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Abstract

This paperdealswith theapplicationof a modelreductionmethodto the updatingof mod-
els of industrial structureswith mary degreesof freedom.The updatingmethodis based
on the conceptof constitutive relationerror (CRE). This is aniterative methodin which
eachiteration consistsof a first stepin which the mostimportanterrorsin the modelare
localizedanda secondstepin which theseerrorsarecorrectedThe reductionmethodfol-
lows a classicabpproachn whichwe introduceatruncatednodalbasisto which the static
responsesssociatedvith differentexcitationsareadded.The efficiengy of the methodis
illustratedon oneexampleof afinite elemenimodelcontainingl0,000degreesof freedom.
In thefirst part, we updatethe massandstiffnesspropertiesof the modelbasedon eigen-
modesandeigenfrequenciesn thesecondoart,the dampingpropertiesareupdatedbased
onthefrequenyg responsdunctions(FRFs)of thestructure.

Keywords: Modelupdating reducedasis,constitutiverelationerror, structuial dynamics

1 Introduction

The useof numericalsimulationsis becomingincreasinglyimportantin today’s
industrialapplicationsWith theincreaseof computempower, themodelsusedhave
attaineda high degree of compleity. Even thoughcomputerscan calculatethe
responseof suchstructuredor linear problems,iterative calculationsare usually
excessvely expensve.
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Despitetheincreasinguseof simulations experimentakestingis still necessaryn
orderto validatethehypothesessedfor numericalmodels Very often,thetestdata
andnumericalpredictionsarepoorly correlatedThis canbe explainedby the diffi-
culty of modelingcertainpartsof the structuressuchasjoints, whosemechanical
behaior is generallynot very well-known.

Wheneerthecorrelationbetweertestandcalculationss unsatisactory modelup-

datingmethodsareused.The purposeof suchmethodss to minimizethedistance
betweenthe testdataandthe model by modifying the numericalmodel. A state-
of-the-artreview of thesemethodscanbe foundin [1]. The first modelupdating
methodswhich appearedall in the'direct method’ category in which corrections
of themassandstiffnessmatricesof the modelweresoughtwithout takinginto ac-

countthe physicalmeaningof the modifications Within this cateyory, afirst setof

methodss basedon the searchfor minimumnorm correctiong[2] [3]). A second
setof methodss closelyrelatedto controltheory([4] [5]). The maindravbackof

thesemethodss thatthe correctionsusuallylack physicalmeaning sothe models
areofteninvalid whenthey areusedin configurationglifferentfrom thoseusedfor

theupdatingprocess.

In orderto maintainthephysicalmeaningof themodel,indirector parametrianeth-
odshave beendeveloped.In thesemethodsthe changesn the stiffnessandmass
matricesare basedon variationsof the physicalparameter®f the model. The ap-

proachconsistsof building a cost function which representshe correlationbe-

tweenthe numericalmodelandthetestdatain termsof the physicalparametersf

themodel.Severaltypesof costfunctionscanbe used.They canbe classifiedinto

threecateyories.The first two cateyoriesarethe input residualy[6], [7]) andthe

outputresidualg[8], [9]). Thethird cateyory is basedn aresidualcalled”Consti-

tutive RelationError”. Theinitial work on modelupdatinggoesbackto theeighties
[10]. Thefirst developmentof the methodwasaimedat achieving modelupdating
basedon eigenfrequencieand eigenmode$11]. Then,the methodwasextended
to forced vibration problemsin [12,13]. This approachs basedon the so-called
Drucker error and hasproved its ability to updatethe mass,stiffnessand damp-
ing propertieg14]. The methodcanalsodealwith nonlinearitiesdueto both the

materialand contact. The conceptof dissipationerror was introducedin a new

developmentresentedh [15]. This errorhasaclearmechanicameaningandem-

phasizeghe dissipationpropertiesof the model.Let usalsonotethe development
of very similar methodsfor the free vibration case,suchas MDRWE (Minimum

DynamicResiduaExpansior16]) andMECE (ModelingErrorin the Constitutve

Equationd17]).

Thecostfunctionto beminimizedis generallynonlineamwith respecto themodel’s
parametersThus,it is necessaryo useaniterative proceduren orderto updatethe



model. Theuseof modelswith alarge numberof degreesof freedommakesthese
calculationsvery costly in termsof computertime (CPU). The knowledgeof the
excitations,the pointsof measuremerdndthe possiblevariationsin the structure
enableoneto definea subspacef basisvectorswhosedimensionis muchsmaller
thantheinitial spaceThisapproacthastheadvantageof reducingthecostof updat-
ing themodeldrastically Amongtheexisting approachesye mentionthosebased
on sensitvity vectors(for a state-of-the-arteview of thesemethodssee[18]), the
multimodelapproach([19]) in which the basisis formed by the truncatedmodal
baseof the modelfor differentvaluesof the model's parameterandthe approach
presentedn [20]) in which the variationof the model’s parameterss interpreted
asexcitationsappliedto theinitial structure Let us alsomentionthe existenceof
an iteratve methodto constructa solutionwith a givenaccurag for the MDRE
method([21]).

