F1 �1
L� F2 �&
M� F3 �-��� F � T (30)

with:� � F1 �E��� 2
γ

r
1 � r

G ΠT �
Gr � Π � U ��� Ũω H� � F2 �E��� Tω2 �

B ��� U � V �� � F3 �E��� ω2 �
M �!� � Id �>� �

Zm�=�3� U � V �
Field � U � V � is thesolutionof anundampedforcedvibrationproblemwherethe
forcevectoris thesumof threecontributions.If we retainonly thefirst-orderterm
of thedevelopment(m=1),weget:� � F3 �E� Tω2 � M � � K � � 1 � B ��� U � V �
Thethird setof equationsin (24)becomes:� � K �>� ω2 � M �=�N� U �O�9� F �&
M� F4 �1
L� F5 � (31)

with:� � F � excitationappliedto thestructure� � F4 �E��� iω
�
B �2� U �� � F5 �E�QP � K ��
 iω

�
B ��
 ω2 γ

1 � γ
�
M � G � Id ��
 Tω2 �

K � � 1 � B � H.R � U � V �
Field � U � is alsothesolutionof a forcedvibrationproblem.

3.2.2 Remark

In the correctionstep,system(24) is solved many times for different valuesof
thestructuralparameters.This leadsto modificationsof matrices

�
K � , �

M � and
�
B �

which becomerespectively
�
K 
 ∆K � , �

M 
 ∆M � and
�
B 
 ∆B � . Thus, the forced

vibrationproblemsaremodifiedby addingontheright-handsidetermsof theform:� F � K � �
∆K �2� U � (32)� F � M � �
∆M ��� U � (33)� F � B � �
∆B �2� U � (34)
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3.3 Reducedbasesfor theresolutionof problem(Pω)

3.3.1 Generalities

For large industrialmodels,thedirect calculationof the solutionof problem(Pω)
canbevery costly. Althoughthesystemis linear, its sizeis 3N S 3N, N beingthe
numberof degreesof freedomof themodel.An alternativeis to useareducedbasis
consistingof theso-calledRitz vectors.Let

�
T � bethatreducedbasis;wedefinethe

following reducedquantities(identifiedby thesubscriptr):� U �-� �
T �2� U � r (35)� U � V �-� �

T ��� U � V � r (36)� U � W �-� �
T �2� U � W � r (37)� F � r � �

T � T � F � (38)�
K � r � �

T � T �
K � � T � (39)�

M � r � �
T � T �

M � � T � (40)�
Br �3� �

T � T �
B � � T � (41)

Πr � Π
�
T � (42)

Now, thesystemto besolvedis 3NR S 3NR, NRbeingthenumberof vectorsin the
reducedbasis

�
T � . Notethatchosingthesamebasisfor � U � , � U � V � and � U � W �

is not necessarilyoptimal. It hasthe advantagehowever to lower the numberof
reducedoperatorsto compute.

3.3.2 Choiceof thereductionbasis

At agivenfrequency ω, weconsidertheundampedforcedvibrationsproblemin its
discreteform: , � K �+� ω2 � M �0/�� U �-��� F � (43)

Let � Φ j � andω j beaneigenmodeandtheassociatedeigenfrequency. They verify
theequation: G � K �+� ω2

j
�
M � H � Φ j �8�T� 0 � (44)

For a systemwith N degreesof freedom,thereareN pairs( � Φ j �*� ω j ) which ver-
ify this equation.A classicalapproachto theconstructionof a reducedbasisis to
considera reducedsetof suchvectors.A truncatedmodalbasisis built by takingL
eigenmodessuchthat:

ω
ωi UVU 1 i W L (45)
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In order to improve the approximation,a seriesof vectors,commonlycalled the
Krylov vectorsassociatedwith the excitation � F � , is addedto the basis.These
vectorstake theform:�

K � � 1 G � M � � K � � 1 H j � F � j=1..H (46)

A justification can be found, for example, in [24] (where the methodis called
modalaccelerationmethod).The first term of this seriesis the staticresponseof
the structureto the given excitation � F � . The next termsare static responsesto

forces G � M � � K � � 1 H j � F � . Onecanshow that the contribution of the termsin the
Krylov seriesdecreasesif condition(45) is verified.Thisexplainswhy averygood
approximationof thesolutioncanbeobtainedby simplyaddingthestaticresponse
of thestructureto theL selectedeigenmodes.