The modelupdatingmethodwe useis basedon the conceptof Constitutve Rela-
tion Error. Themainideain this methods to subdvidetheequationandquantities
into areliablegroupandanothemwhichis lessreliable.For the numericalmodel,it
is assumedhatthe constitutve relationscanbeinaccuratewhich leadsto the con-
structionof anerrorcalled”constitutive relationerror”. Thiserrorcanbecalculated
locally on the structure which allows usto detectthe regionswhich have notbeen
modeledcorrectly Regardingexperimentaldata,the amplitudesof the measured
data(force,displacement,.) areconsideredo bethelessreliablequantitieswvhich
leadto the constructionof an error on the measurementd he reliable equations
andquantitiesaresatisfiedexactly, whereaghe possiblevariationsin themodelare
dueonly to thelessreliableequations.

In orderto reducethe cost associatedvith the calculationof the error, we first
considera truncatedmodal basis.We assumehat dampingis small, that the fre-
gueng consideredn the calculationis small comparedo the frequencief the
eigenmodesetainedn thetruncatednodalbasisandalsothatthevariationsin the
model’s parameteraresmall.With theseassumptionsye show thatthecalculation
of theerrorcanbetreatedasaforcedvibrationproblemin whichtheexcitationsare
associatedavith the lessreliableequationsandquantities However, the excitations
arefunctionsof the solutionof the problem.Therefore following theapproactde-
scribedin [20], we seeka first-orderapproximatiorof theseexcitations.

Then,the initial truncatedmodalbasisis enrichedwith the identified excitations
by following a classicalapproachn which we addthe Krylov vectorsassociated
with theseexcitations.A localizationstepanda correctionstepmustbe performed
ateachiterationof the method A differentreducedasismustbe usedfor eachof
thesesteps.



This paperis organizedasfollows: in thefirst part, we outline the modelupdating
methodbasedon Constitutve RelationError and we detail the discreteformula-
tion of the problemfor linear, dampedstructuresin the secondpart, we address
the choiceof the reducedbasis.By rewriting the problemin orderto expressthe
error calculationon the modelasa forcedvibration problem,we identify the dif-
ferenttypesof excitationsthat needto be taken into account.Then,we propose
areducedbasiswhich is a function of theseexcitations.In the last part, we illus-
trate the effectivenessof the methodon a numericalexample.The structureis a
simplified modelof cameraequipmenintendedto be attachedo anairplane.The
finite elemenimodelhasmorethan10,000degreesof freedom(dofs). We illustrate
the capabilitiesof the reductionmethodbasedon modaldataaswell asfrequeny
responsdunctions.Thebasisfor localisationcontaindessthan100vectorswhich
arethelow frequeny modego which staticcorrectiongo forceslocatedatthesen-
sorsareadded For the correctionstep,staticcorrectionsassociatedo the variable
parameterareaddedo thebasisusedfor localization.

2 Presentation of the updating method

2.1 Thereferenceproblem

E.qq

Fig. 1. Domainstudiedandappliedloads

We considera structurewithin a domainQ during a time intenal [0, T]. On the
boundaryoQ, displacementdl ; andforcesF 4 areprescribedn 0,Q andd»Q re-
spectvely. Body forcesf | exist insidethe domainQ. Thereferenceroblemcon-
sistsof finding the displacementt) (M, t), stressess(M, t) andforcesl (M, t),t €
[0, T], M € Q whichverify asetof equationghatwe subdvideinto areliablegroup
andalessreliablegroup:

Thereliableequations:
¢ theequilibriumequations

Thelessreliableequations:



e theconstitutiverelations.

In orderto take into accountboththe free-andthe forced-vibrationcasesyve will
work in the frequeng domain.In additionto the equationshereabue, we need
somedatain orderto solve the problem (frequeng, direction and amplitudeof
excitation,boundaryconditions,...). In the framewnork of modelupdating this data
comefroms measurementsn arealstructure We consideifor examplea structure
excitedin onepointonwhichthedisplacementaremeasurea@tdifferentlocations.
In this example,we divide the dataasfollows:

Thereliablemeasurements:

e themeasure@ngularfrequeng w;
¢ thepositionsanddirectionsof the excitationandsensors.

Thelessreliablemeasurements:

e theamplitudesof theforcest anddisplacement atthepointsof excitation;
o theamplitudesof the displacementat the sensomointsU,, which constitutea
vectorof finite dimensioncontainingall discretemeasurementalues.

This separationis only givenasan exampleandcanvary dependingon the prob-
lem. Thereliablequantitiesandequationgdefinethe admissiblesolution.We seek
a solutionwhich is admissibleand which verifiesthe lessreliable equationsand
guantitiesascloselyaspossible The problemwe mustsolveis:

Finds € S,

1)
(Pw) which minimizesez,(s') with s' € S,

whereeZ (s) is the Modified Constitutive RelationError. In the caseof a single

excitation, the measuredlisplacementsre normedby the amplitudeof the force

vectorsothatonly theamplitudesof the displacementappeaiin the expressiorof

themodifiederror, which canbe written at a givenfrequeng as:

&(9) = 84(9) + T IIN{U} - Oy @)

where&2(s) is the Constitutive RelationError andthe seconderm representshe
erroron the measurements?,(s) containsall thelessreliablequantitiesandequa-
tionswhich areto beverified by theadmissiblesolutionascloselyaspossible.

M is a projectionoperatorwhich whenappliedto vector{U } givesthe value of
the vectorat the sensors||.||? is an enegetic error measurezquivalentto &2(s).
The choiceof this errormeasure/vill be adressedh section3.1.will bediscussed
in section.The coeficient ;— is a weighting factorwhich allows us to assigna
greateror lesserdegreeof confldenceto the measurementshe valueof r is close
to 1if themeasuremen@reconsidered/ery reliableandcloseto 0 in theopposite



caseThevaluecurrentlyusedis 0.5.

In the caseof multiple excitations,additionaltermsappearin the expressionof
€2,(s) in orderto take into accountthe fact that the amplitudesof the measured
forcesarenotreliablequantities For moredetails,see[22].

Remark: Thereareotherexampleswherewe could considerthatthe directionor
the positionof the excitationis notreliable.In thatcase the definition of the Mod-
ified Constitutive RelationError andthe admissibilityis thuschangedaccordingo
this new assumption.

2.2 ModifiedConstitutiveRelationError

We considerthefollowing constitutve relations:

0 =He+iwBe (3)

[ =—pw’U (4)

wherep is the density (assumedo be constant)H and B are the Hooke’s and
dampingoperatorsande representghe deformationtensor Fromthesetwo consti-
tutive relations,it is possibleto build the 'Drucker error’ ([23]) which, for agiven
frequeng (displacementormulation),is expresseds:

AUV W) = [ Jt(H+ TwB) (V) ~ £(0)" (V) ~ ()]

1-y

+75 pwA (U~ W)*(U~W) dQ (%)

where* representthe complex conjugatewe introducedfieldsU,V,W suchthat:

Qc = Q (6)
0s=He(V)+iwBe(V) (7)
[ = —pw’W (8)

We alsodefinetherelative error
oy =22 (9)

with:



/—tr[ (H+TB)g(U) e (g)]+1—;ypm2g*gd9 (10)

Assumingthat the structureis divided into substructure& € E, the error canbe
viewedasthe sumof the contributionsof all substructures:

= 3 &9 (11)

E€Q

Therelative errorfor eachsubstructurés givenby:

o= gz 3 UI(H+TGPB) (V) ~ V)" (6(V) ~£(W))]

+72Y p0P(U - W) (U - W) dQe (12)

Whenthestructures studiedin afrequeng range we introduceaweightingfactor
z(w) suchthat:

Wmax
/ Z(w)dw=1 Z(w)>0 (13)
Wmin

TheDrucker errorin afrequeng rangeis givenby:

&= [ a0 do (14)

Wmin

andthelocal contribtutionsbecome:

Wmax
&y = / &2 ,2() dw (15)
Wrmin
The Modified Constitutve RelationErroris now:
Wmax
& — / 2(03) doo (16)
Wmin oo

Thesimplestchoicefor functionz(w) is:

1

(W)= ———"—
Wmax— Wmin

(17)

This function can be adjustedbasedon the regions of interestin the frequeny
range.Thevalueof E% representgherelative quality (in %) of thenumericaimodel
with respecto themeasurements.