3.3.3 Applicationto Problem(Pω)

3.3.3.1 Calculation of � U � V � Let usfirst notethatthestaticresponseto � F3 �
correspondsto thesecondvectorof theKrylov seriesassociatedwith � F2 � . Thus,
the Krylov vectorsassociatedwith � F2 � aresufficient to representthe excitation� F3 � .
3.3.3.2 Approximation of the excitations Thevector � F1 � is afunctionof � U �
which is solution of the problemand, therefore,unknown. Onecan seethat the
componentsof � F1 � arezeroexcept for the measureddegreesof freedom.Thus,
this force canbe consideredas the sumof unit forces( � F1 � i) at eachof the NS
sensors. � F1 �8� NS

∑
i J 1

ai � F1 � i (47)� F2 � is a functionof � U � V � , which is alsounknown. However, � U � V � canbe
approximatedby: � U � V �E� �

T � 0 � U � V � r (48)

with �
T � 0 � , � Φ � 1

�0�6� � Φ � L
�
K � � 1 � F1 � 1

�0�0�X�
K � � 1 � F1 � NS/ (49)

Thus, � F2 � canbeexpressedas:� F2 �8� �
B ��Y L

∑
i J 1

ai � Φi �1
 NS

∑
i J 1

bi
�
K � � 1 � F1 � i Z (50)
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Thesecondterm in this expressionrepresentsa correctionto thefirst. In orderto
simplify theexpressionof � F2 � , weconsideronly� F2 �E� L

∑
i J 1

ai
�
B �2� Φi � (51)

Thisapproachis verysimilar to theonepresentedin [20] andto basisinitialization
methodsconsideredin [21] andthecorrectionproposedin [18].

3.3.3.3 Calculation of � U � Following thesameapproachwe usedfor theap-
proximationof � F2 � , weshow that� F4 �8� L

∑
i J 1

ai
�
B ��� Φi �8��� F2 � (52)� F5 � canbedecomposedinto four contributions:� �

K �2� U � V �� �
M ��� U � V �� iω

�
B �2� U � V �� �

M � � K � � 1 � B �2� U � V �
The first two contributions do not lead to a correctionsincethe terms

�
K �2� Φi �

and
�
M �2� Φi � excite only mode � Φi � . Thefourth contribution is thesecondKrylov

vectorof thethird contributionand,thus,canalsobedisregarded.Thethird contri-
bution leadsto thesametermsasin thecaseof � F2 � .
3.3.3.4 Correction For thecorrectionstep,usingthesameapproach,wegetthe
following approximations:

� F � K � H

∑
i J 1

bi
�
∆K �2� Φi � (53)� F � M � H

∑
i J 1

ci
�
∆M �2� Φi � (54)� F � B � H

∑
i J 1

di
�
∆B �2� Φi � (55)
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3.4 Summary

We have shown thatProblem(Pω) canbeexpressedasanundampedforcedvibra-
tion problemfor thedifferentfieldsconsideredin thecalculationof theerror. The
excitationscanbeapproximatedby a linearcombinationof theforces:� � F � , vectorof theexcitationsappliedto thestructure;� � F1 � i , unit forceat Sensori;� � F2 � i � �

B ��� Φi �*� i � 1
�0�
L, associatedwith damping;� � F � Ki � �

∆K �2� Φi �*� i � 1
�0�
L, associatedwith variationsof thestiffnessparame-

ters;� � F � Mi � �
∆M ��� Φi �*� i � 1

�0�
L, associatedwith variationsof themassparameters;� � F � Bi � �

∆B �2� Φi �*� i � 1
�0�
L, associatedwith variationsof thedampingparame-

ters.