2.3 Implementatiorof the updatingmethod

2.3.1 Localizationstep

For eachexperimentalfrequeng w, we solve Problem(P,,) givenby (1). The so-
lution of this problemallows to calculatethe indicators&2,&2; ande definedin

Section2.2. Thevalueof &2 representsherelative quality (in %) of the numerical
modelwith respecto the measurements a certainfrequeng range.This allows
usto decidewhethermodelupdatingis necessary

If modelupdatingis considerechecessarywe startfrom our mathematicamodel
which dependsn a numberof uncertainparameterssuchasYoung’s modulusor

the thicknessof certainparts.We arrangethesestructuralparametersnto a vec-

tor k; we call the correspondingspacek. The selectionof the 'most erroneous’
substructuress basedon the criterion:

£ > 3. madgee &2t (18)

with, for example,d = 0.8. Let usnotethatlargeerrorsin all substructuremdicate
thatthe error distribution is nearlyuniformin the structure Let Z bethe setof the
substructurewsvhich verify (18).

2.3.2 Correctionstep

Thelocalizationstepallows usto selecttheregionsof thestructurewherethemod-
eling erroris large. Only parameter®elongingto thesesubstructureare selected
for correction.Theproblemis: Findk € k, which minimizes:

k—J(K) (19)
k;,— R (20)

ThefunctionalJ(k) is definedby:

W= L2 2(0w) doo

B Wmin D(ZD

Thisis anonlineamproblemwith respecto the parameterg k. We solve it usinga
BFGS-basedninimizationalgorithm.The gradientsof the costfunctionarecalcu-
latednumerically Thus,the stiffness,massanddampingmatricesarereassembled
andProblemP,, is solvedfor eachvariationof the parameters.



2.3.3 Interruptionof the modelupdatingprocess

Oncethe correctionhasbeenmade the valueof €2 is reevaluated|f it falls belov
therequiredquality level E%, theupdatingprocesss terminatedlf not,anew iter-
ation consistingof a localizationstepanda correctionstepis performed.In each
iteration,new erroneoussubstructuresanappearas a resultof the substructures
from the previous stagesheing corrected.This approachintroducesa regulariza-
tion to theinverse(ill-posed)problem.

3 Discretization and model reduction of problem (Py)

Theupdatingmethodis developpedn afinite elemenenvironmentwhichrequires
to discretizethe problem.Large sizeindustrialmodelsleadto costly calculations
becauseroblem(P,) needsto be solved mary timesin orderto performmodel

updating.In this section,after detailingthe discretizationof the problem,we pro-

poseareductiontechniqudn orderto lowerthe costsassociateto modelupdating
of large sizeindustrialmodels.

3.1 Discreteformulationof Problem(P,,)

Thediscretizatiorof the problemusingthefinite elementmethodleadsto the con-
structionof the stiffness massanddampingmatricesK],[M| and[B| aswell asthe
vectorsof nodalvaluesof fieldsU, V andW, which will be designatedy {U },
{V} and{W}. Thediscreteform of themodifiederroris:

AU VEW)) = 3 {U-V} [K]+ Te?B] {U -V} +

1- r ~ ~
YU -WPEMHU W} + (U -G, G MU -0y} (1)
Here,matrix [G,] representshe errormeasurd)|.||2. The choiceof thaterror mea-
sureis not critical and,for example,onecantake:

(G| = ‘é’ [[K]r + Tw?[B]] +l—;yw2[M]r (22)

where[K];, [M]; and[B]; arethe reducedstiffness,massand dampingmatrices
of the systemat the measuremeribcations(the classicalGuyanreductioncanbe
used) Otherapproacheexist but thissimpleapproacthasgivensatsifictoryresults
in thepast.Thetriplets= ({U },{V},{W}) mustbeadmissiblewhich meanghat



mustsatisfythe equilibriumequations:
[K] +iwB{V} - " [MH{W} = {F} (23)

{F} representshe excitation andis equalto zeroin the caseof free vibration.
€2, can be minimized underthe admissibility constraintby introducingLagrange
multipliers, which leadsto a saddle-pointproblem.One can show that problem
(Pw) requiregtheresolutionof thefollowing systemof linearequations:

A{X} = (B} (24)
with
S +Te?B])  YeR(M] STean |
[Al= | (K] +Ta?[B]) LY(K]—iwB]) 0 (25)
(Kl +iaB)  —62M] (K]~ i[B]+w?M])
u-vj
{X}=1{{u-w} (26)
v

17 [Gr]{U}
{B} = 0 (27)
{F}

3.2 Forced-vibation aspeciof theproblem

Thesecondsetof equationsllows usto express{U —W} asafunctionof {U —V }:

(U-w) = (K] —ieiB) *(K+TeB) (U -V} (@29
3.2.1 Approximation

We assumehattheoperatoiiw[B] is smallcomparedo thestiffnesg(thisis thecase
if the dampingor the frequeng is small), which allows usto performa reduced-
orderdevelopmenbf operator([K] —iw[B]) "%, whichyields:

10



U-W) = — i (K] YB])) + TeP(K] B 1Y) {U -V}
Y
= _1——y[zm] {U-Vv}
(29)

Thefirst setof equationsn (24) becomes:

(K]—?M]){U -V} = {F} +{R} + {R} = {F}7 (30)
with:
o {Fi} =-31% (N"[GJN{U} -U,,)

o {R}=-Tuw’[B{U-V}
o {Fs} =—w?[M]([1d] - [Zm]) {U -V}

Field {U —V} is the solutionof anundampedorcedvibration problemwherethe
forcevectoris the sumof threecontributions.If we retainonly thefirst-orderterm
of thedevelopmenim=1), we get:

o {R}=Tuw?[M]K] *[BI{U-V}
Thethird setof equationsn (24) becomes:

([K] = w’[M]){U} = {F} + {Fa} + {Fs} (31)
with:

¢ {F} excitationappliedto thestructure
o {Fa} = —iwB{U}
o {Fs} = (IK]+i[B] + % M] (I1d] + T?K]B]) ) {U -V}

Field {U } is alsothe solutionof aforcedvibration problem.

3.2.2 Remark

In the correctionstep,system(24) is solved mary times for differentvaluesof
the structuralparametersThis leadsto modificationsof matrices|K|, [M] and[B]
which becomerespectiely [K +AK], [M +AM] and [B + AB]. Thus,the forced
vibrationproblemsaremodifiedby addingontheright-handsidetermsof theform:

{Fk=[aK{U} (32)
{Fim=[AM}{U} (33)
{Fie=[AB{U} (34)

11



3.3 Reducedasedor theresolutionof problem(P,)

3.3.1 Geneanlities

For large industrialmodels,the direct calculationof the solutionof problem(P,,)

canbevery costly Althoughthe systemis linear, its sizeis 3N x 3N, N beingthe
numberof degreesof freedomof themodel.An alternatveis to useareducedasis
consistingof theso-calledRitz vectorsLet [T] bethatreducedasis,we definethe
following reducedquantitie§identifiedby the subscriptr):

U= [THU} (35)
{U-V}=[THU -V} (36)
{U —W} = [T]{U —W}r (37)

{F}r= [T]'{F} (38)

[Klr= [T]T[K][T] (39)

M]r = [T]"[M][T] (40)

[B]= [T]"[B][T] (41)

M= N[T] (42)

Now, thesystemo besolvedis 3NR x 3NR, NR beingthe numberof vectorsin the
reduceddasis|T|. Notethatchosingthesamebasisfor {U }, {U —V} and{U —W}
is not necessarilyoptimal. It hasthe advantagehowever to lower the numberof
reducedoperatorgo compute.

3.3.2 Choiceofthereductionbasis

At agivenfrequeng w, we consideitheundampedorcedvibrationsproblemin its
discreteform:

(K] — oM {U} = {F} (43)

Let {®;} andw; beaneigenmodendthe associate@igenfrequengc They verify
theequation:

(K] - wf[M]) {®;} = {0} (44)

For a systemwith N degreesof freedom thereareN pairs ({®; }, wj) which ver
ify this equation A classicalapproacho the constructionof a reducedbasisis to
considerareducedsetof suchvectors A truncatedmodalbasisis built by takingL
eigenmodesuchthat:

W :
—<<1 I>L (45)
o

12



In orderto improve the approximationa seriesof vectors,commonlycalledthe
Krylov vectorsassociatedvith the excitation {F}, is addedto the basis.These
vectorstake theform:

K] (MK {F} j=1..H (46)

A justification can be found, for example,in [24] (wherethe methodis called
modal acceleratiormethod).The first term of this seriesis the staticresponseof
the structureto the given excitation {F }. The next termsare static responseso

forces ([M][K]—l)J {F}. Onecanshaw that the contritution of the termsin the
Krylov seriesdecreases condition(45)is verified. This explainswhy a very good
approximatiorof the solutioncanbe obtainedoy simply addingthe staticresponse
of thestructureto the L selecteceigenmodes.

3.3.3 Applicationto Problem(P,,)

3.3.3.1 Calculationof {U -V} Letusfirstnotethatthestaticresponseo {Fs}
correspondso the secondvectorof the Krylov seriesassociatedvith {F>}. Thus,
the Krylov vectorsassociatedvith {F,} aresufiicient to representhe excitation

{Fs}.