Theseexcitationsareassociatedwith the lessreliableexperimentalmeasurements
(intensityof theexcitationandamplitudesat thesensors),with dampingandwith
thelessreliableequationsof thenumericalmodel(mass,stiffnessanddampingpa-
rametersof theconstitutiverelations).Thereducedbasiscontainsthefirst L eigen-
modesaswell astheKrylov vectorsassociatedwith eachexcitation.

3.5 Practicalconsiderationsin building thereducedbases

Theenvironmentusedfor theimplementationof themethodconsistsof theMAT-
LAB program([25]) andtheSDTtoolbox([26]). Thenumerousoptionsof thetool-
boxallow usto calculatetheeigenmodesandfrequencies,assembletheelementary
andglobalstiffness,massanddampingmatricesandcalculatethestaticresponses
to theexcitations.Thereducedmatricesconstructedwith thesevectorsareusually
ill-conditionedbecausesomevectorsareverynearlycollinear. Therefore,it is nec-
essaryto orthonormalizethereducedbasis.This is achievedusinga Lanczos-type
algorithmwith SVD (singularvaluedecomposition)(fe norm functionin SDT) in
orderto obtainawell-conditionedproblem.In thecourseof applyingthis function,
certainvectorscanbeeliminated.

4 Numerical applications

4.1 Presentationof thestructure

Thestructurestudiedis shown in Figure2(a)
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(a)Finite elementmodel (b) Modifications

Fig. 2. Simplifiedmodelof cameraequipment

It is asimplifiedmodelof cameraequipmentintendedto beattachedto anairplane.
Thefinite elementmodelhas10,008dofs.It is dividedinto 18 substructuresiden-
tified by different levels of grey. Threemodificationswere appliedto the initial
modelprior to simulatingthemeasurements(Figure2(b)):� a+20%stiffnessincreaseat thebindings(in black,∆K1);� a -40%stiffnessreductionat theconnectionring (in grey, ∆K2);� a -20%erroron themassat thetip of theequipment(in light grey, ∆M).

4.2 Application1: Modaldata

With themodifiedmodel,10modeswerecalculatedusingthefinite elementmodel.
The sensorconfiguration,shown on Figure3, consistedof 27 triaxial sensorsto-
talling 81measuredaccelerations.
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Fig. 3. Sensorconfigurationof theteststructure

4.2.1 Localizationstep

The methodologypresentedin the caseof the dampedfrequency responsefunc-
tions(FRFs)canbeappliedto themodaldataby taking � F �[� 0 and

�
B �\� 0, i.e.� F2 � i � 0. The only excitation left is � F1 � , which is a linear combinationof unit

forceslocatedat thesensors(81 locationsin this case).

Thelocalizationstepwascarriedout usingthefollowing threebases:� Basis1: first 100eigenmodesof thenominalstructure;� Basis2: first 10eigenmodes+ staticresponsesto � F1 � i, i=1..81(first termof the
Krylov series);� Basis3: Basis2+ secondtermof theKrylov seriesassociatedwith � F1 � i (i=1..81).

A referencecalculationwascarriedout usingthe full model.The local indicators
arecomparedin Figure4.
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(a) Referencecalculation (b) Basis1

(c) Basis2 (d) Basis3

Fig. 4. Locationindicators

The location indicatorsshow that Bases2 and3 gave the correctlocationof the
modificationsaccordingto the referencecalculation.On the contrary, Basis 1,
whichusesonly theeigenmodesof thenominalstructure,failedto detectthemod-
ification on theconnectionring.

Theglobalerrorξ2
T was6.079% for thereferencecalculationand6.12%, 6.10%

and6.079% for the10eigenmodesandBases1, 2 and3 respectively. Althoughthe
errorlevel waswell-representedby all threebases,thelocationindicatorgavepoor
resultsfor Basis1. Basis3 gave no improvementof theresultscomparedto Basis
2, which meansthat thefirst termof theKrylov seriesis usuallysufficient. Thus,
we retainedonly thefirst termof theseriesfrom thereon.