3.3.3.2 Approximation of theexcitations Thevector{F;} isafunctionof {U }
which is solution of the problemand, therefore,unknovn. One can seethat the
component®f {F;} arezeroexceptfor the measurediegreesof freedom.Thus,
this force can be consideredas the sumof unit forces({F; };) at eachof the NS
sSensors.

NS
{F1} = _Zlai{':l}i (47)

{R} is afunctionof {U —V}, whichis alsounknovn. However, {U —V } canbe
approximatedy:

{U-V}=[Tlo{U-V} (48)
with
[Tlo= [{®}1..{P} K] {Fa}1..[K] " {Fi}ng] (49)

Thus,{F,} canbeexpresseas:

L NS
{R} =B [_;a{cbi} +_;bi[r<r1{a}i] (50)

13



The secondermin this expressiornrepresents correctionto the first. In orderto
simplify the expressiorof {F,}, we consideronly

L
{R} = _Zla[B]{CDi} (51)

1=
This approachs very similarto theonepresentedh [20] andto basisinitialization

methodsconsideredn [21] andthe correctionproposedn [18].

3.3.3.3 Calculation of {U} Following the sameapproachwe usedfor the ap-
proximationof {F,}, we shav that

L
{Fi} = Y alBl{o} = {F2) (52)

{Fs} canbe decomposethto four contributions:

o [KI{U-V}

e [M{U-V}

e iwWB|{U-V}

o M]K]B{U -V}

The first two contributions do not leadto a correctionsincethe terms [K]{®;}
and[M]{®;} excite only mode{®;}. Thefourth contritutionis the seconKrylov
vectorof thethird contribution and,thus,canalsobedisregarded Thethird contri-
bution leadsto the sametermsasin the caseof {F}.

3.3.34 Correction Forthecorrectionstep,usingthesameapproachwe getthe
following approximations:

’

{Flk = -Zibi [AK]{Pi} (53)
H

{Fim= ;Ci[AM]{CDi} (54)
H

{Fls= _;di[AB]{q)i} (55)

14



3.4 Summary

We have shavn that Problem(P,,) canbe expressedsanundampedorcedvibra-
tion problemfor the differentfields consideredn the calculationof the error The
excitationscanbe approximatedy alinearcombinationof theforces:

e {F}, vectorof theexcitationsappliedto thestructure;

e {F1}i, unitforceat Sensor;

e {R}i =[B{®¥i},i = 1..L, associatedvith damping;

o {F}ki =[AK|{®i},i = 1..L, associatedvith variationsof the stiffnessparame-
ters;

o {F}mi=[AM]{®;},i = 1..L, associatedavith variationsof the massparameters;

e {F}gi=[AB]{®i},i = 1..L, associatedvith variationsof the dampingparame-
ters.

Theseexcitationsareassociateavith the lessreliable experimentalmeasurements
(intensityof the excitationandamplitudesat the sensors)with dampingandwith
thelessreliableequationf the numericaimodel(mass stiffnessanddampingpa-
rameterf the constitutve relations).Thereducedasiscontainsthefirst L eigen-
modesaswell asthe Krylov vectorsassociateavith eachexcitation.

3.5 Practical consideationsin building thereducedbases

The ervironmentusedfor theimplementatiorof the methodconsistsof the MAT-
LAB program([25]) andtheSDT toolbox([26]). Thenumerou®ptionsof thetool-
boxallow usto calculatehe eigenmodeandfrequenciesassembl¢heelementary
andglobalstiffness,massanddampingmatricesandcalculatethe staticresponses
to the excitations.Thereducednatricesconstructedvith thesevectorsareusually
ill-conditionedbecaussomevectorsarevery nearlycollinear Thereforejt is nec-
essaryto orthonormalizehereducedbasis.This is achierzedusinga Lanczos-type
algorithmwith SVD (singularvaluedecomposition]f e_nor mfunctionin SDT) in
orderto obtainawell-conditionedoroblem.In the courseof applyingthis function,
certainvectorscanbeeliminated.

4 Numerical applications

4.1 Presentatiorof thestructue

Thestructurestudiedis shavn in Figure2(a)

15



(a) Finite elementmodel (b) Modifications

Fig. 2. Simplifiedmodelof cameraequipment

It is asimplifiedmodelof cameraequipmenintendedo beattachedo anairplane.
Thefinite elementmodelhas10,008dofs. It is dividedinto 18 substructureglen-
tified by differentlevels of grey. Three modificationswere appliedto the initial
modelprior to simulatingthe measuremeni@-igure2(b)):

e a+20%stiffnessincreaseatthebindings(in black,AK1);
e a-40%stiffnessreductionatthe connectiorring (in grey, AK2);
e a-20%erroronthemassatthetip of theequipmeniin light grey, AM).