4.2.2 Correctionstep

In orderto verify theeffectivenessof theproposedbases,weassumedthattheerro-
neousparameterswereknown. We hadtwo stiffnessparametersandonemasspa-
rameter. Sincenomeasurementnoisewasadded,wecouldexpecttheminimization
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processto convergetowardtheexactvalueof theknown modificationsintroduced
in themodel.Thus,weperformedthecorrectionwith thepreviousthreebases.

As proposed,wealsoaddedthestaticresponseto vectors� F � Ki and � F � Mi for the
threeparametersretainedin theminimization.Thus,wedefinedtwo new bases:� Basis4: first 20eigenmodes+ staticresponsesto FKi andFMi (i=1...20)� Basis5: Basis4 + staticresponsesto � F1 � i, i=1...81

Theresultswerethefollowing:

eT0 � %� eT1 � %� ∆K1 ∆K2 ∆M size(T)

Basis1 8.16 5.23 +19% -60 % -20% 100

Basis2 6.32 0.56 +19% -47 % -20% 91

Basis3 6.29 0.44 +19% -46 % -20% 172

Basis4 7.94 0.29 +20% -40 % -20% 80

Basis5 6.29 0.03 +20% -40 % -20% 161

Exactvalue / / +20% -40 % -20% 10008

eT0 andeT1 representthevaluesof thetotal Modified Error for thefirst 10 modes
beforeandaftercorrection.Thelastcolumnof thetableshows thenumberof vec-
torsretainedin thereducedbases.Bases1 to 3 donotcontainthevectorsassociated
with massandstiffnessvariations.Therefore,they yieldeda poorcorrectionof the
stiffnessparameter∆K2, which is theparameterwhich did not show up in the lo-
calizationstepwith Basis1. On the other hand,Bases4 and5 producedvalues
which werevery closeto the exact valuesfor all the parameters.The absenceof
vectorsassociatedwith thesensorsin Basis4 resultedin aslightoverestimationof
theinitial error. Theresultsshow thatthemostimportantvectorsfor thecorrection
steparethoseassociatedwith FKi andFMi .

Although it is preferableto retain the vectorsassociatedwith � F1 � i in the basis,
theseresultsshow that they arenot alwaysneededfor thecorrectionstep.There-
fore, they canbeskippedif this reducesthecomputationcostssignificantly.

This exampleillustratesthe effectivenessof the reductionmethodproposedhere.
For the localizationstep,we have shown the importanceof using the static re-
sponsesto unit forcesat eachsensor. For the correctionstep,we have shown the
importanceof including the vectorsassociatedwith the variationsof the param-
etersto be updated.A reducedbasistaking all thesevectorsinto accountcanbe
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usedin bothsteps.If this basisis too large,a differentbasiscanbeusedfor each
of thestepsandthelocalizationstepcanbeusedto build thereducedbasisfor the
correctionstep.

4.3 Application2: Frequencyresponsefunctions(FRFs)

We consideredthe samestructureas in Application 1 excited with a shaker as
shown in Figure5(a).Thesensorconfigurationwasthesameasthatin Figure3. A
nonproportionalviscousdampingmodelwasused,whichmeansthateachelemen-
tary dampingmatrix canbewritten:�

B � E � α
�
K � E (56)

Note that theupdatingmethodcanbeusedwith any kind of damping(hysteretic,
fractionalderivativesbasedmodel,...). Weconsideredthreeregions:� themainstructure(Figure5(b), in white),coefficient α0;� Ring1 (Figure5(b), in black),coefficient α1;� Ring2 (Figure5(b), in black),coefficient α2.

Theinitial valuesof thedampingcoefficientsareα0 � 10� 10, α1 � 10� 6 andα2 �
10� 6. Weassumedthatthemassandstiffnesspropertieswereperfectlyknown.The
measurementsweresimulatedfrom theinitial modelwith thefollowing modifica-
tionsto thedampingcoefficients:α1 � 10� 2, α2 � 10� 2.

(a)Excitation (b) Dampingdistribution

Fig. 5. Excitationanddefinitionof dampingdistribution

Thetransferfunctionsfor theinitial andmodifiedmodelsandfor thesensorlocated
near, andin thedirectionof, theexcitationareplottedin Figure6.
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Fig. 6. Measuredtransferfunctions(-) andinitial model(- -)

4.3.1 Localizationstep

We focusedon the frequency range[15 30] Hz andwe considered10 regularly
spacedfrequenciesin thatinterval. Thereducedbaseswere:

� Basis1: first 100eigenmodesof thestructure� Basis2: first 20eigenmodes+ staticresponsesto � F1 � i (i=1..81)and � F �� Basis3: Basis2 + staticresponsesto � F2 � i (i=1..20)

Thevaluesof thelocationindicatoraregivenin Figure7
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(a) Basis1 (b) Basis2

(c) Basis3

Fig. 7. Locationindicators

Basis1 did not enableus to localizethe dampingerrorscorrectly. Bases2 and3
gaveverysimilarresultsandallowedusto localizethedampingerrors.In thiscase,
therewasnoneedto addthevectorsassociatedwith � F2 � i , whichcanbeexplained
by thefactthatin theinitial modeldampingis verysmall.We will show thatthese
vectorswerenecessaryin the correctionstep,in which the correctionleadsto a
modelwith largernonproportionaldamping.

4.3.2 Correctionstep

Like in thepreviousexample,we correctedthemodelby actingon only theerro-
neousparametersof themodelin orderto seewhetherwe would convergetoward
theexactknown modifications.For thethreebasesconsidered,thealgorithmcon-
vergedtowardthefollowing values:
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eT0 � %� eT1 � %� α1 α2 size(T)

Basis1 27.36 23.95 2.25 0.03 100

Basis2 36.91 1.78 0.0078 0.0076 102

Basis3 16.34 0.19 0.0099 0.0101 142

Exactvalue 0.01 0.01 10008

Thetableshows thatBasis1 gave very poorvaluesof thedampingparametersfor
the updatedmodel.Basis3 gave the bestresults,which shows the importanceof
thevectorsassociatedwith � F2 � i .

Thisapplication,likethepreviousone,showstheimportanceof thestaticresponses
to � F1 � i and � F � for the localizationandtheimportanceof thevectorsassociated
with � F2 � i whendampingis nonproportional.Letusnotethatthevectorsassociated
with � F2 � i are,in thiscase,similar to thoseassociatedwith � F � Bi, whichshowsthe
effectivenessof theproposedreducedbasisfor thecorrectionstep.

5 Conclusion

In this paper, we discussedtheproblemof how to reducecomputingcostsin per-
forming modelupdatingbasedon theerror in constitutive relationon large indus-
trial modelswith severalhundredsof thousandsof degreesof freedom.

Weshowedthatthecalculationof theModifiedConstitutiveRelationErrorrelation
canbe treatedasa forcedvibration problem.We alsoshowed that,undercertain
assumptions,theexcitationscanbeapproximatedby a linearcombinationof a set
of well-definedexcitations.

The reducedbaseswe usedcontainsthe first eigenmodesof the structureaswell
asthe staticresponsesto forcesassociatedwith the lessreliablequantitiesin the
model,i.e. theparametersin theconstitutive relationsandtheuncertaintieson the
experimentalquantities.

Theapplicationof this methodologyto modelupdatingshowedthatfor astructure
in which the numberof sensorsis significantly lessthan the numberof degrees
of freedom(which is theusualcasefor typical industrialstructures)thestaticre-
sponsesassociatedwith thesensorsandexcitationsaresufficient in thelocalization
step.On theotherhand,additionalvectorsassociatedwith thevariationsof thepa-
rametersgiveverygoodresultsin thecorrectionstep.
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