4.2 Applicationl: Modal data

With themodifiedmodel,10 modeswerecalculatedusingthefinite elemenimodel.
The sensorconfiguration shavn on Figure 3, consistedof 27 triaxial sensordo-
talling 81 measurecccelerations.

16



Fig. 3. Sensorconfigurationof theteststructure

4.2.1 Localizationstep

The methodologypresentedn the caseof the dampedfrequeny responsdunc-
tions (FRFs)canbe appliedto the modaldataby taking {F} = 0 and[B] =0, i.e.
{R2}i = 0. Theonly excitationleft is {F1}, which is a linear combinationof unit
forceslocatedatthe sensorg81 locationsin this case).

Thelocalizationstepwascarriedout usingthe following threebases:

e Basisl: first 100eigenmodesf the nominalstructure;

e Basis2: first 10 eigenmodes- staticresponseto {F1 }i, i=1..81(first termof the
Krylov series);

e Basis3: Basis2 + secondermof theKrylov seriesassociatewith {F; }; (i=1..81).

A referencecalculationwas carriedout usingthe full model. The local indicators
arecomparedn Figure4.
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Fig. 4. Locationindicators

The locationindicatorsshown that Bases2 and 3 gave the correctlocation of the
modificationsaccordingto the referencecalculation.On the contrary Basis 1,
which usesonly the eigenmodesf the nominalstructurefailedto detectthe mod-
ification onthe connectiorring.

Theglobalerror&2 was6.079% for the referencecalculationand6.12%, 6.10%
and6.079% for the10eigenmodeandBasesdl, 2 and3 respectiely. Althoughthe
errorlevel waswell-representedly all threebasesthelocationindicatorgave poor
resultsfor Basisl. Basis3 gave no improvementof the resultscomparedo Basis
2, which meanghatthefirst term of the Krylov seriesis usually sufficient. Thus,
we retainedonly thefirst termof the seriesfrom thereon.

4.2.2 Correctionstep
In orderto verify theeffectivenes®f theproposedasesywe assumedhattheerro-

neousparametersvereknown. We hadtwo stiffnessparametersandonemasspa-
rameterSinceno measurememntoisewasaddedwe couldexpecttheminimization
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procesgo convergetowardthe exactvalueof the known modificationsintroduced
in themodel.Thus,we performedhe correctionwith the previousthreebases.

As proposedyve alsoaddedthe staticresponseo vectors{F }x; and{F }v; for the
threeparametersetainedn the minimization.Thus,we definedtwo new bases:

e Basis4: first 20 eigenmodes staticresponseto Fgj andFy; (i=1...20)
e Basis5: Basis4 + staticresponseto {F1 }, i=1...81

Theresultswerethefollowing:

ero(%) | er1(%) | AK1 | AK2 | AM size(T)
Basisl 8.16 5.23 +19% | -60% | -20% | 100
Basis2 6.32 0.56 +19% | -47% | -20% | 91
Basis3 6.29 0.44 +19% | -46% | -20% | 172
Basis4 7.94 0.29 +20% | -40% | -20% | 80
Basis5 6.29 0.03 +20% | -40% | -20% | 161
Exactvalue | / / +20% | -40% | -20% | 10008

ero ander; representhe valuesof the total Modified Error for the first 10 modes
beforeandaftercorrection.Thelastcolumnof thetableshowns the numberof vec-
torsretainedn thereducedasesBasesl to 3 donotcontainthevectorsassociated
with massandstiffnessvariations.Therefore they yieldeda poorcorrectionof the
stiffnessparameteAK 2, which is the parametervhich did not shav up in the lo-
calizationstepwith Basis1. On the other hand,Bases4 and 5 producedvalues
which werevery closeto the exact valuesfor all the parametersThe absenceof
vectorsassociatedavith the sensorsn Basis4 resultedn a slight overestimatiorof
theinitial error Theresultsshav thatthe mostimportantvectorsfor thecorrection
steparethoseassociatedavith Fcj andFy;.

Althoughiit is preferableto retainthe vectorsassociatedvith {F;}; in the basis,
theseresultsshowv thatthey arenot alwaysneededor the correctionstep.There-
fore, they canbeskippedif this reduceghe computatiorcostssignificantly

This exampleillustratesthe effectivenessf the reductionmethodproposedere.
For the localization step,we have shavn the importanceof using the static re-
sponsedo unit forcesat eachsensorFor the correctionstep,we have shovn the
importanceof including the vectorsassociatedvith the variationsof the param-
etersto be updated A reducedbasistaking all thesevectorsinto accountcanbe
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usedin both steps.If this basisis too large, a differentbasiscanbe usedfor each
of the stepsandthelocalizationstepcanbe usedto build the reducedasisfor the
correctionstep.

4.3 Application2: Frequencyesponsdunctions(FRFs)

We consideredhe samestructureasin Application 1 excited with a shaler as
shown in Figure5(a). The sensorconfiguratiorwasthe sameasthatin Figure3. A

nonproportionaliscousdampingmodelwasused which meanghateachelemen-
tary dampingmatrix canbe written:

[Ble = a[K]e (56)

Note that the updatingmethodcanbe usedwith ary kind of damping(hysteretic,
fractionalderivativesbasednodel,...). We consideredhreeregions:

e themainstructure(Figure5(b), in white), coeficient ag;
¢ Ring1 (Figure5(b),in black),coeficientay;
e Ring2 (Figure5(b),in black),coeficientas.

Theinitial valuesof thedampingcoeficientsareag = 1071°, oy = 10 % andas =
105, We assumedhatthemassandstiffnesspropertiesvereperfectlyknown. The
measurementweresimulatedfrom theinitial modelwith the following modifica-
tionsto the dampingcoeficients:a; = 1072, ap = 1072,
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Fig. 5. Excitationanddefinition of dampingdistribution

Thetransferfunctionsfor theinitial andmodifiedmodelsandfor thesensotocated
near andin thedirectionof, the excitationareplottedin Figure6.
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4.3.1 Localizationstep

We focusedon the frequeng range[15 30] Hz and we consideredl0 regularly
spacedrequenciesn thatinterval. Thereducedbasesvere:

e Basisl: first 100eigenmodesf the structure
e Basis2: first 20 eigenmodes- staticresponseto {F; }i (i=1..81)and{F }
e Basis3: Basis2 + staticresponseto {F,}; (i=1..20)

Thevaluesof thelocationindicatoraregivenin Figure7
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Basis1 did not enableus to localizethe dampingerrorscorrectly Bases2 and 3
gave very similarresultsandallowedusto localizethedampingerrors.In this case,
therewasno needto addthevectorsassociateavith {F.};, which canbe explained
by thefactthatin theinitial modeldampingis very small. We will show thatthese
vectorswere necessaryn the correctionstep,in which the correctionleadsto a
modelwith largernonproportionatlamping.

4.3.2 Correctionstep

Like in the previous example,we correctedthe modelby actingon only the erro-
neousparametersf the modelin orderto seewhetherwe would corverge toward
the exactknown modifications For the threebasesonsideredthe algorithmcon-
vergedtowardthefollowing values:
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ero(%) | er1(%) | a1 as size(T)
Basisl 27.36 | 23.95 | 2.25 0.03 100
Basis2 36.91 | 1.78 0.0078| 0.0076| 102
Basis3 16.34 | 0.19 0.0099| 0.0101| 142
Exactvalue 0.01 |0.01 10008

Thetableshowns thatBasis1 gave very poorvaluesof the dampingparameter$or
the updatedmodel.Basis3 gave the bestresults,which shows the importanceof
thevectorsassociatedvith {F};.

Thisapplication)ik ethepreviousone,shavstheimportanceof thestaticresponses
to {F1}i and{F} for thelocalizationandtheimportanceof the vectorsassociated
with {F,}; whendampings nonproportionallLet usnotethatthevectorsassociated
with {F}; are,in this casesimilarto thoseassociatewith {F }gi, whichshovsthe
effectivenessf the proposededucedbasisfor the correctionstep.

5 Conclusion

In this paper we discussedhe problemof how to reducecomputingcostsin per
forming modelupdatingbasedon the errorin constitutve relationon large indus-
trial modelswith severalhundred=f thousand®f degreesof freedom.

We shavedthatthecalculationof the Modified Constitutve RelationErrorrelation
canbe treatedasa forcedvibration problem.We also shaved that, undercertain
assumptionghe excitationscanbe approximatedy alinear combinationof a set
of well-definedexcitations.

The reducedbaseswve usedcontainsthe first eigenmode®f the structureaswell
asthe staticresponses$o forcesassociatedvith the lessreliable quantitiesin the
model,i.e. the parameterén the constitutve relationsandthe uncertaintieon the
experimentalquantities.

Theapplicationof this methodologyto modelupdatingshovedthatfor a structure
in which the numberof sensords significantly lessthanthe numberof degrees
of freedom(which is the usualcasefor typical industrial structures}he staticre-
sponsesssociateavith thesensorandexcitationsaresufiicientin thelocalization
step.Ontheotherhand,additionalvectorsassociatedavith the variationsof the pa-
rametergyive very goodresultsin the correctionstep.
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